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Abstract

Based on the symplectic Lie algebra 8p(4), we obtain two integrable hierarchies of
3p(4), and by using the trace identity, we give their Hamiltonian structures. Then,
we use 2 X 2 Kronecker product, and construct integrable coupling systems of one
soliton equation. Next, we consider two bases of Lie algebra 30(5), and we get the
corresponding two integrable hierarchies. Finally, we discuss the relation between
the integrable hierarchies of two different bases associated with Lie algebra 3o(5).

Keywords Symplectic Lie algebra - Hamiltonian structures - Kronecker product -
Integrable coupling

1 Introduction

The trace identity proposed by Tu is a simple and powerful tool for generating inte-
grable hierarchies of soliton equations and their corresponding Hamiltonian struc-
tures [1]. So we first introduce the theory of Tu scheme. Usually, we start from a
spectral problem

{ ¢, =Up, U=U(u, i), V="Vu,?i),
¢t = U¢’ ¢ = (¢19 ¢2)T’ At = 0’

whose compatibility condition ¢,, = ¢,, generates the zero curvature equation
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U-V.+[U,V]=0. (1.1

From (1.1), a hierarchy of soliton equations can be obtained

SH,
u = K =J—=, (1.2)

where J is Hamiltonian operator.
In order to write Eq.(1.2) as a Hamiltonian form, the famous trace identity was
established in [1] as follows:

6

5 ou Ad
ou d

Uy _ 419y 90Uy _Ad A

(v, (M) =41 (3/1/1 (V, u>’ r=54 Intr(V"2),

where (x,y) = tr(xy). At the same time, based on Lie algebra A,, Tu gave some inte-
grable hierarchies of A and constructed their Hamiltonian structures. For example,
AKNS hierarchy, KN hierarchy and WKI hierarchy, etc.. [2] extended this method to
discrete case and obtained some discrete integrable systems and their Hamiltonian
structures. [3] extended to loop algebra A,, and obtained some soliton hierarchies of
Az. [4] applied Tu scheme to Lie algebra B,, and gave the generalized trace identity.
[5] obtained integrable hierarchies of Lie algebra 80(3,R) and their Hamiltonian
structures.

In order to obtain more integrable systems, [6] proposed the concept of integrable
couplings, and obtained a large number of integrable coupling systems. Thereafter, a
few ways to construct integrable couplings are presented. For example, by using per-
turbations [6], enlarging spectral problems and creating new loop algebras [7]. [8]
gave Lax representations and zero curvature representations by Kronecker product,
and obtained integrable coupling systems of soliton hierarchies. A large number of
integrable couplings were constructed by this method [9, 10].

This paper is arranged as follows. In section 2, we extend trace identity to sym-
plectic Lie algebra 8p(4), obtain two integrable hierarchies of $p(4), and construct
their Hamiltonian structures by using the trace identity. In section 3, we use 2 X 2
Kronecker product, and construct integrable coupling systems of 8p(4). In section 4,
we consider two different bases of Lie algebra 3o(5), and get the relation between
their corresponding hierarchies.

2 Two Soliton Hierarchies Associated with 3p(4)
2.1 The First Soliton Hierarchy Associated with 3p(4)

The compact real form 8p(4) of complex symplectic Lie algebra 8p(4, C) is defined
as [11, 12]

3p(4) = {x € gl(4,C)|Hx + x'H = 0},
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where H = OI Ié ) and 1, is the 2 X 2 identity matrix. We can obtain the bases
—Ip
of Lie algebra 3p(4)

Ey=¢—ey, Ey=ep—ey, Ey=e,—ey, E=e) —ey,

Es= ey —epn, Eg=eyn—ey, E;=e;, Eg=e3, Ey=ey, Ejg= ey,

(2.3)
where € is a 4 X 4 matrix with 1 in the (i, j)-th position and zero elsewhere.
Consider an isospectral problem
(px = UO(p7
@, =Vyp, 4, =0.
Set
Uy = E|(1) + E;(1) + u; E5(0) + uy Eg(0) + u3 E4(0) + 1y Eg(0)
+ usEq(0) + ugE,((0),
ie.
A0 u; u
10 4 u us
U = uuy =4 0 | 24
and
ac g e a ¢ & ¢
_|db e ¥y |_ dib; ey |,
Vo= hf —a —d _g h f —a _diﬂ. (2.5)
fz—-c=b \fim o —a =b
The stationary zero curvature representation V;, , = [U,, V] gives
(a, = u,f — uye + ush — u,g,
b, = wf —uye + usz — ugy,
C, = U2 — U8 + Usf — uge,
d, =uh —uyy —use + usf,
) e, =2Ae —uja—ub—usd— usc, 26
fi = =20 +ua + uyb + uyc + ugd, (2.6)
8y =248 = 2u,c — 2usa,
h, = =2Ah + 2u,d + 2u,a,
Y, =24y — 2u;d — 2usb,
[ 2e = =242+ 2uyc + 2ugh.

Take the initial values

ay=a,by=p, co=dy=ey=fo=8 =hy=yy=2=0.
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From (2.6), we have

a

=b =0 ¢ = %5_1((u2u3 + u ug)(B — @),
dy = 507" @y + 1) = )

1 1
Eul(a +p). fi = Euz(a +B), hy =, g = uza, y; = usp,

61 =
Z) = ugp,
1 1 _
ey = Z”lx(“ +p)+ Zu30 1(141u4 + uyus)(a — f)

1
_ Zusa 1(u1u6 + M2M3)(a - ﬂ),
1 1
o= =qi@+ B+ 1,07 g + 1pu3)(f — @)
|
+ Z”sa Ny + uyus)(a = ),

1 1
82 = Sl + 5”15 Huyug + upu3)(f = @),

hy = _%umﬂ - %”20_'('41144 + upus)(f — o),
1 1
Yy = Slsf = 51,0 Nty + uyus)(f = ),

1 | S
L= _Euﬁxﬂ + E“za Huyug + 13)(f = ).

Take Vij = V{ _, then the zero curvature equation Uy, — Vi +[Uy, V{1 =0 leads
to the following Lax integrable hierarchy
u —2e,, 0-10 0 0 O 2f 1
Uy 2 1 00 00O 2e,,
_fus | | 2800 0 00-200 Pogr |Z
ut"_ u, - 2hn+1 00 2 000 8l _J1P1,n+1' 2.7
Us —2Y,41 00 0 0 0 =2 zq
MG ‘, ZZ}’H—I O O O O 2 O y}’H—l
From the recurrence relations (2.6), we have
Ly L s Ly Ls g
by b by by b by
Ly by I3y by I35 1
Py = 31 32 733 (34 135 736 P, =LP,,

Ly Ly Lz Ly Ls Ly
lsy Isy Is3 Isy Iss Ise
ley lex lgz lgs los les

where L, is a recurrence operator, and
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l”=—%0+u20_1u]+%(u4d_lu3+u60_lu5), 112=—u26_1u2—%(u4a_lu6+u66_lu4),
121=u1()_lu,+%(u30_1u5+u50_1u3), 122=%6—14,6_]142—%(u30_1u4+u58_]u6),
Ly = %115 = %(uza—‘u5 +u0'uy), Iy = %114 = —%(u20_1u4 +uy0” ' uy),

Iy = %123 = %(ula—lu3 +uy07'u)), Iy = %126 = —%(ula_luﬁ +u307"uy),

1 1 _ _ 1 1 _ _

1 1 _ _ 1 1 _ _
l33 = _%d + uza_lul + u46_1u3, l34 = _u4a_lu4, 135 = O, l36 = _uza_luz,

lys = u30 'y, Ly = %0 —u, 07 uy —uz07 uy, Lis =u 07y, L =0,
sy =0, lsy = —uy0" "y, lss = —%0 + 07wy + ugd us, Isg = —ugd ' ug,
les = w0 uy, lgy =0, les =us0'us, lgg = %0 — 07 Uy — 1507 ug.
To furnish Hamiltonian structures, we use the trace identity, and have

Vo, %) =2a+2b, (V,, Z—Zf) =2f, (Vy, Z—ZS) = 2e,
oU,

d_uﬁ>=y'

Vo, —)=h, Vo, —) =g, (Voo —) =2, (V,,
(0 6u3> <0 0u4> g 0 au5> z 0

Substituting the above formulate into the trace identity yields

2f
2e
5 o | n
2 [ a+2myax= a7y
5u/(“ x 2" g
Z
y

Balancing coefficients of each power of 1 in the above equality gives rise to

2f,

2e,
1) h
5 ‘/(ZaHJrl +2b, Ddx=(y—-n)| "

n
Zﬂ
Yn

Taking n = 1, gives y = 0. Thus, we see
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SHW

an + bn
u, =J\Py . =J 5; , HO = —2/(%)@ n>0.

It is said that the hierarchy (2.7) have the Hamiltonian structure, and it is easy to ver-
ity that J,L; = L}J;. Therefore, the hierarchy (2.7) is Liouville integrable.
When n = 1, the hierarchy (2.7) reduces to the first system

1 1
Uy, = —Eulx(a +p) - §u36 Ny + upyus)(a — f)

1
+ Euja Nuyug + uyuz)(a — p),

1 | B
Uy = _§u2x(a +p) + 5”45 Ny + uyu3)(f — )

+ %”65_1 (uyuy + upus)(a = f), @8
Uy, = —Ut3, @ — U 07 (g ug + Uy 13)(f — @),
Uy = —Uy @ — U0~ (g uy + o us)(f — a),

Us, = —Us, f + ula_l(u1u4 + uyus)(f — a),

Ug, = —Ug, f + uzd_l(ulu(, + uu3)(f — ).

2.2 The Second Soliton Hierarchy Associated with 3p(4)

In this section, we consider another isospectral problem

Px = Ul(p’
@, =Vop, 4,=0.

Set
U, =E,(1) - E,(1)+ u’1E3(0) + u’2E4(0) + u'3E7(O) + ugEg(O)
+ u;Eg(O) + u’6E10(0),

and V,, is defined by (2.5),

RN
|4 u
U= u, 0 -1 —u 29

0 ug —u} —4

The stationary zero curvature representation V, . = [U, V)] gives
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a, = u’lc{ - u’zc,+ ugli - u;(g:
b, = —uld + uyc + uiz — ugy,
c, =2+ u’lb - u’la + uif - uge,
d,=-21d+ u’za - u;b — uge + u’5f
e, =u\y+ug—uid—ulc,
/.= —u\h — uhz + ujc + ugd, 2.10)
8, =2Mg+ 2u’1e/ - 2ugci,
h,=—-2Ah— 2u/2f + 2u/4a,
v, =2y + %uze - 2/u5b,
[ 2 = 24z = 2u\f + 2ugh.
Let
a= Z aiﬂ'i, b= Z bixl'i, c= 2 cil'i, d= Z diﬂ'i, e= 2 eil'i,
i>0 i>0 i>0 >0 i>0
f=Xd g= Y gd7 h= Y i y= Y ya T 2= Yz
i>0 >0 >0 i>0 i>0
Take the initial values
ay=a, by=p, co=dy=ey=fo=8 =hy=yy=2,=0.
From (2.10), we have
1 ’ 1 2 !’ / !/
a,=b;=0,c = 5”1(0‘ -p), d = 5”2(0‘ =P, g =usa, hy =u,a, y; = —usp,
7= —up, e, =0 uula — 0~ uulp — %d‘l(u’lu; + uyui)(a — p),
fi= d_lu;ugﬂ — o'Wl ua + %6_1(1/] uy + uyug)(a — ),
1 1 _ 1 _
cy = Zu’u(a -p) - Zugd ", + uhug)(a — f) + Zugd ' s + uyul) (o — f)
- %uga_lu’zuéﬁ + %uga_lu’lu;a + %uéd‘lu;uga - %ugﬁ_lu'lu;ﬁ,

d, =— iuéx(a -p+ %uga_l(u’] ul + uhu) (o — f) + %ugd_l(u’l uy + wyug)(a — f)

1, 1, 1, 1, .
— Eugd u'zuga + =u/,0 u'lu;ﬂ + Eu's() u'zugﬁ — Euga ”’1”4,10"

2 4
1 / 1 /7 31 !’ ! ) ! =111 ! =111
2 =§u3xa+ 5”10 (uyus + uyui)(a — f) — uw 0™ uyuia + u 07wy ug P,
1 1, _ _
h, =— Eu;xa - Euéﬁ l(u'llt:1 + uyug)(a — f) — uy0 lu'zugﬁ + uy0 lu’luf‘a,

1 | . - -
¥y = JUs, B = Su507 Wi+ il = B) 0 s — 0™ i,

1 1 _ _ _
= - Eu/@cﬁ + Eu'l() l(1/114ft + uyug)(a — f) + u\0 lu;ugﬁ —uj0 lu/lbl:‘(x.
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Then the zero curvature equation U, , — V{

+o T LU,V 1= 0leads to the following
Lax integrable hierarchy

u’l —2c,41 0-10 0 0 0})f2d,,
u) 2d,,, 1 00 0 0 Off 2,4
!/
. A —28,41 00 0-=220 0| hy |
“EL | Z] 2y [Tlo 0 2 00 0 o g, [T @ID
u; 2,41 000 0 0 2| z4
u’6t -2z, 0000 =200 yu
From the recurrence relations (2.10), we have
l:“ 1:12 l:13 1;4 1115 1;6
33T
P2,n+1 = l;l l/32 1/33 l§4 1/35 1?6 P2,n :L2P2,n’
41 42 '43 44 '45 46
l§1 1/52 l?3 1?4 1?5 1?6
Iy l6s Lo Lo Los Lo

where L, is a recurrence operator, and

1 NIV P - UV P -
[y ==50+u;0 lu’1+5(u;a "oruloT up), I, =—u)o lu’2+§(u;a "l +ulom' i),

By =071 = S0 g0, By = 30107 =200 a0,
Iy = =3l = =507y + 107, By = Shy = =207 107,
ly = 3lhs = 3607+ 107, Ly = =31 = S0 — ),

ly = i = W0 g+ 0™, By = 21, = 20, — ),

ly = =3l = 50U 0, 1y = 21 = =207 + k0™ ),
Ly = =30+ 107w+ 07N, By = =0, By =07, 1y =0,

Ly =07y 1y = 20— 0™, — 0™, Ly =0, Ly = —u07'u,

Ly = =070,y =0, g = 20 —16,07u = w07, g =07,

ly =0, Loy = 0™yl = —a0™ Loy = =20+ 1071 + 0™,

To furnish Hamiltonian structures, we use the trace identity, and have
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U, U, U,
(VO, W> =2a— 2b, <V0’ W> = 2d, <V0’ W) = 2C,
1 2
U, U, U, U,
V3_ :hv V3_ =8, Vs_ =2, V’—: .

Substituting the above formulate into the trace identity yields

2d
2c

5 o | n
2 [ a-2bydx =17y
5u'/(“ x Ey
Z
y

Balancing coefficients of each power of 4 in the above equality gives rise to
0 2 2b,.)dx = "
ﬁ ( Ay — n+l) = (]/ - n)

Taking n = 1, gives y = 0.Thus, we see

2
SHC
’ 9

”; =LPy =0, S

a.,—b
HO — _2/(M)dx, n>0.
n n+1

It is said that the hierarchy (2.11) have the Hamiltonian structure, and it is easy to
prove that J,L, = L}J,. Therefore, the hierarchy (2.11) is Liouville integrable.
When n = 1, the hierarchy (2.11) reduces to the first system

1 » 1,
uy, =— Eu'lx(a -p)+ Eugd (uyu, + uug)(a — ) — Eugd (uyu + uhul) (o — B)
+ w0~ yul B — w0~ o — w0~ b + w0~ Ul
!

uy, = — %ugx(a -pH+ %uga—l(u’l ul + uyul)(a — B) + %u'sd_l(u'l uly + uyug)(a — B)

! =111 ! =111 ! =111 ! =111
—uy 0 Uz + 1y 0" U U+ us0T Uy f— u 0 u uya,

14
L e N Py ’o _ P DY S S B
Uy, ==ty @ —u 0" (uug + uyuz)(@ — B) + 2u 0" uyuza — 2u,0” ujugf,
L R N Vo ’o R N, TS B P =100
Uy, ==ty @ — U0 (i, + uu)(@ — ) — 2u,0 upu f + 2u,0" uju,a,

/ 7 -1 ) I ) =111 ! =111
ugt =ug f—u 07 (uyu, +uyug)(a — B) — 2u,0” uyuf + 2u 0™ uu,a.
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3 Integrable Coupling Systems for the Hierarchy of 3p(4)

In this section, we will use 2 x 2 Kronecker product [10] to construct integrable cou-

pling systems of Lie algebra 3p(4).
Let U, and V, have the forms [10]

10 01

10 01

then that can get a new pair of U, and V,,

— UO Ul — VOVI
U2_<0 Uo>, V2_(0 VO ’

Therefore, the  corresponding  enlarged zero  curvature
Uy, =V, +[U,, V5] = 0is equivalent to
UO,T - VO,)C + [Uo, Vo] = 0,
Ul,t - Vl,x + [Uo7 Vl] + [U17 Vo] =0,
where
A0 uy u 0 0 uf uf
10 A4 u ous _1 0 0 uf ul
Up = uyuy —A 0 [ Ui Wl ) 0 0 f
uy ug 0 —4 w) ug 0 0
ac g e a' " g// e
1 2 /! /!
V=dbe y’v=d//bueuy//-
0TV hf —a —d| "W —d —d
fZ —C _b f// Z/I _Cl/ _b//

equation

From the stationary zero curvature equation V, . = [U,, V,], we obtain (2.6) and
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7 i /! " " 1" " " "
al =uf" —uye’ +ush” —u,g" +ulf —uje +uijh —ujg,

b;’ — ulf” _ uzeu + MSZ" _ u(,y” + u/l/f _ u/z/e + M,S,Z _ ng,
v/ 1 " 1 /" 1" 1" " "
o =" —upg" +usf" —uge” +ulz—uig +ulf —uge,

" _ " /! /! 1 1 " /" 1"
df,—ulh —upy" —uge” +usf” +ulh—ujy —uje +ugf,

lel= 24" —ud" —u " —uzd” —usc” — ula—ulb—ulld —ulc,
JI= 224"+ uyd” + uyb" + uyc” +ugd” + wa+ulb +u)c +ud,

gl =228" = 2u;c" = 2uzad"” - 2uc - 2ula,

R = =24h" + 2u,d" + 2uya" + 2u})d + 2u}/a,

V! =24y" = 2ud" = 2usb” - 2ud — 2ulb,

7 = =227" 4+ 2upc" + 2ugh” + 2u) ¢ + 2ulb.

L Sx

(3.12)
Leta, b, c,d, e,f, g h,y, zbe defined as (2.5), and

a' = Zal’.’/l_', b’ = 2 bIA™, " = 2 ',

i>0 i>0 i>0
d’ = Zd;%_i’ ¢ = Z e;’/l_i,
i>0 i>0
11 11 —i " 1" q—i " 1" =i " 1" q—i
DN G DN PN W ASNED I
>0 >0 i>0 >0
" 1"oq—i
z =Zzi A7
i>0

Similarly, take the initial values
"o ! " __ pnl (/2 AN | BN | AN | AN N ) A | A | A
ay =a’, by =p, ¢y =dy =e; =f' =g, =hy =y, =75 =0.

From (3.12), we have
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1 1 1 1
=b/ =0, e = —ul((x' +p)+ 5”,1/(0[ +p). f] = Euz((x' +8)+ Eu'z'(a + B),
g =uza’ +ufa, b = usa +uja, y'l’ =usfp’ +ulp, 2} = ugf +uyp,
¢/ =§()_l(u2u3 uug)a’ + p') + 0 Nugu] + ) uy — wyul] — uug)(a + B)
+ 0 uyugf — 07 uyuz +9” (ulu6 +ulug)p — 07" (uyu] + ) uz)ar,

d/ =—6 Nupus — wyug)(@ + ) + = d Nugul] + ) us — wyul] — u'uy)(a + B)

+0 uyuga — 0 uyus fl 4+ 0~ (ulu4 +ulu)a — 0 1(uzu5 + uyus)p,
1 I/
4 lx

ulo~ (u1u6 +uyus3)(f—a) + Zug'd_ (uquy + uyus)(o — f)

ey =lulx(a +8)+ -u (a+p)+ 1u36 (uyuy + uyus)(a — p)

1
4 Us

+4—1lu3 1(ulu + u uy + upu + v ug)(a - ﬂ)+iusa_l(ulu6+u2u3)(ﬁ’—a’)

1
+ ZMS l(u,u + U ug + upul + u”u3)(ﬁ —a)

1
== Zu2x(a +p) - —u (a+p)+ u4d Yuyug + uyus)(f — ')
1 _ _
+ Zuga 1(u1u4 + uyus)(a — f) + Zu;’a (U ug + uyuz)(f — @)
+ }Luﬁ_l(u,ug’ + U ug + upul + uluz)(f — @) + }‘uﬁa_l(ulu4 + uyus)(a' — B

1
+ —ug0~ l(ulu4 + uuy + uyul + ulus)(a — p)

4
g :%uha + ;”3,50! + %M@_l(’h% +uuz)(f = a') + %u,l,a_l(”l“6 +uyu3)(F — @)
+%u1 gl + g + upul] + uuz)(p — @),
By =— %u4x(x' ; uy @+ éuza (uyuy + uyus)(a’ — p)
+ %u'z'd‘ (uyuy + uyus)(o — f) + l“20_1(“1 y + g+ upud + i us)a — ),
A =luslﬁ +; ugp+ 5 L,07 g + s = )
é ul/ o™ l(ulu4+u2u5)(a—ﬂ)+—ul l(u,u + u uy + upul + uus)(a — ),
44 z_%u@c / ; ug P+ 5 2107 Gyt + 13— )

+ %u/z/a_ (U ug + upuz)(f — ) + luza (ulu +u u6 + uzu" + u"u3)(ﬁ —a).
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From the zero curvature equation U,, — V] +[U,, V] 1=0, we can obtain the
following Lax integrable hierarchy

_ u J; 0 Py,
()0 o e

where J, is defined by (2.7), and

2,44 _2‘;;“ 2t 2 r,::+1

_22fn+1 _22n-)-/1 2hen+1 2he/f/1+1

u, = Zhgn+l ’ M;’ = 2h€/n+l s Pl,n+1 = i ’ P/l’,n+1 = 7/+1
n+1 8n+1 n+1

2yn+ 1 2y:1/+ 1 Zn+l Z:z,-l— 1

-2z, =27, Ynt1 Vo

We obtain the integrable coupling system of the soliton hierarchy (2.7) by using the
Kronecker product. So this method is an efficient and new method for constructing
the integrable coupling systems of soliton hierarchies.

When n = 1, the hierarchy (3.13) reduces to the first system (2.8) and

W =— —ulx(a +p)— =i (a+p) - —ug “uyuy + uyus) @' — )

1z 2 lx
1 _ 1 _

- Eu;’a (uyug + uyuz)(f — @) — Eug’é Yuyuy + uyus)(a — p)

- %uﬁ (i) + ' uy + upul + uus)(a — p) — %uS()_l(ulu6 +uu)(f —a')

- %usd (ulu” +u u6 + uzu" + u"u3)(ﬂ —a),

Uy, == _”2x(a +p) - 2 uy (a+ p) + ”4‘) "y + uyuz) (B — ')
;uga Nuyuy + uyus)(a — ) + 214”6 Nuyug + uyu3)(f — @)
+ ;”40 (g + uug + wput + uyuz)(f — a)
+ %uéa_l(ulu4 + uyus)(@ — p)+ %ué gl + ulluy + upl + 1l us)(a — p),
uf = —uza —uf @ —u 07" (uyug + uu)(f —a')
- u"d (uqyug + Upuiz)(p — @) — u 0~ (ulu + U ug + uyul + uluz)(f — @),
wy, = — g — uly @+ uy0”" (yuy + uyus)(@ — p')

+ u”d_l(u,u4 + uyus)a — B)

+u,0” (ulu + U uy + upul + v us)(a — ),
5, =us p' +u f+ 07" gy + ugus)(@ ~ )

+u 0~ 1(u1u4+u2u5)(a—ﬂ)+uld (u1u4 +u u4+u2u +u2u5)(a B,
g, =t p' +” ﬁ—uza (M1u6+u2u3)(ﬂ —a)

_u”a (uqug + Upuiz)(p — @) — uy0~ (ulu + 1) ug + uputl + ) uz)(B — a).
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4 Integrable Hierarchies of Lie Algebra 30(5)
Compact real form 80(5) is defined as [13]
80(5) =o(5,R) = {x € gl(5,R) | ¥H + Hx=0,H' = H}.

which means that Lie algebra 30(5) is constituted by 5 X 5 real antisymmetric matrix.
If set [13]

(4.14)

Il
(IR
pNeNe!
oSN ©

we can obtain the bases of Lie algebra 3o(5)

!/ !’ !/ ) !’
E| =ey — ey, E) =33 — ess, E3 =e3 —eys, By = ey — €54, E5 = €5 — €43,
! !’ !/ ! !’
Eg=eys—ey, E;=e3—e51, Eg=e31 —e5, Ey=ep —ey, Ejg =€y —eyy,
4.15)
where e; is a 5 X 5 matrix with 1 in the (7, j)-th position and zero elsewhere.
Consider an isospectral matrices

Us = E/(1) + Ey(1) + u, E4(0) + u,EL(0) + u3 ES(0) + u, E4(0)

+ usEg(0) + ugE} (0),
where
0 MS I/l3 - Mé - u4
ug A 0 0 u
U3 = M4 0 /1 - uz 0 5
and

V3 = aE}| + bE) + cE} + dE}, + eE’ + fE| + gE’ + hEy + yE| + zE,

where
0y g —z —h
zad 0 f
Va=l h ¢ b —-f O
—-y0 —e —a —c¢
—ge 0 —-d -b

The stationary zero curvature representation V3 , = [Us, V3] gives
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a, = Ugy + uye — usz — u,f,

b, = uug +uye —ush —u,f,

C, = Uyy — ush,

d, = ugg — usz,

e, =—2Ae —uzy +uja+usg+ub,
fo =20 —ugh — uyb + uyz — uya,
8, = —Ag + usd + usb + uge — u,z,
h, = Ah + uyy — ugc — uyb — usf,

Yy = —Ay + usa + usc — uge + uh,
2y = AZ—Upg — Uga — Uyd + Usf.

(4.16)

Let

a= 2 aiﬂ_i, b= Z bixl_i, c= Z cil_i, d= Z dil_i, e= 2 eiﬂ_i,

20 20 0 0 0
f= Zfi/l_i, g= Z gA™, h= Z WAy = Zyi/l_i, z= Z A7
>0 >0 >0 >0 >0

Similarly, take the initial values
‘10:0” bozﬂ’ Cozdo=eO=f0=gO=hO=yO=Z0=0.
From (4.16), we have
- _ 1
a,=b, =0, ¢, =0 ugus(a — p), d; = 0" uzue(f— @), e, = Eul(a + p),
1
fi= Euz(a +0), &1 =usp, hy = uyf, y, = usa, z; = uga,
1 1 1 1
e, = ——up(a+p)+ susus(f — a), f, = up (o + p) + suyue(f — a),
4 2 4 2
_ 1
8, = —us,f + us0 1u3u6(ﬁ -—a)+ Eul%(ﬂ - a),
hy = ug @ + ugd  uyus(a — ) + %uzus(ﬁ —a),
- 1
Yy = —lUs, @ + 130" uyus(a — f) + 5”]”4(ﬂ —a),
_ 1
2y = g, + 1,07 usug(f — a) + S uattz (B = ).

The zero curvature equation Uz, — V7

e [U;, V; 1 =0 leads to the integrable
hierarchies
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1525

Uy 2’en+1 010000 2fn+1
- -10 0 0 0 O 5
Uy Jp) 000 L o0 o €ht1
u = Uz — 8n+1 1 2 2h
! Uy _hn+l 00 ) 0 0 (1) 2gn+1
Us Yn+1 00 0 0 O 3 2Zn+1
U ), \ ~Znr1 000 0-20 2
From the recurrence relations (4.16), we have
1 1" 1" 1 i 1
b D i s
by b 123 Ly, lzs 126
l// l// l// l// l/l l/l
P =1 %31 32 %33 %34 °35 “36 |p. —[.P
3,n+1 l// l/l l// l/l l/l l/l 3.n 3% 3.n0
o e s
Wt b
l()l lez 163 lﬁ4 165 lé6
where L; is a recurrence operator, and
l// _ 10 a—l l// _ a—l l// _ 1 a—l
11 — E — U Uy, by, =U Uy, L3 = E(uﬁ — U MS)’
1
l'l’4 = —u,0 'uy,
U= ~(uy —uy0~'us), U= zu0"'ug, U =—u,07'uy,
Iy =—=20""+u,0"'uy),
1 1 _ 1
I, = —3t0 Yuy, 1), = 7 (s + 14,0 Yuy), U = -7 Yus,
1 _
Iy = 5(—u3 + 1,07 ug),
I = —uy0™uy +us, Uy =0 uy, Iy =0—ug0 " us — uy0™ us,
1,3,4 = u4a_lu4,
1,3,5 = 0, lg/ﬁ = _u2 + u6d_11/l4, ll/(l = _u3a_1u1, l:{z = u36_1u2 + Lt6,
" __ -1
l43 —_ _M3a u3,
"o _ -1 -1 "o o_ -1 "o _
Ly =—0+us0" ug +uz0" uy, ljs=—-us0" uz—uy, Lg =0,
-1
l,S,l = _M6a ul - M3,

=3Py e (417)

U -1 " i -1 " -1 -1

1 -1 /" -1 1 -1 1" -1
lgo = ug0™ ug, I, = —us0™ uy, lgy =us0" uy —uy, Iy =—u30" us +uy,
l,6,4 = 0, 1/6/5 = _usa_lus, 1,6,6 = —0 + l/lsa_lu6 + M3a_lu4.

When n = 1, the hierarchy (4.17) reduces to the first system
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iy = =g, + )+ s - ),

Uy, = —%uh(a + ) — uyue(p — a),

Uz, = —uz, B+ us0~ uzug(f — @) + %“1”6(ﬂ —a),
Uy = —Uy @ — U0~ ugus(a — f) — %”2“5(/3 —a),
Us, = —us, & + u30~ ugus(a — f) + %”1"‘4(/3 —a),

_ 1
Ug, = —Ug, O — Uy0 11,t3146(ﬁ —a)— 5u2u3(ﬂ —a).

At the same time, we can easy to get another bases of Lie algebra 80(5)

" " " __ o " __
E =e) —e33, E) =€y —ey, By =ey —exy, E = ey —ey3, E§ = ey —e3,
" __ " __ 1" __ " _ " o _
Eg =ejq— ey, E7 =e5y —eys, Eg = eps —es5y, By = €5 —e35, £y = €5 — e55.
(4.18)
. . i
We consider time spectral matri

Vi = aE| + DE) + cE} + dE] + eE + fE{ + gE] + hE{ + yEJ + zE[,,

where

d 0 f z
b —f 0 h
—-e —a —c¢ =Yy |
0 —-d -b —g
g —z-h O

~
Il
NS

We can easy to obtain the relation between V; and V7, satisfy
@ V3=V, eMVMY) =V,

01000
00100
where M=|100010|.
00001

10000
So we have the following spectral matrix

U, =E/(1) + /(1) + 1, E/(0) + 1, E (0) + u3E/(0) + 1, EL/(0)
+ usE( (0) + ugE,(0),

where
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A0 0  u ug
0 4 —-u 0
0

U, = —u; —4 0 —us
us u3 - “6 - M4 0

From the stationary zero curvature representation Vé’x = [U., Vg], we can get the
same recurrence relations as the equations (4.16). So we can obtain the same inte-
grable hierarchies, Hamiltonian operator and the recurrence operator. So there are
the same integrable hierarchies of two different bases associated with Lie algebra
30(5).
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