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Abstract

With the development of the steady state micro bunching
(SSMB) storage ring, its parameters reveal that the ultra
relativistic assumption which is wildly used is not valid for
the electron beam bunch train, which has length in the 100
nm range, spacing of 1um and energy in hundreds MeV
range. The strength of the interaction between such bunches
and the potential instability may need careful evaluation. At
the same time, the effect of the space charge inside a single
bunch due to space charge effect also needs to be considered.
In this article, we reorganized the lowest-order longitudinal
wakefield under non-ultra relativistic conditions, and the
lowest-order transverse wakefield. We present the modified
theoretical results and analysis. Then based on the result we
have derived, we give a algorithm which is thousands time
faster than direct calculation. It lays foundation in future
research.

INTRODUCTION

Resistive wall wakefield has been studied by [1] [2] [3]
and [4].

We have developed a faster numerical calculation algo-
rithm to calculate the inverse fourier transformation of the
frequency domain result.

Firstly, we will show the reorganized result of the ring
model of the ultrarelativistic resistive wall case. Then, we
will give the accelerate algorithm, which devides the inverse
fourier transformation into two parts — space charge and
resident resistive wall. We will find that the space charge
part can be calculated directly by analytical solution. In the
mean time, we can calculate the resident resistive wall part
quickly by numerical integration.

M=0 RING MODEL

Here we give the ring model of a monopole

po = 2§T_Oa (s=vt)S(r—a)
——%5(5‘—1/1‘)5(}’—61) (1)
Jo =VvpoS 2

Solving Maxwell equation in different area which is r < a,
a <r <bandr > b. We express the general solution of the
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vector potential and potential in three region.
r<a
A = p§ly (kyr) cos ¢ etk
¢ = pily (k,r) cos g k2 (3)

where Lorentz Gauge requires that

. Pk
P =—p8 4)
then
a<r<b
A, =0
A, =0
As - ( SIO (krr) + CISKO (krr)) Cos ¢ eikz
¢ = (polo (k,7) + qoKy (k,r)) cos @ €% (5)
where Lorentz Gauge requires that
2 2
ck c“k
Po =~ Ps do =~ s (6)
and
r>b
A, =0
A, =0

Ay = q¥K, (Ar) cos ¢ ekz
¢ = qWK, (Ar)cos g = (7)
where Lorentz Gauge requires that

1
a9 = o o ds (€]

So we have four unknown parameters to determine, which is

Dss Pss 4ss 4y )

we can decide the four parameters via boundary conditions.
Then the four parameters could be solve as

2wKo (ak,
pé=p,s— ”OQTO() (10)

MOPG: Monday Poster Session: MOPG
MC2.A04 Circular Accelerators




15th International Particle Accelerator Conference,Nashville, TN

JACoW Publishing

ISBN: 978-3-95450-247-9

ISSN: 2673-5490

doi: 10.18429/JACoW-IPAC2024-MOPG09

312

MC2.A04 Circular Accelerators

MOPG09

MOPG: Monday Poster Session: MOPG

Content from this work may be used under the terms of the CC BY 4.0 licence (© 2024). Any distribution of this work must maintain attribution to the author(s), title of the work, publisher, and DOI.


15th International Particle Accelerator Conference,Nashville, TN

ISBN: 978-3-95450-247-9

_ :uOQmeO (akr)

qs = 3 (11)
~k,pgl (bk,) + k.q,K, (bk,)
w o res r r1s r
N
pS
Ps = dspy—
N SDps
N, = w?AK, (Ab)K; (bk,) +
k.c? (2% = k?) Ky (bA) K (bk,)
D, = w?2Ky (Ab)I; (bk,) -
k.c? (22 —k?) Ky (Ab) Iy (bk,)  (13)

It should be noticed that when a approaches to zero, the ring
model becomes the point model. By the way, Eq(13) has the
same structure as point model did.

M=1 RING MODEL

We can give a dipole ring model and solve the electromag-
netic field surround it. We explicitly give the source term of
the dipole ring, which is Eq(14)

I
p1=—58(s—vi)§ (r—a)cosd

aa

O

= 76(s—vt)6(r—a)cos¢9
J1=¢p1S (14)

where /; is the dipole moment, a is the radius of the ring.
Solving the equation, we give the general solution of vector
potential A,,A,, A, and potential ¢. In different area, we
have

r<a

Ar= 5 (05D (k) + g (k) cos p el

ikz

1 :
Ay = 5 (Pidy (ker) = plo (kpr)) sing e
ikz

As pgll (krr) Cos g e
¢ = psl (k,r) cos ¢ e’ (15)

where Lorentz Gauge requires that

s =S, ph= %Cpf (16)
then
a<r<b
A, = % (pily (kyr) + q. K5 (kpr) + p_Lo (k,r)
ikz

+q_Ky (k,r)) cosg e

Ap = 5 (pla () + q,Ky (kyr) = p_Io (k1)
—q-Ko (k,r)) sin g ™%

Ay = (psly (kyr) + qgKy (k,r)) cos @ e

¢ = (poly (k,r) + qoK; (k,r)) cos @ e*s  (17)
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where Lorentz Gauge requires that

2 2
c“k c“k
P-="Pss P0="Ps - =G+ 0= s (13)

and
r>b
A, = % (g¥Ky (A1) + ¢V K (A1) cos ¢ eik?
1 , .
Ay =5 (¥ (K> (A1) = q¥Kq (A1) sin g /%
Ay = g¥K, (Ar) cos @ ez
¢ = qUK, (Ar)cos ¢ ek (19)

where Lorentz Gauge requires that

w

q¥ = —qY¥,

w

do = (20)

w
w_ l.,uoo' qs
kc? k

So we have eight unknown parameters to determine, which
is

PS> DPss Pes Ges Ps 4y qYs 48 (21)

By linear algebra manipulation we solve eight coefficients
in the end, and we will not list it because it is too long.

SPACE CHARGE CALCULATION

We notice that the resident resistive wall impedance is
constraint in an relatively low frequency domain no matter
how small the radius we are thinking about. This means
the numerical integration will have a relatively low cutoff
frequency. This will significantly save the time consuming.

After we seperate out the resident resistive wall part, we
need to analytically solve the ring dipole space charge in the
free space. First we consider the ring in the rest frame mov-
ing together with the ring. In the rest frame, there will only
exists Electric field. Then, we use Lorentz Transformation
to get the space charge in the laboratory frame. The settings
of relevant parameters are shown in the Fig.1 Take dipole

Figure 1: Dipole Ring Model.

model Fig.1 for example, the derived electric field from the
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potential is given by the following expression

E,(F0,Z) =
fzﬂ 1 ~ Q,, cos y (ZF—Zacos(é—lI/)) dy
O F720\ 5 (72 1 02— 2racos (0 - y) +22)}
Ey(7,0,7) =
IZ" 1 a@,, cos y sin(é - ‘l/) dy
0 4meg 02+a2_2mCm(5—W)+Za%
E (70,7) =
J«ZJT [ ZQ,, cos y dy
O AT\ (721 a2 -~ 27acos (G- y) + 2)°
(22)

we explicitly give the Lorentz Transformation in the Cylin-
drical coordinates of our case

E, = YE_r’ E, = }/ETB’ Ez = EZ

1 - 1 -
B, =--vyEy, ,By=—5vyE, B,=0 (23)
c c
because the coordinates transformation,

F=r, =0, Z=yz
the electromagnetic field in the laboratory frame can be
expressed as

"= 3T
o aQ,, cosy sin (0 — )
1| T
(r2 +a%-2racos (6 —y) + (}’1)2)2
(24)
By = C_2v47750
fzy, _ Opcosy (2r—2acos (0 - y)) d
0 2)3 '
2 (rz +a%—2racos (0 —y) + (r2) )2
(25)
B,=0 (26)
- _r
" dmeg
Izﬂ _ Oncosy (2r—2acos (0 - y)) d
0 2)2 '
2 (,»2 +a%-2racos (0 —y) + (yz) )2
(27)
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- _r
Ep = dreg
Izﬂ _ aQ,, cos y sin (6 — ) dy
) 3
(r2 +a%-2racos (0 —y) + (}’1)2) ’
(28)
1
7 4.7T£()
fzn ~ 720m cos ¥ dy
) 3
(r2 +a%-2racos (0 —y) + (72)2)2
(29)

Thus, we can derive a faster numerical algorithm to calcu-
late the Lorentz Force in the time domain, the steps of the
algorithm can be explained as follows. On the one hand, we
calculate the Space Charge of the ring model, and give the
Lorentz Force of the Space Charge in the time domain. On
the other hand, we calculate the numerical Inverse Fourier
Transformation of the resident Resistive Wall wake in the
frequency domain. Finally, we combine the result to get the
total effect of the nonultra-relativistic Resistive Wall.

CONCLUSION

We have organized and computed the impedance wall
electromagnetic field models for monopoles and dipoles, and
have accelerated the numerical calculation process involved
in the inverse Fourier transform. After this work, we can
move forward to dynamic analysis.
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