Eur. Phys. J. C (2026) 86:17
https://doi.org/10.1140/epjc/s10052-025-15245-z

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Regular Article - Theoretical Physics

Quasinormal modes and greybody factors of black holes corrected

by nonlinear electrodynamics

Jie Liang'®, Dong Liu®®, Zheng-Wen Long'?
I College of Physics, Guizhou University, Guiyang 550025, China

2 Department of Physics, Guizhou Minzu University, Guiyang 550025, China

Received: 17 April 2025 / Accepted: 22 December 2025
© The Author(s) 2026

Abstract Can models that are degenerate in electromag-
netic observations (i.e., having identical shadows) be dis-
tinguished by their dynamical behaviors and quantum radi-
ation properties? To address this question, this paper con-
siders a unique charged black hole with logarithmic term
corrections in NED (Mazharimousavi in Phys Lett B
841:137948, 2023, https://doi.org/10.1016/j.physletb.2023.
137948, arXiv:2305.01048 [gr-qc]). It is found that for mod-
els degenerate with the shadow of a Schwarzschild black
hole, although the oscillation frequencies (real parts) of their
quasinormal modes (QNMs) are almost indistinguishable,
their decay rates (imaginary parts) exhibit significant sensi-
tivity. This provides the primary criterion for breaking the
observational degeneracy. Furthermore, to investigate the
effect of parameters, it is observed that when the parame-
ter ¢ is fixed, the deviation behavior of QNM frequencies
from those of the Schwarzschild black hole follows a more
distinct pattern: the oscillation frequency decreases almost
linearly with the increase in charge q, while the decay rate
shows a stronger nonlinear dependence. In addition, the anal-
ysis of greybody factors (GFs) offers a second approach for
distinction. It reveals a more complex non-monotonic behav-
ior: in the low-frequency region, the transmittance of the
Schwarzschild black hole is higher; however, above a cross
frequency, the transmittance of the NED model rapidly sur-
passes that of the former. These results indicate that the damp-
ing time of QNMs and the precise shape of the Hawking radi-
ation spectrum, rather than the shadow size, are more sensi-
tive physical observables for detecting such logarithmic cor-
rections. This study provides specific and distinguishable the-
oretical criteria for testing and constraining such NED mod-
els using gravitational wave astronomy and high-precision
radiation observations in the future.
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1 Introduction

In recent years, black hole research has advanced from theo-
retical prediction to observational verification. The detection
of gravitational wave signals generated by binary black hole
mergers by the LIGO-Virgo-KAGRA collaboration [2-5],
along with the imaging of the shadow of the supermassive
black hole at the center of M87* by the Event Horizon Tele-
scope (EHT) [6], not only provides direct evidence for the
existence of black holes but also opens unprecedented oppor-
tunities for the precise testing of general relativity (GR) and
the exploration of new physics beyond the standard model in
strong gravitational fields [7,8].

However, although the black hole shadow observed by
the EHT is highly consistent with the predictions of GR, it
cannot completely rule out alternative gravitational or mat-
ter field theories that can produce identical shadows. This
observation has potential degeneracy, creating an urgent need
for independent probes capable of detecting deeper dynam-
ical properties of black hole spacetimes. For this purpose,
QNMs offer an ideal approach. As the dominant damped
oscillations in the late-time response of a black hole to exter-
nal perturbations, their properties are jointly determined by
the characteristics of the background spacetime and the per-
turbation field. The complex frequency spectrum of QNMs
not only encodes information about the black hole’s mass,
angular momentum, and charge but also contains features of
any possible deviations from GR caused by quantum cor-
rections or modified gravitational theories [9—-12]. Thus, the
precise determination of QNMs has become a cornerstone
for testing the black hole no-hair theorem and gravitational
theories [13—18]. In addition, GFs constitute another inde-
pendent quantum probe for detecting spacetime geometry.
They are directly related to the final shape of the observable
Hawking radiation spectrum and have a corresponding rela-
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tionship with QNMs in the geometric optics limit [19-21].
Due to the high sensitivity of GFs to black hole geometry,
gravity, and matter theories, their analysis provides a com-
plementary approach for identifying physical signals beyond
the standard Einstein-Maxwell theory [22-26].

Among the numerous explorations beyond the standard
Einstein-Maxwell theory, the coupling of GR with NED
represents a fruitful research direction. Its initial motivation
was to resolve the self-energy divergence problem of point
charges [27], and it can naturally yield regular black hole
solutions [27-32]. Extensive studies on the observable char-
acteristics of various NED black holes aim to provide clues
for distinguishing between different gravitational or matter
field theories [33-39]. Against this background, this paper
focuses on a unique NED black hole model recently proposed
by Mazharimousavi et al. [1]. The motivation for this model
is to phenomenologically simulate quark-like confinement
potentials in particle physics, leading to a spacetime metric
that includes a core logarithmic correction term in addition to
the standard Reissner—Nordstrom (R—N) terms. This unique
physical origin naturally gives rise to the core question of
this paper: Can such logarithmic corrections, derived from
confinement-like potentials, leave identifiable and unique
“fingerprints” in the QNMs and GFs of black holes, thereby
breaking the model degeneracy existing in electromagnetic
observations?

The structure of this paper is arranged as follows: Sect. 2
introduces the spacetime metric of the logarithmically cor-
rected NED black hole model and incorporates the observa-
tional constraints from M87%*. Section 3 discusses the pertur-
bation equations of the scalar field in this spacetime. Sections
4 and 5 present the calculation method and numerical results
of QNMs. Section 6 analyzes the greybody factors. Section
7 provides a summary of the entire paper. Finally, there is
an Appendix A. In this paper, we adopt the geometric unit
system (c = G = 1).

2 NED-corrected black hole spacetime

We consider a system where Einstein gravity is minimally
coupled to an NED model with quark-like confinement prop-
erties. The total action of the system is given by [1]:

f d*xy/—¢ [ﬁ + z:] ()

where R denotes the Ricci scalar, g is the metric determinant,
and G is the gravitational constant. The Lagrangian density
of the matter sector, L = %F wv ™7, is a nonlinear function
of the Maxwell invariant, with its specific form expressed as:
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In the equation above, ¢ is the nonlinear coupling param-
eter. By varying the action, the dynamical equations of the
system are derived. The gravitational field equation is:

Gl =87, 3)

Here, Gl‘i is the Einstein tensor, and T;‘f represents the
energy-momentum tensor, whose expression is:

I
Ty = o (£3;

— LyF, FY), Q)
where Lr = % (the partial derivative of the Lagrangian
density with respect to the Maxwell invariant F), §,, is the
Kronecker delta, and F,; is the electromagnetic field tensor.

Assuming spherical symmetry, the line element is express-
ed as:

ds? = — f(rdt* + — dr? + r2(d6? + sin® 0d¢?). 5)

Q)

Substituting this metric into the Einstein-NED coupled
field Eq. (3) and solving it, the metric function describing
the black hole spacetime can be obtained:

2M  ¢?

=1~ 1 MV
r r

In(r), (6)

where M and ¢ are the mass and charge of the black hole,
respectively. When the nonlinear coupling parameter { = 0,
this metric reduces to the standard R-N solution; when the
charge g = 0, it further reduces to the Schwarzschild black
hole. The last term in Eq. (6) — which contains a logarithmic
term-characterizes the coupling effect between the nonlinear
electromagnetic field and gravity. As noted in Reference [1],
the slow-decay property of this logarithmic term generates an
effective long-range confinement-like force. This force acts
on test particles at large distances and can alleviate anomalies
in their velocity-radius curves.

To make physically reasonable predictions for the QNMs
of this model, it is necessary to first determine the astrophys-
ically allowed range of its parameters (q, ¢). Therefore, the
core task of this section is to impose constraints on the param-
eter space of this NED-corrected black hole model using
observational data of the supermassive black hole M87* from
the EHT. For this purpose, we will first systematically ana-
lyze the horizon structure of the model, then calculate the
black hole shadow size, and compare the theoretical predic-
tions with the EHT observational results.
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The horizon structure of the spacetime is determined by
the roots of the metric function f(r) = 0, and its properties
depend on the extremum of f(r) at its extreme point .. The
point r, is determined by f'(r) = 0, where the expression
for f/(r) is:

2M  2g% 4
foy =M 240 4Vas

2 3 7 (1 —In(r)). (7)

At the critical point r = r¢, let f'(r.) = 0, thereby obtaining
an implicit equation defining r.. Although we cannot analyt-
ically solve for r., we can use this condition to simplify the
expression for f(r.). From f’(r.) = 0, we have:

2M 2% 4
M i2+q—*/ﬂ(1 —In(r)). (8)

Te rg 3r¢

Substituting Eq. (8) into the expression for r = r. in Eq. (6),
the term 2M /r. can be eliminated:

2¢%  49./q¢
f(rc)=1—[iz+M
re 3r¢
¢ _4avar,
r2 3r, ¢

q° 4448

r2 3r,
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+
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Fig. 1 (a) Variation of the metric function f(r) with the radial coordi-
nate r. This figure fixes ¢ = 0.268 and shows the influence of different
charge parameters ¢ on the metric function. (b) Black hole horizon struc-
ture in the parameter space (g, ¢). The light blue region corresponds

At the extreme point . of the metric function f(r), its
function value f (r.) directly determines the number of real
roots of the equation f(r) = 0. Specifically: f(r.) < 0 cor-
responds to two roots, f (r.) = 0 corresponds to one root (the
extreme point is the root), and f(r.) > 0 corresponds to no
real roots. Based on this, we define an effective discriminant
Aefr = f(rc), whose value is implicitly determined by the
model parameters (g, ¢) through r.:

2

A
Aet(q, &) =1——=— -7, &)

c

qul BN

where A = (4/3)q /q¢. The sign of this discriminant deter-
mines the structure of the black hole horizon: Acs < 0 indi-
cates the spacetime has two inner and outer horizons (non-
extremal black hole); Acfr = 0 corresponds to an extremal
black hole with a single horizon; and A¢g > 0 corresponds to
anaked singularity without a horizon. Figure 1(a) exemplifies
the behavior of the metric function in these three cases, cor-
responding to f(r) = 0 having two(blue solid line), one(red
dashed line), or zero positive real roots(green dashed line),
respectively. Figure 1(b) intuitively shows the horizon struc-
ture regions divided by the sign of the discriminant in the
parameter space (g, ¢), providing a basis for understanding
the theoretical completeness of the model.

We regard this NED-corrected black hole model as a can-
didate theory for the central object of M87* and use EHT
observational data to impose constraints on its parameters.

L=

lovvvvvvvvvvvvvvvv
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T
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0.0 0.2 0.4 0.6 0.8 1.0

q/M
(b)

to non-extremal black holes with inner and outer double horizons; the
white region corresponds to naked singularities; the blue boundary line
represents extremal black holes. The parameters in the figure are set to
M=1.
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Fig. 2 Theoretical analysis of the NED-corrected black hole and obser-
vational constraints from M87%*. (a) Theoretical predicted distribution
of the ratio of black hole shadow radius to mass Ry/M in the parameter
space. The contour lines in the figure show how R, /M depends on the

Light from distant celestial bodies is deflected in the strong
gravitational field of the black hole, and some of the photons
are captured by the gravitational field and orbit on specific
unstable circular orbits, thereby forming a photon sphere. For
a static spherically symmetric spacetime, the photon sphere
radius rps can be determined by the following formula [40]:

rpsf/(rps) - 2f(rps) =0. (10)

For a static observer at a great distance, the radius Rq
of the black hole shadow can be accurately calculated from
the photon sphere radius and the spacetime geometry at its
location [41,42]:

T'ps

Vv S ps) .
Since this paper studies a static spherically symmetric
spacetime, the black hole shadow it produces is a perfect
circle geometrically. Therefore, the model parameters (¢, q)
only affect the radius Ry of the shadow by changing the
function f(r), without altering its circular geometric struc-
ture. In this NED-corrected model, the parameters (g, ¢)
directly affect the position of the photon sphere and the
shadow radius by changing the metric function f(r). Com-
pared with the fixed shadow radius of the Schwarzschild
black hole (g = 0,¢ = 0), RS" = 3./3M ~ 5.196M,
the shadow size predicted by this model can vary within a
certain range. To quantify this behavior, we systematically
calculated the theoretical distribution of Ry/M in the entire
parameter space by numerically solving Egs. (10) and (11),

R Y
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model parameters. (b) Final physical constraint results. The blue shaded
region in the figure shows the parameter range where the theoretically
predicted shadow size is consistent with the EHT observation of M87*
at the 1o confidence level

and the results are shown in Fig. 2a. This map establishes a
direct mapping from model parameters to observable quan-
tities and reveals the core feature of the shadow radius: As
illustrated by the color gradient, if either ¢ or ¢ remains in
the low-value range, the variation of Rj is relatively gentle,
confined mostly to the blue to light-blue regions. Conversely,
when both parameters lie in the high-value range (top-right
corner), the shadow radius exhibits a sharp increasing trend.
This phenomenon indicates a synergistic effect between ¢
and ¢: a high ¢ value significantly enhances the spacetime
distortion induced by the charge, resulting in a substantial
enlargement of the observed shadow.

To constrain the model parameters, we compare the the-
oretical predictions with the EHT observational results of
MS87*. According to the EHT release, the angular diame-
ter of the shadow of M87* is 42 + 3 pas [6], correspond-
ing to an angular radius 6; = 21 4+ 1.5 pas. Combined
with the independently measured black hole mass M
(6.5 4+ 0.7) x 10°M and distance D = 16.8 & 0.8 Mpc
[6], the physical radius and angular radius of the shadow are
related by Ry = 65 - D. Thus, the ratio of the shadow radius
to the mass is:

Ry
i

0s - D

v 12)

Based on the standard error propagation theory and assum-
ing that the uncertainties of each observable are independent
of each other, the relative uncertainty of Ry/M is obtained
as:
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Table 1 Parameters of the NED-corrected black hole with the same shadow radius as the Schwarzschild black hole

Parameter Schwarzschild Dual-horizon black hole Extremal black hole
q/M 0.0 0.2 0.4 0.6 0.8 1.02
cM? 0.00 0.102 0.146 0.183 0.220 0.268
8(R/M) 86, 2 sD\? SM\2 3 Scalar field perturbations
2 (22) + () + (%), 13
e () <(5) + (7)o

Itis calculated that the observed value of Ry/ M is[4.75, 6.25]
within the 1o confidence interval.

We plot the 1o observational confidence interval deter-
mined by Eq. 13 together with the theoretical predictions in
the parameter space diagram (Fig. 2a), thereby selecting the
parameter region compatible with the observational results
at the 1o confidence level. In the figure, the red and blue
solid lines respectively delimit the constraint ranges deter-
mined by the upper and lower limits of the observed angu-
lar radius Rg/M (Ry/M = 4.75 and Ry/M = 6.25). For
reference, the green dashed line marks the parameter com-
binations equal to the shadow radius of the Schwarzschild
black hole (Ry/M = 5.196). The specific values are listed
in Table 1. The gray region in the upper right corner of
the figure represents the case of a naked singularity (i.e.,
f(r¢e) > 0), so the corresponding parameter combinations
should be excluded physically. Finally, Fig. 2b clearly shows
the parameter region (blue shaded area) that satisfies the
lo observational constraints. This indicates that the NED-
corrected black hole model can be compatible with the cur-
rent highest-precision black hole shadow observational data
within this parameter range.

When analyzing the degeneracy, we deliberately included
a complete parameter sequence from non-extremal black
holes to the boundary of extremal black holes. In partic-
ular, the parameter combination (¢/M = 1.02,¢M'/? =
0.268) listed in Table 1 corresponds to the boundary case
of an extremal black hole (A¢f = 0). It is important to
emphasize that although we incorporated this extremal case
into the degeneracy analysis to explore the full theoretical
possibilities, our main physical analyses (including M87%
observational constraints and QNM calculations) are strictly
restricted to the parameter region of non-extremal black
holes. The blue shaded area in Fig. 2b lies entirely within
the non-extremal black hole region, while the extremal black
hole point serves only as a reference for the theoretical bound-
ary. This approach allows us to comprehensively evaluate the
scope of model degeneracy while ensuring that all physical
conclusions are based on black hole models with a complete
horizon structure.

Considering the spacetime background described by the met-
ric (6), we study the perturbation behavior of a massless test
scalar field ®. The dynamical behavior of this field is gov-
erned by the Klein—Gordon (K-G) equation, whose specific
form in curved spacetime is:

\/L__gau (V=g""3,®) = 0.
Substituting the separation of variables form ® (¢, r, 6, ¢)
%\Il(t, 7)Y, (0, ¢) into the covariant K-G equation (14),
the angular part can be separated out via the eigenvalue
—I(l 4 1) of the spherical harmonic function. The radial part
is expressed as:

(14)

1 92w 9 v I+ 1)f(r)
-t — — | —-———v¥v =0.
7o o o (f(r) 8r> 2
(15)
By introducing the tortoise coordinate dr, = %, the

radial wave Eq. (15) can be transformed into a Schrodinger-
like equation:

vy _pv + Verr(r)¥ =0 (16)
or2  grz T emE =
where the effective potential is written as:
I+1  1df@)
Vett(r) = f(r) ( 3 14 ) . 7)
r rodr

To further explore how model parameters affect the space-
time structure around the black hole, we analyzed the char-
acteristic behavior of the effective potential Veg for scalar
field perturbations, as shown in Fig. 3.

In figure (a), we compare the Schwarzschild black hole
with the NED-corrected black hole that have the same
shadow radius. The results show that the latter exhibits a
lower potential barrier peak and a wider barrier shape, and
this trend becomes more significant as the parameters ¢ and
¢ increase.

In figure (b), the increase in the angular quantum num-
ber [ significantly raises the peak value Vi« of the potential
barrier. This phenomenon is consistent with physical expec-
tations, because the contribution of the centrifugal potential
term f(r) 1(1r+1) in the effective potential increases with / and

@ Springer
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— aM=0
— amM=04
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Fig. 3 Variation of the effective potential Vr(r) for massless scalar
field perturbations with the tortoise coordinate r,. (a) Effective poten-
tials for partial parameter combinations when the shadow radius of the
NED black hole is fixed to be consistent with that of the Schwarzschild
black hole. (b) Effective potentials for different angular quantum num-

becomes the dominant factor determining the barrier height
when/ > 0.

In figures (c) and (d), we systematically investigated the
independent effects of parameters ¢ and ¢ by fixing { = 0.4
and g = 0.4, respectively. The results consistently show that
as either parameter increases, the peak of the effective poten-
tial continuously decreases, and the width of the potential
barrier increases accordingly.

The height of the potential barrier is mainly positively
correlated with the oscillation frequency of QNMs. A lower
barrier means gravitational waves can escape more easily,
usually corresponding to a lower oscillation frequency. The
width of the barrier affects the imaginary part of QNMs. A
wider barrier can “trap” the wave for a longer time, thereby
extending the damping time (i.e., a smaller absolute value of
the imaginary part).

By comparing the morphological changes of these effec-
tive potentials, we can more intuitively analyze the QNMs
behavior of the black hole.

@ Springer
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bers [ with fixed charge ¢ and NED parameter ¢ . (c) Effective potentials
when changing the charge ¢ with fixed NED parameter { = 0.4. (d)
Effective potentials when changing the NED parameter ¢ with fixed
charge ¢ = 0.4. All effective potentials in the figures are plotted with
M=1

4 Calculation of quasinormal modes

In this section, we will introduce two different methods
for calculating QNMs. QNMs describe the characteristic
damped oscillations produced when a black hole relaxes
through gravitational wave radiation and other means after
being subjected to external perturbations. These modes are
characterized by a set of discrete complex frequencies w =
wpr + iwy, where the real part wg represents the oscillation
frequency and the imaginary part w; represents the damping
rate. For a physically stable system, w; < 0. Mathematically,
QNDMs are the eigen solutions of the wave equation (16) under
specific physical boundary conditions. These boundary con-
ditions require the wave to be a purely ingoing wave at the
event horizon r — ry (r, — —o00) and a purely outgoing
wave at spatial infinity r — oo (ry — +00):

el — —00
W~ (18)

et p. — 400
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To accurately calculate the QNM frequencies of this NED-
corrected black hole, this paper adopts two methods for cross-
validation: an eigenvalue extraction method based on time-
domain evolution and a semi-analytical sixth-order WKB
method.

First, this paper uses the time-domain method to directly
perform numerical evolution on the original wave Eq. (16).
To improve numerical stability, we introduce light-cone coor-
dinates u =t — ry, and v = ¢ + r,, and the wave Eq. (16) is
transformed into:

9w
4——+ Veti(r (u, v))¥(u, v) = 0. (19)
oudv
The method of characteristics integration developed by
Gundlach et al. [43] is used for numerical discretization of
this equation. Its discrete format has fourth-order accuracy
O(A%) on a uniform (u, v) grid:

w+ Ve

)\
Wy = Vg 4+ Wy — W — A% Vegr(rs) +0(AY,

(20)

where N, W, E, S represent the values of W at the four ver-
tices (u+A, v+A), (u+A,v), (u, v+A), (u, v) onthe grid,
respectively, and A is the step size in the u and v directions.
A Gaussian wave packet propagating along the v-axis is set,
with the form W(u = 0,v) = Aexp[—(v — vc)?/(20 )],
where v, and o control the initial position and width of
the wave packet, respectively. The evolved time-series sig-
nal W (7, rext) can be extracted at a fixed radial position rex¢
far from the black hole. A typical time-domain waveform
mainly includes three stages: an initial burst dependent on
initial conditions, a Ringdown stage determined by the intrin-
sic properties of the black hole, and a late-time power-law
decay tail.

Based on the time-domain evolution shown in Fig. 4, we
employ the Prony method to extract the QNM frequencies.
The rationale for using this method is straightforward: the
Ringdown signal is a superposition of complex exponen-
tials. On a uniform grid, such signals satisfy a linear recur-
rence relation, meaning any data point can be expressed as
a linear combination of its predecessors. The Prony method
exploits this linear prediction property to transform the non-
linear frequency fitting problem into a system of linear equa-
tions, allowing for efficient parameter extraction. The signal
is modeled as [9,44,45]:

P
W)~y Cieiort, 1)
j=1

where W (7) represents the time-series signal during the ring-
down phase, and C; and w; denote the complex amplitude

and frequency of the jth mode, respectively. The key to
accurately extracting QNM frequencies lies in the appro-
priate selection of the ringdown time window. This window,
[#starts fendl, 1s determined by standard physical considera-
tions: fy,¢ must be chosen sufficiently late to avoid con-
tamination from the initial burst, while f.,q is set before the
signal is overwhelmed by numerical noise. Within this inter-
val, the Prony method is employed to extract the dominant
mode frequencies. Further details on the implementation of
the method, along with a waveform reconstruction test val-
idating the accuracy of the results (demonstrating a precise
match between the fitted and numerical signals), are provided
in Appendix A.

To verify the validity of the results, this paper also uses
the sixth-order WKB method to calculate QNM frequencies,
which has high accuracy when the angular quantum num-
ber [ is large [46—49]. Its core idea is to correlate the QNM
frequency with the properties of the effective potential at its
peak. The sixth-order WKB approximation formula is:

. 6

l(wz— Vinax) 1

— =) M(w)=n+, n=0,1,2,..),
J=2vr 1; 2

(22)

where n is the overtone number of the QNM, V. =
Vetr(r0,peax) is the value of the effective potential at its peak,

V// — d? Vet

T is the second derivative of the effective

70, peak
potential with respect to the coordinate ry at the peak, and

Ay represents the kth order correction term [49].

5 Numerical results and analysis of quasinormal modes

This section presents the QNM frequencies calculated using
the time-domain Prony method and the sixth-order WKB
method, aiming to systematically analyze how the NED
parameters (g, ¢) affect the black hole ringdown signal and
explore its potential astronomical observation characteris-
tics.

We adopt a double verification strategy to test the accu-
racy of the calculation methods used. First, to establish the
intrinsic accuracy of the sixth-order WKB method, we com-
pare the QNM frequencies of the Schwarzschild black hole
calculated by it with the exact values obtained by the Leaver
continued fraction method [50], as shown in Table 2. The
results show that for the fundamental frequency (n = 0)
and low-order overtone modes, the accuracy of the WKB
method is very high, with relative errors generally lower
than 1%, which confirms that it can be used as a reliable
benchmark for subsequent comparisons. Second, we use the
verified WKB method to cross-validate the accuracy of the

@ Springer
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Fig. 4 Time-domain evolution of the absolute value of the scalar field
wave function |W (¢)]. [ = 2 is set (except for panel (d)) and M = 1.
(a) Waveforms for different ¢ with fixed ¢ = 0.4. (b) Waveforms for
different ¢ with fixed ¢ = 0.4. (¢) Comparison of waveforms for differ-

time-domain Prony method in calculating the QNM frequen-
cies of NED black holes. As shown in Table 3, the results of
the two methods are in good agreement. The calculated rel-
ative errors show that the difference in the real part of the
frequency is less than 0.1%, and the difference in the imagi-
nary part is generally within 0.3%. This process fully ensures
the reliability of our calculation results.

Subsequently, this paper studies the dependence of QNM
frequencies on the NED parameters ¢ and ¢. The calculation
results are summarized in Tables 4 and 5, and plotted in Fig.
5. A clear overall trend is that for all (/, n) modes, both the
oscillation frequency wg and the damping rate |w; | of QNMs
decrease monotonically with the increase of ¢ and ¢. This
behavior is consistent with the previous analysis of the effec-
tive potential: the increase of ¢ and ¢ leads to a decrease in the
peak value and an increase in the width of the effective poten-
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(d)

ent parameter combinations under the condition that the shadow radius
is fixed to be consistent with that of the Schwarzschild black hole. (d)
Waveforms for different angular quantum numbers / with fixed g = 0.4
and ¢ = 0.4

tial. The former corresponds to a lower oscillation frequency,
and the latter results in a longer damping time (i.e., a smaller
|wr]) due to the stronger wave “trapping” effect. In addition,
the data show that (n = 0) is not only the dominant mode
with the slowest decay, but also has a higher oscillation fre-
quency than the corresponding (n = 1). There is also a subtle
difference: although wg responds approximately linearly to
both g and ¢, the behavior of the damping rate |wy| is dif-
ferent. It decreases approximately linearly with ¢, but shows
a significant accelerated downward trend with g. This can
be attributed to the different embedding methods of the two
parameters in the metric (6): ¢ is coupled in a linear form,
while ¢g contributes nonlinearly to the spacetime geometry
through multiple terms such as ¢ and ¢3/?, thereby exerting
a nonlinear influence on |w;|, which is more sensitive to the
barrier structure.
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Table 2 QNM frequencies for scalar field perturbations of the Schwarzschild black hole: accuracy comparison between the sixth-order WKB

method and the Leaver continued fraction method [50]

(I, n) OLeaver @6th WKB Aoy (%) Ay, (%)
(0,0) 0.1105-0.1049 i 0.110493-0.100793 i 0.006 391
0,1) 0.0861-0.3481 i 0.089078-0.344344 i 3.46 1.08
(1,0) 0.2929-0.0977 i 0.292910-0.097762 i 0.003 0.063
(1,1) 0.2645-0.3063 i 0.264471-0.306518 i 0.011 0.071
(1,2) 0.2295-0.5401 i 0.231015-0.542164 i 0.660 0.382
(1,3) 0.2033-0.7883 i 0.222096-0.795163 i 9.25 0.871
(2,0) 0.4836-0.0968 i 0.483642-0.096766 i 0.009 0.035
2,1) 0.4639-0.2956 i 0.463847-0.295627 i 0.011 0.009
2,2) 0.4305-0.5086 i 0.430386-0.508700 i 0.026 0.020
2,3) 0.3939-0.7381 i 0.393206-0.739886 i 0.176 0.242

Table 3 Comparison of the fundamental frequency (n = 0,/ = 2) quasinormal mode frequencies of the scalar field calculated by the sixth-order
WKB method and the time-domain Prony method for a series of black hole models with the same shadow radius

4,¢) WWKB WProny Apg (%) Ao (%)
Sch (0,0) 0.483642-0.0967661 i 0.483964-0.0965387 i 0.067 0.235
(0.2,0.102) 0.483648-0.0960251 i 0.483988-0.0958034 i 0.070 0.231
(0.4, 0.146) 0.483671-0.0936885 i 0.483979-0.0934686 i 0.064 0.235
(0.6, 0.183) 0.483696-0.0893215 i 0.483968-0.0891046 i 0.056 0.243
(0.8, 0.220) 0.483497-0.0817084 i 0.483780-0.0814859 i 0.059 0.272
(1.02, 0.268) 0.481800-0.0639091 i 0.482087-0.0638081 i 0.060 0.158
Table 4 Variation of QNM frequencies with ¢ for a fixed charge ¢ = 0.4

(,n) =00 =02 =04 =06 =038

(0,0) 0.113891-0.101455 i 0.109010-0.095923 i 0.104396-0.090573 i 0.099916-0.085525 i 0.095562-0.080785 i
(1,0) 0.301325-0.098512 i 0.289853-0.093140 i 0.278611-0.088039 i 0.267622-0.083206 i 0.256904-0.078638 i
(2,0) 0.497411-0.097561 i 0.478636-0.092291 i 0.460222-0.087281 i 0.442206-0.082528 i 0.424620-0.078032 i
0, 1) 0.092900-0.344517 i 0.088899-0.325589 i 0.085296-0.306760 i 0.081816-0.289034 i 0.078429-0.272488 i
(1,1) 0.273842-0.308243 i 0.264479-0.290996 i 0.255200-0.274662 i 0.246022-0.259233 i 0.236969-0.244693 i
2, 1) 0.478295-0.297811 i 0.461054-0.281536 i 0.444053-0.266082 i 0.427332-0.251445 i 0.410932-0.237615 i

Table 5 Variation of QNM frequencies with charge ¢ for a fixed ¢ = 0.4

(d,n

q=0.0

q=0.2

qg=04

q=0.6

q=0.8

0,0
1,0
2,0
0,1
1,1
@1

0.110493-0.100793 i
0.292910-0.097762 i
0.483642-0.096766 i
0.089078-0.344344 i
0.264471-0.306518 i
0.463847-0.295627 i

0.108030-0.097071 i
0.287097-0.094208 i
0.474120-0.093299 i
0.087359-0.330852 i
0.260403-0.2949009 i
0.455591-0.284840 i

0.104396-0.090574 i
0.278611-0.088039 i
0.460222-0.087281 i
0.085296-0.306760 i
0.255200-0.274662 i
0.444053-0.266082 i

0.100397-0.082502 i
0.269466-0.080250 i
0.445290-0.079666 i
0.083829-0.275964 i
0.250253-0.249134 i
0.432106-0.242363 i

0.096243-0.072534 i
0.260357-0.070782 i
0.430589-0.070390 i
0.080595-0.239032 i
0.245679-0.218181 i
0.420643-0.213512 i
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Fig. 5 Dependence of QNM frequencies on the parameters of the NED-corrected black hole. The figure shows the results of the fundamental
frequency mode (n = 0) and the first overtone mode (n = 1) for different angular quantum numbers /. (a) Variation of w with ¢; (b) Variation of @

with ¢

Finally, it is worth noting: Can QNMs break the model
degeneracy existing in black hole shadow observations? To
this end, we calculated the QNM frequencies of a series of
NED-corrected black hole “degenerates” that have exactly
the same shadow radius as the Schwarzschild black hole.
Based on the data in Table 3, Fig. 6 is plotted, which reveals
a striking duality. On the one hand, the oscillation frequency
wp exhibits remarkable stability, with extremely small devi-
ations from the Schwarzschild reference value over a wide
parameter range. A tiny maximum value only appears near
(g = 0.6, ¢ = 0.183), and then decreases significantly when
approaching the extremal black hole. On the other hand,
the damping rate |w;| is extremely sensitive to parameter
changes, showing a strictly monotonic decreasing trend with
the increase of (g, ¢), which systematically deviates from
the Schwarzschild reference value. The root cause of this
behavioral difference is that the “same-shadow” constraint
mainly fixes the behavior of the effective potential near the

@ Springer

photon sphere, thereby stabilizing wg, which is mainly deter-
mined by the barrier height; however, this constraint does not
limit the change of the barrier width, which determines the
damping rate |wy|. Therefore, these results strongly prove
that although the electromagnetic observation characteristics
(shadows) of different black hole models may be degenerate,
their gravitational wave signals (QNMs) can be clearly dis-
tinguished. In particular, the imaginary part of QNMs can be
used as a more sensitive probe for us to detect the spacetime
geometry of black holes.

6 Greybody factors

The spacetime curvature around a black hole forms an effec-
tive gravitational potential barrier that filters particles emit-
ted near the horizon, thereby altering their final observ-
able radiation spectrum. This process can be described by
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Fig. 6 Comparison of the fundamental frequency (I = 2,n = 0)
QNM frequencies between the Schwarzschild black hole and its “same-
shadow” NED-corrected black hole degenerate models. Left panel: real
part of the frequency (wg). Right panel: absolute value of the imaginary

a standard scattering problem, where a plane wave incident
from infinity is partially reflected by the barrier and partially
transmitted into the black hole horizon. The transmission
probability in this process is the frequency-dependent grey-
body factor I'(w). According to particle number conserva-
tion, its relationship with the reflection probability |R(w)|?
isT(w) =1— |R(w)|*

The use of the WKB approximation method to calculate
the reflection coefficient R(w) and transmission coefficient
is not new; it has been applied in various scenarios for calcu-
lations [47,49,51-53]. Within this framework, the reflection
coefficient around a black hole is given by [46]:

R(w) = (1 + e 279 ~1, (23)

where the expression for the phase factor « is given by [54]:

o = l(a) - Vpeak) ZA (24)

V -2 peak

By calculating «, we can obtain the reflection probability
|R(w)|?, and then determine the greybody factor I' (w).
Figure 7 shows the variation of the greybody factor with
frequency and NED parameters for a fixed angular quantum
number / = 2. An obvious overall trend can be observed
from Fig. 7a and b: increasing either g or ¢ shifts the entire
greybody factor curve to the left. This indicates that for a
scalar particle with a fixed frequency w, its escape prob-
ability increases as g or ¢ increases. This phenomenon is
consistent with the discussion on the effective potential bar-
rier Vigr: the increase of ¢ or ¢ lowers the peak of the bar-
rier, making it easier for low-energy particles to penetrate,
thereby increasing the transmission rate I (w). When the fre-
quency is sufficiently high, all curves quickly approach 1,

0.095F

Schwarzschild Baseline

0.090f
0.085]

0.080F

(Im(w)|
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0.070F

0.065F

I I I I I 1
Sch (.2, (0.4, (0.6, (08,  (1.02,
(0,0) 0.102) 0.146) 0.183) 0.220) 0.268)

part of the frequency (Jwy|). A series of parameter combinations (g, ¢)
satisfying the “same-shadow” condition are listed on the abscissa, and
their values are consistent with Table 3. The dashed line in the figure
represents the reference value of the Schwarzschild black hole

because high-energy particles can easily cross the barrier,
and their behavior is dominated by geometric optics, which
is no longer sensitive to the specific structure of the barrier.

In addition, the analysis of “degenerate models” of black
holes with the same black hole shadow (Fig. 7c) shows that
their transmission behavior exhibits a complex frequency-
dependent characteristic. There exists a crossing point at
o =~ (0.47. Before the crossing point (low-frequency region),
the greybody factor of the Schwarzschild black hole (blue
line) is the highest, while the NED black hole with larger
parameters (g, ¢) has a lower greybody factor. However,
after the crossing point, the greybody factor curve of the
NED black hole rapidly surpasses that of the Schwarzschild
black hole due to its extremely steep transmission rate, and
the larger the parameters, the steeper the slope. This crossing
phenomenon reveals a profound physical scenario: to main-
tain the same shadow, although the effective potential barrier
of the NED black hole has a lower peak, its base is wider.
In the low-frequency region, particles mainly pass through
quantum tunneling, and the wider barrier base inhibits the
transmission rate; in the high-frequency region, the particle
energy is sufficient to cross the barrier, and at this time, the
lower barrier peak dominates the behavior, leading to a sharp
increase in the transmission rate.

7 Conclusion

This paper studies an NED black hole model with logarith-
mic correction terms, aiming to explore a core issue in astro-
physical observations: whether models degenerate in electro-
magnetic observations (i.e., having the same shadow radius)
can be effectively distinguished through gravitational wave
and quantum radiation characteristics. To establish the con-
nection between this model and astrophysical observations,

@ Springer
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q. (c) Comparison between the Schwarzschild black hole and a series of NED black hole models with the same shadow radius

we use the shadow observation data of M87* from the EHT
to impose constraints on the parameter space (g, ¢) of the
model.

The analysis of the black hole’s QNMs shows that the
model parameters g and ¢ affect the QNM spectrum in dif-
ferent ways. Specifically, when either parameter is fixed, both
the oscillation frequency and the damping rate decrease lin-
early with ¢ or ¢; when ¢ increases, the damping rate also
decreases linearly, but it shows a stronger nonlinear depen-
dence on g with a more significant downward trend. Com-
pared with the standard Schwarzschild black hole (g = 0),
this NED-corrected black hole has a lower oscillation fre-
quency and a longer damping time. Meanwhile, for those
“degenerate” models that have the same shadow as the
Schwarzschild black hole, although the differences in their
oscillation frequencies are extremely small and almost indis-
tinguishable, their damping rates exhibit high sensitivity and
monotonic dependence on the NED parameters. This core
result clearly indicates that the damping time of QNMs, rather
than the oscillation frequency, is the primary physical quan-

@ Springer

tity for revealing the characteristics of such non-standard
black holes and breaking observational degeneracy.

The analysis of the greybody factor not only can be mutu-
ally confirmed with the variation trends of the effective poten-
tial and QNMs, but also provides a second independent and
powerful way to distinguish degenerate models. Whether
changing the parameter g or ¢, the effective potential bar-
rier of the model is systematically changed, leading to an
overall shift of the peak of its Hawking radiation spectrum to
the low-frequency region. Compared with the Schwarzschild
black hole, the Hawking radiation spectrum of the NED black
hole with the same shadow is significantly reshaped: it is sup-
pressed at extremely low frequencies but sharply enhanced
within a specific frequency window. This indicates that the
peak position and overall shape of the observed Hawking
radiation spectrum will change. This unique spectral feature
provides a highly promising window for distinguishing dif-
ferent black hole models and testing nonlinear electrodynam-
ics theories through high-precision astronomical observation
methods (such as detecting Hawking radiation) in the future.
More importantly, it indirectly provides a refined probe for
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“tomography” of the effective potential barrier structure,
thereby breaking the degeneracy of electromagnetic obser-
vations.

In summary, even if future electromagnetic observations
of black hole shadows are completely consistent with the
predictions of general relativity, gravitational wave signals
(especially their damping characteristics) and Hawking radi-
ation spectra are still powerful tools for breaking model
degeneracy. These unique signal characteristics provide a
feasible way to test alternative gravitational theories and
explore new physics through future multi-messenger astron-
omy observations.
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Appendix A: Prony method

In this paper, we adopt a standard technique in the field of
signal processing — the Prony method-to extract the frequen-
cies of QNMs from time-domain waveform data. The basic
assumption of this method is that the QNM can be accurately
modeled as a superposition of p damped complex exponen-
tial functions:

p
W)~y Cieiort (A1)

j=1

where C; are complex amplitudes, and w; are complex fre-
quencies whose imaginary parts represent the damping rates
of the modes.

For a discrete time-domain signal x,, = W (nh) sampled
at a uniform time interval &, the model can be converted into
the following discrete form:

P
Xp = ZCjz’}, where z; = e ®ih,
j=1

(A2)

The core idea of the Prony method is to determine the fre-
quency information by solving the roots z; of a characteristic
polynomial A(z) = Zlf:o agzP~*. The coefficients a of this
polynomial (with the convention @y = 1) can be determined
by solving the following linear system of equations:

Xp—1 Xp—2 -+ X0 ap Xp

Xp Xp—l o+ X an _ Xp:+1 (A3)
XN—1 XN-2 " XN—p ap x.N

This matrix equation, denoted as Xa = —ux, is usually

overdetermined, so the coefficient vector a can be solved
by the least squares method:
a=—(XT"x)""x*x, (A4)
where X7 is the Hermitian conjugate of matrix X.

Once the polynomial coefficients a are obtained, all roots
z;j of the polynomial A(z) can be found by numerical meth-
ods. Finally, the complex frequencies w; of the QNMs can
be extracted from these roots through the following relation-
ship:

i

wj =+ In()). (AS)

To validate the robustness and accuracy of the Prony
method across the entire parameter space, we performed

waveform reconstruction tests for three representative cases
corresponding to the scenarios analyzed in Fig. 4:

(i) The general NED blackholecase (¢/M = 0.4, cMV? =
0.4);
(i) The Reissner—Nordstrom (R-N) limit (g/M = 0.4,
¢M'? = 0); and
(iii) The highly charged degenerate black hole case (/M =
0.80, c M'/2 = 0.220).

Using the fundamental frequencies w extracted in Tables 3
and 5, we reconstructed the time-domain signals using the
ansatz W (1) ~ Re[Ce~10!] [55]. While the frequency wq
is fixed by the extraction algorithm, the complex amplitude
C (determined by the initial excitation) was obtained via a
least-squares fit to the numerical data within the ringdown
window (typically chosen as 75 < ¢ < 195). As illustrated
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Fig. 8 Validation of extracted QNM frequencies via waveform recon-
struction. The figure compares the numerical simulation waveforms
(black solid lines) with the reconstructed waveforms based on Prony-
extracted frequencies (red dashed lines) for three representative physi-

in Fig. 8, the reconstructed waveforms (red dashed lines)
exhibit excellent agreement with the numerical simulations
(black solid lines) in all panels. This precise alignment of both
the oscillation phase and the damping envelope confirms that
the extracted QNM frequencies accurately characterize the
dynamical response of the scalar field.
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