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Abstract Neutrino oscillation is an important physical phe-
nomenon in elementary particle physics, and its nonclassical
features can be revealed by the Leggett—Garg inequality. It
shows that its quantum coherence can be sustained over astro-
physical length scales. In this work, we investigate the mea-
sure of quantumness in experimentally observed neutrino
oscillations via the nonlocal advantage of quantum coherence
(NAQC), quantum steering, and Bell nonlocality. From var-
ious neutrino sources, ensembles of reactor and accelerator
neutrinos are analyzed at distinct energies, such as Daya Bay
(0.5 km and 1.6 km) and MINOS (735 km) collaborations.
The NAQC of two-flavor neutrino oscillation is character-
ized experimentally compared to the theoretical prediction. It
exhibits non-monotonously evolutive phenomenon with the
increase of energy. Furthermore, it is found that the NAQC
is a stronger quantum correlation than quantum steering and
Bell nonlocality even in the order of km. Hence, for an arbi-
trary bipartite neutrino-flavor state with achieving a NAQC, it
must be also a steerable and Bell nonlocal state. The results
might offer an insight into the neutrino oscillation for the
further applications on quantum information processing.

1 Introduction

Dating from over half a century ago, the interesting phe-
nomenon of the neutrino oscillation (NO) was discovered
[1-5]. Afterwards, vast number of experimental evidences
of neutrino flavor transitions have been achieved from vari-
ous neutrino sources, i.e., solar neutrinos [6—8], atmospheric
neutrinos [9,10], reactor neutrinos [11,12] and accelerator
neutrinos [13-15]. According to the framework of three-
generation neutrino, neutrinos and antineutrinos simultane-
ously generate, and both of them can be detected in three
flavors, viz., the electron-neutrino v,, muon-neutrino v, and
tau-neutrino v; (see the review on neutrino oscillations (NOs)
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in Ref. [16]). Some efforts have been made to reveal inter-
esting details of the physics of neutrinos, and measure and
analyze the accurate oscillations parameters [17-19].

Typically, the flavor states are linear combinations of mass
states [20,21]. Due to their nonzero mass and mixing, one
flavor may oscillate to another flavor during propagation,
which usually is called as NO. The NOs are basically three-
flavor oscillations [22], which can be mapped into the states
of neutrino, considering them as the three-mode systems,
namely, the three-qubit systems [23]. From the normal order
of the neutrino mass spectrum (m; < my < m3), the mix-
ing parameters of neutrino are Am%l = 7.5 x 107%eV2,
Am3, = 2457 x 107%eV2, Am3, = 2.382 x 1073eV?2,
012 = 33.48°, 63 = 42.3°, and 613 = 8.50° [24,25]. In
some special cases, they can be also reduced to the effec-
tive two-flavor ones [26]. Similarly, they can be investigated
via considering them as the two-mode systems, to that the
two-qubit quantum systems.

The interactions of NOs are weak interactions, and the
decoherence effects of NOs are very smaller than other par-
ticles. This stimulates the observations of NO in the domain
of quantum information science. Whether it is possible to
exploit the potential applications of NOs on quantum infor-
mation processing? Before considering this, the quantumness
of NOs should be adequately examined in advance. For this
purpose, some works [27-30] have tested the quantumness of
NOs by utilizing the Leggett—Garg inequality (LGI) treated
as the temporal Bell inequality. It suggests that the classi-
cal limits can be violated with the LGI in experimentally
observed NOs [31].

However, there exists some actual limitations for testing
NOs by the LGI, initially taken advantage of certifying the
theory of macroscopic realism with respect to macroscopic
objects. If the system violates the LGI, it manifests that the
system may not be a macroscopic reality or a noninvasive
measurement cannot be implemented on it. Nevertheless,
for the current experimental settings, these two conditions
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cannot be fully satisfied by the detection of elementary parti-
cles. Moreover, to quantify the magnitude of quantum coher-
ence, the violation of the LGI is not always a good method, so
that its violation can only be used as a criterion for quantum-
ness. Of course, this is similar to the case that Bell inequal-
ity cannot be generally used to precisely quantify quantum
entanglement [32-36].

More recently, based on coherence complementarity rela-
tions, the steerability of local coherence was presented by a
game between a pair of participants, say Alice and Bob [37].
For a two-qubit state p4p, based on local measurements on
subsystem A and classical communication between the bipar-
tite, the average coherence of conditional state of subsystem
B could surpass the limit of the coherence as to the state
of single-qubit measured in mutually-unbiased basis. A non-
local advantage of quantum coherence (NAQC) can thus be
attained by the conditional state of subsystem B. Afterwards,
the NAQC for two-qubit states with high fidelity is experi-
mentally demonstrated in an optics-based platform [38]. The
information theoretic tools have many applications to solve
the problems in NOs for the distinguishment the neutrinos
nature between Dirac and Majorana fermions [39] and the
mass-degeneracy problem [40]. Also, some progresses have
been made on the correlation by virtue of flavor transition
probabilities of NOs by quantum information theory, such as
quantum discord [26], Svetlichny inequalities [25], concur-
rence [41,42], quantum coherence [43], and quantum esti-
mation [44].

In this paper, we focus on exploring the NAQC, quantum
steering, and Bell nonlocality in experimentally observed
NOs. It is found that the NAQC for neutrino-flavor states can
be captured based on the /1 norm of coherence. Comparing
to the LGI, the NAQC, acting as a special quantum correla-
tion, can effectively quantify genuine quantumness. We also
investigate the relationship among NAQC, Bell nonlocality,
and quantum steering in the dynamics of NO. The result
shows that the nonlocal advantage of quantum coherence
is a stronger quantum correlation compared with quantum
steering and Bell nonlocality.

The paper is structured as follows. In Sect. 2, we briefly
review the basic features of the neutrinos phenomenology
and introduce the two-flavor mode entangled state analyzed
via the tools of quantum information theory. In Sect. 3, we
capture the NAQC, quantum steering, and Bell nonlocality
in experimentally observed NOs. In Sect. 4, concise conclu-
sions and discussions are given.

2 Two-flavor NOs
Three distinct neutrino flavors are components of the stan-

dard neutrinos model. Here we mainly pay attention to the
energy and distance on oscillations in the method of two-
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state approximation [45]. In the relativistic limit, oscillations
between the two-flavor states can be analyzed by the Bloch
sphere formalism [46]. It geometrically denotes the space of
the pure state of two-level quantum system.

The Hamiltonian for the neutrino propagation within the
limit of two-flavor can be written as (setting ¢ = i = 1)
[20,21,28,45]

2 2
my +m Vi
H=<p+¥+7c+VN>]I

4p
l Ve — wcos 20 wsin 20
2 \ wsin 20 wcos260 — Ve
r-o
=rol + —, 1
rol+— (H

where 6 stands for the neutrino vacuum mixing angle, o0 =
(0, 0y,02) denotes a vector of two-dimensional Pauli matri-
ces, [ is a 2 x 2 identity matrix, and p =~ E represents the
relativistic neutrino momentum-energy, m and m, are the
distinct mass states, respectively, and w = (m% - m%) /2p
denotes the oscillation frequency. Ve(yy = v/2G F() cor-
responds to the charged (neutral) current potential because
of coherent forward scattering of neutrinos with electrons
(neutrons) in matter, with G r representing the Fermi cou-
pling constant. The term rol is proportional to I and has the
identical influences on all flavor states, and hence has no
contribution to flavor oscillations. For the neutrinos with the
given energy Ey, the unitary operator U governing the time
evolution of the flavor states related to Hysc = r - 0 /2 reads

ti
U (wx; tis tj) = U (Yrij) = exp (-i/ Hose (i) df)
j
= cos (I/fk;,'j) —isin (Iﬁk;,’j) (f (wi) - 0') , 2

where wy corresponds to the oscillation frequency for the
energy Ex and ¥y.ij = |r (wi)| (1; — 1) /2 denotes the accu-
mulated phase in the propagating period from #; to ¢; with
the energy Ei. In the limit that the matter effects are still
negligible, vy.;; can be given by

Viij = 5 (1 —11) = 7 (mz - m1) (t—u). O
The time evolution of neutrino is only related to the accu-
mulated phase v;;;, not the individual times #; and ;. The
time-dependent evolution of flavor neutrino states can be
computed by

Ve (1)) = U (@ 1i3 ;) [Ve) = daa (1) [Ve) + aap (1) [vp)
4)

with «, B = e, u for electron- and muon-flavor neutrino
states. |vy) is the flavor state at the initial time ¢t = 0. The
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probabilities (the survival probability v, — vy and the oscil-
lation probability v, — vg ) on the neutrino in states |v, ) and

|v5> are Pyy = |agq (t)I2 and Pyg = |aa,3 (1) 2, respectively,
and the probabilities satisfy Pyy + Pyp = 1. The occupation
number states of neutrinos can be introduced by the following
correspondence [23,26]

Iva) = 1) ® 10)5 = 110},
|vg) = 10) ® 1) = [01). 6)

Therefore, the time evolution of the flavor eigenstate can be
treated as the two-qubit state

[V (1)) = Aga (t)|10>+aaﬁ (¢)|01). (6)

3 NAQC, Bell nonlocality, and quantum steering in
experimentally observed NOs

Now, let us briefly review the NAQC based on the /1 norm of
coherence. First, we introduce the so-called incoherent state
and the incoherent operation. The theoretical architecture of
the NAQC was set up that the incoherent state is one which is
diagonal in the given reference basis, while the operation is
called as the incoherent operation that can map the incoherent
state into the incoherent state [47]. The coherence measure
is defined by a distance to the closest incoherent state. The /;
norm of coherence in the basis of eigenvectors of Pauli spin
observables o; (i = x, y, z) is reformulated as

il (0) = D (RIpS), ™

R#S

where {|R),|S)} are the eigenvectors of o;. In Ref. [37],
the complementarity relation of coherence is given under
mutually unbiased bases by

> Gl (p) < Cmax. @®

i=x,y,2

where Cpx 1S the state-independent upper bound with the
value Cpax = V6 &~ 2.45. In the case of a special pure state
Pmax = % [\% (ox +oy+ O’Z) + ]I], the equality holds.
Next, let us briefly introduce the criterion for achiev-
ing NAQC via the steering game. Suppose that Alice and
Bob are two game participants and share qubits A and B
with state p4p, respectively. Alice randomly performs one
of the measurements Hﬁ’ = []I + (—l)bai] /2 on qubit A
and obtains the outcome b = {0, 1} with the probability
Py = Tr [(Hf ® H) pAB]. The measured state for the two-

qubit state can be obtained as PaBme = (Hf-’ ®]I) PAB

(M’ 1)/ pp and the conditional state for qubit B is

Ppint = Tra (pA3|n§’>~

Alice then tells Bob to her measurement choice and out-
come, and Bob’s task is to measure the coherence of qubit B
atrandom in the eigenbasis of the other two of the three Pauli
matrices o; and ox. The violation in Eq. (8) implies that a
single-system description of the coherence of subsystem B
does not exist. Thus, the criterion for achieving a NAQC of
qubit B can be derived via all possible probabilistic averaging
methods

1 ,
N oan) = 5 2 p (o, ) €7 (Paiirr,,) = Con (©)
i,j,b
The NAQC quantifier is defined as

N (pap) — /6
N (0as) — 6]

N (pap) = max {0, (10

upon using a convenient normalization. Herein er,{ax (paB) =
max N (pap). Obviously, 41 (pap) ranges from 0 to 1.

Canonically, the NAQC is treated as a stronger quantum
correlation than Bell nonlocality. With regard to bipartite
quantum systems, the Bell nonlocality can be detected by
the famous Clauser—Horne—Shimony—Holt (CHSH) inequal-
ity [48]

B (paB) = |{Bcusu)| = |Tr (papBcusn)| < 2, (1D

where Bcpsh is the Bell operator. The violation of CHSH
inequality reflects that these states are Bell nonlocal, phys-
ical meaning of which lies in that the classical theo-
ries cannot describe the system of interest in this situ-
ation. The maximum violation of CHSH inequality [49]
is Bmax (paB) = 2+/M (pap) with M (pap) = max;;
(ui +uj). ui (i =1,2,3) denotes the eigenvalue of the
matrix 77T with 7T being the transposition of the correlation
tensor T in the Bloch representation. By a convenient nor-
malization, the Bell nonlocality quantifier can be described
as

12)

' Bmax (0aB) — 2

In Ref. [50], the criterion of quantum steering for a bipar-
tite system is proposed as Both of Alice and Bob are with
permission of measuring observables in their locations. The
criterion consists of a finite sum of bilinear expectation val-
ues in a form of

<1, 13)

n
Y Tr(papAi ® By)
i=1

1
Fy (paB, ) = ﬁ

@ Springer
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Fig. 1 The survival probability v, — v, (solid line, red) as a function
of the distance traveled per energy L/E with the initial electron flavor
state. The solid line denotes the theoretical value. The data of the Daya
Bay collaboration in three underground experimental halls (EH1: pink,
upper triangle; EH2: green, lower triangle; EH3: black, square) are taken
from Ref. [18]

where A; = ¢; -0 and B; = &; -0, ¢; € R3 are unit vectors,
£ € R3 are orthonormal vectors, and ¢ = {C1, s &y
&,,.....&,} denotes the set of measurement directions. A
method to quantify the degree of steerability was presented
by Costa and Angelo [51] based on the maximal violation
of well-established steering inequality. Hereafter, we quan-
tify the steerability of the two-qubit system in the three-
measurement scenario as follows

(14)

F —1
3 (paB) 1= max {() 3 (0AB) }’

C M (pap) — 1

where F3(pap) = mgaxF(pAB,g) and F3"™ (pap) =

maXp,z F (paB)-

3.1 NAQC, Bell nonlocality, and quantum steering in
electron antineutrino oscillations

At first, we take into account preparing an electron neutrino
at the initial time ¢ = 0, the state of the time evolution for
two-flavor NOs can be expressed as

[Ve (1)) = aee (t) |Ve) + aep (Z)|V;L>~ (15)

The probabilities for finding the neutrino in the electron flavor
state v, and the muon flavor state v, are Pe, () = |aee (t)l2
and P, (t) = |aw (1) 2, respectively. The effective atmo-
spheric neutrino Amze measured in v, disappearance exper-
iments is [52]

Amge = Sinzelem%Q + COS2912Am%1 . (16)

As can be seen from Fig. 1, the evolution of survival prob-
abilities is plotted as a function of the ratio L/E, and the

@ Springer

experimental results and the corresponding theoretical pre-
dictions are also plotted. Herein, the data is addressed from
Daya Bay neutrino experiment [18]. In this scenario, EH1,
EH2, and EH3 include all the measurement positions of the
Daya Bay collaboration. The sites use 8 decay to generate the
source of electron antineutrino under conditions of different
baselines and energy. The Daya Bay collaboration made use
of the fully constructed Daya Bay Reactor Neutrino Experi-
ment to measure the disappearance of electron antineutrino,
and it covers energy in a range of 1-8 MeV, which implies
that the range of the effective ratio L/E 1is [0, 1] with the
dimension km/MeV. From Fig. 1, for the short-range oscil-
lations (with the small ratio L/E) at Daya Bay experiment,
the survival probability of electron flavor state v, is always
higher than 0.9. When the ratio at around L/E = 0.5, the
survival probability reaches the minimal value, and the oscil-
lation probability correspondingly comes to the maximum
value.

To explore the NAQC, Bell nonlocality, and quantum
steering in experimentally observed electron NOs, the evo-
lutionary state of the initial electron flavor state is expressed
as

00 0 0
2
e 0 |aey D" aeu (1) af, (1) 0
0 () = M 3 " ee , 17
AB 0 ace (1) af, @) lace O 0O
00 0 0

in the orthonormal basis {|00) , |01), [10), |11)}.

In order to obtain the quantity of the NAQC quantifier,
we can resort to Eq. (9). At first, for performing Pauli mea-
surement o, on qubit A, the post-measurement states for the
initial electron flavor state p¢ , (¢) are expressed as

Piaslay, @ = [(111) (1] ®T) i (1) (1x1) (x1] ® D]/ o,

P 810, (0 = [(1X2) (12l @) ply s (1) (12) (2] @ D] /o,
(18)

with the probabilities

Py, =Tr[(x1) (1l @ D) pyp (1) (Ix1) (x11 @ D],
Poy, = Tr[(Ix2) (x2l @ ) pip (1) (Ix2) (2l @ D], (19)

where |i,) (i = x,y, zand k = 1, 2) denote the eigenvectors
of Pauli observable o;, respectively. The conditional state for
particle B can be expressed as pp|;, = Tra (pg Blo, (t)).
The [ coherence of the conditional state for B in the basis of
eigenvectors of Pauli observables oy and o, can be obtained
as



Eur. Phys. J. C (2020) 80:275

Page 50f 9 275

(a) (b) (©)
2.6 T T T . 2.40 1.35
b1
z J/H}H\I\T\ £ 23!
£ 1 _ . TR
g el g 120} A T
] an = &Y T
5 &'} 2 I{% Theory i
o7 Th 5 g 7 y
§ 22y B e NAegrcy-umn A 210 8 ,#l K it:ﬁrmg-hmn
+ EHI @ 1.05} ﬁv - . EH2
v EH2 4 = EH3
20 - BB 2.00 :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
L/E(km/MeV) L/E(km/MeV) L/E(km/MeV)

Fig. 2 NAQC inequality in Eq. (9), Bell-CHSH inequality in Eq. (11),
and steering inequality in Eq. (13) in theory and experiment with error
bars versus the distance traveled per energy L/ E for the initial electron
flavor state. The red line (solid), the blue line (solid), and the azure
line (solid) correspond to the left-hand sides of Egs. (9), (11) and (13),

Ox
o (:OB|0X|> = ’(y1|,019|ax1 |y2)‘ + ‘(YleB\aX] |y1))

3

+ )(z1|;013|oxl Izz)‘ + ‘(zzl PBloy, |21)
Ox
Cp (0810, ) = |11 Pl 32| + |21 o, 131)]

+ )(lepmaxz |Z2>‘ + ’(Zzl PB|ox, |Zl)‘ .
(20)

Likewise, the same procedure can be applied on performing
Pauli measurement oy or o,. By combining Egs. (9) and
(10), the NAQC then can be quantified by

2—\/g+2«/(1_Pee(t))Pee(t)
3-6 '

h (pf\B (t)) = max {0,
(21)

According to Egs. (11), (12), (13) and (14), Bell nonlocality
and quantum steering can be analytically derived as

@(pe (t))—max{O \/1+4((1_Pee(t))Pee(t))_l}
N AB - ’ s

V2 -1
(22)
o VIFBA = Poe () Poe () — 1
73 (p4 g (1)) = max {0, ¢§e_ | ce }
(23)

in terms of survival probabilities.

In Fig. 2, through adopting the data from the Daya
Bay neutrino experiment, we test the violations of NAQC
inequality, Bell CHSH inequality, and steering inequality.
The achievements of NAQC, Bell nonlocality, and quan-
tum steering are closely related with the survival probabil-
ities. For the ratio at around L/E = 0.5, the violations
for NAQC inequality, Bell CHSH inequality, and steering
inequality maximize, meaning strong quantumness. When

respectively. The horizontal lines (dotted line, red; dotted line, blue; dot-
ted line, azure) denote the right-hand sides of Eqgs. (9), (11) and (13).
Hereafter, NAQC-limit represents the violation limit with NAQC; BN-
limit represents the violation limit with Bell nonlocality, and Steering-
limit represents the violation limit with quantum steering

the ratio L/E in the interval (0.2847, 0.7315), the quantum
states capture the NAQC, meanwhile Bell nonlocality and
quantum steering are also captured. For the ratio L/E in the
regions [0, 0.2847] and [0.7315, 1], we cannot achieve the
NAQC in Fig. 2a, however, Bell nonlocality and quantum
steering are achieved except for L/E = 0 and L/E = 1
in Fig. 2b, c. It clearly shows that the quantum states cap-
turing the NAQC must violate the CHSH inequality and the
steering inequality, but not vice versa. This proofs that, this
state must be Bell nonlocal and steerable if a quantum state
is a NAQC state. Also, as to NAQC, the goodness of fit is
x%/NDF = 21.4/30, which correspond to p-value equals
0.87.

In order to better understand the relationship among
NAQC, Bell nonlocality, and quantum steering in the dynam-
ics of NO, the quantifications of them have been plotted with
the ratio L/ E in Fig. 3. Interestingly, it directly displays that
the NAQC experiences the “sudden death”, neither Bell non-
locality nor quantum steering appears. From the figure, a
strict hierarchical relationship among the three quantifiers is
formed, namely, Bell nonlocal state is a strict subset of the
steerable state and a superset of NAQC state. This manifests
that the NAQC is a stronger nonclassical correlation than Bell
nonlocality and quantum steering in electron neutrinos.

3.2 NAQC, Bell nonlocality, and quantum steering in muon
antineutrino oscillations
If the muon neutrino is generated at the initial time ¢t = 0,

the evolutionary state for two-flavor NOs can be expressed
as

|V;L (t)>:aue () [ve) + ayy (1) |V,u)- 24)

@ Springer
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Fig. 3 The quantifiers of NAQC (solid line, red) in Eq. (10), Bell
nonlocality (dashed line, blue) in Eq. (12), and Steering (dotted-dashed
line, green) in Eq. (14) with respect to the distance traveled per energy
L /E for the initial electron flavor state

1.4 T T
v, (0)—v (1) |
MINOS

0.8 1

0.6

Probabilities

0.4 r

02r

0.0
10

10°
L/E(km/GeV)

Fig. 4 The long-range survival probability v, — v, (solid line, red)
versus the ratio L/E with the initial muon flavor state. The solid line
is theoretical value and the data of the MINOS Collaboration (black
circle) taken from Ref. [19]

The survival probability for the muon flavor state v, is quan-

tified by Py (1) = |y, () |2 and the oscillation probability
2

for the electron flavor state v, is Py (1) = |a,w (t)|”, respec-
tively. The effective atmospheric neutrino Ami , measured
in v, disappearance experiments is [52]

2 ) 2 2 2
Amy,, = sin“01pAm3 cos” 01 Am3,+

+ sin 013 cos A sin 26;; tan 923Am%1. (25)

In the MINOS collaboration, the production of muon
(anti)neutrino originates from the proton beams of accelera-
tors, and the baseline occupies a fixed length of 735 km and
the energy ranges from 0.5 to 50 GeV. It indicates that the
ratio L/ E ranges from 15 to 1500. The evolution of survival
probabilities of the muon NO has been shown with respect to
the ratio L/ E in Fig. 4, and the experimental results from the
data of the MINOS collaboration [19] and the corresponding
theoretical predictions are provided as well.

@ Springer

Here we investigate the NAQC, Bell nonlocality, and
quantum steering in experimentally observed muon NOs.
The evolutionary state for two-flavor neutrino can be rewrit-
ten with the density matrix

00 0 0
2
0 |age (1) ape (1) a},, (1) 0

2
0 @y (1) ah, () |au. (0] 0
00 0 0

Pl (1) = (26)

in the orthonormal basis {|00), |01), |10),|11)}. Conse-
quently, we can analytically work out the quantifications
of NAQC, Bell nonlocality and quantum steering associated
with survival probabilities, given by

2= V642,/(1 = Pup (1)) Pup (1)
A (o @) = max {0, \/3_£ ,
(27)
1 "’4((1 - PMM (t)) P/ut (’)) -1
%’(pr (l))=max 0, \/ N ,
(28)
1+38 (1 — Puu (t)) Py () —1
73 (plyp (1) = max {0, \/ -1 ’
(29)

respectively.

In Fig. 5, we draw the violations of NAQC inequality,
Bell CHSH inequality and steering inequality as a function
of the ratio L/E in both theory and experiment. It is worth
noting that these lines for the violations of the three inequal-
ities are oscillating periodically and have the same periods.
By theoretical analysis, we obtain that the violations of them
reach maximum at the points that the survival probabilities
are equal to the oscillation probabilities. This means that
more quantum resources can be exploited for the propaga-
tion of neutrinos in the MINOS experiment. When the sur-
vival probabilities are zero-valued, the violations will come
to minimum.

For the MINOS experiment, our theoretical curve of the
survival probability is based on the standard model, without
considering the effect of detectors, which plays an important
role in obtaining the exmerimental data. This thereby will
lead to a very small p-value. Notably, the NAQC cannot be
achieved in some region of time evolution as shown in Fig. 5a,
1.e., Nh (,oﬁB (t)) < 2.45. Whereas we can achieve Bell
nonlocality and quantum steering with L /E # n x 513.215
(n is a positive integer) as indicated in Fig. 5b, c, that is,
B(php ) > 2 and F, (pliz (1)) > 1 hold apart from
those with several special ratios L/E = n x 513.215. From
viewpoint of quantum resource theory, this is because the
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Fig. 5 NAQC inequality in Eq. (9), Bell-CHSH inequality in Eq. (11)
and steering inequality in Eq. (13) in theory and experiment with error
bars in MINOS collaboration (black, circle ) as a function of the ratio
L /E for the initial muon flavor state. The red line (solid), the blue line
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Fig. 6 The quantifiers of NAQC (solid line, red) in Eq. (10), Bell
nonlocality (dashed line, blue) in Eq. (12) and Steering (dotted-dashed
line, green) in Eq. (14) with respect to the distance traveled per energy
L/E for the initial muon flavor state

quantum correlation will minimize, when the survival prob-
ability P, = Owith L/E = n x513.215 yielding a product
state |01). It reveals that a neutrino flavor state capturing the
NAQC must have Bell nonlocality and quantum steering, and
the criterion of the NAQC can also be considered as the indi-
cators of Bell nonlocality and quantum steering. With this
in mind, the NAQC is expected to become an important and
useful physical resource in quantum information processing
using neutrinos.

Further, we quantify the NAQC, Bell nonlocality and
quantum steering as a function of the ratio L/E, shown in
Fig. 6. It is obvious that the region of NAQC is the smallest
in the hierarchical relationship among them. Specifically, the
NAQC can vanish in some time periods, while Bell nonlocal-
ity and quantum steering not. Thus, compared with electron
NOs, we also conclude that the NAQC is also a stronger quan-
tum correlation than Bell nonlocality and quantum steering
with regard to muon NOs.

(solid) and the azure line (solid) represent the left-hand sides of Eqgs. (9),
(11) and (13), respectively. The horizontal lines (dotted line, red; dotted
line, blue; dotted line, azure) are the right-hand sides of Eqgs. (9), (11)
and (13), respectively

4 Conclusions

In this paper, we have investigated the quantification of quan-
tumness in NOs by NAQC, Bell nonlocality and quantum
steering with an initial electron or muon neutrino. We anal-
ysed and compared them in experimentally observed NOs
from different antineutrino sources, including Daya Bay and
MINOS collaborations. The capture of NAQC are proved by
experimental methods in both neutrino experiments. More-
over, we obtain that a neutrino flavor state capturing the
NAQC must be Bell nonlocal and steerable, meaning that it
can also be treated as the indicators of the latter two. That is,
the NAQC is in essence a stronger quantum correlation than
both of them. Thus, the NAQC can be regarded as reliable
tools for the quantification of quantumness in the two-flavor
NO over a macroscopic distance of thousands of kilome-
ters, and we believe that it might be potentially applicable to
prospective quantum information processing and telecom-
munications based on NOs. The strongly genuine quantum
features of NOs pave the way for the further quantum infor-
mation processing with neutrinos.

Most of the previous works were proposed to manipulate
neutrinos for the purpose of communications, such as galactic
neutrino communication [53] and submarine neutrino com-
munication [54]. Recently, Stancil et al. [55] reported on the
performance of a low-rate communications link established
using the NuMI beam line and the MINERVA detector at
Fermilab, illustrating the feasibility of using neutrino beams
to provide a low-rate communications link. For future appli-
cations of neutrinos in quantum information, the impact of
matter effect should be considered. When neutrinos propa-
gate through a large distance of high density of matter, it feels
the electron potential and the survival probability are modi-
fied. The effect is stronger for neutrinos of higher energies.
For MeV scale solar neutrinos and a trip going through the
Earth, the modification can be as large as 10% of P,,.
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