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Abstract

The Berry phase is a fundamental concept in quantum mechanics with profound
implications for understanding topological properties of quantum systems. This tuto-
rial provides a comprehensive introduction to the Berry phase, beginning with the
essential mathematical framework required to grasp its significance. We explore the
intrinsic link between the emergence of a non-trivial Berry phase and the presence
of topological characteristics in quantum systems, showing the connection between
the Berry phase and the band structure as well as the phase’s gauge-invariant nature
during cyclic evolutions. The tutorial delves into various topological effects aris-
ing from the Berry phase, such as the quantum, anomalous, and spin Hall effects,
which exemplify how these quantum phases manifest in observable phenomena. We
then extend our discussion to cover the transport properties of topological insulators,
elucidating their unique behaviour rooted in the Berry phase physics. This tutorial
aims at equipping its readers with a robust understanding of the basic theory under-
lying the Berry phase and of its pivotal role in the realm of topological quantum
phenomena.
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1 Introduction

Quantum mechanics is one of the fundamental theories at the foundation of mod-
ern physics. This theory describes physical systems at the smallest length and time
scales, where the laws of classic theories like Newtonian mechanics do not hold
anymore. Quantum mechanics properly considers that the positions and veloci-
ties of atomic and subatomic particles are not exactly defined due to wave-particle
duality, which in turn implies that the state of a quantum mechanical system can
only be expressed in terms of probabilities. To fulfil this description, complex wave
functions y are introduced. The squared modulus of y represents the probability
density of a quantum system to be in a specific state n. The fundamental equation
describing the time evolution of a quantum mechanical system is the time-dependent
Schrodinger equation

A 0
Hy = inly,
v =ihow (D

where H is the Hamiltonian, i the imaginary unit, / the reduced Planck’s constant
and ¢ the time. Often, the wave function y, which is determined by solving the cor-
responding Schrodinger Eq. (1) with the appropriate boundary conditions, has a
sinusoidal dependence on its phase. Although a phase shift of y does not affect the
probability density |y|? of finding a quantum mechanical system in a specific state,
the phase of y carries information on the interference and superposition properties
of different quantum states. The phase consists of a “dynamic” part, which depends
on the temporal evolution of the energy E of a state, and of a time-independent "geo-
metric" part.

In 1928, during the early stages of quantum mechanics, Fock showed that the
geometric part of the phase can be set to zero by a gauge transformation for non-
cyclic evolutions [1]. This practice was widely accepted and, for the following 50
years, the geometric phase was mostly assumed to be unimportant [2], until in 1983
Berry reconsidered the influence of cyclic evolutions, namely evolutions where a
quantum state is evolving periodically in time [3]. Berry found that, in this configu-
ration, the geometric phase can yield a more general explanation of the Aharonov-
Bohm effect [4] than previous models. Soon after, the scientific community realised
that the geometric phase can also explain other effects such as the anomalous veloc-
ity [5] or the Pancharatnam phase [6]. Towards the end of the 1980s, a variety of
experiments were performed which demonstrated that the geometric phase can affect
the properties of different quantum systems [7-9]. Today, it is well-established that
the geometric phase, now also known as Berry phase, plays a key role in the field of
topological physics and contributes to the theories of topological materials [10, 11],
adiabatic quantum computing [12], spintronics [13], optics [14], and photonics [15],
among others.

In this tutorial, we first introduce the basic mathematical formalism needed to
understand the Berry phase. We show that a Fock gauge transformation [1] does
not affect the Berry phase for cyclic evolutions. The tutorial then illustrates how the
occurrence of a non-trivial Berry phase is intrinsically connected with the presence
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of topological properties in a quantum system. A variety of topological effects stem-
ming from the Berry phase, like the quantum and the anomalous Hall effect, are
then introduced, followed by a description of the main transport properties of topo-
logical insulators.

2 Fundamentals of Berry Phase Physics

Let us consider a system with a time-dependent Hamiltonian H(r) acting on its wave
function |y (¢)). Att = 0 the system may be in an initial state |y (0)) = |n(0)), which
is a so-called instantaneous eigenstate of H(0) with a corresponding eigenvalue
E,(0). The instantaneous eigenstates of the system may be normalised such that

Vi (n(®)|m(@)) =6,,, (2)

where §,,, is the Kronecker symbol. If the system evolves in time slowly enough and
the Hamiltonian spectrum fulfils the condition

viel0,T]: ..ZE_(O<E,MO<E, (<., 3)

meaning that at any given time, in a certain time period of duration 7, the n-th eigen-
value is separated from the rest of the spectrum, then the adiabatic theorem [16, 17]
states that the n-th instantaneous eigenstate evolves with continuity, remaining in
the n-th eigenstate at any time instant [18]. In other terms, the system does not jump
into another state, but each eigenstate and the corresponding eigenvalue change con-
tinuously over time.

In Fig. 2a this condition is fulfilled for n = 3, 4 and broken for n = 1, 2. Such
a time-dependent adiabatic transport is given, for example, when a voltage bias is
applied to a quantum system like in the Hall regimes described in Sect. 4. The cor-
responding instantaneous eigenvalue equation is

H®|n®)) = E,(0)|n@®), @)

which means that we can find at any time a state |n(f)) that fulfils the stationary
Schrédinger equation. To study how the system described by H(f) evolves, one
needs to determine the solutions of the time-dependent Schrodinger equation (1).
The instantaneous eigenstates are not sufficient to solve Eq. (1), but they can be used
as auxiliary states in the ansatz

ly) = e ®OIn(1)), (5)

where ¢(¢) is the time-dependent phase. Usually, the operator H does not contain a
time derivative. After substituting Eq. (5) into the time-dependent Schrédinger Eq.
(1), calculating the time derivative of |y), and simplifying the resulting equation,
one finds

9¢(1)

L) + i 1) = AW, ©)

@ Springer



Journal of Low Temperature Physics (2024) 217:686-719 689

Multiplying Eq. (6) from the left by (n(r)|,' applying Eqs. (2) and (4) and solving for

¢(t) results in

B = E,0) - i<n(t)|%|n(r>>. %

In this tutorial, we use dotted parameters, e.g., qS(t), to represent the time derivative.
Finally, through integration over time of Eq. (7), it is possible to derive a more gen-
eral expression for the phase ¢(7):

t t
b= + / E(hdl — i / iy ar'
n o 0 dr’
. ~ J A ~ J (8)
dynamical phase Berry phase y(7)

The first term of Eq. (8) is the dynamical phase of the wave function and depends
on the state’s energy and on the time. The second term is the geometric phase y(?),
to which we refer in the following as Berry phase, under the implicit assumption
that the adiabatic approximation holds. A generalised yet intricate formulation of the
geometric phase is the Aharonov-Anandan phase that can also be used beyond the
adiabatic approximation [19].

So far, it has been assumed that the Hamiltonian I:I(t), describing the system, has
an explicit time dependence. The time dependence, however, usually originates from
an external parameter I_é(t) such that H = FI(I_é(t)) and |n) = |n(§(t))). As already
mentioned, and as will be demonstrated later, the geometric phase can be set to zero
by a gauge transformation for non-cyclic evolutions [1]. Therefore, in the following
we only consider cyclic evolutions, which implies that R evolves along a closed path
C in parameter space within the time interval [0, 7], so that 7?(T) = k(O). This condi-
tion also means that the Hamiltonian returns to its initial form after one loop, mean-
ing that A(T) = H(0), but the same does not necessarily apply to the wave function
lw) (5). The absolute value of |y(T)) coincides with the initial absolute value of
lw(0)). Nonetheless, depending on the exact geometry of the travelled path C, the
Berry phase can change during the transport.

To better understand how the phase can change depending on the specific path
considered, we draw an analogy with the transport of a classic vector 7 in real space.
Figure 1a shows the transport of 7 along a path C in Euclidean space. In this case,
the tip and tail of the vector are each shifted by the same distance and along the
same direction during the transport process. Consequently, the initial vector (in
blue), all its intermediate states during transport (in black), and the final vector (in
red) are parallel to each other. This condition, however, is not met anymore when 7
is transported along a path at fixed latitude on the surface of a sphere, as shown in
Fig. 1b.

The surface of the sphere is a curved space also called manifold. The area near each
point of a manifold can be locally resembled by a Euclidean subspace. In the case of the

! This is only valid in the adiabatic approximation, otherwise the inner product should be calculated with
any state in the Hilbert space and not only with (n(7)|.
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Fig. 1 Parallel transport of a vector 7 along a path C. The vectors before, during and after transport are
printed in blue, black, and red, respectively. a Parallel transport in Euclidean space. Vectors associated to
all intermediate states are parallel to each other. b Parallel transport along a fixed latitude on the surface
of a sphere. The vector rotates inside the planes tangential to the path C. The set of all tangential planes
forms a cone on top of the sphere. ¢ Flattened cone of tangential planes. In this representation, all inter-
mediate states are parallel to each other, but the final vector is rotated by an angle a(C), relative to the
initial latitude

sphere, a set of possible Euclidean subspaces are the tangential planes along the path C.
Two representative planes are illustrated in Fig. 1b. When the vector transport occurs
along a path at fixed latitude, the sum of all tangential planes constitutes a cone sitting
on top of the sphere [Fig. 1b]. For each tangential plane associated with an infinitesimal
shift of 7 along C, the tip and tail of 7 are each shifted by the same distance and direc-
tion. However, when the vector is observed from the outside, tip and tail are moving
along different latitudes (and longitudes), which causes a rotation of the vector. If the
cone of tangential planes were flattened [Fig. 1c], in this representation 7 would remain
parallel to its initial direction at all times. Such a transport process is called "parallel
transport." Nonetheless, in both representations, it is possible to observe that the vector
7 is rotated by an angle a(C), which depends on the exact geometry of the path C, after
coming back to its initial position. A real-world example of such a transport process is
given by the Foucault pendulum, where the plane of oscillation rotates with respect to
the external environment, while the pendulum is transported along a path at fixed lati-
tude by the rotation of the Earth.

The wave function |w(ﬁ)) can experience something similar, noticeable as a change
of its Berry phase, when it is transported through the parameter space. In analogy with
the example made above, the change of the Berry phase depends on the geometry of
the loop but not on time. In other terms, the change in Berry phase occurs indepen-
dently of whether the system completes the loop slower or faster. One can get to the
same conclusion also analytically by calculating the time derivative of the Berry phase
from Eq. (8), which yields:

-

AnRO) R _ g, iy - K, v

d b —
EIH(R(I))) =T P

By inserting the result of Eq. (9) into Eq. (8), we can drop the time dependence and
define y () as a curve integral over the closed path C in parameter space:
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(a) (b)

Ry

Fig.2 Adiabatic and cyclic evolution of quantum systems. a Energy spectrum of a Hamiltonian ﬂ(ii(t))
over time. The states n = 3, 4 satisfy Eq. (3), while the states n = 1,2 show degeneracy and are therefore
not suitable for the adiabatic approximation. b A parameter R being traced along a closed loop C in
parameter space. The resulting Berry connection A(i@) constitutes a vector field that is defined along C
(red arrows). K(IE) generates a flux through the surface S enclosed by C (light blue), and the correspond-
ing flux density Q(R) is the Berry curvature (blue crosses)

. -
- 2 dR - 3 3
() =/ t(ﬂ(R(t'))IV,zln(R(t’)))@ -di’ = 7{ Kn(R)|VgIn(R)) - dR = y(C).
0 C e ——
= A(R)

(10
The integrand Z(I_é) of Eq. (10) is known as the "Berry connection" and can be seen
as a kind of vector field defined along the path C [see Fig. 2b]. Equation (10) can
be rewritten by applying Stokes’ theorem, which states that the integral of the vec-
tor field A along the loop C equals the flux generated by A through the surface S
enclosed by C meaning that

y(C) = ?5 AR - dR V2 / V2 X A(R) - dS.
c § N\ —’ (11)
= Q(R)

The integrand é(fé) of Eq. (11) is the Berry curvature. The Berry curvature is the
curl of the vector field A(I_é) and can be seen as a magnetic flux density defined in
the parameter space [see Fig. 2b]. This analogy to electrodynamics helps to under-
stand the role of the Berry curvature in topological problems and will be useful for
the derivations reported below.

We now discuss how the Berry phase behaves under a gauge transformation. The
Berry connection A(i?) can be arbitrarily gauge-transformed by adding the gradient of a
scalar field I(E) which can be freely chosen, similar to the gauge transformation for the
magnetic vector potential used in electrodynamics:

AR =AR) + Vz - x(R). (12)
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The corresponding Berry phase y’ for an arbitrary path between an initial position iéi
and a final position R, is then given by

R_ . K . - -
7'=/ A(R)-dR+/ Viex(R)-dR =7+ y(R;) — x(R)).
R, R;
= Ay

13)

Based on Eq. (13), Fock argued that it is always possible to choose the function
;((ié), such that A y compensates the Berry phase y [1]. As already explained, this
statement is generally valid except for closed paths, for which I_éf = I_éi. In this case,
the condition that wave functions must fulfil single-valuedness, i.e., that the value of
a wave function at any point in space must be unique and well-defined, gives

7 ®) = x®)and yR) = yR)+27 -k, withk € Ny, (14)

We conclude that the Berry phase is gauge-invariant for closed paths in parameter
space, which is the case when a quantum mechanical system evolves periodically in
time. This condition can be met, for example, in the case of crystalline solids.

In condensed matter physics, the movement of an electron through crystal-
line solids can be described assuming that a periodical potential V(7) = V(7 + ¢,
is felt by the electron, where ¢; is a lattice vector. For such a system, Bloch’s
theorem [20] states that the wave functions of the electrons can be written as the
product of a plane wave times a periodic function u(7) = u(7 + ¢;) that has the
same periodicity as the crystal lattice. For the n-th energy band the wave function
is then given by

w, (k. F) = e*u (), (15)

where 7 is the position in real space and k the wave vector that is defined in recipro-
cal space. The reciprocal lattice of the system has also a certain periodicity such
that the condition y/n(%) = y/n(% + €,,) holds, with €,; being a reciprocal lattice vector.
This condition implies that, if k travels in reciprocal space and goes from one unit
cell to another, from the point of view of 75, it appears as if % entered the same unit
cell again, since all unit cells are indistinguishable from each other. As a result, the
Brillouin zone (BZ) (i.e., the primitive lattice cell in reciprocal space) has the topol-
ogy of a torus, with k running along a closed path on its surface. This concept is
illustrated in Fig. 3.

Figure 3 shows that the movement of a wave vector k through a periodic recip-
rocal space is equivalent to that of k moving along a closed path on a torus. For
such a system, we can define a gauge-invariant Berry phase. By solving the
Schrodinger equation with Wn(%) satisfying the conditions given by Bloch’s theo-
rem (Eq. (15)) for a periodic potential V(F), we can determine the energy eigen-
values E,,(Z) corresponding to the eigenstates of the systems. The energy eigen-
values in dependence of the wave vector k with E,,(%) = En(ic' + ¢;,) constitute the
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(a) (b) ()

ek.y —_—

€k

Fig.3 Topology of reciprocal space, where a wave vector Kis travelling in x-direction. a When ' passes
from one unit cell to another, it appears as if % entered the same cell again, due to the periodicity of the
reciprocal lattice and the indistinguishability of its unit cells. Therefore, the infinite reciprocal space can
be modelled as a finite space. By connecting the unit cells along their sides parallel to ¢,, first (b) and
then along their sides parallel to €, (c), it can be inferred that the as-constructed reciprocal space has the
topology of a torus. In this representation, the vector k is therefore travelling along a closed path

band structure of the system, which is closely related to the Berry curvature Q.
This result can be obtained by rewriting Eq. (11), as demonstrated in the Appen-
dix, where all the steps of the derivation are reported. Here, we only report the
final result, which is

(nR)|VHR)|mR)) x (m(R)|VzHR)|n(R))

QR =i, = 3 (16)
i (BB -E,®)

At first sight, Eq. (16) looks quite intricate, but it becomes easier to understand when
considering its parts individually. The numerator of Eq. (16) is a measure for the
strength and direction of the interaction between two states, |n) and |m), through the
spatial variation of the Hamiltonian. In other words, the numerator describes how
the eigenstates of the system are influenced by spatial changes in the Hamiltonian.
The more crucial part of the equation lies in the denominator. The denominator in
fact shows that the largest contributions to the Berry curvature, which is defined for
every point in the parameter space, arise near degeneracies in the band structure.
Therefore, the band structure can be interpreted as the origin of the Berry curvature.
If the system describes a loop through the Berry curvature landscape, it accumulates
a certain Berry phase.

In the case of degenerate eigenstates, Eq. (16) exhibits a singularity that corre-
sponds to a monopole in the parameter space. At such singularity points, Eq. (16) can
be replaced by the more intricate non-abelian Berry curvature [21]. The number of
monopoles inside the BZ defines the so-called Chern number Q,,. For the n-th band, the
Chern number can be determined by using the residue theorem:

0, = / o® di. a7
BZ

- 27

Q, is an intrinsic property of the band structure and it is connected with a variety of
topological effects, including the quantisation of the Hall conductance explained in
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Sect. 3. Further details about the topics covered in this section can be found in Refs.
[2, 3,22-25].

3 Classical and Quantum Hall Effect

In the previous section, we discussed the origin of the Berry curvature Q and its sig-
nificance for quantum mechanical systems. The Berry curvature Qis also responsible,
among other phenomena, for the quantisation of the Hall conductance in strong mag-
netic fields, which is the main topic of this section.

To introduce the Hall effect, we consider a metallic plate with lateral sizes L, and L,
and thlckness dIf an electric field E is applied along the x-direction, E induces an elec-
tric force F, r=q- E onto the charge carriers, which results in the flow of charge current
along the x-direction with current density J. For isotropic materials, this relationship can
be described by Ohm’s law J=0¢-E , where o is the conductivity of the material.

If a magnetic field Bis then applied along the z-direction, the charge current acquires
an additional y-component due to the deflection of the charge carriers by the Lorentz
force F L =q-VX B. The conductivity therefore becomes directional, and Ohm’s law
has to be generalised for the multi-dimensional space (two-dimensional for the case
under consideration) using the conductivity tensor o:

]x — Oxx Oyy Ex (18)
Iy Oy Oy |Ey|”

Each component of the conductivity tensor o, describes how an electric field along
the m-direction generates a charge current along the n-direction. Due to rotational
symmetry about the z-axis for the system considered, it also holds that o,, = o, and
o,y = —0,,. These correlations become evident when considering Fig. 4a. The sign
of the off-diagonal elements of the tensor o depends on the direction of B,. The
inverse of & is the resistivity tensor p = 6~!. ¢ and p fulfil the condition 6p = I,,
where I, is the two-dimensional identity matrix. As a result, the components of o
can be also expressed as
Px “Pxy

= Oy = > and oy =-0,=— 2 (19)
Py + pxy Py + pxy

The components of p can be simply obtained by exchanging p; and o;; in Eq. (19).
Since real systems have a finite size, the y-component of the current for a

system like that shown in Fig. 4a always generates opposite charge accumula-

tion at the top and bottom edges of the metallic plate. This charge accumulation

increases until the built-up electric field Ey reaches a certain value, at which the
electric force and the Lorentz force compensate each other, meaning that:

Q'Ey=q'vx'Bz' (20)
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Fig. 4 Classical and quantum Hall effects. a A current flowing along the x direction, under a magnetic
field B, leads to a separation of charges 6 along the y direction, which in turn induces a transversal Hall
voltage V};. b Magnetic-field dependence of the longitudinal resistance p,, (bottom curve) and of the
transversal resistance p,, (top curve). Figure adapted from Ref. [26]. In agreement with Eq. (30), the Hall
resistivity p,, forms plateaus, when the Fermi energy Ep falls within the gap between two Landau levels
[see also Fig. 5d—f]. In this case, charge transport occurs along dissipationless edge channels and the lon-
gitudinal resistance p,, vanishes. When passing from one plateau to another, the system goes through a
metallic phase, which results in spikes in p,

Once this equilibrium condition is reached, the current again flows strictly
along the x-direction and I, = 0. Using Eq. (20) and the expression for the current
density J, =n, - g -v, =1 /(L, - d), where n, is the charge carrier density, we can
derive an expression for the Hall voltage Vi that is measurable between the top
and bottom edges of the system:

1 1B,
Vy=E,-L,=v,-B L = n'qJX-BZ-LyzAH .
\ , 2D
-:AH

The proportionality factor Ay is the Hall constant, and it is a material-specific
parameter.

We can also define the Hall resistivity p,,, which corresponds to the yx-compo-
nent of the resistivity tensor p, as

E)’ Vx : B Z

e =Ay- B, (22)
We note here that in a two-dimensional (2D) system resistivity and (sheet) resist-
ance are equal, i.e. also have the same dimension and unit. This also holds for the
Hall resistivity and the Hall resistance. Equations (21) and (22) describe the classi-
cal Hall effect, in which the transversal Hall voltage VY, is linearly dependent on the
current density J,, and both Vi and p,, depend linearly on the strength of the applied
magnetic field B,. However, the latter condition is only valid for low applied B,, as
shown in Fig. 4b for B, < 1 T.
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Fig.5 Effects of an applied magnetic field B, on the DOS of a 2DEG. a Energy states with uniform
distribution in k-space. b Once B. is applied to the system in (a), B, forces the energy states onto distinct
circles, determined by Eq. (27). ¢ Constant density of states (DOS) of a 2DEG without any applied B,.
d—f Evolution of the DOS shown in (¢) for increasing B.. The DOS splits into LLs that are filled up to Ey.
and are separated by w,.. At higher B_, v the number of LLs below Ep, decreases [Eq. (29)] and the DOS
per LL increases [Eq. (28)], to conserve the total number of available states. For a real system, the ideally
6-shaped peaks broaden due to impurities present in the crystal lattice. When the peaks overlap like in
(d), the classical Hall effect is observed. If the peaks are sufficiently spaced apart, the QHE takes over, as
shown in panels (e) and (f). Pictures are drawn based on Ref. [28]

In 1980 von Klitzing discovered that a quantisation of the Hall resistance can
occur at low temperature, under high applied magnetic fields [27] [see Fig. 4b].
To explain this effect, we consider a conventional two-dimensional electron gas
(2DEG), for which we neglect spin dependence to simplify its description. The
states of the 2DEG are uniformly distributed in k-space [Fig. 5a], and the corre-
sponding density of states (DOS) D, is constant and independent of the system
energy E [Fig. 5c]. If a perpendicular magnetic field B, is applied to the 2DEG,
the Lorentz force causes the electrons to perform orbital motions with a certain

B . .
cyclotron frequency w, = % where m is the effective electron mass. Further-

more, the electron gains an additional contribution —e - A to its momentum, due to
interactions with the electromagnetic field.

The Hamiltonian describing a system of non-interacting charged particles in a mag-
netic field is then given by
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N 1 . -
H=—[p-q-A .
7P~ 4 AW] (23)
The vector potential A(?) associated with the magnetic field B, has gauge freedom. If
the Landau gauge is chosen such that A, = A_ =0 and A, = x - B, the Hamiltonian
given by Eq. (23) reads

R 7 1 , 02 . 0 s
H_%[px+(py—qux)]—% —h @+(—1h5+q31x) . (24)

Since A(7) does not depend on y, we have translational invariance along the y-direc-
tion. As a result, the solution of the stationary Schrodinger equation is given by the
product of a plane wave travelling along the y-direction with some yet-to-be-deter-
mined function depending on x:

w(xy) = e - u(). (25)
With the ansatz given by Eq. (25), the stationary Schrodinger equation reads:

A (29 2\ o
2m< nh s + (hg + eB,x) > u(x) = Eu(x). (26)

Equation (26) describes the problem of a quantum harmonic oscillator, the solu-
tion of which yields quantised eigenenergies with the following form?:

E, = (n + %)hwC withn € N,. 27

Due to the quantisation of the eigenenergies (27), the states populating the k-space
are not distributed uniformly anymore but forced on distinct circles with radius
|%| = /2E,m/h?* [Fig. 5b]. Also the DOS, which is constant in the absence of an
applied B, or for small B, now splits up into "Landau levels" (LL). The LLs can
be seen as a series of ¢ functions separated in energy by hw,, and each occupied
by a large number of degenerate states [compare Fig. Sc—f]. In real systems, the 6
functions are broadened due to impurities in the crystal structure. The DOS D,p, 5 is
given by the ratio between the density B, of the total magnetic flux passing through
the sample and the flux quantum ¢, = i/e, which is the magnetic flux associated
with a single state [28]:

eB,
DZD,B = T . (28)

In the ground state, the LLs are filled up to the Fermi energy Ey. If the applied field
B, is increased, the distance hw, between the levels also increases, and more energy
levels are pushed above Ep (Eq. (27)). Since the total number of states is conserved,

2 This is a well-known problem. An in-depth description of the problem of the quantum harmonic oscil-
lator and of the derivation of its solutions can be found, e.g., in Refs. [29, 30].
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the DOS in magnetic field, D,p, 5 , must increase to compensate for the decrease in
number of LLs that are below Ep and can therefore be occupied (see Eq. (28)). This
behaviour is illustrated in Fig. 5d—f for a progressively increasing B.. The filling fac-
tor v, defined as the number of occupied LLs, is given by the ratio between the total
number of states to the number of states per LL, which corresponds to the ratio of
the DOS without and with applied magnetic field, meaning that

_ Dy Dyph

e Dyp g - eB, ' 29)

By solving Eq. (29) for D,, we can rewrite the expression for the Hall resistivity
(22) as

Py = eDyy  ve? (30)
Using Eq. (30), the experimentally-observed behaviour of p,, for increasing B,
shown in Fig. 4b can be easily explained. For increasing B_, the spacing of the LLs
increases, and they cross Ep one after the other. When the LLs overcome Ejy, they
depopulate [Fig. 5d—f]. When Ej, falls within the gap between two LLs, v takes an
integer value and p,, exhibits a plateau given by Eq. (30). Whenever E. intersects
with a LL, v and in turn also p,, vary continuously until the next plateau is reached.
This trend continues, as B_ is increased, until only one LL is left below Ep (v = 1). In
this situation, the lowest LL contains all available states, and the system reaches the
so-called magnetic quantum limit.

So far, we have discussed the simplified case for a 2DEG. However, in a real
system other effects must be also considered. The Zeeman effect [31] and the
Paschen-Back effect [32], for example, can induce a more complex splitting of
the energy levels, which results in additional and irregularly spaced Hall pla-
teaus in the resistance versus field R(B,) characteristics [33, 34]. Furthermore, the
effect of electron scattering at impurities must be considered in the crystal lattice
of a real system. According to the Drude model, electron scattering occurs on
average at a time difference z. The energy-time uncertainty principle states that,
for a state with an undisturbed lifetime 7z, its energy can be determined with an
uncertainty AE ~ i/7. In turn, this relation leads to a broadening of the ideally 6
-shaped LLs described above. To observe the QHE this energy smearing must be
smaller than the spacing Aw, of the LLs:

1 q
AE < ho, — —-< =B, (31
T m
As a result, large magnetic fields B, are required to increase w,, and measurements
must be also carried out at low temperature to increase z. If these conditions are not
fulfilled, the LLs overlap and the classical (linear) Hall effect is observed (Fig. 4b
for B, < 1T).

Since irregularities in the crystal structure occur randomly, it is difficult to

describe them mathematically. One possible approximation to model their effects
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is by perturbing the flat LLs with a periodic potential. This approach has been fol-
lowed by Thouless in 1982 [35]. Starting from the Kubo formula [36], Thouless
developed an expression for the Hall conductivity o,, which is nowadays known
as the TKNN-formula (named after Thouless, Kohmoto, Nightingale and Nijs)

[35]:
ou* 9 du 0
o Z/dzkz/d%—"“ a
v = 27rh ve  \ Ok, ok, Ok, Ok,
_ (32)

v~

(A3)
=i(Vu,| X |Vu,) = Q

(ne?i
=T 29

n

(33)

where u, are Bloch eigenfunctions (Eq. (15)) of the Hamiltonian given by Eq. (24).
In Eq. (32), the sum is taken over the n fully-occupied bands laying below Ey and
the integrals are taken over the first BZ and unit cell (UC). Using Eq. (A3) derived
in the Appendix, it can be seen that the integral over the UC corresponds to the
Berry curvature fzn of the n-th band. We can therefore substitute the right-hand side
of Eq. (32) with the expression for the Chern number Q, given by Eq. (17).> Com-
parison of Egs. (33) and (30) shows that the filling factor v is related to the sum of
the Chern numbers of the occupied bands:

v=i20, (34)

Therefore, the origin of quantised Hall plateaus lies in the Berry curvature of the
system, which is in turn related to the intrinsic properties of the band structure of the
system.

As shown by Fig. 4b, also the longitudinal resistivity p,, of a quantum Hall sys-
tem shows an interesting behaviour. When p,, exhibits a plateau, p,, vanishes (i.e.,
Py = 0), while p,, spikes during the transition of p, between two Hall plateaus.
This is the so-called Shubnikov-de Haas effect [38]. From Eq. (19) we also see that

19)
Vo, #0: =0 — ¢

XX

=0 (35)

This equation implies that we have a system that is simultaneously a perfect conduc-
tor and an insulator, when p , reveals a plateau. This result appears counter-intuitive,
but can be explained by deformations in the potential landscape of the system, which
lead to dissipationless edge states. The following explains the mechanism underly-
ing these edge states in more detail.

3 In modern scientific literature, the Ber{y connection is defined as A = i(n|Vn) [22]. However, in the
context of the QHE, often the definition A = (n|Vn) is used instead [37]. From the latter definition, one

. 2
finds the better-known solution o, = = 3, 0,
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The potential which is associated with the energy of a LL is called Landau poten-
tial. In our previous elaborations, the Landau potential was assumed flat. However,
in a real sample the infinitely high potential of the surrounding vacuum causes a
steep upward bending of the otherwise flat Landau potential close to the sample
edges. At these positions, the Landau potential crosses the Fermi energy Ep. As a
result, one-dimensional (1D), conducting channels form along the edges of the sam-
ple, each carrying a conductance of ¢? /A, also known as conductance quantum.* The
total number of conducting channels corresponds to the number of LLs crossing Ey,
which is the same as the filling factor v. Therefore, the transverse conductivity can
be expressed as

V€2

oy =22, (36)
which is the inverse of the quantised Hall resistivity (Eq. (30)) derived earlier.

Due to the applied magnetic field B,, all electrons perform orbital motions.
Along the edges of the sample, the (otherwise closed) electron orbits are inter-
rupted by the boundaries of the system, and their transversal momentum com-
ponent (relative to the boundary) is reflected at the system edges, while the
tangential one remains conserved. As a result, the current in the edge channels
follows the so-called skipping-orbit mechanism, as illustrated in Fig. 6. The cur-
rents along opposite edges have opposite directions of propagation, such that
the total current passing through the sample is zero (o,, = 0). When an electron
encounters an impurity (a potential barrier that acts as boundary), the magnetic
field B, suppresses a backscattering of the electron via the same skipping orbit
mechanism. Furthermore, scattering between charge carriers moving along dif-
ferent directions is prevented due to the spatial separation of the edge currents.
Therefore, charge transport takes place without any dissipation (p,, =0) and
the potential at any point of an edge channel corresponds to the potential of the
point where it originates. Consequently, if an external electric field E, is applied
between the left and right edges of the sample, a Hall voltage proportional to E,
can be measured between any couple of points at the top and bottom edges of
the sample.

Impurities in the crystal lattice also distort the potential landscape of the LLs,
as shown by Fig. 6a, where an impurity is sketched as a hump in the potential.
When this hump intersects E, an additional conducting channel forms, which
allows electrons to run through skipping orbits along the intersection. If the
impurity is located close to the sample edge, the intersection becomes part of
the edge channel. If the impurity is instead located well inside the sample area,
the intersection with Ey, is self-contained and the electrons are localised around
the impurity and do not contribute to the overall charge transport. The enclosed
area is called a quantum Hall droplet. The flanks of the DOS of the LLs are only
populated by such localised states. Therefore, only if the centre of a LL crosses
Eyg, states extending over the entire sample are obtained, and the system behaves

* This is the value of the conductance quantum per spin direction.
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Fig.6 Localised and edge states of a 2DEG. Left: Potential landscape of a single LL. The flat potential
is distorted by impurities (shown as a hump) and sharply bends upwards at the sample boundaries. Right:
Corresponding density of states. a The centre of the LL lies below Ey. In this case, conducting channels
form along the intersections at the sample edges and around impurities. Due to the applied magnetic
field B,, electrons move along the so-called skipping orbits. The paths around the impurities are self-
contained, so that the states are localised and do not contribute to the net charge transport. b As B, is fur-
ther increased, the centre of the LL crosses Ep. In this situation, the conducting channels extend over the
whole sample area and a normal conducting behaviour is observed. Pictures are drawn based on ref. [28]

like a regular conductor. This model explains the sharp transitions between pla-
teaus as well as the extensive flatness of the Hall plateaus in Fig. 4b.

The quantum Hall effect exemplifies how topological properties can lead to
quantised observables like the Hall conductance. A fascinating extension of this
concept is found in Thouless pumping, which can be viewed as the one-dimen-
sional counterpart of the quantum Hall effect. While the quantum Hall effect
occurs under a magnetic field, Thouless pumping achieves quantised transport
by a slow, cyclic modulation of system parameters over time, utilising the con-
cepts we presented in Sect. 2. On the experimental side, Thouless pumping can
be observed in different realisations, including cold atoms that are trapped in
superimposed optical lattices [39] or photons in quasicrystalline waveguides
[40]. A recommended introduction to the topic of Thouless pumping is offered
by Ref. [41].
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Fig.7 Anomalous Hall effect in Ni. The Hall resistivity p . shows an additional component proportional
to the magnetisation M of the sample. When the maximum magnetisation is reached, this contribution
remains constant, and the transport behaviour is then determined by the classical (linear) Hall effect. Pic-
ture adapted from Ref. [49]

Further information about the QHE and its connection to topology can be
found, e.g., in Refs. [2, 28, 42].

4 Anomalous and Spin Hall Effect

Topology is not only responsible for the quantisation of the classical linear Hall
effect described so far. Topological effects can also generate additional Hall
effects, even in the absence of a magnetic field. Two of these effects are the
anomalous and the spin Hall effect (AHE and SHE, respectively). In the litera-
ture, they are often described as two different effects, but they can also be seen as
two different manifestations of the same effect. In other terms, the AHE and SHE
share the same origin but manifest themselves in different ways. While Hall dis-
covered the AHE already in 1881 [43], it took more than a century until the SHE
was experimentally observed for the first time [44, 45]. We briefly review here
how the theoretical understanding of the AHE developed, and then introduce the
SHE in the context of the model of the AHE.

Not only a magnetic field can cause a separation of charges transverse to an
electric current, but also a variety of other effects can contribute to the appear-
ance of a Hall effect. Hall himself already reported the observation of an anom-
alous behaviour in the Hall resistivity curves measured for the ferromagnetic
materials nickel (Ni) and cobalt (Co) [43]. A couple of years later, Smith stud-
ied the Hall resistivity of Ni in more detail [46] reporting the results shown in
Fig. 7. In Fig. 7 the Hall resistivity p,, exhibits a linearly-increasing behaviour
as the applied B, is increased, which is then followed by a sharp bend, when the
sample reaches its saturation magnetisation. After the bend, the curves increase
again linearly, but more slowly. The conclusion is that, in addition to the classic
Hall effect, a second mechanism causes a separation of charges transversal to the
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(a) Skew scattering (b) Side-jump scattering (¢) Anomalous velocity

X

Fig. 8 Contributions to the anomalous Hall effect. a Skew scattering related to electrons experiencing
a spin-dependent deflection due to scattering at an impurity. b Side-jump scattering related to electrons
undergoing spin-dependent transverse displacement due to their interaction with an impurity or with a
regular crystal potential. ¢ Anomalous velocity related to electrons gaining a spin-dependent anomalous
velocity component perpendicular to E, whilst passing through a spin-orbit coupled crystal

current direction and proportional to the magnetisation M of the sample. Once M
saturates, the contribution of this anomalous effect is constant, and the additional
increase in p,, with B, is only caused by the classical Hall effect. To describe
this behaviour, a phenomenological term that is proportional to the magnetisation
M of the system is added to the expression for the classical Hall resistivity Eq.
(22) meaning that

pye = Ay(T) - B+ Ag(T) - M(T, B.),
S S———— (37)

classical anomalous

where Ag is the spontaneous or also called extraordinary Hall constant, 7 is the tem-
perature. The first microscopic theories on the AHE were developed in the 1950s
[5, 47, 48], and nowadays three different mechanisms have been identified that can
contribute to the AHE.

The first contribution is an elastic, spin-dependent scattering of the electrons at
impurities, known as skew or Mott scattering [48]. Mott scattering is comparable to
the classic Rutherford scattering, but the scattering cross section gains an additional
spin-dependent component, which results in different direction-dependent scattering
probabilities for spin-up and spin-down electrons [see Fig. 8a]. Since ferromagnetic
materials have an imbalance between the spin-up and spin-down electron popula-
tions, skew-scattering leads to a transversal separation of charges and consequently
to a measurable Hall voltage. Skew-scattering only appears in disordered crystals, so
it can be treated as an extrinsic contribution to the AHE.

The second contribution to the AHE is side-jump scattering, in which an elec-
tron receives a spin-dependent transverse displacement [Fig. 8b]. This can happen
when an electron is scattered at an impurity (extrinsic) or by interaction of an elec-
tron with the regular crystal potential (intrinsic). Berger observed that the density
of impurities drops out when calculating the side-jump contribution to the AHE
[50]. Therefore, both extrinsic and intrinsic side-jump scattering can be treated as an
intrinsic contribution to the AHE.

@ Springer



704 Journal of Low Temperature Physics (2024) 217:686-719

The third contribution to the AHE is given by the so-called anomalous velocity,
introduced by Karplus and Luttinger in 1954 [5]. The anomalous velocity is a purely
topological effect that is closely related to the Berry curvature, and can therefore be
seen as another intrinsic contribution. Depending on the properties of a physical sys-
tem, these different contributions to the AHE can be more or less pronounced. Over-
all, each mechanism independently contributes to the total transverse current. The
observed Hall voltage is a result of the sum of these transverse currents. Because the
conductivity is directly related to the current density (7 = O'E), the total anomalous
Hall conductivity afyﬂ is the sum of the conductivities from each mechanism.

G;}H = of,ifew + a)?v +o. (38)
In the following, we take a closer look at the anomalous velocity and at its con-
nection with topology. The origin of the anomalous velocity can be found in the
spin-orbit interaction of the electron’s magnetic moment with the periodic crystal
potential V() = V(¥ + ¢;) under the perturbation of a constant weak electric field
E= Vo — %Z The electric potential ¢p(7) destroys the translational invariance of the
system and therefore Bloch’s theorem, Eq. (15), does not hold. To circumvent this
problem, we assume ¢(7) = 0 and choose a time-dependent but spatially constant
vector potential ;\(t) such that —gﬁ(t) = E. This method is called Peierls’ substitu-

tion [51, 52]. The Hamiltonian of the system then reads

ooN2
A (p+eA(t)) "
=~ 7 _vF- VVF) X B) -
. Y. EV(Vj 4m202( V(r) X p) - o, (39)
= ﬁ[o = IA{]

where H, is the so-called Hofstadter Hamiltonian [52] and H, describes the influ-
ence of spin-orbit interaction.’ Since A(t) is spatially constant in this representation,
the wave functions can be again written as Bloch waves (Eq. (15)) and, by using
first-order perturbation theory, we can derive an expression for the group velocity v,
of a given state. The exact derivation is laborious and is shown in the Appendix, but
its final result is that

ExQ, (40)

vV, =Vy+

St

where v, = dw,,/ Ok is the usual group velocity with which the envelope of the wave
is travelling. However, due to the spin-orbit interaction with the periodic crystal
potential, an additional component perpendicular to the applied electric field E and
to the Berry curvature f!n is obtained, which is given by the second term on the
right-hand side of Eq. (40). This term is the above-mentioned anomalous velocity.
We also note that Eq. (40) has a form similar to that of the semiclassical equation of
motion for a charged particle:

3 A detailed derivation of H | can be found in chapters 5.3.4 of Ref. [53]
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Fig.9 Spatial inversion and time reversal of an electron in a magnetic field B. Under spatial inversion
(a), the position coordinate is inverted, i.e., 7 — —F, whilst the magnetic field is preserved which implies
that B — B. b Under time reversal, the velocity is inverted, i.e., v — —E and tllerefore, to fulfil inversion
symmetry, also the magnetic field must change sign which implies that B — —B

h%:qZ?+q-?><§. 41)

In analogy to Eq. (41), one can imagine the term related to the anomalous velocity
in Eq. (40) as a generalised Lorentz force defined in k-space.

We now analyse how the anomalous velocity is related to the symmetry of a sys-
tem. If the unperturbed system (i.e., without the weak electric field) preserves time-
reversal and spatial-inversion symmetry, then also Eq. (40) must be invariant under
such transformations. Figure 9 shows the spatial- and time-inversion for an electron
moving in a magnetic field B. We sce that the magnetic field B is invariant under
spatial inversion but changes sign under time reversal. The same conditions apply to
the Berry curvature in k-space:

- - -

0,~5 0, and Q,— -0, (42)

As a result, we infer that, for systems that preserve both spatial inversion and time

reversal symmetries, the amplitude of the Berry curvature |§n| must be zero, and
Eq. (40) reduces to the conventional expression for the group velocity. Therefore,
the anomalous velocity can only affect systems with either broken spatial-inversion
symmetry or broken time-reversal symmetry.

Let us consider now a system where one of the symmetries (time reversal or spa-

tial inversion) is broken and |§n| # 0 holds. In this system, the anomalous velocity
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Fig. 10 Overview over the different Hall effects for spin-up (1) and spin-down () electrons. a Classical
Hall effect: a current is deflected due to an applied magnetic field B,. This effect is spin independent.
b Anomalous Hall effect (AHE): 1 and | electrons are deflected in opposite directions. In systems with
spin imbalance, this causes a separation of charges leading to the appearance of a Hall voltage V. ¢ Spin
Hall effect (SHE): in systems with equal numbers of 1 and | electrons, two separated spin currents form
and Vi = 0. d Inverse spin Hall effect (ISHE): in systems with a pure spin current, T and | electrons are
deflected in the same direction leading to a Hall voltage Vi

(40) causes a deflection of the charge carriers perpendicular to the Berry curva-
ture Q and to the applied electric field E, which gives rise to a Hall effect. The

sign of Q meaning whether this vector is parallel or antiparallel to the normal to

the surface enclosed by the travelled path, is spin-dependent [3]. Therefore, spin-
up and spin-down electrons are deflected in opposite directions. Depending on the
spin composition of the current, three different kinds of Hall effects can manifest:
the AHE, the SHE, and the inverse spin Hall effect (ISHE), which are illustrated in
Fig. 10. Unlike the classic and the QHE, the AHE, SHE and ISHE do not require the
presence of a magnetic field.

The AHE occurs in systems with broken time-reversal symmetry. Such sys-
tems, like ferromagnetic metals (e.g., Co, Ni etc.), have an unequal number of
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spin-up and spin-down electrons. The three contributions to the AHE explained
earlier (i.e., skew scattering, side-jump scattering, and anomalous velocity) cause
a deflection of the spin-up and spin-down electrons in opposite directions, per-
pendicular to the direction of their transport. Due to the spin imbalance, this leads
to a separation of charges and to a measurable Hall voltage V; [Fig. 10b].

The SHE occurs in systems that do not break time-reversal symmetry because
they have an equal number of spin-up and spin-down electrons. In these systems,
the same number of electrons (with oppositely-oriented spins) will be deflected
along opposite directions perpendicular to their motion. In this case, Vi = 0, but
the system exhibits two separated spin currents along its edges [Fig. 10c].

The ISHE occurs under flow of pure spin currents. Pure spin current means that
the same number of spin-up and spin-down electrons are running in opposite direc-
tions. In this case, only spins are transported and the net charge current is zero. In
other words, there are two spin currents that have oppositely-oriented spins and that
are flowing in opposite directions. Therefore, the spin-up and spin-down electrons
are deflected towards the same direction, leading to a separation of charges and a
non-vanishing Vi [Fig. 10d]. How a pure spin current can be generated in a system
is explained, e.g., in Refs. [54-57].

In summary, we see that the AHE, SHE and ISHE share the same origin, namely
the anomalous velocity, skew- and side-jump scattering, but they manifest in differ-
ent ways. Depending on the initial composition of spin-up and spin-down electrons
and their directions of travel, the deflection due to the anomalous velocity, skew-
and side-jump scattering causes a separation of charges (ISHE) or spins (SHE) or
both (AHE).

In general, the electron spin is not preserved in a material due to spin-flip scatter-
ing, which can be caused by the interactions of the electron spin with other electrons,
phonons, or impurities. Therefore, the spin-dependent Hall effects described above
typically manifest only in systems with a long spin-diffusion length A. A material
class that preserves the electron spin, and is therefore suitable for the observation of
topological Hall effects, is that of topological insulators. Topological insulators are
the topic of the following section. Further information about the anomalous velocity
and the different types of Hall effects discussed in this section can be found in Refs.
[5,22, 58, 59].

5 Topological Insulators

Topological insulators (TIs) are materials that are insulating in the bulk but exhibit
topologically-protected dissipationless conducting edge states. A system like a TI
has been already introduced in the context of the QHE [see Sect. 3]. For a TI, we
have seen that a strong external magnetic field B can suppress the conductivity in
the bulk, and generate conducting channels (skipping orbits) along the edges. The
total number of conducting channels is related to the Chern number, a topological
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invariant of the system [see Eq. (34)]. From a more general point of view, it turns
out that not the applied B but rather the non-trivial topology of the band structure of
the system is the key ingredient to get robust conducting edge states. In 2006 Ber-
nevig made the first theoretical prediction of the topological insulating properties
of HgTe quantum wells in the absence of an applied B [60], which was later experi-
mentally confirmed by Konig et al. [61]. To date, a significant number of other sys-
tems have been demonstrated to be TIs [62-66].

To understand the mechanism that generates topologically-protected edge states,
we consider a system with a band gap and a non-trivial Berry curvature. Follow-
ing Eq. (17), the n-th band has a certain topologically-invariant Chern number Q,.
Under the assumption that the adiabatic approximation holds, the Hamiltonian and
the underlying band structure of the system can be continuously deformed without
changing the topological invariants of the system itself, as long as the bands are
sufficiently separated and the gap around Ep remains open. In turn, to change a top-
ological invariant, the gap to Ep must be closed. To meet both requirements, the
system must exhibit a closed gap on the surface, where the non-trivial topological
invariant of its band structure changes to the trivial value of the vacuum surround-
ing the system. This leads to conducting edge states in the case of two-dimensional
(2D) TIs and to conducting surface states for three-dimensional (3D) TIs. A similar
phenomenology can be observed in the QHE. Here, the bulk of a material is insulat-
ing when the system’s Hall resistance corresponds to a plateau value. But as soon as
the system switches from one plateau to another, which corresponds to a change of
the topological invariant, the system must pass through a conductive phase, which
results in peaks in its longitudinal resistance [compare Fig. 4].

TIs are systems with strong spin-orbit interaction [11]. Recalling the Hamilto-
nian given by Eq. (39), we see that the energy associated with spin-orbit interactions
involves the cross product of the gradient of the crystal potential with respect to the
momentum. The potential gradient at the boundary between the crystal and the vac-
uum is perpendicular to the surface, while the momentum vector of surface states
lies within the surface. Consequently, the vector obtained from the cross product, to
which the spin is momentum-locked, lies within the crystal surface and is perpen-
dicular to the momentum. Therefore, states that are travelling in opposite directions
must have spins with opposite orientations. These types of surface states are also
referred to as helical edge states [67] and they are illustrated for 2D and 3D TIs in
Fig. 11. When a helical edge state is scattered back at a nonmagnetic impurity, it
changes its spin by either z or —z due to the spin-momentum locking. The two pos-
sible states differ by a rotation of § = 2x. The corresponding rotation operator for
spin-1/2 particles reads

eio’é’ — ei%Zir = 1. (43)

We see that a wave function picks up a negative sign under a 27 rotation.® Conse-
quently, the wave functions of backscattered states interfere destructively on average,

6 This explanation is strongly simplified. A more formal explanation can be found in Ref. [68].
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(a) (b)

Fig. 11 Helical edge and surface states of 2D (a) and 3D (b) topological insulators. Due to strong spin-
orbit interaction, the spin is momentum-locked perpendicular to the momentum and to the normal vector
of the surface. States moving along opposite directions have oppositely-oriented spins

which corresponds to a perfect transmission. However, if the impurity is magnetic
(i.e., if time-reversal symmetry is broken), then the states can also backscatter by
spin-flip scattering and do not necessarily interfere destructively [69]. Further infor-
mation about topological insulators can be found in Refs. [11, 70, 71].

6 Conclusion and Outlook

Topology is a well-established branch of mathematics, focused on classifying
objects based on the symmetry properties of their geometry. Although pioneer-
ing theoretical works that use topology to describe physical phenomena have
been published already in the 1960s, the potential of topology to explain, relate
and predict physical phenomena has been fully understood only over last two
decades. While it is now clear that fascinating observations such as, for exam-
ple, the quantum Hall and anomalous Hall effects, are topological phenomena,
topology has not yet become a standard part of most physics study programs,
probably due to its abstract and formal nature. To close this gap, this tutorial
introduces important concepts of topology, namely the Berry phase, the Berry
curvature and the Chern number, and highlights their implications for solid-
state physics. We have showed the relation between a non-trivial Berry phase
and the topological properties of quantum systems. Specifically, we have elabo-
rated on the connection between the Berry phase and the band structure of a
solid and the importance of cyclic evolutions, which are in turn related to the
gauge invariance of the Berry curvature. We have then exemplified some rele-
vant topological effects arising from the Berry phase like the quantum, anoma-
lous, and spin Hall effects. Last, we have closed this tutorial by discussing the
transport properties of topological insulators, which also originate from their
Berry phase physics.
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As a result of the strong connection between the Berry phase and the topo-
logical properties of quantum materials, several groups have recently started
to explore different approaches to actively tune the Berry phase and to achieve
control over related topological effects. The studied approaches for "Berry-
phase engineering” include the design of non-collinear spin textures at material
interfaces, which can be tuned via strain [72, 73], the application of gate volt-
age to ultrathin (2D) magnetic systems [74], and the optical excitation of polar-
iton systems [75] or spin-based qubits [76]. We expect that in the near future
these studies can lead to the development of devices for Berry electronics (Ber-
rytronics), where information is encoded via a Berry-phase-induced change in
topological states or effects, and also that a variety of other novel topological
phenomena intrinsically connected with the Berry phase will be predicted or
discovered. We therefore hope that this tutorial can contribute towards putting
its readers in the position to actively advance these new fascinating research
trends.

Appendix A
Berry Curvature as Sum Over the Eigenstates

In the following, we show how to derive the formula for the Berry curvature as sum
over the eigenstates (Eq. (16)) from the initial expression (Eq. (11)). For a better over-
view we will not explicitly write out the R dependence of |n),I:I ,E,, and V; further-
more V|n) := |Vn). We start by rewriting Eq. (11) using the following correlation:

V X (A|VA) = Vx/ dEx (Alx)V(x]A)
R3

=/d3x Vx( A* V-A)
R3 \,—JR,—J
scalar vector (A1)

= / d*x  (VA*) x (VA) + A* V x (VA)
R ~——
=0

= (VA| x |VA).

A in Eq. (A1) represents a generic scalar variable. Step 3 of Eq. (Al) is done by
applying the product rule. How the product rule applies here becomes more obvious
when looking at the curl in Einstein notation:

V X (@A) = €;,0,(aA) = €;(0,00A; + e a(0,A) = (Va) X A + aV X A, (A2)
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with €, being the Levi-Civita symbol. Using the correlation given by Eq. (A1) and
the expression for the Berry connection (Eq. (10)) we can rewrite the Berry curva-
ture given by Eq. (11) as

Q =V xA=iVx(nVn)=i(Vn| x |Vn). (A3)

Using the completeness of the basis 1 = Z;.,,O:o |m)(m| we can rewrite
(Va| x|Vn) = <Vn|<2 |m><m|> X |Vn)
=) /R 3 &Ex  (VnH)m - m*) x (Vn)
= Z /IR 3 &Ex (Vn*)m) x (m*Vn)

(A4)
= Z(anm) X (m|Vn)

=— Z(anm) X (m|Vn)
= )'(m|Vn) x (n|Vm).

m#n
Step 5 of Eq. (A4) uses partial integration and the orthonormality of the basis:
(Vn|m) :/ &Ex  (Vnm = [n* -m]R3 —/ &Ex  n*Vm = —(n|Vm).
R3 —— R3

=0
(A5)

Step 6 of Eq. (A4) uses the antisymmetry of the cross product, allowing the exclu-
sion of the case m = n.

Form=n: (n|Vn) X (n|Vn) = —(n|Vn) X (n|Vn) = 0. (A6)
Using Eq. (A4) the Berry curvature Eq. (A3) can now be written as

Q= iZ(len) X {n|Vm).

m#n

(A7)

To further evaluate the brackets in Eq. (A7), we take the exterior derivative of the
instantaneous eigenvalue equation (Eq. (4)):

VH|n) + H|Vn) = VE, |n) + E,|Vn). (A8)

Multiplying Eq. (A8) from left by (m| gives
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(m|VH|ny + (m|H|Vn) = (m|VE, |n) +(m|E,|Vn).
S—— (A9)
=0
Using linearity, normality (see Eq. (2)), Eq. (4) and solving for (m|Vn) we obtain

(m|Vn) = E_E (A10)

Finally, by inserting Eq. (A10) into Eq. (A7) we find the expression for the Berry
curvature as sum over the eigenstates of Eq. (16).

QR =i)

&= (E.®) - E,®)

(nR)|VHR)|mB)) x (m(R)|VzHR)|n(R))

(16)

Anomalous Velocity

In the following, we show how to derive Eq. (40) for the anomalous velocity from the
Hamiltonian (39). First, we need to derive an expression that will be important in the

later elaborations. We start by differentiating the time-independent Schrodinger equa-
tion with respect to k and multiplying with (u,, | from the left:

(MI

(u,, a |u>+<u IHI (A1l)

Usually, the Hamiltonian A is Hermitian, so & = I:I ¥, with A being the self-adjoint
of H. Hence, we can write (u,, |—|u ) as ((u |24 |u )) Using this identity and
subtracting the second term of the left hand side, Eq (A11) becomes

(<u| iy >) = %y 1, n—(a”
ok

& |ﬁlum>> . (A12)
k

Taking the complex conjugate gives

m%w = 20 u,) +E, < |H|u . (Ad)

Using the orthonormality of |u,) and H|u, ) = E, |u,,), Eq. (A13) can be written as

oH ou,,
m#n (un|£|um): (E, = E,))(— |u,,). (Al14)

Now we can start with the derivation of the anomalous velocity, which is based on
the elaborations in [5, 22]. As a reminder, the Hamiltonian of the system, that we
got via Peierls’ substitution, reads
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N
_ (predo) "
H= —eV(@) - VV(@#) X p) - o,
"o VO VO (39)
:HO =1:11

where A, describes the influence of spin-orbit interaction. We can treat H, as a small
perturbation. With a sufficiently small A € R first-order perturbation theory then
gives

0 | 0 o (U1 = Hylu?)
) = [u’) + A1) = |u )>+/1§| ()>W (A15)

With the time-dependent Schridinger equation ih%lun) = Hylu,) + AH,|u,) and
(u,,|u,) = 6,,, we can rewrite
in

1= By ) = ) = o+ =2 (A16

(0)
i, (o o, En 0 O
( ;)Iazl ()>+ U1y .
——
= (0 for m#n

(A17)

Inserting Eq. (A17) into Eq. (A15) gives the following expression for the wave func-
tion in first-order perturbation theory:

|u(0)><u(0)| |u(0)>
— 1, O\ _; _miim o m
) = 1) =i ), = (A18)
m#n n m
From now on we will write [u) as |u,), etc. The group velocity of a wave function

can be described by the velocity operator which in k-space reads v, = 0H/ (hdz).
We are interested in the average velocity of a given state y,:

; S
Waltalw) =]l +zh2 TR 121 IR SR i
m#n hok | ~—— m#n En - Em
.:a . ~- J/ :ax A ~ J/
(A19)
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= Haa —apr 4520 - 2y (A20)
L T ok ok ok
—— ——
=()E” /()Z seco;d order
u |¢)H |u ou,, 0H
=l%"2< i = i
h az m#n En - Em

Applying Eq. (A14) and using the completeness of the basis 1 = Z;’:zo lu,, ) u,,| we
can rewrite Eq. (A21) as

Vo = (WP, lw,) =

16E ( ou, ou du, ou
1 . (A22)

= (== (51—
nof ok 01

We want to find a time-independent expression for ¥,. To this end, we use the semi-
classical equation of motion for an electron with momentum p = hk. It reads

h%:—eg—e-;rxl_é, (A23)

with the two contributions of the electrical and the Lorentz force. Notice that here
we write the electric field as € for a clear distinction from the energy eigenvalues E,,.
However, in Sect. 1 the electric field is referred to as E. Furthermore, no magnetic
field is applied; B=0. Consequently,

ok e 0 e 0
@__<L d S =-— —
T A T 2 €iok, (Aa29)
Inserting Eq. (A24) into Eq. (A22) gives
_10E, N ie <0un|6un aunlaun>
I A Y L A (A25)
Next, we evaluate the x-component of the sum in Eq. (A25)
Z <0un|0un> <0un|aun>
“i\ VoK, oKk, T\ ok, ok (A26)
_ 0+ <0un | ou, ou, | ou, <dun ldu,,} <()un | aun>
ST\ ok, ok, T Yok, ok, ) T\ Var Tk T Yok, ok,
_[<3un|x|3un ] [<aun|x|aun>]
(A27)
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ou, ou, ou, ou,
=& (—=IXI—=)| —&- [(=IxI—=) (A28)
ok ok 1; ok ok 1y
- ou, ou,
= |ex | (—=Ix|—= (A29)
ok ok x
An analogous procedure for the y- and z-component gives
- 10E, e_ |. 0u, ou,
V,=——+ —EX|i{—|X|— (A30)
hok h ok ok
———
(A3) =
= n
=To+ SEXQ
=Vt n: (40)

The previous steps show how we can derive Eq. (40). In addition to the usual group
velocity ¥, = dw, / 0k we have obtained a component perpendicular to the electric

field € and to the Berry curvature 52", namely the anomalous velocity. Notice that S_in
is here defined in k-space.
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