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Abstract Mass renormalization of the electron in config-
urations such as metallic hydride surfaces due to electro-
magnetic field fluctuations leads to mass enhancement of the
electron, which is known as the heavy electron. The effec-
tive mass renormalization has substantial consequences in
the theory of electromagnetic field interaction with matter
(QED). One of the fascinating effects appears when an exter-
nal photon interacts with the heavy electron. In this case,
the wavelength of the scattered photon from the electron
increases and the hard photon turns into a soft photon. In
this paper, we present a novel mechanism to show how the
heavy electron results in hard photon absorption.

1 Introduction

According to the perturbative field theories, one can expand
n-point functions around the coupling constant in low ener-
gies. At high orders consisting of loop Feynman diagrams,
the physical quantities achieve quantum radiative correc-
tions. So, to calculate any physical quantity, such as mass,
two parts contribute, namely the bare value that appears in
the Lagrangian and quantum corrections �m as

mPhysical = mbare + �m. (1)

Because of the undetermined momentum in the loop Feyn-
man diagrams, mPhysical in the above equation has no def-
inite value and diverges, called ultraviolet divergences. The
renormalization program as an instruction controls all infin-
ity in the whole of the theory. The renormalization program
not only leads to the absorption of divergences of the ampli-
tudes but also modifies the results of the calculation of phys-
ically observable quantities such as the mass and the electric
charge.
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The electron as a fundamental particle does not exist alone
in real processes. Rather, it is coupled with a gauge field (the
photon), known as QED theory. Beyond the leading order
of QED, as mentioned earlier, electron mass and charge are
modified due to quantum corrections. In this manner, in sur-
veying any physical processes, the electrons should be con-
sidered as the renormalized electron, not the bare one [1,2].
Renormalization procedures for quantities such as mass and
electric charge have been very well known for many years.
Mass renormalization has vital consequences in physical pro-
cesses (see for instance [3,4]). In condensed matter physics,
mass renormalization is usually interpreted as mass enhance-
ment of the particle; for example, the renormalized electron
is considered a heavy electron.

The most serious problem with the renormalization proce-
dure is the presence of boundary conditions on the quantum
fields. The presence of the boundaries imposes crucial con-
straints on the propagators and for n-point functions. Here,
propagators do not have the standard form (wave functions
are not plane waves) and depend completely on the non-
trivial properties that break translational symmetry. There-
fore, all physical quantities will be modified according to
symmetry breaking. Altogether, the renormalization program
with nontrivial boundary conditions is complicated. How-
ever, attempts have been made in [5–8] for scalar field theory
and in [9] for QED theory.

As mentioned earlier, the modification of the electron
propagators due to boundary conditions (for example, in a
lattice) causes that electron to become heavy. The first image
of heavy electrons was captured in [10] using spectroscopic
imaging scanning tunneling microscopy (SI-STM) by mea-
suring the wavelength of electrons on the surface of the mate-
rial. It was shown that under extreme conditions, electrons
take large mass. In another experiment, in [11], by visualiz-
ing the electron wave in the crystal with STM, it has been
shown that moving electrons in some lattices can make them
more massive than the free one.
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The effective mass renormalization is one of the most
interesting areas and very well known in physics; for
instance, superconductivity in heavy fermion material [12–
16], Hall effect evolution in a heavy electron critical point
[17,18], heavy electron systems in Fermi liquid theory [19],
non-Fermi liquid behavior in heavy fermion metal [20,21],
and magnetic properties of the heavy fermion [22,23].
Recently, some notable works have emerged in this area:
nonlocal Kondo effect and quantum critical phase in heavy
fermion metals [24], heavy fermion thin films [25], and heavy
fermions in Kondo lattice models [26]. However, in [27],
the authors have also used the concept of heavy electron to
explain the theory of low-energy nuclear reaction (LENR)
[28–34]. According to the LENR, the electrons in the metal-
lic hydride surfaces are subjected to the localized condensed
matter electromagnetic fields. In these conditions, the pro-
ton can capture the renormalized electrons, where very low-
momentum neutrons (along with neutrinos) are produced to
induce chains of nuclear reactions in neighboring condensed
matter [35,36]. Usually, a proton can capture a charged lep-
ton to produce a neutron and a neutrino.

l− + p+ → n + νl (2)

For the above reaction, it is necessary that the following con-
dition on the mass of the lepton is preserved (see please
[37,38]),

Ml > 2.53M0
e , (3)

where M0
e is the free electron mass. Equation (2) holds for the

muon, but not for a free electron. In [27], the authors explain
how the modification of the electron mass, yields such chain
reactions. Also, the heavy electron may absorb gamma rays
from nuclear reactions due to (2).

According to the crucial application of the heavy elec-
tron, especially in shielding gamma rays, it is substantial to
create them anyway. In [39,40] heavy electron can be pro-
duced from carbon nanoparticles called nanohorn. Because
of the nanohorn structures with sharp edges, when laser light
strikes them, where electric charge accumulates, they pro-
duce surface plasmons containing massive oscillations of
electrons. The mass and resonance interaction of these elec-
trons with protons or deuterons within the porous structure
of the nanohorns creates a strong local electric field between
electrons and protons and ultimately produces heavy elec-
trons. In this paper, we survey the absorption of gamma rays
in detail and present a novel mechanism to approve that heavy
electrons can absorb gamma rays and that hard photons from
nuclear reactions are turned into soft ones.

We organize this paper as follows. In Sect. 2, we very
briefly discuss the procedure for the electron mass renormal-
ization and heavy electron. We examine the renormalization
of the mass as it affects the kinematics of the electron. In
Sect. 3, we investigate the photon scattering from the elec-

tron in the presence of an electromagnetic field to prove the
absorption of hard photons. It is Compton scattering with
the difference that the bare electron is replaced with a renor-
malized electron. We show that the cross-section of modified
Compton scattering is truly different from the usual one. Our
results reduce to the standard Compton scattering when the
renormalized electron is considered a free electron. In Sect. 4,
we present our results.

2 Mass renormalization of the electron: a brief review

In this section, we briefly investigate the renormalization of
the electron mass. Our approach is in the framework of renor-
malized perturbation theory. The Lagrangian for QED is

LQED = −1

4
(Fμν)2 + �̄(i∂/ − m0)� − e0�̄γμ�Aμ. (4)

where m0 and e0 are the bare mass and the bare electric
charge, respectively. �(x) and Aμ(x) are fermion and photon
fields, respectively, and can be written as

�(x) =
∫

d3p

(2π)3

∑
s=1,2

1√
2Ep

[
cspψs(x) + dsp

†
φs(x)

]
(5)

Aμ(x) =
∫

d3p

(2π)3

3∑
s=0

1√
2ωp

[
asp Ã

s
μ(x) + asp

† Ãs
∗

μ (x)
]
, (6)

where, in the first line, csp
† (csp) and dsp

† (dsp) create (annihi-
late) a fermion and anti-fermion with momentum p and spin
direction s, respectively. Here, ψ s(x) and φs(x) are the par-
ticle and anti-particle solutions of the Dirac equation, respec-
tively. In the second line, asp

† (asp) creates (annihilates) a pho-
ton with momentum p and polarization εsμ(p), and Ãr

μ(x) are
the momentum-space solution of the equation ∂μAμ = 0.

According to the above, the electron propagator (Green’s
function G(p/)) takes some corrections and can be written in
perturbative series of QED as [41]:

iG(p/) = +

+ + . . . (7)

iG(p/) = i

p/ − m0
+ i

p/ − m0

(
i�2(p/)

)
i

p/ − m0

+ i

p/ − m0

(
i�2(p/)

)
i

p/ − m0

(
i�2(p/)

)
i

p/ − m0
+ . . . ,

(8)
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where, in Feynman gauge,

i�2(p/) = (−ie)2
∫

d4k

(2π)4 γ μ i(k/ + m0)

k2 − m2
0 + iε

γ μ −i

(p − k)2 + iε
,

(9)

is known as electron self energy. Equation (9) is a part of
some geometric series. One can rewrite that

iG(p/) = i

p/ − m0 − �2(p/)
. (10)

It is obvious that the pole of the propagator is shifted away
from m0 by �2(p/). In fact, The �2(p/) as a radiative correc-
tion modifies not only the propagator but also the bare mass
of the electron and results in Renormalized mass mR :

mR = m0 + �2(p/). (11)

Up to now, the renormalization program has been done in
momentum space. However, if the translational invariance of
the system breaks strongly, then the momentum is no longer
a good quantum number. Renormalization in configuration
space can be applied for such a situation, such as in problems
with a nontrivial BC or a nonzero background that cannot be
treated as small perturbations. For example, the kink as a
constant background in 1+1 dimensions breaks the transla-
tional invariance, or in the Casimir effect, we have nontrivial
BC on the walls. Another real example of QED is the Lamb
shift in which the Coulomb potential in the hydrogen atom
breaks the translational symmetry. We present a systematic
treatment, up to order α, for the renormalization of quantum
electrodynamics in real space, especially for electron mass.

By replacing�(x) = √
z2�r (x) and Aμ(x) = √

z3A
μ
r (x)

in (4), we have

LQED = −1

4
z3(F

μν
r )2 + z2�̄r (i∂/ − m0)�r

−e0z2
√
z3�̄rγμ�r A

μ
r , (12)

where z2 and z3 are the field-strength renormalization for
� and Aμ, respectively. We define a scaling factor z1 as
ez1 = e0z2

√
z3 and split each term of the Lagrangian into

two pieces

LQED = − 1

4

(
Fμν
r

)2 + �r (i∂/ − m)�r − e�rγ
μ�r A

μ
r

−1

4
δ3

(
Fμν
r

)2 + iδ2�r∂/�r − (δm + mδ2)�r�r

−eδ1�rγμ�r A
μ
r , (13)

with z3 = 1+δ3, z2 = 1+δ2,m0 = m+δm and z1 = 1+δ1,
where δ1, δ2, δ3 and δm are counterterms. In the calculations
of the quantum radiative corrections physical quantity, say
electron mass, one usually encounters counterterms and the
electron mass becomes renormalized. Here, m and e are the

physical mass and charge of the electron (renormalized quan-
tities) measured at large distances. Now, the Feynman rules
from the above Lagrangian for fermion fields are

= i

p/ − m + iε
(14)

= i(p/δ2 − δm − mδ2). (15)

We use the following notation:

= −i�(p/) (16)

Here, “1PI” denotes a one-particle irreducible diagram,
which is the sum of any diagram that cannot be split in two
by removing a single line. To fix the pole of the fermion prop-
agator at the physical mass m we need two renormalization
conditions:

�(p/ = m) = 0 (17)
d�(p/)

dp/

∣∣∣∣
p/=m

= 0. (18)

Now, using the dimensional regularization we can com-
pute −i�(p/). Applying the above renormalization condi-
tions, up to leading order in α, the divergent parts of the
counterterms is derived as

δ2 ∼ − e2

8π2ε
, (19)

δm ∼ −3me2

8π2ε
, (20)

where d = 4−ε is the spacetime dimension so that we should
take the limit ε → 0. These counterterms can remove all UV
divergences of the QED theory for a fermion propagator in
free space.

According to the Lagrangian (13), the perturbation expan-
sion of the full electron propagator up to order α is

−i� = =

+ + . (21)

We choose our renormalization condition in such a way that
the pole of the first term of the right-hand side (RHS) gives
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the physical mass m at x = x0. It requires that the sum of
remaining diagrams, which we call −i�̃(x), vanishes at this
point, namely

−i�̃(x)

∣∣∣∣
x=x0

=
(

+
)
x=x0

= 0, and
d

[−i�̃(x)
]

dx

∣∣∣∣
x=x0

= 0. (22)

We can write −i�̃ to order α as

− i�̃(x) =
∫

dd yψ(y) [−i�2(x, y)] ψ(x) + ψ(x)

× [−δ2(x)∂/ − imδ2(x) − iδm(x)] ψ(x) (23)

Thus, the first condition in Eq. (22) yields

− i�̃(x0) =
{ ∫

dd yψ(y) [−i�2(x, y)] ψ(x) + ψ(x)

× [−δ2(x)∂/ − imδ2(x) − iδm(x)] ψ(x)

}
x=x0

(24)

= 0, (25)

where −i�2 is O(α) electron self-energy diagram. Now,
using the Dirac equation (i∂/ − m) ψ = 0, up to order α

we obtain

δm = −1

ψ(x0)ψ(x0)

∫
dd yψ(y)�2(x, y)ψ(x)

∣∣∣∣
x=x0

. (26)

δm corresponds to �2(p/) up to order α, but for the case that
translational symmetry may be broken. It is obvious that δm
depends on the boundary conditions of the fields. Thus, quan-
tum correction of the electron mass depends on nontrivial
properties that break translational symmetry. It is customary
in condensed matter physics that the impact of δm(x) on the
mass would have been considered a heavy electron (see [42–
47] for heavy electron theory). For instance, in interaction
p + e → n + ν, ignoring ν mass, we have

�m = (Mn − Mp − Me)c
2 ≈ 0.78 MeV. (27)

m∗
e = me + 0.78 MeV = 2.53me (28)

This value is especially important in LENR interactions in the
hydrogen-metal environment that lead to the production of
ultra-low energy neutrons and nuclear transmutation. In [27],
it is stressed that the minimum of the mass growth parameter
β = mR

m0
for reaction p+e∗ → n+ν is β = 2.53; e∗ denotes

heavy electron. In the next section, we will show how heavy
electron via Compton scattering leads to absorption of the
gamma rays.

3 Absorption of gamma rays: revisited Compton
scattering

In this section, we survey the photon scattering of the elec-
tron surrounded by electromagnetic fields produced by the
oscillating protons near them. In this case, the electron does
not obey the Dirac equation, while it is considered as a renor-
malized electron that we have referred to. We will show that
these renormalized electrons can absorb hard photons pro-
duced in nuclear reactions, changing them to the soft ones.
Compton scattering is the scattering of a photon after an inter-
action with a charged particle (preferably an electron here).
However, we model such photon scattering from the surface
renormalized electron in a metal, noting that X-ray photon
energy (of order 17 keV) is much higher than the binding
energy in the atom, which seems logical.

Two Feynman diagrams contribute to the M-matrix for
Compton scattering as follows (for more details, see [48]):

iM =

+ (29)

iM = −ie2ε∗
μ(q

′
)εν(q)ū(p

′
)

(
γ μ(p/ + q/ + m0)γ

ν

(p + q)2 − m2
0

+γ ν(p/ + q ′/ + m0)γ
μ

(p − q ′)2 − m2
0

)
u(p), (30)

where p (p′) and q (q ′) represent internal (external) momenta
of the electron and photon, respectively, and ε∗

μ (εμ) shows
the polarization of the output (input) photon. Doing some
trace technologies, summing over all spins and polarizations,
when the smoke clears, one can derive (see appendix for
details)
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1

4

∑
spins

|M |2 = 16e4

4

(
4m2

0m
2
R − 2m2

R(p.p′) + 4m2
0(p.q) − 2m2

R(p′.q) + 2(p.q)(p′.q)

(m2
R − 2p.q − m2

0)
2

+2
−2(p.p′)(q.q ′) + 2(p′.p)(q.p) − m2

R(p′.q) − m2
R(p′.q ′) − m2

R(p′.p)
(m2

R − 2p.q − m2
0)(m

2
R − 2p.q ′ − m2

0)

+2
−2(p.p′)(p.q ′) + m2

0(q
′.q) − 2m2

0(p.q) + 2m2
0(p.q

′) − 4m2
0m

2
R

(m2
R − 2p.q − m2

0)(m
2
R − 2p.q ′ − m2

0)

+4m2
0m

2
R − 2m2

R(p.p′) − 4m2
0(p.q) + 2m2

R(p′.q ′) + 2(p.q ′)(p′.q ′)
(m2

R − 2p.q ′ − m2
0)

2

)
. (31)

Please note that in the above equation, m0 (an electron which
obeys the Dirac equation) differs from mR (heavy electron).
The momentum of the electron subjected to the electromag-
netic field is Pμ = pμ −eAμ, where Pμ is the momentum of
an electron interacting with gauge vector field Aμ. Thus, we
would have concluded that (pμ − eAμ)(pμ − eAμ) = m2

R .
To turn Eq. (31) into a cross-section, both a picture of the
kinematics and the reference frame of Compton scattering
must be considered. Choosing the lab frame in which the
electron is initially at rest, and q = (ω, ωẑ), p = (mR, 0),
q ′ = (ω′, ω′ sin θ, 0, ω′ cos θ) and p′ = (E ′,P′), altogether,
we take,

1

4

∑
spins

|M |2 = 4e4
(

4m2
0m

2
R − 2m2

R(m2
R + ωω′(1 − cos θ)) + 4m2

0m
2
Rω − 2m3

Rω′ + 2m2
Rωω′

(m2
R − 2mRω − m2

0)
2

+2
−2ωω′(1 − cos θ)(m2

R + ωω′(1 − cos θ)) + 2mRω(m2
R + ωω′(1 − cos θ))

(m2
R − 2mRω − m2

0)(m
2
R − 2mRω′ − m2

0)

+2
−m3

Rω′ − 2mRω′(m2
R + ωω′(1 − cos θ)) + m3

Rω − m2
R(m2

R + ωω′(1 − cos θ))

(m2
R − 2mRω − m2

0)(m
2
R − 2mRω′ − m2

0)

+2
m2

Rωω′(1 − cos θ) − 2m2
0mRω + 2m2

0mRω′ − m2
Rm

2
0

(m2
R − 2mRω − m2

0)(m
2
R − 2mRω′ − m2

0)

+4m2
0m

2
R − 2m2

R(m2
R + ωω′(1 − cos θ)) − 4m2

0mRω′ + 2m3
Rω + 2m2

Rωω′)
(m2

R − 2mRω − m2
0)

2

)
. (32)

One can calculate the differential cross-section as follows:

dσ

d cos θ
= 1

8π

(
ω′

ωmR

)2(1

4

∑
spins

|M |2
)

. (33)

Replacing Eq. (32) in Eq. (33) with mR = m0, our result
is compatible with Klein–Nishina formula, originally first
derived in 1929 [49],

dσ

d cos θ
= πα2

m2 (
ω′

ω
)2

(
ω′

ω
+ ω

ω′ − sin2 θ

)
. (34)

Defining S = dσ
d cos θ

, one can calculate the energy distribu-

tion of scattered photons as follows:

log(count) = log(
S(ω′

i )∑
i=1 S(ω′

i )
). (35)

In Fig. 1, we show the accordance of the Klein–Nishina for-
mula (standard Compton scattering) and our results when
mR = m0.

In 2004, the Piantelli group [50] surveyed the energy
distribution of scattered photons from an experiment done
in the Ni-H medium (see the right side of Fig. 2). Noting
that there are circumstances for LENR in the Ni-H medium,

one can expect the existence of gamma rays. However, this
figure shows that the gamma radiation exists in the region
below 1 MeV. Namely, despite the expectation that there
is some gamma-ray radiation, gamma-ray radiation has not
been detected. This is one of the interesting properties of
LENR physics, which occurs mostly near metal hydride sur-
faces. Similar results were observed in [51]. The results of
our calculations Eq. (32) on the gamma scattering of heavy
electrons, as can be seen in Fig. 2, are in relative agreement
with these observations. In other words, according to our cal-
culations, the energy distribution of scattered photons from
heavy electrons is in the region below 1 MeV. Absorption of
the hard photons is of the characteristics of the heavy elec-
trons in LENRs. The important point stated later, the thresh-
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Fig. 1 Energy distribution of scattered photons ω′: Klein–Nishina formula (left), our result with mR = m0 (right)

Fig. 2 Gamma-ray and heavy electron cross-section: a peak under 1 MeV for various energies of an incident photon compatible with experimental
data (left). The effects of gamma radiation in the region below 1 MeV from the result of the Piantelli group [50] (right)

old enhancement of the electron mass for beginning LENRs
in metal hydride surfaces and absorption of hard photons of
electrons, ism∗

e = 2.53me. More precisely, opposite to Fig. 1,
the peak behavior of Figs. 2 and 3 is due to the renormaliza-
tion of the electron mass which is 2.53 times the original
electron mass dominated by Eq. (31).

However, one can survey photon scattering angles over a
range of energies. We observe that the angular distribution of
scattered photons for standard Compton scattering is shown
on the right side in Fig. 3: photons with energy of 1 keV and
100 keV will scatter over all angles, and photons with energy
of 3 MeV and 10 MeV almost exclusively exhibit forward
scattering. On the other hand, for modified Compton scatter-
ing, this distribution is not isotropic, and forward scattering is
seen with photons in some specific angles (left side in Fig. 3),
which may also explain why gamma-rays are not observed
in some experiments.

4 Conclusion

Enhancement of the electron mass has substantial conse-
quences in different areas of physics, especially in condensed
matter, atomic, and particle physics. When an electron in
some special conditions is under some electromagnetic field
(EM), EM oscillations lead to heavy electrons. This can hap-
pen in the Kondo lattice or when we load protons sufficiently
and appropriately on metallic hydride surfaces. In these con-
ditions, the electrons are treated as renormalized particles
with excess mass, and their physics is far from the free one.
As a fascinating application of the heavy electron, we have
shown that hard photons scattered from the heavy electron,
according to Compton scattering, are turned into soft gamma
photons. Our results are completely coincident with experi-
mental observations: the peaks of Fig. 2 near 1 Mev conform
with experiments [50,51]. Numerous efforts have been made
over many years to control and absorb high-energy gamma-
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Fig. 3 Angular distribution of
scattered photons from heavy
electron in Eq. (34) (left).
Angular distribution of scattered
photons for Klein–Nishina
formula (right) over a range of
commonly encountered energies

Fig. 4 Schematic of the basic design of a shield system by heavy elec-
trons, the explanation of different parts is provided in Conclusion section

rays, and many gamma-ray shielding materials (for example,
thick layers of lead) have been introduced. It is clear that the
limitations of this include construction. This work presents
a new field in gamma-ray absorption systems to scientists.

In Fig. 4, we propose a system of gamma-ray absorp-
tion. For area (2), which forms the surface hydride, the first
step is to load 90–99pure hydrogen or deuteron into the
hydride metal surface. This metal can be palladium, nickel,
or titanium. Ways to apply this load include pressure differ-
ences, chemical potential differences, or electromechanical
potentials on the surface. When the hydride metal body is
well loaded, the ratio of H or D to the number of atoms of
the hydride body should reach 0.8 or more. At this level,
the protons and deuterons slowly exit and form positively
charged fragments, segment (3), on the surface (5) of the
metal hydride surface. These surface patches of protons or
deuterons are 1 to 10 microns in diameter and are randomly
distributed on the surface. When these pieces are formed, the
protons and deuterons in them begin to oscillate. Energy can
then travel between the proton, deuteron, and electron sea
of the surface plasmon polariton (SPP). Coupling between
SPP electrons and proton-deuteron regions can increase the
electric field strength near (3) fragments. As the intensity
of the local electric field in these fragments increases, the
mass of the local electrons in the SPP increases. Thus, heavy
electrons are formed in the vicinity of zones (3). The SPP
electrons in and around the regions can be heavy, but those

placed far from the zones will not be heavy. Note that the
base layer (1) should be able to form a strong bond with the
metal surface of the base (2) and also be a suitable thermal
conductor.
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Appendix

In this section, we survey the derivation of (31) in detail.
According to (30),

iM = −ie2ε∗
μ(q

′
)εν(q)ū(p

′
)

(
γ μ(p/ + q/ + m0)γ

ν

(p + q)2 − m2
0

+γ ν(p/ + q ′/ + m0)γ
μ

(p − q ′)2 − m2
0

)
,

Replacing the prescription
∑

polarizations

ε∗
μεν → −gμν, (36)

One may easily find

1

4

∑
spins

|M |2 = e4

4

(
A

(p + q)2 − m2
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+ B

((p + q)2 − m2)((p − q ′
)2 − m2)

+ C

((p − q ′
)2 − m2)(p + q)2 − m2))

+ D

(p − q ′
)2 − m2)

)
, (37)

where

A = tr

(
(p′/ + m0)(γ

μq/γ ν + 2γ μ pν)(p/ + m0)

(γνq/γμ + 2γμ pν)

)

B = tr

(
(p′/ + m0)(γ

μq/γ ν + 2γ μ pν)(p/ + m0)

(−2γν pμ + γμq
′/γν)

A, B, C, and D are complicated traces. Noting that replacing
q with q ′ we get A = D, and also, due to the ability to reverse
the order of the γ matrices we have B = C , here we only
survey the trace terms for A, and the other terms are similar.
There are 16 separate trace terms for each numerator. We
choose one of them, for instance

tr(2p′/γ μq/γ ν p/γμ pν) = 2 tr(p′
λγ

λγ μqsγ
sγ ν ptγ

tγμ pν)

= −4 tr(γ λγ νγ tγ s)

= −4 p′
λ pν ptqs(4

[
gλt gνs − gλνgts

+gλsgtν
]
)

= −16 ((p′.p)(p.q) − (p.p′)(p.q)

+(p′.q)(p.p))

= −16 m2
R(p′.q),
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