Institute of Physics Publishing Journal of Physics: Conference Series 24 (2005) 203-212
doi:10.1088/1742-6596/24/1/023 VI Mexican School on Gravitation and Mathematical Physics

Non-commutativity in gravity, topological gravity
and cosmology

Hugo Garcia Compean
Departamento de Fisica, Centro de Investigacion y de Estudios Avanzados del IPN
P.O. Box 14-740, 07000 México D.F., México

E-mail: compean@fis.cinvestav.mx

Octavio Obregén
Instituto de Fisica de la Universidad de Guanajuato
P.O. Box E-143, 37150 Leén Gto., México

E-mail: octavio@fisica.ugto.mx

C. Ramirez

Facultad de Ciencias Fisico Matematicas

E-mail: cramirez@fcfm.buap.mx

Miguel Sabido

Instituto de Fisica de la Universidad de Guanajuato
P.O. Box E-143, 37150 Ledén Gto., México

E-mail: msabido@fisica.ugto.mx

Abstract. In this work we present different results obtained, in analyzing several aspects of
gravity in non commutative space-time. We obtain generalized Euler and Pontrgajin topological
invariants, and argue the possibility of defining new topological invariants in the same manner.
Also a non commutative self dual gravity is constructed. Finally a proposal of non commutative
quantum cosmology is also given.

1. Introduction

The idea of the noncommutative nature of space-time coordinates is quite old [1]. Many authors
have extensively studied it from the mathematical [2], as well as field theorethical points of view
(for a review, see for instance [3, 4]).

Recently, noncommutative gauge theory has attracted a lot of attention. This is a consequence
of the developments in M(atrix) theory [5] and string theory [6]. In particular, Seiberg
and Witten have found noncommutativity in the description of the low energy excitations of
open strings in the presence of a NS constant background B—field, they have observed that,
depending on the regularization scheme of the two dimensional correlation functions, ordinary
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and noncommutative gauge fields can be induced from the same worldsheet action. Thus, this
procedure tells us that there is a relation of the resulting theory of noncommutative gauge fields,
deformed by the Moyal star-product, with a gauge theory in terms of usual commutative fields.
This is the Seiberg-Witten map. In string theory, gravity and gauge theories are realized in
very different ways. The gravitational interaction is associated with a massless mode of closed
strings, while Yang-Mills theories are more naturally described in open strings or in heterotic
string theory. Furthermore, as mentioned, noncommutative Yang-Mills theories should arise
from string theory. Thus the question emerges, whether a noncommutative description of
gravity would arise from it. This is a difficult question and it will not be addressed here.
There are several approaches to noncommutative gravity [7, 8], in this work we study different
aspects of noncommutative gravity, in a similar manner as is done in noncommutative Yang
Mills theory. First we present Topological Gravity, and it’s noncommutative generalization,
obtaining noncommutative versions of the Euler and Signature topological terms. Then we do
a noncommutative version of self-dual gravity, and finally we present a different approach of
noncommutativity and apply it to quantum cosmology.

2. Noncommutative Gauge Symmetry and the Seiberg-Witten Map
In this section we review the basic properties of noncommutaive field theory [3].
Noncommutative spaces can be understood as generalizations of the usual quantum mechanical

commutation relations
[Z4,27] = 6", (1)

where Z# are linear operators acting on the Hilbert space L?(R") and 0 = —@"* are real
numbers. The Weyl-Wigner-Moyal correspondence establishes (under certain conditions) an
isomorphic relation between A and the algebra of functions on R"™, the last with an associative
and noncommutative x-product, the Moyal product, given by

i 00

@) walo) = e (5075050

)ﬂx+@mx+m . ()

e=n=0

In order to avoid causality problems we will take 8% = 0.

For nonabelian groups, we must include also matrix multiplication, so a *-product will be
used as the matrix multiplication with x-product. Inside integrals, this product has the property
Trffl*f2*f3*"’*fn:Trffn*fl*f2*f3*"'*fn—1~
Let us consider a gauge theory with a hermitian connection, invariant under a symmetry Lie
group G, with gauge fields A4,

NAL =0 N+ 1[N AL, (3)

where A = T}, and T} are the generators of the Lie algebra G of the group G, in the adjoint
representation. These transformations are generalized for the noncommutative theory as,

Ay =0 A +i R34, (4)

where the noncommutative parameters A have some dependence on A and the connection A.
The commutators [A * B] = A B — B % A have the correct derivative properties when acting
on products of noncommutative fields.

Due to noncommutativity, commutators like [/A\ * Au] take values in the enveloping algebra

of G in the adjoint representation, U(G,ad). Therefore, A and the gauge fields /TM will also
take values in this algebra. In general, for some representation R, we will denote U(G, R) the
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corresponding section of the enveloping algebra U(G). Let us write for instance A = ATy and
A = ATy, then,
(At A ={As A7} (1, 7))+ (A 3 A {10, 7)) (5)

where {A * B} = Ax B+ Bx A is the noncommutative anti-commutator. Thus all the products
of the generators T will be needed in order to close the algebra (G, ad). Its structure can be
obtained by successive computation of commutators and anti-commutators starting from the
generators of G, until it closes,

[Tr, Ty =ifr/" Tk, {Tr,Ts} =dr/"Txk. (6)

The field strength is defined as F = OH/AL, - Gyflﬂ — z[/TH * Ay], hence it takes also values
in U(G,ad). From Eq. (4) it turns out that,

6,\13ul,:i(f\*ﬁw,—ﬁw*7\). (7)

We see that these transformation rules can be obtained from the commutative ones, just by
replacing the ordinary product of smooth functions by the Moyal product, with a suitable
product ordering. This allows constructing in a simple way invariant quantities.

The fact that the observed world is (up to the present experimental evidence) commutative,
means that there must be possible to obtain it from the noncommutative one by taking the limit
0 — 0. Thus the noncommutative fields A are given by a power series expansion on 6, starting
from the commutative ones A,

A=A+ 0"ARD) + oo AD 4o (8)

The terms of this expansion are determined by the Seiberg-Witten map, which states that the
symmetry transformations of (8), given by (4), are induced by the symmetry transformations of
the commutative fields (3). In order that these transformations be consistent, the transformation
parameter A must satisfy [10],
oA (1) — 0pA(A) = i[A(N) T A(n)] = A(=i[A, 7). (9)
Similarly, the terms in Eq. (8) are functions of the commutative fields and their derivatives,
and are determined by the requirement that A transforms as (4).

In order to obtain the Seiberg-Witten map to first order, the noncommutative parameters
are first obtained from Eq. (9) [6, 9, 10, 11],

~

AOA) =)+ iew {0 AL} + 0 (02). (10)

Then, from Egs. (4) and (8), the following solution is given

~ 1 -
A (A) = Ay = 3077 (A, 0, Ay + Fo} + 0 (67) (11)
and for the field strength it turns out that,

~

1
Fu =F,, + ng (2 {Fup, Fuo} —{Ap, Do Fpp + &,FW}) +0 (92) . (12)

The higher terms in Eq. (8) can be obtained from the observation that the Seiberg-
Witten map preserves the operations of the commutative function algebra, hence the following
differential equation can be written [6],

v 9 =+ 1//\
00 i A(0) = 60 AN 0), (13)
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where AE}V) is obtained from AE}V) in Eq. (8), by substituting the commutative fields by the
noncommutative ones under the *-product.

If we have a group with real parameters and hermitian generators, with a hermitian connection,
then the noncommutative connection and the noncommutative field strength will be also
hermitian.

3. Noncommutative Topological Gravity

In this section we present a noncommutative formulation of topological gravity [12]. We briefly
review four-dimensional topological gravity. We start from the following SO(3,1) invariant
action

ekb ok ~
ITop:—GTr/ RAR+i—GTr/ RAR, (14)
27 X 2m X
where R is the field strength, corresponding to a SO(3,1) connection w
RW“” = Gﬂw,ﬂb - 8,,@)““1’ + wlﬂcwycb - wubcwyca, (15)
X is a four dimensional closed pseudo-Riemannian manifold and R;w ab — —%5“bcdRWCd is the

dual with respect to the group.
In this action, the connection satisfies the first Cartan structure equation, which relates it to
a given tetrad. This action can be written as the integral of a divergence, and a variation of it
with respect to the tetrad vanishes, hence it is metric independent, and therefore topological.
The action (14) can be rewritten in terms of the self-dual and anti-self-dual parts (as in [13]),
R* =R+ R), of the Riemann tensor as follows:

ITop:Tr/ (TR"ART+7R™ AR") :Tr/
X

(TR+ A RY +7RT A F) , (16)
X

where 7 = (%) (@g + i@g), and the bar denotes complex conjugation. In local coordinates
on X, this action can be rewritten as

Irop = 2Re <T /X d'z 5“"”"le,&ij0(1,)) : (17)
Therefore, it is enough to study the complex action,

= /X d'a e RS, RY (18)

after some manipulations it can be written as
I=Tr /X Az e"P7R L (W) R po (W), (19)

where, R, = 0w, — 0w, — i[wﬂ, wy| is the field strength. This action is invariant under the
SL(2,C) transformations, dyw, = A + i\, wy).

In the case of a Riemannian manifold X, the signature and the Euler topological invariants
of X, are the real and imaginary parts of (19)

b

247T2Re (Tr/)(d4x €NVPUR/,LV(W)R;JO'(W))7 <20)
1

(X) = ooptm (Tr /X dz 6“””‘7Rw(w)7€pg(w)>. (21)
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We wish to have a noncommutative formulation of the SO(3,1) action (14). Its first term,
can be straightforwardly made noncommutative, in the same way as for usual Yang-Mills theory,

Tr / RAR (22)
X

Instead, for the second term of (14) such an action cannot be written, because it involves
the Levi-Civita symbol, an invariant Lorentz tensor, but which is not invariant under the full
enveloping algebra. However, as mentioned at the end of the preceding section, this term can
be obtained from Eq. (19).

Thus, in general we will consider as the noncommutative topological action of gravity, the
SL(2,C) invariant action,

I= Tr/X dax S#Vpgﬁuuﬁpm (23)

where 7€W = 0y, — 0wy, — 1[0, ¥ @), is the SL(2, C) noncommutative field strength. This
action does not depend on the metric of X. Indeed, as well as the commutative one, it is given
by a divergence,

~ N N 2 N N

I=Tr / d*z e"r? 9, (wy * 0plo + 30 Wy wa> . (24)

X

Thus, a variation of (23) with respect to the noncommutative connection, will vanish identically
because of the noncommutative Bianchi identities,

~

o1 = 8Tr/€“”p"5@u * ﬁ,ﬂ%w =0, (25)

where 13# is the noncommutative covariant derivative.

Further, from the first Cartan structure equation, the SO(3,1) connection, and thus its
SL(2,C) projection wui, can be written in terms of the tetrad and the torsion. Furthermore,
from the Seiberg-Witten map, the noncommutative connection can be written as well as w(e).
Therefore, a variation of the action (23) with respect to the tetrad of the action, can be written

as

~

5. = 8Tr / 407 §,3(¢) % DRy = 0, (26)

hence it is topological, as the commutative one.

Thus, we see from (23) that, in a #—power expansion of the action, each one of the
resulting terms will be independent of the metric, as well as they will be given by a divergence.
Thus, unless these terms vanish identically, they will be topological. Furthermore, the whole
noncommutative action, expressed in terms of the commutative fields by the Seiberg-Witten
map, is invariant under the SO(3,1) transformations. Thus, each term of the expansion will be
also invariant. Thus these terms will be topological invariants.

Action (23) is not real, as well as the limiting commutative action. Hence, it is not obvious
that the signature (22) will be precisely its real part. In this case we could neither say that
X(X) is given by its imaginary part. In fact we can only say that Y (X) could be obtained from
the difference of (23) and (22). However, the real and the imaginary parts of (25) are invariant
under SL(2,C) and consequently under SO(3,1), and thus they are the natural candidates for
o(X) and X(X), as in (20) and (21).

In order to write down the 6 expansion of these noncommutative actions, we will take the
fundamental representation of SL(2,C), with generators given by the Pauli matrices. In this
case, to second order in 6, the Seiberg-Witten map for the Lie algebra valued commutative field
strength R, = wa (w)oy, is given by

35 o a 1 « 9 2)
RNV - R#V +0 6R£cu)o¢ﬁ +0 /BQ’Y Rl(tyozﬁ’ws o <27)
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therefore the action (23) will be given by,

~

I =Tr / d4l' ghvpe [Rnypa + 207197?’#”72;()17)719
X

. 2 1 1
+ 0709 (QRHVR;U)T&?C + R,(W)TQR,(M)M)] +O0(6%). (28)

Taking into account (28) and calculating R™") and R using (12) we finally get,

T vpo i 1 T i j
I = /Xd4x chvp {ZR“VRpgi + 19 9919C[— Eiij;w [8797?,%7.8@“7259
. . 1 . .
09wl (9 + Do)Ry| + Rl Rugi — 505 + Do) Riyw )[R}y R
—599(9 + D) Rpoj] + Ry {Ri 2R3y Recj — wiy(0c + Do) Ropr]

1 : : 1 .
+Z<89 + DQ)Rpgiwé(achj + R(Tj) + wp; [&—(RzﬂRaQ’) — 5870.21]9(84

DRy} = 5 RiyioriDiefOcRyms | | + 06", (29)

where the second order correction does not identically vanish because R(? is proportional to o;.
Finally it seems that all its odd order terms vanish.

We could apply this procedure and deform other topological invariants, and see if they are
noncommutative topological invariants.

4. Noncommutative Self-dual Gravity

In this section we present a noncommutative version of gravity, we start by writing down, self
dual gravity and finally writing down the noncommutative version [15]. Let us take the self-dual
SO(3,1) BF action, defined on a (3 4 1)-dimensional pseudo-riemannian manifold (X, g.),

[=iTr /X START =i /X POt SR (w)d e, (30)
where R;fmb = H;LdeRpgcd, is the self-dual SO(3,1) field strength tensor. This action can be
rewritten as 1 1

I= /X ghvea (iEM;meb + §5abchWabRp;d> diz. (31)
If we take the solution of the constraints on ¥, which we can write as
Zw,ab = euael,b — eubeua, (32)
then
I— /X (det eR + i€"7P7 Ry po ) . (33)

The real and imaginary parts of this action must be variated independently because the fields
are real. The first part represents Einstein action in the Palatini formalism, from which, after
variation of the Lorentz connection, a vanishing torsion ija = 0 turns out. As a consequence,
the second term vanishes due to Bianchi identities.

;From the decomposition SO(3,1)=SL(2,C)xSL(2,C), it turns out that w/j = w:[Oi is a

SL(2,C) connection. Further, if we take into account self-duality, 6Cd“bwf[0d =

wit = —z’z-:ijkwuk. Then the action (30) can be written as a SL(2,C) BF-action

2iw:[ab, we get

=i /X 07 (S Rpo0i (W) + S Ry (w)] dle = —4i /X VTS Rpi(w)d 'z, (34)
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Therefore, if we choose the algebra s¢(2, C) to satisfy [T}, T;] = —26ijka and T'r(T;T;) = —26;4,
we have that (30) can be rewritten as the self-dual action [14],

I =2{Tr / S AR, (35)
X

which is invariant under the SL(2,C) transformations dyw, = 9\ + i[\,w,] and 55, =
PRI

If the variation of this action with respect to the SL(2,C) connection w is set to zero, we get
the equations

W= DS = e (9,5, + 2w, /8, F) =0, (36)
wich after puting in terms of the SO(3,1) connection and using (32), can be written as

v a_b b_a ac b be a v, a_ b b a
el (Oye, e, — Ove, e, +w, epce, —w, epce,) =P (T, e, —T,,’e,") = 0. (37)

. From which the vanishing torsion condition once more turns out.
For the noncommutative case we start with SL(2,C) invariant action (35). From it, the
noncommutative action can be obtained straightforwardly as

I =2iTr / S AR. (38)
X

This action is invariant under the noncommutative SL(2,C) transformations

o~

550, = OuA+i[A1d, (39)

555w = iAiSu) (40)

%
&)

Actually, in order to obtain the noncommutative generalization of the Einstein equation, we
could consider the real part of (38),

~

Ig = —z'Tr/X [EAR-(EAR), (41)

which is also invariant under (39) and (40).
In order to obtain the corresponding to the torsion condition, a w variation of (38) must be
done. Thus we write,

051 = 8iTr / ghvee (apiw — i@, SW]) %00, = 0, (42)
X
from which we obtain the noncommutative version of (36)
Uh =P’ DS, =0, (43)
These equations are covariant under the noncommutative transformations (39) and (40),
which means that their Seiberg-Witten expansion should be similar to the one of a matter field
in the adjoint representation. Thus, we could expect that a solution to Eq. (43) would be

given by the solution of the commutative equation U# = 0. Making use of the ambiguity of the
Seiberg-Witten map, we make the following choice for ¥,

a 1
S = T = 79% (w9 (Do +05)Zpu} = { Ry By }) + 0 (67) (44)
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from which it turns out that,
- 1
IH = g — ZW({%, (D, + 8,) U} — {R,,, U} — 2617 D, { Ry, ng}) +0(6%). (45)

Hence if the zeroth order terms vanish, U# = 0, then the first two terms in (45) will vanish.
These equations W# = ( are equivalent to set the commutative torsion equal to zero, that is,
after the substitution E,W“b = euael,b — e,,aeub, their solution is given by,

w/fb = —%e‘“’eb” {euc(&,epc — 0pe,’) — eve(Ope,” — Ope,) — epe(Oue,” — &,elf)} . (46)
Furthermore, at first order, a computation of the last term in (45) shows that it is proportional
to 0179,(e 1G,P), where G, is the Einstein tensor. If we now substitute (46) back into the
action (41), the equations of motion to zeroth order will give the vanishing of the Einstein tensor,
and the last term in (45) will be automatically fulfilled. With these in mind, the corrections to
the noncommutative action (41) can be computed as follows. First we write the Seiberg-Witten
expansion of the SL(2,C) fields & and @. Furthermore, the commutative SL(2,C) fields are

written by means of the self-dual SO(3,1) fields, w,/ = wi% and ¥,/ = $F%. Then, decompose

these self-dual fields into the real ones wlﬂb and X Wab, and then substitute EW“b = euaeyb—eyaeub

and write the connection as in (46). In this case we will have a noncommutative action, which
will depend only on the tetrad.

If we consider the real part, as in (41), the first order correction vanishes, and, after a lengthy
calculation, the second order one turns out to be, already written in terms of commutative
SO(3,1) fields,

N 1
Ipp = ﬂmwﬁ / dm4{4e [43 5 (R, " Rycap — w0 Rpyap) + w."" 0rw;s™ 0 Rpoap
ROy (w," (Dgtonas + Rrgan)) + 20,7 O5(Ryyr ™ Roga — 0, O Rpor) |

7 {4e €505 R,0 (R Ruga = 0,0 Ryad) + 26reas Ry Rooar R 5’|

+ o+ o+

€abed FRPUV‘S(RMT abRV& @~ wrabaéR;w Cd) +4R,, abRpa Cd(zRvéré - Wrefaﬁ(eveeéf))
— 2wy 05(Ry) PRy — w0 R, Y) = 20, Rpoe05(2R,,, e et — w0k (e Ce,))

v

— QwW‘ZbRpg Cd(?(;(QRWTg — wTefﬁg(e/feyf)) — wwy&rwéabﬁpro cd _ wfprgefaTw(;“bag(e;e d)

v

— wvabRp(7 Cdé?ngef@g(eMeer) — 4RW8prUefwTabag(e,yceéd)} }}, (47)
where the connection wu“b is given by (46).

5. Noncommutative Quantum Cosmology

In the previous section we have defined noncommutative gravity, unfortunately because of the
complexity of the resulting action it is difficult to analyze even the simplest cosmological models.
So in this section we do an alternate proposal [16]. The noncommutativity we propose can be
reformulated in terms of a Moyal deformation of the Wheeler-DeWitt equation, similar to the
case of the noncommutative Schrédinger equation [17]. As an example we will consider the
cosmological model of the Kantowski-Sachs metric. In the parametrization due to Misner, this
metric looks like:

ds? = —N2dt® + e2V384y2 1 672\/§ﬁ672\/§§2(d92 + sin%0dp?). (48)
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The corresponding Wheeler-DeWitt equation, in a particular factor ordering, can be written as

exp(V30 + 2v/3Q) [~ P3 + P — 48exp(—2V3Q)]%(Q, ) = 0, (49)

where P = —i% and Pg = —i%. Thus, in this parametrization the Wheeler-DeWitt equation
has a simple form, which can be formally identified with usual quantum mechanics in cartesian
coordinates.

The solutions to this Wheeler-DeWitt equation are given by

VE(B,Q) = FVIP R, (4673, (50)

where K, is the modified Bessel function. Wave packets of these solutions have been

constructed as superpositions of these solutions. Summing over V38 and e~ V38 to make
real trigonometric functions, the “Gaussian” state

(3,0) =20 [0 [UF(5,9) - 5 (8.9)] v
= Ne V3%inh(v/38)exp[—2v/3eV*cosh(v30)], (51)

has been obtained [18]. For the noncommutative case, we will assume that the “cartesian
coordinates” 1 and [ of the Kantowski-Sachs minisuperspace obey a kind of commutation
relation, like the ones in noncommutative quantum mechanics [17]

[€2, 8] = i0. (52)

The relation with other minisuperspace coordinates would follow in a similar way as in
standard spacetime.

As usual, this deformation can be reformulated in terms of a noncommutativity of
minisuperspace functions, with the Moyal product, now our noncommutative Wheeler-DeWitt
equation will be

exp(v33 + 2V3Q) * [~ P§ + P3 — 48exp(—2V/3Q)] * ¥(.8) = 0. (53)

Then, as is well known in noncommutative quantum mechanics [17], the original phase-
space, as well as its symplectic structure, is modified. It is possible to reformulate it in terms of
commutative variables and the ordinary product of functions, if new variables are introduced,
Q— Q- %HPg and 0 — (6 — %QPQ, the momenta remain the same. As a consequence, the
original equation changes, with a potential modified due to these new coordinates.

V(9,5) 5+ 6(0,8) = V(9 ~ 10P5, 5~ S0Pa)(52, ) (54)
Thus, we get
92 82
~302 tom T 48exp(—2v/3Q + V30Ps)|(Q, 3) = 0. (55)

Assuming a separation of variables with the ansatz

P(Q, B) = exp(V3v8)x(Q), (56)

we observe that the operator Pg in the exponential in (55) will shift the wave function by a
factor
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»(Q, 8 - iV/30) = exp(=3iv0)p(2, §), (57)
thus x(€) must satisfy the equation
2
02 + 48exp(—3ivh)exp(—2v30) 4 312 | x () = 0. (58)

This equation can be solved, in the same manner as in the commutative case. Therefore the
wave function will be given by

vE(Q, B) = eFVIK,, {4exp [—\/§ (Q ¥ ?1/9)] } . (59)

These are the solutions to the Wheeler-DeWitt equation (55). Note that noncommutativity
induces a difference of the arguments of the Bessel functions in these solutions. Moreover, from
its form, we can expect that the noncommutativity effects are enhanced for 4. Thus, for the
particular model we have chosen, the solution (59) allows an exact analysis, without the need
of a # expansion.

6. Conclusions and Outlook

We have presented different approaches and results in noncommutative gravity in particular in
relation to topological gravity, self-dual gravity, and quantum cosmology. This results can be
applied to other gravitational systems. These kind of ideas are being applied in connection to
BF theories [19], topological invariants, and black hole thermodynamics [20], with the hope of
better understanding the quantum behavior.
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