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Abstract In this study, we investigate the electromagnetic
field properties of a rotating charged black hole (BH) within
the Kalb–Ramond gravity, as well as the circular motion and
collisions of test charged particles in the spacetime of the BH.
First, the static solutions of the Kalb–Ramond BH are derived
using modified Einstein field equations and Maxwell’s equa-
tions to obtain the anisotropic solutions of the charged Kalb–
Ramond BH. Then, using the Janis–Newman formalism, the
exact solutions of the rotating Kalb–Ramond BH are obtained
from the static metric. Subsequently, we investigate the hori-
zon properties of the resulting rotating BH. It is shown that
all the BH parameters charge and rotation, together with the
Kalb–Ramond field, cause the horizon to extend, thereby
providing additional gravitational mass. Then, we derive
expressions for non-zero components of electromagnetic
field configurations with respect to a zero angular momen-
tum observer around the BHs. We also explore the circular
motion of charged test particles, determining their effective
potential and innermost stable circular orbits (ISCOs), which
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are influenced by the interplay of gravitational, rotational,
and electromagnetic forces. Furthermore, we examine high-
energy collisions of charged particles near the event hori-
zon, computing the center-of-mass energy and demonstrat-
ing its enhancement by the Kalb–Ramond parameter and BH
charge. Our results highlight the potential of charged rotating
Kalb–Ramond BHs as natural particle accelerators, offering
insights into extreme gravitational and electromagnetic phe-
nomena with implications for astrophysics and theoretical
physics.

1 Introduction

Einstein’s general relativity (GR) provides a mathematically
consistent framework for describing gravitational interac-
tions as the curvature of spacetime induced by massive
objects [1]. This theory has been extensively validated across
a range of gravitational regimes, from weak-field tests, such
as the perihelion precession of Mercury, to strong-field obser-
vations, including the imaging of BH shadows by the Event
Horizon Telescope [2–4]. Despite its successes, the increas-
ing precision of modern astrophysical observations, such as
those from X-ray binaries and supermassive BHs, encourages
the investigation of alternative and modified gravity theories
to probe potential deviations from GR [5–7]. Among these,
Kalb–Ramond (KR) gravity introduces a novel modification
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by incorporating a second-rank antisymmetric tensor field,
which emerges naturally in the context of heterotic string
theory [8–11]. This self-interacting field can lead to Lorentz-
violating effects and contribute to spacetime torsion, offering
a distinct perspective on gravitational dynamics [12–16].

The study of charged rotating BHs in KR gravity is par-
ticularly compelling due to the intricate interplay of gravita-
tional, electromagnetic, and KR field effects. The presence of
a background KR field modifies the spacetime metric, influ-
encing the dynamics of charged particles and their circular
orbits around such BHs [17–22]. These modifications can
manifest in observable astrophysical phenomena, including
the trajectories of test particles, high-energy particle colli-
sions, and the radiation profiles of accretion disks [23–25].
Charged rotating BHs, analogous to the Kerr–Newman solu-
tion in GR, provide a rich environment for studying these
effects, as their electromagnetic fields and spin introduce
additional complexities to particle dynamics compared to
uncharged or non-rotating cases [26–28].

BHs represent one of the most profound predictions of
general relativity, serving as natural laboratories to probe the
interplay between gravity, quantum fields, and exotic mat-
ter configurations. Among the numerous extensions of Ein-
stein’s theory, the KR field, a rank-2 antisymmetric tensor
field derived from string theory, provides a compelling frame-
work for exploring deviations from classical gravitation. The
KR field, characterized by the tensor Bαβ with an antisym-
metric property (Bαβ = −Bβα), introduces a nontrivial vac-
uum expectation value < Bμν >= bμν �= 0, leading to a
field strength Hαβγ = ∂[αBβγ ] analogous to the electromag-
netic field tensor. This similarity allows the KR action to
be formulated in a manner reminiscent of electrodynamics,
coupled non-minimally to gravity through terms involving
the Ricci curvature tensor Rμν and scalar R [29,30]. The
resulting gravitational action, incorporating the KR field and
its potential V (BμνBμν ± b2), provides a rich landscape to
investigate BH solutions and their physical implications.

The study of BHs in KR gravity has gained significant
traction due to their potential to address unresolved questions
in cosmology and astrophysics, such as the nature of dark
matter and the behavior of particles in extreme gravitational
environments [31–34]. In this context, charged and rotating
BH solutions within KR gravity offer a unique opportunity
to explore how the KR field modifies space-time geometry
and influences physical processes near the event horizon. The
action governing such systems is given by:

SKR = 1

2

∫
d4x

√−g
[
R − 1

6
Hμνσ H

μνσ − V (BμνBμν ± b2)

+ ξ2B
σμBν

μRσν + ξ3B
μνBμν R

]
,

(1)

where, g represents the determinant of the metric tensor, Rμν

refers to the Ricci curvature tensor, and R denotes the Ricci
curvature scalar. The potential V is related to the previously
mentioned vacuum expectation value of the tensor field Bμν ,
while ξ2 and ξ3 indicate the constants associated with non-
minimal coupling [35,36].

As noted earlier, the KR field can impact particles, making
it worthwhile to explore their motion and collisions when the
KR field is present. Given that we are examining the grav-
itational properties of the KR field, it becomes intriguing
to investigate particle collisions near a BH within this field
[35,37]. These collisions release energy, which can be quan-
tified using the energy of the center of mass, as the moving
particles possess momentum and, consequently, energy [38].
Such BHs are referred to as particle accelerators. Numerous
studies on this topic can be found [39–41].

This work investigates the circular motion of charged par-
ticles and their collision processes in the vicinity of a charged
rotating BH within a KR gravitational framework. We aim
to analyze the effects of the BH’s charge, spin, and KR field
parameters on orbital dynamics, energy profiles, and colli-
sion outcomes. By employing analytical and numerical tech-
niques, we explore geodesic motion, effective potentials, and
the stability of circular orbits, drawing comparisons with
standard Kerr and Reissner–Nordström solutions [42–44].
Additionally, we examine the implications of particle col-
lisions for energy extraction mechanisms, such as the Pen-
rose process, and their potential observational signatures in
accretion disk emissions [45–52]. Our study aims to con-
nect theoretical predictions with astrophysical observations,
thereby providing constraints on the parameters of KR grav-
ity and paving the way for testing modified gravity theories
in extreme gravitational environments.

The organization of this manuscript is as follows: Sect. 2
examines the spacetime features surrounding BHs in KR
gravity. In Sect. 3, we examine the effects of our given
parameters on the event horizon and ergosphere radii. In
Sect. 4, we investigate the characteristics of the electromag-
netic field components surrounding the BH under considera-
tion. Our analysis encompasses a detailed exploration of the
spatial and temporal properties of these field components,
aiming to elucidate their behavior, interactions, and under-
lying physical implications within the context of the BH’s
environment. Section 5 is dedicated to studying the circu-
lar motion of charged test particles. In Sect. 6, we conduct
an in-depth analysis of particle collisions, examining their
dynamics, energy exchanges, and the resulting trajectories
to gain a deeper understanding of the fundamental principles
governing these interactions. Finally, Sect. 7 summarizes our
results and offers concluding observations. We use a space-
time metric signature of (−,+,+,+) and operate within a
geometrized unit system where G = c = 1. Latin indices
span from 1 to 3, while the Greek indices span from 0 to 3.
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2 Charged rotating BH in Kalb–Ramond gravity

In this section, we derive the spacetime metric of the charged
rotating BH in KR gravity. This process involves connecting
the interplay between the gravitational, electromagnetic, and
KR fields, transitioning to the rotating metric via the Janis-
Newman method.

2.1 Static KR BH solution

In Eq. (1), the total action for the modified theory of gravity is
introduced that explicitly incorporates spontaneous Lorentz
symmetry-breaking (LSB) via a non-vanishing VEV of the
KR field Bμν , a rank-2 antisymmetric tensor field naturally
arising in string theory. The field strength remains unchanged
under the gauge transformation Bμν → Bμν + ∂[μ	ν].
It is useful to express the KR field as Bμν = E[μvν] +
εμναβvα B̃β , where Eμvμ = 0 and B̃μvμ = 0, and vα

is a timelike 4-vector. Consequently, the spacelike pseudo-
vector fields Eμ and B̃μ can be understood as analogous
to the pseudo-electric and pseudo-magnetic fields, respec-
tively, like Maxwell’s electrodynamics. To obtain charged
solutions, we define the matter Lagrangian LM as the elec-
tromagnetic field, expressed as LM = − 1

2 FμνFμν + Lint,
where Fμν = ∂μAν − ∂ν Aμ denotes the electromagnetic
field strength, and Lint describes the interaction between
the electromagnetic field and the KR field. The potential
V (BμνBμν ± b2) is constructed to depend on BμνBμν to
preserve the theory’s invariance under local Lorentz trans-
formations for observers. Since the cosmological constant
� is treated separately, the potential is set to vanish at its
minimum, which occurs when BμνBμν = ∓b2, with the
sign ± chosen to ensure b2 is positive. As a result, the KR
field develops a nonzero VEV, denoted as 〈Bμν〉 = bμν . Due
to the non-minimal coupling of the KR field to gravity, this
nonzero VEV bμν spontaneously breaks local Lorentz invari-
ance for particles. In the vacuum state, the interaction term
ξ3BμνBμνR = ∓ξ3b2R in the action (1) can be incorpo-
rated into the Einstein–Hilbert terms through a redefinition
of variables. Additionally, we assume that the only nonzero
components of the vacuum configuration of the KR field are
given by

b10 = −b01 = Ẽ(r), (2)

as described in Ref. [53]. As a result, this configuration inher-
ently leads to the vanishing of the KR field strength, i.e.,
Hλμν = 0. To obtain electrically charged BH solutions,
we adopt an electrostatic vector potential Aμ = −
(r)δtμ
in the standard approach. However, it is crucial to recog-
nize that a consistently charged BH solution cannot be sus-
tained by the electromagnetic field alone without the interac-
tion term Lint. To account for this interaction, one method

is to modify the KR field strength Hμνρ by including a
U (1) electromagnetic Chern–Simons three-form, such that
H̃μνρ = Hμνρ + A[μFνρ]. However, for the vacuum KR
configuration Eq.(2) and the electrostatic vector potential,
the interactions in the modified kinetic term H̃μνρ H̃μνρ =
HμνρHμνρ + 2Hμνρ A[μFνρ] + A[μFνρ]A[μFνρ] are found
to vanish. Thus, to introduce a nontrivial contribution to the
spacetime dynamics, we consider the Lagrangian in the form

LM = −1

2
FμνF

μν − ηBαβBγρFαβFγρ, (3)

where η is a coupling parameter mediating the LSB in the
gauge sector. When the KR field develops a nonzero VEV,
the Lagrangian leads to LSB in the electromagnetic field,
enabling the existence of electrically charged BH solutions.
The modified Einstein equations are derived by varying the
action (1) with respect to the metric gμν , resulting as follows

Rμν − 1

2
gμνR = TM

μν + TKR
μν , (4)

where T M
μν represents the energy–momentum tensor of the

electromagnetic field, obtained as

T M
μν = 2FμαF

α
ν − 1

2
gμνF

αβFαβ

+ η
(
8BαβBνγ FαβFγ η − gμνB

αβBγ δFαβFγ δ

)
,

(5)

and T K R
μν is the effective energy-momentum tensor of the KR

field, given by

T K R
μν =1

2
HμαβH

αβ
ν − 1

12
gμνH

αβρHαβρ+2V ′B0μBα
ν −gμνV

+ ξ2

[
1

2
gμβ B

γβ Rαβ = Bμβ Bν
β Rαβ − Bαβ Bνβ Rμα

−Bαβ Bμβ Rνα+1

2
∇α∇μ(Bαβ Bνβ)+1

2
∇α∇ν(Bαβ Bμβ)

−1

2
∇α∇α(Bμγ Bνγ ) − 1

2
gμν∇α∇β(Bγβ Bβ

γ )

]
.

(6)

In this context, the prime denotes the derivative with respect
to the argument of the respective functions. It is worth noting
that the total energy-momentum tensor TKR

μν + TM
μν is con-

served due to the Bianchi identities. The equation of motion
for the KR field is derived by varying the action (1) with
respect to Bμν , and can be written as

∇αHαμν + 3ξ Rα[μBα
ν] − 6V ′Bμν − 12ηBαβFαβFμν = 0.

(7)
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Additionally, the modified Maxwell equation is obtained by
varying the action (1) with respect to the vector potential Aμ,
resulting in

∇ν
(
Fμν + 2ηBμωB

αβFαβ

) = 0. (8)

It simplifies to the conventional Maxwell equation when the
coupling constant η is set to zero. We consider the metric
ansatz for a static and spherically symmetric spacetime given
by

ds2 = − f (r)dt2 + g(r)dr2 + r2(dθ2 + sin2 θdφ2), (9)

Using the ansatz, the function Ẽ(r) from (2) can be further

written as Ẽ(r) = |b|
√

f (r)g(r)
2 . As a result, the vacuum

configuration of the KR field adheres to the constant norm
condition bμνbμν = −b2. In the vacuum configuration, it is
beneficial to reframe the modified Einstein equation (4) as

Rμν = T M
μν − 1

2
gμνT

M + V ′ (2bμαb
α
ν + b2gμν

)

+ ξ2

[
gμνb

αγ bβ
γ Rαβ − bα

μb
β
ν Rαβ

− bαβbμβ Rνα − bαβbνβ Rμα

+ 1

2
∇α∇μ

(
bαβbνβ

) + 1

2
∇α∇ν

(
bαβbμβ

)

− 1

2
∇α∇α

(
bγ
μbνγ

) ]
.

(10)

where T M ≡ gαβT M
αβ . Moreover, using the ansatzes for the

metric (25) and the electrostatic field, the field equations (10)
can be explicitly expressed as

2 f ′′

f
− f ′g′

f g
− f ′2

f 2 +4 f ′

r f
+4g′

rg
−4(1 − 2ηb2)
′2

(1 − l) f
= 0, (11)

2 f ′′

f
− f ′g′

f g
− f ′2

f 2 − 4g′

rg
− 4(1 − 2ηb2)
′2

(1 − l) f
= 0, (12)

2 f ′′

f
− f ′g′

f g
− f ′2

f 2 + 1 + l

lr

(
f ′

f
− g′

g

)
+ 2(1 − l)

lr2

− (1 − b2r4V ′) 2g

lr2 − 2(1 − 6ηb2)
2

l f
= 0, (13)

where l ≡ ξ2b2/2, known as the Lorentz-violating parame-
ter, quantifies the extent of Lorentz-breaking effects. Addi-
tionally, the field equation for the KR field (7) and the mod-
ified Maxwell equation (8) are expressed explicitly as

2 f ′′

f
− f ′2

f 2 +2

r

(
f ′

f
− g′

g

)
− f ′

f

g′

g
+ 2b2V ′g

l
− 8ηb2
2

l f
= 0,

(14)

(1 − 2ηb2)

[

′′ + 
′

2

(
4

r
− f ′

f
− g′

g

)]
= 0. (15)

When the cosmological constant is absent, we assume V ′ =
0, which applies to the scenario where the VEV lies at the
potential’s local minimum. This can be easily achieved with
a quadratic potential, V = 1

2λX2, where X ≡ BμνBμν + b2

and λ is a coupling constant. By subtracting Eq. (12) from
Eq. (11), we obtain the following relationship:

f ′

f
= −g′

g
. (16)

It simply yields g(r) = f −1(r) where we have set the inte-
gration constant to 1, achievable by rescaling the time t in
the metric (25). By substituting it into the modified Maxwell
equation (15), we have


′′ + 2

r

′ = 0. (17)

However, since the conserved current is now modified to
Jμ = ∇νFμν + 2ηBμνBαβFαβ , the electric charge Q can be
calculated using Stokes’s theorem, i.e.,

Q = − 1

4π

∫
�

dx3
√

(γ 3)ημ J
μ

= − 1

4π

∫
∂�

dθdφ

√
(γ 2)ημσν

(
Fμν + 2ηBμνBαβFαβ

)

= (1 − 2b2η) c1,

(18)

where � represents a 3-dimensional spacelike region with
the induced metric γ

(3)
i j , and its boundary ∂� is a two-

sphere at spatial infinity with the induced metric γ
(2)
i j =

r2dθ2 +sin2 θdφ2. Accordingly, nμ = (1, 0, 0, 0) is the unit
normal vector associated with �, and σμ = (0, 1, 0, 0) is the
unit normal vector associated with ∂�. Consequently, the
integration constant c1 is determined as c1 = Q/(1 − 2b2η).
Thus, the electrostatic potential is given by


(r) = Q

(1 − 2b2η)r
. (19)

After subtracting Eq. (13) from Eq. (11) and inserting
Eqs. (16) and (23) into the result, one obtains

f ′

f
+ 1 + l − 2(3 − l)ηb2

(1 − l)2(1 − 2ηb2)2

Q2

r3 f
− 1

(1 − l)r f
+ 1

r
= 0. (20)
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Subsequently, the metric function f (r) can be determined
through integration, leading to

f (r) = 1

1 − l
− 2M

r
+ 1 + l − 2(3 − l)ηb2Q2

(1 − l)2(1 − 2ηb2)2

1

r2 . (21)

Moreover, by plugging the derived results into all the field
equations (11)–(15), it is determined that the solutions are
consistent only if

η = l

2b2 . (22)

Hence, it is clear that, in the presence of Lorentz violation
in spacetime, the interaction term Lint is essential to obtain a
charged BH solution. Using the relation (22), the electrostatic
potential 
(r) and the metric function f (r) can be further
streamlined as


 = Q

(1 − l)r
(23)

f (r) = 1/g(r) = 1

1 − l
− 2M

r
+ Q2

(1 − l)2r2 . (24)

We note that the metric of the charged non-rotating KR BH,
derived through the field equations, found a spherically sym-
metric solution, in the following form:

ds2 = − f (r)dt2 + g(r)dr2 + h(r)(dθ2 + sin2 θdφ2), (25)

with the radial functions f (r) and h(r) as follows:

f (r) = 1

g(r)
= 1

1 − l
− 2M

r
+ Q2

(1 − l)2r2 ; h(r) = r2,

(26)

where M is the BH mass, Q is the electric charge of the
BH, and l modifies the gravitational potential due to the
KR field’s vacuum expectation value. This solution reduces
to the Reissner–Nordström metric when l = 0 and to the
Schwarzschild metric when both l = 0 and Q = 0.

2.2 Janis–Newman algorithm

Now, we use to the Janis–Newman method, to initiate
the algorithm, transforming the spacetime metric given in
Eq. (25) from Boyer–Lindquist coordinates (t, r, θ, φ) to
Eddington–Finkelstein coordinates (u, r, θ, φ) through the
following coordinate change [54,55]:

du = dt − dr

f (r)
. (27)

Applying this transformation leads to the spacetime metric
taking the following form [56]:

ds2 = − f du2 − 2

√
f

g
dudr + h(dθ2 + sin2 θdφ2). (28)

The contravariant components of the metric tensor in
advanced null Eddington–Finkelstein coordinates can be rep-
resented in terms of the null tetrad as follows [57,58]:

gμν = −lμnν − lνnμ + mμm̄ν + mνm̄μ, (29)

with

lμ = δμ
r = (0, 1, 0, 0), (30)

nμ =
√

g

f
δμ
u − f (r)

2
δμ
r =

(
1,− f (r)

2
, 0, 0

)
, (31)

mμ = 1√
2r2

δ
μ
θ + i√

2r2 sin θ
δ
μ
φ (32)

=
(

0, 0,
1

r
√

2
,

i

r
√

2 sin θ

)
, (33)

m̄μ = 1√
2r2

δ
μ
θ − i√

2r2 sin θ
δ
μ
φ (34)

=
(

0, 0,
1

r
√

2
,− i

r
√

2 sin θ

)
. (35)

Vectors l and n are real, m is a complex vector, m̄ is the
complex conjugate of the vector m.

These vectors satisfy orthogonality
lμmμ = lμm̄μ = nμmμ = nμm̄μ = 0,
isotropy lμlμ = nμnμ = mμmμ = m̄μm̄μ = 0,
and normalization lμnμ = 1, mμm̄μ = −1 conditions.
The complex coordinate transformation used in the Janis-
Newman algorithm is given by:

x ′μ = xμ − ia(δ
μ
t − δμ

r ) cos θ, (36)

which leads to the following transformations for the coordi-
nates:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u′ = u − ia cos θ,

r ′ = r + ia cos θ,

θ ′ = θ,

φ′ = φ.

(37)

It is assumed that, following these transformations, the met-
ric functions are modified accordingly: f (r) → F(r, a, θ),
g(r) → G(r, a, θ), and h(r) → �(r, a, θ). When a = 0,

123



 1201 Page 6 of 19 Eur. Phys. J. C          (2025) 85:1201 

these new functions revert to their original forms. Addition-
ally, the null tetrads also acquire a new form:

lμ = δμ
r , (38)

nμ =
√
G

F
δμ
u − 1

2
Fδμ

r , (39)

mμ = 1√
2�

[
δ
μ
θ + ia sin θ

(
δμ
u − δμ

r

) + i

sin θ
δ
μ
φ

]
, (40)

m̄μ = 1√
2�

[
δ
μ
θ − ia sin θ

(
δμ
u − δμ

r

) − i

sin θ
δ
μ
φ

]
. (41)

By applying the specified null-tetrad values, the metric
of the rotating BH in the Eddington–Finkelstein coordinate
system can be constructed

ds2 = Fdu2 + 2dudr + 2a sin2 θ [(1 − F)dudφ − drdφ]
− �dθ2 − sin2 θ(a2 sin2 θ(1 − F) + �)dφ2.

(42)

This setup represents a rotating BH when transformed into
the Boyer–Lindquist coordinate system, a process accom-
plished through the application of a global coordinate trans-
formation

du = dt + G(r)dr, dφ = dφ′ + F(r)dr (43)

with

G(r) = − r2 + a2

f (r)r2 + a2 , F(r) = − a

f (r)r2 + a2 . (44)

Lastly, we have

� = a2 − 2Mr + r2

1 − l
+ Q2

(1 − l)2 , (45)

� = r2 + a2 cos2 θ. (46)

After transitioning to Boyer–Lindquist coordinates, the
resulting metric matches Eq. (25), confirming the rotating
charged KR BH spacetime[59]:

ds2 = −
(

� − a2 sin2 θ

�

)
dt2 + �

�
dr2 + �dθ2

+ sin2 θ

�

[
(r2 + a2)2 − �a2 sin2 θ

]
dφ2

−2a sin2 θ

(
r2 + a2 − �

�

)
dtdφ, (47)

where

� = a2 − 2Mr + r2

1 − l
+ Q2

(1 − l)2 (48)

� = r2 + a2 cos2 θ. (49)

This derivation validates the metric used in our analysis,
demonstrating how the KR field parameter l, charge Q, and

rotation a emerge naturally from the underlying action. The
presence of l introduces a deviation from classical general
relativity, enhancing the gravitational and electromagnetic
effects, which we explore further in subsequent sections on
particle dynamics and collisions. Specifically, in the context
of the charged KR BH, the analysis of the shadow radius of
Sagittarius A* by the Event Horizon Telescope (EHT) Col-
laboration constrains l to the interval −4.59 × 10−3 ≤ l ≤
1.24 × 10−1 [60]. Additionally, further studies of time-like
and light-like geodesics, including the precession of the S2
star and geodesic precession around the Earth, refine this
constraint to −0.185022 ≤ l ≤ 0.0609. These bounds indi-
cate that l is typically small and positive or slightly nega-
tive, ensuring that 1 − l remains positive in the metric and
field expressions. The plots in the document (e.g., Figures for
event horizon and ergosphere) use l values up to 0.4, which
exceed the observational constraint of 0.0609. This discrep-
ancy suggests that the plotted values may be exploratory or
illustrative rather than strictly physically allowed based on
current data. To address this, we acknowledge that l = 0.4
lies outside the EHT-derived bound and could imply a hypo-
thetical scenario where the KR field’s influence is signif-
icantly stronger than observed. Such values are useful for
studying the qualitative behavior of the system, but should
be interpreted with caution. The consequences of l approach-
ing 1 include a potential breakdown of the solution, where
the horizon structure and electromagnetic fields become ill-
defined, potentially leading to a naked singularity or unphys-
ical behavior. This limit warrants further theoretical investi-
gation to establish the maximum allowable l beyond which
the KR BH solution becomes non-viable.

3 Event horizon and ergosphere in KR gravity

The event horizon and ergosphere are critical features of a
rotating BH, defining the boundaries of causal influence and
frame-dragging effects. In the context of a charged rotating
BH in KR gravity, these regions are modified by the BH’s
mass M , charge Q, spin parameter a, and the KR parameter
l. Here, we analyze their properties based on the spacetime
metric presented in Sect. 2, focusing on their dependence
on Q, a, and l, and their implications for the dynamics of
charged particles.

3.1 Event horizon

The event horizon is the surface where the radial metric com-
ponent diverges grr = 0, corresponding to the roots of the
function � = 0. Solving � = 0 yields the event horizon
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radii:

r± = M ±
√
M2 − a2(1 − l) − Q2

1 − l
, (50)

Where r+ is the outer event horizon (the boundary of the
BH), and r− is the inner (Cauchy) horizon. The KR parame-
ter l modifies the effective gravitational and electromagnetic

contributions, with the terms r2

1−l and Q2

(1−l)2 amplifying the
radial dependence compared to the standard Kerr–Newman
case.

In Fig. 1, the graphical illustration of the outer event
horizon radius r+ for a charged rotating BH in KR grav-
ity, as a function of the BH charge Q, spin parameter a, and
Lorentz-violating KR parameter l. The left panel shows the
variation of r+ concerning Q/M for fixed a/M = 0.3 and
varying l ∈ [−0.4, 0.4], demonstrating that increasing Q
reduces r+, with a positive l further shrinking the horizon.
The middle panel illustrates r+ as a function of a/M for
fixed Q/M = 0.5, showing that higher spin decreases r+,
with the effect amplified by positive l. The right panel depicts
r+ versus l for fixed Q/M = 0.5 and a/M = 0.3, highlight-
ing that r+ decreases as l increases, reflecting the KR field’s
enhancement of electromagnetic and gravitational effects.
For example, at Q/M = 0.5, a/M = 0.3, and l = 0.03,
r+ ≈ 1.6M , compared to r+ ≈ 1.95M in the Kerr case.

3.2 Ergosphere

The ergosphere is the region where the spacetime metric
component gtt changes sign, indicating that observers can-
not remain stationary due to frame dragging. The boundary
of the ergosphere, known as the ergosurface, is determined
by gtt = 0. Solving for r , the ergosurface radius is:

rergo = M ±
√
M2 − a2

1 − l
(1 − l cos2 θ) − Q2

(1 − l)2 . (51)

The ergosphere extends from the outer event horizon r+ to the
outer ergosurface, with its shape depending on the polar angle
θ . The KR parameter l influences the ergosphere’s extent

through the terms Q2

(1−l)2 and a2

1−l . A positive l reduces the
ergosurface radius, compressing the ergosphere, while the
charge Q further shrinks it due to the enhanced electromag-
netic contribution.

In Fig. 2, a graphical illustration of the ergosphere radius
rergo in the equatorial plane (θ = π/2) for a charged rotating
BH in KR gravity, as a function of the BH charge Q and KR
parameter l. The left panel shows the dependence of rergo

on Q/M for fixed a/M = 0.3 and varying l ∈ [−0.4, 0.4],
indicating that increasing Q compresses the ergosphere, with
positive l enhancing this effect due to the amplified electro-

magnetic term Q2/(1 − l)2. The right panel depicts rergo

as a function of l for fixed Q/M = 0.5 and a/M = 0.3,
demonstrating that a positive l reduces rergo, shrinking the
ergosphere. For instance, at Q/M = 0.5, a/M = 0.3, and
l = 0.03, rergo ≈ 2.1M , compared to rergo ≈ 2.4M in the
Kerr case. These shifts influence frame-dragging effects and
the dynamics of test particles.

4 Electromagnetic field around rotating charged BH in
KR gravity

The electromagnetic field surrounding a charged rotating
BH in KR gravity emerges from the electric charge Q and
the KR field parameter l, which collectively modify the
spacetime geometry alongside the rotation parameter a. This
section elucidates the configuration of the electromagnetic
field through its vector potential Aμ, analyzing its properties
using the Giampieri and tetrad formulations of the JN algo-
rithm [61]. These approaches, inspired by Erbin’s extensions
of the JN method to gauge fields [62], are adapted to the KR
framework, providing a robust framework for deriving the
characteristics of the field.

In the JN tetrad formalism, the vector potential is com-
puted in its contravariant form. Using the null tetrad basis
lμ = δ

μ
r , nμ,mμ, and m̄μ, the initial potential Aμ = Q

(1−l)r δ
u
μ

is expressed as:

Aμ = − Q

(1 − l)r
lμ. (52)

Upon applying the complex transformation and the rule
r−1 → r

�
, the transformed potential is:

A′μ = − Q

(1 − l)

r

�
δμ
r . (53)

In Boyer–Lindquist coordinates, the non-zero components
of the vector potential for the charged rotating KR BH are
expressed as:

At = − Q

(1 − l)

r

�
, (54)

Aφ = Q

(1 − l)

r

�
a sin2 θ, (55)

where� = r2+a2 cos2 θ . The factor (1−l)−1 arises from the
coupling between the KR field and the electromagnetic sec-
tor, amplifying the potential compared to the Kerr–Newman
case (l = 0) [63]. Here, At captures the electrostatic contri-
bution, while Aφ reflects the frame-dragging effect induced
by rotation, scaled by a.

The field tensor Fμν = ∂μAν − ∂ν Aμ yields key com-

ponents, such as Ftr = − Q
(1−l)

r2−a2 cos2 θ
�2 , which asymptot-
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Fig. 1 Graphical illustration of the event horizon radius of a charged rotating BH in KR gravity for different parameter values Q, l, and a.

Fig. 2 Graphical illustration of the ergosphere radius of a charged rotating BH in KR gravity for different values of the parameter Q and l

ically approaches Q
(1−l)r2 at large r , resembling a Coulomb

field modified by l.
Tetrad methods offer an efficient means to calculate the

electromagnetic field around a charged rotating KR BH,
which is crucial for understanding charged particle dynam-
ics and energy extraction processes. This approach lever-
ages Erbin’s advancements in extending the JN algorithm
to gauge fields, thereby enriching the phenomenology of
KR gravity. Subsequently, we leverage the Maxwell formal-
ism in curved spacetime to calculate the electromagnetic
field components surrounding the charged rotating BH in
KR gravity. This approach allows us to systematically derive
the electric and magnetic field vectors Eα and Bα . Specif-
ically, these components are obtained from the electromag-
netic field tensor Fαβ , which encapsulates the electromag-
netic properties of spacetime and is evaluated relative to the
four-velocity of ZAMO uα . The ZAMO four-velocity in the
equatorial plane (θ = π/2) is uα = (ut , 0, 0, uφ), where

ut =
√
gφφ/(g2

tφ − gtt gφφ) and uφ = − gtφ
gφφ

ut . The electric

field is defined as

Eα = Fαβu
β. (56)

The electric field in the radial direction, where grr is the
inverse radial metric component, and the terms Frtut and
Frφuφ are taken into account to calculate radial and angular
components of the field. Similarly, the electric field in the r
and θ -direction is given by:

Er̂ =
√

(grr )3
(
Frtu

t + Frφu
φ
)

(57)

E θ̂ =
√

(gθθ )3
(
Fθφu

φ − Ftθu
t) (58)

representing the projection of the field tensor onto the
observer’s timelike direction, while the magnetic field is
given by

Bα = 1

2
ηαβσμFβσuμ , (59)

where the symbol ηαβσγ is the pseudo-tensorial represen-
tation of the Levi-Civita symbol, denoted by εαβσγ , and is
characterized by the following form:

ηαβσγ = √−gεαβσγ , ηαβσγ = − 1√−g
εαβσγ . (60)
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Fig. 3 Radial dependence of the magnetic field components Bα̂ around a charged rotating BH in KR gravity. Top row (left to right): B θ̂ for
θ = π/2. Bottom row (left to right): Br̂ for θ = π/3

with g = det |gμν |. The magnetic field’s components in an
orthonormal coordinate system can be represented by utiliz-
ing the electromagnetic field tensor in the following form:

Bî = 1

2
εi jk

√
g j j gkk F

jk = 1

2
εi jk

√
g j j gkk Fjk . (61)

This expression describes the magnetic field along the
radial direction in the orthonormal frame. Here, ut is the
time component of the four-velocity. The orthonormal com-
ponents are crucial for understanding how the magnetic field
behaves near the BH. The angular component of the magnetic
field is similarly defined:

Br̂ =
√

−grr
g

Fθφut , B θ̂ = −
√

−gθθ

g
Frφut . (62)

The electromagnetic field in the presence of the charge
of the BH Q, the rotation parameter a, and the KR field
parameter l provides a comprehensive framework to explore
their influence on the dynamics and the energy processes
of charged particles. Now, by applying these expressions,
we can quantify the field’s behavior across different radial
distances and assess its deviations from classical scenarios,
such as the Kerr–Newman solution, thereby enriching our
understanding of the KR gravity phenomenology.

The dependence of the components of the electric and
magnetic fields on the radial coordinate is graphically illus-
trated in Figs. 3 and 4 for different values of the parameters
Q, l, and a. In the left panel of Fig. 3, the magnetic field com-

ponents Br̂ and B θ̂ are shown for different values of the KR
parameter. It can be inferred from the figure that as the KR
parameter increases, the values of the magnetic field compo-
nents decrease. In the middle panel of Fig. 3, the magnetic

field components Br̂ and B θ̂ are depicted for different val-
ues of the BH’s charge. Here, too, as the charge increases,
the values of the magnetic field components decrease. In the
right panel of Fig. 3, the magnetic field components Br̂ and

B θ̂ are depicted for different values of the BH’s spin param-
eter. It can also be inferred here that as the spin increases, the
values of the magnetic field components decrease.

In the left panel of Fig. 4, the electric field components Er̂

and E θ̂ are depicted for different values of the KR parame-
ter. It can be inferred from the figure that as the KR parame-
ter increases, the values of the electric field components Er̂

increase, while E θ̂ decreases. In the middle panel of Fig.

4, the electric field components Er̂ and E θ̂ are depicted
for different values of the BH’s charge. Here, too, as the
charge increases, the values of the electric field components
increase. In the right panel of Fig. 4, the electric field com-

ponents Er̂ and E θ̂ are depicted for different values of the
BH’s spin parameter. Here, it can be inferred that as the
spin increases, the values of the electric field components

Er̂ decrease and E θ̂ increase.
Figure 5 presents the electric and magnetic field lines

depicted within the Cartesian coordinate system. In the left
panel of Fig. 5, the electric field is depicted using blue and

black lines. The blue arrows, representing Er̂ and E θ̂ , are
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Fig. 4 Radial dependence of the electric field components E α̂ around a charged rotating BH in KR gravity. Bottom row (left to right): E θ̂ for
θ = π/3. Top row (left to right): Er̂ for θ = π/2

Fig. 5 Structure of the electric (left panel) and magnetic (right panel) fields around a charged rotating BH in KR gravity. We have set Q/M = 0.5,
M = 1, rh = 1.75M l = 0.03 and a = 0.3.
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stremplots of the electric field. The black lines represent the
At component of the electromagnetic field, which also con-
tributes to generating the electric field. In the right panel, the
magnetic field is illustrated using blue and black lines. The

blue arrows, depicting Br̂ and B θ̂ , are also streamplots of the
magnetic field. The black lines represent the Aφ component,
which also contributes to the production of the magnetic field.

5 Charged particle motion

In this section, we investigate the motion of charged particles
in the spacetime of a charged rotating BH in KR gravity,
under the influence of the electromagnetic field derived in
Sect. 4. The gravitational and electromagnetic fields govern
the dynamics of charged particles, the rotation of the BH, and
the electromagnetic forces arising from its charge Q and the
KR parameter l. We use the Hamilton-Jacobi formalism to
analyze this, which provides a robust framework for studying
particle trajectories in curved spacetime.

The specific electric charge parameter q quantifies the
interaction between a charged test particle and an external
electromagnetic field, significantly influencing its motion in
magnetized astrophysical BHs. It is defined as q = e/m
where e is the charge of the test particle and m is the mass of
the particle.

The Hamilton–Jacobi equation for a charged test parti-
cle with mass m and electric charge e in the presence of an
electromagnetic field is given by [64,65]:

gαβ

(
∂S

∂xα
+ eAα

)(
∂S

∂xβ
+ eAβ

)
= −m2, (63)

where S is the action. Due to the stationarity and axisymmetry
of the spacetime, characterized by the timelike Killing vector
ξα
(t) = (1, 0, 0, 0) and the azimuthal Killing vector ξα

(φ) =
(0, 0, 0, 1), the action can be separated as [66–68]:

S = −E t + Lφ + S(r, θ), (64)

where E andL are the conserved energy and angular momen-
tum of the particle, respectively, which are normalized to the
particle’s rest energy mc2, and S(r, θ) depends on the radial
and polar coordinates.

Substituting these into the Hamilton–Jacobi equation and
solving for the equations of motion, we obtain:

dt

dτ
= (E + q At )r2

� − a2 , (65)

(
dr

dτ

)2
= �

r2

[
− 1 + (E + q At )2r2

� − a2

−
(
r2 + a2

(
1 + a2 − �

r2

)) (
(L − q Aφ)r2

(r2 + a2)2 − a2�

)2

+2a

(
1 + a2 − �

r2

)
(E + q At )(L − q Aφ)r4

(� − a2)[(r2 + a2)2 − a2�]
]
, (66)

dφ

dτ
= (L − q Aφ)r2

(r2 + a2)2 − a2�
, (67)

where τ is the proper time.
To study the radial motion, we define an effective potential

Veff such that:

(
dr

dτ

)2

+ Veff = E . (68)

We can write the variables in a separate form in the Hamilton–
Jacobi equation. The radial motion of the particle can then
be defined by

grr ṙ
2 = αE2 + δE + γ

= [E − V+
eff(r)

] [E − V−
eff(r)

]
(69)

and Veff(r) for the circular motion (ṙ = 0) of charged mag-
netized particles has the form

V±
eff = −δ ± √

δ2 − 4αγ

2α
, (70)

where α = gtt with δ = −2q At gtt − gtφ
(
q Aφ + L)

,

γ = 1 + gφφ(q Aφ + L)2 + q Aφg
tφ(q At + L) + q2A2

t g
tt .

Moving forward, we will concentrate on test particles pos-
sessing positive energy, thereby focusing on the effective
potential Veff = V+.

Figure 6 illustrates the radial dependence of the effec-
tive potential, which shows how the parameters a, Q, and l
influence potential barriers and stable orbits. Upper panel of
Fig. 6 illustrates the radial dependence of the effective poten-
tial for the radial motion of test particles for different values
of the spin parameter a in the case of l = 0.03, Q/M = 0.5,
and a constant specific angular momentum L = 4.3M with
q = 0.1. From the graph, it can be concluded that as the spin
parameter a increases, the effective potential value increases.
In the lower panel of Fig. 6 depicts the radial dependence of
the effective potential for different values of the specific elec-
tric charge parameter q in the case of l = 0.03, Q/M = 0.5,
and L = 4.3M , with a fixed spin parameter a = 0.3. The
graph shows that the effective potential also increases as the
specific electric charge parameter q decreases.
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Fig. 6 Radial dependence of the effective potential Veff for a charged
particle in the spacetime of a rotating KR BH. Top: Veff for l = 0.03
with q = 0.1 and Q/M = 0.5. Bottom: Veff for l = 0.03 and a = 0.3

5.1 Stable circular orbits

Subsequently, we examine the circular orbits of test particles
around a rotating charged BH in gravity with a background
KR field based on the conditions provided below. For circular
orbits, we impose the conditions [69]

E = Veff ,
dVeff

dr
= 0. (71)

Solving these numerically (owing to the complexity of
analytical expressions), we determine the energy Ec and the
angular momentumLc for charged particles in circular orbits.
These are functions of r , a, Q, l, and q, with distinct solutions
depending on the sign of the charge relative to the magnetic
field orientation.

Figure 7 displays the radial dependence of Ec and Lc,
highlighting that higher values of Q and l increase the angu-

lar momentum required to maintain circular orbits, while
the radius of the ISCO decreases with increasing q, align-
ing with the trends observed in [40,70]. Figure 7 illustrates
the radial distribution of the specific energy (E) and spe-
cific angular momentum (L) for the circular orbits of test
particles. The upper left panel of Fig. 7 shows the effect
of the spin parameter a on the specific energy, considering
Q/M = 0.5, l = 0.03, and q = 0.1. The graph indicates
that as the spin parameter a increases, the specific energy E
also decreases. The upper right panel of Fig. 7 illustrates the
influence of the specific electric charge parameter q on E ,
assuming Q/M = 0.5, l = 0.03, and a = 0.3. The graph
shows that positive values of q increase the specific energy,
while negative values decrease it. The lower left panel of
Fig. 7 depicts the effect of the spin parameter a on angular
momentum L. The graph suggests that as the spin parameter
a increases, the angular momentum L also decreases. The
lower right panel of Fig. 7 illustrates the effect of the specific
electric charge parameter q, showing that an increase in q
leads to a rise in angular momentum L.

5.2 Innermost stable circular orbits

The ISCO is the smallest radius at which a charged test par-
ticle can maintain a stable circular trajectory around a BH
before collapsing into the event horizon due to gravitational
instability. In the context of a charged rotating BH in KR grav-
ity, the ISCO is influenced by the BH’s rotation parameter
a, charge Q, the KR field parameter l, and the specific elec-
tric charge parameter q. This subsection analyzes the ISCO’s
dependence on these parameters, building on the formalism
established in Sect. 5 for charged particle motion.

To determine the ISCO, we use the conditions for sta-
ble circular orbits derived from the effective potential Veff

(Eq. 68). Specifically, a circular orbit requires E = Veff and
dVeff
dr = 0, while stability demands that the second derivative

satisfies d2Veff
dr2 = 0 at the ISCO radius rISCO. The complexity

of the metric and electromagnetic field in KR gravity pre-
cludes a simple analytical solution, so we solve these condi-
tions numerically, parameterizing the specific energy EISCO

and angular momentum LISCO as functions of rISCO, a, Q, l,
and q.

Figure 8 illustrates the dependence of the ISCO param-
eters on the BH rotation a and the specific electric charge
q, with fixed values Q/M = 0.5 and l = 0.03. The top
row shows the ISCO radius rISCO as a function of a (left)
and q (right). As the rotation parameter a increases, rISCO

decreases, consistent with trends observed in Kerr-like space-
times. Similarly, increasing q, indicating stronger electro-
magnetic interaction, reduces rISCO, as the Lorentz force
enhances the particle’s ability to resist gravitational collapse,
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Fig. 7 Energy and angular momentum of charged particles in circular orbits around a rotating KR BH. Top row (left to right): Energy Ec for
q = 0.1, Ec for a = 0.3. Bottom row (left to right): Angular momentum Lc for q = 0.1, Lc for a = 0.3. The parameters are Q/M = 0.5 and
l = 0.03

aligning with findings for charged particles in magnetized BH
environments.

The middle row of Fig. 8 depicts the specific angular
momentum LISCO versus a (left) and q (right). Higher a val-
ues increase LISCO, as faster rotation demands greater angu-
lar momentum to counterbalance the frame-dragging effect.
Likewise, increasing q elevates LISCO, particularly for posi-
tive values, due to the additive contribution of the electromag-
netic force to the particle’s orbital dynamics. For negative q
(opposite charge orientation), LISCO may decrease, reflect-
ing a repulsive interaction that reduces the required angular
momentum.

The bottom row shows the specific energy EISCO as a func-
tion of a (left) and q (right). An increase in a raises EISCO.
The specific electric charge q also reduces EISCO values. The
KR parameter l introduces a unique modification compared
to Kerr–Newman BHs (l = 0). As l increases, the lapse func-
tion � shifts, typically reducing rISCO and increasing both
LISCO and EISCO due to the amplified gravitational and elec-
tromagnetic effects. This behavior underscores the KR field’s
role in enhancing the BH’s influence on orbiting particles, a

distinction from standard general relativity solutions. These
results highlight the interplay of rotation, charge, and the KR
field in shaping the ISCO, offering insights into the stability
of accretion disks and particle dynamics near astrophysical
BHs. The trends align with prior studies on modified grav-
ity BHs, yet including l and q provides a novel perspective,
potentially observable through astrophysical signatures like
X-ray emissions from the accretion disk.

6 Collision of charged particles near a rotating charged
BH in KR gravity

In this section, we explore the dynamics of charged par-
ticle collisions near the event horizon of a charged rotating
BH in KR gravity. Such collisions are particularly interesting
because they can lead to ultra-high-energy outcomes, poten-
tially observable in astrophysical contexts, where BHs act as
natural particle accelerators [71–73]. The energy released in
these interactions is quantified by the center-of-mass energy
Ecm , which depends on the conserved quantities of the par-
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Fig. 8 Dependence of innermost stable circular orbit (ISCO) parame-
ters on BH rotation a and parameter q for Q/M = 0.5 and l = 0.03.
Top row (left to right): ISCO radius rISCO vs. a, rISCO vs. q. Middle row

(left to right): angular momentum LISCO vs. a, LISCO vs. q. Bottom row
(left to right): energy EISCO vs. a, EISCO vs. q. We have set Q/M = 0.5;
l = 0.03

Fig. 9 The dependence of the critical angular momentum of a magnetized particle moving around a charged BH on the BH’s spin (a), its charge
(Q), and the specific electric charge parameter (q). We have set Q/M = 0.5; l = 0.03
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ticles and the spacetime geometry modified by the KR field.
For two charged particles with masses m1 and m2, charges
q1 and q2, and four-momenta pμ

1 and pμ
2 , the center-of-mass

energy is defined as [74,75]:

E2
cm = (pμ

1 + pμ
2 )(p1μ + p2μ) = m2

1 + m2
2 + 2gμν p

μ
1 pν

2 .

(72)

The four-momentum of a charged particle is given by pμ =
muμ, with uμ = dxμ/dτ derived from the equations of
motion in Sect. 5. Numerical analysis reveals that Ecm grows
unbounded as the collision point approaches rh , particularly
when the angular momentum of a particle is tuned to the criti-
cal value Lcr . This behavior mirrors the Bañados–Silk–West
(BSW) effect, but the presence of Q and l introduces addi-
tional dependencies, as explored in modified gravity frame-
works. The influence of the electromagnetic field is signif-
icant for charged particles, as the Lorentz force modifies
their trajectories and affects the energy extraction process
[76,77]. For oppositely charged particles (q1 = −q2), the
interaction with At can enhance relative velocities, leading
to an increase in Ecm [78]. These results indicate that charged
rotating KR BHs can act as efficient particle accelerators,
potentially influencing high-energy astrophysical phenom-
ena such as gamma-ray bursts [79,80] or the production of
cosmic rays [81].

6.1 Critical angular momentum of colliding charged
particles

The energy extraction efficiency during charged particle col-
lisions near the event horizon of a rotating charged BH in KR
gravity hinges critically on the angular momentum of the par-
ticles involved. Specifically, the critical angular momentum
Lcr represents the threshold value at which the trajectory of
a particle transitions from being captured by the BH to nar-
rowly escaping or orbiting near the horizon, a condition cru-
cial for achieving ultrahigh center-of-mass energies Ecm as
described in the Bañados–Silk–West (BSW). In this subsec-
tion, we derive and analyze Lcr for charged particles under
the influence of the BH’s charge Q, rotation parameter a, and
the KR field parameter l, leveraging the equations of motion
from Sect. 5 and the spacetime geometry from Sect. 2.

For a charged particle with mass m and charge e, the
radial motion is governed by the effective potential Veff, as
derived in Eq. (68) of Sect. 5. The critical angular momen-
tum Lcr corresponds to the value of L at which a particle can
reach the event horizon rh (where � = 0) with zero radial
velocity (ur = 0), poised at the brink of capture. Setting
(dr/dτ)2 = 0 in Equation (30) of Sect. 6 and evaluating at
r = rh yields the critical condition. The two solutions cor-
respond to co-rotating (+) and counter-rotating (−) orbits
relative to the BH’s rotation [82,83]. For particles incoming

from infinity with normalized energy E = 1, the dependence
of Lcr on Q, a, and l highlights the enhanced efficiency of
energy extraction in KR gravity compared to standard Kerr–
Newman spacetimes.

The dependence of Lcr on a, Q, and l is illustrated in
Fig. 9 (top row), where we plot Lcr as a function of rotation
parameter a for varying q parameter values. In the left panel
of Fig. 9, the values of the critical angular momentum are
depicted for different values of the BH’s spin parameter a.
It can be observed from the figure that as the spin parameter
increases, the critical angular momentum also increases. In
the middle panel of Fig. 9, the values of the critical angular
momentum are depicted for different values of the specific
electric charge parameter. It can be observed from the figure
that as the q parameter increases, the critical angular momen-
tum Lcr decreases. In the right panel of Fig. 9, the values of
the critical angular momentum are depicted for different val-
ues of the BH’s charge. It can be inferred from the figure that
as the charge Q increases, the critical angular momentum
Lcr decreases.

6.2 Center of mass energy of charged particles in different
scenarios

In the context of collisions, one particle withL1 ≈ Lcr orbit-
ing near rh collides with another particle incoming from infin-
ity (E2 = 1, L2 < Lcr ). As r → rh , the denominator � in
the four-velocity components approaches zero, causing ut

and uφ to diverge, thereby boosting Ecm . The critical nature
of Lcr ensures maximal relative velocity between the col-
liding particles, a key factor in the BSW effect. Numerical
results (see Fig. 10) confirm that tuning L1 to Lcr maximizes
Ecm , with enhancements driven by larger Q and l, consistent
with the stronger electromagnetic and gravitational effects
in KR gravity. These findings underscore the pivotal role of
Lcr in high-energy collisions, providing a pathway to probe
the extreme physics of charged, rotating Kerr black holes.
Future work could explore backreaction effects or the impact
of charge ratios (q/Q) on Lcr , further refining the astrophys-
ical implications of these accelerators.

Figure 10 illustrates Ecm as a function of r for varying a,
Q and l. In the top left panel of Fig. 10, we can observe the
dependence of the collision energy of two positively charged
particles on the radial coordinate for different values of elec-
tric charge. As the electric charge of the particles increases,
the collision energy also decreases. Similarly, in the top right
panel of Fig. 10, the dependence of the collision energy of a
negatively charged particle with a positively charged particle
on the radial coordinate is shown. Here, too, the collision
energy decreases as the charges increase. On the left side
of the middle panel, we depict the collision energy of two
positively charged particles with the same charge value for
integer values of the BH charge. As the BH charge increases,
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Fig. 10 Radial dependence of the center-of-mass energy Ecm for charged particle collisions near the BH, with parameters a, Q/M , and varying l

the collision energy decreases. On the right side of the mid-
dle panel, we illustrate the collision energy of two negatively
charged particles for integer values of the second particle’s
charge, while keeping the charge of the first particle constant.
As the charge of the second particle increases, the collision
energy increases. On the left side of the bottom panel, we
depict the collision energy values for two particles with the

same charge for different values of the KR field parameter l.
The KR parameter l increases, and the collision energy Ecm
decreases. It can also be observed from the right side of the
bottom panel that as the BH rotation parameter a increases,
the collision energy Ecm decreases.
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7 Conclusion

In this study, we have conducted a comprehensive analy-
sis of the dynamics of charged particles in the vicinity of
a charged rotating BH within the framework of KR grav-
ity. By deriving the spacetime geometry and electromag-
netic field configuration, we have elucidated the combined
effects of the BH’s mass M , charge Q, rotation parameter
a, and the KR field parameter l. The incorporation of the
KR field, a rank-2 antisymmetric tensor field rooted in string
theory, introduces significant modifications to the gravita-
tional and electromagnetic interactions compared to the stan-
dard Kerr–Newman solution in general relativity. Our results
underscore the profound impact of these modifications on
the event horizon, ergosphere, electromagnetic field struc-
ture, circular orbits, and high-energy particle collisions, pro-
viding new insights into the physics of extreme gravitational
environments. The spacetime metric, derived using the Janis–
Newman algorithm adapted to the KR framework, reveals
that the KR parameter l amplifies the gravitational and elec-
tromagnetic effects, reducing the event horizon radius and
compressing the ergosphere. This alteration allows charged
particles to orbit closer to the BH, impacting the ISCOs.
Through the Hamilton–Jacobi formalism, we analyzed the
effective potential. We determined the energy and angular
momentum of charged particles in circular orbits, demon-
strating that both Q and l enhance the angular momentum
required for stable orbits while reducing the ISCO radius.
These findings have direct implications for the dynamics
of accretion disks, potentially influencing observable sig-
natures such as X-ray emissions from astrophysical BHs.
The electromagnetic field, computed using Giampieri and
tetrad formulations, exhibits a modified vector potential due
to the KR field, with the factor (1 − l)−1 amplifying the
field strength. The electric and magnetic field components,
derived in the ZAMO frame, show a clear dependence on Q,
a, and l, with positive l values reducing field magnitudes,
as illustrated in Figs. 3 and 4. This modified field struc-
ture has a significant impact on the motion of charged parti-
cles, as the Lorentz force introduces additional complexities
compared to uncharged scenarios. A key focus of this work
was the investigation of high-energy particle collisions near
the event horizon, where the center-of-mass energy Ecm can
become unbounded, particularly when one particle’s angular
momentum approaches the critical value Lcr . Our numerical
analysis (Fig. 10) confirms that the BSW effect is enhanced
by the BH’s charge and the KR parameter, making charged
rotating KR BHs efficient natural particle accelerators. The
dependence of Ecm on Q, a, and l, as well as the specific
electric charge q, underscores the potential for these systems
to produce high-energy astrophysical phenomena, such as
gamma-ray bursts or ultra-high-energy cosmic rays, which
could be detectable by observatories like Fermi-LAT [84]

or the Cherenkov Telescope Array [85]. Looking ahead, sev-
eral avenues for future research emerge from this study. First,
the impact of the KR parameter l on gravitational wave sig-
natures from BH mergers warrants further exploration, as
deviations from general relativity could be probed using data
from LIGO-Virgo [86] or future detectors like LISA [87].
Second, the backreaction effects of charged particle motion
on the spacetime geometry could provide deeper insights
into the stability of orbits and the validity of the test particle
approximation. Third, observational constraints on l could
be established by analyzing X-ray emission profiles from
accretion disks around astrophysical BHs, leveraging data
from telescopes like Chandra [88], XMM-Newton [89], or
the upcoming Athena mission [90]. Additionally, investigat-
ing the polarization properties of electromagnetic radiation or
the effects of KR gravity on BH shadows, as observed by the
Event Horizon Telescope, could offer empirical tests of the
theory. A critical question for future work is how the KR field
influences the thermodynamics of BHs, particularly in the
context of Hawking radiation or entropy modifications due
to the antisymmetric tensor field. In other words, the results
of the study underscore the rich phenomenology of charged
rotating BHs in KR gravity, revealing their potential as lab-
oratories for probing fundamental physics. The interplay of
gravitational, electromagnetic, and KR field effects not only
enriches our theoretical understanding but also opens new
pathways for connecting theoretical predictions with astro-
physical observations. By refining our understanding of these
systems and their observable signatures, we can better con-
strain modified gravity theories and explore the interface
between string-inspired models and real-world astrophysi-
cal phenomena.
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