SCIENCE ADVANCES | RESEARCH ARTICLE

W) Check for updates

OPTICS

A gain route to reversed Cherenkov radiation

Ruoxi Chen'?, Zheng Gong'?, Zun Wang?, Xiangfeng Xi"?, Bowen Zhang'?, Yi Yang*®,
Baile Zhangs'7, Ido Kaminers*, Hongsheng Chen1'2'9'1°*, Xiao Lin"?*

In his landmark paper from 1968, Veselago showed that Cherenkov radiation can be reversed in materials with a
negative index of refraction, inspiring substantial research into such materials in what became one of the corner-
stone concepts of the field of metamaterials. Following and ongoing investigations of reversed Cherenkov radia-
tion considered it impossible to occur from a homogeneous isotropic slab with a positive refractive index. Here,
we break this long-held belief by finding the emergence of reversed Cherenkov radiation from a positive-index
isotropic slab by exploiting optical gain. We find precise conditions under which the backward-propagating Cherenkov
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radiation is maintained while the forward-propagating one is suppressed. Counterintuitively, the intensity and
the angular spread of reversed Cherenkov radiation can be made robust to the slab thickness. Under this scenario,
increasing the optical gain could decrease the intensity and increase the radiation angular spread.

INTRODUCTION

When a charged particle moves with a velocity larger than the phase
velocity of light in a surrounding material, that particle emits light
into a highly directional cone. This exotic light emission process,
known as Cherenkov radiation, was experimentally observed by
Cherenkov (1) under the guidance of Vavilov and later theoretically
explained by Tamm and Frank (2). The many variants of Cherenkov
radiation phenomena (3-8) are now a common sight in modern
physics (e.g., the bluish glow of an underwater nuclear reactor). Ac-
cording to the famous Frank-Tamm formula cos6 = i, the angle 6
of light emission (also known as the Cherenkov angle) is related in a
unique way to the particle velocity v =[v|, where # is the refractive
index of the surrounding material and c is the speed of light in vac-
uum. Enabled by this unique feature, the Cherenkov radiation is cru-
cial to many practical applications, ranging from particle detectors/
counters (9-12) and light sources (13-17) to biomedical imaging
(18-20) and photodynamic therapy (21-23).

Upon close inspection of the Frank-Tamm formula, the Cherenkov
angle inside the conventional material withn > 0has © < 90°. That
is, conventional Cherenkov radiation in positive-index materials is
emitted in the forward direction relative to the direction of the parti-
cle motion. The forward direction is often undesirable. For example,
Cherenkov detectors that rely on measuring Cherenkov radiation
must cope with the energetic charged particles that cause radiation

YInterdisciplinary Center for Quantum Information, State Key Laboratory of Ex-
treme Photonics and Instrumentation, Zhejiang Key Laboratory of Intelligent Elec-
tromagnetic Control and Advanced Electronic Integration, College of Information
Science & Electronic Engineering, Zhejiang University, Hangzhou 310027, China.
2International Joint Innovation Center, The Electromagnetics Academy at Zhejiang
University, Zhejiang University, Haining 314400, China. 3Chu Kochen Honors Col-
lege, Zhejiang University, Hangzhou 310027, China. *“Department of Physics, Uni-
versity of Hong Kong, Hong Kong 999077, China. °HK Institute of Quantum Science
and Technology, University of Hong Kong, Hong Kong 999077, China. %Division
of Physics and Applied Physics, School of Physical and Mathematical Sciences,
Nanyang Technological University, Singapore 637371, Singapore. “Centre for
Disruptive Photonic Technologies, Nanyang Technological University, Singapore
637371, Singapore. 8Department of Electrical and Computer Engineering, Technion-
Israel Institute of Technology, Haifa 32000, Israel. °Key Laboratory of Advanced
Micro/Nano Electronic Devices & Smart Systems of Zhejiang, Jinhua Institute of
Zhejiang University, Zhejiang University, Jinhua 321099, China. 1% haoxing Institute
of Zhejiang University, Zhejiang University, Shaoxing 312000, China.
*Corresponding author. Email: kaminer@technion.ac.il (1.K.); hansomchen@zju.edu.
cn (H.C)); xiaolinzju@zju.edu.cn (X.L.)

Chenetal., Sci. Adv. 11, eads5113 (2025) 4 April 2025

damage. This radiation damage limits the performance of particle
identification and counting (24-26). Radiation emission in the back-
ward direction is desired for both practical applications that rely on
the Cherenkov effect (e.g., the development of advanced Cherenkov
detectors with improved performance) and for fundamental reasons
that relate to the nature of radiation emission in optical materials.

The most famous way to create such unconventional Cherenkov
radiation is using exotic materials with n < 0 (27-33), for which
0 > 90° in the Frank-Tamm formula. In this case, the emitted pho-
tons and the emitting charged particles are spatially well separated
in opposite directions. This unconventional phenomenon, as first
proposed by Veselago (34) in 1968, is the so-called reversed Cheren-
kov radiation (35-38). This effect is a milestone today in the investi-
gation of unusual phenomena associated with negative-index materials
[e.g., negative refraction (27-33) and inverse Doppler effect (39-
44)]. Soon after the successful fabrication of negative-index materi-
als in 2001 (33), reversed Cherenkov radiation from negative-index
materials has also been successfully observed in recent experiments
(25, 26, 45-47). In addition to negative-index materials, people later
found that reversed Cherenkov radiation could also occur in aniso-
tropic materials (e.g., hyperbolic materials) (48-51) and photonic
crystals (52-55). Essentially, the occurrence of reversed Cherenkov
radiation requires the surrounding material—such as negative-
index materials, hyperbolic materials, and photonic crystals—to
support a judiciously designed photonic eigenmode, whose group
velocity v, has the antiparallel component with respect to the
particle velocity v, namely, v-v, <0. In contrast, conventional
Cherenkov radiation inside any isotropic positive-index material
has v - v, > 0. Whether reversed Cherenkov radiation can emerge
forv - v, > 0 remains elusive.

Here, we reveal a mechanism for creating the effective reversed
Cherenkov radiation from a positive-index isotropic slab by exploit-
ing the optical gain. This finding breaks the long-standing belief that
the reversed Cherenkov radiation occurs only under the scenario
of v - v, < 0. We show that a judiciously designed gain medium can
not only maintain backward-propagating radiation emission but
also even suppress the forward-propagating emission. This way,
while the initially induced Cherenkov radiation inside the gain ma-
terial still has v - v, > 0, the modified Cherenkov radiation after the
interaction with the gain slab could transmit only into the backward
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vacuum region, leading to effective reversed Cherenkov radiation.
We highlight that the connection between the reversed Cherenkov
radiation and the optical gain has never been explored before, de-
spite the long research history of free-electron radiation (56-70) and
optical gain (71-83). Meanwhile, whereas the pseudo-Brewster ef-
fect of gain materials was recently reported possible to simultane-
ously enhance the radiation intensity and directionality of transition
radiation (84) (another typical type of free-electron radiation that
occurs when an electron moves across an optical interface) (85-95),
the influence of optical gain on the performance of Cherenkov ra-
diation remains underexplored (96).

RESULTS

We begin with the conceptual demonstration of reversed Cherenkov
radiation from a gain slab in Fig. 1. In practice, the optical gain
could be obtained, for example, by optically pumped dye molecules
at the visible regime (71-73), solid-state gain media at the infrared
regime (74, 75), and negative-resistance components at the micro-
wave regime (76-79). Without loss of generality, the swift electron
propagates with a velocity of v = Zv and perpendicularly penetrates
through a dielectric slab. To avoid the potential inelastic electron
scattering, which may change the property of swift electron itself
and induce other types of free-electron radiation (e.g., bremsstrah-
lung radiation), a tiny hole with its center along the trajectory of
electron could be drilled for the designed slab (97, 98). This slab has
a thickness of d and is denoted as region 2 with a relative permittiv-

refractive index and optical gain, such thate, , =3 — 0.liandp,, =1
are adopted in Fig. 1 (A and B). According to the phase matching
condition, the Cherenkov angles in the vacuum region (i.e., region 1
or 3 in Fig. 1A) should be 8- = 28.6°. As expected, there is the
emergence of a backward radiation peak at the prescribed Cherenkov
angle Oy, which corresponds to the signal of backward Cherenkov
radiation into the vacuum. By contrast, the intensity of forward ra-
diation in Fig. 1B is two orders of magnitude weaker than that of
backward radiation. Moreover, there is no forward radiation peak at
Og- This indicates the disappearance of forward Cherenkov radiation
into the vacuum. In short, the effective reversed Cherenkov radiation
from a gain slab in Fig. 1 (A and B) is featured with the disappearance
of forward Cherenkov radiation. This feature of reversed Cherenkov
radiation from a gain slab markedly differs from that of a negative-
index slab. For comparison, when the dielectric slab has a negative
index, e, , = —3and i, , = —1are used in Fig. 1 (C and D). From Fig.
1D, the signal of forward Cherenkov radiation would show up simul-
taneously with the signal of backward Cherenkov radiation at the pre-
scribed Cherenkov angle O.5. Essentially, the forward Cherenkov
radiation in Fig. 1 (C and D) comes from the reflection of backward
Cherenkov radiation due to the nonzero reflection at the interface be-
tween the vacuum and the negative-index medium.

We now proceed to explore the underlying reason for the disap-
pearance of forward Cherenkov radiation from a gain slab. By follow-
ing Ginzburg and FranK’s theory of free-electron radiation (84-90),
the angular spectral energy densities for the backward radiation
Ug (05 ) and the forward radiation U (05 ) can be expressed as

ity . , and a relative permeability p_,. For illustration, v/c = 0.6 and Fcos?0,
d /Ay =100 are chosen in Fig. 1, where A, (e.g., A; = 30 pm in this Ug(6g) = o0 |Ag)? (1)
work) is the wavelength in vacuum. The dielectric slab has a positive 4n g csin®Op
A A gain route with v vy > 0 to reversed Cherenkov radiation 2 x10-3% ¥ Ocr
Region 1 Igo@ % B
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Fig. 1. Conceptual demonstration of a gain route to reversed Cherenkov radiation. A moving electron with a velocity v = Zv perpendicularly penetrates through a
slab with a thickness d, a relative permittivity e,,, and a relative permeability i, ,. (A and B) A gain route with v - v4 > 0 to reversed Cherenkov radiation: The slab is com-
posed of a gain medium with v - v, > 0, where v is the group velocity of excited eigenmodes in the corresponding medium. The Cherenkov radiation is first created in-
side the gain medium and later is transmitted into the vacuum region. (C and D) A negative-index route with v - v < 0 to reversed Cherenkov radiation by Veselago: The
slab is composed of a negative-index medium with v - vy < 0. Without further specification, here and below, we set ¢,, = 3 — 0.1/ and y,, = 1 for the gain medium,
g, = —3andy,, = —1for the negative-index medium, the working wavelength A, = 30 um, d/A, = 100, v/c = 0.6, and both regions 1 and 3 being vacuum, where c is the
light speed in vacuum. Uy (93) [Ur (6F )] is the angular spectral energy density of the backward radiation into region 1 (the forward radiation into region 3), where the ra-
diation angle 05 in region 1 (¢ in region 3) is the angle between the wave vector k of emitted light and —v (+v). The angular spreading factor A 6 corresponds to the full
width at half maximum of the backward Cherenkov radiation into region 1.

Chenetal., Sci. Adv. 11, eads5113 (2025)

4 April 2025 20f8

620z ‘T |1dy uo Bio'a0us I0s" MMM/ SA1IY WoJ) papeouMoq



SCIENCE ADVANCES | RESEARCH ARTICLE

2c0s20
UF(GF) _ q F

=— " AP 2
4melcsin®By F @

where 05 () is the angle between the wave vector of emitted light in
vacuum and —v (+v) in Fig. 1A, g is the permittivity in vacuum, and
q is the electron charge. After some algebra, the radiation coeffi-
cients Agand A in Egs. 1 and 2 can be obtained as
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coefficients related to the backward and forward radiation from a
single interface between region j and j+1; k; = k| +Zk,; is the

wave vector of light in region j (j =1or2),k,; =/ ‘j—jpr,jsr)j -k,

ky =3k, +yk, and k| =|k |} Ri; 1, Riyyj Tjjppr and Ty, are re-
lated to the reflection and transmission coefficients at the
interface between region j and j+ 1, respectively. Because
Im(k,,) <0 for the gain slab in Fig. 1A, we have |e?k:2d| — oo
and |R, R, ;e¥%2 > 1 if d/A;> 1. Accordingly, we have

ik, 5d e2ikzd
c =0and
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that all coefficients of m, m,, and m, in Eqs. 5 and 6 are irrelevant to

the term of 1,(,2 .

/v
Upon close inspection of Eq. 5, there would be a pole if (1 — A ) =0,

w/v
2

2 2
namely, k,, =®/v and k; = \/(:_zer,Z}‘lr,Z —k2,= \/%er,zpnz —-5=
k, cg- Essentially, this pole corresponds to the Cherenkov radiation
inside the gain medium and is then termed as the Cherenkov pole
below. Because Im(er,z) < 0 for gain medium, this Cherenkov pole
appears in the fourth quadrant of the complex k, plane, namely,
Re(kLCR) > 0and Im(kL’CR) < 0. When considering Eq. 5 on the
real axis of k,, the value of |Ag| becomes finite and would have a
maximum at k; = Re(k, ). Because kysinf = Re(kL) in the vac-
uum region according to the phase-matching condition, we further
have sinBcy = Re(k, g ) / k, for the Cherenkov radiation propa-
gating into the backward vacuum region, where k; = /c. By
substituting Eq. 5 into Eq. 1, correspondingly, the backward an-
gular spectral energy density Uy (GB) would have a radiation peak at
0p = O¢cg. In short, the Cherenkov pole of |Ag| in the complex k,
plane is the fundamental reason for the emergence of backward ra-
diation peak from a gain slab at O = Oy in Fig. 1A.

By contrast, because the factor related to the term of ﬁ
zero in Eq. 6, there would be no Cherenkov pole for Ap. Acéord-
ingly, |Ar| does not necessarily have a maximum at k; = Re(k, cp).
By substituting Eq. 6 into Eq. 2, the forward angular spectral energy
density Ug (0; ) also does not have a radiation peak at 6 = 6. In
other words, the disappearance of the forward radiation peak from
a gain slab at Oy = O in Fig. 1A is essentially attributed to the dis-
appearance of Cherenkov pole of |Ag|in the complex k, plane. This
fact is further verified in Fig. 2. To be specific, Fig. 2 (A and B) shows
that the disappearance of forward Cherenkov radiation from a gain
slab would always occur when the slab thickness is sufficiently large
(i.e, d /Ay > 1), and it is also irrelevant to the electron velocity. By
contrast, we further show in Fig. 2 (C and D) that there would be no
suppression of the forward Cherenkov radiation at 6 = 0, from a
negative-index slab, as long as the backward Cherenkov radiation
shows up.

In short, the reversed Cherenkov radiation is closely related to
both the emergence of Cherenkov pole for Ay and the disappearance
of Cherenkov pole for Ay. In other words, the emergence of reversed
Cherenkov radiation is essentially the combined effect between the
conventional Cherenkov radiation inside gain media and the exotic
light interference from a sufficiently thick gain slab. On the other
hand, we highlight that the analysis of light interference from gain
slabs (e.g., the calculation of reflection and transmission coeffi-
cients) is generally no longer valid via ray optics or geometrical op-
tics but should resort to wave optics by critically matching the
electromagnetic boundary conditions. Because of the invalidation
of ray optics, it might be not that straightforward to understand the
revealed phenomenon of reversed Cherenkov radiation.

Because Eqs. 5 and 6 are fulfilled as long as d /A, > 1, Eqs. 5
and 6 further indicate that the intensity of reversed Cherenkov
radiation from a gain slab could be insensitive to the slab thickness
in Fig. 3 (A to C). To be specific, the radiation intensity at the pre-
scribed Cherenkov angle has UB(GCR) / Uss (GCR) € [0.95,1.05] for
the backward radiation as long asd > d, , jovarq (s€€ the illustration of
dyacioward in Fig. 3A), where Ups(Ocr) = 4 )}ir—{loo U (Ocg ). Similarly,

is
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Suppression of forward Cherenkov radiation (CR) via a gain slab
7
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Fig. 2. Suppression of forward Cherenkov radiation via a gain slab. The struc-
tural setup here is the same as Fig. 1 except for the slab thickness d and the electron
velocity v. (A and C) Influence of d on the forward angular spectral energy density
Ug (8¢ ) with v/c = 0.6. (B and D) U (6; ) as a function of the radiation angle 6; and v
with d/A, = 100. The blue dashed line in (B) and (D) corresponds to the relation be-
tween the Cherenkov angle 6 in vacuum andv, namely, Og(v) = arcsiny /g, , — 5
There is always a radiation peak at 6; = 65 for the case of a negative-index slab in
(C) and (D), which corresponds to the existence of forward Cherenkov radiation. By
contrast, there is no emergence of a radiation peak at 6; = 8, for the case of a gain
slab in (A) and (B), which indicates the suppression of forward Cherenkov radiation.

we have Uy (GCR) / Usr (GCR) € [0.95,1.05] for the forward radiation
aslongasd > d .4 in Fig. 3B, where U 1 (GCR) = d/l}fm Ur (GCR).

By contrast, both intensities of backward and forward Cherenkov
radiation from a negative-index slab tend to linearly increase with
the slab thickness in Fig. 3 (A and B). This way, the intensity of back-
ward Cherenkov radiation from a negative-index slab could, in
principle, be larger than that from a gain slab when d > d_;..; (see
the illustration of d_, in Fig. 3A). As summarized in Fig. 3C, we
generally have dg . ad > devitical > Fpaciawarg fOT Various optical gains.
This indicates that under optical gain, the minimum slab thickness
for the full suppression of forward Cherenkov radiation in Fig. 3B is
much larger than that for the saturation of backward Cherenkov ra-
diation in Fig. 3A. In practice, to facilitate the potential observation
of reversed Cherenkov radiation, the slab thickness does not need to
have either d > dj,\0rq OF d 2 dycivarg Dut only requires d > d,
so that the intensity of backward Cherenkov radiation is much
larger than that of forward Cherenkov radiation, where d, is the
optimal thickness of gain slabs to enable the emergence of re-
versed Cherenkov radiation [e.g., for illustration, here, we define
that Uy (Ocg ) / Ug(0cg ) > 4is always satisfied if d > dop]- Under this
scenario, we generally have d,,, < dyciqvard < dforwara and, for ex-

ample, d,, /1y = 12 if Im(e,,)| = 0.1in Fig. 3C. We highlight that

Chenetal., Sci. Adv. 11, eads5113 (2025) 4 April 2025
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Fig. 3. Intensity of reversed Cherenkov radiation via a gain slab. (A and B) Influ-
ence of d on the angular spectral energy density of backward radiation U (GCR)and
forward radiation Ug (8¢g) at the Cherenkov angle under different optical gains.
(€) Dependence of dy,ciward drorward Aeriticar aNd dgp 0N IM (erlz)l. For various optical
gains, these four parameters of dy,, cward: Grorward: Aeriticar AN dopy are mathematically
defined as follows: When d > dy,qware the backward Cherenkov radiation always
has Ug (Bcg) € [0.95,1.05] - Uyg (Ocg)in (A), where Uyg (6cr) = d/lxiTm Ug (6cg). Simi-
larly, we have U (6cz) € [0.95,1.05] - Uyg(B¢g) as long as d > df:rwa,d in (B), where
U (Ocr) = d/ll\irEw Ug (Ocg ). When d > d_icar Ug (Ocg) from a gain slab becomes
smaller than that from a negative-index slab. When d > d,,, the Cherenkov radia-
tion always has Ug(6cg) >4 - Up(Bcg) in (A) and (B). (D) Influence of d on
rer = Uy (Ocq) / Ug (Bcg) under different optical gains. For comparison, the reversed
Cherenkov radiation via a negative-index slab is also plotted in (A), (B), and (D).

the judicious reduction of gain slab thickness is crucial to the pos-
sible observation of reversed Cherenkov radiation revealed in this
work because it would not only help to largely increase the intensity
of reversed Cherenkov radiation as shown in Fig. 3 (A and B) but
also help to largely suppress the intensity of amplified spontaneous
emission, which widely exists in active systems.

To further highlight the exotic intensity feature of reversed
Cherenkov radiation from a gain slab, below, we consider the ratio
rer = Ug(Ocg ) / Ug (B¢ ) between the backward and forward radia-
tion at the prescribed Cherenkov angle in Fig. 3D. As expected, both
values of .y from a gain slab and from a negative-index slab would
saturate to a constant if d /A, > 1. However, the value of r from a
gain slab could be orders of magnitude larger than that from a
negative-index slab due to the possibility to fully suppress the for-
ward Cherenkov radiation from a gain slab. On the other hand,
we need to point out that despite the disappearance of forward
Cherenkov radiation, the value of - from a gain slab would not go
to infinity in Fig. 3D because the intensity Uy, (6 ) of forward radia-
tion at the prescribed Cherenkov angle from a gain slab is not
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strictly zero in Fig. 3B. Essentially, the nonzero but relatively small
value of Uy (BCR) in Fig. 3B originates from the emergence of transi-
tion radiation, which occurs when the swift electron moves across
the interface between vacuum and the gain medium and whose in-
tensity is generally much weaker than that of Cherenkov radiation.
We now pay special attention to the directionality feature of
reversed Cherenkov radiation from a gain slab in Fig. 4. We find
that there is always a nonzero angular spread for the backward
Cherenkov radiation in Fig. 4 (A and B), even when the thickness
of gain slab goes to infinity. To be specific, we always have
AB, = d/l}%m ABqg # 0, where AOqy is the angular full width at
000

half maximum for the backward radiation peak at the prescribed
Cherenkov angle. By contrast, the value of A8, from a negative-
index slab in Fig. 4A generally tends to decrease to zero when the
slab thickness increases (namely, AO, =0 for the negative-index
slab). Moreover, we find in Fig. 4C that the value of A6, from an
infinitely thick gain slab would increase with the optical gain. This
exotic phenomenon is intrinsically related to the position (i.e.,
k, =k cp) of the Cherenkov pole of |A;|in the complex k, plane as
governed by Eq. 5. On the one hand, because this Cherenkov pole
from a gain slab shows up in the fourth quadrant of the complex k
plane in Fig. 4C, the value of A6, would always be nonzero when
considering the projection of |Ag|in Eq. 5 on the real axis of k. The
value of A 8, would converge to zero when the optical gain decreases
down to zero. On the other hand, when the optical gain increases,
the position of this Cherenkov pole in Fig. 4C would move further
away from the real axis of k,. Similarly, when considering the pro-
jection of |Ag| on the real axis of k,, a larger optical gain would give
rise to a wider angular spread of backward Cherenkov radiation.
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Fig. 4. Angular spread of backward Cherenkov radiation from a gain slab.
(A) Dependence of the angular spreading factor A6, on d. We have

d/|)jm : ABg = A6, # Ofor the case of a gain slab. The values for reversed Cherenkov
D

radiation from a negative-index slab are also plotted for comparison. (B) Normal-
ized backward angular spectral energy density as a function of the radiation angle
05 for various values of the optical gain. (C) Influence of the optical gain on the loca-
tion of poles that correspond to Cherenkov radiation in the complex k, plane in the
limitd/Ay, — o0.When the optical gain increases, the related Cherenkov pole in the
fourth quadrant of the complex k, plane would move away from the horizontal
axis of Re(k, ), which is the underlying reason for the angular spread of backward
Cherenkov radiation via a gain slab.
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DISCUSSION

In conclusion, we have revealed the enticing possibility of creating
the reversed Cherenkov radiation from a positive-index but gain
slab. Under certain circumstances, this reversed Cherenkov radiation
could be accompanied with the full suppression of forward Cherenkov
radiation due to the disappearance of the Cherenkov pole for the
forward free-electron radiation from a gain slab. Moreover, we have
found that the reversed Cherenkov radiation from a gain slab is fea-
tured with a nonzero angular spread and insensitivity to the slab
thickness. These exotic features of reversed Cherenkov radiation
from a gain slab might be crucial for developing many advanced
Cherenkov-based applications, such as integrated light sources with
enhanced intensity, miniaturized particle detectors with enhanced
sensitivity, and potential biomedical applications. Meanwhile, these
exotic features further indicate that there are rich physics hidden in
the realm of particle-matter interactions, despite the long research
history of free-electron radiation. Our work then might inspire con-
tinuous exploration of other types of free-electron radiation (e.g.,
Smith-Purcell radiation, transition radiation, and bremsstrahlung
radiation) under the consideration of optical gain in various photon-
ic systems (e.g., those with optical anisotropy, oriented misalignment,
structural periodicity, disorders, and spatial-temporal variation).

MATERIALS AND METHODS

Derivation of free-electron radiation from an

optical interface

Free-electron radiation from a single interface between region jand re-
gion j + 1 (see the structural schematic in fig. S1) can be calculated by
following Ginzburg and FranK’s theory of free-electron radiation within
the framework of classical electrodynamics. If the interface between re-
gion jand region j + 1is z = 0, then the backward radiation coefficient

ki"z Erjtl _ Kzj+1

0,B

. , = oy of 1
can be obtained as asi n -

v
—_ c —
- kzj+1 kzj kzj 2] kzj+1
Erjmaje TEr+1 5 (H' ofv )(1 ofv ) 1+

and, similarly, the forward radiation coefficient can be expressed as

, R o K
0,F < z 1 eriy] OV - = ~
I — — ———2————— |\ where k,=k | +7Zk,;
LT e fmitl o 2 1— 2 L i ) (Kt ] Z,)
) m/L njtl /e o/v /v /v

is the wave vector of light in region j (= 1or2),k; %2 Hrj€rj — k2,
kL =Xk, +Jk,, and k; =]k | Detailed derlvatlon is provided in
section S1.

Derivation of free-electron radiation from a slab

When a fast electron perpendicularly penetrates through a slab (see the
structural schematic in fig. S2), the related free-electron radiation (in-
cluding Cherenkov radiation and transition radiation) can also be cal-
culated by following Ginzburg and FranKs theory of free-electron
radiation. On the basis of the result of free-electron radiation from an
interface, the backward radiation coefficient Ay can be obtained as

Ry3Ty, 2ik, ,d Ty, i%d ik d
= 2372l 2 . S 2
Ap= +a121 “Ry,Ry, erkzde - +a231 "Ry R, ey A

simllarly, the forward radiation coefficient Ay can be expressed as

and,

OF t d Ty5 ik .d 0,B Ry Ths i%d 21k d

= —_— .2 —_— 2

Ap = a, +11121 Rk Sraae +a2’31_RmR a7 € ”

k. —&.5k, . .
where R ., = R, = 8"t gre the reflection coefficients,
i LT gk ek
S+10z, 1, z,j+1
2e,ik,; 2e..,k, ..
T = and Ty, ; = — "~~~ — are the transmission
> rjpiky; +5er1)+1 k Erjprkyt ek i
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coefficients at the interface between regions jand j 4+ 1(j =1 or 2), re-
spectively. Detailed derivation is provided in section S2.

Derivation of free-electron radiation from a gain slab with a
sufficiently large thickness
When the slab (namely, region 2) is filled by the gain medium
with a sufficiently large slab thickness (i.e., d /A, > 1), we have
, ke o1 kot eroken (i ke
0FTor _ < :Z (Er,z +<°/V) er1kzo—erokz1 (1+w/V>
12R,, . k2. k1 _ ke kz
2L By u,z/: Fery u)z/r: (1 /v )(1+ /v )
ey k) erakzo kz1
(Sr‘l m/V) er1kz2—erokz1 (1+w )
kz,1 ke
(+32)0-57)
erakz2 (1_ ke3

(12 2)_7 kep
1 sk oteok s &3 0/v) erakzp—erakz3

w/v)
(= R =S P R (Feey] =) Rl B

lim Ap=a®®—

a
d/a>1 1.2

2.2
v Ke

0BTy _ C W
2,3 B kzp
2 Rys €257 Tees

2

: 0.F
lim Ap=a,, —a

and d/i;>1 23

o/c

Ap x

1
| Fz2 “my+my
/v

-0+ m, |, namely, Egs. 5 and 6 in the re-

o . lim
some simplification, we further have 4/3,>1

. 1
T Wl =y

o/v

and

sults section. Detailed derivation is provided in section S3.

Angular spectral energy density of free-electron radiation

In section S4, the detailed calculation of backward angular spectral
energy density Uy (GB) and forward angular spectral energy density
Uk (BF) of free-electron radiation from either a single interface or a
slab is provided. On the basis of the calculated results of the radia-
tion field, the backward angular spectral energy density Uy (65)

. 5:.1\/Pr,1€r,1‘12505293 2 ..
can be obtained as Uy (65) = el L B and similarly,
the forward angular spectral energy density can be obtained as
€;3y/Hr3€r3q 05’ Op . P . . .
Op) = = AL~
UF( F) egesinO, |Ag|°. Detailed derivation is provided in

section S4.

Supplementary Materials
This PDF file includes:

Sections S1 to S9

Figs.S1to S9
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