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Abstract We study the quantum cosmology of super-
symmetric, homogeneous and isotropic, higher derivative
models. We recall superfield actions obtained in previous
works and give classically equivalent actions leading to sec-
ond order equations for the bosons, and first order for the
fermions. Upon quantization, the algebra of fermions leads to
a multi-component state, which is annihilated by the Hamil-
tonian and supersymmetric constraint operators. We obtain
asymptotic wave functions of the oscillatory type, whose
classical limit corresponds to inflationary evolution, and
exact exponential wave functions. We use the latter to derive
probability distributions of the initial curvature that are com-
patible with those obtained using the non-supersymmetric
model.

1 Introduction

On the largest scales, the Universe is well described by
the Friedmann equations for a spatially homogeneous and
isotropic universe with a perfect fluid. Evolving backwards
in time, one approaches an initial singularity, a state of infi-
nite curvature and energy density at the origin of the universe
[1]. Most likely, the singularity signals the breakdown of gen-
eral relativity, a classical theory, and rather quantum gravity
should be considered [2].

Quantum cosmology aims at shedding light on the origin
and subsequent history of the Universe by invoking ideas
of quantum theory. On the one hand, we need a dynamical
law, that is, a theory of quantum gravity. Traditional quan-
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tum cosmology is based on the canonical quantization of
general relativity or quantum geometrodynamics. The fun-
damental equation, called the Wheeler-DeWitt (WDW) equa-
tion, is defined on superspace, the configuration space of all
3-metrics (modulo diffeomorphisms) and matter configura-
tions on a spacelike hypersurface. On the other hand, bound-
ary conditions fixing the state at the boundary of superspace
must be prescribed [1,3,4]. The output is the wave function
of the Universe, depending only on the spatial metric and the
matter fields. At this point, one still has to face fundamental
issues such as the Problem of Time [5,6].

In solving the WDW equation, one usually makes some
additional simplifying assumptions [7]. When it comes to
cosmology, spatial homogeneity and isotropy constitute a
reasonable first step towards a quantum description of the
Universe [8]. Such symmetries imply a drastic simplifica-
tion, from the infinite dimensional superspace to the finite
dimensional mini-superspace, consisting of the scale factor
and a few homogeneous matter fields. This leads to the study
of constrained quantum mechanical systems. In this work
we study mini-superspace Friedmann-Lemaitre-Robertson-
Walker (FLRW) models with quadratic curvature and super-
symmetry.

Quadratic curvature terms were incorporated into the
effective gravitational action as loop corrections arising from
quantized matter fields [9]. Moreover, the necessity of higher
order curvature terms, or rather higher derivatives, had been
recognized to alleviate UV divergences in perturbative quan-
tum gravity [10]. Quadratic curvature is also motivated by the
inflationary model of Starobinsky [11], which has made it
through the ever more detailed cosmological observations
and is still in good agreement with the latest constraints
[12,13]. Infact, most single field slow-roll models share some
resemblance with the Starobinsky model [14,15].

Supersymmetry (SUSY), on the other hand, is a graded
symmetry that unifies non-trivially internal and spacetime
symmetries [16]. That it has not yet been detected can be
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explained by the fact that supersymmetry must necessarily
be broken, and the energy of SUSY breaking is well above
the range of exploration of current particle accelerators. For-
tunately, there is another prospect to prove supersymmetry.
If SUSY is restored at higher energies, it could well have
played a major role in the early universe and left an imprint
in the primordial cosmological perturbations [17].

As is well known, a theory of local SUSY, called gener-
ically supergravity, includes general relativity. Since we are
interested in a cosmological scenario, we shall consider some
form of FLRW supergravity. That supergravity provides a
sort of square root for gravity [18] has a direct application in
quantum cosmology. Upon quantization, we get additional
equations that in some cases lead to unique wave functions,
constituting in this way a form of boundary conditions pro-
vided automatically by the theory.

There are many approaches to supersymmetric cosmol-
ogy which, according to the starting point, can be divided
into two main lines. On the one hand, a consistent reduction
of the degrees of freedom of N = 1 4D supergravity while
keeping spatial homogeneity and isotropy leads to a theory
with N = 4 local SUSY [19]. On the other hand, adding
fermionic degrees of freedom to the reduced FLRW action.
This can also be done in several ways. For example, given a
Hamiltonian and a solution of the Euclidean Hamilton-Jacobi
equation, a pair of fermionic supercharge operators can be
defined in such a way as to recover N = 2 local SUSY [20].

In this work, we use the superfield formulation of 1D
supergravity detailed in [21-23] (cf. [24]), constructed on
the earlier works [25,26]. This formalism allows to write
Lagrangians with time-dependent supersymmetry. We use
an FLRW curvature superfield R which, as in 4D supergrav-
ity [16], does not follow from geometric considerations but is
ad-hoc. It must be emphasized that the possible equivalence
of the different approaches to supersymmetric cosmology is
still an open issue.

The objective of this work is to study higher derivative
FLRW cosmological models, with emphasis on the model of
Starobinsky, in the context of quantum cosmology. For that
purpose, we first recall and further develop the models in ref-
erences [23,27]. More specifically, we give a different sec-
ond order formulation of the higher derivative Lagrangians,
such that, in the Hamiltonian formulation, the supersymmet-
ric constraints are linear in the bosonic momenta, instead of
quadratic as in the previous works. This, in turn, allows a
quantization where the quantum state has less components
and the physical content of the theory can be appreciated
more clearly. Also, some of the models are generalized by
including a general F(R) function in the Lagrangian and
positive spatial curvature.

The paper is organized as follows. In Sect.2, we briefly
review the quantum cosmology of the non-supersymmetric
flat model of Starobinsky. In Sect. 3 we describe an N = 1
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supersymmetric k = 0 quadratic curvature model. We obtain
approximate wave functions and compare them with those of
the non-supersymmetric case. Section4 has to do with the N =
2 models. For completeness, we briefly describe in Sect. 4.1
the quantization of F'(R) models. Classically, they lead to
second order fermionic equations of motion and, in this sense,
they sit in between the linear model F (R) = R [28], leading
to first order equations, and the more general models derived
from actions of the form (VR)2 — F(R) (where V stands
for the covariant derivative), leading to third order equations.
The latter kind of models are the topic of Sect.4.2. We focus
on a model whose bosonic part is Starobinsky and a mas-
sive scalar field. We discuss the classical limit and provide
approximate and exact solutions of the quantum supersym-
metric constraints. Further, we give the wave functions for
arbitrary F. As an application, we compute the probabil-
ity distribution of the initial value of the bosonic curvature,
which is interpreted as the wave function predicting or not an
inflationary universe. Lastly, in Sect.5 we draw some con-
clusions.

2 The FLRW model of Starobinsky

FLRW universes possess a system of local coordinates
{t,r, 0, ¢} in which the line element takes the form ds? =
—N2(t)dt> +a* () [(1 —kr®)~'dr? +r2(d6? +sin? 0d?)].
The only undetermined functions are the dimensionless scale
factor a(¢) and the lapse N(¢). At a given time, the curvature
of the spatial sections is >R = 2ka~2 where k can be either
positive, negative or zero [29]. In this paper, we are interested
in the model of Starobinsky, S = t5 [d*xy/—g(R +
%Rz), where G is Newton’s constant (¢ = 1). In this case
the scalar 4-curvature is given by

Resw = 6( = (44 &,k M
LW =2 an ar\ N a’N?2  a? )’
and /=g = Na>(1 — kr?)~1/2r% sin 6. Performing the spa-

tial integral of S over a region of finite co-moving volume V)
yields

3 1 g
S = - / dtNa3<6RFLRW + %RIZ?LRW>’ &

where k = 87 G/V)y. From now on the label FLRW will be
omitted.

The Hamiltonian formulation of the higher-derivative
action (2) can be obtained with the Ostrogradsky method
[27,30]. Alternatively, one can rewrite the theory treating
a combination of fields as independent. Following [31], we
introduce the new variable

¢=a<l+gR> 3)
3
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For nonzero «, the limit ¢ = a corresponds to vanishing R.
In terms of the variables {N, a, ¢} the Lagrangian and
Hamiltonian of the Starobinsky model (2) are

_3[_ 4@ Y Nao — a2
L—K|: aN+kN¢ 4aNa(¢ a)]
4
H=NHy=N| — 547! 3k
= 0= _ga pap¢_;¢
+—-a(p —a)” | =0. %)
dra

The vanishing of the Hamiltonian follows from consistency
of the primary constraint py = 0. By using light-cone coor-
dinates x = % (p+a),y= % (¢ — a), the kinetic term can

be diagonalized, — p% + p)% [31]. The negative kinetic energy
is characteristic of the scale factor, while the scalaron f/(R)
has positive energy.

In terms of coordinates and velocities, the Hamiltonian
equations of motion, p, = —0H /da, py = —90H/d¢, and
the Hamiltonian constraint Hy ~ 0 read, respectively

. 3 1 ¢?
-1
S A 6

orae 40" 42 a ' ©
i a ok 1 o

St -4+ —-—4+—>0-)=0, 6b
Sttt (6b)
P 1 (o
_¢_|__2¢_—a ——=1) =0. (6¢)
a a do \a

For a # 0, (6¢) is a first integral of (6a). On the other hand,
(6b) gives the on-shell value of ¢ (3), whose substitution into
(6¢) yields the second-order Friedmann equation

H— H—2 +3HH + iH
2H 20
=—£H<L+;—l) @)
a? 2a2H?  2aH? ’

where H = g is the Hubble factor. Finally, adding equations
(6a) and (6¢), and using (6b) to eliminate any explicit depen-
dence on k, we get ¢ + ‘a—‘d) +a ' (p—a) -5+ Z—;) =0,
which is equivalent to

R+3HR+a 'R =0, (®)

showing that the 4-curvature behaves as a scalar field of mass
M=a"1/2
Now we look for an inflationary instance of the equations

of motion for k = 0. During slow-roll inflation [32], |¢| =

| — 25| < 1.Requiring also | 77 95| < 1 we get= |5 | < 1.

Under these conditions the relevant equations are

. 1
H = —a, (9a)
R~ 12H?, (9b)
1
. 4/ R\?2

Therefore, H(t) ~ H(ty) — %a‘l. Anisotropies of the CMB
suggest M ~ 10'3 GeV [33], which corresponds to a « ~
10“M;2 with the reduced Planck mass Mp = 1/+/87G =
2.44 x 10'8 GeV. Inflation starts with @R > 1 and ends
when the curvature decreases enough for the linear term to
become relevant.

We now briefly describe quantum aspects of the FLRW
model of Starobinsky related to inflation. This model has
been studied in the context of quantum cosmology by several
authors. In [31,34] qualitative properties of the no-boundary
wave function were investigated. Further analysis using the
tunneling from nothing proposal, including perturbations,
can be found in [35-39], where the probability distribution
of the initial curvature for both boundary conditions were
computed. These results were contrasted with those of the
cubic curvature theory considered in [40]. Approximate and
exact solutions of the WDW equation for the pure quadratic
curvature model were obtained in [41-43]. In [44], a pre-
ferred auxiliary variable to rewrite the quadratic curvature
term was pointed out, with which the quantum theory allows
the standard probability interpretation. More general setups
have also been considered, e.g., quadratic curvature with non-
standard couplings to a scalar field were studied in [45] and
the quantization of general f(R) theories in [46,47]. On the
other hand, a perturbative analysis of the quadratic term was
made in [48] in connection with the issue of renormalization.

2.1 Quantization
In the Dirac quantization scheme, the condition that physical
states are annihilated by the Hamiltonian operator Hy consti-

tutes the WDW equation. For the FLRW Starobinsky model
(5) it reads

E[hz(ii—ii)+U( )]w( )=0, (10)
31" \oa9p ~ 2409 a.9)| V(. ¢) =0,

where we chose symmetric (Weyl) ordering for the non-
commuting operators. The scalar potential is given by

9 1
Ula,$) = 72("‘“"’*@"2("5‘“)2) (11)

We look for WKB solutions that hold in the classically
inflationary region @« R > 1. Thus, following [37] we con-
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sider the potential (11) to zeroth order in % = H%R’
g

that is ¢ —a = ¢(1 — §) ~ ¢. Substituting U=
G(a, @) exp[%S(a, ¢)] into (10), we get, to zeroth order in
Planck’s constant,

(3,9)35S — y*a*¢* =0, (12)

where y = ﬁ& This equation admits separable solutions
of the form

2 3 3 %
S@.9) = £3y[@ +en@ + e (13)
Choosing ¢; = 0 = ¢, the first order equation becomes
ad,G 4+ 994G + G = 0. (14)

which is also separable. Thus, we obtain the WKB solutions

- L2 33
Wo wkB(1) (@, p)=a"° ]¢Cexp<il3—hya%¢;), o >a
(15)

The sub-index 0 indicates that we neglected terms < in the
potential, whereas the label WKB(1) indicates that we are
considering only up to the first order term in the WKB series.
The separation constant ¢ is determined by boundary condi-
tions.

Similarly, a WKB solution can be obtained for the region
a > ¢ > 0, that occurs when R approaches —% from above.

Considering (11) to zeroth order in % we get the WKB solu-

tion ¥ o< exp ( + hxf;siag¢;)’ which we will only use as
a guide to introduce a first order correction % to the solution
(15).

On the other hand, in the neighborhood of ¢ = a, where
the potential vanishes, we have 94 (9, — %)1// ~ (0. The wave

function there must be of the form W = a%F () + G(a),
with F and G arbitrary functions.

Therefore, a particular solution that connects both regions
¢ > a and a > ¢ is of the form

1 1
Wo,wkB(1)(a@, ¢) = N sin (hkﬁagqﬁlﬁb - tll),
(16)

and satisfies (0, ¥) = 0, ¥ (a, 0) x a®.

Oscillatory wave functions such as (15) or (16) predict a
strong correlation between coordinates and momenta [1]. In
this case we have,

@ Springer

Fig. 1 WKB solution (19a) fork = 1,¢; =0

39S 3az
Py = ——aa = —

3
= + 2
p 3¢ 2w 0

(17b)

=
VR

I
S
N———"

respectively. The + signs correspond to contracting/expanding
phases. To zeroth order in %, (17b) reproduces (9b). On the
other hand, multiplying (17a) and (17b) we get (6¢) (k = 0),
from which one derives (9a) and (9¢).

The analysis for k = 1is best performed using coordinates
allowing separation of variables [35,37]. It is well known
that through a conformal transformation and a field redef-
inition, (2) can be expressed as the action for a minimally
coupled scalar field on a curved spacetime [49,50]. In this
FLRW setup the transformation reads (a, ¢) — (A, ¢) =
(Vao, % In %), with ¢ = 27" At zeroth order in %, there are
two regions where the WKB approximation holds,

1
a¢ 4

xexp(:l:'ga(j—(p—l)g>, ap > 4o
o

(18a)

| —
K

Wo,WKB(1) = <a¢<1 - %))

8
xexp(:i:—a(l—
K

P

a¢

da

)%>, ap < 4a.

(18b)
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By the standard matching conditions one gets (see Fig. 1)

7} ~ ad) 2 8a ad) 1 % T
(a,¢) ~ (m) C1 COS [ﬁ(@ — ) + Z]

120 si [Sa aqS_ 3 T
C2 81 e \ 1 +Z , (19a)
3
_1 —8« a¢ 2
v =@ e[ (1-57) |
3
8« a¢ 2
rerew |G (1-50) (19b)

ata¢ > 4a and a¢ < 4a, respectively.

3 Supersymmetric actions

As mentioned in Sect. 1, we use a superfield approach. In
general, superfields are functions on a spacetime enlarged by
anti-commuting Grassmann coordinates, called superspace
too (no relation to the superspace of quantum gravity). In
superspace, supersymmetry transformations are nothing but
special coordinate transformations. The formalism for one
dimension has been detailed in [22,23,28] or [51] for arbi-
trary dimension. The obtained models possess local or time-
dependent supersymmetry as well as time-reparametrization
invariance.

The models described below provide a realization of either
N =1 or N =2 1D supersymmetry algebra [52]. For N = 1
SUSY there is only one real generator Q suchthat[Q, Q]+ =
—2 P, with P the generator of time translations [21,52]. With
N =2 SUSY, we have two generators [Q1, Q1]+ = —2P =
[O2, O2], [Q1, Q2]+ = 0 or, in complex representation,
[S,8]y = —2P, 8?2 =0 = §%, where S = Q1 +i0>,
§S=01—-1i0>.

3.1 N=1SUSY

N =1 superspace has local coordinates {f, ®}, where ¢ is an
ordinary real number and ® is a real Grassmann odd number:
® = O* and ®® = 0. The model we proceed to study
follows from the superfield Lagrangian [23]

3
L==-NA? <R + aRV@R>. (20)
K
where N'(¢, ®) = N(t) — i®v(¢) is a scalar density [16]
whose components constitute the N =1 1D supergravity mul-

tiplet { N, ¥/}. On the other hand,

A(t,0) =a@)(1 +iOA(®1)), (21a)

)'\‘ . .
R(t.©) = =1 nL _y L

aN aN
+0 1R +2ix}\ im 6iwa Zim
6 °TN N N "a N

(21b)

are the scale factor and the flat FLRW curvature superfields,
respectively. Ry is the flat scalar curvature (1). Note that R
is nilpotent of degree two. In components, we get

Ls = 2@ LRt LR2 —ini
= —a | = — —
ST Le 36
oo G at . Q.
+a (iAA —i=A+Ti—SAk+ 2i—)»)\)i| (22)
a a a
where = indicates the gauge N (¢, ®) = 1.
For the Hamiltonian formulation we first rewrite the super-
field action as follows

L= SNA3[R+ad>V®¢+aF(CD—R)], (23)

where ® = n+ Od and I' = g + i®y are odd and even
superfields, respectively. In (23), I appears as a superfield
multiplier enforcing the constraint = R. However, since
‘R depends on the supersymmetric covariant derivatives of A
[27], T is a dynamical superfield itself. In components, we
get the Lagrangian

3 41 ) 1
L ==Na’| =Ry +ad” +ag(d — =Rop)
K 6 6
i . a . .
— _(¢x+¢)\— +¢A+M>
N a
—Hx(N (nn+t/fkg+1/fk;g+1/fkg+)ug - 2)»)/; — Ay
a
_ ¢y5> —nyi +3indi +3\nig — 1/f77ig>:| (24)

Off-shell there are three bosons {a, g, d} and three fermions
{X,v,n}; g and y are Lagrange multipliers leading to d =
Ro+--- and n = A + ---, respectively. We do not use
the fermionic constraint for that would restore the higher-
derivative kinetic term A, leading to third order equations
of motion. Actually, (24) contains a kinetic term for y that can
be made explicit by integrating by parts the term Ay . There-
fore, we have three dynamical fermions {A, 1, y} satisfying
first-order equations of motion (cf. the alternative formula-
tion with two real fermions and second order equations in
[27]). On the other hand, one of the bosons is an auxiliary
variable; we keep g and eliminate d by using its equation
= —1(g +3iry.
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To make the Lagrangian look like (4), we perform the
following change of variables,

¢ =a(l —ag), X =—aya+ra(l —ag) (25)

Fully on-shell ¢ = a(l + §R) plus terms containing
fermions. A final re-scaling A — a~'A, x — a~'x and

1 — a3 yields

! 2
L=—|—-a———Na(¢ —a)

3 da
K N 4o

. a . )
+i(ann+¢1/fka+kx; +Ax +1lfxa>

. (3 é 1 1 ) 1]
+iN|{=A— —A——x —Ya2+ ¢y |na?|. (26)
2 2a a

(26) depends on two physical bosons {a, ¢} and three phys-
ical fermions {A, x, n}. This is no surprise since in the orig-
inal higher derivative action, following from (20), there are
two bosonic degrees of freedom {a, ¢} and three fermionic
degrees of freedom {A, A, 1} [27]. A peculiarity of real phys-
ical fermions is that each one amounts to half a classical
degree of freedom, since coordinate and momentum are given
by the same quantity [53]. In the ordinary case, obtained by
setting « = 0 in (20) and (23), we only have one boson a
and one fermion A. Therefore, by switching on the coupling
constant «, the number of bosons double while the number
of fermions triple. In the complex case of Sect. 4.2 below, the
number of both bosons and fermions will triple.

The first-class Hamiltonianis H = N(Ho+ ¥ S)+npy +
Ymy, where py = g—{;,- ~0,my = % ~ 0. The Hamilto-
nian and supersymmetric constraints are, respectively,

K 3
Hy= 222 4 = a(p —a)?
3 a dra
3 3
+axi 28+ Ziana”3 (¢ —3a) - Zinxa = 0,
a 2k K
27)
. R | 3i 1
S =iAp,+ixa p¢—;na2(¢—a)%0. (28)

Since (26) is linear in fermionic velocities, we get second-
class constraints ) — %X ~0,m, ~0,m,+ %om ~ 0,

leading to the basic Dirac brackets

{Cl, Pa}D == 1’ {d)’ Pd)}D == 1’
{A,x}Dzig, . n}D=—i% (29)

Note that {A, A}p =0 = {x, x}p.

@ Springer

The N = 1 supersymmetry algebra is realized by the first-
class constraints

{S’ S}D = _2H07 {S7 HO}D = Oa
{S,S}p =0. (30)

Note that § is purely imaginary.
3.1.1 Quantization

Following the standard quantization rules, classical quanti-
ties are promoted to operators satisfying (anti)commutation
relations determined by the rule {A, B}p = C — AB F
BA = inC (the anticommutator is reserved for both A and
B fermionic operators). Bosonic conjugate operators satisfy
[Ga, pBl =i 7845 and we use the standard position repre-
sentation. In the following, the supergravity multiplet plays
no role, thus, without the risk of confusion, from now on, ¥
and ; will denote the quantum state of the universe and its
components.
From (29), the N = 1 fermions satisfy the algebra

hk

Doxle=-=, M=0=x%
2 hik
"= Tn (3D

. 1 1
Defining yol = ()20 + 0, v = G200 = x) and
yr= (lhz—K“)f n one can express (31) as the more familiar 3D
Clifford algebra of Lorentzian signature

Yy +ytyt=20"", (n=0,1,2) (32)

whose irreducible representations are 2-dimensional, e.g.,
yY =ioy, y! =01, y? = 03, using standard Pauli matrices

o;. Solving for the fermions we get
1 1

)L_hKZOI _(hk\* (00

—\3) \oo) *=\3) \~10)

1
ik \2 (1 0

— (== 33
7 <12a) (0-1) (33)
which satisfy (31). Considering that the classical fermions
are defined real, one could have expected Hermitian matrices.
For that feature one must resort to representations of higher

dimension [53].
The quantum state of the universe has two components

_ (@)
v =(1 ) .
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and is annihilated by the supersymmetric constraint operator
-1 3i 1
S =Ahd, + xa  hdy — —na2(¢p — a). 35)
K

From the matrix equation S¥ = 0, we get the system of
coupled equations

EZ—? —yat (¢ —a)yn =0,
hﬂﬂazw—am =0, (36)
where y = ﬁ&

Asin Sect. 2, we look for solutions valid in the inflationary
domain wR > 1. Let’s consider equations (36) retaining
only the first term in the potential, that is ¢ (1 — %) ~ ¢.
Substituting

Vi(a, ¢) =Ti(a, §) exp (%S(a, ¢)>,

Va2(a, ¢) = Ta(a, ) exp (%S(d, ¢)>- 37)
into (36) we get, to zeroth order in 7,

T105S = yal¢Ty  Th0,S = —yaZeT (38)
Solving for from the two equations and equating we get

(3,9)35S + y*a*¢* =0, (39)

which can be solved by separation of variables. A solution is

w

S(a, ¢) = ilgyazaﬂ (40)

Consequently, from (38)

T\ = Fig?Ts (41)
Next, to first order in 77 we get

9T =0,

3, = 0. (42)

which combined with (41) determine the 7’s. Thus we get

Wola, ) = c1 exp(ii“_za%? :Fif), (43a)
hik 2
(W2)ola, ¢) = 19~ exp(ii o« a3¢3), (43b)
TN

where ¢ is a constant. The sub-index 0 remind us that we
discarded terms £ in the potential. Although solutions (43)
have been obtained in WKB fashion, they solve exactly the
supersymmetric equations (36) in the referred approxima-
tion. That is why we do not write an extra WKB label as in
solutions (15).

An analogous procedure for the other regime a > ¢ > 0
yields

Vi(a.$) = er/3exp ( 4 %aiﬁ + ,g) “4a)
Ya(a, ) = crp 7 exp( \/S_a.FlKagqb;) (44b)

These solutions indicate us how powers of a and ¢ in the
phase of the solutions change as we move from one regime
to the other.

Considering that, except for the origin, both (43) and (44)
are finite at ¢ = a, from (36) we get the conditions

W _, o W, us)
¢ da

along the curve ¢ = a.
Thus, introducing a first order perturbation, our asymp-
totic solutions are

x/u(a,¢>=ccos(J;hKa3¢5|¢—a|>, (46a)
wz<a,¢)=:Fc¢‘%sin<ﬁlhxa3¢5|¢—a|), (46b)

We can use the asymptotic solutions to deduce boundary
conditions for a numerical solution of (36): 1 (a, 0) = NG
and ¥ (0, ¢) = 0. A numerical solution of the coupled equa-
tions (36), shown in Fig. 2, exhibits the expected oscillatory
behavior (46).

We must stress that the wave functions (46) are fixed up
to a normalization constant, whereas those obtained for the
non-supersymmetric model allow for different powers in the
quantum prefactor.

4 N =2SUSY

N = 2 superspace has local coordinates {¢, ®, @} and scalar
density N = N (14i©v +i®v), where an over bar denotes
complex conjugation. The N = 2 scale factor and curvature
superfields are given by

A= a(l +iOL+iOr — OO(s — vVka ! —Ai)),
(47a)
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Fig. 2 Numerical solution to
equations (36): a Y1 (¢, a), b
Yo (p, a) fora =103 and k = 1

. ,'\-\“\“‘\1\{'5"';
TN
TR OLTES

y'; AW ."\\“\\\\\‘\“ " >

(N 4
OO
Y AR

R=s5+0 i+2/‘\d &a YA
= NN T VN !

a
a

Jk - - _Jk _ (i
+ wii — Yris — 2%is +A£i> - @(— +2A—
a a

N N

—wi+w&u—1/f“/—%i+wis+z,\is—x“/—%i>
aN a a
+®@<1R+2s2—3¢—zs+2£¢¢
6 a a
LIPS S P S LS Sy P
—N(llf +y —N(l/f +1/f)—aN¢ +v¢
- %(xi +RA) 4 2*/7];(;0)& —UA) — 25( A — YA

vk

+ SAh— — (47b)
a

20 s — 8sAA — 4¢1}AI\),

The special form of (47a) was chosen to simplify the lowest
component of (47b). We will also make use of the following
generic superfields

O =f+i0f+iOn+ OOG,
'=g+i0®y +iOy + OOM.

(48a)
(48b)

4.1 F(R)

The N = 2 curvature superfield (47b) has even parity and
we can define nontrivial F'(R) actions, analogous to F(R)
theories of gravity [33]. An study of this action was done in
[23]. Here we give a summary of results, using a convenient
set of coordinates, and also identify the superpotential of the
theory. See e.g., [54,55] for the embedding of F (R) theories
into 4D supergravity.

@ Springer

(b)

The F(R) action can be written with one extra superfield
as follows [23]

L= %NA3 (RF’(CD) —OF(®) + F(<I>>) (49)

with functions of superfields defined by Taylor series,
F(®) = F(f) + F/(/)(@ — f) + 5F"(/)(@® — f) In

components, we get, after eliminating auxiliary fields,

3 41 k
L= —a3[6F’R +25%F —3sF — 3£(sF’ —F)
K a

—3FM+ F”<i(ni i) —2L0q + i)
a
—s(An —An) — 7@?7 —An) +3s(Anp — Xn))
7 - N Y \/% 5 T —
v ioh i) - Yk v ads1a0i) . (50)
a

On-shell n = A , which leads to the quadratic kinetic
term A7] = A, leading to second-order equations of motion.
Thus, there are two fermionic degrees of freedom. In the
following section, A will satisfy a third order equation of
motion.

The Hamiltonian formulation takes a simpler form in the
following variables
¢ =aF'(s), x = anF"(s) + raF’(s). (51)
After a further re-scaling we are ready to compute the
Legendre transformation. Bosonic momenta are defined in
the usual way; for fermions, however, we use the notation
T = 8L/8X, T = —8L/8i, and so on. The momenta con-
jugate to the 1D supergravity multiplet vanish as constraints
py ~ 0,y ~ 0~ 7. Performing the Legendre transfor-
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mation H = ap, + q5p¢ - )'»71; + Ay, — X7y + )L(nx —L
we get a first-class Hamiltonian of the form H = N(Hy +
%1//5' — %1/_/5) +npy + Xy — inv-,, with the Hamiltonian
and supersymmetric constraints given by

K _ . v 3 -
Ho==5a™" pspa+ V@, $) = i3 + 20 py

3
3 . k
+ ;(_ale//flxi + ()\X _)\X)(é _ 2¢+ F//le/>
+AA(3aF — VkF —aF""! F’z)), (52)
. —1,. 3 —1.7
=8 = Mipa = Wa) + xa™ (ipy — Wy) — —a™ dhx, (53)
_ _ 3 -
S = Aipa + Wa) + ga ' ipy + W) + ;a”mx. (54)

In the above expressions, F and its derivatives F’, F” must
be evaluated at s(¢, a). The scalar potential in (52) is

Via,s) = 3[ — kaF' +3vVka*(sF' — F)
K

+d*GsF — 2s2F/)] (55)

s=s(a,p)

It can be expressed in terms of a more fundamental quantity,
the superpotential

Wia.s) = %[JMF’ ~aGF - F), (56)

according to V = %(—a‘zF”_IWa W, + a_3F’F”_2WS2).
Sub-indices indicate partial derivatives with respect to the
mini-superspace coordinates g4 = {a, s}. The metric GA2
can be read off the Hamiltonian by expressing the kinetic
bosonic term as %GABpA pp. Interms of the variables {a, ¢}
we have V(a, ¢) = —%a_IWa Wg, with W, = %(JE¢ —
2¢as +3a*F)ls.p) Wy = 2(Vka — a” ) s(a.9)-

The second class constraints, w, ~ 0,75 ~ 0,7, + %)\ ~
0,77 — %X ~ ( lead to the non-vanishing Dirac brackets

{¢’ p¢7}D == 1»
% xlp = —ig. (57)

{aa pa}D = 19

K
)"9 X = _'_3
{*. X}p i3
4.1.1 Quantization

From (57) and the Correspondence Principle, the complex
fermions satisfy the anti-commutators

_ hik -
(A, x]+ = 3= (A, x1+- (58)

The fermionic sector can be represented with a finite dimen-
sional space of states [28]. First, we define the following

creation/annihilation operators

N
A:(ﬁ) A=),

1
AT = (i)zd -5, (592)
2hk
3\
B= <ﬁ) O+ x),
1
B = (i)zd 7). (59)
2hk

in terms of which (58) is expressed as the algebra of two
fermionic oscillators, one with the wrong sign,
(A, AT, = —1, (B, B, =1. (60)

A subsidiary vacuum state |1) is defined such that A |1) =
0 = B|l). Acting on it with the creation operators, we
obtain the following independent states: [1), [2) = AT 1),
13) = BT|2),]4) = ATBT|3). The vectors |i = 1, 2, 3, 4) are
orthogonal and their norms are related by (1|1) = — (2]|2) =
(3I3) = — (4]4).

The space of states induces a matrix representation.
Since there are negative norm states, the identity opera-
tor is given by 1 = ), (i|i) |i) (i]. Let X be an arbi-
trary operator, we define its matrix representation such that
X o= 20, @)y GID ) GIX1) G = 22 Xij (i) 1) Gl
This convention respects matrix multiplication, (XY);; =
> j X;;Y i, which is convenient for computations. Note that
the Hermitian conjugate operator matrix is now given by
(X%, ;= X;fi (i]7) (j|j)- The induced matrix representation
is

A=o0,®1, AT=—-0_®1, (61a)
B =03 04, BT=0’3®G_. (61b)
where o4 = %(01 +iop).
An arbitrary state has four components,
Yi(a, @)
Yo(a, @)
Y(a, p) = 62
(a, p) Va(a. ¢) (62)
Ya(a, ¢).

Choosing anti-symmetric ordering for fermions, the super-
charge operators read

1 _
S = M(—hda + Wa) + xa™ (=hdy + Wy) + ——a™ 'A%, ],
(63)
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_ _ 1 _
S = A(hdy + Wo) + xa L(hdy + Wy) — acfl)»[)\, %1
(64)
The quantum supersymmetric constraints SW = 0, S¥ =
0 yield six first order PDE’s for the components. The wave

functions associated to the empty 1 and the filled states 4
are determined up to normalization,

3 /
Vi(a.¢) = crat exp [—ﬁ(ﬁarﬁ—cﬁ(ﬁ <s>—F(s>))|s<a,¢>]
(65)
3
Yala, p) = C4a% exp [ﬂ (x/lza¢—a3 (sF/(S) - F(S))) |s<u,¢>]
(66)
The remaining components satisfy a system of first order

coupled equations. They can be written more compactly in
terms of ¥o = Y3 £+ Yy,

h
~0pY = Wary =0,

1 1
h(@a + Z)m — Wy =0. (67)

As an example, we take F(R) = R + a%Rz. It turns
out that the bosonic part of the corresponding Lagrangian
looks like the Starobinsky model but only for small curvature.
Moreover, the value of R is bounded from above [23]. The
superpotential is

_ _i 3.2 3 N2
W = K\/Ea sC = 4Kﬁa(¢ a) (68)
and (67) become
Mo 4 — [1 —a)? —a(p — ] =0, (69
Z Y- m z((b a) a(p—a)|v+ =0, a)

1 3
h(aa + Z)w‘l’ + m(d’ —a)y- =0,

which have the form of the N =1 equations (36) (if we identify
Y_ — ¥ and Y4+ — ) except for the quadratic term in
the first equation. A numerical solution to ¥4 is shown in
Fig.3.

On the other hand, the exact solutions are,

(69b)

Vi = aZexp [ + %(ﬁaq& - %a(qﬁ —a)? - Aa3>:|
(70)

where we included a constant A in the superpotential that
makes square integrable one of the analytic solutions.

@ Springer

Fig. 3 Numerical solution to (67) for ¥;. It grows exponentially in
the region of unbounded negative potential

42 (VR — F(R)

It turns out that, by considering superspace covariant deriva-
tives of R, more specifically a superfield kinetic term, we
obtain an action leading to third order equations of motions
for A as with the N = 1 model of Sect.3.1. Furthermore,
the bosonic part contains the quadratic curvature term, not
bounded from above as with R? above. The superfield action
is given by [27]

3 4
L=>"NA (R +aVgRVeR — §aR3). (71)
K

where the last cubic term was the simplest choice making
stable the potential along the s-direction. Indeed, the k=0
Lagrangian is (in the gauge N'(z, ®, @) = 1)

L3
o«

1 _ .
L a3[—R + IR a2 sAh+ i

6" " 36
+ih)+ a(i(i)\ + i) 4+ 42605 4+ shh 4+ A
a
F s — A0 +iloa+ ) — 20803+ 30
a a

('12 = — Cl - -
—Ti— (A + A1) + 10s— (A1 — A1)
a a

. .2 . .
+4%00 + 8“—2sAX + 5O — M))], (72)
a a
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¢ 3

Fig. 4 Multi-field potential of the N = 2 model V(p,s) o« (1 —
e—2c¢')2 +e—26(ps2

Thus, we get quadratic curvature and a massive scalar field.
In the Einstein frame this model possesses the multi-field
potential shown in Fig.4. We are mainly interested in the
Starobinsky part and will consider s as an spectator (c.f.,
multi field inflationary potential in supergravity [56]).

As in the previous sections, we first rewrite (71) as an ordi-
nary second-order theory using two additional even super-
fields I and ® (48), as follows,

L= %N,LP <R +aVgdVed — aF(®) + ol (d — R)),
(73)

where we allowed for an arbitrary function F. To obtain (71)
we set F(®) = %@3.

For simplicity, we use the notation R = s + ®p — ®Op +
OOT for the components of (47b) in the next discussion.
The part of the component Lagrangian following from (73),
proportional to «, is

f'2

3
L, = —Na3[m+(G—T)g+Gz—F’G+M(f—s)
K

+3<%E—s>(fg—gs—F)+F/’nﬁ

Lo
- lﬁ(_nn + ) — 2tﬁ(1ﬁn +¥n)
=2y ynn — ny + 0y + pyi
+ pyi +3i£(kﬁ+in)
+3(F — fg+ gs)Axh — 3g(Aij — An)
—3gi(Ap +1p) +3f(Ay — 1Y)
+3sAy —A) + @by —¥P) + Wy —Yy)s
+ F'(Yi — ¥m) — gl — ¥rm) — ig(Yrp + V)

+ 37777] +3G(An — An) — 3AAnn — 3nns

+3F (A — An) + 3(Y A — YA (F + gs — gf)]
(74)

Off-shell we have six bosons a, d, g, s, M, G and three com-
plex fermions A, n, y. At the superfield level I" enforces the
constraint & = R which is equivalent to the simultaneous
equations: f = s,in = p,in = —p, G = T. We shall use
only a subset of the equations of motion. First, M is a multi-
plier enforcing the constraint f —s = 0, thus wesendd — s.
Next, we use the equation for G,2G = F/—g+3()»ﬁ—)_nn),to
eliminate it. In this way, we stay with an action depending on
three bosons {a, s, g} and three complex fermions {A, y, n}.
Thus, the fermionic degrees of freedom triple just as with the
N =1 model.

Substituting the components of R (47b), we get the full
component Lagrangian

L=>N 3[112— 2 L R — i i)
Tk “ 6 s Nw v lan v

i B _. i B _. \/E _ _
——Wr+yYr) + N()»)» + AA) — 27(¢K —YA)

N
VY. - o §2 1
— ) Ak 29 A —~ ——-R
+(s a) + 2y ¢ +a<N2 G g
1 k
- Z(F’—g)2—2s2g+3£(gs — F)+3sF
a
i i§ . ,
— — i+ 09) —2— (Y7 -2 i
N(nn+rm) N(l/fn+1/fn) vynn

+ %F/(Aﬁ —An) —4rksg + %Ainﬁ + F'ni
ig .- B i - . a . _ _
+ ﬁ(w +vr) + Ng(l/fk +Yr) + ﬁgt(l/fk +YA)
+3m‘;£—§(xi + Xi)+2(¢i—1ﬂk)£g n )\):Eg
a N a ) a
— 2y PAhg+ AF+hy)—n7+iy+2i - (7 + Ay)
aN
a - Y/ -
—i— Wy +yy)+Wy —vy)——yv v Ay —21y)
aN a
_ _ _ _ 3
+3F(YA — ) —3sg(Ph — YA) + Eg(kn — A1)
_ k _
—25(A7 — Ay) + %(w — )

+3i%(kﬁ+7\n)+ (F' — )il

— U+ Wy —W)s+3mi—3nﬁs)] (75)
On-shell
1 k
g=—§R+F’—4s2+6£s+-~ (76)
a
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where ... indicates terms containing fermions.

4.2.1 Starobinsky-massive scalar field

Now we specialize to the case F(s) = %s3. A convenient
change of variables is in order,

¢ =a(l —ag), X = —aya+ia(l —ag),
X =—ajya+ra(l —ag) (77)
A further re-scaling of the fermions finally yields

3 da 1
L= KN|:—aN2+k¢—4aa(¢—a)2

%) 4
+d’ ((xs— — s2) — 3Vkas <¢ —a+ 3aas2)

N2
i P - a
+(/\x+/\x—(kx+/\x)
N a
+ WA+ yad + (VX + h)a)

—3xhas + %¢(Aﬁ - Xn)a*% —(Ax — Xx)*ﬁ
a
— (i - wwmm?

1

+x —ax)a 2 —NkWx —Ux) +YPOL —Ax)
+25(% — Ax) = 3(Ph — P N)ats — (it — ma?
+(WE — Fx)as + (i — Yma? + 26k — Paas
- %(Xﬁ —ina? +a<]lv<r7n + 07 + 3Ad + An)ats
— 2y + &ma?s) +6(hi — Ama?s? — 2y

+ %a‘zkinﬁ + Sniis + 4 i — ymals® + 3nﬁ§

+ 4rdas® +4(Pa — m)a%ﬁ)] (78)

Note that we are allowing for positive k.

Performing the Legendre transformation H = ap, +
py — Ay + Ay — X7y + X7y — Amy + nmy — L owe
get the Hamiltonian constraint

K

_ 1 _
Ho=§<—a lpap¢+aa 3ps2>+V(a,¢,S)

i

= 3. - .
—i(AX +Ax)a *py — 5 01 + Amipsa
30as — 2wa-aini

— as — —oa

3 5 ni

1

_ 1 _
— 6(Aij — An)slata — 59l — ka2
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I 3~
=2 x —Ax)s + E(M —An)az

3 - _ _Vk L
—Eak/\nna 2—3177770!—(77)( —1nx)a 2
Vk

—darras® — prAr—
a

+ Gx — kx); - 5'777S0t> ~ 0, (79)
with the potential V' given by

3 1 5
V(p,a,s) = ;|:—k¢+aa(¢—a)

4
+a’s? + 3vkas (gaasz + ¢ — a)]. (80)
The supersymmetric constraints are

1
=8 = Mipa = Wa) + x —(ipy — Wy)
3 3. - _
+na"2(ips — Wy) — EA(AX +3ann) ~0, (81)
o 1,
S = Aipy + W) + x;(lm + Wy)

3 _
a3 ips + Wo) = =A% = 3ami) %0, (82)
with superpotential
3 2 4 33
Wia,¢,9) =~ (Vkpa —a’s(p —a) — sas’a’ ), (83)
K
which is related to the scalar potential (80) according to

1 K 1
Vv )= —GABWiWr = = —g! Za3we
(as ¢’ Y) 2G WA B 3 ( a WaW¢ + 4aa W\
(84)
On the other hand, the second-class constraints 7 ~ 0,
Cr=m~0,C3=my+3Lr~0,Cs=my7— AL ~0,

Cs =my; — %an ~ 0,and Cg = mj; + %aﬁ ~ 0 lead to the
Dirac brackets {g;, pj}p = Jij, and

{n.nlp = —. (85)
107

Note that {A, A}p =0, {x, Xx}p = 0.
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4.2.2 Quantization

The complex fermions satisfy the non-vanishing anti-
commutators

7, 1]y = “a’ (86)

Thus, we use operators A, AT and B, BT defined in (61), as
well as

1
C = 6\ 2
- hK 77,

so that we now have three fermionic oscillators,

1
. (A
cﬂ=(ﬂ)n, (87)

[A, AT], =—1, [B.B']; =1,
[C,CT, = —1. (88)

The space of states is now constituted by the vacuum |1),
together with [2) = AT|1), |3) = BT|1), |4) = CT|1),
I5) = ATBT|1), |6) = ATCT 1), |7) = BTCT|1), |8) =
ATBTCT|1). They are orthogonal and their norms can be
either positive or negative: (1|1) = —(2]2) = (3|3) =
— (414) = — (515) = (6l6) = — (7|7) = (8|8).

Choosing the vacuum of positive norm, the induced
matrix representation of the creation/annihilation operators,
as defined in Sect. 4.1, is

0+ 00 —o0- 00 O
0010 + | 0 00 O
A= 0000}’ A= 0 -10 0 |’
0 000y 0 0 0—-0o_
(89a)
0¢4 —0o— O 0 0 00
100 0 o + i+ 0 0 0
B= 00 0 —¢ |’ B = —or 0 0 0O}’
00 0 O 0 oy —¢-0
(89b)
Ooy —¢- O 0 0 0 0
100 0 —¢+ +# |—-0-0 0 O
€= 00 0 o |’ ¢ ¢ 0 0 0
00 0 O 0 ¢y —0-0
(89¢c)

where o4 = %(01 +ioy) and ¢y = %(1 + o03).

The quantum state of the universe has eight components

Vvi(a, ¢, s)

Ya(a, ¢, s)

V(p,a,s) = 90)

ys(a, ¢, s)

and is annihilated by the supercharge operators.

A feature of the supersymmetric theories is that the order-
ing problem is somewhat alleviated compared to the non-
supersymmetric case, since there are fewer choices with a
linear momentum: ip, — (1—y)ips+ya=Pipsa? = h(0,+
%). The constant y already accounts for different orderings
of the cubic fermionic terms since (AAx 4+ 30An7)classical —>
(1 4+ WAk + uryr + 3a((1 + v)Ani + vAin) = Arx +
3ainn — k%(u — %v), using (86), and the combination of
constants u, v can be absorbed into y. Thus, we write the
supercharges as follows,

e 2) ) sl ) )

: 3/ -
a2 (hdy — Wy) — —(Mx T 3axm7> 1)
Ka

s=i(n(a —X>+W)+'l(h 3 —f>+W)
= a a a Xa (0] ¢ ¢

k 3 - - -
+ ﬁa_%(has + W) + —<XM + 3ou7ﬁf\) =S
Ka
(92)

Note that a third parameter can be introduced due to p;.

The quantum supersymmetric constraints S |¥) = 0 =
S |W) yield fourteen first order PDE’s for the eight compo-
nents of the state. Now we proceed to investigate the physical
content of these equations.

4.2.3 Coupled equations and the classical limit

From the fourteen equations, we get two independent sets
of four equations for ¥, ¥3, ¥a, and ¥5, Ye, ¥7. We will
only consider the first set as the second one yields similar
expressions. Defining A = ¥ — ¥3, B = ¥» + Y3, the first
set can be expressed as

¢> A

B+ - B — L( 2
“" 24 a\ ¢

1 3
“2(hdy — W =0, 93
+2ﬁa ( Nz (93a)
h h
—0pA—((14+y)=—W, |B
a a
1 3
_ “2(hdy — W =0, 93b
2\/&a ( 2 (93b)
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1 x G _ Yoo 1 3.5
;<h<a¢ _ 5) + W¢>¢4 Y ¢1// + Zﬁa 20¢B =0, 97c¢)
- y - 3~
1 k 0y — =¥ — 20,A =0. 97d
+——a 3 (ho, + W)B =0, (93¢) vodl Tt ©7d)
2Ja
wls y W Furthermore, given a solution S(a, ¢, s), eqyations (95)
aT + Wa )4 give further relations among the coefficients A, B, 1} For
3 3
1 example, taking S = i#afqﬁ, valid for k = 0,
— a3 (hdy + WA =0, (93d) b ¢ K
2Ja

with the partial derivatives of the superpotential (83) given
by

W, = %(\/Eqb —2as¢ + 3a’s — 4ozs3a2), (%94a)

Wy = > (Vha —a’s), (94b)

W, = E( —a*(¢ — a) — das’a’) (%4¢)
K

We lqok for solutions of the forrp B(a,¢,s) = B(a, ¢, s)
exp(3S(a, ¢,5)),Ala, ¢,s) = A(a, ¢, s) exp(3 S(a, ¢, 5)),

Yaa, ¢,s) = Vla,¢,s)exp(£S(a, ¢,s)). Substituting
these expressions into (93) and factorizing the exponential
we get, to zeroth order in Planck’s constant,

iBd,S + £W¢A + 2\1/561_%1;(1'835 — W) =0, (95a)
éAa¢S + W,B — 2\1/561_;1/7(1'855 ~W,) =0, (95b)
é&(ia¢s+w¢)+ 2\1/aa_31§(i8SS+Ws) =0, (950)
T (028 + Wa) — 2\1/561_31&(1'&5 + W) =0. (95d)

Assumingids S+ W # Oand 1/~/ # 0, we solve for %, % from
(95¢) and (95d). Substituting them into (95a) and (95b), and
using (84), we get two copies of the Hamilton-Jacobi (H-J)
equation for the bosonic part of the Hamiltonian (79)

1 1 3
——(38)3S + —a (38> + =V(a,$,5) =0.  (96)
a 4o K

Setting s = 0 and neglecting partial derivatives with respect
to s, we obtain the H-J equation for the pure model of
Starobinsky, whose solutions take part in the phase of the

WKB wavefunction (18a).
On the other hand, at first order in Planck’s constant, we
get

~ 1 - X - 1 _3 -
(aaB+%B)—%A+2ﬁa 29,9 =0, (97a)
Lopd - 1+yé—21 a~38, =0, (97b)
a
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A=—¢B, 7 =Ti¢p?B (98)

Substituting them into (97) we get

B .
<8aB + —> + B =o, (992)
a a
- 1 -~
9B +Q+y)—B =0, (99b)
1 1.
dp B + <§ —x)a =0, (99¢)
B—2B=0 (99d)
a

We are getting too many equations because we are completely
neglecting any dependence on s, but the bosonic minisuper-
space is really tridimensional. Nonetheless, for appropriate
values of x and y, we can make equations (99) hold approx-
imately. Indeed, (99d) and (99c¢) yield B=a ¢x’%. If, for
example, we set y = 2 and x = —%, then (99a) and (99b)

are proportional to % ~ 0 and (%)2 ~ (), respectively.

4.2.4 Decoupled equations

On the other hand, i1 and g satisfy each a set of three

equations that, choosing y = —%, x =0, read
8—i+lW Y1 =0 B—i—lW g =0
a 4a 7 a 1 =Y, a 4a P a g8 =Y,
(100a)
1 1
(3¢+gW¢>I//1 =0, (3¢—£W¢>Wg=0,
(100b)
b+ ~w, Y1 =0 b — 1w Ys =0
s i K 1 =Y, s 7 K 8§ = V.
(100c)
whose solutions are given by
5 1
¢1(a,¢,5)=a4e><p<—EW(a,qﬁ,S)), (101a)
5 1
Yg(a, p,s) =a*exp (;iW(a,d%S)), (101b)
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in terms of the superpotential (83). Exponential wave func-
tions are associated to pure quantum states with no classical
analogue, since W (a, ¢, s) solves the Hamilton-Jacobi equa-
tion (80) for Euclidean geometry p4 — —ip4. In the limit
o = 0, ¢ goes over to a and we recover the celebrated no
boundary (e%‘lz) and wormhole (e_%“z) states for closed
universes k = 1.

Setting ¥» = 0 = - - - = V7, and computing [S, S|, ¥ =
0, we find the second order equations satisfied by ¥1, Vg,

Yo~ Lw ) (o, - 2+ tw
a\" RO\ T gy TR

1 1 1
0y —— — =W, |- —W,
+<a da h a)a(¢+ »)

+ ;—<3¢ + %Wd’) 1 =0, (102a)
i3t
h 4 h
+ <3a + i + IWa)l(a(p — qu))
4 h a n
I _; 1 1
L (o )
+ ll(% — lW¢>i|1//g =0. (102b)
aa /)

Clearly, (102) hold automatically if (100) do. Substituting
(94) and expanding one identifies the non-supersymmetric
Starobinsky WDW equation (10) plus contributions from the
massive scalar field and some extra terms proportional to 7.

Yi(a, ¢,s) = a% exp [;—j(\/zd)a — azs(¢> —a)

_ ‘_‘QS%S)} (103a)
3
Vs(a.¢.5) = atexp [;(ﬁcpa —a’s(¢ —a)
K
- gas3a3>i|. (103b)
Or, recalling ¢ = a(1 + %R),
Yri(a, R,s) = a% exp |: — i(x/zcﬂ(l + gR)
hik 3
I f 3.3
3a SR 3aa K >i| (104)

As an application of the exact solutions, we interpret
the wave function as providing the probability distribution
of initial values with which the universe began its classi-
cal evolution [36,37]. Thus, we evaluate the wave function
near the Euclidean-Lorentzian boundary defined by the curve
where the scalar potential (11) changes sign. This occurs at
ag(l — g)z =4a (k=1), or

which is depicted in Fig. 5a. The value of R along this path is
interpreted as the initial value with which the universe started
its classical evolution.

Since the exact wave functions are not normalizable in
s, which is not unusual in quantum cosmology [1,3], we
use the projections of (103) on the plane s = 0. Denoting
Yi(a, R,0) = ¥_(a, R) and Yg(a, R,0) = ¥, (a, R), we
have

o 2 (150
Y(a,R)r =a%exp| £ —a“|1+ =R (106)
hk 3
Evaluating (106) at the curve (105),
5
V2 (R) = Yz (a* R)=<i+#)8
- = YR (ER)?
|: 3 da(l+FR)(1+ %R)]
X exp —
hik (%R)2
(i) o=+ )]
Gr) P\ TR
: % + 721 107
“(&) o (=5c%) e

retaining up to first order terms in (%R)’l. Thus, setting
k =8r1G/2n?% and ii = 1, we get

72 (R) = 2 1 i :|:367T1
rw=2(g) (=5 7)

Note that it does not depend on «. The functional depen-
dence on R of these probability distributions are roughly
those found for the Vilenkin (—) and Hartle-Hawking (+4)
wave functions [37,40], although we have obtained them
using real exponential wave functions of provided by quan-
tum supersymmetric cosmology.

On a constant s surface, the mini superspace metric (see
(84)) Gag(a, R)is: Gag = —2a(14+ %R), Gug = —%a® =

(108)
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Fig. 5 Scalar potential U(a, R, s = 0). The solid region indicates a
negative value

GRa> Ggrg = 0. Therefore, along a*(R),

ds* = Guu(da)* +2Gyrda dR

2
da* da
— dR? = 26 p—
d (G"“<dR> + G“RdR>

*

da” > -3 1p2
~2G4r——=dR" x R"2dR

dR

(109)

Taking into account that above the Planck scale simple
minisuperspace models are hardly viable, one computes the
relative probability for the initial curvature to lie in the range
Rinf < R; < Reut, where (in Planck units [, = \/5) Rins ~
10_911;2 and Reyt = l;z given that Rpin < R; < Ry, Where
Rmin ~ 107G 71 [37], that is

Reut p—3 7
_ i R RR

Rewt p—2 7
SRS R™3YZ(R)AR

rr R exp (& % 3)dR o)
R R exp (£ 22 k)dR

A quick evaluation using Mathematica returns P_ ~ 1 —
2.05 x 1049%10" and Py ~ 4776 x 10_4‘86“012, respec-
tively. Thus, ¥_ corresponds to an early universe with the
initial conditions favoring the triggering of an inflationary
phase. On the other hand, in the universe associated to 4,
inflation has a extremely small chance of occurring since it
favors rather small values of curvature.

We remark, however, that the wave functions considered
here are of the exponential type and there is no semi-classical
behavior once the Universe tunnels to a configuration above
the a*(R). For that to be the case, one would require a sort
or supersymmetric breaking with the effect of transforming
from exponential to oscillatory wave function. That s, (102a)
holds and allows oscillatory wave functions even if (100) do

@ Springer

not hold [57]. In fact, there are models of supersymmetric
quantum cosmology where the only solution of the super-
symmetric (and Lorentz) constraints is the trivial one ¥ = 0
[58,59]. This, however, does not prevent the existence of non-
trivial solutions to the second order Hamiltonian constraint.

4.3 Arbitrary potential
Finally, we show the quantization with arbitrary F. In this

case, the transformation (77) is not very useful, thus we stay
with the original variables. The Hamiltonian is

2 2
K (pabg | bPy | p;
Ho="% + 5+
073 ( aa?  a?a®  4aadd

iapg . _ | = iPg .- | -
Va, g,s)— ——sAy +Ay) — =S (A7 + A
TV g5) =5 507 +2y) = 5 30y +2y)

ipg - 7 3iaps _ _
- 20y +A
vt y)+4a3ﬁ(ny+ny)
3ips -7 3 f - aix _ B
- EW o - =2 6
2a3\/5( 7+ An)+ K( a adh (ayy—i— Uﬂ)
303 - avk -
— Yy —SAh — —— (AP — A
235 Y =S 0 Ay —2Ay)

3’k 3 . _ %
- = fl/f-l-*as(k)?—)»y)+3a¥)\)\—3a£nﬁ
da 2 b a

307 sg
___° vy F// =
vy el
a,()f i) +ab? (7 —iy)
_ _ o _
2vg M= ny —ny
3aFAX 3F' 207 — )
_ _ o _
b a7 v =iy
+ 398 G = A + Baani
P — - o
2 g MM nm
+7 5 _+3a2g( S i)
—-a”s —_— —
gSvy sy =y
+3a2(k_ 5 ) F) 33F
oy M —Ay)isg a7

3
- 2nios — i) %0 (1)

while the supersymmetric constraints are

A yvb .
= ﬁ(lpa - Wo) + W(lpg - Wg)

n .
+ m(ll?s - W) +

)

3aA
2ka~/ab
x (Ay —ayy —6nn) 0,
A Vb .
= ﬁ(lpa + Wa) + W(lpg + Wg)
3o

no.
T W oA
+ a3’? Eps + Wo) + 2ka~/ab

X (Ay +ayy +6nn) ~ 0,

(112)

S

(113)
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where b stands for | — g and F = F(s).
The superpotential and scalar potential are, respectively,

W, g, s) = %[«/%cﬂ(l —ag) tad’(sg — F)]  (114)

3
Via, g, s) = ;[ — kab + a’s* + %a3(F/ —_ g)2

+ aa3(2s2g —3sF) + 3a\/Ea2(F — sg)]
(115)

The second class-constraints are: 77 + i—"k ~ 0,5 — %i ~
0’.”” —%ak %O,H};—i—%ai %O,nn—%an ~ 0, m; +
i—’aﬁ ~ 0, leading to the Dirac brackets {g;, p;}p = J;; and
G7lp = 55 hvlp = 55 v 7lp = 35, . iilp =
o

Using Weyl ordering for the supersymmetric constrains
(112), (113), we obtain the exact solutions

3
V(a, g.s) = at exp [ + h—(aa%F —g9)
K

—Vka*(1 —ag))] (116)

The power ZT results from the different ordering compared
to (103). Making a transformation g — R dictated by the
classical relation (76), we get

7 3 3 1
Y(a,g,s) =a%exp{ £ —|aa’| F + =sR
fik 3

k
+4s3 — sF' — 6£sz> — ﬁa2<1 + %R
a

+4as® — 6a§s — aF’))i”

For k = 0, note that choosing F = 2s> instead of §s3 leaves
the exponent W o< a’sR. If we make a shift F — 2s° +
éF (s), we get

(117)

Yi(a,g,s) = a% exp [ + hi(%a3sR +a’(F — sF/))]
K
(118)

Setting « = 0 in the last expression, one recovers the wave
functions of the pure F'(R) action.

5 Conclusion
We studied the quantum cosmology of two supersymmetric

extensions of the FLRW model of Starobinsky and related
higher derivative models.

The supersymmetric N = 1 and N = 2 quadratic curvature
models possess three fermionic degrees of freedom. There-
fore, their second order formulation required the introduc-
tion of two dynamical superfields. In contrast, for the F(R)
action, with two fermionic degrees of freedom, only one extra
superfield was needed. With the classically equivalent actions
at hand, we found that, as with ordinary theories, the super-
symmetric constraints are naturally given in terms of a super-
potential. It would be interesting to derive the Hamiltonian
and supercharge operators with the procedure described in
[20] and the superpotentials found here.

For quantization, the fermionic sector must be represented
in some way. We used matrix representations acting on quan-
tum states given by column vectors of dimension 21”71 where
n r is the number of physical fermions (n = % for the N =
1 model,ny =2forN=2 F(R) and ny = 3 for the N =2
(VR)? +---)and |- -- | stands for the floor function. Fur-
thermore, the components are wave functions defined over
the bosonic minisuperspace.

Following Dirac quantization, the constraint operators
annihilate physical quantum states. A remarkable conse-
quence of supersymmetry is the set of additional constraints
and the associated algebra. The ordering ambiguity is par-
tially reduced, since the momentum operators appear linearly
in the supercharges versus quadratically in the Hamiltonian
constraint. )

Substituting the WKB anzats ¥ (q4) = G(ga)e™ 151",
we get, at leading order, the Hamilton-Jacobi equation of
the corresponding non-supersymmetric models. Moreover,
given the solution S, the zeroth order equations impose fur-
ther relations among the quantum prefactors of the different
components ;. Inthe N =1 case we obtain approximate solu-
tions of the supersymmetric constraints. In the N = 2 case,
we obtained approximate solutions to the intermediate com-
ponents, and exponential solutions of the form e=W/7 for the
empty and filled components. The latter are associated with
tunneling amplitudes in the classically forbidden region of
mini-superspace. In fact, they are related to Euclidean solu-
tions of the classical field equations, but in this context, they
are defined all over the mini-superspace, regardless of the
sign of the potential.

While exponential wave functions are not adequate for the
late universe, they might be appropriate for the very early uni-
verse. Thus, as an application we used them to compute the
probability distribution of initial conditions. More precisely,
we computed the probability density of the 4-curvature at
the classical-quantum boundary, that is, where the potential
(k = 1) changes sign. Since these wave functions are not nor-
malizable, we use their projection onto the plane of vanish-
ing scalar field. These distributions resemble those obtained
with the no-boundary/tunneling wave functions and the non-
supersymmetric Starobinsky model. We computed the rela-
tive probability for the “initial”” curvature to be above the min-

@ Springer
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imum value required for an appropriate inflationary phase.
The returned probabilities are extremely close to 1 and 0,
which are interpreted as universes where inflation occurs is a
highly probable versus an extremely rare event. Also, exact
exponential solutions were obtained for the N = 2 models
with an arbitrary superpotential. They will be investigated in
the context of the problem of time [6] in future work.

There are still several uncovered aspects that will be
addressed in subsequent work. For example, to detail a
mechanism of supersymmetry breaking, making a compo-
nent wave function transition from exponential to oscillatory
behavior with classical limit. How to obtain an initial curva-
ture distribution for k£ = 0, when the potential has the same
sign all over the minisuperspace.

On the other hand, the consistent results we have obtained
in this and previous works using 1D supergravity encour-
age to look for a rigorous connection with other approaches
to supersymmetric cosmology, in particular the dimensional
reduction of 4D supergravity. This could shed light on the
nature of the scalar fermions used in our approach and is
necessary to introduce perturbations. Furthermore, it would
be very interesting to investigate what our superfield method
has to say about some intriguing results obtained using other
approaches to FLRW supergravity [58,59].
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