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Abstract: In this article, we try to determine the conditions when a ghost field, in conjunction with
a barotropic fluid, produces a stable accelerating expansion phase of the universe. It is seen that,
in many cases, the ghost field produces a condensate and drives the fluid energy density to zero in
the final accelerating phase, but there can be other possibilities. We have shown that a pure kinetic
k-essence field (which is not a ghost field) interacting with a fluid can also form an interaction-induced
condensate and produce a stable accelerating phase of the universe. In the latter case, the fluid energy
density does not vanish in the stable phase.
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1. Introduction

Our present universe is going through an epoch of accelerated expansion. During
the last fifteen years, several observational evidences established this fact. Estimation
of luminosity distance and redshift of type Ia supernovas [1-3] are the key ingredients
among the several observational ventures. Cosmic microwave background radiation [4],
baryon acoustic oscillations [5,6] and the Hubble constant [7] also play significant roles
in the accelerated expansion phase. The literature related to the accelerated expansion of
the universe [1-3] suggests that dark energy is solely responsible for this late-time cosmic
acceleration. The large negative pressure of dark energy prevents gravitational collapse
and produces late-time cosmic acceleration.

Despite countless theoretical approaches, the physical theory of dark energy is still
not established. The earliest theory to probe the nature of dark energy is the ACDM model,
which consists of both cosmological constant A and cold dark matter. This model was
favored by the particle physics community. Unfortunately, the ACDM model suffers from
two drawbacks. The first difficulty of this model is related to the cosmological constant
problem [8], and the other one is the cosmic coincidence problem [9]. These two basic
problems motivate us to study alternative dark energy models. One such model is the
field-theoretic dark energy model, in which the scalar field plays a major role in producing
negative pressure resulting in late-time cosmic acceleration. Based on the form of the
Lagrangian, mainly two kinds of scalar field models exist so far: one is the ‘quintessence’
model [9-20] and the other is the ‘k-essence” model [21-29]. Despite the presence of scalar
field models, other kinds of dark energy models are also present in cosmology, such as
the f(R) theory of gravity [30,31], scalar-tensor theoretical models [32] and brane-world
models [33]. In this present work, we will only concentrate on some aspects of the k-essence
scalar field dark energy model. One must note that non-canonical scalar fields (a k-essence
type of scalar fields) are not only used to study the nature of dark energy, but they are
also regularly used to characterize inflation [21,22], dark matter [29] and unified dark
sector models [27]. Out of the several theoretical ventures to study the k-essence sector,
one fascinating method is investigating the interacting field—fluid framework. Several
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interlinking field—fluid scenarios have already been investigated in the literature [34-39]. In
most of the cases, the field part is composed of a quintessence scalar field. In some literature,
k-essence [40] has taken the lead role in driving the cosmological dynamics. Algebraic [35]
and derivative [36] types of coupling have been used to study this interlinked dark sector.
Dynamic stability analysis plays an important role in the study of dark energy. Various
applications of dynamical systems are applied in studying the evolution of various field—
fluid scenarios. We have extracted the essence of the dynamic stability technique from
various literature [36,41-49] and implemented it in our study of the dark sector.

Constant potential k-sector defines purely kinetic k-essence models. Purely kinetic
k-essence models can unify both dark energy and dark matter [27] sectors. In various
dark sector models involving a scalar field and a fluid, it is assumed that the constituents
interact gravitationally. Apart from gravity, there may exist some other phenomenological
types of interaction that connect these two sectors. In [40,50], non-minimal interaction
between the field and the fluid sectors, where k-essence potential plays a vital role, has
been discussed thoroughly. Some recent works show that the equation of the state of the
field—fluid sector of the universe can cross the phantom barrier [51-53]. Other recent works
discuss the issue of Hubble tension. One of the possible ways to address these issues is
related to the introduction of the non-minimal interaction between field and fluid systems
studied in [54-56]. In this paper, we will investigate the field-fluid interaction between a
purely kinetic k-essence field sector and the relativistic fluid sector. This study is important,
as the behavior of the purely kinetic k-essence sector is very different from the standard
k-essence sector, where the field potential plays an important role. The purely kinetic
k-essence sector includes the ghost field sector in cosmology. Ghost field cosmology was
elegantly introduced in [57]. All ghost fields are certain forms of purely kinetic k-essence
fields, but all kinetic k-essence fields may not be ghost fields. In this paper, we discuss the
role of ghost fields in cosmology where they are accompanied by a barotropic fluid.

In this article, we have presented the conditions required for producing a stable
accelerated phase of expansion of the universe in the presence of a ghost field and a
barotropic fluid. Most of the time, it is seen that the ghost field forms a ghost condensate
in the far future when the fluid energy density becomes vanishingly small. This happens
in interactions that vanish when the fluid energy density vanishes. We have also shown a
case where the stable accelerating expansion phase is not produced by a ghost condensate.
In such a case, due to a novel effect induced by field—fluid coupling, a pure kinetic k-
essence field (which is not a ghost field) forms a condensate and stabilizes the accelerating
expansion phase. In the last case, the fluid density in the stable phase does not vanish but
remains subdominant. In this article, we show that a ghost field is not always needed to
produce a stable accelerating expansion of the universe.

The material presented in the article is organized as follows. In Section 2, we will
discuss purely kinetic k-essence theory in a detailed manner and present the connection
between kinetic k-essence fields and ghost fields. In Section 3, we present the main formal
results relating to the interaction between a ghost field and a barotropic fluid. In Section 4,
we will introduce a perfect fluid where the fluid and the scalar field do not exchange
energy-momentum between them. In Section 5, we will introduce non-minimal coupling
and study the field—fluid theory. Finally, we will conclude in Section 6.

2. Purely Kinetic k-Essence Fields and the Ghost Connection

The basic idea of k-essence theory was first introduced by Armendariz-Picon et al. [21,23]
to explain the inflationary scenario of the early universe; later, this theory was applied to
study the late-time phase of cosmic evolution. The k-essence theory is specified by a scalar
field potential', V(¢), and a non-canonical function of the kinetic term X = — %www.
The action of a pure k-essence field, minimally coupled to gravity, is given as:

Sc = [ x| Vgge - VosL@ X)) 0
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Here, x2 = 87G. The first term in the square bracket characterizes the Einstein—Hilbert
action, and the second term represents the k-essence Lagrangian. We consider a homo-
geneous and isotropic background given by the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric, whose line element is given through:

ds*> = —dt* +a(t)*dx®, (2)

where 4 is the scale factor in the FLRW metric. Variation of the action with respect to g'"
produces the energy-momentum tensor:

Ty =— ffg (S‘gj . ()
Hence, the energy-momentum tensor of the k-essence scalar field is
Tl = —£,x (39) (209) — gy £ @
The energy density and pressure of the k-essence field are,
pp=L—2XLx and Py=-L. ®)

The pressure of the k-essence field configuration can be shown as Py = V(¢)F(X). In such
a case, the energy density will become

g = V($)[2XEx — Fl, (6)

where Fx = dF/dX. We assume that P, = 0 at X = 0. This implies that F(0) = 0. We
expect that oy = 0 when X = 0. For this condition to prevail, we require that, at X = 0, one
must have [XF x|x—o = 0. Throughout our work we assume py > 0.

Unlike the canonical scalar field, the k-essence scalar field has a negative mass dimen-
sion. This makes the kinetic term X dimensionless. The mass dimension of the k-essence
Lagrangian (density), £ = —V(¢)F(X), solely comes from the potential term V(¢). The
energy momentum tensor of the field is conserved, V, T"" = 0, yielding

pp = —3H(pg + Pp). @)

where the time derivative of any function is expressed as a dot over that function. Here,
the Hubble parameter is H = 4/a. The equation of state (EoS) and sound speed in the

k-essence field sector are given by wy = Pp/py and c? = 82 Z:;gg . In the present case, these
quantities are:
F 2 Fx

“ T OXEx—F 7 Fx+2XEPxx ®

where Fxx = d?F/dX?. For a constant potential (Vp), varying the k-essence action with
respect to ¢, in the background of the FLRW spacetime, produces the scalar field equation:

(Fx+2XFxx)¢+3HFx¢ =0. )

In the present case, the Friedmann equations are
3H> = «%py, (10)
2H+3H?> = —«°Py. (11)

From the Friedmann equations and the purely kinetic k-essence scalar field equation, it is
seen that the scalar field equation has non-trivial critical points (for non-zero values of X)
when Fx = 0. The non-trivial solutions have to be non-zero, positive, real numbers. In
general, X = 0 is also a critical point for the pure kinetic k-essence field equation. From
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the Friedmann equations, it is seen that, at X = 0, both H and H become zero, showing
an unstable phase”. The trivial critical point X = 0 is never reached. The non-trivial fixed
point solutions are stable when F xx > 0 is near the solutions. Near the fixed points, for
the pure kinetic k-essence field equation, one must have F < 0 so that py > 0. Near the
fixed points, we should also have wy = —1 and ¢ = 0. If the fixed points are stable, we get
accelerating universe solutions in the presence of the field ¢.

The purely kinetic k-essence field has a very close relationship with the ghost fields
discussed in [57]. In this reference, the authors have elaborately specified the properties
of ghost condensates. According to [57], a ghost field Lagrangian density is given using
L = —VpF(X) where

F(X)=-X+x(X), (12)

where y is a function of X. The function y is such that there exists one (or possibly more)
real solution(s) of Fx = 0. The ghost condensate is formed when (X) = X, where X, is
a particular solution of F x = 0. From what has been discussed, it becomes clear that all
ghost condensate fields are essentially purely kinetic k-essence fields, but all purely kinetic
k-essence fields may not form ghost condensate. There can be kinetic k-essence fields for
which F(X) is not of the form given in Equation (12). There may be theories where Fx = 0
is never satisfied. In our paradigm, these kinds of theories are purely kinetic k-essence
theories, which do not have any ghost field correspondence. In [57], the authors have
shown that ghost fields can successfully produce a stable accelerating expansion phase of
the universe. Our primary attention in this paper is on a stable accelerating phase of the
universe in the presence of a kinetic k-essence field and a barotropic fluid. We will see that
ghost fields in the presence of a barotropic fluid can produce an accelerating phase of the
universe. It will also be pointed out that sometimes a pure kinetic k-essence field, which is
not a ghost field, can produce the accelerating phase in the presence of a barotropic fluid.
In [57], the authors worked out the theory of ghost condensates and their interaction with
standard model fields in cosmology.

In the context of purely kinetic k-essence, Scherrer has shown [27] that both of the dark
sectors can be unified. In this unification, it is seen that, near the stable critical point, the
energy density psq, of the k-essence scalar field is composed of a constant energy density
and another energy density resembling a non-relativistic matter contribution as:

Psch = Po + 10> (13)

Here, pg is the constant energy density representing the cosmological constant and p; is the
coefficient of the matter energy density near the critical point. In reality, what Scherrer had
shown was also shown by the authors of [57]°. Scherrer actually worked out the theory of
ghost condensates in cosmology.

In this present paper, we will try to formulate the cosmology of kinetic k-essence fields
in the presence of a perfect fluid which can interact non-minimally with the field. We think
this approach is useful and new and can lead to interesting research in this sector. Before
we proceed, we want to present some general features of kinetic k-essence fields and ghost
condensates in the presence of a perfect fluid.

3. A General Outline of the Paper

In this section, we will give a general outline of the work presented in this paper. It
contains the main theoretical input of this paper. The rest of the sections will illustrate the
validity of the general results. In the present work, we will be dealing with the cosmological
development of a kinetic k-essence field in the presence of a barotropic fluid. We will be
especially interested in non-minimal coupling between the field and fluid sectors. The
coupling term, introduced in the action®, is naturally given by a function of X and the fluid
energy density p. This coupling gives rise to interaction pressure Pin¢(p, X) and interaction
energy density pint(p, X)°. We assume that:
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1. When Pint(p, X) and pint(p, X) are non-zero, they are functions of p and X. The
functions are such that none of them can be written as a sum of a function of X and a
function of p at any time. The factors of p and X cannot be separated in P (p, X) and
pPint(0, X). This assumption is natural because if one can write Py = p1(X) + p2(p) +
p3(p, X) (p; are some functions) at any instant of cosmic evolution, then there appears
an ambiguity about the interpretation of the functions p;°. Should one interpret p; (X)
as a pure kinetic k-essence pressure or as pressure due to interaction? To avoid such
ambiguous situations, the interaction terms are assumed to be made up of functions
in which X and p remain additively inseparable.

2. Ifp — 0, thenboth | P (p, X)| and |pint(p, X)| may tend to zero or infinity but cannot
take any other values. This assumption is also natural, as we do not expect the field
and fluid to interact smoothly with each other when the fluid does not exist in the
system at all. For those kinds of interactions where the interaction terms diverge as
p — 0, one never reaches a stable phase where the fluid energy density vanishes. If an
equilibrium is reached, the fluid energy density always remains finite in that phase.

3. As the interaction terms do not arise from any particular matter sector, we assume
pint can take all possible values. It can be positive, negative or zero. The total energy
density of the system is ptot = p + pp + Pint > 0 where individually p > 0 and py > 0.
We can sometimes choose the parameters of the theory and the form of the interaction
in such a way that pint > 0 throughout the cosmic evolution.

We have specified that if the ¢ field is a ghost field, then it can produce a stable
accelerating phase of the universe in the far future. The ghost condensate is formed when
Fx(X) = 01is satisfied for a particular value of X = X.. On the other hand, one can also
obtain a stable accelerating solution in the presence of a pure kinetic k-essence field, which
is not a ghost field in the presence of a barotropic fluid. Before we proceed, we would
like to present some formal discussion on the field—fluid system where the scalar field is a
ghost field.

First, we propose a formal statement about the field—fluid system. The statement is as
follows: If a pure kinetic k-essence field, with the Lagrangian density L = —Vy[—X + x(X)], in
the presence of a barotropic fluid with a positive semidefinite EoS forms a ghost condensate in a stable,
accelerating, spatially flat FLRW spacetime with wiot = —1, then the fluid enerqy density tends to
zero in the far future (when the scale-factor a has increased appreciably from its initial value).

Before we prove the statement, we want to clarify certain points. The ghost condensate
is formed when (X) = X, as stated earlier. The condensate value is given by (¢) = ¢p. = c«t,
where ¢, is a constant. In our case, the ghost field has an EoS, the fluid has an EoS, w = P/p,
and the field—fluid system has an EoS, wyet.

When the field and fluid do not have any coupling, except gravitational coupling,
the field and fluid systems evolve separately. In this case, in the far future, the ghost field
will form a condensate when Py = —py . Here, the subscript ¢ specifies the values of the
variables when the stable condensate has formed. Suppose this state is a stable accelerating
solution of the field—fluid system. In that case

P([),c + P
Wiote = — = —
P, + e
From this equation we get
P¢,c+Pc = —P¢,c — Pc

or wpe = —p¢. This shows that p. must vanish in the stable accelerating phase when the
condensate has formed.

If the fluid and the field are non-minimally coupled, there arises interaction energy
density pint and Pint, where both of these variables are functions of X and p in general. If,
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in the asymptotic future, a stable ghost condensate forms, then in this case also we must
have Py = —py,c. In the present case:

Pzp,c‘l‘Pc"‘Pint,c o
Pg,c + Pc + Pint,c

Wiot,c =

This equation gives Py + Pc + Pinte = —P¢,c — Pc — Pint,c- From this equation, we get
Pint,c Pint,c = _Pc(l + w) . (14)

From our general assumptions about the interaction terms, we know that the addition of
Pint ¢ and Pin . must be a function of X and p.. In the present case, it is seen that pintc + Pintc
is independent of X,; this fact violates our assumption about field—fluid interaction. As
a consequence, the above equation can only hold true when pjntc = Pintc = pc = 0. This
implies that in the stable phase, the field—fluid interaction vanishes, and consequently both
Pintc and Pine . vanish. The two fluids become uncoupled, and the general statement is
satisfied. This ends the proof.

One may also state the reverse: If the barotropic fluid energy density tends to zero in the
far future in a stable cosmological phase with accelerated expansion, then a pure kinetic k-essence
field with the Lagrangian density £ = —Vy[—X + x(X)] in the presence of barotropic fluid with
a positive semidefinite EoS, forms a ghost condensate in a spatially flat FLRW spacetime with
Wit = —1.

The proof of this statement is as follows. As w > 0, we cannot have w = —1 in
the stable phase of acceleration. Thus, when the fluids are decoupled, the fluid sector
energy density can only reduce. As a consequence, the final state of zero fluid density can
in principle always be reached. When the fluids are not coupled and in the final stable
accelerating state the fluid density goes to zero, then the only agent responsible for the
accelerating phase must be the ghost condensate.

Next, we discuss what happens when there is non-minimal coupling in the field—fluid
system. In this case, we have p; = 0 in the asymptotic stable future. Here, the subscripts
specify stable phase state variables. From our assumptions on field-fluid coupling specified
at the beginning of this section, we know that the interaction terms Py s and pints can
either be zero or diverge in this phase. If pint s diverges, the total energy density diverges,
and the final state does not remain stable; a spacetime singularity emerges in this case.
Consequently, if the final phase has to be stable, one must have Pinis = pints = 0. As
a consequence, in the stable accelerating phase we have only the ghost field, and it can
produce stable acceleration only when ghost condensate is formed. In such a case, in the
final phase we can replace all the subscripts s with ¢, because the final stable phase also
happens to be the phase where the ghost condensate has formed. The proof of the reverse
statement ends here.

From the above statements, we can deduce some general results, as follows:

1.  In the absence of non-minimal coupling, a stable accelerating phase of the universe
will always be formed when the barotropic fluid density (with a positive semidefinite
equation of state) tends to zero and the condensate forms in the far future.

2. When a stable ghost condensate is formed in the accelerating phase of the universe
in the presence of field—fluid non-minimal coupling, the non-minimal coupling term
vanishes in the far future and the system becomes decoupled into two non-interacting
phases. The fluid density tends to zero in the far future.

It is seen from the above discussion that if the ghost condensate forms, then it reduces
the energy density of the fluid to zero. If a dark matter sector is modeled by a fluid in the
stable phase when the condensate has formed, there will be no remnants of dark matter.
On the other hand, pure ghost condensates (in the absence of any fluid) tend to produce a
‘matter-like” effect near the stable point, as shown in Equation (13). This matter-like part
drops out when the stable condensate is formed [57]. If the dark sector is really composed
of a ghost field, one natural question arises: has the condensate formed? If the ghost field
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alone is responsible for the dark sector, then the answer must be in the negative, as the
dark matter density is not zero now. On the other hand, if one claims we have reached the
stable phase, then the pure ghost condensate model cannot be the correct model for the
dark sector. The quantity which can unravel the nature of the dark sector is the ratio of the
dark matter energy density to the dark energy density. If this ratio evolves towards zero
as the system stabilizes, then a ghost sector alone can take care of the dark sector. On the
other hand, if this ratio tends towards a constant, then the ghost field does not remain a
viable option.

In this paper, we will show that both of the options regarding the ratio are achievable.
The ratio tends to zero when a ghost field is accompanied by a fluid and their interaction
vanishes in the far future. On the other hand, in the presence of non-minimal interaction
which resists the extreme dilution of the fluid energy density, one can actually get a simple,
pure kinetic k-essence configuration which forms a fluid-induced condensate. In this case,
also one obtains a stable accelerating phase where (X) is a constant in the presence of a
constant fluid energy density. The condensate is not the standard ghost condensate but a
fluid-induced pure kinetic k-essence condensate, which we will specify as the k-condensate.

4. Cosmological Dynamics in the Presence of a Purely Kinetic k-Essence Field and a
Relativistic Fluid

In this section, we will study cosmological dynamics in the presence of a kinetic k-essence
scalar field and a perfect pressureless fluid. In the present case, the fluid and the field do not
exchange energy momentum; consequently they do not interact directly. Although the two
matter sectors do not interact directly, they affect each other gravitationally. In the next section,
we will deal with the non-minimally coupled field—fluid case. The action for a purely kinetic
k-essence scalar field and a relativistic [34] fluid can be written as:

Smin =S¢+ [ dtx[— /=0 (1,5) + g+ 6, + Bach)| (15)

In the above action, the new term designates the action of a relativistic fluid. The commas
in the subscripts specify covariant derivatives; they become partial derivatives for scalar
functions. In the fluid action, p(n, s) denotes the energy density of the fluid, which depends
on particle number density (1) and the entropy density per particle (s). Variables such as
¢,0, and B, are all Lagrange multipliers. The Greek indices run from 0 to 3, and a” is a
Lagrangian coordinate of the fluid, where A runs from 1 to 3. The current density J# is
defined as,

e tu= =y = e =l e

Here , u# is the 4-velocity of the perfect fluid. Variation of the action with respect to
J#,s,0,9,B4a, at gives rise to constraint equations. In this article, we will not require those
constraint equations. The only constraint which is worth mentioning is about the constancy
of specific entropy density in the cosmological dynamics of the dark sector. Variation of
Smin With respect to gV yields the energy-momentum tensor for the relativistic fluid as

0
T]Sf/VU = puyuy + (naz - p) (uptty + ), (17)

which gives us the energy density of the fluid p and pressure P = (ngfl — p>. In this

case, the energy-momentum tensor of the field and fluid part is separately conserved,
ie, Vy T}(,IV = 0 and VHT;;V = 0. For the purely kinetic case, the variation of the action
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with respect to ¢ gives rise to the field equation as given in Equation (9). In the FLRW
background, the Friedmann equations can be written as,

K2
1 = 3@(% +p), (18)
2H+3H? = —«*(Pyp+P). (19)

In the next subsection, we will explore the dynamics of this field—fluid system using the
dynamical stability technique.

Dynamical Analysis in the Case Where the Pure Kinetic k-Essence Field and the Hydrodynamic
Fluid Interact Gravitationally

To study the dynamical stability of this system, we chose some dimensionless variables
such as: R )
; Hy 2 kP K"Pg
x:(P, Z:ﬁ’ 0':3?, Q(P:?)Hz, (20)
where 07 is related to the fluid energy density p and Q¢ corresponds to k-essence energy
density. In defining z, we have used the parameter Hy. Here Hy is the Hubble parameter
at any instant of cosmological time. It is seen that all of the five variables defined above
are not independent of each other. Knowing the dynamics of x and z, one can evaluate the
values of 02 and Q. Using Equation (18), the constrained equation can be expressed as

2
1=0>+ %(xZF,X —F), (21)

where the fluid energy density is 0 < ¢ < 1. Here

_
=2
Hj

(22)

which is a dimensionless constant. The constraint equation shows that the phase space
dynamics are actually two dimensional. We only need to investigate the dynamics of x and
z. From the constraint equation, we can then infer the value of .

The second Friedmann equation can be expressed as:

H 3 «2P,

where w is equation of the state of the fluid. The energy density and pressure of the scalar
field can be written in terms of dynamical variable x using the chosen form of F(X). Until
now, we have not chosen any particular form of F(X). All of the statements made until
now, and in most parts of the next section, are in general true for any form of F(X).

In the present case, the set of autonomous equations in the two-dimensional phase
space is given by

3xF
¥ =x/H=—— X
x?Fxx + Fx
3 az? @4
z’:Z/Hziz waz+?F+1 :

From the definition of )y and Py, the total (or effective) EoS and adiabatic sound speed
(c2) in the k-essence sector are written as:
Prot 2, K°P o _ dPy/dX Fx
Wiot = =wo”+ ——= and ¢ = = . ,
Ot ot 3H2 * " dpp/dX ~ 2XFxx +Fx

(25)
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where Pt = Py + wp and piot = pgp + p. In the case of fluid, the square of the sound speed
is equal to its equation of state w.

From the autonomous equations, it is seen that the stability of the x variable is not directly
dependent on z. We have x' = 0 when Fx = 0 for a non-trivial critical point. Here, one
can notice that x = 0 and z = 0 are always critical points which are not physical, as z = 0
demands an extremely high value of the Hubble parameter. In the late phase of the universe,
one can safely neglect this critical point. When F x = 0, one can have z’ = 0 only when ¢2 = 0.
This can be verified if one uses the constraint relation, Equation (21), in the autonomous
equation for z. The solution is stable if F xx > 0. If the last condition is fulfilled, we see that,
in the presence of a barotropic fluid, the only stable fixed point of the system corresponds
to a ghost condensate. In the asymptotic future, the fluid energy density vanishes and the
universe settles down to an accelerating phase with wiot = —1 and ¢ = 0. The result is in
agreement with the general statements made in the previous section.

From the above discussion, it is clear that near the stable critical point, the effect of the
fluid is minimal, and the system settles down in an accelerated expansion phase purely
dictated by the ghost-field dynamics. The only effect of the fluid is in the initial transient
phase. In the present case, the field configuration and the fluid part do not exchange
energy momentum, and the stability of the system is solely guided by the ghost-field sector.
This case is a simple application of our general understanding of cosmological dynamics
produced by ghost fields in the presence of a barotropic fluid. In the next section, we will
present two cases of field—fluid interactions where the cosmological dynamics are relatively
more complex.

5. Cosmological Dynamics in the Presence of a Purely Kinetic k-Essence Scalar Field
Non-Minimally Interacting with a Relativistic Fluid

The field—fluid action in the present case corresponds to the action for non-minimal
coupling of k-essence field and a relativistic fluid [40], given by:

S = S — / d*x\/—gf(n,5,X). (26)

The last term of the action involves the non-minimal coupling term, which is f (n,s,X). The
functional form of f depends on the type of interaction. Due to the proposed interaction,
some of the fluid equations of motion are now generalized. The non-minimal coupling
follows the general properties discussed in Section 3.

Varying the total action with respect to g, gives the energy-momentum tensor as

in o o
T;SV 0 — n%uyuv T <na£ - f) v — fx(9,9) (Dv) . 27)

Comparing the above equation with the perfect fluid’s energy-momentum tensor yields
the energy density and pressure of the interaction, which are expressed as

Pint = f — ZXf,X ,and Pint = (}’lgi — f> . (28)

Due to the introduction of non-minimal interaction, the energy-momentum tensor of
each component of the field—fluid system is not conserved separately; rather, the total
energy-momentum tensor is conserved. For more details, one can refer to [40].

We can rewrite thg energy-momentum tensors for both sectors as T}, = T,Sf) — fx(0u¢) (9,9)
and TW = TP(,QA) + Tp(,lft) + fx(9u¢) (9,¢). Hence, the Einstein field equation becomes,

Guw = K2(T)y + T - (29)
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The covariant derivative of the field energy momentum tensor is
VI, = —fx(9up) VIV = Q. (30)

Here , Q, is a 4-vector that defines energy exchange between the systems. Similarly, we can
write a conservation equation for fluid as,

vV, " = —%VVX =-Q, (31)

showing that the total energy-momentum tensor is V*(Ty,, + Tyv) = 0. Varying the action
with respect to ¢ yields

9 (Pt + FBHP) — Bl(Lx + Fx) +2X(Loxx + fxx)] = 0. (32)

—BHP[Lx + fx]+ 5%

Friedmann equations can be written for this case in the context of the FLRW background as,

3H? = «*(om + pp + Pint) , (33)
2H+3H> = —«*(Py+ Pyp+ Py (34)

In the next subsection, we will elaborately describe the dynamical technique required to
investigate the dynamics of this proposed non-minimally coupled sector.

5.1. Dynamical Analysis of a Non-Minimally Coupled Field—Fluid Scenario

To analyze the behavior of this non-minimally coupled system, we use the dimension-
less variables introduced in the last section. The forms of the variables x, c? and z are given
in Equation (20). To tackle non-minimal field—fluid coupling, we introduce some more
dimensionless variables:

Kzf KZPint KZfX
= X7 - d p="2Jx
Y= 3m2" 3gz " 3H2

(35)

We have introduced C and D, as using them we can compactly write the autonomous equations.
The constrained equation can be found from the Friedmann Equation (33), and it is:

2 oz’ 2 2
l=0 +?(xF,X—F)+y—xD, (36)

where « was defined in the previous section. The other Friedmann equation, as given in
Equation (34), written in terms of the dynamical variables becomes

2H ) az?
— = —F 1). 7
3R (wa—i— 3 +C+ ) (37)
Here, we have used the EoS for the hydrodynamic fluid as P = wp. The total equation of
the state of the system is:

P + Py + P, 2
Wi = ot = DPT0 T O 2 Y p (38)
Ptot 0+ Py + Pint 3

and the sound speed in the k-essence sector is:

2
az F CX
P Py x + P, X ,
C? tot, X ¢, X int, X 3 . (39)

Ty 2
Ptot,X Py, X T Pint,X %(XZF,XX + le) — xzD,X -D
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The above sound speed is a suitable generalization of the sound speed in the pure kinetic
k-essence sector. In order to have a stable theory, the sound speed must be positive and
satisfy the condition of 0 < ¢2 < 1. Next, we explicitly write some of the cosmological
variables which appear in the constraint equation:

2
Oy = %(sz,X —F), and Qp=y—x°D, (40)

where () is the energy density of k-essence field and Q) is the interaction energy density.

Non-minimal interactions make the cosmological system more complex. The first hint
of this complexity arises from the form of the interaction energy term ();,;. For matter
components, we can always use the standard constraintsas 0 < 3y < 1and 0 < o<1,
respectively. On the other hand, (2i,+ does not arise from any matter sector, and consequently
one may have negative values of the interaction energy term. The fact that ()i is not positive
semidefinite makes the constrained Equation (36) less predictive, as now both Q) and ¢ can
have values greater than one. In the present paper, we will try to maintain the conventional
bounds on the scalar field-energy density, matter-energy density and interaction-energy
density and work out the cosmological dynamics when 0 < )y < 1,0 < 02 < 1and
0 < Oint < 1, respectively. It must be pointed out here that having Qi = 0, when neither
p or X is zero, does not imply that non-minimal coupling has vanished; in such cases, Pjy;
will not be zero. From the results specified in Section 3, we know that in the absence of any
spacetime singularity, both Pin; and pin¢ are zero when p — 0.

The autonomous equations for the present system are:

2
3x<“§P/X + C,X)

aZZ DCZ2 !
o oo T @

3

2
7 =2/H= iz[w(TZ—l—a;F—O—C—i-l].

This 2-D autonomous system encapsulates the behavior of the system. The variables x and
z are sufficient to describe the entire behavior of the system. To proceed further, we will
choose some form of the interaction term f = ¢(p)¢(X), where ¢(p) is purely a function
of the fluid energy density p = p(n,s) and ¢(X) is a function of the kinetic term X. As
we are dealing with a purely kinetic k-essence field, we assume the interaction term also
to be a function of p and X. In the whole analysis, the field ¢ does not appear explicitly
in the action. We work with a simple and fairly general form of non-minimal field—fluid
interaction; more complicated interaction terms are not ruled out, but their analysis will be
complicated. To unravel the nature of field—fluid coupling, we will study two cases which
will adequately show the rich mathematical structure of these theories. We have made a
list of the model parameters in Table 1. In this table, M is a parameter with the dimension
of mass and M = H3M /x>,

Table 1. Model variables where f (1,5, X) = (p)¢(X), and p = p(n,s)

f

C D y

gVopI XP M4

glg(w +1) — 1]92.2 52030 Ma xF w(ﬂ%q/\mﬁxﬁ—l w(ﬂqgﬂ/\wxﬁ

The form of the interaction term listed above has f = gVyp1XPM~*1 where g is a
dimensionless coupling constant. Here, § and g are real numbers. The factor M with a mass
dimension is present for dimensional reasons. If one chooses g = 1, then the interaction
term becomes f = gVoyM~4pXP. The factor VoM ~* is a dimensionless, positive real constant
which can easily be absorbed inside the coupling constant. In such a case, the interaction
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simply becomes f = gpXP, where we have represented the new, scaled coupling constant
by the old symbol g. We will use this kind of interaction to see whether a ghost condensate
can actually produce a stable accelerating phase. Later on, we will discuss a model where
qg=—L

Before we start analyzing the various cases of non-minimal field—fluid interaction, let
us spend some time explaining an important difference between these models and the case
we dealt with previously in an earlier section. Unlike the pure gravitational coupling case,
in the present case the field and fluid sectors directly exchange energy and momentum
with each other and consequently can create or destroy each other. The scalar field sector
can pump energy and momentum to the fluid sector and can create the fluid or increase
or decrease the energy density of the pre-existing fluid. In the present case, both py and
p can become zero momentarily. In our previous discussion with non-interacting fluids,
none of the energy densities could become momentarily zero. There, in the accelerated
expansion phase, the fluid energy density consistently remained zero. In the present case,
non-minimal coupling may annihilate one sector momentarily, but that sector again can be
created due to the same interaction.

5.2. Cosmological Dynamics in Case I: f = go(n,s)XP

In the present case, we have g = 1, as a result of which the interaction term is f = goXP?,
where g is the dimensionless coupling constant. Depending on the dynamics of the system,
g can take any real value. This kind of an interaction term becomes exactly zero when
o — 0. In Table 1, some model variables are evaluated that depend on  and w. We can
specify some of those variables in the present case as C = gwo?XFP, D = go?BXF~1 and
y = go?XP. Using these variables and their derivatives with respect to X, one can predict
the cosmological dynamics in this case.

Before we specify the critical points in this model, let us briefly discuss some of the
subtle properties of this non-minimal interaction model. In Model I, the interaction energy
term is given by:

Qint = go°XP(1-2p). (42)

Using the above expression, one can write the constraint equation, Equation (36), as
1=[1+gxP(1-2p)] + 0y, (43)

where () is a function of x and z. From the above equation, one can see that if there is
a real X for which 1+ ¢Xf(1 — 28) = 0, then the constraint equation becomes useless at
that value (or values) of X, as 0> becomes indeterminate at that point (or points). As in
the present case, the dynamical system used to predict the behavior of the universe is a
differential-algebraic system; at those values of X, the algebraic component fails, resulting
in a singularity. The root of the equation giving rise to singularities is:

B
g(1-28)"

From the above expression one can see that, in general, one can always get real values for
X, and as a consequence, the resulting theory is singular. One can avoid such singularities
only when

1. g<O0andpB>1/2,0r
2. g>0and g <1/2.

The above choice of parameters shows that the present non-minimal field-fluid cou-
pling term is constrained. If the parameters ¢ and § do not follow the constraints, then the
cosmological dynamics become indeterminate. Henceforth, we will assume that the above
constraints are satisfied.

A general discussion of the critical points of the autonomous system of equations
given in Equation (41) reveals interesting features. Due to the presence of non-minimal

XP = (44)
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coupling with a barotropic fluid, the number of critical points in the present case has
increased. We will see shortly that most of the critical points are physically uninteresting.
For any arbitrary, positive, semidefinite w, it is seen from Equation (41) that there exists
a class of critical points of the system for zero fluid energy density. In this case, Cx = 0
(C o p), the critical points correspond to the critical points in a field—fluid system where the
direct coupling vanishes. The critical points are stable if F xx > 0 around the solutions of
Fx = 0. Can we have more physically relevant stable critical points, where the fluid density
does not vanish? If the EoS of the fluid w > 0, one cannot prove conclusively that such
critical points do not exist. This lack of precise understanding of the system does not affect
cosmological dynamics in the dark sector, as we are mainly interested in the field—fluid
coupling where the barotropic fluid resembles dark matter with an EoS w = 0. When
w = 0, one can conclusively say that the only stable fixed points of the system correspond to
the solutions of Fx = 0. In this case, both C and C x vanish, as they are proportional to w.

Except the physically relevant stable critical points of Equation (41), in the present
case we can have more critical points due to field—fluid non-minimal coupling. From
Equation (41), one can easily see that, for w = 0, the system admits a line of critical points at
z = 0. The critical points lie on the line specified by the points (x,z = 0), where one can use
any real value of x. These set of critical points are physically irrelevant, as at these points
the Hubble parameter diverges. If the fluid energy density diverges, then the denominator
of the first autonomous equation in Equation (41) diverges (as D « ¢ in the present case),
giving rise to x’ = 0. This fact gives rise to another non-trivial critical point when w = 0.
This critical point also turns out to be physically irrelevant, as we do not expect the fluid
energy density to blow up in an expanding universe in the far future. Both of the critical
points discussed in this paragraph are purely mathematical possibilities, and it turns out
that both of these critical points are unstable. Only one class of stable, physically relevant
critical points exists in the present case, for w = 0, and near it the fluid energy density
vanishes. For these classes of critical points, one can always choose the general form of
F(X) as given in Equation (12), and consequently the critical points correspond to some
form of ghost condensates. This fact was predicted by the general discussion in Section 3.

Until now, we have worked with a general form of F(X). If one wants to predict the
dynamical evolution of the system, then one must choose some form of F(X) and a specific
barotropic fluid. As we are interested in the dark sector, we choose the fluid to represent
dark matter, and consequently we assume w = 0. In this paper, we choose the form of
F(X) as:

F(X) = AX + BX?, (45)

where A and B are non-zero real constants. This form of F(X) satisfies all the properties
F(X) requires, as discussed in Section 2. If both A and B are of the same sign, then the
field ¢ is not a ghost field, it is a pure kinetic k-essence field. On the other hand, if A is
negative and B is positive, then ¢ turns out to be a ghost field (it is still a pure kinetic
k-essence field). In the present case, we see that if we want a stable accelerating phase, then
¢ must form a ghost condensate; consequently, we choose A = —1 and B = 1. With this
choice, our F(X) coincides with the form as predicted in Equation (12), where x(X) = X2.
With the above choice of F(X), one can easily find out the physically relevant critical point
of the autonomous equations in Equation (41). The coordinates of the critical point are
xc = £/(—A/B) and z, = £(2v/3B/«)/|A|. The dynamical solutions in our case are
symmetric with respect to the sign of x, and consequently, we only use the positive value
of x.. As we are dealing with an expanding universe, we will only consider the case z; > 0.
For A = —1 and B = 1, we see that at this critical point F xx > 0, and consequently, this
critical point is a stable critical point.

The evolution of the system variables is shown in Figure 1. Here, the barotropic
fluid sector has an EoS of w = 0. From the figure, we see that () starts from a non-zero
value and smoothly becomes zero when the ghost condensate forms. Initially, ()4 is small
but non-zero (a fact that is not that clear from the curve because of scaling) and remains
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constant for a while. When Q) starts to dip, the ghost field energy-density parameter,
)y smoothly goes up and saturates. The dark-matter fluid energy-density parameter,
0%, remains constant as long as ()y remains constant, and it starts to dip when the ghost
condensate starts to form. In the initial phase, p/py remains a positive constant whose
magnitude is greater than one. During this phase, the effective system evolves as in a
matter-dominated phase. This resembles some form of scaling behavior, which is generally
observed in quintessence models of dark energy. In the late phase, fluid energy density
tends to zero. The effective fluid EoS, wyet, initially remains zero, and ultimately it settles
down to its desired value of —1, showing a transition from an effective matter-dominated
phase to an accelerated expansion phase of the universe. The sound speed almost always
remains close to zero.

1_05--‘_‘_‘_‘;‘!__‘_‘_‘_”_‘”___‘_‘_‘;”_”_-_‘_‘_‘””‘ ,

0.5/ cccemceae {

0.0 S ]

-0.5¢ ]

0.001 0.010 0.100 1 10 100 1000
log a

Figure 1. Evolution of various Model I variables for A = —1,B=1,=1/3,a =1,and g = 3.

The discussion presented in this section serves as a model for the dark energy-
dominated universe. It is seen that in the stable accelerating phase, when the ghost
condensate is formed, the fluid energy density tends to zero. The interaction terms van-
ish in the final phase. The result turns out to be similar for all non-minimal field-fluid
couplings where w = 0. For non-zero EoS, the ghost condensate-dominated stable point
is always present. Can there be models where the dark-matter energy density does not
vanish in the stable accelerating phase? From our general understanding of ghost fields, we
can say that if the non-minimal interaction is such that it resists the fluid density to vanish
in the future, then one may obtain a stable accelerating phase with non-zero fluid energy
density. In such a case, the scalar field does not have a ghost-like character; it becomes a
purely kinetic k-essence condensate, which by itself (in the absence of any fluid) is unstable
but can form a kinetic k-essence condensate only in the presence of a barotropic fluid. In
the next section, we will present a case that deals with a pure kinetic k-essence condensate.

5.3. Cosmological Dynamics in Case II: f = gVopTXPM~*1, with g = —1

Here, we consider the form of interaction given by f = ¢Vpp(n,s)1XPM~41. We will
specifically deal with the case of § = —1. The model parameters have been evaluated in
Table 1. For a general g, the interaction energy term is given by:

194

q
Oint = g 2139 MIXP(1 —2B). (46)
Using the above expression, one can write the constraint equation as,

120'2+Q¢+Qint.
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The theory becomes physically tractable when the field energy density and fluid density

satisfy the conventional constraints 0 < Qp < 1,0 < 0?2 < 1. We have worked with
M4
parameters which make Q) positive semidefinite. For ¢ = —1, we have f = gVoXﬁT.

The field component parameter (X) is not zero in the late-time phases of the universe, but
we have seen from our previous discussions that in general a ghost condensate in the final
phase tries to diminish the dark-matter energy density down to zero. When the field and
fluid have no direct coupling or when the field—fluid coupling vanishes in the low-matter
density regime, formation of ghost condensate in the final phase is a certainty. We know
from the general results presented in Section 3 that the interaction terms | Piy¢|, and pint in
the p — 0 limit can either tend to zero or tend to infinity. In the previous case, both | P/,
and pint tended to zero as p — 0. In the present, case we see that both of these variables
become unbounded from above in the same limit. This fact shows that if we have a stable
phase of accelerated expansion, then in that phase the dark-matter energy density cannot
go to zero. The interaction resists the dark-matter energy density going below a certain
threshold, and it will be seen that the interaction term also resists ghost condensation.

Table 2. The physically relevant critical point and its nature corresponding to the parameters
g=-1La=16=1/3,3=1/2 M=1,A=1/2,and B=1/3.

2 Wrot c2 Stability

P (1.13,1.51) 0.55 037 ~1 ~0 Stable

Points (x,2) Qg s

In the dark matter-dominated phase, when the fluid energy density dominates, the
interaction has less influence; however, in the final phase, when the fluid energy density
becomes subdominant, interaction becomes stronger between the field and the fluid. In
the present case, the constraint equation given in Equation (47) becomes a fourth order
algebraic equation in o whose relevant solution for g = —1 is given by:

\/1—Q¢+ V(1= 0p)2 +4(-1+2p)7
v ,

o =

(47)

2—2g

az . . o
where T = ¢ 37MIXP. As in the previous case, in this case also there are some

physically irrelevant critical points. For z = 0 and for any w, it is seen that all the points on
the line (x,z = 0) are critical points. These are unstable points. Other than these, there may
be more critical points which lie outside the region of our interest. The choice of model
parameters has been made in such a way that the physically relevant critical points remain
real in the region of phase space constrained by the relations 0 < ¢ < 1,0 < Oy < 1and
0 < Qint < 1. This constrained region of the phase space defines our region of interest. In
the present case, we assume the barotropic fluid to resemble dark matter, and consequently
we have w = 0. The form of F(X) was specified in Equation (45). It is seen that there is only
one physically relevant critical point corresponding to this model in our region of interest,
and its properties are tabulated in Table 2. The critical point is obtained for a specific set of
the model parameters. Changing the model parameters will alter the critical point, and for
some values of the parameters, there may be no critical points. In the present case, it is seen
that the relevant, stable fixed point is obtained when both A > 0 and B > 0. As a result, in
this particular case, it is seen that the stable accelerating phase is obtained only when the
scalar field is not a ghost field.

Choosing A = 1/2,B = 1/3, and B = 1/3, we have obtained the relevant critical
point of the coupled system numerically. Numerically, one can verify that the fixed point
specified in the table is stable. One must note that in the present case, both A and B are
positive, and consequently F(X) x = 0 cannot be satisfied by any real X. This shows that
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in the present case, we are actually dealing with a pure kinetic k-essence field which is not
a ghost field.

The point P is a stable fixed point specifying accelerated expansion of the universe.
Near this point, we have dark energy-like behavior, since the k-essence field energy density
dominates at this point.

The dynamics near the fixed point can be understood from the phase space plot in
Figure 2. The physically relevant portion of the phase space is colored, and the shape of this
region is dictated by the constraints on the various parameters 0%, () and Q. For a better
understanding of the flow in the phase space, we have marked another reference fixed
point Q with coordinates (0,0). A trajectory evolves from Q and directly goes towards the
accelerating point P through the non-accelerating region, shown in green. In the phase
portrait, the red region specifies that part of phase space where the system evolves in an
effective phantom-matter-dominated phase, the yellow region signifies the accelerated
expansion phase and the blue region shows the sound speed in the scalar-field sector to
be positive; for all the points there, the sound speed is between 0 and 1. Apart from these,
there is a white region where none of these conditions hold. The arrows that lie outside
the constrained region are not relevant for the present case; they simply show that there
can be some flows in the unconstrained part of the phase space. We remind the reader that
there can be other interesting regions in the complete and unconstrained phase space of the
system. Due to the mathematical complexity of the situation, it is very difficult to probe the
properties of the whole unconstrained phase space.
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Figure 2. Phase space of non-minimal coupling of k-essence with matter fluid for A = 1/2,

B=1/3,g=-1a=19¢=1/2,=1/3,and M = 1.

We plotted the evolution of various quantities of interest against log a in Figure 3. In
the very early phase, we see that fluid density o2 is less, and pure kinetic k-essence energy
density ()y is dominating. In this case, the total equation of state wiot is 1/3, yielding an
effective radiation domination, although there is no radiation fluid in the system. This
demonstrates that the purely kinetic k-essence sector plays an important role as far as the
effective EoS of the system is concerned. Over time, the fluid energy density grows and
eventually overwhelms the field energy density, ushering in the matter era as the cosmos
develops. The EoS is zero (or very nearly zero) for some period, and the speed of sound is
seen to be decreasing in this phase. As the universe further evolves, the kinetic k-essence
sector energy density increases, and so does the interaction energy density. The fluid
density becomes a non-zero constant in the stable accelerating phase, unlike the previous
ghost condensate-dominated phases. Finally, the EoS saturates to —1, and the speed of
sound approaches zero, symbolizing the presence of dark energy.
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Figure 3. The evolution plot of various cosmological variables corresponding to A = 1/2,
B=1/3,q=-1a=1¢g=1/2,=1/3,and M =1.

In the present case, we see that the purely kinetic k-essence sector does not correspond
to a ghost sector. The purely kinetic k-essence sector, in the absence of dust, lacks stability.
Only in the presence of non-minimal coupling with dust does X get a time-independent
expectation value (X). As this expectation value is obtained due to non-minimal coupling
with a fluid, we can call it an induced, kinetic k-condensate. This example shows how the
system resists ghost condensate formation in the presence of a non-minimal field—fluid
coupling which diverges when the fluid density goes to zero. An interesting property of
this phase is that the dust energy density does not diminish as the universe expands. This
happens due to the non-zero field—fluid coupling. This case convincingly shows that we
may have a stable accelerating phase of the universe even without a ghost condensate.

Before we end this section, we would briefly like to specify how these calculations
can be connected to real cosmological observations. Primarily, our interest was to produce
some toy models which specify the cosmological effects of non-minimal coupling between
a pure kinetic k-essence field and a perfect fluid, which constitute the dark sector in our
case. The models involve various parameters such as Vp, «, g, A, B, g, and 8, and also the
model predictions depend upon the initial conditions we imposed upon the autonomous
system of equations. This shows that we can actually fit cosmological data by tuning
this parameter space. In this paper, we have not tried to explain the exact observational
predictions; our aim was to show the qualitative effects of non-minimal field—fluid coupling
in cosmology. Nonetheless, our work can always be connected to observational cosmology.
Here, we present briefly some directions in which this can be done. In the future, we want
to publish a more observation-oriented work based on field—fluid coupling.

We can link our work with late-time cosmic observation through two parameters, viz.
(i) the coincidence parameter (r), and (ii) the deceleration parameter (g). Details about
these two parameters are discussed below.

*  Coincidence parameter: The coincidence parameter is defined to be the ratio of dark-
matter energy density to dark energy density [58], and it can be written as,

2
o

p=Pdm _ 7 . (48)

Pde Q<p

our cases

We can check the coincidence ratio for both of our cases and investigate the evolu-
tionary dynamics. From an SNe Ia+BAO+OHD observation, we can see that r(z) is
always a decreasing function at late times. From Case I, we initially get r(z) to be
approximately a constant, and in Case II, 7(z) initially increases, while in both models
r(z) decreases at late times. These features can be useful to rule out some of the present
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models. We know from the measurement of satellite-borne experiments, WMAP [59]
and Planck [60], that, at the present epoch, 96% of total energy density of the universe
is due to dark matter and dark energy, with respective dark matter and dark energy
contributions amounting to 27% and 69% of total energy density. This implies that, at
the present epoch, the coincidence ratio is almost 0.39. It is seen that the value of the
coincidence ratio at late-time tends to zero for Case I, whereas for Case II, the value
has the same order of magnitude as that of the observed value. In Case II, the ratio we
have is more than the observed value by a factor of two, but this increase can always
be tuned by tuning the parameters of our model.

*  Deceleration parameter: The deceleration parameter [58] can be expressed in terms of
Hubble’s parameter as,

H

(49)
In the late-time accelerating cosmological scenarios, the value of g is always negative
at different values of redshift. If in the future an attempt is made to match the results
of our calculations with actual observational data, then one can compute the evolution
of g from the early to the late-time phase. As time evolves, g changes its sign from
positive to negative according to an SNe la observation. One can, in principle, figure
out the nature of the evolution of the deceleration parameter for both these models
and check our result with the recent observational work [61]. Near the critical point,
the value of the deceleration parameter (g) always tends to -1 for both the cases
we studied.

6. Conclusions

In this paper, we have shown the link between pure kinetic k-essence fields and ghost
fields in cosmology. The linkage is not new. All ghost fields are pure kinetic k-essence fields,
whereas all pure kinetic k-essence fields may not be ghost fields. The present paper probes
a particular feature about the fate of the universe in the presence of a ghost field and a
barotropic fluid. It is seen that in isolation, a ghost field in cosmology will in general always
lead to a stable accelerating phase of the universe. Does it do so even in the presence of
a barotropic fluid, even when a non-minimal coupling is present between the field and
the fluid?

We tried to answer the above question formally, and our result showed that a ghost
field in the presence of dark matter, modeled as a fluid with w = 0, will in general form a
ghost condensate at late times and lead to a stable accelerating phase. The ghost sector can
answer most of the questions related to the dark sector, but one question remains. It is seen
that in the stable phase, when the condensate has formed, there will be no trace of matter. If
one claims that the stable phase has already been attained, as wot is approximately near —1
today (or is assumed to be near it as various observations predict its value near —1), then
one faces a difficulty. The dark-matter energy density today is not zero. On the other hand,
if one claims that we have yet not reached the stable point, then the effective EoS should not
be near —1. Our general results predict that if there are interactions which forbid the fluid
energy density to vanish in the future, then the ghost condensate will not form and a stable
accelerated expansion phase can be achieved where the fluid energy density remains a
subdominant constant. Consequently, if the universe has entered the stable phase, then our
model shows that it can retain a subdominant matter energy density. The unique signature
of this kind of non-minimal interaction is that the matter energy density remains a constant
and does not scale with the a2 factor.

Our work verified the general results in various cases using a particular form of kinetic
k-essence Lagrangian density. When the field and fluid are not directly interacting, a ghost
condensate always forms in the future when the fluid density vanishes. In the presence of
non-minimal interaction between the scalar field and the fluid, with an arbitrary positive
semidefinite EoS, the formation of ghost condensate is always a possibility in the stable
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accelerated expansion phase when the interaction term is such that it vanishes when the
fluid energy density vanishes. In particular, when the fluid corresponds to dark matter
whose EoS is w = 0, the formation of ghost condensate in the accelerated expansion phase
is a certainty when the interaction term satisfies the above-mentioned property.

We have shown there can be field—fluid interactions which forbid ghost condensate
in the stable phase even when the fluid corresponds to the dark-matter sector with w = 0.
Such interactions tend to diverge when the fluid energy density tends to zero. Although
we have verified the general predictions made in this paper using a particular form of pure
kinetic k-essence Lagrangian density and some typical forms of field—fluid interactions,
the general predictions hold for all complicated kinds of F(X) and all complex forms of
field—fluid interactions which satisfy certain basic properties.

We want to emphasize that we have found a novel phase of pure kinetic k-essence
condensate which only forms in the presence of a barotropic fluid when the field and fluid
sectors are interacting non-minimally. We have shown that there can be a pure kinetic
k-essence sector which has no stability in isolation but attains stability only when this sector
interacts with a barotropic fluid. One can think of the stable value of X attained in this
phase as a condensate, but it is an interaction-induced condensate.

In conclusion, we want to state that, most of the time, ghost fields and a barotropic
fluid can produce a stable accelerating phase when the ghost condensate is formed, but
not always. There can be cases where pure kinetic k-essence fields, which are not ghost
fields, can also produce a stable accelerating expansion phase of the universe where matter
energy density remains subdominant.
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Notes

= W N

o1

Although we call it a potential, V(¢), in reality, it does not play the role of a potential function in the conventional sense.
This conclusion gets modified when a barotropic fluid is also present.

Both the papers were published near the same time.

The non-minimal coupling term in the action will be specified in Section 5 (Equation (26)), introduced later.

The forms of these functions will become explicit when we discuss specific models of field—fluid interaction later in Section 5.

The function p3 does not contain any term which is purely a function of X or p.
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