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Abstract
In laser-driven plasma wakefield acceleration (LWFA), laser pump depletion and electron
dephasing are the major constraints of the electron energy gain. Hybrid laser-PWFA, which uses
the laser-accelerated electron beam to drive a beam-driven plasma wakefield in separated stages,
has been proposed to increase the beam brightness. However, the overall electron energy gain in
hybrid acceleration is even lower than single-stage laser acceleration. In this paper, we report the
observation of the energy boosting effect of the hybrid acceleration in single uniform plasmas
through a series of particle-in-cell simulations. The self-injected electron beam from the
laser-driven wakefield automatically moves forward to drive the beam-driven wakefield after laser
depletion. The electrons at the beam tail are then accelerated by the beam-driven plasma wakefield,
and the energy gain is at least doubled compared to previous single-stage experiments with the
same laser energy. We also propose the scaling of the electron energy gain and the acceleration
distance with the laser energy. For example, with a 9.1 J energy laser pulse and a 3.5 cm long plasma
of 1.6× 1018 cm−3 density, one can produce a quasi-monoenergetic electron beam at 3.5GeV
energy with 23 pC charge.

1. Introduction

Laser-driven plasma wakefield acceleration (LWFA) [1] and beam-driven plasma wakefield acceleration
(PWFA) [2] use the ponderomotive force of intense lasers and the Coulomb force of relativistic electron
beams to drive wakefield in plasmas, respectively. In the plasma wakefield, the electrons oscillate around their
equilibrium positions, and the much heavier ions are nearly immobile. As a consequence, strong longitudinal
electric field and transverse electromagnetic field are generated, which can accelerate and focus electron
beams, respectively. Both LWFA and PWFA have been proved as promising mechanisms for accelerating
electrons to high energies with the acceleration gradient of the order of 10–100GeVm−1 over recent
decades [3–21].

In the single-stage LWFA, two major effects constrain the electron energy gain [22, 23]. One is called the
pump-depletion effect, which means the laser is pump depleted after a certain propagation distance due to
energy losses in plasma. The other is called the dephasing effect, which means the trapped electrons that
approach the speed of light and exceed the phase velocity of the wakefields, outrun the acceleration region
and experience the decelerating field. By contrast, the PWFA is ideal for dephasing-free acceleration over
much longer distance than the LWFA, capable of doubling the energy gain of the electron driver [7]. But the
high peak-current drive beams usually come from large-scale conventional accelerators [24] and are less
accessible compared to LWFA.

To gain higher energies, the staged LWFA has been proposed to overcome these two constraints. A
common method for the staged LWFA is using multiple separated LWFA stages to extend the acceleration
distance [25–30]. However, the staging problems such as the high-divergence effect between stages make it
challenging to transport the electron beam. This requires additional spaces for beam optics such as plasma
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Figure 1. The beam energy gain ε vs drive laser energy εL from regular LWFA experiments (blue dots) and single-stage HLPWFA
simulations (orange squares). Two scalings are shown for the comparison. Lu’s scaling with the maximum energy gain under the
self-guided condition equation (14) is shown as the red line, which is the upper-limit of regular LWFA experiments. Our scaling
equation (22), based on a phenomenological theory, is shown as the yellow line. The x- and y-axes are in logarithmic scale.

lenses [31–34] to preserve the beam quality, and results in longer footprints, consequently lower averaged
acceleration gradients [35]. The staged LWFA can also be realized by the longitudinal density tuning of the
plasma, which adds one or more high-density plateaus to the plasma without vacuum gaps [36]. This
method has the potential to accelerate electrons to higher energies and enhance the beam quality [37].
However, this method typically uses a plasma channel to effectively guide the laser [38], which introduces
extra complexities.

Hybrid laser-PWFA (HLPWFA) uses the LWFA-generated femtosecond scale GeV electron beam with
peak current intensity exceeding 10 kA to drive a PWFA [39–46]. It utilizes the advantages of both LWFA and
PWFA, and can achieve longer acceleration distance than the pump-depletion and the dephasing lengths of
the single-stage LWFA. Recent studies on the hybrid acceleration regulate two separated stages by different
plasma densities [47], and reflect the laser at the end of the LWFA by steel foil [48] or block tape [49], and
only leave the LWFA-generated electron beam in a vacuum. This electron beam is incident on the second
plasma to drive the PWFA, while the trailer is then injected into the wakefield and accelerated from very low
energy [50]. The laser reflex process introduces not only staging problems but also a complex experimental
setup. Moreover, the trailer in the PWFA stage is newly injected and accelerated from zero energy, and its
final energy is not as high as the LWFA generated beam. Instead of an energy booster, recent studies mainly
used HLPWFA as a brightness transformer for electron beams [47–53] or a light source [54–56], without
much attention devoted to the electron energy gain.

In this paper, we study the HLPWFA in a single uniform plasma over a sufficiently long acceleration
distance through particle-in-cell (PIC) simulations. The LWFA creates the self-injected electron beam of the
length similar to the plasma wavelength (∼10µm). The electron beam automatically shifts to the front of the
wakefield after laser depletion and drives the PWFA, without requiring of reflecting the laser and using two
separated plasma stages. The electrons at the beam tail are then energy boosted due to the PWFA
mechanism. This scheme provides a relatively simple setup, avoids staging problems and injection process in
the PWFA stage, and concurrently overcomes the two energy constraints of the single-stage LWFA. We
propose scaling laws for the electron energy gain and the acceleration distance with the laser energy through
theoretical analysis of the excitation of strongly nonlinear plasma wakefields [57], and demonstrate the
energy gain is at least doubled compared to previous single-stage self-guided experiments with the same laser
energy, as illustrated in figure 1.

The paper is structured as follows. Section 2 shows the simulation observation of the energy boosting
effect of the single-stage HLPWFA. Section 3 introduces the energy gain constraints and matching conditions
for single-stage self-guided LWFA. Section 4 presents the scaling laws through the phenomenological analysis
of wakefields. We summarize our work in section 5.

2. Energy boosting of HLPWFA in uniform plasma

We have used the quasi-3D PIC code FBPIC [58] to simulate the single-stage HLPWFA process. An example
simulation is shown in figure 2. In the simulation, the fully-ionized plasma has a 1000µm long linear
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Figure 2. Snapshots of a PIC simulation for a single-stage HLPWFA. (a) The longitudinal plasma profile consists of a 1mm-long
linear upramp and a 14mm-long flat top. (b)–(f) Density of plasma (gray), laser electric field (red and blue colormap), and the
on-axis longitudinal electric field Ez (red line) at different time steps. (g)–(k) The longitudinal phase space density of electrons
(rainbow colormap) and the energy spectra (black line) at each corresponding time steps. The focused laser pulse at the start of
the flat-top regime (b) creates LWFA (c) before depletion and turns into PWFA (e) after the transition (d), allowing the electrons
at the tail accelerated in PWFA (i)–(k). In (b) to (f), the cylindrical coordinate in the simulation has been reconstructed to the
Cartesian coordinate, and the slices at y= 0 are shown.

upramp, and a half-infinite long flat-top with the density np = 4× 1018 cm−3, as shown in figure 2(a). The
simulation uses the cylindrical geometry with two azimuthal modes. The grid sizes are∆z= 0.01k−1

p and

∆r= 0.04k−1
p in the longitudinal and radial directions, respectively, where kp =

√
4π renp is the plasma

wavenumber and re is the classical electron radius. The number of particles-per-cell is 32. The boundaries of
the simulation box are reflective in the r direction and open in the z direction.

In the example, an 800 nm wavelength, 2.3 J energy laser pulse with the focal spot size w0 = 11.3µm and
the duration at full-width-half-maximum (FWHM) τFWHM = 25.1fs is incident on this plasma, and focused
at the start of the flat-top regime of the plasma (z= 0). These parameters are chosen under the matching
conditions (detailed in section 3) of the laser normalized vector potential amplitude a0 = 4.5 and the peak
power P= 86 TW. The highly nonlinear wakefield, shown in figures 2(b) and (g), accelerates the self-injected
electron beam to high peak current intensity, shown in figures 2(c) and (h). As the laser depletion develops,
shown in figures 2(d) and (i), the electron beam automatically shifts to the front of the wakefield and drives
the PWFA, shown in figures 2(e) and (j). The electrons at the beam tail are then accelerated by the wakefield
in the PWFA until the beam head is almost depleted, substantially exceeding the electron energy gain in the
self-guided single-stage LWFA, as shown in figures 2(f) and (k). We refer to this phenomenon as the energy
boosting effect. Due to this effect, a quasi-monoenergetic beam with 2.2GeV energy and 10.9 pC charge can
be produced at z≈ 13 mm, as shown in figure 2(k). Note that we calculate the summation of the charge
within the FWHM range of the monoenergetic peak in the electron spectrum, similar to the method
proposed in [59].

We have performed an abundant of simulations with different a0 and np, while w0 and τFWHM satisfies the
matching conditions in each of the simulations. Through the simulation results, we find this energy boosting
effect occurs after a sufficiently long acceleration distance if a0 is between 3.5 and 5. For a0 < 3.5, the
self-injected beam has too few charge to drive the PWFA efficiently. And for a0 > 5, the electrons do not gain
high enough energy in the LWFA. A good trade off between the beam charge and the beam energy is found at
a0 ≈ 4.5. Thus, we have scanned np with fixed a0 = 4.5, with the results shown as the orange squares in
figure 1. For example, a 4.7 J energy laser pulse interacts with a plasma of density np = 2.5× 1018 cm−3

(thus, w0 = 14.3 µm and τFWHM = 31.7fs according to the matching conditions), and produces a
quasi-monoenergetic beam with 3.0GeV energy and 15 pC charge at z≈ 18 mm. This energy gain is five-fold
the regular LWFA experimental result in [60] with the same drive laser energy, and nearly doubled the
optimized LWFA experimental result in [21] with the same drive laser energy. In another example, a 9.1 J
energy laser pulse interacts with a plasma of density np = 1.6× 1018 cm−3 (thus, w0 = 17.8µm and
τFWHM = 39.6fs according to the matching conditions), and produces a quasi-monoenergetic beam with
3.5GeV energy and 23 pC charge at z≈ 35 mm, quadrupling the experimental results with the same drive
laser energy, for 0.8GeV energy gain in [61] and 0.75GeV energy gain in [62]. The energy evolution of the
peak electron energy for the beam head and for the beam tail in the three aforementioned cases is shown in
figure 3.
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Figure 3. The evolution of the peak energy for the beam head (red) and for the beam tail (blue) in three cases: (a) a0 = 4.5 and
np = 4.0× 1018 cm−3; (b) a0 = 4.5 and np = 2.5× 1018 cm−3; (c) a0 = 4.5 and np = 1.6× 1018 cm−3. The LWFA generates
and accelerates a high-current electron beam to the energy of the order of 1GeV. After the laser is depleted, through the PWFA
mechanism, the head of the electron beam transfer its energy to the tail of the beam, which is then accelerated to several GeVs.

Note that the single-stage HLPWFA was previously mentioned by Pae et al [40], but the transverse grid
size in their simulation was too large to show the high-energy quasi-monoenergetic beam (we have
reproduced their result with their grid size). Also in Masson-Laborde et al [41], the relatively small choice of
a0 (∼1.7) and the large choice of np (∼1019 cm−3), which are not suitable for the energy boosting effect,
resulted in a short effective acceleration distance and low energy gain of the beam.

3. Theory for self-guided single-stage LWFA

For a single-stage LWFA, the peak accelerating fields can be estimated by Ez,max =
√
a0mecωp/e, where

a0 ≡ eE0/(meω0c) is the peak normalized vector potential of the laser, e is the elementary charge, E0 is the
peak amplitude of the laser electric field,me is the rest mass of electron, ω0 = 2π c/λ0 is the laser frequency, c
is the speed of light in vacuum, λ0 is the laser wavelength and ωp = ckp is the plasma frequency [22]. The
laser focal spot size w0 needs to be matched to the blowout radius R for the most ideal wake as [22]

R≃ w0 =
2
√
a0

kp
. (1)

As mentioned in section 1, the drive laser is pump depleted after the pump depletion length [22, 23]

Lpd ≃
(
ω0

ωp

)2

cτFWHM. (2)

The trapped electrons accelerated beyond the phase velocity of the wakefields outrun the acceleration region
after the dephasing length [22]

Ldp ≃
2

3

(
ω0

ωp

)2

R. (3)

The condition for Lpd = Ldp is

cτFWHM =
2

3
R. (4)

Equations (1) and (4) are referred to as the matching conditions for the single-stage LWFA.
The energy of a laser pulse with the Gaussian temporal profile can be calculated as

εL =
1

2

√
π

ln2
PτFWHM, (5)

where P= (π2mec3a20w
2
0)/(4reλ

2
0) is the peak power of the laser pulse. The pulse energy of the laser under the

matching conditions can be determined by a0 and np as

εL =
π

12
√
ln2

a
7
2
0

r
5
2
e λ2

0n
3
2
p

mec
2. (6)
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We rewrite equation (6) to express the plasma density by a0 and εL,

np =

(
π

12
√
ln2

) 2
3
(
mec2

εL

) 2
3 a

7
3
0

r
5
3
e λ

4
3
0

, (7)

or

np
[
cm−3

]
≈ 0.21× 1018

(
1

εL [J]

) 2
3
(

0.8

λ0 [µm]

) 4
3

a
7
3
0 . (8)

For the self-guided LWFA [60–67], the diffraction of the laser pulse is balanced by the relativistic and
ponderomotive self-focusing effects [68], without the external guiding such as plasma waveguides [69]. In
this case, another condition needs to be fulfilled for the self-guiding to occur, as [22]

a0 ≳
(
nc
np

) 1
5

, (9)

where nc = ω2
0/(4π rec2) is the critical density. We derive the minimum plasma density for the self-guided

LWFA through equations (7) and (9),

ns =
π

17
22(

12
√
ln2
) 5

11

(
mec2

εL

) 5
11

r
− 16

11
e λ

− 17
11

0 , (10)

or

ns
[
cm−3

]
≈ 3.69× 1018

(
1

εL [J]

) 5
11
(

0.8

λ0 [µm]

) 17
11

. (11)

The maximum energy gain for self-injected electrons in the nonlinear self-guided LWFA is achieved with the
minimum plasma density ns, and satisfies [22]

εmax =
2

3

nc
ns

a0mec
2. (12)

We use equations (9), (10) and (12) to derive the maximum energy gain of the electrons as a function of the
drive laser energy as

εmax =
2

3

(
12re

√
π ln2

λ0

) 6
11

ε
6
11
L

(
mec

2
) 5

11 , (13)

or

εmax [GeV]≈ 0.55

(
0.8

λ0 [µm]

) 6
11

ε
6
11
L [J] . (14)

For λ0 = 0.8µm, this scaling is shown as the red line in figure 1.
We present plenty of self-guided LWFA experimental results [3–6, 10–13, 15, 16, 18, 25–27, 60–62, 66,

67] as the blue dots in figure 1. Note that equation (14) is the upper limit of the electron energy gain in
regular self-guided LWFAs.

4. A phenomenological energy boosting theory and our scaling

To find the energy boosting ratio and the energy transformer ratio in the PWFA, we need to know the
deceleration field of the electron beam head and the acceleration field of the electron beam tail. We consider
the normalized current distribution Λ(ξ) =

´∞
0 nB(ξ, r)rdr of the LWFA-generated electron beam, where nB

is the electron beam density normalized to np, ξ = kp(ct− z) is in the normalized co-moving coordinate, and
r is the radial coordinate normalized to k−1

p . Λ(ξ) also satisfies Λ(ξ) = 2I(ξ)/IA, where I(ξ) is the current
distribution, and IA = ec/re ≈ 17 kA is the Alfvén current. An example of the distribution of Λ is shown in
figure 4(a). The head of the electron beam can be modeled to have a triangular distribution with the peak of
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Figure 4. Current density, longitudinal electric field and instant transformer ratio distribution from PIC simulations and our
model. (a) The normalized current distribution Λ of one PIC simulation example (red line) and of the simplified triangular
model (blue line). (b) The peak current of the head of the electron beam Λpeak in simulations with different a0 and np (red dots),
and the fit equation (15) is shown as the colored surface. (c) The longitudinal electric field distribution Ez from the example PIC
simulation (red line) and from solving equations (16) and (17) based on the simplified triangular model of Λ (blue line). (d) The
instant transformer ratio with different a0 and np based on our simplified model. In all cases, we have Λpeak > 1.35 (and
consequently Ipeak > 11.5 kA).

Λpeak and the length of LB ≈ 5R/2≈ 5w0/2. Through a series of simulations with different a0 and np, we fit
Λpeak by

Λpeak ≃
(
0.0492− 0.0013×

np
1018 cm−3

)
a30, (15)

as shown in figure 4(b).
With the modeled distribution of Λ, the blowout radius rb, normalized to k−1

p , can be numerically
calculated by [57, 70–72] (

r3b
4
+ rb

)
d2rb
dξ2

+

(
1+

r2b
2

)(
drb
dξ

)2

+
r2b
4
= Λ, (16)

and the longitudinal electric field Ez, normalized tomecωp/e, can be calculated by

Ez =
1

2
rb
drb
dξ

. (17)

The comparison of the simulated longitudinal electric field and the model-calculated one, for the case of
figure 2(e), is plotted in figure 4(c) and shows good agreement. Note that the numerical calculation should
terminate at the closure of the blowout, where rb = 0 and Ez reaches minimum.

After the Ez distribution is obtained, one may calculate the averaged acceleration and deceleration fields
Ēacc and Ēdec, which are the Ez < 0 and Ez > 0 parts averaged along ξ, respectively. The instant energy
transformer ratio [73], defined as RT0 ≡−Ēacc/Ēdec, can be numerically calculated according to
equations (15), (16) and (17) with different parameters of a0 and np, which is plotted in figure 4(d). We can
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Figure 5. (a) The acceleration distances Zacc vs plasma density np for 3.5< a0 < 5 (red dots), and the fit equation (23) by
asserting a0 = 4.5 (blue line). (b) The scaling of the acceleration distance with the laser energy equation (25) (blue line)
compared with the simulation results (red dots).

see that RT0 ≃ 2.1± 0.1 is a good approximation for a relatively broad range of 3.5< a0 < 5 and
1.5× 1018 cm−3 < np < 8× 1018 cm−3.

The energy of the electron beam after the LWFA can be estimated by the original version of Lu’s
scaling [22]

εLWFA =
2

3

nc
np

a0mec
2. (18)

After the PWFA, the head of the electron beam looses all the energy, and the tail of the electron beam is
boosted to the energy of ε. The overall energy transformer ratio, which is approximately half of the instant
energy transformer ratio, can be written as

RT =
ε− εLWFA

εLWFA − 0
=

1

2
RT0. (19)

This leads to the boosted energy of

ε=
2

3

(
1

2
RT0 + 1

)
nc
np

a0mec
2. (20)

We use equations (7) and (20) to rewrite the boosted energy as

ε=
4

3

(
1

2
RT0 + 1

)
(18π ln2)

1
3 a

− 4
3

0

(
re
λ0

) 2
3 (

mec
2ε2L
) 1

3 . (21)

Note a0 is not arbitrary in our model. As mentioned before, 3.5< a0 < 5 is required for the effective energy
boosting, and a0 ≈ 4.5 is a good trade off between the beam charge and the beam energy. We see in
figure 4(d) that RT0 decreases with a0, and RT0 ≈ 2.1 for a0 ≈ 4.5. Thus, we take RT0 = 2.1 and a0 = 4.5, and
our scaling for the boosted energy is obtained as

ε [GeV] = 0.79

(
0.8

λ0 [µm]
εL [J]

) 2
3

. (22)

The scaling with the commonly used λ0 = 0.8 µm is plotted in figure 1 as the yellow line, to compare with
the single-stage HLPWFA simulations described in section 2. One can see that our scaling reasonably
illustrates the energy boosting of the hybrid acceleration.

Another critical problem of the hybrid acceleration is the total acceleration distance Zacc, at which the
head of the electron beam looses all the energy and the tail of the electron beam does not gain energy
anymore. To study this, we plot Zacc vs np in figure 5(a) as the red dots, while different a0 cases within the
range 3.5< a0 < 5 are collected in the same plot. We find that Zacc mainly depends on np, but is not sensitive
to a0. We use a similar acceleration distance scaling as Shadwick et al [23], but with a different prefactor
obtained by fit

Zacc = 7.8

(
1+

2

a20

)
nc
np

k−1
p . (23)
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Figure 6. A possible experimental setup for the HLPWFA in a single uniform plasma. A high-power laser beam is focused in
vacuum by an off-axis parabolic (OAP) mirror at the front edge of the low-Z gas ejected from the nozzle. The low-Z gas, such as
helium or hydrogen, is ionized by the laser prepulse or the remnant of the laser after pump-depletion, to form the plasma target.
Both the LWFA and PWFA processes occur in the same plasma target, and energy boosted electrons are generated at the rear side
of the plasma target. The opening of the nozzle should be wide enough to support the acceleration distance, which scales as
equation (25). The proper f-number of the OAP mirror can be estimated according to F≈ 1.2w0/λ0.

We assert a0 = 4.5 once more, and plot this fit in figure 5(a) as the blue line, which shows good agreement
with the simulation results. As a comparison, the acceleration distance of a regular LWFA under the
matching conditions, which is the pump depletion length and the dephasing length
Lpd = Ldp =

4
3

√
a0ncn−1

p k−1
p according to equations (1)–(4), is only about 1/3 of Zacc for a0 = 4.5.

To further obtain the Zacc scaling with the laser energy, we use equations (7) and (23) to write

Zacc ≃ 46.8

√
ln2

π

(
1+

2

a20

)
a
− 7

2
0

(
εL

mec2

)
re, (24)

which is simplified to

Zacc [mm]≃ 4.40εL [J] , (25)

if we assert a0 = 4.5. This acceleration distance scaling is shown in figure 5(b) as the blue line, which has
good agreement with the simulations shown as the red dots.

5. Conclusion

We have observed the energy boosting effect in the HLPWFA in a single uniform plasma, as the energy of the
tail of the LWFA-generated electron beam can be further accelerated in the PWFA, which concurrently
overcome the two major constraints on the electron energy gain of the regular single-stage LWFA. We have
also proposed the scaling for the electron energy gain equation (22) and the acceleration distance
equation (25), as functions of the drive laser energy based on a phenomenological theory. It is found that the
HLPWFA has the potential to at least double the energy gain compared to previous regular self-guided LWFA
experiments using the same energy drive laser. Meanwhile, this concept has the potential to become a novel
solution for EuPRAXIA [44, 45]. The energy boosting effect and scaling of the HLPWFA can be
experimentally examined with a common LWFA setup, illustrated in figure 6, if proper parameters are
chosen.

The simulations were performed on a single NVIDIA A100 GPU with 40 GB memory. The computation
time for one simulation ranges from 28 to 44 h, depending on the simulation parameters. It should be noted
that the simulation with a plasma density lower than 1× 1018 cm−3 cannot be performed with an adequate
grid resolution, because of the memory capacity limitation. Nevertheless, our scaling suggests that the similar
energy boosting effect can occur with lower densities, and consequently larger laser energies according to
equation (7).
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