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Abstract

Black holes are among the simplest objects in the universe, yet they serve as one of the
most powerful testbeds for probing some of the deepest puzzles in physics, such as the
curvature singularity, the information loss paradox and other fundamental challenges
within general relativity. These unresolved issues motivated the investigation of
alternative models of compact objects. Among the various proposals, the Fuzzball
program stands out as one of the most promising top-down approaches to resolving
these problems in one coherent picture, as it describes the black hole as an ensemble
of smooth and horizonless geometries representing its microstates with the same
mass and charge.

The flourishing field of gravitational waves research provides an excellent avenue
for investigating the phenomenology of these objects. This thesis focuses on the
study of toy models whose simplified yet physically motivated solutions, involving
gravity coupled with additional degrees of freedom, effectively capture key properties
of Fuzzballs. We investigate the perturbative response of these objects by computing
their oscillatory modes and highlighting the presence of echo patterns in the ringdown
signal. Moreover, we analyze extreme-mass-ratio inspirals as a promising probe
to differentiate classical black holes from horizonless compact objects in these toy
models.
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Introduction

The first direct detection of gravitational waves (GWs) in September 2015 [1],
produced by the coalescence of a binary system of black holes (BHs), opened a new
era of BH physics and paved the way for GW astronomy. To date, more than 300
GW events have been collected by the LIGO - Virgo - KAGRA (LVK) collaboration
[2H6], with the current fourth observing run (O4) expected to significantly expand
the event catalog. The majority of these detected signals originate from the merger
of binary systems of BHs. A smaller but significant portion of these events come from
neutron stars (NSs) binaries, of which it is also possible to detect the electromagnetic
counterpart, making them essential targets for multi-messenger astronomy, which
began with the first detection in August 2017 [7, [§]. The remaining fraction of these
events is instead produced by mixed binaries of NSs and BHs.

The rapidly growing research field of GW astronomy constitutes the most promis-
ing avenue to study the gravitational interaction in its highly dynamical and strong-
field regime, and to test with high precision the predictions of Einstein’s theory of
general relativity (GR). Moreover, the study of GW signals collected by current and
future interferometers enables us to infer the nature and intrinsic properties of the
compact objects originating them. This analysis can potentially signal departures
from GR, thus providing critical insights into new physics and the fundamental
behavior of gravity in the extreme regime.

Such GW observations, combined with the high-resolution images of BH accretion
disks obtained by the Event Horizon Telescope (EHT) [9] [10], represent not only
a direct measurement of the existence and properties of the latter, but also a
remarkable validation of GR. Despite all these direct evidences of the existence of
BHs, their underlying physics still suffers from profound foundational issues, which
arise either from the theory of GR itself or when one tries to introduce quantum
effects into it.

One of the most critical issues affecting BHs in GR is the existence of curvature
singularities, regions of spacetime where the curvature diverges and the theory of
relativity breaks down. These singularities are conjectured to be hidden by an event
horizon [11l 12], a surface of no return that prevents any matter or information
from escaping once it has crossed the boundary of the BH. As a consequence, the
region inside the event horizon is causally disconnected from the exterior spacetime.
Moreover, since, according to the no-hair theorem [I3HI7], the exterior is fully
characterized by at most three parameters (the BH mass, charge and angular
momentum) it remains entirely independent of the specific details of the matter and
processes that formed it.

In 1975 Hawking showed that a semiclassical treatment of the vacuum spacetime
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outside the event horizon leads to the emission of thermal radiation from the BH
[18,[19]. As a result, the BH gradually evaporates, making it impossible to reconstruct
its interior from exterior information, in a process that violates the unitarity of
quantum mechanics. This is known as the information loss paradoz.

Additionally, the BH is characterized by an entropy that is proportional to
the area of its event horizon [20], thus extremely large. According to statistical
mechanics, the entropy of a system is related to the number of accessible microstates
by the Boltzmann formula

S=kplnQ,

where 2 denotes the number of microscopic configurations compatible with a given
macroscopic state. In this sense, the enormous BH entropy suggests an exponentially
large number of underlying microstates. However, as previously stated, the spacetime
outside the event horizon (parametrized in terms of mass, charge and angular
momentum) is described by a single classical state, leading to a significant mismatch.

The open problems of GR and semiclassical gravity mentioned above, along
with the lack of a coherent quantum description of the gravitational interaction,
have opened the landscape to a plethora of exotic compact objects (ECOs) [21], [22]:
astrophysical objects that, differently than classical BHs, are regular and horizonless.
They arise as solutions of theories beyond GR or modified gravity; however, they are
typically constructed using a bottom-up approach, namely they are phenomenological
models designed to capture deviations from classical BHs without necessarily deriving
directly from a fundamental underlying theory.

Among the wide variety of ECOs, String Theory, with the Fuzzball proposal
[23-25], provides a top-down approach that is able to fully solve the challenging
problems of classical BHs by replacing the latter with a horizon-scale microstructure:
an ensemble of regular and horizonless geometries representing the microstates of the
BH. To prevent collapse, these microstates are topologically non-trivial geometries
existing in a higher-dimensional space.

However, the lack of symmetries in Fuzzball microstates (which are instead
a typical feature of GR solutions) and their intrinsic complexity make the study
of their dynamics a particularly difficult task. In light of these challenges, one
fruitful approach is to investigate simplified yet physically motivated models whose
solutions are both more tractable and preserve certain symmetries, while still sharing
some ingredients with Fuzzballs: like existing in higher-dimensional spacetimes and
involving gravity coupled with other fields or extra degrees of freedom. Thanks to
the shared ingredients, these solutions are able to capture many of the essential
aspects and phenomenological properties of the Fuzzball microstates.

Among such solutions, two recently discovered families have attracted consider-
able interest: topological stars (TS) [26] and W-solitons [27]. Both represent smooth,
horizonless and non-extremal geometries in five-dimensional theories of gravity. In
particular, TSs are solutions of the five-dimensional Einstein-Maxwell theory and in
order to prevent the gravitational collapse they are supported by a magnetic flux.
On the other hand, W-solitons come from minimal five-dimensional supergravity
and possess the same mass and charges as four-dimensional charged black holes, but
cap off smoothly due to a topological bubble supported by electromagnetic flux and
an axion field. Thanks to their symmetry and tractability, these solutions provide
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an ideal framework for exploring the behavior and observable features of black hole
microstructure.

The analysis of the GWs produced by binary systems or by mergers involving
such exotic objects currently provides the best opportunity to investigate their
phenomenology and to identify potential deviations from GR. The GW signal
originated by the coalescence of a compact binary system can be divided into three
main phases: the inspiral, during which the two widely separated objects gradually
spiral toward each other due to the emission of gravitational radiation; the merger,
where the two bodies collide and form a single remnant dominated by strong nonlinear
effects; and the ringdown, during which the final object settles into its equilibrium
configuration.

One of the most effective and widely used methods to investigate the phenomeno-
logical properties of ECOs as the end-products of a binary coalescence, is the study
of the ringdown signal. For standard BHs, the latter is accurately described by
the so-called quasi-normal modes (QNMs): characteristic damped oscillation modes
of the object with complex frequency that can be computed by analyzing small
perturbations around the background solution. According to the no-hair theorem,
the QNMs of a BH are fully determined by its three parameters: mass, charge and
angular momentum. Moreover, these modes strongly depend on the nature of the
compact object under study, and the presence or absence (as in the case of ECOs) of
the event horizon can drastically affect them. Therefore, computing and comparing
the QNMs spectrum with that of standard BHs represents a valuable way to infer
the nature of the final compact objects produced in the coalescence of binaries.

Unlike standard BHs within GR, many ECOs exhibit a richer set of null geodesics,
often featuring both the usual unstable photon orbit and an additional stable photon
sphere. The presence of a stable photon sphere can support long-lived modes (QNMs
with a long damping time) that give rise to a train of modulated pulses, known as
echoes, in the late-time ringdown signal [22], 28], 29].

The presence of a stable photon sphere is a feature that not only characterizes
many ECOs, but also appears in certain BH solutions with scalar hair, known as
scalarized BHs [30H34]. The emergence of an additional stable photon sphere, or
more generally a richer photon sphere structure compared to that of standard BHs
without scalar hair, provides a compelling framework to explore long-lived QNMs
and late-time features in the gravitational wave signal [35].

Over the past years several distinct groups have claimed evidence for post-merger
repeating damped echoes in the signal of many GWs [36H38]. However, subsequent
analyses by independent groups have found that the evidence for such events is weak
and likely attributable to noise [39-43].

Beyond the ringdown signal, further insights into the nature of ECOs can be
gained by studying the inspiral dynamics of extreme mass ratio systems. Extreme
mass ratio inspirals (EMRIs) are binaries in which a stellar-mass compact object
(the secondary) orbits around a much heavier one (the primary). Due to the large
mass ratio, the secondary object completes a large number of orbital cycles before
plunging into the primary. The long timescale of the inspiral dynamics allows
deviations from GR, such as the absence of an event horizon or the presence of
long-lived modes, to leave observable imprints on the GW signal. In particular, if
the central object possesses long-lived QNMs, these modes can be resonantly excited
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during the inspiral, leaving observable signatures in the GW [44-4§]. Even when
such resonances are not present, absence of the event horizon in the geometry can
lead to an accumulated dephasing of the signal with respect to the BH case [48] [49].

The next generation of gravitational wave detectors both ground-based and
space-based, such as Einstein Telescope (ET) [50], Cosmic Explorer [5I] and Laser
Interferometer Space Antenna (LISA) [52], will enhance our possibility to probe the
nature of compact objects and potentially detect the phenomenological signatures
discussed above. In particular, ET and the Cosmic Explorer will be able to detect
high-frequency signals with greater sensitivity, potentially detecting post-merger
features such as gravitational echoes or deviations in the ringdown. On the other
hand LISA, with its sensitivity in the millihertz band, is particularly suited to
observe long timescale signals like those produced by EMRIs [53].

The aim of this thesis is to explore how horizonless and regular spacetimes,
motivated by top-down models like the Fuzzball proposal, can mimic or deviate
from classical BH behavior in GW observables. We study simplified but analytically
tractable solutions (such as scalarized BHs, TSs, and WW-solitons) that incorporate
key features of BH microstates, including additional degrees of freedom and nontrivial
topological structure. By analyzing their perturbative response and the dynamics
of extreme-mass-ratio inspirals in these backgrounds, we identify phenomenological
signatures that could help distinguish such exotic compact objects from standard
BHs in upcoming GW observations.
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The thesis is organized as follows.

Chapter [1] introduces the fundamental conceptual issues affecting BH physics
in GR. These long-standing problems motivate the search for horizonless models
of compact objects, among which the Fuzzball program of String Theory is one
of the most promising top-down approaches. The chapter reviews the concept of
Fuzzballs and presents explicit solutions within supergravity, namely the microstate
geometries, together with illustrative examples. The final part of the chapter is
devoted to their phenomenology, focusing on potential observational signatures that
could distinguish them from classical BHs.

Chapter [2] presents the theoretical framework of BH perturbation theory and the
associated QNMs. After a brief overview of GW emission from compact binaries, the
chapter presents the formalism of linear perturbations in Schwarzschild spacetimes,
with particular focus on scalar and gravitational perturbations. The QNMs are then
introduced formally as the poles of the Green function, and different computational
techniques to extract their frequencies, such as direct integration and the continued
fraction method, are explored. Finally the phenomenological implications in the
ringdown signal of ECOs are examined. Particular attention is given to long-lived
QNMs and GW echoes, and the discussion concludes by connecting these general
features to the case of Fuzzball microstate geometries.

Chapter [3]is devoted to EMRISs, long-lived binary systems in which a stellar-mass
compact object spirals around a (super)massive one. After introducing the basic
features of EMRISs, their perturbative treatment is outlined. The final part instead
discusses the phenomenology that arises when the central object is an ECO rather
than a BH, highlighting potential observable imprints such as resonant excitations
and dephasing in the emitted GW signal.

Chapter [ presents the mechanism of spontaneous scalarization. After introducing
the tachyonic instability that underlies this mechanism, the chapter reviews the
main classes of scalarization, driven by compactness, spin, or couplings to matter
and other fields. Some specific models, such as the scalar-Gauss-Bonnet and the
Einstein-Maxwell-scalar theory, are discussed as illustrative examples.

Chapter |5 is devoted to hairy BHs in the Einstein—-Maxwell-scalar (EMS) theory,
a framework that allows for spontaneous scalarization via a non—minimal coupling
between scalar and electromagnetic fields. Static scalarized BH solutions are pre-
sented and analyzed, showing that in certain regions of their parameter space these
configurations develop both stable and unstable photon spheres. The resulting
effective potentials support long-lived QNMs and echo-like features in the ringdown
signal.

Chapter |§| explores the topological star (TS), a novel smooth and horizonless
soliton supported by magnetic flux in five-dimensional Einstein—Maxwell theory,
together with the corresponding magnetized BH. After presenting their construction
and perturbative dynamics, we compare their QNM spectra and ringdown signals,
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showing that TSs can sustain long-lived modes and echo features absent in the BH
case.

Chapter [7] studies the dynamics of EMRIs when the central object is a TS instead
of a BH. The chapter investigates the scalar radiation emitted by a test charge orbiting
circularly around TSs and magnetized BHs, highlighting the phenomenological
consequences of the absence of an event horizon. The study reveals the appearance
of sharp resonances in the TS case, associated with long—lived QNMs, and estimates
the dephasing between inspirals around TSs and BHs, discussing its potential
detectability with future space-based GW detectors such as LISA.

Chapter [§] presents the analysis of the W-soliton, a smooth, horizonless solution
of minimal five-dimensional supergravity, and its corresponding charged BH with
the same mass and charge. Differently than usual ECOs, the W-soliton possesses a
single unstable photon sphere, much similar to a standard BH, thus preventing the
formation of long-lived QNMs and echoes in the ringdown. The full QNM spectrum
is then studied, together with a time domain analysis, highlighting the features in
common and the differences between the soliton and the corresponding BH.



Chapter 1

BH conundrums and the
Fuzzball program

BHs occupy a unique place in modern physics: they are not only fundamental
theoretical solutions of GR, but their role has expanded in recent years thanks to the
direct observation of GWs. At the same time they represent the source of profound
conceptual issues whose understanding would clarify the role of gravity in its strong
field regime and its interplay with quantum mechanics.

In this chapter we recall the most significant issues that have long puzzled the
BH physics community, and introduce a promising top-down approach derived from
String Theory that aims to resolve them all at once.

1.1 Challenges in BH physics

BHs have accompanied the development of GR since its very beginnings. Only two
months after that Einstein presented his field equations, Schwarzschild discovered
the first exact solution that describes the gravitational field exterior to a static,
spherically symmetric, uncharged and non-rotating body [54]. Such remarkable and
exotic result was soon followed by important generalizations: the Reissner-Nordstréom
solution, accounting for charge [55, 56]; the Kerr metric, including rotation [57]; and
finally the Kerr—Newman geometry, incorporating both charge and spin [58]. The
surprising mathematical structure of these solutions set the stage for the so-called
no-hair theorem [13HI7], according to which stationary BHs in GR are uniquely
characterized by three macroscopic parameters: their mass, charge and angular
momentum.

Despite their elegant mathematical structure, BHs have faced considerable
skepticism over the years, to the point that even Einstein himself argued against the
physical reality of such solutions in nature [59]. As a consequence, BHs, together with
their event horizons and singularities, were for a long time regarded as mere artifacts
of the theory of GR, rather than compact objects with astrophysical relevance.

The first indirect evidence supporting the existence of BHs comes from the
discovery of compact X-ray binaries in the 1960s and 1970s, in particular of Cygnus
X-1 [60} [61]. Decades later astronomers were able to track the motion of individual
stars near the center of the Milky Way. Their orbits revealed the presence of an
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invisible but enormously massive object, now identified as the supermassive BH
Sagittarius A* [62] [63]. In the present century the detections of GWs from the LVK
collaboration have offered a remarkable confirmation of merging compact objects
with masses and dynamics fully consistent with BHs. Finally, the first direct images
of the shadows of M87* and Sagittarius A* have provided striking confirmation of
the physical reality of BHs, settling long-standing doubts about the viability of their
existence.

Despite the compelling indirect and direct observational evidences of the existence
of BHs, their theoretical description still suffers from profound conceptual challenges.
In GR the event horizon of the BH traps matter, light and any form of information
within the interior region. As a consequence, the exterior is uniquely determined
by a small set of long range parameters (mass, charge and angular momentum),
while the spacetime region close to the horizon is vacuum, since any form of matter
crossing the horizon is inevitably drawn toward the singularity. Hawking found
that this vacuum region is unstable to the quantum creation of entangled particles
[18, 19]. One component of the pair carries positive energy and escapes to infinity
in the form of the so-called Hawking radiation, which is universal and thermal as a
consequence of the uniqueness of BHs in GR. The other component with negative
energy is captured by the BH, thereby reducing its mass. The two components
define a pair in entanglement, whose state can be written as [24], 25 [64]

1
‘w>pair = \ﬁ

where a and b denote the two components of the pair. By considering semi-classical
back-reaction of the Hawking radiation it is possible to show that the BH will slowly
evaporate. This process of evaporation gives rise to the information loss paradoz:
the thermal nature of the Hawking radiation implies that the final state carries
no imprint of the BH initial configuration, making it impossible to recover the
information about the matter that formed it. Therefore the evaporation process
is not represented by a unitary transformation of states in a Hilbert space [24 [25].
Thus, once the BH has completely evaporated, the outgoing radiation remains in an
entangled state, yet nothing appears to exist for it to be entangled with.

One possible way to address the information loss paradox is through the exis-
tence of long-lived remnants: when the BH shrinks to Planck-scale size, quantum-
gravitational effects halt the evaporation process, leaving a stable object that stores
the information. However, remnants do not appear to be possible in String Theory
for two main reasons: first, this scenario leads to a necessarily infinite degeneracy of
states for Planck-scale energies; second, the AdS/CFT duality rules it out [65].

Another proposed resolution to the problem of the monotonically increasing
entanglement is the so-called small corrections scenario. The idea is that since the
BH evaporation time is extremely long, the information about its formation could
leak out through tiny corrections to the state of each emitted pair [64]

(10)4 100 + 1) [1)3) (1.1)

1
|17Z}>pair = ﬁ

arising from quantum gravity effects. Although the corrections to each created pair
are individually very small, the total number of emitted quanta, Nquanta, is large

(10}, 10), + |1, 1)) + |30 . ’|5¢>‘ <e,  e<l, (12
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enough that Nguanta € > 1. In this way, correlations among the quanta could in
principle prevent the entanglement from growing monotonically. However a theorem
[66] proves that such small corrections are not enough to solve such problem. Indeed,
if one assumes that each radiated quantum undergoes no significant change, the
entanglement entropy Sent(/N) of the radiation with the BH at step N continues to
grow monotonically, as

Sent<N + 1) > Sent(N) + 10g2 — 2e. (13)

Therefore, the problem cannot be resolved by small corrections, it requires corrections
of order unity.

Another puzzle affecting BH physics regards its entropy, which according to
Bekenstein [20] is proportional to the horizon area A

Se = ? , (1.4)
where we used Planck units (i.e. G = ¢=h = kp = 1). The no-hair theorem states
that, from the perspective of an external observer, the BH is described by a single
classical state. This simple description is in contradiction with the BH entropy that,
if interpreted in terms of the Boltzmann formula, is connected to the number of
available microstates. The puzzle is therefore evident: on the one hand, the no-hair
theorem implies a unique exterior state, while on the other, BH thermodynamics
assigns an enormous entropy (for example, Sagittarius A* has Spy ~ 61090), pointing
to an exponentially large number of underlying microstates.

The common expectation is that quantum gravity corrections become relevant
only in the spacetime regions where the curvature reaches the Planck scale, typically
in the deep interior of the BH, where the singularity lives. Conversely, in the near
horizon region, where the curvature is small, physics should be accurately described
by low-energy semiclassical physics. Contrary to this belief, in order to resolve
the information paradox new physics cannot be confined to the singularity, but it
must already appear at the horizon scale. If we consider a shell of mass M that is
collapsing to form a BH we get that the curvature at the horizon is very small [64]

1 1
R < (1.5)
GM)? < B2

where we have reintroduced the gravitational constant G and where [, is the Planck
length. Under this condition, one expects that low energy semiclassical dynamics
holds, therefore, the shell will smoothly cross the horizon radius and pair creation
proceed in the exterior vacuum. The outgoing quanta of Hawking radiation are
then entangled with negative energy particles inside the horizon, and by causality
any quantum gravity effect from the interior (or the singularity) cannot alter this
mechanism. A viable resolution instead requires order-unity departures from the
Hawking vacuum at the horizon scale, namely a breakdown of semiclassical physics
precisely where the curvature remains small, and not where the curvature is large,
as it is close to the singularity. The next section presents the Fuzzball program,
providing a concrete scenario that resolves the challenges outlined above.
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1.2 From BHs to Fuzzballs

In the Fuzzball paradigm, the usual description of a BH endowed with a smooth
event horizon is replaced by a horizon-scale microstructure: from far away the
geometry matches the BH it is supposed to replace, but at the would-be horizon
it shows order unity deviations. In this sense a Fuzzball is a BH microstate whose
near-horizon structure is non-trivial, while its asymptotics coincide with those of the
corresponding BH [23]. Therefore BH microstates, replacing an arbitrary BH, are
highly complex quantum objects, realized as solutions of String Theory, including
string or brane condensates with a wave-function that extends over the horizon scale,
and whose degrees of freedom provide the microscopic accounting of the BH entropy
[25].

The appeal of the Fuzzball program is that it provides a natural and conceptually
straightforward resolution of the information problem, accounts for the large BH
entropy and removes curvature singularities all at once. Following [25], one can view
Fuzzballs as a new quantum phase that appears when matter is compressed to BH
densities. In this case the gravitational collapse and the subsequent appearance
of a horizon and a singularity is prevented with the formation of a horizon scale
microstructure.

The information problem is solved because the internal degrees of freedom of
the Fuzzball are in causal contact with an exterior observer. Indeed the absence
of a horizon implies that the usual mechanism of Hawking pair creation does not
take place and therefore the information loss problem never arises. Instead, the
Fuzzball can emit radiation directly from its surface, exactly like an ordinary star,
though with an emission rate that matches the Hawking rate [67]. According to this
program the curvature singularities and event horizons appear only when one tries
to describe the gravitational interaction by using a theory with not sufficiently many
degrees of freedom.

1.2.1 Microstate Geometries

While a general Fuzzball construction for arbitrary BHs remains still an open
problem, for certain classes of BHs one can explicitly build well-behaved solutions
within supergravity, the low-energy effective theory of String Theory. Such solutions
are known as microstate geometries and, as explicit realizations of Fuzzballs, they
are smooth and regular everywhere and possess no horizon. Although the general
property of microstate geometries is to be regular everywhere, there exist some five-
dimensional solutions that upon a dimensional compactification to four dimensions
show well-understood singularities and are called microstate solutions [68]. Moreover
microstate geometries are constructed to have the same mass and charges as the
corresponding BH they are meant to replace. In this way they reproduce the correct
asymptotic behavior of the classical BH solution while differing drastically in their
near-horizon structure, where they are smooth and horizonless.

One should emphasize that microstate geometries are Fuzzballs solutions of
the effective long-wavelength approximation to String Theory, therefore they are
valid within the supergravity regime. In this sense higher order quantum stringy
corrections can be neglected up to the Planck or string scale [69] [70].



1.2 From BHs to Fuzzballs 11

The known microstate geometries can be divided into two main classes: multi-
centered bubbled geometries and superstrata geometries.

Multicentered bubbled geometries

The multicentered bubbled geometries are regular and horizonless solutions of five-
dimensional supergravity [71], that can have R%! or R®! x (S1),, asymptotics. Those
with R*! asymptotics represent the microstates of a five-dimensional, three-charge
supersymmetric BMPV BH [72]. The others, with R*! x (S1),, asymptotics, can be
dimensionally reduced along the (S 1)¢, circle to four dimensions and represent the
microstates of a supersymmetric, static and four-dimensional BH.

These solutions are defined by the presence of several distinct centers which
correspond to points in a three-dimensional subspace where the (S 1)¢, circle smoothly
shrinks to zero leaving the overall spacetime regular. Their name derives from the
fact that each pair of centers is connected by a non-trivial two-sphere, or bubble,
whose collapse is prevented by a magnetic flux. In this sense the role of extra
dimensions with non-trivial topology is a key aspect to avoid the collapse.

As already anticipated, when one performs a dimensional reduction to four
dimensions over the (S'), circle, the centers give rise to singularities which, not
being hidden behind a horizon, are naked.

An explicit example of such configurations is provided by the scaling solutions,
a family characterized by a continuous parameter A such that in the scaling limit
(A — 0) the centers approach zero separation, yielding a microstate geometry that
asymptotically approaches the corresponding BH. In this limit the redshift throat
of the bubbled solution becomes deeper and deeper, reaching the one of the BH
horizon.

For more details and explicit examples of these solutions see [68, [7T], [73H8S].

Superstrata geometries

The multicentered bubbled geometries account for only a small subset of the full
set of microstates associated with the BMPV BH [80]. A much broader class of
microstates of the same BMPV BH is instead captured by the superstrata geometries.
Even though they correspond to a larger fraction of these BH microstates, they still
do not account for the full BMPV entropy [89-92].

The superstrata geometries are solutions of six-dimensional supergravity, with a
non-trivial momentum along the sixth extra dimension. They can be pictured as
having a single S? topological bubble, similarly to a two-centered bubbled geometry
[23].

For more details about the superstrata geometries see [93-103].

Beyond supersymmetry: other microstate geometries

Both the multicentered bubbled geometries and the superstrata geometries are only
possible within supersymmetry, therefore the microstates they capture are just of
supersymmetric BHs. The supersymmetric microstate geometries can be constructed
by solving the simpler first-order supersymmetry equations, rather than the full



12 1. BH conundrums and the Fuzzball program

equations of motion of supergravity, that are necessary for non-supersymmetric
solutions, and this is the reason why the latter are much more difficult to investigate.

Over the last years, some non-supersymmetric microstate solutions have been
constructed [104-114], however, they suffer from the drawback of being overspinning
and therefore cannot match the charges of the corresponding BHs.

1.2.2 Fuzzball formation

A natural issue of the Fuzzball program at this stage is to understand how the
collapse of a star can lead to an object different from a BH, thereby evading or
generalizing Birkhoff’s theorem. In an idealized scenario, if we consider a spherical
shell of matter with sufficiently large total mass, it will inevitably collapse under
its own gravitational pull, eventually forming an event horizon and giving rise to
a Schwarzschild BH. The Fuzzball program must also account for how horizon
formation can be dynamically prevented, so that the collapse results in a Fuzzball
rather than in a classical BH. Since for a shell of mass M the curvature close to
the horizon goes like Eq. , and therefore no large curvatures are involved, one
might expect that quantum corrections would not be sufficient to prevent the shell
from collapsing into a horizon. This problem, together with the seemingly inevitable
collapse leading to horizon formation, is addressed by the enormous entropy of the
BH and the correspondingly vast number of available microstates [115} [116].

The idea for resolving the problem of horizon formation is that gravitational
collapse can undergo a tunneling process from the shell state to a Fuzzball configu-
ration. One can show that for Fuzzballs there is a non-zero probability of tunneling
given by

P=|AP, A~ e (1.6)

where A is the tunneling amplitude and S is the classical gravitational action that
can be estimated by considering all the involved length scales to be of the order of
the BH radius ~ GM, i.e.

2

deé/foNé@Mﬁaiﬁfmmﬂ~<£) , (1.7)
where m,, is the Planck mass. It is straightforward to see that if the BH is sufficiently
large, i.e. for M > m,, the tunneling probability P is extremely small. Such small
probability is consistent with the fact that the evolution of macroscopic objects is
perfectly described by classical dynamics, and the probability of tunneling between
two distinct macroscopic configurations is completely negligible. However, in this
case, to obtain the total tunneling probability P, one must multiply the single-state
probability P by the number N of Fuzzball states accessible to the shell, and this
number is enormously large

N ~ 5B o o1 = AmOM? (1.8)

The extremely small probability of tunneling into a single state is counterbalanced by
the enormous number of available Fuzzball microstates, so that the total tunneling
probability can effectively become of order unity

P =PN ~1. (1.9)
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In this scenario the shell of matter, or in the realistic case the star, will tunnel into
a linear combination of Fuzzball states, instead of forming a horizon.

The heuristic argument outlined above can be made more rigorous through the
so-called VECRO hypothesis (see [117] for further details).

1.2.3 The issue of typicality

As described above, microstate geometries are solutions of supergravity and represent
the microstates of the corresponding BH. However, these known solutions constitute
only a small subset of the full phase space of microstates required to account for
the Bekenstein-Hawking entropy of BHs [70, [II8]. This issue in the context of
microstate geometries is known as typicality, and concerns the question of whether
these geometries efficiently represent and share properties with most BH microstates
(typical), or whether they instead capture only atypical features (atypical). In
the latter case they would correspond to only a marginal sector of the full phase
space of BH microstates [70]. Conversely, some works have showed how some
interesting features of microstate geometries are actually typical [77, [78, [119] 120].
In this sense and in a much broader perspective, microstate geometries serve as a
valuable framework to probe the microscopic structure of BHs and to study possible
observational features of horizon-scale structures.

1.3 Phenomenology of Fuzzballs

In order to test the Fuzzball program we must focus on distinct phenomenological
features that would differentiate these horizonless microstate structures from classical
BHs within GR. Fuzzballs indeed provide a top-down model to analyze horizonless
objects and explore possible quantum gravity signatures in observable phenomena.
The study of the observable features produced by such objects is referred to as
Fuzzball phenomenology and has several different applications.

In the present work we will focus on the GW signatures of Fuzzballs, with a
particular attention to the perturbative response. For a more detailed discussion
on how the Fuzzball phenomenology fit into the broader ECOs landscape we refer
the reader to Sec. In the present section, however, we will also briefly mention
other interesting phenomenological features for completeness.

1.3.1 QNMs and echo pattern in Fuzzballs

One of the most promising observational channels to test the Fuzzball proposal is
the study of GW perturbations.

BHs in GR are characterized by a discrete spectrum of quasi-normal modes
(QNMs), which describe the GW signal associated with the late time relaxation of
the BH following a perturbation. As a direct consequence of the no-hair theorem,
these modes only depend on mass, charge and spin of the BH. The absence of an
event horizon in microstate geometries, and more generally in the Fuzzball program,
modifies the boundary conditions that must be imposed when solving the eigenvalue
problem to determine the QNMs. Additionally to a modified QNMs spectrum,
some modes of the perturbation can be trapped in the potential well between the
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photon sphere and the effective reflective surface replacing the horizon in microstate
geometries. Such modes can leak through the potential barrier at late times in the
GW signal, giving rise to a series of repeated peaks known as echoes [23], [121HI23)]
(a more detailed discussion is provided in Sec. [2.5)).

1.3.2 Multipolar structure

Besides the modifications of the QNMs spectrum and the possible presence of an echo
pattern in the ringdown GW signal, another noteworthy phenomenological feature
that differentiates Fuzzballs from classical BHs regards their multipoles [124H127].
According to the no-hair theorem, the multipoles of a Kerr BH are uniquely defined
by its two parameters, mass M and angular momentum J = Ma

My +iS; = M(ia)', (1.10)

where [ is the angular momentum number, while M; and S; are the mass and current
(or angular momentum) multipoles, respectively. The above relation is fulfilled also
by the Kerr-Newman BH, showing that the electric charge ) does not play any role
in the multipolar structure [128].

On the other hand, Fuzzballs violate the no-hair theorem, and as a consequence
they exhibit a non trivial multipoles set, depending on the complicated microstate
structure. Asymptotically flat supersymmetric BHs in four dimensions are static
and therefore all their multipoles, except the mass M = M, vanish. However, it has
been shown that dimensionless ratios of multipoles show an interesting structure.
Since ratios of multipoles is in general not well-defined for supersymmetric BHs,
it is necessary to deform the BH under study to a non-extremal charged BH of
maximal supergravity in four dimensions. In this way it is possible to compute the
multipoles for these deformed BHs and consequently evaluate their ratios. By taking
the limit of these multipoles ratios as the deformation is turned off one can construct
well-defined ratios. Such a procedure is called indirect method [129] [130].

As stated above, any Fuzzball, and therefore any multicentered bubbled geometry,
will have non-vanishing multipoles. However, in the scaling limit A — 0 the microstate
geometry becomes the same of the associated BH. In this way, one can compute the
relevant ratios for BHs in terms of the multipoles of four-dimensional microstate
geometries by taking the scaling limit, through a procedure known as the direct
method.

The indirect method can be applied also to non-static BHs, like the Kerr BH. A
noteworthy multipoles ratio for the Kerr BH is

A5 =1, (1.11)

M1
that is well defined using the indirect method and serves as a useful quantity to
constrain possible deviations from the Kerr geometry. Additionally it is possible
to compare the multipoles and multipoles ratios between multicentered bubbled
geometries and Kerr BHs [I31] [132]. In [132] it was shown that for several families
of three-centered bubbled solutions, more than the 90% have shown multipole ratios
such as

m, = ’lslo (1.12)
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higher than the ones of the Kerr BH. Moreover the ratios 2; are monotonically
increasing with the intercenter distance, reaching the minimum value at the A — 0.

The four-dimensional three-center bubbled geometries discussed in [I32] are
supersymmetric solutions. In [I33] the gravitational multipole structure of four-
dimensional non-supersymmetric extremal black holes (almost BPS-BHs) and their
horizonless microstate geometries has been computed and compared to that of the
Kerr BHs, showing that almost-BPS BHs possess a much richer multipolar structure
than Kerr BHs, with non-vanishing odd-parity moments and a dependence on
additional parameters such as the charge to mass ratio; moreover, their corresponding
microstate geometries reproduce the BH multipoles to leading order while exhibiting
microstructure-dependent departures.

1.3.3 Tidal Love numbers

Another important phenomenological feature of Fuzzballs concerns their tidal re-
sponse. The tidal Love numbers (TLNs) quantify how a compact object deforms
under the influence of an external tidal force [I34]. Within classical GR, TLNs of
BHs are zero [22]. By contrast, horizonless compact objects (or more general ECOs)
possess non-vanishing TLNs. This is true for boson stars, gravastars, wormholes, and
other ECO models [135], and it is expected to hold as well for Fuzzball microstate
geometries. The computation of TLNs for microstate geometries, in contrast with
their BH counterparts, represents a particularly promising observable that has so
far remained unexplored because of the complexity of the task.

1.3.4 Other experimental observables: geodetic motion, shadows
and EMRIs phenomenology

Beyond QNMs, echoes, multipolar structure, and tidal responses, several additional
phenomenological features of Fuzzballs can be probed through their geodetic motion
and associated astrophysical signatures.

Microstate geometries may exhibit richer geodesic structure than Kerr BHs, with
additional photon spheres or stable orbits. Moreover the absence of a horizon means
that microstate geometries do not absorb all the incident light rays, resulting in
possible large differences in the shadows compared to the BH case [23].

A particularly promising observable for future interferometers is provided by
EMRIs. In these binary systems the secondary probes the horizon-scale structure
of the primary object, orbiting around it for many cycles. Horizonless geometries,
such as Fuzzballs, can provide several smoking-guns through EMRIs. Long-lived
QNMs may be resonantly excited during the inspiral, producing phase shifts or
bursts in the waveform. In the absence of resonances, the lack of an event horizon
leads to a cumulative dephasing relative to the BH case, see Sec. The millihertz
sensitivity of future space-based detectors like LISA makes them well suited to detect
such signatures, defining EMRIs as one of the most powerful probes for Fuzzball
phenomenology.
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Chapter 2

Black hole perturbation theory
and QNMs

2.1 Gravitational waves from compact binaries

Since the first direct measurement of a GW produced by the merger of two BHs on
September 14, 2015, GW astronomy has become one of the most promising avenues
to probe the strong-field regime of gravity and experimentally test the theory of
GR with unprecedented accuracy. This event, famously known as GW150914 [1],
constitutes the oscillations of the gravitational field emitted by two coalescing
compact objects, specifically two BHs with masses

my = 34.6758 Mo, mg = 30.0739 My, , (2.1)

finally merging into a remnant BH of mass M = 61.55’:3 Mg and dimensionless spin
a= 0.68J_r8:82. By comparing the total mass of the binary system with the mass of
the final object it turns out that ~ 3.1Mg has been radiated away in the form of
waves of the gravitational field, an enormous amount of energy corresponding to
~ 5.5 x 10°* erg. The signal has been collected by the interferometric antennas of
LIGO, both in Livingston (Louisiana, USA) and in Hanford (Washington, USA),
and has proven to be fully consistent with GR predictions [136].

As can be seen from Fig. the signal of GW150914, as well as the GW
produced by any other BHs binary system, can be split into three distinct phases,
depending on the distance between the two components, their inspiral motion, and
the corresponding features of the waveform:

e Inspiral phase: It represents the first part of the coalescence dynamics,
where the two binary components are relatively far away from each other. The
emission of GWs causes the system to lose energy and angular momentum,
leading to a gradual reduction of the orbital separation and a progressive
increase of the orbital frequency.

The gravitational interaction pulling one compact object into the other is still
relatively weak, the relative velocity remains small compared to the speed
of light, and perturbation theory of GR can be applied. Indeed the GW
signal can be accurately described in terms of the so-called post-Newtonian
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Figure 2.1. The top panel shows the pictorial representation of the different stages of a GW

signal from a binary BH coalescence, together with the comparison between the observed
strain amplitude of GW150914 and the numerical waveform of a binary BH merger. The
bottom panel displays the Keplerian effective BH separation in units of Schwarzschild
radii Rg = 2M and the effective relative velocity between the two components of the
binary system [I].

(PN) expansion, that brings corrections to the Newtonian dynamics with an
expansion in terms of the velocity parameter v/c [I37HI4T].

Merger phase: In this phase the two objects are very close and eventually
plunge one into the other to form a final remnant. Due to the very strong grav-
itational interaction involved in the process, the dynamics is highly non-linear
and only Numerical Relativity simulations are able to correctly describe the
evolution. During this extremely short stage, the amplitude of the gravitational
radiation reaches its maximum, and the largest fraction of the total energy is
released.

Ringdown phase: It defines the last stage of the GW signal, where the final
object has been formed and relaxes towards its equilibrium configuration. The
waveform can be described with perturbation theory in terms of characterized
damped sinusoids of the final object called quasi-normal modes (QNMs) as
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follows [142H148)]

h = Z Almn(r) Sin<wR,lmnt + ¢lmn) e*t/‘f'lmn —ZSlm(97 <Z>) ) (22)

Ilmn

where WR iy is the real part of the associated complex frequencies of the QNMs
Wimn = WR,Imn + 1 WI Imn, With damping time 7, = —1/Wr 1, Aimn (1) is the
amplitude, ¢y, is the phase, and S, (6, ¢) are the so-called spin-weighted
spheroidal harmonics. The characteristic QNMs define an infinite set labeled
by the so-called overtone number n > 0, which orders the modes hierarchically
according to their damping times. The integers [ > 0 and m, with |m| <, are
the angular number and azimuthal number, respectively.

2.2 Linear perturbations of BHs

The study of BH perturbations provides a crucial framework to study the response
of such spacetimes under small disturbances. In the present thesis we will focus
on the use of BH perturbation theory as a powerful tool to analyze the stability
of BH spacetimes and other ECOs, and to describe the ringdown phase generated
by these objects after a binary merger [146-153]. Nevertheless, BH perturbation
theory also represents a powerful tool for investigating GWs arising from a variety
of astrophysical processes, as well as in applications related to the gauge/gravity
duality [147, [153].

The birth of BH perturbation theory can be traced back to 1957, when Regge and
Wheeler studied a specific class of gravitational perturbations (azial perturbations)
propagating on the background of the Schwarzschild BH [I54]. In 1970, Zerilli further
developed the analysis of Regge and Wheeler by investigating polar gravitational
perturbations of the Schwarzschild geometry [I55]. A few years after, in 1973, by
using the Newman-Penrose formalism [I56], Teukolsky has been able to decouple
the gravitational perturbations of the Kerr background [157]. These seminal works
defined the foundations of BH perturbation theory, showing that the dynamics of
small disturbances on the background of BH geometries can be described by solving
wave equations with an effective gravitational potential. For a broader and more
detailed review see [147].

Before addressing gravitational perturbations of BH spacetimes, it is instructive
to begin with the simpler case of scalar perturbations on the Schwarzschild geometry,
as it already captures several essential aspects of the perturbative framework.

2.2.1 Scalar perturbation on Schwarzschild BH

Let us first consider an instructive example, namely that of a test scalar field
propagating on the background geometry of a Schwarzschild BH. The test field
assumption means that the scalar field is treated as a small perturbation that
propagates on a fixed background, without modifying the geometry. In other words
we want to solve the field equations to the linear order, therefore the scalar field does
not contribute to the Einstein field equations via the stress-energy tensor, where it
enters with quadratic terms in the field (and its derivative).
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To begin with we recall the line element of the Schwarzschild BH, that is given
by
ds* = —f(r)dt® + f(r) ' dr® +r*dQ3, (2.3)
where dQ3 = d#? +sin? § d¢? is the metric on the two-sphere, and f(r) = (1—-2M/r),
with M that represents the mass of the BH. The evolution of the scalar field ® is
encoded in the Klein-Gordon equation

0=V, V¥® =0, (2.4)
which can be written in terms of partial derivatives in a more convenient form
1
ﬁ
where g is the determinant of the metric tensor g, .
Thanks to the spherical symmetry of the background geometry, it is possible

to decompose the scalar field in spherical harmonics Yj, (0, ¢). Moreover, since the
Schwarzschild spacetime is static, it is convenient to Fourier transform as follows

aﬂ(\/jggw/ au(I)) =0, (25)

dw —iw
® = 0(r0.0) = 3 [ 52 e b Vin(0.9) (26)

where 1)y, (1) represents the radial component of the scalar field. Using the spherical
harmonics decomposition and the Fourier transform in Eq. (2.6]), together with the
eigenvalue equation
1
o2 t 600 62>Y =—I(l4+1) Y, 2.7
(9+CO 9+sin20¢ Im (1+1)Yim (2.7)
we can separate the radial from the angular components of the scalar field, to get an
ordinary differential equation in r

> (r) +(2f df> dijy(r) +<w2 I(1+1)

[

where we have omitted the index m, since the equation does not depend on it owing
to spherical symmetry. By performing a field redefinition v;(r) = ¥;(r)/r and
introducing a tortoise coordinate r, with dr/dr, = f~1, we can recast Eq. in
the form of a one-dimensional wave equation

f

dr? r + dr dr

) Pi(r) =0, (2.8)

d2

W)+ (@ = V() = 0, (2.9)

where Vlscal is the gravitational effective potential given by

2MN TI(L+1)  2M
1 —
o= (- 2)[2. 2.
where we used f(r) = 1 —2M/r. It is worth noting that Eq. (2.9) has the same
form of the time-independent Schrédinger equation in one dimension, as can be
verified by replacing w? with the energy of the quantum mechanical system under

; (2.10)
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Figure 2.2. Effective potential Vfcal for a test scalar field perturbation on the background
of the Schwarzschild BH, for different values of [ = 1,2, 3.

study. This correspondence proves particularly useful for studying wave equations in
BH perturbation theory, as it enables the application of well-known methods from
quantum mechanics.

The effective potential of Eq. is plotted in Fig. which shows how
Vieal 5 0 in both the limits 7. — —oo (r — 2M) and r, — +oo (r — +00), at the
horizon and at infinity, respectively. It presents a maximum which depends on the
value of [ and approaches the location of the photon sphere (r = 3M) in the eikonal
limit [ — +o0.

2.2.2 Regge-Wheeler and Zerilli equations

We now move on to the more relevant case of gravitational perturbations in the
Schwarzschild geometry. In this case the disturbances of the spacetime are encoded
by h,, on the background spacetime g,,,, while the full metric tensor g, is given by

Juv = g,uz/ + h‘,LLI/ ) (2'11)

with condition |hu,| < |guv|. In order to find the wave equations describing the
gravitational perturbations we need to linearize, in terms of the metric of Eq. (2.11]),
the Einstein’s field equations in vacuum

1
G = Ry — §gWR =0, (2.12)

where R, is the Ricci tensor, that written in terms of the affine connection I'f,, is
given by

Ry = 0,0, — 8,T% 4+ T2 % —T0,I7 . (2.13)
with .
qu = 7gp0(8vgau + augau - aaguy) . (214)

2
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If we expand up to the first order in hy,, the Eq. (2.12)) we get
G (9] = G [Guw] + 0G [y + O(h,) (2.15)

The term G (g, that represents the Einstein’s tensor for the background metric
vanish identically, namely G, [gu] = 0. If we expand the affine connection we get

7 (guw) = T8 (Gu) + L0, (Gus hyw) + O(B2,) (2.16)
with
_ 1_,.
5Ffw(g,w, huy) = 59” (Vohou +Vihoy —Vohu) . (2.17)

By replacing Eq. (2.16)) in the definition of the Ricci tensor of Eq. (2.13) we get the
expanded expression

R;W(Quu) = Ruu(guz/) + 5R;w(§;wa h;w) + O(hfw) ) (2.18)
with the linearized Ricci tensor

SRy (Gyurs hyas) = V50T, — V,6T0,

1 (2.19)
= i(VpV#hp,, +V,V, 0P, =V, V,h =V, NPy .
The linearized Einstein’s field equations are given by
1 _
0G uwlhuw) = 0R, — §(§W5R — huwR)=0. (2.20)

However, since the Schwarzschild spacetime is Ricci flat, i.e. R(gw,) = 0, and that
OR = 0 (as can be verified by taking the trace of Eq. (2.20)) the study of the
linearized Einstein equations in vacuum reduces to the study of

5Rm/(glt1/7h;w) =0. (221)

Since the Schwarzschild BH is spherically symmetric it is useful to perform
a spherical harmonics decomposition. In this case, however, the procedure is
considerably more involved than for simple scalar perturbations, as the decomposition
must account for the full tensorial structure of h,,. In particular, one must employ
scalar, vector, and tensor spherical harmonics (see Appendix |[A| for a more detailed
discussion).

The so-called Regge—Wheeler gauge [154] provides a natural framework for the
decomposition, enabling us to factorize the (¢,7) dependence from the angular (6, ¢)
dependence of the gravitational perturbations as follows

huo(t,7,0,0) = h32 (¢, 7,0, ) + hEo (t,71,0,¢) (2.22)
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with
0 0 *ho[m(’r‘)/sinea(z, h()lm(’l“) Sineag
axial __ * 0 —h”m(r)/sin98¢ hllm(r) sin989 —iwt
ey = % . . 0 0 Yim(60, ) et | (2.23)
ko ok * 0
f(T)HO lm(r) Hlllm(r) 0 0
polar _ * f(’f’)_ Hle(T) 0 0
huy %n: % * TQKlm(T) O X
* * * 72 sin? 0 Ky, (1)
(2.24)

X Yim (0, ¢) e ™1,

where the asterisk denotes the symmetric components of the metric. The metric
perturbations h,, are split into an azial and a polar part (also commonly referred
to as odd and even, respectively), according to their behavior under parity inversion
(see Appendix |A| for a broader discussion). Furthermore, the static nature of the
background geometry allows us to separate the time dependence of the perturbations,
which can be expressed as a Fourier mode e~**, so that the problem reduces to
solving for the radial and angular components.

By inserting the perturbed metric of Eqgs. — into the linearized
Einstein’s equations one can decouple the axial from the polar perturbations
and derive two single Schrodinger-like master differential equations.

Axial perturbations: Regge-Wheeler equations
The axial perturbations are governed by the so-called Regge-Wheeler master equation

d*Q,

dr2

+ [w? — VAl Q, =0, (2.25)

with effective potential given by

—— <1 B 2]\4) [l(l +1 GM} _

r2 r3

(2.26)

r

Polar perturbations: Zerilli equation

On the other hand the polar perturbations are given by solving the Zerilli master
equation

dQZl 2 polar
TTEJF[W *V} (T)}ZI :O, (227)

whose potential is

— _ 2
ypolar(y) (1_21\4) l(z 1)(1+2) (1 2(1- 1) (1 +2)(l +z+1)>

r 3 2 (6M +r(—1)(1+2))2

(2.28)
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The Regge-Wheeler (azial) and Zerilli (polar) gravitational potentials of Eq.
and Eq. are plotted in Fig. , together with the potential of scalar perturba-
tions of Eq. , for [ = 2. As can be seen, the arial and polar potentials exhibit
a very similar profile, despite their analytical expressions is different. This close
resemble is not accidental, but reflects a remarkable property that characterizes the
Regge-Wheeler and Zerilli equations. Indeed, Chandrasekhar proved that the two
effective potentials can be recovered by [15§]

leolar, axial(r) = +6M jh

+ (6M)*h? +1(1+2)(I + 1) (I — 1), (2.29)

T

where the plus and minus signs are for polar and azial cases, respectively, and we
defined the function h = h(r) as

1 oM 1
hir) =2 (1_7’) rl— 1) +2)+6M"

(2.30)

Such a connection has direct implications for the computation of QNMs in the azial
and polar sectors, that reduces to solving an eigenvalue problem for Eq. and
Eq. with appropriate boundary conditions. Indeed, the two QNM spectra
coincide, giving rise to a peculiar property of GR known as isospectrality (for further
details see [144) TH59HI6I]).

0.30
0.25; — scalar
0.20 — axial
NE — polar
£ 015
3
~ 0.10
0.05¢
0.00 ‘ : ‘ ‘ ' :
-20 -10 0 10 20 30 40 50

ro/M

Figure 2.3. Effective potentials V5 for scalar and gravitational field (azial and polar)
perturbations on the background of the Schwarzschild BH, for [ = 2.

It is noteworthy to mention that one can recast into a single unified form the
Eq. for scalar perturbations (for s = 0) and Eq. for gravitational axial
perturbations (for s = £2), together with the equation describing electromagnetic
(EM) perturbations (for s = +1) on the background of the Schwarzschild BH [147]

d?U,
dr?

+ [w? = V()] v, =0, (2.31)
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where the effective potential is

Vi) = (1-

Although this master equation explicitly captures only the axial sector of gravitational
perturbations, the existence of the Chandrasekhar transformation guarantees a
correspondence with the polar sector, and therefore isospectrality. This property
ensures that solving the eigenvalue problem for the axial perturbations is sufficient
to determine the complete QNM spectrum of the Schwarzschild BH.

In four dimensions, the most general vacuum and asymptotically flat BH solutions
is axisymmetric and is described by the Kerr spacetime [57]. However, when passing
from the study of gravitational perturbations on the Schwarzschild BH to the Kerr
background the situation becomes considerably more intricate. The axial-polar
decomposition that greatly simplifies the non-rotating case no longer applies, since
rotation breaks the spherical symmetry and the perturbations do not possesses a
definite parity. The separability of the radial and angular dependence of scalar,
electromagnetic and gravitational perturbations on the Kerr background was achieved
by Teukolsky [157], using a decomposition in spin-weighted spheroidal harmonics and
the Newman-Penrose formalism [I56]. A remarkable consequence of the breaking of
spherical symmetry is that the potential in this case depends both on the angular
number [ and the azimuthal number m.

+ (- 32)% : (2.32)

r r2

2M) [l(l+ 1)

2.3 Quasi-normal modes

As previously stated, the ringdown, which constitutes the final stage of the GW
signal from a binary BH coalescence, corresponds to the perturbed remnant relaxing
toward its stationary equilibrium state. Once the remnant has formed, after a
transient, it reaches a quasi-stationary configuration in which it vibrates according
to its characteristic modes, until it settles into the stationary (or static) state. Unlike
other ideal physical systems that approach equilibrium through normal modes, like
vibrating strings, a BH constitutes an open system, as its gravitational oscillations
can either be absorbed by the event horizon or radiated away to infinity in the form
of GWs detectable by interferometers. Therefore, the intrinsic oscillation modes are
damped and for this reason are called quasi-normal modes (QNMs).

The issue of boundary conditions

The computation of the QNMs of a BH can be achieved in terms of the perturbative
approach that we discussed in Sec. In particular, within GR, the study of
the BH QNM spectrum corresponds to solving a second-order ODE of the form of
Eq. for w, subject to the boundary conditions appropriate to the problem at
the horizon (. — —o0) and at infinity (7. — +00). In all BH spacetimes in GR, the
gravitational effective potential V' — 0 at the inner boundary, namely the horizon
for r, — —oo. Therefore, in this limit the solution of the wave equation behaves like
U ~ e~ @(E) - Since nothing can escape the pulling force of the BH once it crosses
the horizon, only ingoing waves must be considered, therefore

U~ @ltHr) e o (2.33)
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Conversely, in an asymptotically flat BH spacetime, at spatial infinity the metric is
given by the Minkowski metric. Also in this case the potential V' — 0 at the outer
boundary, namely at spatial infinity for r, — +00. Since we are interested in the
free oscillations of the final object we want to discard incoming waves from infinity,
to select only

U~ @) e s oo (2.34)

2.3.1 QNMs as poles of the Green function

Computing the QNM spectrum of a perturbed BH reduces to the study of an
eigenvalue problem with the mentioned boundary conditions, for a master wave
equation of the following form

A2

-+ (W? = VU = S(w,r), (2.35)

where we introduce S(w,r) that represents the source inducing the perturbation.
The Green functions method provides a standard framework for the computation of
QNMs [162166).

The homogeneous version of Eq. has two linearly independent solutions,
V_(r) and ¥, (r), whose boundary conditions are the following

W_ ~ e rs (7 o) (2.36)
U~ A (w)e ™™ 4+ Agy(w)e™™ | (re — +oo) (2.37)
U, ~ Bin(w)e ™™ 4 Bou(w)e™"™,  (r, — —00) (2.38)
Ty o~ el (re = +00) (2.39)

(2.40)

where we introduce Aj,(w), Aout(w) and Bin(w), Bout(w) as the amplitudes of
ingoing and outgoing wave components for the two independent solutions ¥_ and
¥, respectively. Note that only the asymptotic behavior at the horizon of ¥_ and
at infinity of W, provide the correct boundary conditions to identify the QNMs.
The general solution of Eq. is a combination of the two independent solutions
as follows

g +oo
U(w,r) / S(w,r)¥_dr, + W/ S(w,r)Vidr,, (2.41)
where W is the Wronskian of the two wavefunctions, defined by
dv dv_
W=v_ - v 2.42
dr toar ( )

Using the property that the Wronskian does not depend on r, i.e. dW/dr =0, we
can rewrite it in terms of the asymptotic behavior of the two independent solutions,
namely W = 2iwA;,.

Since the general solution ¥(w,r) in the frequency domain can be connected to
the time domain solution ¥(t,r) via a Laplace transform

U(w, r) = /0 T (e, x) (2.43)
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one can recover the ¥(¢,z) via the inverse of the Laplace transform

1€+00 dw .
vta) = [ e w ), (2.44)
—ieto0 2T

that represents an integral over a contour parallel to the real axis in the complex
w-plane, and displaced into the upper half plane with an infinitesimal €, as depicted
in Fig.[2.4] As can be seen from Fig.[2.4], the contour is closed in the lower half plane
of complex w, namely for Im(w) < 0, since for large Im(w) > 0 the exponential e ~*!
of the inverse Laplace transform diverges. Moreover, since the solution W (w,r) has
a branch cut in the w-complex plane [162] (166 [167], along the negative imaginary
axis, we must go around this branch cut. The integral has therefore three distinct
contributions: the poles inside the contour, the two quarter-circles at infinity, and
the branch cut.

Im (w)

Figure 2.4. Integration contour in the complex w-plane for Eq. . The contour is
closed in the lower half plane and presents a branch cut for negative values of the
imaginary part of w [166]. The poles inside the contour are the characteristic QNMs
of the background spacetime. The two quarter-circles contribute to the prompt signal
(precursor). Finally, the branch cut gives rise to the late-time tail of the signal, which is
dominated by the back scattering of waves off the spacetime curvature at large distances.

The poles inside the contour coincide with the zeros of the Wronskian W, and
the sum over their residues represents exactly the set of QNMs. The poles indeed
represent the perturbations that satisfy both the conditions of ingoing waves at the
horizon and outgoing waves at spatial infinity, the boundary conditions defining the
QNMs. Being damped modes, their frequency is complex

Wj = WR,j + ’L'LL)[J‘ R (2.45)

where j = Imn, wg,; is the real oscillation frequency of the mode, and wy ; is the
damping rate. Since ¥ ~ e~®! modes with wr,j < 0 are damped, modes with
wr,j > 0 are unstable. One should highlight that they do not depend on the specific
way the background geometry is perturbed. Thus, QNMs are completely determined
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by the BH parameters and for this reason may constitute its fingerprints. Some of
the most powerful techniques to practically compute the QNMs of a given BH will
be discussed in the next section. In asymptotically flat spacetime and far from the
source, the contributions from the QNM spectrum can be written as [164) [168]

U(t,r) = —Re Z Cje~wilt=r) | (2.46)
J

where the index j identifies the poles in the complex plane. The coefficients C; are
called quasi-normal excitation coefficients, they are fixed by the initial data and
measure the extent to which each QNM is excited in the waveform. They are related
to the so-called quasi-normal excitation factors (QNEFs) B; as follows

too 8 _
O, = B, [m %dr;, (2.47)
with .
Aout dAin B
. = . 4
BJ 2w ( dw )w:wj <2 8)

The QNEFs only depend on the background geometry, and, together with the
information of specific initial data (encoded by the source S(w,r)), they allow to
determine the QNM content of the signal.

In the spectrum of BH QNMs not all modes contribute equally to the observed
signal. The dominant excitation is given by the so-called fundamental mode (n = 0),
which is the least damped and therefore the longest lived. Since quadrupolar radiation
is the leading channel for GW emission, the quadrupolar mode with [ = m = 2
dominates the ringdown. Higher overtones (n > 0) are typically suppressed because
of their stronger damping. Moreover, subdominant modes such (I,m) = (3,3), (2,1)
or (4,4) may also be excited depending on the mass ratio and spin of the binary,
but their relative amplitudes are generally suppressed.

The contribution coming from the two quarter-circles would be the prompt
response in flat space, namely in the limit in which the mass of the BH goes to zero
[162]. In our case it represents waves propagating directly from the source to the
observer at spatial infinity and we call it precursor signal [166].

The third and final contribution is provided by the branch cut and gives rise to
late-time tails [162, [169], generated by back-scattering off the spacetime curvature
at large distances, and as a consequence depend on the asymptotic behavior of the
background.

Incompleteness of the QNM spectrum

The full response of the BH to a small perturbation is described by all these three
distinct components. As a consequence, it is clear that the entire signal cannot be
described solely in terms of the QNMs, as in Eq. . For this reason, QNMs are
said not to form a complete set. This aspect is closely connected to the dissipative
nature of perturbed BHs, which are intrinsically non-conservative systems. Indeed,
unlike conservative systems where the equations of motion are Hermitian and the
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eigenfunctions correspond to orthogonal normal modes forming a complete basis, the
perturbation equations of BHs are intrinsically non-Hermitian. Further discussion of
this issue can be found in [I48] and references therein.

While the non-self-adjoint nature of the problem prevents QNMs from forming a
complete basis, a linear superposition of damped sinusoids reproduces the waveform
with high accuracy during the intermediate ringdown phase, as proved by simulations
and observational evidence.

Beyond the linear regime: nonlinear QNMs

The discussion so far was limited to the linear regime of perturbations, where the
QNMs arise as the intrinsic eigenmodes of the system. Nevertheless, studies on
the limitations of the linear regime [170} [I71] have motivated investigations into
nonlinear effects, such as quadratic mode excitation. This family of higher order
modes in perturbation theory has not only been studied extensively in recent years
[I72H177], but has also been extracted from nonlinear binary merger simulations
[T71), T78HIST].

2.4 Computational methods for QNNMS

As discussed in Sec. the determination of the QNM spectrum of a BH spacetime
requires solving an eigenvalue problem with appropriate boundary conditions. Over
the years a large variety of analytical, semi-analytical and numerical techniques
have been developed to tackle this problem, for which there is not a unique and
straightforward procedure to apply. Depending on the background under considera-
tion, whether it is a BH spacetime or the geometry of a more exotic object (which
may require different boundary conditions), and on the specific form of the master
equations to be solved, one method may turn out to be more useful than another.
For this reason, each computational approach has its own range of applicability and
inherent limitations.

In this section we focus on two widely used approaches, direct integration and
the continued fraction method, which will also be employed in the context of the
original work presented in this thesis.

2.4.1 Direct integration

One of the most powerful techniques for the computation of the QNMs is the so-
called direct integration shooting method (see [153] [I82HIR5] for some applications).
Being conceptually simple, this method is straightforward to implement numerically.
Moreover, since it does not rely on any special properties of the effective potential
in the perturbation equations, it can be applied to a wide range of backgrounds,
including ECOs, modified gravity theories, and even systems governed by coupled
equations. It typically provides accurate results for the fundamental QNM and
sometimes the first few overtones, especially when the imaginary part of the frequency
is not too large compared to the real part. Its application is usually demanded
for scenarios in which it is not possible to get a single master equation for the
perturbation, as in Eq. . When dealing with modified theories of gravity or
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with ECOs, one frequently encounters systems of coupled second-order differential
equations. For this reason let us consider a system of N second order ODEs for
N perturbation functions that can be written together in an N-dimensional vector
v = (v . wl)

d*¥ 5 <

where V(r) is an N x N matrix depending on r [/|. We can expand the array of
perturbations near the horizon (or more generally the inner boundary ry,) as follows

U0~ (r = i) Z\pm — i), (2.51)

where Ny, is the order of the series expansion. By solving the perturbation equations
with the ansatz of the Frobenius series of Eq. (2.51) we get the exponent A and

the expansion coefficients ‘1’1(1]1)2 with ¢ > 0 in terms of \Il(j )0 Since the perturbation
equations are linear, without loss of generality we can choose an orthogonal basis of

unit vectors for the N-dimensional space

1%)0_(170707”-70)7
\111(13)0_(071703---70)3

1(11:13)_(070;0,,1)

At infinity the solutions are given by a linear combination of ingoing (¢~*7) and
outgoing (e"") waves, whose amplitudes can be written in terms of an expansion in
1/r as follows

Noo
j in —iwr A j out,(j) 1 iwr .~
\I/(J)~< +Z\IJ &:( ) r +<C(j)(w)+];‘1’oo,k]ﬂc>e r,
(2.52)

ng, ( ) and \IIOUt ) are the expansion coefficients for ingoing and outgoing

where W __

waves, respectlvely, whlle BU)(w) and CY)(w) are the leading order of the amplitudes.
By solving order by order the perturbation equations at infinity, independently for

the ingoing and the outgoing waves, we get the exponent A, the coefficients \I/”ﬂg 2

in terms of BY)(w) and \Ilout ) in terms of CU)(w). N is the order of the series
expansion at spatial mﬁnlty.

We can then use the boundary conditions of Eq. to perform N integrations
from the inner boundary to infinity, at an arbitrarily large distance. The perturbation

!The direct integration technique described in this section can be straightforwardly applied also
to more general systems of the form

d? d
W'ﬁ‘df-‘rV(w r) | ¥ =0, (2.50)

where now V(w,r) depends both on r and w.



2.4 Computational methods for QNMS 31

equation can be numerically integrated from a point near the inner boundary
Tin = Tin(1 + €), with € < 1 to avoid numerical divergences. We can now construct
the following N x N matrix

R

) B BY ... B

Sonm(w)=1| ... ... ... ... |. (2.53)
e
B BY ... BY

In order to find the QNMs we need to impose the boundary condition of only outgoing
waves at infinity, that in this case is fulfilled by requiring det Sqnm(w) = 0. Since the

matrix Sqm(w) is constructed with complex functions of w, namely B,(CJ ) = B,(j )(w)

(with k,7 = 1,...,N), imposing det SQNM(w) = 0 is achieved through a shooting
procedure in the complex w plane providing a guess wgyess to start with.

In the case of massive perturbations with mass i, the potential does not vanish at
spatial infinity (as instead occurs for massless scalar and gravitational perturbations
in Fig. and Fig. , but instead the components of the matrix-valued effective
potential V(r) asymptotically behave as Vi; — p2d;;. As a consequence the w in
the expansion at infinity of Eq. must be replaced by koo = /2 — w?. In this
scenario the boundary condition at infinity of pure ingoing waves has a physical
motivation since it defines quasi-bound states (QBSs): states that live close to the
BH and decay exponentially at spatial infinity [I84] [I86]. In order to compute them
one can construct the following N x N matrix

oV o ... oM

) oV o oy

Sqes(w)=1| ... ... ... ... |, (2.54)
o cp ... oV

and ask for the condition det SQBS (w) = 0 to be fulfilled.

The main limitation of the direct integration method is its susceptibility to
numerical errors in certain scenarios. Indeed QNMs are characterized by a negative
imaginary part wy < 0 to guarantee stability, that generates a spatial divergence in
the spatial part of the outgoing wave, i.e. € = eWR"e %I with e “I" — oo for
r — +o00. Although this divergent behavior is not physical, since in the time domain
it is compensated by the exponential factor e~**, it can nevertheless cause difficulties
in the numerical integration, particularly in those cases in which wgr/|wr| ~ O(1). A
way to prevent such problems is to use an high order of the expansion at infinity
Ny to reduce truncation errors, and consider moderately large values for numerical
infinity.

For the reasons mentioned above, the direct integration method is not well suited
to compute QNMs with very short timescales, or in other words those that are strongly
damped. Therefore its applicability is limited when it comes to identifying higher
overtones. Conversely, this method proves especially effective in the computation of
long-lived QNMs, as will be discussed later.
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2.4.2 Continued fraction method

The continued fraction (or Leaver) method is generally considered as the most
accurate algorithm for the computation of QNMs. It has been developed by Leaver
[145] and it is ideal for effective potentials that contain only (fractions of) powers of
1/r. The idea is to find a guess for the eigenfunction that simultaneously capture the
behavior both at the inner boundary and at spatial infinity. Moreover, this ansatz
must involve a function that vanishes at the inner boundary, which can be expressed
as a series expansion. By substituting this ansatz into the perturbation equation,
one derives a finite-term recurrence relation for the series coefficients. The method
was originally developed for solving single equations but it has been generalized to
handle systems of coupled equations [184] [I87]. Following [I53], in this section we
present the method generalized to a system of differential equations.

Let us consider the case in which the background geometry possess a single
horizon at rg. In this case we can consider the following ansatz

Ncr
GU) gt v ghr Z aDE ()", (2.55)

n=0
where v depends on the studied background, the function F'(r) ~ (r — rg) has to
vanish at the horizon (i.e. F(rg) =0), and the exponent k = ++/u? — w?. The sign
of the exponent k defines the boundary condition at infinity: for k£ > 0 we find the
QNMs, while for k < 0 we search for the quasi-bound states. Ncr represents the
order of the expansion. Inserting the ansatz into the system of Eq. (2.49)) we get
a finite-term matrix-valued recurrence relation for the vectors a,, = (an1 e ,agN)).
In the simplest case it is a three-term recurrence relation, however, any higher order
recurrence relation can be reduced via Gaussian elimination techniques [147]. The

three-term matrix-valued recurrence relation has the following form

apa; + Bpag =0 n=0, (2.56)

ananti + Bran +v,an-1 =0 n >0, (2.57)

where o, 3,, and «,, are non-diagonal matrices for the system of coupled equations.
In order to solve the three-term recurrence relation let us define a ladder matrix

operator R, as follows
a1 =Rla,. (2.58)

By making use of Eq. (2.57)) we can get the following expression for the ladder matrix

R} = —[Bns1 + an—s—lR:Jrl]_l'Yn-i-l . (2.59)

By making use of Eq. (2.56|), solving the recurrence relation reduces to searching
the roots of
Mag =0, (2.60)
with
M = B, — o[B8 — a1 (Bs + R )vo] 1y, (2.61)
where RJ can be obtained by Eq. (2.59). More specifically, one choose a large
enough order expansion Ncr and defines arbitrarily the ladder matrix RX]CF. The



2.5 Phenomenology of ECOs in the ringdown 33

other matrices, RJJ\FICF—D RJJ\rfcpr’ ..., RJ, are determined using Eq. (2.59). In
order to find the frequencies of the modes we require the determinant of M to vanish

detM = 0. (2.62)

The continued fraction method turns out to be extremely efficient and accurate
since it converges rapidly and allows the calculation of QNMs with very high precision.
Moreover, unlike direct integration, it works reliably for very damped modes.

2.5 Phenomenology of ECOs in the ringdown

The central role of BHs as astrophysical objects living in our universe and their unique
place in gravitational physics has been increasingly confirmed over the past years by
multiple observational confirmations. Starting from the detection of numerous GW
events [2H6], and including the electromagnetic observations of the accretion disks
around M87 and Sagittarius A* [9] [10], the Kerr hypothesis [I5, [16], according to
which any sufficiently compact and isolated object is described by the Kerr geometry,
has been strongly supported.

The LVK Collaboration recently performed the first robust spectroscopy test
using the exceptional GW250114 event [I88, [I89], the loudest GW detected to
date. The dominant quadrupolar im = 22 mode of GW250114 has been measured
with great accuracy, with uncertainties of about 6% in its real part and 10% in
its imaginary part. Moreover, they measured the first overtone with an accuracy
of approximately 30%. These results represent the most stringent single event
confirmation to date of the Kerr nature of astrophysical BHs.

Nevertheless, the gravity and quantum gravity communities have devoted con-
siderable effort to investigating models of compact objects that might evade the BH
description. Many models of exotic compact objects (ECOs) have been explored over
the last years as possible alternatives or extensions to classical BHs [22]. Examples
include boson stars, gravastars, and wormholes, as well as more string-inspired
constructions such as the aforementioned Fuzzballs.

In what follows we review their phenomenology in the ringdown phase: first
recalling general properties of ECOs, then discussing the emergence of long-lived
modes and echoes, and finally connecting to the case of microstate geometries.

2.5.1 Exotic compact objects

ECOs are compact objects without an event horizon that deviate from the BH
description predicted by GR. They may be motivated by quantum gravity theories
[T90-193] or allowed by the inclusion of exotic matter content in GR [194HI96].
Among the most notable and mentioned ones we can recall gravastars [197, [198],
boson stars [199-202], wormholes [203-205], Fuzzballs and microstate geometries
(see Chapter , and many other examples [206-H209]. Because of their extreme
compactness [22], ECOs can reproduce much of the dynamics and observational
appearance of BHs. Since for a distant observer their electromagnetic features
and the gravitational field are indistinguishable from those of a BH, they are also
commonly dubbed BH mimickers. As such they can either serve as alternatives to
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BHs, effectively replacing them, or coexist with them as a broader class of compact
objects in the universe.
In the following, we highlight a few of the most representative examples.

Gravastars

“Gravitational-vacuum stars”, commonly referred to as gravastars [197) [198] are
ECOs supported by a negative pressure [210], 211], which can be interpreted as
the effective outcome of one-loop QFT corrections in curved spacetime, thereby
avoiding the need for exotic matter. Since the negative pressure violates some energy
conditions, and because the internal effective fluid is anisotropic [212], gravastars
evade the Buchdahl limit [213]. Depending on their specific construction and on the
model describing the negative pressure, gravastars belong to a broad class of objects
with arbitrary compactness. The original gravastar construction has five layers: an
internal de Sitter core, a thin shell separating it from a perfect-fluid region, and
finally another thin-shell that connects to the external Schwarzschild geometry. A
simple construction, dubbed thin-shell gravastar [210], is instead given by a de Sitter
core connected to the Schwarzschild exterior via a thin-shell of perfect fluid. The
formation channel is represented by gravitational collapse undergoing a quantum
gravitational vacuum phase transition to prevent the formation of the horizon. The
gravastar is free of singularities and no information paradox is present.

Boson stars

When one considers a massive scalar field minimally coupled to gravity, it is possible
to obtain a self-gravitating compact object called boson star [194] 214), 215]. The
action of the theory is given by

R
S = /d%,/—g (ﬂ + LM) , (2.63)
where the matter Lagrangian Lj; of the scalar field ® is
1
Lar=—3 9"V, @'V, @+ V(|9])] (2.64)

where V (|®|?) is the potential of the scalar field. If in GR a crucial property of BHs is
that the mass is a free parameter, for boson stars it has a maximum value, depending
on the mass u of the bosonic scalar field and by its potential. Their formation has
been widely studied because they can be the end-state of the gravitational collapse in
presence of this extra scalar field [216], 217]. If the latter is complex the boson star is
a static spherically symmetric solution [200}, 201], otherwise, if it is real, the solution
is an oscillating geometry called “oscillaton” [202]. Over the last years the stability
and the binary coalescence of boson stars have been deeply studied [218-220)].

‘Wormbholes

Wormbholes were originally introduced by Einstein and Rosen [203] to describe
particles. They can be constructed by connecting two spacetime regions that are
usually static, spherically symmetric and asymptotically flat [204] 221]. The region
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connecting the two spacetimes is the throat. If the two asymptotically flat spacetime
can be solutions of vacuum Einstein’s equations, the throat, where the connection
occurs, requires a thin shell of matter with negative energy density that violates the
energy conditions. Nevertheless, some studies on how to construct wormholes that
do no violate the energy conditions have been conducted [221H224].

The simplest wormhole construction is given by two Schwarzschild solutions of
mass M with metric

-1

ds? = — <1 - Qfﬂ”) ar® + <1 _ 21”) dr? 4 r2d02 (2.65)
glued at a fixed distance rg > 2M. The radial coordinate of the full spacetime
is given by the tortoise coordinate r,, defined by dr/dr, = £(1 — 2M/r), with
positive and negative sign associated to the two glued regions. By properly fixing
the integration constant we set 7.(r¢) = 0, in such a way that one spacetime region
is described by r, > 0, while the other one by r. < 0. The connection is allowed
by a thin shell of matter with surface density ¢ and surface pressure p respectively
given by

L[, _2M 1 1—M/rg

271 70 b= drrg 1 — 2riM ’
0

Even though in general wormholes are linearly unstable [225H228], they can be
characterized by an arbitrary mass and compactness.

o=—

(2.66)

2.5.2 Ringdown features and echoes

Due to the lack of an event horizon and to the presence of a reflective surface, the
ringdown stage of an ECO departs in several key aspects from the standard BH
case in GR. The QNM spectrum, which is typically used to model this part of the
signal, can deviate substantially (depending on the specific ECO) from the BH case.
Computing the QNMs of ECOs therefore provides a quantitative estimate of these
deviations and, as a consequence, offers a way to constrain the possible absence
of an event horizon in the merger remnant. In ECOs, the characteristic property
of isospectrality that is present in GR is broken, or, in other words, the axial and
polar sector of QNMs receive different corrections to the BH case. The absence of a
horizon modifies the boundary conditions, allowing for the appearance of additional
families of modes. In particular they can be associated either with internal structure
(as in gravastars or wormholes) or with extra degrees of freedom arising in modified
theories of gravity.

Following [22], a spherically symmetric ECO that mimics a BH of mass M can
be modeled as having a reflective surface located at a fixed radial distance

ro=2M(1+¢), (2.67)

which replaces the event horizon at vy = 2M. The quantity € is commonly dubbed
“closeness” parameter, and it measures how close one is to the BH spacetime (whose
limit is € — 0). As a consequence, when computing the QNM spectrum the boundary
conditions differ from those of the BH case, and one must impose (for instance)
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Dirichlet or Neumann conditions at the surface, which completely alters the spectrum.
In particular, in the € — 0, low-frequency limit the modes read [229-231]

M s(s+1) .
Mwp ~ — ~ |1 2.
onx -5 (g 2E52) ~ g, (2.68)
M _
waz—ﬁlsw(zMwR)”“N—\loge\ 243 (2.69)

where zg = z(rg) ~ 2M loge, with z being the tortoise coordinate defined by

2 =7+ 2Mlog (2;4 - 1) , (2.70)

q is a positive even (odd) integer for polar (axial) modes, s is the spin of the
perturbation (s = 0,41, £2 for scalar, vector and axial tensor modes, respectively),

and finall
’ EDIEDRS 071
o= (G ron) 27

from [231) 232]. The first feature that emerges is the aforementioned breaking
of isospectrality. Moreover, the frequencies of this modes are much less damped,
depending on how small the closeness parameter € is. This is an expected consequence
of the dissipation channel provided by the horizon in the BH case. By studying the
effective potential one can explain these long-lived (small damping rate) frequencies
as trapped modes between the reflective inner boundary and the peak of the potential
at r ~ 3M [28] 231 233-235]. As shown in Fig. although both the Schwarzschild
BH and a horizonless ECO share the same boundary condition at spatial infinity
(purely outgoing waves), since their asymptotic geometry is identical, they differ
at the inner boundary. In the BH case, one imposes purely ingoing waves at the
horizon, whereas for an ECO this condition is replaced by a reflective surface located
just outside the would-be horizon. The presence of this surface, together with
the potential barrier associated with the photon sphere, creates an effective cavity.
Within such a cavity, low-frequency modes with a wavelength comparable to the
cavity size (wr ~ 1/zp) can become trapped. Eventually they can leak out, tunneling
through the potential barrier and reach infinity, thus becoming long-lived modes
with a small imaginary part of the frequency. Remaining in the low-frequency limit,
their tunneling probability can be computed and is given by |A|?> ~ (Mwg)*+? <« 1
[232]. By considering that after a time ¢ the modes trapped inside of the cavity of
size zp get reflected N = t/z times, their amplitude is modulated as follows

A(t) ~ (L= [AP)Y ~ (1 = | AP/2). (2.72)
The amplitude is also damped in time as follows
A(t) ~ et ~ (1 4+ wrt), (2.73)

with w; < 0. Therefore we obtain

1 ‘“ l|2 2043
R 20 wr % wR ( )
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Figure 2.5. Effective potentials for perturbations on the Schwarzschild BH background
(top panel) and an ECO without the horizon (bottom panel) [22]. Both potentials are
characterized by a maximum that in the eikonal limit (I — +o0) coincide with the
position of the unstable photon sphere at » = 3M for the Schwarzschild BH.

In the case of BHs the QNMs are connected to excitations of the photon sphere
[236H238]. These modes can either propagate toward the horizon and be absorbed
by the BH, or travel outward to the observer at infinity. As a consequence the
ringdown signal of a BH in the intermediate time is dominated by the QNMs that are
generated at the unstable photon sphere. Conversely, for compact enough ECOs the
response to perturbations is different. As shown in Fig. [2.6] after a prompt response
associated to the modes produces at the photon sphere, that is identical to the BH
case, at later time the modes traveling towards the inner boundary get reflected by
it. After the reflection they are quasi-trapped by the cavity of the potential and
after each interaction with the photon sphere they can leak out producing a series
of repeated pulses in the signal that are commonly dubbed as echoes. Echoes are
separated by a fixed delay time given by

Techo ~ 4M|loge| , (2.75)

and after the first pulse each subsequent echo has a smaller amplitude than the
previous one. Therefore, while in ECOs the early part of the ringdown signal is
identical to that of a BH, being dominated by high-frequency modes generated at the
photon sphere and scattered back to the observer, the late-time behavior displays
a distinctive echo pattern, which can be regarded as a powerful smoking gun of
horizonless ECOs. Repeated echoes are a characteristic feature of many ECOs and,
as we will see in the next section, Fuzzballs provide a particularly notable example.
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Figure 2.6. Comparison between the ringdown waveforms of a BH (dashed black line) and
of an ultra-compact (ClePhO, see [22] for more details) ECO. The initial part of the
signal is the same in both cases, whereas at late times the ECO case deviates exhibiting
repeated GW echoes. [22].

2.5.3 Microstate geometries as ECOs

Among the wide zoo of ECO models, Fuzzballs stand out as the only class of objects
explicitly constructed in string theory, and therefore, as a top-down approach,
they represent the most concrete realization of horizon-scale structure. Owing
to the absence of an event horizon, Fuzzballs are expected to exhibit the same
phenomenology common to other ECOs, namely deviations in their QNM spectrum,
the presence of long-lived modes, and the appearance of echoes in the late-time
ringdown signal. As we will see in the following chapters, simplified effective models
provide a powerful framework to explore the observational consequences of microstate
geometries and constitute a central part of the work developed in this thesis.

These expectations were recently substantiated by a detailed numerical study of
scalar perturbations on explicit Fuzzball microstate geometries [I123]. The analysis
revealed that the early part of the signal is essentially indistinguishable from the
BH case, being dominated by the photon sphere modes. However, at later times
the response shows a clear sequence of echoes, in full analogy with the generic
phenomenology of ECOs discussed above. This result provides the first explicit
demonstration that Fuzzball microstates can naturally produce echo signals, thereby
strengthening their role as concrete realizations of horizonless ECOs with potentially
observable signatures in the ringdown phase of GWs.

At present, this remains the only study of perturbations on explicit Fuzzball
backgrounds. Given the complexity and lack of symmetries of microstate geometries,
further progress in their direct analysis is extremely challenging. For this reason, it
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is useful to rely on simplified toy models that capture the essential phenomenological
features of Fuzzballs, such as cavities in the effective potential, long lived modes,
and echoes, and can thus serve as effective proxies.
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Chapter 3

Extreme Mass-Ratio Inspirals

The future space-based interferometer LISA [52], planned to be launched in 2035,
represents a promising experiment for BH physics at the horizon scale and possible
deviations from the GR picture. This GW detector will access frequency bands
much lower than those of ground-based detectors, making it the most suitable
instrument to detect and study EMRIs. Extreme mass-ratio inspirals (EMRIs) are
highly asymmetric binaries that occur when a stellar-mass compact object spirals
into a much heavier compact object located at the center of a galaxy. Because of this
extreme asymmetry, EMRIs provide one of the most promising testbeds to probe the
phenomenology of ECOs, as the small companion effectively scans the near-horizon
spacetime region of the central body over many orbital cycles.

In this section we will introduce EMRISs, outlining their main features and their
relevance as GWs sources for future space-based detectors, before turning to their
phenomenology in the context of ECOs.

3.1 Introduction to EMRIs

EMRISs consist of binary systems of compact objects characterized by orders of mag-
nitude difference in their masses. Within GR, the primary object, a (super)massive
compact object of mass M, is typically assumed to be a Kerr BH, placed at the
center of a galaxy. The less massive compact object, referred to as the secondary
and typically of stellar mass m, orbits around the primary until the final plunge.

Such phenomenologically interesting systems can form because (super)massive
BHs are in general surrounded by a nuclear star cluster. Therefore it may happen
that a stellar compact object is captured by this cluster and starts to spiral around
the primary, defining, in the most general case, inclined and eccentric orbits [239, [240].
The more compact objects there are in the nuclear star cluster distribution the higher
the probability to form an EMRI will be. Another proposed formation channel
comes from the tidal disruption of binaries around a massive BH [241]. According to
this idea, one of the binary components, after it is tidally disrupted, gets captured
on a bound orbit around the massive BH. Conversely, the other component of the
binary is ejected away.

The usual mass ratio of EMRIs, defined as ¢ = m/M < 1, belongs to the
range 1076 < ¢ < 1074, and due to this asymmetry the dynamics of the evolution
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and the details of the emitted GWs are highly complex. Fig. shows a pictorial

Figure 3.1. Pictorial impression of the spacetime of an EMRI, together with the expected
waveform of the emitted GW (NASA and [242]).

representation of an EMRI with the associated typical waveform of the GW. As a
binary system, the GW is emitted as the system loses energy and angular momentum
during the inspiral. However, because of the huge difference in the involved masses,
in the last year of inspiral preceding the plunge, the stellar mass object may complete
up to 10° orbital cycles, much more than a typical binary with comparable masses.
Notably, most of these cycles take place when the secondary is very close to the
primary, where the gravitational interaction lies in the strong-field regime [243].

Another important consequence of the big mass asymmetry is given by the typical
frequencies of GWs emitted by EMRIs. The latter, indeed, represent one of the main
sources of gravitational radiation belonging to the low-frequency band, between
10~*Hz and 1Hz. Such low-frequency waves make the ground-based detectors of the
LVK Collaboration unsuitable for probing the existence and population of EMRISs,
since this part of the spectrum is strongly affected by Newtonian noise. On the
contrary, space-based interferometers like LISA, for which EMRIs are one of the
target sources, are able to provide valuable scientific data. In particular, LISA will
be able to detect from a few to a few thousand (according to the most optimistic
projections) events per year [244]. Moreover, it will be possible to make very precise
estimates of the physical parameters, particularly of intrinsic parameters like the
redshifted masses, the spin of the primary and the eccentricity.

Other notable promising experiments that will be able to probe the GWs emitted
by EMRIs are the future space-based interferometers TianQin [245] and Taiji [246].

3.2 Perturbative treatment

The standard framework for studying asymmetric binaries, and EMRIs in particular,
is relativistic perturbation theory, formulated as an expansion in the small mass
ratio ¢ < 1 of the binary [247]. It is exactly the smallness of the mass ratio ¢ that
allows us to study the first order approximation, that ignore the internal structure of
the secondary and describes it as a point particle spiraling around the primary and
moving in its background spacetime. In this approximation, the stellar-mass object
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is modeled as an energy—momentum distribution moving along a timelike curve
and characterized by its physical parameters (mass, spin, etc.). The orbit evolves
adiabatically considering a sequence of geodesics. If the adiabatic approximation
is useful to tackle the problem of the EMRI dynamics in a simple way, in order to
provide accurate waveforms modeling for the LISA data analysis the next order of the
approximation is necessary. At the next order the finite structure of the secondary
is taken into account, together with the interaction with its own perturbation, the
self-force [247H252]. The self-force approach is nowadays considered the best way to
model the EMRI dynamics and can be described as follows. The spacetime geometry
produced by the EMRI system is given by the metric of the primary object, plus the
perturbations generated by the motion of the secondary, that in the simplest picture
can still be considered as a point-particle. The perturbations of the spacetime will
affect the motion of the secondary itself, through gravitational backreaction. This
backreaction acts as a force vector, known as the self-force, which drives the motion
of the secondary away from the geodesic dictated by the background spacetime of
the primary. This backreaction effect has to be computed at each perturbative order,
giving the corrected gravitational waveform at the next order.

3.3 Phenomenology of ECOs in EMRIs

If we move beyond the standard EMRI scenario, where these asymmetric systems
are composed solely of compact objects predicted by GR, we can instead consider
the possibility that ECOs form the central body in EMRIs.

Depending on the nature of the ECO, there are several ways in which the GW
signal produced by an exotic EMRI can deviate from the standard scenario. In
the latter case indeed, the primary, being a Kerr BH, in the most general case,
constitutes a dissipative object: the loss of energy and angular momentum of the
system does not occur only through gravitational radiation reaching the distant
observer, but also by BH absorption via the horizon. Such a process takes the name
of tidal heating [253H255]. When the primary is replaced by an ECO, that does
not possesses a horizon but a (partially) reflective surface, the dissipation channel
represented by absorption across the inner boundary is weakened or totally absent.
In the most extreme case of total reflection by the inner boundary, the secondary
performs many more cycles during the spiraling, bringing additional phase to the
emitted GW. The dephasing between the GW produced by a standard EMRI and
the one where the primary is replaced by a horizonless ECO can be detectable and
would allow us to distinguish between the two cases [48], 49, 256, 257].

Another interesting phenomenological property of EMRIs with ECOs regards the
possibility of the secondary of exciting the QNMSs of the primary object [44} [45] 47, [48].
If we consider the ideal case of circular orbit, with zero eccentricity, it is possible
that the compact object spiraling around the primary excites its QNMs whenever
the following condition is satisfied

wr = mf2, (3.1)

where wg is the real part of the complex frequency of the QNM, € is the orbital
frequency of the secondary, while m is the azimuthal number. In GR, when the
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primary is a Kerr BH, such excitation never occurs: the real frequency of the
fundamental QNM of a Kerr BH is always higher than the orbital frequency Qsco
at the innermost stable circular orbit. Since this represents the circular orbit with
the highest possible orbital frequency, no resonant coupling between the orbital
motion and the QNM spectrum of the primary can take place. This result also
applies to all the other BHs within GR. For ECOs, on the other hand, the situation
is different. As discussed in Sec. 2.5 the absence of an event horizon allows for the
formation of an effective cavity that can sustain long-lived modes. These long-lived
modes are also characterized by a small real part of the frequency and can therefore
fall within the range of orbital frequencies spanned during the inspiral. This makes
resonant excitation possible, in stark contrast with the BH case in GR. The presence
of such a resonance has direct consequences for the emitted energy flux. When the
orbital frequency approaches that of a long-lived mode of the ECO, the mode can be
resonantly excited, producing a sharp peak in the flux. Such a peak would eventually
lead to a significant energy loss of the system, accompanied by a phase shift in
the emitted GW. If detected, this would provide a clear signature of horizon scale
modifications. However, the strength and width of the resonance are determined by
the imaginary part of the QNM. If this quantity is too small, as can occur for certain
long-lived modes, the resulting peak in the energy flux becomes extremely narrow,
so that the EMRI crosses it very quickly during the inspiral. In [46], the role of such
resonances in EMRI dynamics was analyzed in the low-frequency approximation for a
non-spinning horizonless object with a perfectly reflective surface. They showed that
in these conditions the resonances are too narrow to produce a detectable dephasing
in the GW signal. Subsequent studies have shown that, for partially absorbing
compact objects with generic spin, resonances can be excited with a sufficiently large
width to have a significant impact on the EMRI dynamics [48].

EMRIs offer a powerful probe of horizon-scale physics, since the presence of
ECOs can imprint resonances, modified absorption, and other distinctive signatures,
making them prime targets for future space-based detectors.
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Chapter 4

Spontaneous scalarization

In this chapter we introduce the concept of spontaneous scalarization, a mechanism
by which compact objects develop nontrivial scalar hair once certain thresholds in
curvature, compactness, or spin are exceeded. After a brief overview of the underlying
mechanism and of the different types of scalarization, we focus on scalarized BHs
that arise in scalar-tensor extensions of GR, namely the Einstein-Maxwell-scalar
(EMS) theory.

A distinctive feature of scalarized BHs in EMS is the emergence of effective
potentials of perturbations that eventually resemble those of ECOs in some features.
In particular, the existence of potential wells can trap perturbations, leading to long-
lived QNMs and to echo-like patterns in the ringdown signal. These phenomenological
signatures establish a direct connection between scalarized BHs in EMS and the
broader ECO landscape.

The present chapter provides the theoretical and conceptual background needed
to understand these solutions: their onset and end state. A more detailed discussion
of their phenomenology, including the QNM spectrum and the appearance of linear
and nonlinear echoes in the ringdown signal, will be presented in the Chapter

4.1 Spontaneous scalarization mechanism

Among the several avenues in the study of possible deviations from the GR picture
there is the possibility of the existence of some elusive fundamental fields, that, if
detected, would represent signatures of new physics beyond the Standard Model
(SM) or GR. In light of all the outstanding confirmations of GR, one possible
reason why such new fundamental fields have remained undetected so far is the
existence of a nontrivial mechanism that suppresses them in weak or moderately
strong gravitational regimes. One fundamental field that has attracted considerable
attention over the years in GR, cosmology, and beyond the SM physics is the scalar
field.

In 1993, Damour and Esposito-Farese proposed for the first time a promising
mechanism, dubbed spontaneous scalarization (see [32] for an extensive review on the
subject), able to hide the presence of the scalar field in weak field scenarios of gravity
[258]. By introducing an appropriate non-minimal coupling function between the
scalar field and gravity in the action of the theory, the latter will be indistinguishable
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from GR in the weak field limit but will show some notable differences in the
strong regime. According to such a theory, these differences are compatible with the
appearance of a non-trivial scalar field surrounding the NSs that are solutions of
the theory. The process, known as scalarization, has garnered significant interest in
recent years and has been extended from NSs to other compact objects, including
BHs. More in detail, the mechanism of spontaneous scalarization can be described
as resembling a phase transition where the scalar field cloud forms only when a
property of the compact object, such as its compactness or spin, exceeds a certain
threshold. This occurs because, in these configurations, the linear approximation
of the scalar field shows a peculiar instability known as tachyonic instability. This
instability is quenched in the nonlinear regime, where the scalar field endows the
compact object with a nontrivial structure.

4.1.1 Tachyonic instability in Minkowski spacetime

In order to introduce the concept of tachyonic instability, let us consider the simple
case of a real scalar field ¢ in the Minkowski spacetime, with Lagrangian given by

L= 10,60+ V(9). (4.1)

where the potential V(¢) contains a bare mass p term and a quartic self-interaction
with coupling A

V(9) = g + A" (4.2)

By denoting the d’Alambertian in Minkowski spacetime as [J,, = n*¥0,0,, we can
write the scalar field equation below

Oy6 — 126 — A$® = 0, (4.3)

of which ¢ = 0 is a solution. The linearized scalar field equation around the trivial
solution ¢ = 0 is
0,00 — u?d¢ =0, (4.4)

where §¢ is a small perturbation. The solutions of Eq. are plane waves with
dispersion relation w? = k2 + p?, where w is the frequency and k is the wavenumber.
For 412 > 0 the perturbations will exponentially decay, on the contrary, for u? < 0
and a sufficiently small k, they will grow defining a so-called tachyonic instability.
However, such a picture is valid only within the linear approximation, because as the
scalar field ¢ grows the nonlinear effect become non-negligible and the self-interaction
term A¢> starts to be important. In this scenario, namely for u? < 0 and A > 0,
the potential of Eq. has the famous “Mexican hat” shape displayed in Fig. 4.1
Such potential has a local maximum at ¢;.x = 0 and two minima at ¢, defined
by #2:, = —u?/). The tachyonic instability dynamically evolves the scalar field
from the unstable local maximum to a stable minimum, in a process that can be
seen as a phase transition of the system. The instability, captured at the linear
approximation, is then quenched by the nonlinear interaction.
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Figure 4.1. Potential V(¢) of Eq (4.2) for A = 1 and p? = —1. The potential presents the
well-known “Mexican hat” shape with an unstable local maximum for ¢, = 0 and two
stable minima for ¢, = +1.

4.1.2 Tachyonic instability in curved spacetime

While the mechanism described above in Minkowski spacetime becomes somewhat
more intricate in curved spacetime, it also gives rise to interesting consequences. Let
us consider a general curved spacetime described by the metric g,,. In this case the
linearized scalar field equation becomes

066 — u?6p =0, (4.5)

where [ = g’V V. Let us now restrict ourselves to the case where g,, represents
the Schwarzschild metric of a compact object of mass M. Following the same
procedure of Sec. if we decompose the scalar field perturbation in spheri-
cal harmonics, introducing an exponential time dependence, we get the following

Schrédinger-like equation
d*v
-z T [w? = Ve (r)] ¥ = 0, (4.6)

where r, is the usual tortoise coordinate defined by dr/dr, = 1 — 2M/r, and the
effective potential is

2M 2M (1l +1
Veﬁz(l—> {3 + ( 5 )+/ﬂ . (4.7)
T T T

A sufficient, but non necessary, condition to have an instability is
[e.@]
/ drVeg(r) <0. (4.8)
—0oQ

One can easily note that the above condition is always satisfied whenever M = 0,
namely in Minkowski spacetime, for 42 < 0. On the other hand, the condition is not
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guaranteed for M # 0. In particular, 2 has to be sufficiently negative, depending
on the particular spacetime under consideration.

In addition to the bare mass of the scalar field, further contributions from non-
minimal couplings between the scalar field and gravity can enter the effective mass
squared ,ugff. Let us consider the simple case in which the scalar field is non-minimally
coupled to gravity by means of a term ¢?R present in the action of the theory. The
scalar field equation will contain also a term proportional to ¢ R, that will contribute
to the effective mass squared as ugﬁ ~ p? 4+ R. In a general curved spacetime the
sign and the magnitude of R are position dependent, and, as a consequence, also
p2¢ does as well. This tells us that there will be regions of the studied spacetime in
which ugﬂ is sufficiently negative to induce a tachyonic instability that is quenched
at the non-linear level via a scalarization process.

It is important to note that spontaneous scalarization is a sharp transition, the
onset of which depends on the specific threshold of the parameter controlling the
tachyonic instability.

4.2 Different types of scalarization

In addition to possible non-minimal coupling terms of the form ¢?R in the action,
other non-minimal couplings to gravity or to matter fields can be introduced, which
may contribute to the effective mass squared. Consequently, scalarization can be
triggered in several ways, which may be classified by the mechanism responsible
for the tachyonic instability. Following [32] three distinct types of scalarization can
be identified: compactness-induced scalarization, spin-induced scalarization, and
scalarization triggered by matter effects or couplings to additional fields. In the
following sections these three possibilities are introduced, mentioning some notable
specific examples.

4.2.1 Compactness-induced scalarization

For models in which the scalar field couples non-minimally to gravity, the onset of the
tachyonic instability is determined not by the magnitude of the spacetime curvature
invariants, but by the compactness of the object, which depends on whether the
object is a BH or a NS.

Scalar-Gauss-Bonnet theory

A notable model is provided by the scalar-Gauss-Bonnet theory, whose action is
given by

1
5= 167G

/d4x\/?g (R — %v“qﬁv“qﬁ - f(¢)g> + Sm(Umi ), (4.9)

where G = RFP7 R, 00 — 4RM R, + R? is the Gauss-Bonnet invariant, f(¢) is
the non-minimal coupling function, and Sy, is the matter action with matter fields
given by Uy,. In [259, 260] it was shown that the theory with action (4.9)) can
exhibit scalarized BHs. The coupling function f(¢) must satisfy the condition
(df /d¢) p=¢, = 0 for some constant field ¢, in order to guarantee that the trivial
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constant scalar field configurations are solutions of GR. If we vary the action with
respect to ¢ we find the scalar field equation
df (¢)
O ——=G=0. 4.10
¢+ o g (4.10)
By considering a small perturbation d¢ on the background of the trivial solution
¢ = ¢g we get the following linearized equation

066 — 12gd0 =0, (4.11)
where, in this case, the effective mass squared is
*f(¢
pog = — (2 ) G. (4.12)
d¢
$=¢o

As long as the condition ugﬂ > 0 is fulfilled, according to a no-hair theorem, the BH
solutions of GR with constant scalar profile ¢ are the only admissible ones in the
theory [260]. On the contrary, for ugﬁ < 0, the scalar field perturbation can become
unstable, leading to a scalarized BH [261]. In particular, in [262] it was shown that
scalarized BHs can form dynamically from the core collapse of an unscalarized star.
One should note that, in the simple case of a Schwarzschild BH, the Gauss-Bonnet
invariant is G = 48 M? /r®. Therefore, the greater the compactness of the BH, the
more prone it is to develop a tachyonic instability that may trigger scalarization.

4.2.2 Spin-induced scalarization

Within gravity, without involving any other matter field, compactness is not the
only parameter that can trigger the scalarization mechanism. Another important
feature of compact objects that plays a role in this sense is provided by the spin. For
a Schwarzschild BH, the Gauss—Bonnet invariant G is positive definite everywhere.
In contrast, for a Kerr BH, G can take negative values outside the horizon when the
spin is sufficiently large. In theories where the coupling function f(¢) fulfills the
condition (d*f/d¢?)s—s, < 0, a sufficiently negative Gauss-Bonnet invariant can
trigger scalarization. Evidence for scalarized BHs in the parameter regions where
linear theory signals a tachyonic instability has been provided in [263H266].
Additionally, in [267] it was shown that in Damour-Esposito-Farese-like models
high spins can increase the parameter space where rotating NSs can scalarize.

4.2.3 Scalarization induced by matter or couplings with other fields

Besides compactness-induced and spin-induced mechanisms, scalarization can also
be triggered by the presence of matter distributions or by additional couplings of the
scalar field to other fields. A notable example is the Damour-Esposito-Farése model
[258], where the scalar field is minimally coupled to gravity, but non-minimally
coupled to matter fields [] .

Tt is important to note that the Damour-Esposito-Farése model where the scalar field is non-
minimally coupled to matter is written in the so-called Jordan frame. By means of a proper metric
redefinition it is possible to move to the so-called Einstein frame where the non-minimal coupling
occurs with gravity [268].
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Over the years, many studies have investigated alternative scalarization mecha-
nisms involving couplings to matter. Among them there is also the first model that
introduced scalarization of BHs, namely a Damour-Esposito-Farése model coupled
with non-linear electromagnetism [269-271]. The scalarized BHs presented in [271]
violate the no-hair theorems for scalar fields of [272, 273].

Similarly to how the Schwarzschild BH can scalarize in scalar-Gauss-Bonnet
gravity, the same may happen to charged BHs described by the Reissner—Nordstrém
solution, as proved in [274] 275].

A model that has attracted significant attention is the Einstein—-Maxwell-scalar
(EMS) theory, with the first study of BH scalarization presented in [30]. In this
case, matter is introduced in terms of the Maxwell invariant F),, F'*”, and the
scalar field is non-minimally coupled to it. In contrast to the scalar-Gauss—Bonnet
model, EMS theory has no higher curvature corrections, and this represents a
major technical simplification. The latter permitted to investigate the model fully
non-linearly and to perform numerical simulations in spherical symmetry, showing
that the Reissner—Nordstrom BH evolves dynamically into a perturbatively stable
scalarized charged BH [30]. Moreover, in [30] non-spherical, static, scalarized
solutions have been studied, showing that they are thermodynamically preferred
over the electrovacuum spherical BH. This model has been further investigated in
[31 276H279].

Another possibility has been discussed in [280, [281], where it was shown that mat-
ter in the vicinity of BHs can trigger scalarization, posing some interesting questions
on the possibility of such mechanism in more realistic and involved configurations
like accretion disks or dark matter halos.
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Chapter 5

Scalarized BHs in
Einstein-Maxwell-scalar theory

In this chapter we focus on BHs in EMS theory, a framework where a real scalar field
is minimally coupled to gravity and non—minimally coupled to the electromagnetic
field through a coupling function. Depending on the choice of this function and on
the parameters of the solutions, the theory admits scalarized BHs that can exhibit
qualitatively new phenomenology compared to the standard Reissner—-Nordstrom
family.

A particularly intriguing feature arises in a specific region of the parameter
space: scalarized BHs can develop, besides the usual unstable photon sphere, an
additional stable one. This richer geodesic structure has direct consequences on the
dynamics of perturbations. In fact, the effective potential for linear perturbations
acquires multiple maxima and minima, presenting cavities where waves can become
temporarily trapped. The associated QNM spectrum therefore contains long—lived
modes, and the time domain response of the system displays repeated, delayed
echoes analogous to those previously observed for horizonless ultracompact objects.
This phenomenon provides a remarkable example of how scalarized BHs, which still
possess a horizon, can mimic features usually associated with ECOs. Moreover, in
EMS theory the nonlinear dynamics can be investigated beyond the perturbative
level, allowing us to verify the presence of echoes in fully nonlinear evolutions.

This chapter is devoted to a detailed discussion of these results, largely based on
the original work [35].

5.1 EMS action and scalarized BH solutions

As mentioned in Chapter 4 the EMS theory that presents a non-minimal coupling
between the electromagnetic field and the scalar field is prone to a tachyonic instability
that defines the onset of a scalarization process. To this end, let us consider the
following EMS theory that describes a real scalar field ¢ minimally coupled to
Einstein’s gravity and non-minimally coupled to the electromagnetic Maxwell’s field:

S= iz [ VISR =000~ FRLPY. )
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where units are set in such a way that ¢ = G = 4meg = 1, g, is the metric tensor,
R is the Ricci scalar and F),, is the usual Maxwell field strength tensor expressed
in terms of the vector potential A, as F},, = 0,A, — 0, A,,. The generic coupling
function between the scalar field and the Maxwell invariant F),, F'*¥ is expressed by
Flg.

Such a theory is particularly motivated and appealing because the gravita-
tional sector is described by GR, and hence we expect strong hyperbolicity for
any reasonable choices of F[¢]. Its hairy BH solutions have been studied in detail
in [30} B1l, 278], showing significant deviations from the Reissner—Nordstréom BHs.
Binary BH mergers in this theory with F[¢] o e 2%?, where « is a dimensionless
coupling constant, have been studied in Ref. [282], motivated by computing the full
merger signal in a theory that can be non-perturbatively different from GR. The
QNM spectrum of weakly-charged BHs in this theory has been studied in [283]. In
[35] we considered a different coupling function, giving rise to BH scalarization and
more striking deviations from GR.

By varying the action with respect to ¢, A, and g,,, we derive the following
field equations

16F[¢] y
- v 2
O¢ — 7 5% E,F 0, (5.2)
Vu(F[glF*™) =0, (5.3)
1
Ry = 5 R g = TS, + T, (5.4)

where Tl‘f’y and TE,/M are the stress-energy tensors of the scalar and electromagnetic
fields, respectively given by

ij = 2vu¢vud) - guuvp¢vp¢ ) (5.5)

1 g
THE;VI = (2Fu B — §gqupUFp VE[4] - (5.6)

5.1.1 Spherically symmetric BH solutions

Following [30], in order to find static and spherically symmetric BH solutions to this
theory we impose the following ansatz

1

2 _ N (r)e—200) g2
ds (r)e dt” + NG

dr? + 2 (d92 + sin? 9d902) ) (5.7)

where, using the Misner-Sharp mass function m(r), N(r) = 1 — 2m(r)/r [284].
Spherical symmetry also implies that the electromagnetic field A, = (V(r),0,0,0)
and the scalar field ¢(r) only depend on the radial coordinate r. Thanks to this
simplification we can write the field equations as follows

§ +r¢?=0,

(e Flg]r*V') =0,

r(r —2m)¢ + r2V2eP Flgp) — 2m' =0 , (5.10)
12,26

r(r—2m)¢" — [2(m +rm/ —r) 4+ (r* — 2mr)d]¢’ + rVEeR i) =0, (5.11)

2 06
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where the prime denotes a derivative with respect to r. Eq. (5.9) can be integrated
with respect to r, giving
/ Q

V' = ~FFA e (5.12)
where the electric charge of the spacetime @) is precisely the integration constant.

To solve the set of ODEs of Eqgs. — we need to implement suitable
boundary conditions for the functions §, V, m and ¢ and for their derivatives.
Assuming the existence of a horizon located at r = rg > 0, we consider the following
expansion

m(r):%{—l—ml(r—rH)—i—... , (5.13)
5(7“) :50+51(T—TH)+... , (5,14)
Viry=Vi(r—ru)+..., (5.15)
o(r)=do+ o1(r—ru)+..., (5.16)
where

@

my; = 37 Fgg] (5.17)

61 = —diru (5.18)
_ Q? S F'[¢o]

O 2 QP Flg) — 2 Flo]? 06 (5.19)
_ Q?

Vi= —m , (5.20)

in terms of the two parameters dg and ¢g. The latter are found with a shooting
method, imposing that the solution is asymptotically flat and given by the following
expansion

m(r)_M—(“y;fg+..., (5.21)
é(r) = ;izz +..., (5.22)
o(r) = QT + QT;M +..., (5.23)
V)=Vt 2t (5.24)

where M is the ADM mass, @5 is the charge of the scalar field, and V, is the
electrostatic potential at infinity.
We now turn to a specific realization of EMS theory, characterized by the
following coupling function
F[¢] = e, (5.25)
where a > 0 is a dimensionless coupling constant. Since the coupling function of

Eq. (5.25) fulfills the condition

S]] _
5 ¢:o_0’ (5.26)
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the trivial scalar field solution ¢ = 0 solves the field equations. Therefore, the
model admits the scalar-free solution given by the Reissner—Nordstrom BH with
mass M and electric charge @, for any value of a. This solution corresponds to
m(r)zM—%?, V(r)=Ve+Q/r,and ¢ = = 0.

Moreover, for any o > 1/4 the theory also admits scalarized BH solutions
with a charge @ ranging from a minimum value (at which they connect to the
Reissner—Nordstréom BHs) to a maximum critical value Qi marking the upper
bound of the domain of existence [30] [[]. In [30] different scalarized solutions, where
the scalar field profile ¢(r) is characterized by more nodes, are presented. In what
follows we will only consider the so-called fundamental modes of scalarized BHs,
namely the configurations for which the scalar field ¢(r) has zero nodes. As an
example of scalarized solution, in Fig. we display the metric functions and the
scalar field for & = 20 and ¢ = Q/M = 0.7. The plot illustrates that the scalar

O /M
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Figure 5.1. Metric functions m(r), N(r), 6(r) and scalar field ¢(r) of the scalarized BH
with o =20 and ¢ = Q/M = 0.7.

field vanishes asymptotically, and the metric functions converge to those of a flat
spacetime, ensuring asymptotic flatness.

5.1.2 Photon spheres

As shown in [285] 286], scalarized BH solutions can display a remarkably richer
geodesic structure than their GR counterparts. In particular, within certain regions
of the parameter space, they are not characterized solely by the usual unstable
photon sphere, but also admit an additional stable one. The coexistence of unstable
and stable photon spheres is a distinctive feature, with important consequences for
the phenomenology.

In order to find the photon sphere(s) of these background solutions we study
the geodesics described by massless particles in the spacetime of the scalarized BH.
Solving the geodesic equation for a photon is equivalent to solving the Euler-Lagrange

!Note that in [30] the coupling function is defined as F[¢] = e_a¢2, as a consequence, in order
to trigger the scalarization mechanism, the dimensionless coupling constant « is negative definite.
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equations

or doc

dxP  dXJiP ’
where the dot denotes derivative with respect to the affine parameter A, and L is
the Lagrangian of a massless particle in the metric of Eq. , given by

(5.27)

1 . 1 .
L= 5 —Ne {2 4 N?’"z + 7202 + r?sin® 02| . (5.28)
Since the spacetime is spherically symmetric, a natural simplification comes from
restricting ourselves to the study of planar orbits, setting 6 = 7/2 without loss of
generality. From Eq. ((5.27) we derive the equations for the ¢, ¢ and r components
of the null geodesic

E

t= Ne—26"

L
o=, 2=e[E*—Vu(r)LY, (5.29)

r2
where E and L are the constants of motion associated to the two isometries of the

spacetime, and the potential V}}, is given by

Ne—25
rz

Von(r) = (5.30)
A photon sphere at radial distance 7 is identified by the conditions of vanishing
radial velocity and acceleration (7 = # = 0), which correspond to the equations
E? = Vou(7)L? and dVy,(7)/dr = 0. Local maxima (minima) of Vy}, correspond to
unstable (stable) photon orbits.
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Figure 5.2. Null-geodesic potential Vpp, in terms of the tortoise coordinate r., for different
values of ¢ = Q/M in the case & = 0.6. The potential for ¢ = 1.0187 shows a well,
signaling the presence of a stable photon sphere.

An analysis of the parameter space shows that scalarized BH solutions can
develop a stable photon sphere in certain regions. They are present for small values
of the coupling constant o and near the critical charge Q)cit, above which the
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solutions cease to exist [285, 286]. A representative example is shown in Fig.
where we display the profile of the potential in Eq. as a function of the tortoise
coordinate 7, defined by dr,/dr = ¢’/N. We considered the case a = 0.6, and
different values of the charge-to-mass ratio g. As we can see, V,;, develops a stable
photon sphere as ¢ — gerit = 1.0187.

5.2 Perturbed field equations

The presence of a richer geodesic structure, showing more than just the usual unstable
photon sphere, suggests that the dynamics of perturbations on the background of
these scalarized BHs may differ from the standard case. In the following we derive
the linearized field equations governing perturbations of the background of Eq. .

5.2.1 Radial perturbations

We begin with the simplest case of radial perturbations, which, despite their relative
simplicity, already capture the phenomenology we aim to highlight, before turning
to the more general case of non-spherical modes. For the derivation we keep the
coupling function F'[¢] general.

Following [31] we consider spherically symmetric, linear perturbations of the
metric, vector potential, and scalar field as follows

~ - 2
ds®> = —N(t,r) e 2E g2 4+ A + 72(dh?* + sin? 0d?) | (5.31)
N(t,r)
A=V(t,r)dt, (5.32)
¢ =o(t,r), 5.33

where we defined

N(t,r) = N(r) + e Ni(t,7) , (5.34)
5(t,r) =6(r) +edi(t,r), (5.35)
3(t,r) = 6(r) + € (t,r) | (5.36)
V(t,r)=V(r)+eVi(t,r) (5.37)

If we keep only the terms that are linear in e it is possible to linearize the field
equations

Ni(t,r) = =2rN(r)¢' (r)éy(t,7) , (5.38)
8 (t,r) = —=2rd (r)¢)(t,7) ‘ (5.39)
Vi(t,r) = —V'(r) (51 (t,r) + %@?)5%@) : (5.40)

where the prime and the dot denote partial derivatives with respect to r and ¢,
respectively. Through ¢ integration, the above equations provide the following
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constraints
Ni(t,r) = =2rN(r)¢'(r)é1(t,r) + b(r) , (5.41)
81 (t,r) = =2rd/ (r)dy(t,7) (5.42)
Vi(t,r) = =V'(r) (51 (t,r) + %[Zﬁ]r) ‘“;[j‘“) () (5.43)

where b(r) and c(r) are free radial functions representing the integration constants
with respect to time. In the late time, for a stable scalarized BH, we expect the
perturbation functions {Ny,d1, ¢1, V1 } to vanish, corresponding to the unperturbed
solution; this automatically evaluates the integration constants as b(r) = ¢(r) = 0.
The perturbation equations can be reduced to the familiar form of the one-
dimensional wave equation by performing a field redefinition W(¢,r) = r¢y(t, )

<62 0?

= V() = Va¥(tr), (5.44)

where the tortoise coordinate is defined by dr, /dr = ¢° /N, and the effective potential
reads

_ e ®N 2.0 Q[ 2 2,12 2 OF[¢] ?
Vo= T {1V 2% WJﬂw“%¢)Fww<a¢)

(e ) oo

This expression is identical to the one in [3I]. In the specific case given by Eq. (5.25)
the potential Vi becomes

N —26 , 2 ,
o=t fioN et - ST das -} (56)

2
or, in terms of the Misner-Sharp mass function m(r),
2

—2m)e 2 (2
V¢ - (r:;)e{:n B 2T2¢/2 B r2ead? [1 ta- 2(oz¢) a T¢,)2]} ' (5.47)

It is straightforward to show that for « = ¢ = 3§ =0 and m(r) = M — 6’22—: the latter
reduces to the effective potential of linear and radial perturbations of a test scalar
field in the Reissner—Nordstréom background, i.e.

qu,RN = 7% (1 — % + Q2> (M — QQ) . (5.48)

In order to study the QNM spectrum of the scalarized solution, we express
the scalar field in terms of its Fourier transform, ¥(¢,r) = [ dwe "W (w,r) and,
dropping the tilde notation, we rewrite Eq. (5.44) as

d2
(dﬂ + w2>\I/ =V,V. (5.49)
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In the region of parameter space with a stable photon sphere, the hairy BH exhibits
an effective potential V4 that differs from that of a standard BH. Indeed, as illustrated
in Fig. [5.3] it can form one or more cavities that influence the corresponding QNMs.
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Figure 5.3. Effective potential Vj; for radial perturbations of scalarized BHs in terms of
the tortoise coordinate r.. We show the case a = 0.6 in the top panel, and o = 0.5 in
the bottom panel. Different colors refer to different choices of ¢ = Q/M.

A sufficient, but not necessary condition, for the perturbation to develop an
instability is that [0 dr.Veg(r) < 0. However, this is not the case for the potentials
shown in Fig. [5.3] therefore, no obvious instabilities are present. Indeed, as will be
discussed later, our analysis shows that the QNM spectrum remains stable, even in
cases where the effective potential develops regions of negative sign. Nevertheless, a
multi-peaked potential of this kind can sustain long-lived modes which, in the time
domain, slowly tunnel through the potential barrier, producing a sequence of echoes
in the ringdown signal.
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5.2.2 Non-spherical perturbations

We now proceed to derive the linearized equations for non-spherical perturbations
of the BH solution of Eq. . Let us consider the perturbed metric tensor
9w = Guv + hyuw, where g, represents the background line element. In the same
fashion we introduce the perturbed vector potential and scalar field as A, = zzlu—I—(SAM
and ¢ = ¢ + ¢, respectively. Given the spherical symmetry of the background, it is
natural to decompose the field perturbations into scalar, vector, and tensor spherical
harmonics characterized by indices [ and m. This procedure allows the splitting of
the perturbations into axial (which acquire a factor (—1)"*! under parity inversion)
and polar (which acquire a factor (—1)!). Since we are interested in the gravitational
perturbations, in the following we will focus on the [ > 2 case E| .

Let us expand the metric perturbations in tensor spherical harmonics using the
Regge-Wheeler gauge [154]

huw = hiy, + hly, (5.50)
0 0 - 7]10(2?12}@ ho(r) sin 9891/7”_
h(r), Y™ .
. x 0 ——=21 hy(r)sinfopY;"
h;‘y = Z/dw et sin 0 1( ) 01 : (551)
lm * % 0 0
R * 0 ]
e 20N (r)Ho(r) Hy(r) 0 0
: i) g 0
hP = /dw e Wty * N(r) ,
K % ! * * r2K(r) 0
* * * r?sin? 0K (r)

(5.52)

where the asterisk “*” here denotes symmetrization, and A and P stand for axial
and polar, respectively. The perturbation of the vector potential is decomposed

similarly

5A, = AL+ AL (5.53)
A _ —iwt U4(T)awY2m : m
6A;, = lgm/dwe (O,O,—Sine,m(r) sin 00,Y;™ |, (5.54)
» ym U,Q(T'>Ym
AP — § :/ zwt(ul(r) l ! )
5 N - dwe r 9 TN(T) 7070 ) (555)

where we have fixed the gauge by setting the angular components of 5A/Ij to zero.
However, for the subsequent derivation, it is more convenient to treat the pertur-
bations of the Maxwell tensor F),,, as the dynamical variable, with the following

2Note that for I = 1 the only propagating degrees of freedom are the scalar and a polar
electromagnetic mode.
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decomposition

. 5F£j . 5F£/ | (5.56)

0 o _% iwuy(r) sin 00y Y™

| U0 (r) sin 00pY]"
6F,lﬁ/ - Z / dw e_lUJt * 0 sin 0 U4(T’) St 069}/2 ) (557)

Lm * * 0 L1+ Duy(r) sin 67"

[0 for(r)Y™  fo2(r)0eY™  fo2(r)0, Y™

| 0 fr2(r)0pY™  f12(r)0eY™
SEL, = / dwe™™" : 5.58
i %L: * * 0 " o

where the star “x” denotes antisymmetrization. The functions fo1, foo and fio can
be written in terms of u; and wug as follows

iwrug(r) + N(r)(ruf(r) —ui(r))

Jou(r) = N () : (5.59)
foa(r) = ulﬁr) , (5.60)
Fra(r) = ;‘;((72) , (5.61)
and are related by the following equation
for(r) = iwfra(r) + foo(r) - (5.62)

Finally, the scalar field perturbation is decomposed as

0p = Z/dw e~ “hy(r)Yy™ . (5.63)
lm

A detailed derivation of the linearized perturbation equations is presented in Ap-
pendix [C] where all intermediate steps and technical details are provided.

Axial sector

The axial sector, which contains only perturbations of the Maxwell tensor and of the
metric, can be written as a system of two coupled second order differential equations

d2
(dr2 + w2> U(r) =VouU(r) + Vo H(r) , (5.64)
(5:2 + w2>H(T) = VuoU(r) + Var H(r) , (5.65)
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where U(r) and H(r), defined in Eq. (C.18]), are functions of wus(r) and hi(r),
respectively. The potentials are given by

_ 2 2 - / 2
Vou :7;3622?{1&4—2-1- Q{16F2[¢] — (6F[¢]> } + (T 2m)¢ 27‘@5'6 F[¢]

4r2F3[g) 3¢ 4F[g] 5¢?
_ OF[g]  r¢’ (0F[]\*
56 F[¢]< 3¢ H}
(5.66)
r—2 2V A Q
Vor =Viy = Tge;?( FMT), (5.67)

where we defined A = (I +2)(l — 1). As shown in [287], a system of this type can be
decoupled via an r—independent transformation if the potentials satisfy the following
requirement

You = Vin _ const. (5.69)
Vur

While this is the case in the Reissner—Nordstrom limit, as expected, we verified
numerically that this requirement is not fulfilled in general for scalarized BHs. If we
consider the EMS model in Eq. (5.25)), the potentials simplify to

r—2m e~ 02(a2¢% — 4
You =505 [AQ f2- € fa T 4 adr—2m)r6 — 26+ rad )| |
(5.70)
-2
Vo Vi = o (whe 12 (571)
ree r

Virn _r—2m [A2 _m +2m + 2(1 - 2m> + (r— 2m)5'} . (5.72)
re T

r
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Polar sector

The polar sector (containing scalar, electromagnetic and metric perturbations) is
described by a system of five first-order differential equations

26

fla(r) = (5, - ]]\\77, - %(ﬂ;[jﬂqb,) fia(r) — Zw%foz(r) ; (5.73)
(1) = (&' = 3 ) Ha(r) = SolHo(r) + K ()] = AF61V" Folr). (.74
6—26 /
fiatr) = [ —ufigiatr) Vi) - o S, (5.75)
/ H()(T’) 1 / N/ /
K'(r)= — =+ == )K(r)—2¢2(r)
.7" (r QN) (5.76)
+ QTZQW (1 + 1) — 2+ 2rN' + 2er2V2F[] + 2N (1 + r2¢/)| Hi(r) |
1626 / !
Hy(r) = —4VNF[¢]f02(7“) + (;\;V —& - i)K(r) + (i +20 — ]]\\[[)Ho(r)
+ 28/ 2(r) — {“"]\cfa - ﬁ [l(l +1)—2+2rN'
+ 2r2V"2eX Flg] 4+ 2N + 2r2N¢’2] }Hl(r) ,
(5.77)
and a second-order one,
2(r)=— %l(l + 1)V’ 6§(£)¢] fia(r) + Jbv%%(ngf]mm — %qﬁ’V’e%F[(b]fog(r)
- ;V[V%%‘”;? +2(N' — 2N§ )| Ho(r) + <5’ -2 ]]\\ff)zl(r)
o LTI+ 1) 202 52F[¢] SF[P)\?
#{aoe g [ e - G (P (557 )]
(5.78)

5.3 QNMs and time-domain response

In this section we present the QNM spectrum obtained by solving the perturbation
equations. We compute the QNMs by solving the equations previously derived as
an eigenvalue problem, imposing the usual purely outgoing boundary conditions
at infinity and purely ingoing boundary conditions near the BH horizon. The
frequencies of the modes are evaluated numerically using a direct integration shooting
method as discussed in details in Sec. The calculations are carried out using
MATHEMATICA, employing high numerical precision and high-order series expansions
near both boundaries for improved accuracy.

As discussed in [35], the perturbation equation is then solved in the time-
domain by collaborators to extract the ringdown signal of the perturbed scalarized BH
under linear radial perturbations. The signal is then compared with the associated
QNM spectrum.
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5.3.1 QNM spectrum and ringdown of linear radial perturbations

The QNMs of linear radial perturbations of the scalarized BH are shown in Figs.
and as functions of the charge-to-mass ratio of the background. We focus on
the regime Q/M 2 1, which is the regime where the effective potential develops
multiple peaks. Fig. focuses on the fundamental mode for different values of
the coupling constant «. It is worth noting that, while the real part is only weakly
affected by «, the imaginary part depends more strongly on that, especially in the
vicinity of Q/M =~ 1. As expected from the behavior of the effective potential, the
quality factor wg/|w;| increases for smaller values of o and when Q/M =~ 1 (see
inset in the right panel). When a = 0.5, the quality factor can reach values up to
~ 15; by comparison, the corresponding value for a Schwarzschild BH is almost four
times lower. The first few overtones for o = 0.6 and « = 0.5 are shown in Fig. 5.5
since they will be used to fit the time-domain evolution, as discussed in the present
and in the next sections.

In [35], the linear radial perturbations have been also analyzed in the time-domain
by collaborators. The steep potential wall reflects most of the initial wave, yet a
small fraction tunnels through and triggers oscillations within the cavity. The cavity
supports a quasi-long lived and quasi-periodic excitation that slowly decays via
radiation being emitted from each side of the potential well. The signal emitted
to large radius is then recorded at a fixed radius. The time-domain response of a
wave scattered off the BH for specific values of ¢ and « is shown in Fig. [5.6] As can
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Figure 5.4. Fundamental QNMs for linear radial perturbations as a function of the
charge-to-mass ratio ¢ = /M for different values of the coupling constant «. Note
that we refer to the fundamental mode as the one with the least damping for Q/M =~ 1,
but increasing @ /M this mode ceases to be the least damped due to a crossing in the
imaginary part of the frequency with other modes. The peak present in the imaginary
part of the mode for @« = 0.5 and shown in the inset of the right panel represents a
genuine physical behavior, verified by increasing the resolution.

be seen in the insets, in these cases the potential presents multiple peaks, that are
able to trap radiation and give rise to a complex ringdown signal. While the signal
at late times is governed by the (relatively long-lived) fundamental QNM, initially
one can clearly notice repeated modes that are reminiscent of echoes [28|, 29, 234].
As anticipated in Sec. [2.5.2] these repeated modes are due to perturbations being
trapped in the potential cavity. Because in this model the cavity lacks significant
width and depth, the confinement of perturbations is weak. As a consequence, the
successive echoes decay rapidly in time and become more evident only when the
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signal is displayed on a logarithmic scale (see right panels of Fig. [5.6)).

Despite the complex time-domain signal due to cavity effects, it is remarkable
that a superposition of the first few QNMs fits the entire signal quite accurately. In
Fig. [5.6] we compare the signal with a fit

3
U S Al thon) =t/ (5.79)
n=0

where A,, and ¢,, are the amplitude and phase of the n-th tone and 7, =1/ |w§n)] is
the damping time. This superposition well reproduces also the nontrivial behavior
at early times.
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Figure 5.5. Fundamental QNM and first three overtones for linear and spherical perturba-
tions as a function of the charge-to-mass ratio ¢ = Q/M for o = 0.6 (top panels) and
a = 0.5 (bottom panels).
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Figure 5.6. Comparison between the scattered wave in the time domain and a superposition
of four damped sinusoids with the fundamental QNM and the first three overtones for
a=0.6, Q/M = 1.0187 (top panels) and for o = 0.5, Q/M = 1.0073 (bottom panels).
The QNM used for the fit are the same as those shown in Fig. and are provided in
the plots. The inset shows the associated effective potential of the scalar perturbation
equation. The right panel shows the signal in a logarithmic scale, to better appreciate
the echoes.

5.3.2 QNMs of axial perturbations

The QNMs of the non-spherical perturbations are computed in the axial sector,
since this is easier to solve numerically compared to the polar one. Fig.[5.7] presents
the QNMs as a function of ¢ for different values of «, compared with modes of
the Reissner—Nordstrém BH, which is also a static solution of the theory. Here we
restrict to higher values of «, since the numerical treatment of the small-a region
proves difficult with the shooting method employed.

The QNM frequencies are computed across the full parameter space of the
scalarized BHs, for different values of the coupling constant «. As shown in the
insets of Fig. for the minimum values of ¢, the QNMs of the BHs with scalar
hair are continuously connected to the QNMs of the Reissner—Nordstrém BH. Since
the Egs. — are coupled, the QNMs are solutions to both equations and
are not induced by a single perturbation. Nevertheless, we refer to modes as EM-
led (or gravitational-led) if they reduce to those induced by electromagnetic (or
gravitational) perturbations in the Reissner—Nordstrom case. Focusing on the real
part of the frequencies, for moderately low values of ¢ the differences with the
Reissner—Nordstrom BH are small, particularly for the gravitational-led modes. The
differences become more pronounced for larger values of ¢, especially for ¢ > 1
where the Reissner—Nordstrom solutions ceases to exist. As already discussed for
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the radial perturbations, the real part is only weakly dependent on «. The role of
« is much more evident for the imaginary part, where notable differences arise not
only compared to the Reissner—Nordstrom case but also among different values of
the coupling constant.
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Figure 5.7. Real (left panels) and imaginary (right panels) frequencies of the [ = 2 QNMs
for EM-led (top panels) and gravitational-led (bottom panels) modes as a function of
the charge-to-mass ratio ¢ = Q/M for different values of the coupling constant . The
limit of o = 0 represents the Reissner—Nordstrom QNMs shown in black.

5.3.3 Non-linear radial dynamics

Although the analysis presented in this section was performed by collaborators as
part of [35], we briefly summarize the results here, since they provide an important
confirmation of the linear study. In particular, while the QNM spectrum and the
linear time-domain response already indicate the presence of long-lived modes and
echoes, it is crucial to assess whether these features survive once nonlinearities are
taken into account.

Fully non-linear 1 4 1 simulations of scalarized black holes evolving under radial
perturbations show that echoes indeed persist beyond the linear regime. The
qualitative features of the signal, namely the initial prompt ringdown dominated by
the fundamental QNM and followed by a series of damped echoes associated with
the trapping potential, remain present also at the non-linear level. This represents,
to our knowledge, the first explicit example of echoes appearing in a consistent
beyond-GR theory beyond linear perturbation theory. For details of the numerical
framework (the initial data construction and the evolution scheme) we refer the
reader to Ref. [35]. A representative example of the nonlinear evolution is displayed
in Fig. 5.8 which shows the persistence of echoes in the time-domain signal.
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Chapter 6

Topological stars and
magnetized BHs

Among the various horizonless and regular spacetimes that have been proposed as
ECOs, topological stars (TS) [26] have recently emerged as particularly compelling
toy models to tackle the analysis of the more involved microstate geometries (see

Chapter .

These solutions arise in the context of five-dimensional Einstein—-Maxwell theory,
where a magnetic flux supports a smooth soliton against gravitational collapse. TSs
provide a rare example of analytically tractable, horizonless compact objects that are
nonetheless derived from a well-defined theory, rather than introduced in a purely
phenomenological fashion. In this regard, they capture some of the essential features
of Fuzzball microstate geometries, such as their nontrivial topology and the role
of the extra dimensions. However, in contrast to microstate geometries that lack
spatial isometries, T'Ss maintain spherical symmetry and thus remain sufficiently
simple for detailed dynamical studies.

Depending on their parameters, T'Ss can exhibit a rich geodesic structure, in-
cluding the presence of both unstable and stable photon spheres. This makes them
ultracompact objects with the ability to support long-lived QNMs [288-H292], a
hallmark feature typically associated with horizonless BH mimickers. From the
phenomenological perspective, TSs offer an excellent laboratory to explore how the
absence of an event horizon affects the late-time GW response of compact objects.
Their linear perturbations display a prompt ringdown that closely resembles that
of BHs, followed by a sequence of slowly decaying echoes at late times [290] 292].
Furthermore, in [290H292] it was confirmed that TSs are linearly stable under both
radial and nonradial perturbations in the most relevant parameter range, reinforcing
their role as robust models for horizonless compact objects.

The goal of this chapter is to present the TS solution and to study its dynamical
response under perturbations, with emphasis on the quasinormal spectrum and
time-domain signals. We will also highlight the photon spheres structure of these
solutions, as a bridge to the discussion of EMRIs in Chapter

The present chapter is based on the original work of Refs.[290, 292].



70 6. Topological stars and magnetized BHs

6.1 Framework and solutions: T'Ss and magnetized BHs

Let us consider the Einstein-Maxwell theory in five dimensions, whose action is given
by

1 1
Sy = /d5x\/—g <MR - 4FABFAB) , (6.1)
5

where g = det gap is the determinant of the metric, R is the Ricci scalar and Fap
is the Maxwell field, all in the five-dimensional space. The coordinates of the latter
are denoted with Latin letters. From the above action one can derive the following
field equations

2
VBFAp =0. (6.3)

1 1
Rap — —gaBR + K2 <FACFCB + 4gABFCDFCD> =0, (6.2)

The theory admits two solutions [26]: a regular soliton dubbed topological star
(TS) and a magnetized black string, both simultaneously described by the same line
element and magnetic charge P as follows

1
ds? = — fedt® + fpdy® + Edﬂ + 72d03 (6.4)
F = Psinfdf Ado, (6.5)
where
r r 1 /3rgr
fs(r)y=1-"21 fpry=1--L, h(r)=fpfs, P=%—\/"2L. (66)
T T K5 2

The TS solution corresponds to the case in which rg > rg, while the magnetized
black string corresponds to rg < rg, with rg being its horizon. The fifth dimension is
compact and described by the coordinate y, with period 27 R, where R, is its radius
D . The TS solution is everywhere regular and, together with the magnetized black
string, they asymptote to four dimensional Minkowski times a circle, parametrized
by the coordinate y.

6.1.1 Four-dimensional compactification

Both solutions can be studied, providing interesting insights, after a compactification
to the four-dimensional spacetime. Following [290], we introduce a scalar field ®
and a gauge field A, for the gravity sector, and a scalar field = for the EM sector,
as follows

dst = e_g%lsi + eQé(D(dy + A, dzt)? (6.7)
Fapdztda? = F,, datdz” + (9,2dz") A (dy + A,dat) (6.8)

where the four-dimensional field strengths are defined as F,, = 9,4, — 0,.A,, and
F,, =0,A, —0,A,. Let us assume that all variables are independent of the extra

!The radius Ry of the y-circle and the parameters rp and rs are related by an orbifold condition
that also implies an upper bound 2rp < nR,, where n is an integer [26]. See [293, [294] for more
details about this relation.
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dimension y. As shown from Egs. - , this is true for the background solution.
Moreover, the translation symmetry along y of the latter implies that perturbations
can be decomposed with a e’*¥ dependence, where k = py/ Ry is the quantized
momentum along y and p, = 0,1,2,.... From a phenomenological perspective, one
is interested in the case in which the extra dimension is small and the solution is
macroscopic. This is equivalent to ask that R, < rg, so perturbations with p, # 0
are hardly excited in classical processes if the object is macroscopic. Therefore we
will assume p, = 0, so there is no y dependence in the dynamical variables.

After the four-dimensional compactification, the theory is described by the
following Einstein-Maxwell-Dilaton (EMD) action in four dimensions, with two
scalars and two gauge fields

1 1 1

_ 4 V3P v
S = /d I\ —g |:2,“€121 (li - iau@a“q) — Ze fuyfﬂ >
1 ( 1 v

1 _ -
+ L (SRefen, v Loy @:)2)]. (6.9)

By varying the action with respect to the fields of the theory we get the associated
field equations

1 1 1 1
Guy + |:2€\/§(I) <fupfpy + 49MVFPO_FPU> - 5 (8M(D8Vq) - 29,“,(%(1)8”(1))]
/@21 @ 1 - _ 2% 1 I
+ =2 evs | B, FP, + ngquan —e V30,202 — §gm,6”:8p: =0,
(6.10)
v (V3 F,,) =0, (6.11)
3 212v3 22 3 @
0o — \4[6\/5(?]‘—“;/.7:“” + % [\3[6 Vs (8ME)2 - \geﬁF;wFW] =0, (6.12)
e (e?‘I’Fw) —0, (6.13)
v (ezgg‘l’ap5> =0. (6.14)

In the equations above we have defined k3 := x2/(27R,) and e* := 1/(27R,) E| .
The TS and the magnetized black string are described in four dimensions as follows

1

ds} = —fsfi *dt* + —zdr® + /403, (6.15)
fS B
o = \flog B, (6.16)
F= ieQmsmedmdqﬁ:ig,/grBrssinedeAd¢, (6.17)
4
F=0=E. (6.18)

2We will keep these coupling constants explicit but, when presenting numerical results, we will
use units such that x4 = v/8m and e = V4.
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The magnetized black string is now described by a magnetized BH in the four-
dimensional space. It is worth noting that both the metric and the dilaton diverge
at r = rp. From the four-dimensional perspective, this corresponds to a curvature
singularity. However, the five-dimensional uplift is everywhere smooth, and the full
solution remains perfectly regular. From the four-dimensional perspective one can
derive the ADM mass and magnetic charge of the background, that are respectively

2 1 /3
M = 7721.(27“5 + TB) ) Qm = —\/=7sTB - (6.19)

By using Eq. (6.19) it is possible to draw the parameter space of the TS and the
magnetized BH, as depicted in Fig. Magnetized BHs belong to the region of
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Figure 6.1. Parameter space of static magnetized BHs and TSs. Since the Gregory-
Laflamme instability affects BHs with 0 < rp/rg < 1/2 and TSs with rp > 2rg, in the
inset we show the parameter space region free of such instabilities. T'Ss are classified
in first kind, if they possess a single unstable photon sphere at %rs, and second kind if
they also acquire a stable one at rp.

the parameter space with rp/rg < 1, which implies <~ < % ~ 1.1547. When

0 < rpg/rg < 1/2, these solutions are linearly unstable against the Gregory-Laflamme

mechanism [295] 296]. For TSs (rp/rg > 1) we have ﬁ <Gpm < %. However,
this parameter space region is not fully stable for T'Ss. Indeed, one can show that it is
possible to map the magnetized BH to the TS by performing a double Wick rotation
(t,y,rs,rB) = (1y,it,rp,rg) [297, 298]. Therefore, TSs with rp > 2rg are unstable
under radial perturbations with purely imaginary frequency (see Sec. for the
results on this instability for TSs). Consequently, the portion of the parameter space
that is not affected by the Gregory-Laflamme instability of BHs, nor by its analogue
in TSs, is displayed in the inset of Fig.

One observes that both magnetized BHs and T'Ss can have eQ,,/M > 1, unlike
the four-dimensional Reissner—Nordstrom BH, which is not a solution to this theory.

As discussed more in detail in Sec. [6.1.2] while the magnetized BH possesses a
single unstable photon sphere at rp, = %Ts, the TS can feature both a stable and an
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unstable photon sphere depending on the region of the parameter space. Depending
on the compactness and number and features of the associated photon spheres, we
can classify the TS in the following way

TS first kind, g < ::—]; <2: T}()L) =rg, (6.20)
. rg _ 3 1y 3 2
TS second kind, 1< o < 5 : réh) = 57“5, T;()h) =rg. (6.21)

TSs of the second kind have an unstable photon sphere at r&) = %rs, like the

magnetized BH, but they also possess a stable one at rl(i) =rpg.

6.1.2 Geodesic equations: null and time-like circular orbits

Let us study the geodesic motion of null and time-like particles in the background
of the TS and of the magnetized black string. In this section we present the main
results related to the photon spheres structure and to time-like circular orbits. For
a more detailed discussion see [299-H301].
For simplicity we restrict the analysis only to circular geodesics on the equatorial
plane, i.e. =0 and 6 =7 /2. The Lagrangian for a free particle is given by
1 2 -2 72 2.2
L= |=fst"+ Yy +—F +17¢7|, (6.22)
2 fBfs
where the dot denotes the derivative with respect to an affine parameter A\. The
five-momentum P, = 0L/0%* of the test particle reads

- T
 fefs’

where E, L, and p are integrals of motion associated to isometries along the ¢, ¢,
and y directions, respectively. If we denote by p the mass of the free particle, whose
limit for null geodesics is zero, we can write the Hamiltonian below

P, =—f¢i=—F, P, = fgy=p, P, P,=r*p=L, (6.23)

1 .y 2
H=-guP'P" = —"—. (6.24)
2 2
By neglecting the momentum p along the compact dimension, the radial geodesic
equation is the following

2 = FE%* — Vg, (6.25)

where the effective potential Vg is
TB 2 2 L2
‘/Yeﬁ‘ = TE + foB uo 4+ 7"72 . (626)

Circular geodesics are defined by vanishing radial velocity and acceleration, 7 = # = 0,
and can be parametrized in terms of the energy E and of the angular momentum L,
given by

2(r —rg)? L rsr?

_ =4 —. 6.27
r(2r —3rg)’ u 2r — 3rg (6.27)
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The roots of 7 = # = 0 are

3
w=0: r=rg, Tro=—rg, (6.28)

2
14+ 4/L2 — 3r§u2 (6.29)

rsp?

/J?éO: rn=7rB, T’QizLZ

The case 4 = 0 corresponds to null circular orbits, in particular for TSs with
3/2 <rp/rg <2 (called TSs of the first kind, see Sec. for the discussion on the
parameter space) there is a single unstable photon sphere at r9, while for T'Ss with
1 <rp/rs <3/2 (second kind) there is an unstable photon sphere at r3 and a stable
one at r1. The case p # 0 describes circular orbits for massive probes. When the
two roots coincide, roy = ro_, we find the innermost stable circular orbit (ISCO)

risco = 3rs . (6.30)

The t-component of the four-velocity and the angular velocity are given by

dt E d L
dr  ufs dt Iz
that in the case of circular orbits with r = rg read

1
ut = Q=[5 (6.32)

,/1—%—7“%&)27 2rp

6.2 Linearized perturbed equations

In this section we present the linearized perturbed equations that will be studied
to compute the QNM spectrum of the two solutions and to analyze their ringdown
signal.

Before [290H292], linear perturbations of magnetized BHs were partially studied
in [302, B03]. Moreover, only linear perturbations of a test scalar field have been
studied in the case of the TS [288, [289], finding the presence of long-lived QNMs for
TSs of the second kind.

Because of the presence of a magnetic flux in the background solutions, it is
not straightforward to separate polar (i.e. even-parity) from axial (i.e. odd-parity)
perturbations, as described in Sec Indeed, polar gravitational perturbations
are coupled to axial EM perturbations, and viceversa. This introduces a major
difficulty in the study of linear perturbations on the backgrounds of the two solutions.
For this reason, it is useful to divide the perturbations into two distinct sectors:
Type-I sector, containing axial gravitational perturbations coupled to polar EM; and
Type-1I sector, containing polar gravitational, and scalar, perturbations coupled to
axial EM [ .

Type-I and radial Type-II perturbation equations were derived and analyzed in
[290], whereas the nonradial Type-II sector was investigated in [292]. The derivation

30ne should note that it is possible to avoid coupling perturbations with opposite parity by
means of the electromagnetic duality transformations, see [29T] 304].
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of the perturbation equations, that we outline in Appendix has been carried
out in [290] 292] in different frameworks for practical reasons: Type-I sector and
radial Type-II were obtained after dimensional reduction to four dimensions, while
the nonradial Type-II sector was treated directly in the five-dimensional setup.
This choice was made solely for convenience and the two frameworks are perfectly
consistent. Moreover, for Type-I and radial Type-II perturbations it is possible to
derive, in each case, a single master equation of the Schrodinger-like form. The
corresponding effective potentials can then be analyzed to gain insight into the
dynamics of the perturbations. On the contrary, the nonradial Type-II sector is
considerably more involved: the perturbation equations remain coupled, preventing
a direct study of the effective potentials.

The linearized perturbed equations of the two sectors (Type-I and Type-1I) have
been studied in the phenomenologically more interesting case of null momentum
along the fifth extra dimension. Therefore, all the perturbations are independent of
the coordinate y.

Since F = 0 = = on the background, the perturbations of these fields decouple
from the others. By using an appropriate field redefinition, one can show that, at
the linear level, Eq. and Eq. respectively reduce to those for a test
Maxwell and massless scalar field propagating on the fixed backgrounds of the two
solutions. Test scalar perturbations of T'Ss and BHs have been studied in [288] [289]
and Maxwell perturbations of a magnetized BH have been studied in [303], therefore,
we will not present the equations here. The interested reader can find the equations
in [290].

6.2.1 Type-1 perturbations

The Type-I sector couples axial metric components with polar EM components and
is decoupled from the scalar perturbations. For [ > 2 perturbations, we obtain a
system of two equations

DIR™(r)] + (2£3f5 + 3f5fsfs) R (r)
_(%w§+w—®h+2@$+hkﬁ
T

—3fsfpfs — fog) R7(r) (6.33)

r2 r2
2K3Qm
- er3 S(T) - 07
DIEM)] + (2£3f5 + fofsfs) OE(r)
2K3Q> A 2f%f eQm (A—2)f2__
- ( 4Q4mfs+ ";S 1 2sls —fsfbfé) g(r) - Om (b ~2) 5 3 sy =0,
r r r r
(6.34)
where we defined the second-order differential operator
D= (fsf3) 0% +u?, (6.35)

and A = [(I+1). The functions R~ and £ represent the gravitational and EM degrees
of freedom of the perturbations, respectively, and are defined by Egs. — (D.10J).
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Interestingly, the above equations can be decoupled. Let us introduce a generalized
tortoise coordinate defined by

dr
dp = 1/2f . (6.36)
S
By making the field redefinition
L ~ K 2
RO =1 fsRo(). €)= 1" €0, (6.37)
we obtain
d2 > — S —
)0 e
where
_fs 10 0 P
B=51F00 1) T P argtars) | (6.39)
with
Fr) = Ar — 3(13r4rs + 8r2(rg + 2rg) — rrp(9rp + 28rg)) (6.40)
16r(r —rp) ’ '
P =./3(A—2)rprs. (6.41)

The system above can be decoupled by performing a linear, r—independent transfor-
mation

Z] = ,Clﬁ,_ + LQS, (6.42)
=LoR™ — L1, (6.43

with
Ly =—(2rp +3rg) — \/(27’3 +3rg)? + 12Argrp, (6.44)

Lo =24/3(A—2)rgrp. (6.45)

The decoupled system is
d2 ;

with the effective potentials

1,2 r—Trs
V;H = m[lGTSA — T (87“3 —+ 24’/“5’ —+ 16A’I"B) —+ 7"(117"3 + 607’37“5’) — 397"37"5
F8r(r— TB)\/(ZTB —3rg)? + 12rprgA] (6.47)

where the minus and the plus signs correspond to fo and Vlef, respectively.
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For | = 1 the gravitational degree of freedom of the perturbations is non-
dynamical, therefore we have a single master equation for the EM perturbation
function £

DIE(r)] + (2f5/5 + B[sf5)0:E(r) — Vig ' E(r) = 0, (6.48)

where the effective potential is given by

_ 213Q% 2 2fsf!
VvelfFl:fS< ;4"4m+7f2+ ’I“B_

fﬁafé) : (6.49)

6.2.2 Radial Type-II perturbations

Radial perturbations belong to the Type-II sector, however, since for [ = 0 grav-
itational and EM perturbations are non-dynamical, their analysis is considerably
simplified. Indeed, it is possible to derive a single master equation for the dynamical
scalar perturbation ¢

Dlg] + (315 + fofsfs) Orp — Vi e = 0, (6.50)
with effective potential given by

_ fEfp+ fBfsfS n Q2.K5fs Q2.5 fs 5
N r 3rd 2r3(4fp +rfp)
_6f5f5(fB+1fB) 3rfsfifs

(4fB +7fp)? A44fp+1fp)

Ve (r)

(6.51)

6.2.3 Comparison of effective potentials

As shown in the previous section, the equations for the radial (I = 0) perturbations,
and for all (I > 1) Type-I perturbations can be written in the canonical form of the
Schrédinger-like equation

(W Vi)W =0, (6.52)
using some suitable master variable W, and the generalized tortoise coordinate p.
The effective potentials are written below:
o [ =0, (Type-1I)

. rT—Ts
C16r°(4r — 3rp)2(r —rp)
+ 64715 (675 + 1975) — 16735 (2775 + 52rg) — 9rrg(9rp + 92rs)]

V0 [189r%rs + 12874 (rp + 2rg) (6.53)

e [ =1, Type-l

o (r—rg) (32r® — 24r%rg — 39r%rs + rrp(36rs — 5rp))
eff 16r5(r — rp)

(6.54)
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o [ >2 Type-l

v _ (r—rs)

3 2

+ r(llr% + 60rprs) — 397“]237‘5 F8r(r— TB)\/(2T’B —3rg)? + 12rprgA|

For [ > 2, the decoupling of Type-I perturbations requires the explicit form of the
background functions fg and fp, whereas the remaining potentials can be expressed
for a generic spherically symmetric background.

In Fig. [6.2) we show the effective potentials for some representative values of the
parameters: we display two magnetized BH solutions (with different values of the
charge) and two TSs, of the first and second kind, respectively.
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Figure 6.2. Effective potentials V.g for perturbations of a magnetized BH: top left
eQm/M = 1.032 (equivalently r5/rs = 0.6), top right eQ,,/M = 1.149 (rg/rs = 0.97);
and a TS: bottom left eQ,,,/M = 1.220 (rg/rs = 1.67), bottom right eQ,,/M = 1.160
(TB/TS = 103)

For the magnetized BHs, the effective potentials possess the standard shape:
they go to zero at both boundaries (the horizon and asymptotic infinity) and present
a single maximum that in the eikonal limit [ > 1 corresponds to the unstable photon
sphere. On the contrary, the effective potentials of TSs have a richer structure. In
all cases the potential diverges for positive values at r = rp, except for the radial
case, where it diverges for negative values. Despite this fact, we have not found any
unstable mode or signature of linear instability for rg < 2rg, as later discussed.

In addition, the form of the effective potentials for [ > 0 Type-I perturbations is
highly sensitive to the underlying background solution: only compact TSs of the
second-kind have an unstable photon sphere at some r > rp, so that they display a
local maximum, a cavity, and finally a positively diverging potential at r = rg. As
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already anticipated, this shape of the potential naturally supports long-lived QNMs
as we will explicitly show.

6.2.4 Nonradial Type-II perturbations

As anticipated, the perturbed equations for the nonradial Type-II sector are all
coupled and it is not straightforward to derive a single master equation for each
case.

The simplest Type-1I mode, after the monopole I = 0 discussed above, is the
dipole [ = 1, that contains scalar and axial EM perturbations, since the gravitational
perturbations are non-dynamical. The evolution equations for the two dynamical
degrees of freedom corresponding to Type-II perturbations with [ = 1 are given by

DY+ > Wiyd,Xj— Y Vi =0, (6.56)
j=1,2 j=1,2

where i,j = 1,2 and the differential operator is defined in Eq. . The dynamical
fields, which correspond, respectively, to scalar driven and electromagnetic-driven
perturbatlons are defined in Eqgs. )- (D.44). The coefficients appearing in
Eq. (6.56|) are reported in Appendix @

For l > 2, there are three dynamical degrees of freedom: a scalar, an axial EM,
and a polar gravitational mode. They are described by the equations:

DT+ > WydTj— Y ViTi+ > UydiT;=0 (6.57)
j=1,2,3 §=1,2,3 i=1,2,3

where {Y}i—123 = {®,B,R"} are the scalar-driven, electromagnetic-driven and
gravity-driven perturbation fields defined in Appendix [D] Also in this case the
explicit coefficients are reported in detail in Appendix

6.3 Boundary conditions

In order to solve the perturbed equations of Sec. we need to impose the
appropriate boundary conditions. Since both the solutions of magnetized BH and TS
reduce to Minkowski spacetime at infinity, in that case we require purely outgoing
waves. A different boundary condition prescription is instead applied at the inner
boundary (at the horizon rg for the BH, and at rp for the TS), depending on the
background spacetime. If the background solution is a BH, we impose radiative
purely ingoing BCs at the horizon, r = rg. On the contrary, if the background is
a T'S, we impose regularity of the perturbation at the boundary r = rg. More in
detail, for a generic array of perturbations ¥, we impose the series expansion

o
U =(r—rp) ’\ch (r—rp)". (6.58)
=0

By inserting the above expansion into the linearized perturbed equation, we obtain
two independent solutions by solving the indicial equation for A. In all cases under
consideration, only one of the two solutions is regular at r = rg. As usual, the
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coefficients ¢; with ¢ > 0 can be derived in terms of ¢g by solving the field equations
order by order close to the inner boundary. In order to improve numerical accuracy,
we solve the field equations near both boundaries perturbatively to high order.

As a representative example, we consider the case of Type-1 [ = 1 perturbations,
whose equation is

(2 _
5,,( — (7“ rB+ri 3TB7°S) 8’(1")
B 7‘ TS)

1 ( _op2 _ 2r(rg —rg) + 27"37“5> E(r)=0. (6.59)

(r—rp) r(r—rg)?

By using the series expansion of Eq. (6.58)), we get the indicial equation A(1+\) = 0,
therefore, the two linearly independent solutions are

=Y ai(r —rp)’ (6.60)
=0

Ea(r) = (r— 7“]3)_1 i bi(r — ’I“B)i + alog(r —rp)&i(r). (6.61)
=0

The second solution is divergent at r = rg. For the QNMs computation in the
frequency domain it is enough to pick the solution with A = 0. A general solution,
instead, would be a linear combination of the two independent solutions, that after
reabsorbing some coefficients, reads £(x) = (a0+a1x+...)+%0+oz log(z)(co+ciz+...),
with = r — rp. This suggests that the regularity condition £0,&|y—¢ = 0 implies
correctly bg = 0 = acy.

As a second illustrative case, we consider the equation for Type-II radial per-
turbations, whose indicial equation gives A = 0. The most general solution in the
asymptotic limit 7 — rp can be written as

Zal (r—rp) —|—log(r—rB Zb T‘—T‘B) (6.62)
=0 =0

As explained before, we can ask for regularity by imposing 20,¢|z—0 = 0. A similar
procedure applies to any kind of perturbations, including those in coupled systems.

It should be noted that regularity is not required in the four-dimensional com-
pactification as long as it is guaranteed in the five-dimensional uplift. In the case
discussed here, namely with zero momentum along the fifth compact dimension,
regularity of the perturbations in four dimensions also implies regularity in five
dimensions. Indeed, as discussed in [290], 292], perturbation equations derived in the
five-dimensional uplift correctly reduced to those derived in the four-dimensional
framework in the limit of vanishing y-momentum. As a consequence, it is possi-
ble to verify that the regularity boundary conditions required for five-dimensional
perturbations with trivial y-momentum coincide with those we employ for the four-
dimensional perturbations. Moreover, for what regards the Type-I and radial Type-II
sectors, our results are perfectly consistent with the independent analysis of [291],
performed in five dimensions.
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6.4 Spectroscopy and ringdown analysis

Having presented the perturbation equations and boundary conditions, we now
turn to the discussion of the numerical results concerning the QNM spectrum of
magnetized BHs and T'Ss of the first and second kind. Each sector will be analyzed
separately to identify their common features and main differences. The QNMs results
will be then compared with the ringdown signal of the two solutions, obtained by
solving the perturbation equations in the time domain.

6.4.1 Type-I QNMs of magnetized BHs and TSs

Let us start by considering the Type-I sector, since it is simpler than the Type-II
case. Indeed, the Type-I sector couples axial gravitational perturbations with polar
EM ones, while the scalar perturbation is polar and belongs to the Type-II sector.
As a consequence the Type-I case features fewer degrees of freedom and does not
possess the [ = 0 mode.

[ =1 dipolar perturbations

In order to study I = 1 Type-I perturbations we need to solve the single master
equation for the polar EM degree of freedom given by Eq. (6.48). The QNMs,
computed with the direct integration method discussed in Sec. [2.4.1Jand implementing
the boundary conditions of Sec.[6.3] are reported in Table for some representative
examples of magnetized BHs and TSs. In particular, we consider a nearly-extremal
magnetized BH with eQ,,/M =~ 1.153, a TS of the first kind with eQ,,/M =~ 1.220,
and a TS of the second kind with e@,,/M = 1.157, so with a charge-to-mass ratio
very similar to that of the BH. The QNM frequencies obtained in the frequency
domain via the direct integration method are compared to those computed by
collaborators by means of the Fourier transform of the ringdown signal in the time
domain (see [290] for more details on the method). The comparison shows a great
agreement between the two methods, valid also for the perturbations discussed in
the next sections and even for higher overtones. QNMs with a smaller quality factor,
defined as wpr/|wy|, are less accurate, because in this case the direct integration
method is less efficient and the accuracy of the Fourier analysis of the ringdown is
lost for short signals.

In the magnetized BH and first kind TS cases we only show the fundamental
mode that is already quite damped. On the contrary, as expected from the effective
potential analysis, for second-kind TSs we find long-lived modes QNMs. This
allowed us to compute several overtones up to a point in which their imaginary part
is comparable to that of an ordinary BH QNM.

In the top panel of Fig. we show the fundamental QNM of magnetized
BH as a function of Q,,/M up to the nearly-extremal case. As can be seen, the
behavior of this mode is qualitatively similar to that of a Reissner-Nordstrom BH
(see, e.g., [147]).

More interestingly, the top panels of Fig. show the evolution of the funda-
mental mode and the first overtone of Type-I dipolar perturbations of the TS as a
function of @,,, /M, highlighting the smooth transition between first- and second-kind
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Magnetized BH TS, second kind TS, first kind
o | f | 0530286 —i8.207 x 1072 | 0.237163 —11.326 x 1077 | 0.752068 — 7 0.248
t | 0.530486 — 18.140 x 1072 | 0.237247 —i1.412 x 1077 | 0.759523 — 4 0.238
L L - 0.30767 —i1.24 x 1077 -
t - 0.307681 — 1.240 x 10~7 -
o |1 - 0.376555 — i 4.521 x 107° -
t - 0.376595 — 14.532 x 10~© -
N - 0.443242 —i9.362 x 107° -
t - 0.44339 —i9.34 x107° -
4 LT - 0.506573 —i1.141 x 1073 -
t - 0.50653 —i1.41 x 1073 -
5 | f - 0.566991 — i 6.682 x 10~3 -
t - 0.56660 —46.950 x 1073 -
6 LS - 0.630407 — 3 1.955 x 10~2 -
t - 0.6269 —1i2.28 x 1072 -
Table 6.1. Type-I QNMs, [ = 1: magnetized BH with eQ,,/M = 1.153 (equivalently,

rp/rs = 0.99), second kind TS with eQ,,/M = 1.157 (rg/rs = 1.01), and first kind
TS with eQ,,/M = 1.220 (rp/rs = 1.67). For the magnetized BH and first-kind TS
we computed only the fundamental mode (n = 0), while for the second-kind TS we
computed also the first overtones (n = 1,2,3,...). The QNMs computed in the frequency
domain with the direct integration method are also compared to those those extracted
from the Fourier transform of the time domain signal (see [290] for further details on the
procedure carried out by other collaborators). Here and in subsequent tables, the QNMs
are normalized by the mass, i.e. we show the complex quantity Mw, and - means that
the mode has not been computed. The notation § and t indicates the modes computed
in the frequency and time domain, respectively.

solutions. As expected, first-kind solutions exhibit BH-like modes, whose imaginary
parts are only slightly smaller than the real ones, resembling the so-called w-modes
of a neutron star [146]. On the contrary, when the charge-to-mass ratio decreases,
the solution develops a stable photon sphere that is able to excite long-lived modes.
By comparing the fundamental mode (n = 0) and the first overtone (n = 1), one can
note that the damping time of the latter is longer than that of the former for any
Q@ (i.e., the curves on the right panel do not cross each other), so the fundamental
mode does not change during the tracking at different Q).

In the left panel of Fig. we also reported the modes for different values of
Qm/M in the complex (wr,wr) plane. In this case the transition between first kind
and second kind TSs is more clear.
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Figure 6.3. Fundamental QNMs of a magnetized BH as a function of the magnetic charge.
The left (right) panels show the real (imaginary) part of the mode. Top panels: even EM
perturbations (Type-I, I = 1). Middle panels: even EM and odd metric perturbations
(Type-1, I = 2). Bottom panels: scalar perturbations (Type-II, I = 0).

[ > 2 perturbations

The perturbations of the [ > 2 Type-I sector are described by the two decoupled
Eqgs. . However, the gravitational and EM degrees of freedom are anyway
mixed. Nevertheless, one can notice that, in the decoupling limit (rp — 0), the
master variables Z; and Z3 are associated to gravitational and EM perturbations
of a Schwarzschild BH, respectively. Therefore, in what follows, we will refer to
modes coming from the first and second equation in as gravitational-induced
and EM-induced, respectively, even for generic values of rg/rg. The frequencies
of the QNMs are reported in Table and Table both for BHs and TSs, and
for the gravitational-induced and EM-induced modes, respectively. Some modes of
both families are tracked as function of @,,/M in the middle panels of Fig. and
Fig. [6.4) for BHs and TSs, respectively. Beside the presence of an extra degree of
freedom, we observe the same qualitative behavior as previously discussed for [ = 1
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Type-I modes.

Magnetized BH TS, second kind TS, first kind
o |f | 0-489568 — i7.972 x 1072 | 0.183217 — i4.674 x 10710 | 0.644348 — i 0.1551
t | 0.489600 — 17.978 x 102 | 0.183219 —i3.349 x 10~ 10 | 0.643938 — i 0.1665
L LS - 0.254071 — i 6.001 x 10~% -
t - 0.254084 — 7 6.008 x 10~% -
o | T - 0.323219 —i2.615 x 107° -
t - 0.323263 — i2.622 x 107 -
3 f - 0.390169 —i6.116 x 107 -
t - 0.390256 — 76.142 x 1072 -
4 L - 0.453786 — 8.348 x 1074 -
t - 0.453832 —78.340 x 102 -
5 L - 0.513765 — i 5.463 x 1073 -
t - 0.513375 —i2.754 x 103 -
6 LT - 0.574947 — i 1.658 x 1072 -
t - 0.572869 — 7 1.140 x 102 -

Table 6.2. Same as Table but for [ = 2, gravitational-induced Type-I perturbations.

Magnetized BH TS, second kind TS, first kind

o |f ] 0.841470 — i8.294 x 1072 | 0.315245 —i4.949 x 101 | 1.09087 — i0.1836

t | 0.841302 —i8.296 x 1072 | 0.315258 — i () 1.09109 — 4 0.2110
L Lf - 0.386772 —1.074 x 10~ 12 -

t - 0.386809 — 4 () -
o LT - 0.457413 — i 8.441 x 10~ -

t - 0.457631 — i (%) -
g | f - 0.527134 — i 3.691 x 10~ -

t - 0.527232 — i 3.697 x 1077 -
o L - 0.596474 —31.133 x 10~7 -

t - 0.595908 — 4 1.077 x 10~7 -
i - 0.668166 — 4 3.204 x 1076 -

t - 0.663237 — i2.284 x 1079 -

Table 6.3. Same as Table but for EM-induced perturbations. The (x) in the t-domain

6.4.2 Type-1I QNMs of magnetized BHs and TSs

rows of the fundamental and first two overtones indicate that in these cases it was not
possible to estimate the imaginary part of the frequency with sufficient accuracy.

As anticipated in Sec. the case of Type-II perturbations is more involved because
of the larger number of degrees of freedom of perturbations. Moreover, only in
the radial (I = 0) case it is possible to derive a single master equation for the
perturbations, whereas in all other cases they remain mutually coupled.
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Radial (I = 0) Type-II perturbations

Radial (I = 0) perturbations only exist in the Type-II sector since in this case only
the (polar, i.e. even-parity) scalar perturbations are dynamical and described by
Eq. . This sector is noteworthy since, as shown in Fig. , the TS effective
potential diverges negatively as r — rp, which could correspond to an instability in
the spectrum, namely QNMs with a positive imaginary part. Our search for unstable
modes yielded no evidence of instabilities for rp < 2rg. This result is consistent
with the time-domain evolution discussed in Sec. where no growing modes are
observed.

In Table [6.4] we present the fundamental QNMs and the first three overtones for
radial Type-II perturbations of magnetized BHs and T'Ss. The fundamental mode of
magnetized BHs and the n = 0,1 modes of TSs as a function of the charge-to-mass
ratio are presented in the bottom panels of Figs. and [6.4] respectively.

As discussed in Sec. magnetized black strings with rp < rg/2 suffer
the well-known Gregory-Laflamme instability. Due to the duality (¢,y,rs,75) —
(1y,it,rp,rs) that maps magnetized black strings to TSs and viceversa [298], also
TSs with rp > 2rg are unstable under radial perturbations with purely imaginary
frequency. In agreement with the analysis in [298], for T'Ss with rp > 2rg we found an
unstable purely imaginary mode, i.e. w = iw; with w; > 0, for radial perturbations
with zero Kaluza-Klein momentum. As shown in Fig. the frequency approaches
zero in the rp = 2rg limit, thus reaching the threshold of the Gregory-Laflamme
zero mode of the corresponding black string.

Magnetized BH TS, second kind TS, first kind
o |f 10237009 —6.249 x 1072 | 0.143401 —31.113 x 107° | 0.135919 — i 5.716 x 102
t]0.237393 —i5.953 x 1072 | 0.143224 —71.092 x 10~° | 0.133896 — 72.986 x 102
L L - 0.208064 — i 6.541 x 10~* -
t - 0.207059 — 7 6.065 x 10~% -
o | f - 0.266300 — 3 7.071 x 1073 -
t - 0.263869 —i6.273 x 1073 -
i - 0.325630 — i 2.225 x 1072 -
t - 0.322313 —i2.612 x 1072 -

Table 6.4. Same as Table [6.1| but for radial (Type-II, I = 0) perturbations.

Nonradial Type-II perturbations

The QNM frequencies of the nonradial Type-II perturbations are computed by
solving Eq. and Eq. . In this case, both for [ = 1 and [ > 2 the equations
are all coupled so the individual contribution of each perturbation to each mode
cannot be isolated. However, similarly to the case of [ > 2 Type-I perturbations,
we can distinguish 3 different families of modes associated to the gravitational-,
electromagnetic-, and scalar-driven perturbations in the neutral limit (Q,, — 0).
The QNMs are ordered accordingly to their imaginary part and labeled with an
integer p = 0,1, 2, .., with p = 0 denoting the mode with the smallest imaginary part
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(in absolute value). Note that this classification does not differentiate among modes
belonging to different families (i.e., gravitational-, electromagnetic-, or scalar-driven).

The results for magnetized BHs are summarized in Fig. for [ =1 (top panels)
and [ = 2 (bottom panels). For [ = 2, we have all the gravitational-, electromagnetic-
, and scalar-driven perturbations, while for [ = 1, only the electromagnetic- and
scalar-driven modes are present, since the gravitational ones do not propagate.

Also in this case there is a great agreement between the frequencies computed
with the direction integration method and those extracted from the ringdown signal,

as can be seen from Table [6.5] for selected cases and the first two tones.

rs/rg = 3/2 105/100
_0 f-domain | 0.475099 —9.839 x 102 | 0.560557 — i8.253 x 102
P =Y I domain | 0.475190 — 79.838 x 102 | 0.560590 — 8.253 x 10~ 2
=1 ) f-domain | 0.354988 —i9.783 x 1072 | 0.420558 — 18.874 x 102
P= % M domain | 0.354371 — i9.776 x 10-2 | 0.421263 — i 8.647 x 102
rs/rp = 3/2 105/100
0 f-domain | 0.746666 — i 9.787 x 10~2 | 0.860856 — 7 8.465 x 102
P=Y M domain | 0.746698 — 19.754 x 10-2 | 0.860790 — i 8.451 x 102
_ , | fdomain [ 0.623768 —i9.629 x 1072 | 0.706721 — i 8.691 x 102
1=2|P7 " [t-domain | 0.622475 — i 9.716 x 102 | 0.706936 — i 8.659 x 10~ 2
5 f-domain | 0.441539 — i8.722 x 10~2 | 0.470346 — :8.122 x 10~ 2
P =4 M domain | 0.441655 — 18.832 x 10~ 2 | 0.470706 — i 8.112 x 102

Table 6.5. Type-II QNMs of magnetized BH with eQ,,,/M ~ {1.061,1.116,1.153} for I =1
(top table) and I = 2 (bottom table). Modes with p = 0,1 correspond to scalar-driven
and electromagnetic-driven perturbations, whereas p = 2 denotes gravitational-driven
perturbations (which are not dynamical for [ = 1).

The results for Type-II QNMs of TSs are plotted in Fig. for the relevant cases
of I =1,2. One can see that the mode hierarchy depends on the charge, since there
are crossings in the imaginary part. Hints of a similar phenomenon can possibly be
observed in other models [305], in which the modes of test-field perturbations of
regular compact stars exhibit similar crossings.

We classify p = 0,1, 2, ... modes referring to the region near the BH transition
(i.e., smallest value of eQ,,/M).

We again compare the QNMs computed in the frequency domain with those
extracted from the time-domain response (see Table , observing excellent consis-
tency between the two approaches.

As in the Type-I sector, the QNM spectrum of T'Ss continuously evolves from
BH-like modes in first kind solutions to long-lived modes characteristic of second
kind TSs.
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rs/rp = 19/20 99/100
_ o | f-domain | 0.463193 — 2.163 x 107° | 0.221521 —§1.967 x 10711
P=" " domain | 0.463183 — i2.160 x 107 | 0.221438 — ¢2.110 x 1011
_, | f-domain [ 0.581303 —i4.013 x 1072 | 0.293106 — i 4.147 x 107
P= % " domain | 0.581265 — 14.006 x 103 | 0.292507 — i4.089 x 109
I=1|p=2 f-domain | 0.441270 —i3.926 x 10~2 | 0.220050 — i 1.896 x 10"
t-domain | 0.441245 —43.910 x 10~3 | 0.220049 — 4 1.875 x 10~7
_ 5 | f-domain | 0.681979 —i3.779 x 1072 | 0.362912 —2.424 x 1077
P= 2 " _domain | 0.682161 —i3.173 x 102 | 0.362168 — i 2.320 x 10"
rs/rp = 19/20 99/100
_ o | frdomain | 0.630961 — i2.895 x 1078 [ 0.368629 —3.221 x 1014
P=" " domain | 0.630844 — 3.245 x 10~5 0.368733 — i (*)
_, | f-domain | 0.317783 — i5.510 x 1075 [ 0.295274 — 13.206 x 10~
P= " " domain | 0.317827 — i5.551 x 10-° 0.295660 — i (*)
=2 p=2 f-domain | 0.764893 — i2.534 x 107> | 0.439992 — 73.944 x 10~
t-domain | 0.765489 —43.821 x 107" 0.440391 — 7 (%)
_ 5 | f-domain | 0.616095 — i4.239 x 107° | 0.148446 — i 6.337 x 10~
P= 2 " domain | 0.616099 — i4.103 x 10~ | 0.148477 — i6.262 x 10~ 11

Table 6.6. Same as in Tablebut for TSs with eQ,,/M ~ {1.208,1.174,1.164,1.157}
(equivalently, rg/rp = {0.70,0.90,0.95,0.99}). The asterisk indicates QNMs with a
characteristic damping time that is too large for the spectral analysis to retrieve an
accurate fit thereof.

6.5 Ringdown signal and comparison between magne-
tized BHs and TSs

As anticipated from the comparison between the QNMs computed in the frequency
domain using the direct integration method and those extracted via Fourier transform
from the ringdown signal, the perturbation equations have also been integrated in
the time domain by collaborators (see Refs. [290, 292] for a detailed discussion of the
numerical methods and techniques employed). The ringdown signal is shown for some
selected cases in Fig. More in detail, three specific cases are reported: dipolar
(I =1) Type-I perturbations (polar EM), and radial (I = 0) Type-II perturbations
(scalar) in the top panels; quadrupolar (I = 2) Type-I perturbations (axial metric
and polar EM) in the middle panel; dipolar (I = 1) Type-II perturbations (scalar
and axial EM) in the bottom panel. Each plot displays the comparison between the
ringdown response of a nearly extremal magnetized BH and a second kind TS with
a very similar charge to mass ratio. In other words, we consider a magnetized BH
and a TS slightly below and above the rp/rg = 1 threshold, respectively. Since, as
discussed, all the results are normalized by the mass of the solution, the BH and TS
present the same mass and a very similar charge (as shown in the phase diagram
it is not possible to have T'Ss and BHs with exactly the same charge-to-mass ratio).
Under these conditions, the effective potentials (when present) for BH and TS
exhibit almost identical profiles at large radii and remain closely matched down to
the inner region, as shown in Fig. for dipolar Type-I perturbations; similar
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behavior is found in the other sectors. As can be seen from Fig. the potentials
are very similar around the maximum, whose shape is responsible for the prompt
ringdown in the time domain. Conversely, approaching the inner boundary, their
behavior is completely different: the potential vanishes as r — rg for the BH while
it diverges to positive values as r — rp for the TS. The effective potential for the
TS, before diverging, develops a cavity supporting the long-lived modes discussed
in the previous section, which dominate the signal at late times. This description
is indeed consistent with all the signal comparisons shown in Fig. The initial
response is almost indistinguishable between the two cases, with differences due to
the slightly different charge-to-mass ratio. On the contrary, at late time the signal is
dominated by echoes associated with perturbations being reflected back and forth
between the inner boundary and the unstable photon sphere.

The ringdown response does not possess the echo pattern in the case of first
kind TS. As presented in the plots, due to the absence of unstable photon sphere, in
this case the response does not show long-lived modes and the prompt ringdown is
completely different from the BH case, even though the charge-to-mass ratio is only
~ 6% different.

T'Ss thus provide a robust and physically consistent realization of ultracompact
objects, where the time domain response naturally evolves across different regimes and
eventually produces distinct GW echoes. This extends earlier studies of ultracompact
objects, which typically relied on simplified or phenomenological setups, or on test-
field approximations (see [22] for an overview).
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Figure 6.4. Same as Fig. but for TSs. Note that in this case the modes smoothly
interpolate between being long-lived for a TS of the second kind to BH-like modes for
a TS of the first kind (the vertical dashed line denotes the transition between the two
regimes). First panels: even EM perturbations (Type I, I = 1). Second and third panels:
odd metric and even EM perturbations (Type I, [ = 2) respectively. Fourth panels scalar
perturbations (Type II, [ = 0).
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Figure 6.7. QNMs of a magnetized BH as a function of the magnetic charge for Type-II
perturbations. Top panels refer to [ = 1, electromagnetic and scalar perturbations, while
bottom panels refer to | = 2 gravitational, electromagnetic, and scalar perturbations.
The left (right) panels show the real (imaginary) part of the mode. In the limit r5 — 0,
ie. @ — 0, the frequencies are those of the fundamental QNMs for test scalar, vector
and spin-2 tensor fields in the background of the Schwarzschild BH. The vertical dashed
line denotes the extremal BH. The solid lines where obtained with the f-domain method,
while the markers corresponds to the modes extracted from the Fourier transform of the
time-domain signal (see [292]). We classify the modes based on the hierarchy also in
terms of p: for [ =1, p =0, 1 correspond to electromagnetic- and scalar-driven modes,
respectively; whereas for [ = 2, p =0, 1,2 correspond to gravitational-, electromagnetic-
and scalar-driven modes, respectively.
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I = 1 Type-II perturbations: the left and right panels referring to scalar-driven and
electromagnetic-driven perturbations, respectively. The plots shown were obtained by
collaborators (credits to A. Dima); the numerical methods adopted to integrate the
perturbation equations in the time domain are discussed in [290] 292].
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Chapter 7

EMRIs with TSs

In this chapter we investigate the dynamics of EMRIs when the central object is
a TS rather than a classical BH. The purpose of this study, based on the original
work of Ref. [306], is to highlight the phenomenological consequences arising in
the absence of an event horizon in the specific case of the TS. We will focus, for
convenience, on the scalar radiation emitted by a test scalar charge moving along
circular orbits in the TS (and magnetized BH) background spacetime.

This analysis confirms what anticipated on EMRIs with ECOs in Sec. After
deriving the scalar field equation and the associated energy fluxes both at infinity
and (for the BH case) through the horizon, we compute the total radiated power and
analyze its dependence on the orbital radius. Particular attention is devoted to the
appearance of resonances in the TS case, which are associated with the excitation
of long-lived modes trapped within the potential well of the background spacetime.
Finally, we evaluate the cumulative dephasing between inspirals around T'Ss and
magnetized BHs, discussing the potential observational relevance of these effects for
future space-based gravitational-wave detectors.

Recently, Refs. [307H309] studied the scalar emission by a point test scalar
charge moving around a T'S. The analysis presented in this chapter further studies
the dynamics and emission of a point test charge in orbital motion around these
geometries, as a proxy for EMRIs that can be used to test the absence of BH horizons.
At variance with the analysis in [307], we solve the full numerical problem for generic
circular orbits, also beyond the weak-field approximation.

7.1 Scalar field equation

Let us consider a test scalar charge moving along circular orbits with null momentum
along the y direction (P, = 0 = p, see Eq. (6.23)), in the background of TSs or
magnetized BHs. Without loss of generality we can restrict ourselves to the study of
planar circular orbits (§ = 7/2) of radial distance ro > rigco, thanks to the spherical
symmetry of the background.

The scalar field ® satisfies the inhomogeneous Klein-Gordon equation below

P (7.1)

where p,, is the scalar charge density defined by the integral over the affine parameter
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7 along the worldline of the particle

1
p =uq/dT 50
p \/7

where 1 is the mass of the scalar charge, and the coupling ¢ has the dimensions of a
length if ® is taken to be dimensionless. The test particle follows time-like geodesics
defined by circular orbits at 7o, therefore, the five-dimensional Dirac delta function
can be decomposed in the following way

xf — 2P (1)), (7.2)

6O (&P — 2P (7)) = 6(t — uT)8(r — 10)d(y)d (9 - g) 5(p — Q). (7.3)

By using the closure relation of scalar spherical harmonics and that the determinant
of the metric is \/—g = r2?sin 0, after performing the integral we get

eRy

T .
Pp = ut 2 d(r—ro 22 R, ZYlm (2,0)6 mit (7.4)

where we have used the relation

5 i 75
W)=Y 5R (75)
If we apply the Fourier transform and we use the following identity
dt
5 —mQ) = z(wme)t 7.6
(@ —m@) = [ Seitmman, (76)
we can write the source p, in a more convenient way as follows
= 2 [ o S )i 09, &
where we defined
Q q * ™
Sninlio,7) = Lttt —mOa(r — o)V, (5:0) - (7.8)

The scalar field ® can be expanded in spherical harmonics and Fourier transformed
dw it i
¢ = Z/ t Ry wnlm( )Em(ev 90) ) (79)

in order to isolate the radial part of the Klein-Gordon equation

fs+ /B w? o on? o I(+1)

Or + ]TS' - fBRzzJ - 2 @Z}nlm('r) = gnlm(wa T) : (7'10)

fsfpo? +

By introducing the tortoise coordinate dp/dr = fg ! f;l/ ? and performing the
following field redefinition

\I’nlm = Tfé/4¢nlm ) (711)
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we get a single Schrédinger-like equation,
[a/% + (WQ - ‘/eff)] Voim = Snlm<w7 p) ) (712)

where the effective potential is given by

2
_r—rsjn 1 3 2 2 2
Vet = E— {R:Z + T6:5 {167‘ I(I+1)+21rgrs + 8r*(rp — 2lrg — 2l*rp + 2rg)
—9rrp(rp + 47"5)} } , (7.13)
and the source is
1/4
_ Mg foB « [T
Snim(w, p) = WR, d(w —mQ)d(r —ro)Y;, (2,0> . (7.14)

From now on we will drop the nim indices for notation convenience.

From Eq. one can see that perturbations have a mass proportional to
n/R, and only the n = 0 mode is massless and propagates to infinity as a free wave.
In the phenomenologically interesting case R, < rg, the n # 0 modes have a large
mass and are therefore exponentially suppressed on a length scale R, < rg. Thus,
from now on we will focus on the massless n = 0 modes only.

7.2 Energy flux

We now proceed with the derivation of the equations describing the scalar energy
flux emitted at infinity and absorbed at the horizon rg in the BH case.

The general solution of Eq. can be written by means of the Green function
solution of the equation sourced by a Dirac delta source d(p — p')

y_ [ftoo
5@%pqw_dﬁ-%iif/“ S(w, o)W dy (7.15)
p

U, [P
U(p)=—

(0) = 3 o
where py, is the inner-boundary value of the tortoise coordinate, i.e. pi, = {—00, p(rp)}
for the magnetized BH and TS, respectively. W_ and ¥, are two independent solu-
tions of the homogeneous equation, satisfying the boundary conditions presented
below. Their corresponding Wronskian reads

A, qv_
W=¥v_—-U
dr T

(7.16)

and does not depend on r by construction, as can be easily verified by means of
Eq. without the source term.

Asymptotically at spatial infinity (r — 400), the two independent solutions W_
and ¥, behave as

T~ Agype™? + Ajpe™™P (7.17)
T, ~ e, (7.18)
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while their asymptotic behavior close to the inner boundary is sensitive to the specific
background spacetime. For a magnetized BH, the boundary condition at r — rg is

U~ (r—rg) ks (7.19)
Wy ~ Bout(r — r5)*s¥ + Biy(r — rg) s« (7.20)

where kg = 7'2/ 2 /\/rs — g, and we used the radial coordinate r for convenience. In
the case of a TS, the boundary condition at r — rp reads

U_ ~(r—rg)/t (7.21)
U, ~C(r—rp)Y* +Dr—rp)/*log(r —rp). (7.22)

Since dW/dr = 0, we can use the behavior of the two independent solutions at
infinity to get W = 2iwA;,. The final solution at asymptotic infinity is given by

o= [ S (g = o [ sy
= DA S, (w, p)¥_(p)dp" = 2ie A Iy JCST}B/Q (w, ) (r")
ewr ug W_(rg)

T
= o(w—mQ)Y, | =,0 7.23
2iw Aiy ut’roRy Tof]_lg/4(7“0) (W m ) Im (2 ) > ) ( )

where ry, = {rg,rp} for magnetized BH or TS, respectively. Similarly, the final
solution near the horizon of the magnetized BH is

\I/ . €7MP oo 8( /)\Ij ( /)d /
rs — 2iwAin |- W, p +\p)ap
el pg  Wi(ro) . <7T )
= d(w—m)Y, —,0]. 7.24
2iw Aip, ut"r‘oRy Tofjlg/4(7’0) (w m ) im 9’ ( )

The scalar energy flux at infinity and at rg is defined by

Esrg = lim / dodoN/—gTy (7.25)

r—-+oo,rs

where the stress-energy tensor of the scalar field is
1
Ty = 0,90,P — igm,apfba"’q). (7.26)
Finally, by using the decomposition ((7.9) with n = 0 and using Eq. (7.23) we get

Eoon”s = Z(m9)2’\1'0077“s|2 = ZEé?,rs . (7.27)

Im Im

As anticipated, the energy flux at the horizon, ETS, is present only in the BH case.
However, in the cases of horizonless compact objects (like the TS), efficient trapping
of radiation within the object could effectively produce an effect similar to the energy
loss at the horizon [48, 49, [310]. This happens when the radiation trapping time
near the object, Tirap, becomes longer than the typical radiation-reaction timescale
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of the binary [49]. In the Newtonian limit, taking the gravitational case as a proxy,

the latter is given by
5 (ro\* M?
TR ~ — | — | — 7.28
o~ o () S (7.28)
where M is the four-dimensional ADM mass given in Eq. (6.19) and we shall use
units such as k3 = 8.
The trapping time can be estimated as follows. Let us compute the time that
radiation in radial infall takes to reach the boundary of the TS. Setting y=0= L
we can compute

B t
AT:/ dr. (7.29)

where r; is the initial radial distance. The integral can be expressed in closed form
for all rp, with a notably simpler expression in the BH limit, rp — rg:

3/2
7T’I"S

N TR
As expected this quantity diverges as rg — rg, namely as the TS approaches the

extremal BH solution. Therefore, the trapping time in the most relevant regime
rp — s (where it diverges) is

AT ~ (7.30)

mri/?
Tivap ~ —F—2——. 7.31
trap \/m ( )
By comparing Ti;ap with Trr, we find that trapping is inefficient when
rB 409672 1% (M)S w2 15 < m )2
— -1 —= [ — ] —= =10 7.32
rg > 25 M2 \rqg) M?2 10-6p1) ( )

where in the last estimate we considered rg ~ M and ro =~ 6M. Thus, except when
rp is within one part in 10'° of rg, effective trapping does not occur, and the flux
at infinity remains the only relevant source of energy loss for a TS.

7.3 Orbital evolution

As explained in Chapter [3] the first level of approximation of the EMRI dynamics is
when the system evolves adiabatically under radiation reaction. This is true as long
as the radiation reaction time scale is much longer than the orbital period of the
secondary around the primary compact object. Under this assumption, to leading
order, the evolution of the parameters describing the system is governed by the
balance equation

Eb = fi% = _Etsot ) (7'33)

where Ej, is the binding energy of Eq. (6.27), and E7, is the total emitted scalar
energy flux

ES, = F3 for the TS,

O

Ef, = Ei + ES, for the BH, (7.34)
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where for the TS we assumed that effective trapping is negligible, i.e. Eq. (7.32)).
The above balance equation can be used to estimate the time necessary for the test
scalar charge to reach the ISCO

TISCO dFE 1
tisco = dr <_drb) e (7.35)
tot

Tini
The phase of the scalar wave emitted by the test charge can be computed as

b= [ " dr fo") (7.36)

Tini

7.4 Analytical solution at large orbital distance

Eq. can be solved numerically, however, in the regime where the orbital
frequency remains low, namely for large orbital separation, it is possible to get
an analytical solution (see [311H316] for similar analyses in other contexts). The
procedure we follow is the standard matching asymptotics technique: we match the
solution near the inner boundary to the one valid asymptotically at infinity; such
matching is possible only in the low-frequency approximation, rg{2 < 1. This allows
us to compute the amplitude of the solution at rg > rg and the corresponding scalar
flux analytically. Since the procedure varies depending on the background spacetime,
we shall treat the two cases separately in what follows.

7.4.1 Magnetized BH

By defining A = r%fg fg, the homogeneous version of Eq. (7.10) with n = 0 can be
written in the following convenient way

d (Adw> +T3WQ_Z(Z+1)(T_TS)1/J:O. (7.37)

dr dr r—rg

Let us first focus on the magnetized BH. We consider the change of variable of the
radial coordinate r, introducing a new coordinate h

r—rge

h= (7.38)

r—rg’
that approaches zero at the horizon. In the h < 1 limit, Eq. (7.37)) can be written as

&2 d 3002 I(1+1
h(1_h)d%§+(1_h)di}f+ (TS_:;‘;L(l_h)— (ljh) b=0.  (7.39)

By making use of the field redefinition ¥(h) = h*(1 — h)?F(h), the above equation
can be recast as a hypergeometric differential equation

d’F dF
h(1—h)W+[c—(a+b+1)h]E—abon, (7.40)
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where a = b = a + 3, c = 1 + 2a, whereas a and ( satisfy the following algebraic
equations

3,2
2+ 52— (7.41)
rs —Tp
B2—B—a*-1(1+1)=0 (7.42)
with solutions
7.3

oy = i S w=tiksw (7.43)

rs —TB

1

Br=g[ld/(1+ 20)2 + 4a?]. (7.44)

From the general solution of the hypergeometric differential equation we get

Y(h) = Aih*(1 — h)PF(a,b,c; h)
+Bih (1 —-h)PFla—c+1,b—c+1,2—c¢h), (7.45)

where F'(a,b,c;h) is the hypergeometric function. To ensure convergence of the
hypergeometric functions for |h| < 1, i.e. Re[c —a — b] > 0, we select the solutions
8= p_ and a = a_. If we expand the solution near the horizon rg we get

W(h) = Ayh~ %Y By pse (7.46)

and imposing only ingoing waves we require B; = 0. We aim to match the near-
horizon and far-field solutions in an intermediate region that exists in the low-
frequency regime. In order to do so, using the properties of the hypergeometric
function [317], we change the argument of the hypergeometric function from h to
1—h to get

s[T(1+2a)T(1 - 25)

I'(1+a— )2

1+ 2a)(28 —1)
I(a+ B)?

P(h) =A1h*(1 — h)

F(a,ba+b—c+1;1—h)

r
+(1—h)t=28 ( Flc—a,c—bc—a—b+1;1—h)|.

(7.47)
Since we are interested in the low-frequency approximation, i.e. rgQ =rgw/m < 1,

as long as the wrg < 1 condition is fulfilled, § < 0. Expanding the solutions for
1—h < 1, namely r > rg, we get

U(r) = rfy o) ~ ; r L+ 20)T(1 — 25) (7.48)

A (rg —rp)t/a T +a—-pg)?

where we obtained A; = r§3/4(rs — r5)~/* by comparing Eq. with the
boundary condition in Eq. .

The far-field limit solution of Eq. can be studied following the procedure in
[311]. By expanding the equation for r — 400, defining eg p = wrg p and performing
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a change of variable z = wr, we get

[1 _ept2p  2esep +tei  epes N O( 1 )} d?W(z)

z 22 23 24 dz?
€s+ep/2  2esep +€x < 1 ﬂdllf(z)
+ [ 22 23 +0 24 dz
(I+1)  es(P+1—1)—e€p/2 1
[1 ~EE > + 0(24” U(z)=0,  (7.49)
that in the limit {eg,ep} < 1 simply becomes
2U(2) I(1+1)
2+ {1 -2 } U(z) = 0. (7.50)

The general solution of the above equation is a linear combination of Riccati-Bessel
functions \/EJH_%(Z) and \/ENH_%(Z). Since the solution W_ must be regular at the
inner boundary, we can choose just Bessel functions of the first kind, i.e.

U_(2)= B\/EJH_%(Z) , (7.51)

where B is a constant. By taking the small z expansion of the Bessel function we
find

_ B I+1 2
\IL(Z<<1)_21+1/2F(Z+3/2)Z + O(27)

B\/iefs*ﬂ I+1 2
= O(r?). 7.52
(2rg) 1T (1 + g)r +O0) (7.52)

In order to determine the constant B, we match the two solutions: the near—inner
boundary solution and the asymptotic one, extended to large and small values of 7,
respectively:
~ (2re)™IT(I+3/2)T(1 + 2a)(1 — 28)
V2 (rg — rp) AT (1 + - B)?

The amplitude Aj,, entering the Wronskian, can be computed by comparing the
far-field solution with the asymptotic behavior of Eq. (7.17)

(7.53)

_ i12rs) T I0( + 3/2)T(1 + 20)T(1 - 26)
2w 1t (rg = rp)1AT (1 4+ 0 - )2

Using Egs. (7.52)), (7-23)) and (7.27) we get the lm—component of the energy flux at
infinity

(7.54)

in

im _ (uq>2 VY, (5,0)
m _

Ry

2 re\Y (13
2HIT(1+ 5) e <> O (7:55)
2

2

where we used w = m{) and the fact that at large distances fp — 1 and u! — 1.
One can note that, in the Schwarzschild limit, the energy flux correctly reduces to
the one of a scalar particle in circular orbit around the Schwarzschild BH [316], after
identifying ¢/R, with the scalar charge.



7.4 Analytical solution at large orbital distance 103

By applying an analogous procedure, one can compute the analytical approxima-
tion of the scalar energy flux at rg. In this case, the solution to Eq. (7.50)) with the
appropriate boundary conditions is given by

Vo (2) = OVEHD u(2), (7.56)

where Hl(i)l 5(2) = Jip1/2(2) + N1 /2(2) is the Hankel function of the first kind. By

matching this asymptotic solution with the correct boundary condition at infinity
U, (2 = 400) ~ e, (7.57)

and using the expression of the Hankel function for large argument
2 .
CVZH, (2 = +00) ~ C’\/;ew(—i)“'l : (7.58)

we get C' = !t1 5. At this stage one can note that the function Ji/ is subdomi-
nant by considering the small-argument behavior of the Riccati-Bessel functions

Sl+1/2
2H1/2T(1 + 3/2)

21211+ 1/2)
o S+1/2

[140(z%)],

Jip12(z < 1) ~

Nij1/2(z < 1) ~ 1+ 0(z%)], (7.59)

to get
!

Uy (z<1)~ il\i?l“(l +1/2)27. (7.60)

Finally, using Eqgs. ((7.24)) and (7.27)) we can compute the Im-component of the flux

at the horizon
L (T
Vin ()

2
()
S Ry
where we defined o r )
- 1/2 1 —

20(1+3/2)L(1 + 2a)0(1 —283)

2 2,5/2 20+1/2
2 ’I”S/ (rg —rp)2t1/

5 rog 275, (7.61)

7.4.2 Topological star

In the case of the TS, the analytical solution is derived through a procedure analogous
to that used in the previous section, though with important differences since the
inner boundary is located at rg. For this purpose, let us define the variable h as
follows

p="""B (7.63)
r—rg
In the limit h < 1, the radial equation becomes
d*y di r3w? I(1+1)
h(l1—h)>— + (1 —h)— B - =0. 64
SRS T Gy s B w1 L
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Using the field redefinition 1 (h) = h*(1 — h)?F(h) we get the hypergeometric
equation ([7.40)), where again a = b= o+  and ¢ = 1 + 2«, but this time « and
are solutions to

2

W20, Fop+EC i1y —o, (7.65)
rB —Ts
namely,
riw?
a=0, Br== [1E£4/(1+20)2+ 4TBB_ =l (7.66)

Since in this case ¢ = 1, the general solution of the hypergeometric equation is [317]

(n!)?

% [x(a+n) - x(@) + x(b+n) — x(b) — 2x(n + 1) + 2x<1>1} . (167)

W(h) =A1(1 — h)ﬁF(a, b,1;h) + Bi(1 — h)ﬁ{ln |h|F(a,b,1;h) + i (a)n(b)chn
n=1

where x is the digamma function, i.e. the logarithmic derivative of the Gamma
function. Since we consider the approximation h < 1 we can neglect the O(h) terms
within the curly brackets. Furthermore, to ensure that the boundary condition of the
TS near the inner boundary are satisfied, we require B; = 0. Using the properties of
the hypergeometric functions, we get

_ I'(-2p) ,
Y(h) = A1(1—h)? NGE F(a,b,a+b;1—h)
—25T(28)
+(1—h)"% F(BPF(—CL, —b,—a—b,1—h)|. (7.68)

In the limit 1 — A < 1 and within the low-frequency approximation, the above
solution becomes

/ plt1 F(—Qﬁ)
v0r) =i wr) ~ P g —rg)t T = B)*

(7.69)

where we derived A; = r:;/ % from the comparison between Eq. (7.67) with B; =0

and the boundary condition of Eq. (7.21]). The far-field solution is identical to the
one of the magnetized BH, see Eq. ([7.50)), that for small z becomes Eq. (7.51) with

(2rg) 1T (14 3/2)T(—28)

T A s ) T(1 - B)? (7.70)
2¢g 1y (rp—rs)'T(1—p)
The amplitude Ajy, is instead given by
i (2rg) (1 + 3/2)0 (-2

Q\fﬁ?l"“B (rp —rs)'T(1—pB)?
It turns out that the Im—component of the energy flux at infinity is given again
by Eq. . The fact that the analytical expression for the flux at infinity is
the same for both BH and TS is a consequence of the fact that the two solutions
coincide asymptotically and their different inner boundaries are negligible in the
small-frequency regime. Since the low frequency approximation holds for large
orbital radii, the analytical flux at infinity is expected to be the same.
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7.5 Numerical results

We now turn to the numerical computation of the energy flux and its comparison
with the low-frequency analytical approximation in the cases of magnetized BHs
and TSs. The emitted power is computed for different values of the ratio rp/rg and
varying the radial distance of the stable circular orbit rg > risco-

While for magnetized BHs, and to some extent for first kind TSs, the general
behavior of the flux at infinity is overall quite similar to the one of a Schwarzschild
BH, the case of second kind TSs is particularly interesting: for ultracompact solutions
(i.e. when rp/rg — 1) the orbiting scalar particle can excite long-lived QNMs with
a low real frequency, leading to sharp resonances in the emitted energy flux that are
not present in standard BHs within GR.

Finally, we also compute the dephasing between the magnetized BH and the TS,
accumulated within one year of evolution of the test scalar charge up to the ISCO
of the BH.

7.5.1 Energy flux of magnetized BHs and TSs

The scalar energy fluxes are computed from Eq. , with W_ obtained by
numerically solving the source free version of Eq. under the appropriate
boundary conditions. The fluxes are compared to the analytical result which is valid
at large orbital separation. Fig. presents the results for both magnetized BHs and

D analytical solution
10 -
rB/rS—O
VB/I‘S:O.S
o VB/VS=0.99
& 107 rglrs=1.1
< 7’3/)’5=1.5
E relrs =1.9
N
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S
107"
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Figure 7.1. Scalar energy flux at infinity as a function of the orbital radial distance rq,
starting from rigco, for different values of the ratio rg/rg of the magnetized BH and
the TS. The flux is computed truncating the summation at l,,x = 3. The dashed gray
line represents the flux computed using the analytical solution. The inset shows a zoom
of the region close to the ISCO, where the differences in the flux are larger.

TSs and different values of the parameters ratio rp/rg. As can be seen, the numerical
results for rg > rg are in good agreement with the analytical approximation. This
match gradually loses validity as the orbit approaches the ISCO, as evident from
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the inset. As expected, and partially confirmed by the analytical expression, the
maximum power emitted at infinity occurs when the particle orbits along the ISCO
and monotonically decreases for circular orbits farther from the compact object.
We compute the total flux by truncating the Im summation at lpn.x = 3, since
higher-order contributions are subleading and have no significant impact on the
results presented. Indeed, as can be seen from the analytical expression in Eq.
and Fig. for a TS with rg/rg = 1.5, the leading term is given by the dipolar
(I = 1) mode and each subsequent contribution decreases monotonically as [ increases.
The agreement with the analytical approximation at large separation is present also
for each Im-component of the flux, as shown in Fig. for a TS.

1075,

_‘_\A
S 3 3
2 b 4

E,. [2 u q/rs Ry]_2
S
»

10—15
----- analytical solution

10_17 """ ‘—“"1;m'=”‘r;’1 """""""""""""""" .")""12::: """"""
— 1m=22

] . M4 el S B
10 — L,m=33 ‘
1072 Im=3,1 .
6 10 30 100 150 250

rol(rs/2)

Figure 7.2. Im-component of the scalar energy flux emitted at infinity as a function of the
radial distance rq of the circular orbit, starting from rgco, for a TS with rg/rg = 1.5.
The dashed gray lines represent the flux computed using the low-frequency analytical
approximation. Note that the cases [,m = 2,1 and [, m = 3,2 are not present because
the spherical harmonics Y3 (7/2,0) = Y33(7/2,0) = 0.

Due to the presence of the horizon at rg in the magnetized BH case, we also
computed the scalar flux absorbed by the BH, as shown in Fig. [7:3] Also in this
case, the comparison between the numerical results and the analytical solution of
Eq. provides an excellent agreement for large orbital separation. As can be
seen from the plot, the contribution of the flux at the horizon is subleading compared
to the flux at infinity and the value of the first decreases as the BH approaches
extremality at rp/rg = 1, since this is the point in parameter space where the BH
and the TS are continuously connected. As opposed to the flux at infinity, the fluxes
at the horizon for the different rp/rg values considered do not asymptotically tend
to the same value for large orbital radii.

7.5.2 Resonances

As discussed in Chapter [6] TSs of the second kind behave like BH mimickers but
exhibit key differences from BHs that can serve as signatures of the absence of the
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Figure 7.3. Scalar energy flux at the horizon as a function of the orbital distance rq,
starting from rigco, for different values of the ratio rp/rs of the magnetized BH. The
flux is computed truncating the summation at I, = 3.

horizon [22]. In Sec. we anticipated that EMRIs with ECOs are able to excite
the long-lived QNMs of the primary. This is precisely the phenomenon that takes
place here. As can be seen from the expression of the source in Eq. , the point
particle following a stable circular orbit around the primary object can excite the
QNMs of the compact object as long as mf{) matches the real part of the QNMs
frequency

wr = mf), (7.72)

where we defined wr = Re[wgnm] and wy = Im[wgnm]. When the resonant condition
above is fulfilled, the energy flux develops sharp peaks for values of rg that satisfy
Eq. . This is clear also from the denominator of Eq. that involves the
Wronskian, which vanishes when the considered frequency corresponds to the one
of a QNM. If the modes are long-lived (|w;| < wg, as it happens for ultracompact
TSs [289H292]) then the Wronskian is almost zero on the real axis when the resonant
condition is satisfied.

The QNMs of a test scalar field in the background of a TS in the full parameter
space are shown in Fig As can be seen in Fig. as the rp/rg = 1 limit is
approached, the fundamental mode becomes increasingly long-lived, and its real part
tends to zero, thus making the scalar energy flux at infinity more prone to develop a
resonance. Moreover, as shown in the zoom of Fig. the second kind TS presents
long-lived modes with a sufficiently small real part of the frequency. Indeed, as
long as the QNM real frequency remains below the horizontal lines (which represent
multiples of the ISCO orbital frequency, m{sco) the point particle can excite the
corresponding QNM.

By exploring the relevant parameter space, guided by the information of Fig.
we found several resonances in the energy flux of the TS, for different values of
rg/rs. In Fig. m we show the scalar energy flux at infinity for several TSs with
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Figure 7.4. Real part (left panel) and imaginary part (right panel) of the fundamental
QNMs frequencies for test scalar perturbations in the background of the TS varying the
ratio rp/rg for different values of I = 1,2, 3.

different rp/rg, along with their characteristic resonances, compared to that of a
nearly-extremal magnetized BH. A clearer view at some specific resonances is present
in Fig. [7.7 where, zooming-in near a resonance, we show the typical structure of
the peaks for three distinct T'Ss. One can note that in all cases the resonances are
extremely narrow, indeed we needed to employ high resolution in scanning the orbital
distance to identify them. This is due to the rather small value of the imaginary
part of the excited QNM frequency, that can range from (rg/2)|ws| ~ 107! for the
I = 1 mode of the TS with rg/rg = 1.004, to (r5/2)|ws| ~ 1071 for the [ = 2 mode
of the TS with rg/rg = 1.003. The other QNMs with (I,m) = (2,2),(3,3),(3,1)
that, according to Fig. are prone to be excited were not identified because of
their extremely small imaginary part ((rs/2)|ws| < 10720, as shown in Fig. [7.4)).

The minimum shown in the plots of Fig. [7.7] is commonly dubbed anti-resonance.
The latter is common and can be easily explained by a simple toy model where the
perturbations of the compact object are described by a forced harmonic oscillator,
sourced by the secondary object (see [44), 48, [318] for more details). This allows us
to model the energy flux across a single resonance as

Br _ 10— 0)(m)* — wh — o + (2mer)? (7.73)
Boo o [(mQ)? —wh — o] + (2mQwr)?

where ng;s and E. are the energy flux at infinity with and without the resonance,
respectively, b = 1 — (Qmax/Qmin)?, With Quay and Qui, denoting the frequencies
corresponding to the maximum and the minimum of the resonance. In the bottom-
right panel of Fig. we show the resonance for a TS with rp/rg = 1.001, associated
to the [ = m = 1 mode, together with the best fit obtained using Eq. .

7.5.3 Dephasing

In the final part of this section, we compute the phase of the scalar wave emitted by
a test charge in orbit around a TS or a magnetized BH, focusing on the resulting
differences in dephasing. Let us define

5os(t) = |62 (t) — p25(1)] (7.74)
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Figure 7.5. Real part of the QNM frequencies for test scalar field perturbations in the
background of a TS, for different values of [ = 1,2,3. The solid, dashed and dotted
horizontal lines represent multiples of the orbital frequency at the ISCO, m Qisco (rs/2)
for m = 1,2, 3, respectively.

where ¢BH(t) and ¢T5(t) are the phase at time ¢ for the BH and TS, respectively.
Without loss of generality we can choose ¢BH(t = 0) = ¢15(t = 0) = 0. To
evaluate the impact of resonances on the inspiral evolution, we computed the
dephasing between two scenarios: a TS including the resonance and a TS in which
the resonance was artificially removed by adopting a numerical resolution larger than
its width. This analysis was performed for the case rg/rg = 1.001, corresponding to
the bottom-right panel of Fig. [7.7} In order to do so, let us introduce the dephasing
accumulated during the inspiral evolution from an initial radius 7, at tiy; = 0 to a
final radius rg,, between the two TS cases with and without the resonance

A¢S = |¢§€es(rﬁn) - d)gjiores(rﬁn)‘ ’ (775)

where again ¢£§es(rini) = ¢£§10 res(Tini) = 0. Considering the evolution centered on
the resonance with a width of (rg, — rini)/(rs/2) ~ 3 x 1078, we computed the de-
phasing A¢s < O(1071) rads. The specific case we considered represents the widest
resonance among all those studied and shown in Fig. Therefore, we conclude
that all the resonances are too narrow to produce a detectable dephasing. Indeed,
as a rough rule of thumb, a dephasing greater than 1rad would substantially impact
a matched-filter search, leading to a significant loss of detected events [319]. Never-
theless, such a rule should be confirmed through more detailed, model-dependent
analysis; for instance, correlations might still enable detection using incorrect models,
though this would introduce systematic errors in the estimated parameters.

We therefore omit the resonances and evaluate the dephasing between magnetized
BHs and TSs via Eq. (7.74)). In the left panel of Fig. m we show the results for the
parameters ¢/R, = 1, rg/2 = 105M, and p = 30My. As we will discuss later on
in Sec. the choice of the ¢ and R, parameters such that ¢/R, = 1 is made to
match the gravitational case. In the latter, indeed, the source is only proportional to
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Figure 7.6. Resonances of the scalar energy flux at infinity for different values of rg/rg in
the parameter space of ultracompact T'Ss. The black curve represents the scalar energy
flux at infinity for a nearly-extremal magnetized BH, providing a comparison with the
considered TS solutions. For each resonance, we indicate the angular momentum and
azimuthal numbers of the excited QNM that generates the peak in the flux.

p and independent of R,,. Clearly the fluxes can be easily rescaled for different values
of ¢/Ry. In each case the starting point is chosen such that the test scalar charge
completes the orbital evolution up to the ISCO of the BH in one year. In the right
panel of Fig. we show the evolution of the orbital radius rg of circular orbits as a
function of time, for both magnetized BHs and TSs, varying rp/rg. As can be seen,
the test charge reaches the ISCO in the BH case faster than in the TS case due to
the additional flux at the horizon and the larger flux at infinity, as shown in Fig. [7.1]
Moreover, the further away the BH and the TS are in the parameter space, the
larger is the accumulated dephasing, arriving up to O(10%) rads in the comparison
between the Schwarzschild limit and a TS with rg/rg = 1.9. On the other hand,
we estimate that the minimum e difference, defined as rg/rg = 1 £ ¢, to develop a
dephasing of around 1 radiant between a nearly extremal magnetized BH and an
ultra-compact TS, is € ~ 1074, that corresponds to AQ/M =~ 4 x 10~° between the
two solutions. In other words, the dephasing between a TS with rg = rg(1 + €) and
a BH with rg = rg(1 — ¢) is negligible when ¢ < 10~%. Therefore, the regime in
which effective trapping can occur is likely beyond the observational accuracy.

As already discussed, the scalar flux captured by the BH horizon is subdominant
when compared to the flux carried away to infinity. However, it is only near the
extremal BH limit at rp/rg = 1 that it becomes completely negligible, as shown
in Fig. [7.8] which illustrates the dephasing after 1 year of evolution between a BH
with rp/rs = 0.9999 and a TS with r5/rg = 1.0001. The much larger dephasing
observed in all other comparisons is due to the different fluxes, both at the horizon
and at infinity.
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Figure 7.7. Resonances of the scalar energy flux at infinity for TSs of the second kind
with r5/rg = 1.001 (top-left panel), rg/rs = 1.002 (top-right panel) and rg/rs = 1.005
(bottom-left panel). The peaks are associated to QNMs with [ = m = 1 (top and middle
panels) and [ = m = 2 (bottom panel). The origin of the axis is chosen to coincide with
the radial distance ™, where the peak of the resonance occurs. The bottom-right panel
shows the comparison between the energy flux at infinity Eégs, normalized by the flux
ignoring the resonance E,, computed with the exact numerical results (red solid line)
and with the best fit of a forced-oscillator model described by Eq. (dashed black
line).

Extension to the gravitational case

In the present chapter, we focused on the scalar radiation emitted by a test charge
moving along circular orbits in the background of a TS (or a magnetized BH). A par-
ticularly interesting extension of this work would be to study gravitational radiation
by incorporating a source into the analysis of Chapter [ Although this case should,
in principle, be tractable with standard techniques, it remains technically challenging
because, as discussed, gravitational, scalar, and electromagnetic perturbations are
all mutually coupled.

However, in preparation of this work it is useful to estimate the scaling of the
source with the model parameters. In the case of a point mass, the relevant action
reads

R 1
S = /d‘r’x\/—g (2/42 — 4FWF’“’> — u/ dr/guutu’ (7.76)
5 v

where v is the particle worldline. This gives Einstein-Maxwell equations in five
dimensions,
G = K3(Ty" + T) (7.77)
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Figure 7.8. The left panel shows the scalar wave dephasing between magnetized BH and the
TS as a function of time for ¢/R, = 1, rg/2 = 10 Mg, and p = 30M,. For each curve
the starting point at t;,; = 0 is set to guarantee 1 year of evolution up to the ISCO for
the scalar charge orbiting around the BH. The right panel presents the evolution of the
orbital radius of the point particle under radiation reaction for ¢/R, = 1, rs/2 = 10°M,
and p = 30Mg. The evolution begins at a radial distance rg = 6.7597s/2 at ti,; = 0, to
guarantee 1 year of evolution for the magnetized BH case with rg/rs = 0, and stops as
the particle reaches risco at tisco-

where TE,,M is the electromagnetic stress-energy tensor and, for a particle in equatorial
motion as described above,

article __ uHuV
i = umé(r —10)0(0 —7/2)d(d — Q) (y) . (7.78)
Following the same procedure done for the test scalar charge, one would obtain
in--
e By

2R,

particle _M“uuv 5(r — ro) Z
n

™ —imQt
B =t S Vin(6. )Y (3.0) e (n19)
im
Notably, since k2 = /@%Ry and T gjjrticle ~ 1/Ry, it is easy to see that R, digappears
from the source of the massless (n = 0) modes, which depends on x2T Eﬁmde. This
corresponds to the case R, = ¢ previously discussed for scalar radiation.



113

Chapter 8

VW-soliton and the corresponding
BH

Over the past few years considerable progress has been made in the construction of
smooth, horizonless and non-extremal geometries from five-dimensional supergrav-
ity, providing analytically tractable toy models of BH microstates. In particular,
topological stars (TSs), discussed in Chapter @, represent a remarkable example in
which some intriguing phenomenological properties of ECOs, and more specifically
of microstate geometries, are effectively captured.

More recently, a new class of solutions, dubbed W-solitons, has been discovered
within five-dimensional minimal supergravity [27]. These novel solutions asymptoti-
cally are four-dimensional Minkowski spacetime times a compact circle and carry
the same mass and charges as Reissner—Nordstrom-like BHs of four-dimensional
supergravity [320], including the neutral case that is particularly relevant in astro-
physics. A topological bubble with electromagnetic flux supports their smooth caps,
thus preventing the collapse. Like T'Ss, the novel W-solitons remain analytically
tractable but overcome their main limitations (see Sec. [8.1]), thereby providing excel-
lent prototypes of non-extremal BH microstates. In the neutral limit, the solution
reduces to a new smooth horizonless configuration that can be directly compared
with the Schwarzschild BH, and in a four-dimensional description is sustained by a
massless axion and the dilaton field emerging from compactification.

Compared to typical ECOs, the W-soliton more closely resembles a standard
BH, featuring a single unstable photon sphere and exhibiting only short-lived QNMs
without late-time echoes. However, measurable deviations persist, offering potential
observational signatures in both GW and electromagnetic signals.

In the present thesis we will focus on the GW analysis conducted in [321],
presenting the QNM spectrum of the solution, compared to the BH case, and
summarizing the results of the ringdown signal. Other results, like the gravitational
lensing and imaging through ray-tracing simulations, or more details on the structure
of null geodesics and the associated photon sphere, can be found in [321].
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8.1 )V-solitons and BHs

Recently in [27] static non-extremal black string solutions and novel smooth hori-
zonless topological solitons have been derived through a new solution-generating
technique in N' = 2 five-dimensional supergravity coupled to two vector multiplets.
The two solutions, asymptotically Minkowski times a compact extra dimension, are
particularly intriguing since they can coexist with the same mass and charge. Among
these solutions, the W-soliton and its corresponding black string counterpart are
particularly noteworthy.

Let us consider a truncation to five-dimensional minimal supergravity, correspond-
ing to the Einstein—-Maxwell theory with a U(1) gauge field and a Chern—Simons

term
1

167 G5
where G5 is the five-dimensional Newton constant, F' = dA is the field strength of
the gauge field A, and Rj is the Ricci scalar in five dimensions.

The five-dimensional spacetime can be decomposed into a four-dimensional space
parametrized in terms of the spherical coordinates (t,7,0,¢), and a compact fifth
dimension . The periodicity of the compact direction is given by

(¥, ¢) = (¥, 0) +(0,2m), (¥, ¢) = (¥, ¢) + (27 Ry, 0), (8.2)

where Ry, is the radius of the compact circle.

In the following we present two solutions of this theory: the W-soliton and
its corresponding black string. Note that, since the extra dimension is compact,
the black-object solutions can be referred to either as a black hole or as a black
string, depending on whether the system is viewed from a four- or five-dimensional
perspective.

3
/ (R5 *5 12F/\*5FF/\F/\A> , (81)

8.1.1 The W-soliton

The W-solitons are a class of static, non-extremal, smooth and horizonless geometries
with the same mass and charges as four-dimensional black holes but removing the
horizon in five dimensions through a smooth Kaluza-Klein bubble supported by
electromagnetic flux. Such solutions carry electric and magnetic charges under the
U(1) gauge field and electric and magnetic Kaluza—Klein charges along the compact
fifth dimension [27]. If we consider the case in which all charges are the same, the
line element of the five-dimensional solution is given by

2
2 —
ds3, — 192Iv ~ fo) %4 fo) <d¢+ Ci;j;dt-i—@(cos@—f— 1)d¢> - ‘?ZdtQ
dr? y 8.3
+ fu m+r2 (d92+bln29d¢2)], ( )
A= ?dt+W(d¢+Q(cos@+l)d¢) — Q(cosf +1)de,
M
with

B oM B 207
fM=1—77 szl—TTa (8.4)



8.1 Wh-solitons and BHs 115

where M and @ denote the mass and the magnitude of the charge, respectively (in
units with G4 = 1). For a more detailed discussion on the charge content see [27].
One can notice that r is not the standard radial coordinate because the radius
of the two-sphere is 7/ fys rather than r. However, the following study is performed
keeping r for convenience and simplicity in the analysis.
The W-soliton possesses a spacetime geometry that terminates at the coordinate
degeneracy of the 9 direction, namely at 7, the largest of the two roots of 2y — fo =

0:
ry =2M +4/2(2M? — Q?). (8.5)

From Eq. (8.5) one can derive that the domain of existence of the soliton requires
Ql <V2M, (8.6)

with the equality corresponding to the extremal and supersymmetric limit [27].
By requiring regularity at the coordinate degeneracy [27] we derive the following
conditions
kRy = - o="g (8.7)
P = \/i’ - 2 P :

where N and k are integers, with £ > 1. These conditions can be inverted if and only

if 2k > | N|, yielding a family of smooth solitons with quantized mass and charge as
follows

4k* 4+ N? N

= —F— Ry, =— Ry, 2k > |N|. 8.8

5 Pe Q=5 R N (539

2
The radius of the two-sphere, that also provides the real size of the W-soliton is

given by
— V4k? - N2
Ry\}:7"\/](']\/[‘,«:7«Jr = T+(7“+—2M) = wa, (8.9)

reducing to 2v/2M in the neutral limit and vanishing in the extremal limit, where
the whole sphere smoothly shrinks.

As already anticipated, the WW-soliton shares many features with the TS. They
are static, non-extremal, smooth and horizonless solutions in a five-dimensional
theory of gravity coupled to a Maxwell field. However, the VW-soliton possesses some
interesting advantages. In particular, the extremal limit of the TS is singular, since
it corresponds to a singular extremal black string. Conversely, the extremal limit of
the W-soliton remains smooth and horizonless. Moreover, the metric component
along the fifth dimension in the TS behaves as 1+ O(r~!) at large distances, leading
to a mismatch between the five-dimensional and four-dimensional mass. On the
other hand, for the W-soliton the expansion at large r of the metric component
along the fifth dimension is gy ~ 1 — 4% NI , without 1/r terms. This property
ensures that the five- and four-dimensional masses coincide.

As stated above, the neutral N = @) = 0 limit of the W-soliton is astrophysically
relevant. Instead of reducing to the so-called bubble-of-nothing [322], it yields a new
smooth horizonless solution with the same redshift factor as the Schwarzschild BH
and a single free parameter (the mass). The spacetime smoothly ends at r = 4M
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and it possesses a nontrivial axion profile as follows

2M r—2M r(r —4M)
200 o— (1= 22 ) g 2 rir—4aM) . o
dsyy|g=0 ( " )dt +7’—4Mdr + (r—2M)2d¢
+r(r — 2M)(d6?* 4 sin® 0 dp?), (8.10)
2M
A= dip .
r—2M v

8.1.2 The black hole

The W-soliton shares the same parameter space of mass and electromagnetic charges
as the non-extremal black string constructed in [27], which, after Kaluza—Klein
reduction along the fifth dimension, corresponds to a static charged black hole. Its
line element in the five-dimensional spacetime is given by

P i 2 o S 2
dsgy = f+f- (dw + . dt + Q(cosf+1) dcb) I dt
s fd;f +r2(d6? + sin? 0 do?) | (8.11)
Y
A= th + fe = J- (dip + Q(cos + 1) dgp) — Q(cos O + 1) dop
oy 2 ’
where we have defined ; 5
fe=1+ VM +fQ - M (8.12)

Also in this case the coordinate r is not the standard spherical radial coordinate.
Regularity at the poles of the two-sphere requires the same quantization of the
Kaluza—Klein monopole charge @ = NRy/2 as for the WW-soliton . The ex-
tremal bound of Eq. , valid for the W-soliton, is present also in this case, as
a consequence of requiring that the horizon appears before the singularities at the
zero of f_. In the extremal limit M = |Q|/v/2, the black string and the W-soliton
coincide, reducing to the same smooth, horizonless and supersymmetric center.

The neutral limit @ = 0 yields the trivial embedding of the Schwarzschild black
hole in five dimensions:

2M 2MN\ 1
dspylg—0 = — <1 - T) dt* + <1 - r) dr? + dy* + r*(d6? + sin® 0 dp?)

(8.13)
A=0.

8.1.3 Four-dimensional effective description

Similarly to the T'S case and the corresponding BH counterpart, also in the WW-soliton
case it is possible to provide a four-dimensional description through dimensional
reduction along the compact circle S'. Following [27], the dimensional reduction
of N' = 2 five-dimensional supergravity coupled to two vector multiplets yields
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four-dimensional supergravity, consisting of three complex scalars, 2!, and four U(1)
gauge fields, (A, AT). However, in minimal supergravity three of the gauge fields and
the two scalars coincide. Under these conditions the line element of the WW-soliton
after the dimensional reduction reads

dt? dr?
dsd, = \/fo2fu — fo) l_fQ + 2fMT—fQ + 72 (d02 + sin20dqﬁ2>] )
A= ?Edt — Q(cosO+1)dp, A=— e dt — Q(cosf +1)do,  (8.14)
fo—fu A\ fefv—fq)
Z = fM + 1 fM )

In the neutral @ = 0 the two gauge fields vanish and one is left with a nontrivial
complex scalar, whose real and imaginary parts correspond to the axion and dilaton
fields, respectively. Again, similarly to the TS case, the dimensionally reduced
solution possesses a singularity at the bubble locus where 2fy; — fo = 0. This
feature is a common outcome of reducing geometries along a smoothly degenerating
compact direction: although the higher-dimensional geometry remains completely
regular, this degeneration appears as a naked singularity when viewed from the lower
dimensional viewpoint.

The black string reduces to a regular dyonic and dilatonic black hole in four
dimensions:

d 2
dsgy = — \/}:Mif dt* + 1/ f+f- fLM +r?f_(d6* + sin* 0 do?) | |
A= 9 g Qcosf +1)dp, A= @ Q(cosd + 1) dg, (8:15)
rf+ rf+

z:# NI

8.2 Geodesic structure and photon sphere

Let us now discuss the motion along null geodesics in the background of the W-
soliton and the corresponding BH. If we define with 7 the affine parameter, we can
introduce the conjugate momenta p,, as

Pu = G &7, (8.16)

where #¥ = dz¥ /dr. Since the two spacetimes are characterized by three isometries
along the ¢, ¢ and ¥ directions, they possess three conserved quantities: the momenta
associated to the Killing vectors, given by p; = —F, pg, and py. Moreover, a fourth
conserved quantity comes from the Hamiltonian H = % 9" pup, = 0. Additionally,
the spacetimes are also characterized by a Carter-like constant given by
1 0 0
C=pi+—5 — 2pyQ)? cos® = + p2sin® | . 8.17
P+ s | (b6 — 20Q) cos® &+ psin® S (8.17)
that allows for separation of variables. We now turn our attention to closed null
geodesics, focusing on effectively massless four-dimensional probes that correspond
to the lowest Kaluza—Klein excitation with py = 0.
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By using the Hamiltonian equation

dH

Du = i (8.18)
one can derive the following first order equations for the W-soliton
. fq szp . _ Py — Qpy(l+cosb)
t= E
fur + T = r2 farsin @ ’
; fu Qfm ;
Y= p — Q(1 4 cos ) ¢,
Fahi—Ta) " rhg |~ OU T
; o) .
=4 =4 1
b=tp " R(r), (8.19)
where we have defined
o 1 _ 2 90 9 . o ‘9]
00)=C ) [(i% 2py Q)" cos 5 + pj sin 5
2fm — fo 2 9 r?fu(far = fQ)*\ o
R(r)= 5" |(rEfg+ Qp +(Qfo — py, —C
(8.20)

Similarly, for the BH case we find that the null geodesics obey the following first
order equations

Py — Qp¢(1 +C089)

f=£\4(f+E+i2pw>, ¢ =

r2f_sin?0 ’
2
) = fp?erw—?t—Q(lﬁLcosQ)d)
CIC =
0=+ r2f(_)’ i =+\/R(r), (8.21)

where O is still defined in Eq. (8.20) and R is given by

fm [r2f+f3< Q )2—T2_Q2f+pi

r?f- | fu b rf Y fr

We are free to choose F = 1, which corresponds to taking the affine parameter 7 as
the proper time of the probe.

R(r) =

~-c|. (8.22)

8.2.1 Photon sphere of the W-soliton

For null geodesics with p,, = 0 the probe experiences no motion along the compact
fifth dimension and can, without loss of generality, be restricted to the equatorial
plane 8 = /2. In the equatorial plane the Carter-like constant of Eq. is
simply given by C = pi.

In order to find the photon spheres of the W-soliton we impose the usual
conditions » = # = 0. The equation 7 = 0 yields two possible radii beyond the
bubble locus r4, one of which lies at it, whereas the additional condition # = 0 fixes



8.2 Geodesic structure and photon sphere 119

pe and merges the two solutions. Hence, the WW-soliton possesses a single photon
orbit, located precisely at the bubble locus R, = ry. The corresponding angular
velocity Qyy = ¢/t is given by

po =y = V2, = \/2ry (ry — 2M), (8.23)

where Ay is the Lyapunov exponent measuring the average rate of expansion or
contraction of adjacent geodesics at the photon sphere given by, for spherically
symmetric spacetimes [323] [324],

)= 1 d*R(r)
V22 dr?

A real Lyapunov exponent A corresponds to an unstable photon sphere. Since the
coordinate r is not the usual radial spherical coordinate, R, = r4 does not represent
the physical size of the photon sphere. Indeed the correct physical radius of the
two-sphere located at the photon sphere is given by

(8.24)

r=R, '

1
RW = 7’+(7’+ - 2M) = —. (825)
Aw
In the case of the neutral W-soliton, the characteristics of the photon sphere are

R, = 4M, po = Uy = 4M, A =Ry 1= M;M , (8.26)
similar to the corresponding values of the Schwarzschild case.

If compared to the structure of the photon spheres of the TS (discussed in
Sec. [6.1]), one can notice that the W-soliton behaves as a first-kind TS, featuring
a single unstable photon sphere. As discussed for the TS, the absence of a stable
photon sphere does not allow formation of long-lived QNMs or echoes. Consequently,
the W-soliton is expected to display only short-lived QNMs and to lack late-time
echoes, resembling the behavior of an ordinary BH.

8.2.2 Photon sphere of the BH

Also in the BH case the spherical symmetry of the spacetime allows us to consider
motion in the equatorial plane (§ = 7/2) once we focused on effectively massless
probes (py, = 0). Proceeding similarly, we find that the black string admits a unique
photon sphere outside its horizon, with the following characteristics

(T + VImy = 16m_) (3y/s + Imy — 16m)

R, = 3 ;
= gy = IO i 0 4 IO
Nt — 12 (9. = 16m_ )7 |
(vVOmy —16m— — \/m7)? (3/ + /Imy — 16m_)
where

VM? +4Q% + M
my = +2Q . (8.28)
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The physical radius of the photon sphere is given by

Rpn = r\/f-lr—r, = \/Ro(Ro — m_). (8.29)

In the neutral limit @@ = 0, we recover the standard Schwarzschild values

Neert — 1
BH—S\/ng

as expected from Eq. (8.13). For all M and @ within the allowed range , the
Lyapunov exponent Agp is real, which proves that the photon sphere is always
unstable.

R,=3M,  py=Qg4=3V3M, (8.30)

Comparison between the W-soliton and the BH

In both the W-soliton and its BH counterpart, null rays define a single unstable cir-
cular orbit, showing a similar qualitative behavior. However, the detailed properties
of the photon spheres show clear quantitative differences. As shown in Fig. one
can notice order-one differences in the dependence on the charge to mass ratio of
the angular momentum, Lyapunov exponent and angular velocity.

As anticipated, the Lyapunov exponent measures the instability of null geodesics
at the photon sphere. Since the exponent for the W-soliton is in general twice that
of the BH, across all the parameter space, we expect a stronger instability of null
geodesics. As a consequence, we also expect the ringdown signal of the W-soliton
to exhibit a faster damping rate than that of the corresponding BH, due to its
connection with the Lyapunov exponent (see [236], 289, [324]). As the two solutions
approach extremality, the Lyapunov exponents diverge, indicating that their photon
sphere shrinks to a point.

The angular velocity of photons at the photon sphere is given by the inverse of
their angular momentum, €2 = qul. Moreover, the angular velocity is approximately
proportional to the real part of the QNM frequencies.

8.3 The scalar perturbations

Let us now present the dynamics of a minimally coupled massless scalar field in
the W-soliton and its corresponding BH. In the following we will derive the master
equation for massless test scalar field perturbations on the background of both
solutions. The QNM spectrum is then derived using both WKB approximation
and numerical methods (direct integration and continued fraction, see Appendix .
Finally, we present selected results for the ringdown signal obtained by integrating
the perturbation equation in the time domain.

8.3.1 The scalar wave perturbation equation

A test massless scalar field, minimally coupled to the background, obeys the
Klein—Gordon equation

0,0V 0) =0, (8:31)
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Figure 8.1. Properties of the photon sphere for the W-soliton and the BH as functions of
the charge-to-mass ratio. The top left panel shows the radius of the round two-sphere at
the location of the photon orbit. The top right panel presents the angular momentum of
photons on the orbit, which also determines the apparent size of the photon sphere as
seen by an asymptotic observer. The bottom left panel displays the Lyapunov exponent
characterizing the instability of the photon sphere. Finally, the bottom right panel shows
the angular velocity of photons at the photon sphere, related to the QNM frequencies.
These plots and the associated analysis of the geodesic structure of the W-soliton and
the corresponding BH were performed by other collaborators of Ref.[321]

where ® = ®(t,r,1,0,¢) is the scalar field. Thanks to the isometries of the
background spacetime we can consider to following ansatz for the perturbation

B = W(r) S(6) (A wrmo-at). (8.32)

where m and p are integers due to the periodicity of ¢ and v given by 2w and 27 Ry,
respectively.

If we plug the scalar profile of Eq. into the Klein-Gordon equation for the
Wh-soliton background we can separate the variables and isolate the radial part

2 ¢3 2 2
8r(r2(2fM—fQ)8T\IJ)— m%_ﬁm <w+2{]\;QNp> +Al U =0,

(8.33)
where A is the separation constant and we used Eq. (8.8)) for the charge Q. The
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angular equation is given by

1 . 1 pN 2 B

Similarly, for the BH case we get a radial equation given by

2 r? p? r?f2 [y (

67" (T fffM 67"\1]> [f+ R?p fM
while the angular equation is the same as .

The quantity py, = p/Ry labels the Kaluza—Klein modes and induces an effective
mass in the analysis. Since the modes with |p| > 1 correspond to scalar fields with
large effective mass when Ry, is small compared to the object’s size, in the following
analysis we will focus on the phenomenologically relevant massless Kaluza—Klein
mode with p = 0.

The solutions of the angular equation @ are the spin-weighted spherical
harmonics with half-integer spin s = —% € 5Z (see [325H329]). By requiring
regularity of the waveform at # = 0 and 7 we find that the separation constant must
be positive and quantized as follows

1 2
w+Np) + AP =0, (835)

2rfy

A=11+1)+s(1+2)=11+1) 1+ 21),

pN
B

(8.36)
leN, (>0 1> ml.

For the explicit expression of the regular angular waveforms, together with a broader
discussion, see [321].

Schrodinger-like form and boundary conditions

The master equations and for the massless test scalar field perturbation
on the background of the W-soliton and corresponding BH, respectively, can be recast
into a Schrodinger-like form by rescaling the field and introducing a tortoise-like
coordinate as follows

@ d?“* fM

W-soliton: U= —_— = 8.37
v fm dr 2fu — fo (8:37)
U dr 1
BH: UV=—— —_— = 8.38
rv/ f- dr  fum ( )
The tortoise-like coordinates can be integrated to obtain a closed form
Wh-soliton: — ry,=r—r4 + T+ log <7° — 1> + = log (7‘ - 1) , (8.39)
2 T4+ 2 T4+
r
BH: =7 —2M +2M1 — -1, 4
Te =T + og ( Wi > (8.40)

where for r — oo we have r. — oo, while for the inner boundary (the smooth cap
for the soliton and the horizon for the BH) the tortoise behaves as r, — —oo. The
two Schrodinger-like equations can be written as follows

d>v —

— = V¥ =0, (8.41)

dr.
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where the effective potential V' is given below

2
Vi = 201~ fo fir pQ—f<+fMN>+/\2+
fal r

T 2fu = fQ) By arh (8.42)
3f(L+ f3) — 2fu(fiy — fo +3)
4r2 f2, ’
_ fu PP 1 > Mu 2f-(1+f-) = fu(1 +3f2)
on =y (ot g e) + 5+ fu Ty |
(8.43)

with V) and Vgp denoting the scalar potentials for the W-soliton and the BH,
respectively.

Asymptotically, at spatial infinity, the two potentials behave as V' ~ —2 — w2

In the background spacetime of the W-soliton, due to the absence of the horizon
regular modes of the probe scalar field can be dissipative (i.e. QNMs) when R < |wl,
or trapped normal modes when Rw > |wl|. Since the term #- behaves as an eﬁectlve

mass, the trapped modes correspond to massive excitations confined by the spacetime.
The boundary condition at infinity reads

' 1 z< /wzggjr*wt>
U(r)e ™ o —e . (8.44)

Tx—>00 Iy

corresponding to outgoing waves for the QNMs and decaying waves for normal
modes, depending on the previous inequalities.
At the BH horizon (r. — —o0), the potential tends to a finite negative value
/2
, with,

\/BM VMZHAQE (M + v/ M? +4Q%) w + 25

) (8.45)
2M\/M + I+ Q2
and regular solutions correspond to ingoing modes
U(r)e @t o emHWTtwl) (8.46)

T's—+—00

In the case of the W-soliton the potential at the inner boundary (the smooth cap
of the soliton) behaves differently depending on the value of p: for p = 0 it vanishes;
while for p # 0 it approaches a finite positive value. Regularity requires Neumann

boundary conditions in terms of the local radial coordinate p? = 4(r —r}) ~ 4r e ™,
leading to:

e ™0, ¥ = 0, (8.47)
Tx—>—0Q
which implies that ¥ must converge to a constant faster than e*+ at r, — —oo0.
A preliminary test of stability of the two spacetimes under test scalar pertur-
bations can be performed by searching for critical static modes with w = 0. One
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Potential with p # 0: Potential with p = 0:

r’ V (ihax)
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Figure 8.2. Scalar potential of the W-soliton for p = 0 and p # 0, in regimes where the
potential changes sign. The plots show Viy(r,) from (8.42)) for £ = 100, N = 30, | = 10,
and (wRy,p) = (1.03,1) or (1/3,0).

can check that for w = 0 the two potentials of Eqs.— are positive definite
everywhere across the full parameter space, respecting the condition of Eq. .
As a result, regularity cannot be achieved simultaneously at the two boundaries,
since any mode inevitably diverges at one of them. Hence, WW-solitons do not admit
critical static modes.

The stability analysis will be confirmed and extended in the next section with
the numerical derivation of the QNMs and the study of the time domain signal.

8.3.2 QNMs from WKB approximation

In this section we review the computation of the QNM spectrum of the W-soliton and
of the corresponding BH using the WKB approximation. This analytical approach
provides an accurate estimate of the QNM frequencies in the eikonal (I > 1) regime,
with a close connection to the photon sphere discussed in Sec. [8.2] The results
presented in this section, based on the analysis performed by other collaborators
of Ref. [321], highlight the correspondence between the W-soliton and BH QNMs,
revealing also some quantitative deviations, consequence of the absence of the horizon
in the solitonic spacetime.

More in detail, the WKB approximation is valid when the potential of the
perturbation equation varies slowly and the imaginary part of the QNM frequencies
is negligible compared to the real part (namely, slowly damped modes). In our case,
these conditions hold when

I>1, WR > wr, W=wRr+iws. (8.48)

Slowly-damped QNMs of the W-soliton

After an analysis of the potential of Eq. , one can check that, across the full
domain —oo < 7, < 00, at most one root is present. Moreover, the potential can
be entirely negative, or can become negative at large values of r,. In the first case,
the WKB approximation fails to produce any regular wave solutions that satisfy
both boundary conditions. In the second case, two different types of potentials arise,
as shown in Fig. [8.2l For p # 0, left panel of Fig. the potential presents a
centrifugal barrier close to the smooth cap of the soliton; while for p = 0, right panel,
the barrier is not present. As discussed more in details in [321], no slowly damped
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QNMs are captured by the WKB approximation when p £ 0. As a consequence, the
modes with p # 0 must have a non-negligible imaginary component of the frequency,
implying they are rapidly damped. For p = 0, the same conclusion applies when
the maximum of the potential is large. However, when the maximum is small (right
panel of Fig. , as shown in [289], regular, slowly damped QNMs exist in this
regime if the following quantization condition is satisfied for an overtone number
n>0

iM:—n—l, ne€Z, n>0. (8.49)

[V (Temas)| 2

For large [ and w = O(l), the potential becomes V), ~ —R(r) with £ = —w and
C = ), where R(r) is the geodesic potential , such that the properties of the
potential around the maximum are intimately connected to the properties of the
photon sphere. The QNM frequencies are given by by [236], 289 [324]:

1 1
WwWiln = Qw <l + 2) — 1AW <’I’L + 2) , nes, n>0, (8.50)
where Qyy is the angular velocity at the photon sphere, and Ay is the Lyapunov
exponent defined in (8.23). The WKB approximation holds as long as wgr > wry,
which means % > /2 since for the W-soliton, Ay /Qyy = v/2.

Slowly-damped QNMs of the BH

The potential for the BH case, given by Eq. (8.43), behaves as ~ —w'?, with w’
defined in Eq. (8.45)), for r, — —o0, and as ~ —w2+g—z for r, — +o0o. Between these

two asymptotic regions, the potential may develop a pgsitive “bump,” a characteristic
feature of static BH spacetimes, as extensively studied in the Schwarzschild case [330),
331]. If the region with positive potential is narrow enough and can be approximated
with a parabola, the WKB approximation is able to capture the slowly-damped
QNMs. Requiring the QNMs to be regular at the horizon and at infinity gives the
quantization condition [331]

Vo (Temax 1
BH (74 max) =-n-g5 neL n20, (8.51)
2|V (Temax) |

where 7, ,.x denotes the location of the potential maximum.

In the special case of p = 0, assuming large [ with w = O(l), we find that
Van ~ —R(r) with E = —w and C = A, where R(r) is the geodesic potential (8-22).
Therefore, similarly to the W-soliton case, we get the well known QNM spectrum
from the WKB approximation [324], expressed in terms of the photon sphere
characteristics

1 1
WBH;l,n = QOpH (l + 2) — 1 ABH (n + 2) s nes, n>0, (8.52)
where Qpy is the angular velocity of photons at the photon sphere, and Ay is the
Lyapunov exponent defined in Eq. (8.27)). In this case the WKB approximation is

valid in the regime wgr > wy, which corresponds to 2271;11 > 1, since for the BH the

ratio App/Qpy lies in the range % < Apu/Qpu < 1.
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Figure 8.3. Ratios of the QNM frequencies for the WW-soliton and the black string. In the
WXKB approximation (solid lines), these ratios depend only on /M and are independent
of (M,l,n). The dots are the numerical values from the direct-integration method at
I =2 (up to @/M = 1.3), indicating an excellent agreement with WKB values, even for
small .

Comparison

As shown in the sections before, slowly-damped modes, effectively captured by the
WKB approximation, are defined in terms of the angular velocities and Lyapunov
exponents associated to the photon sphere of the two spacetimes. Therefore, due
to the order-one differences in the properties of the photon spheres of W-soliton
and BH, these differences will appear also in the QNM spectrum. Fig. [8:3] shows
the ratios of the real and imaginary parts of the QNM frequencies as functions
of the charge-to-mass ratio across the full parameter space. As can be seen, for
|Q|/M < 1.19, the W-soliton features QNMs with a larger real frequency and a
greater damping rate compared to the BH, indicating a faster and more strongly
attenuated ringdown signal. Moreover, the WKB results (solid lines of Fig. are
in excellent agreement with the full QNM spectrum (dots in Fig. , computed
numerically as discussed in Sec. [8.3.3]

8.3.3 Numerical QNM spectrum

In this section we compute the complete QNM spectrum of an effectively massless
scalar field (p = 0) for both the neutral W-soliton and the corresponding BH
backgrounds. The associated frequencies are computed numerically by using both
the continued fraction method [145] (see Appendixfor the complete procedure) and
the direct integration shooting method [I53] [I83H185], finding excellent agreement.
In Table we present the results for the fundamental (n = 0) QNM, normalized by
the mass M, for several values of the harmonic index [, compared to the corresponding
WKB values. Notably, the WKB approximation yields an error below 1% already
at [ = 1 for both the soliton and the BH, highlighting its remarkable accuracy
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in reproducing the slowly damped modes of the spectrum, even for small [. As
illustrated in Fig. with the QNM frequencies obtained from the direct integration
method plotted on top of the WKB values, this remarkable agreement persists also
for the charged solutions. For practical reasons, the numerical data terminate
around @Q/M ~ 1.3, rather than extending to extremality, because the numerical
cost increases substantially as extremality is approached, with the QNM frequencies
becoming progressively larger.

Schwarzschild BH

|

Neutral W-soliton H

continued fraction WKB continued fraction WKB

0.13669 —70.20545 | 0.125 —¢0.17678 || 0.11046 — 0.10490

0.09623 — ¢ 0.09623

0.37542 —70.18194 | 0.375 —¢0.17678 | 0.29294 — 70.09766

0.28868 — ¢ 0.09623

0.625 —40.17678 || 0.48364 — ¢0.09676

0.48113 —70.09623

0.87503 —20.17778 | 0.875 —¢0.17678 || 0.67537 —¢0.09650

0.67358 — ¢ 0.09623

0
1
2 || 0.62508 —40.17872
3
)

1.37501 —40.17719

1.375 —40.17678

1.05961 — 7 0.09634

1.05848 —70.09623

2.62500 —¢0.17689

2.625 —10.17678

2.02132 — ¢ 0.09626

2.0207 — 7 0.09623

7.62500 — ¢ 0.17679

7.625 —10.17678

5.86993 — ¢ 0.09623

5.8697 — ¢ 0.09623

Table 8.1. Fundamental (n = 0) QNM of an effectively massless scalar field (p = 0) in the
neutral (Q = 0) W-soliton and Schwarzschild BH background spacetimes, for various
harmonic numbers [. We report both the dimensionless frequencies wM computed with
the continued fraction method and the WKB approximation.

While the WKB approximation is quite effective in capturing the short-lived
QNM frequencies, where the condition wgr > wy is satisfied, even for low values of the
harmonic index [, it fails to accurately describe the highly damped modes, for which
the imaginary part is comparable to the real frequency. These modes are captured
by the continued fraction method, and reported in Table foril=1and ! =5in
both the Schwarzschild BH and the neutral W-soliton backgrounds. By comparing

’ n H Neutral W-soliton H Schwarzschild BH
=1 =5 =1 =5
0| 0.37542 —30.18194 | 1.37501 —¢0.17719 || 0.29294 — 3 0.09766 | 1.05961 — 7 0.09634
1 || 0.28371 —70.60411 | 1.34139 — 7 0.53626 || 0.26445 — 70.30626 | 1.05004 — 7 0.29015
2 || 0.20907 — 41.10779 | 1.27631 — 7 0.90978 || 0.22954 — 70.54013 | 1.03150 — 7 0.48735
3] 0.17171 —41.62472 | 1.18556 — ¢1.30773 || 0.20326 — 3 0.78830 | 1.00520 — ¢ 0.68993
4 || 0.15050 —72.13882 | 1.08008 — ¢1.73772 || 0.18511 — ¢1.04076 | 0.97297 — 70.89948

Table 8.2. Overtone QNMs of an effectively massless scalar field (p = 0) in the neutral
(Q = 0) W-soliton and Schwarzschild BH background spacetimes, for different overtones
n,and for I =1 and [ = 5.

the behavior of the modes, for the two background spacetimes, as the overtone
index n increases, one can notice that they display a broadly similar behavior: the
imaginary part grows and the real part decays with n. If the fundamental mode
differs significantly, the higher overtones display very similar characteristics in both
cases. This suggests that the time domain ringdown signals of the soliton and
the Schwarzschild BH possess a comparable overall structure, differing mainly in
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their fundamental oscillation frequency and damping rate (see Sec. for a more
detailed discussion).

8.3.4 Time-domain ringdown

In this section we report the main results concerning the study of the ringdown
signal of both W-soliton and corresponding BH spacetimes, obtained by integrating
the corresponding master equations in the time domain. The results shown here
were produced by collaborators of Ref. [32I]. For a more detailed discussion of the
numerical methods used to solve the perturbation equations see [321].

1=0 =1

—— sSchwarzschild Black Hole
--- Neutral Seliton

IS

200 220 240 260 200 220 240 260
tIM M

Figure 8.4. Ringdown signals of an effectively massless test scalar perturbation ¥ as a
function of time and evaluated at Reyi = 100M for the Schwarzschild BH and the neutral
Wh-soliton, for different harmonic index [ = 0,1,2,9. Credits to A. Dima of Ref. [321].

In Fig.[8:4] we report the waveforms corresponding to the linear scalar ringdown of
the neutral W-soliton and the Schwarzschild BH for different values of the harmonic
index [. The cases with [ = 1,2, 9 feature common properties in the overall behavior,
that are in agreement with the QNMs derived in the previous sections. Because of the
absence of long-lived modes in the spectrum of the W-soliton spacetime, no echoes
appear in the ringdown response, a direct consequence of the absence of a stable
photon sphere, discussed in Sec. While the prompt response is quite similar
between the two spacetimes, as expected by the similar spectrum of highly damped
and low-frequency modes, in the intermediate region the W-soliton waveform displays
a higher oscillation frequency and a faster damping rate. The latter behavior is
explained again in terms of the QNMs by noticing that the fundamental frequency of
the W-soliton has a real and an imaginary part slightly larger than those associated
to the fundamental mode of the BH.

The waveform for [ = 0 is different, showing a soliton response much stronger
than that of Schwarzschild BH.
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The W-soliton and corresponding BH response for @) # 0 is plotted in Fig. [8.5
for 1 =0,1,2.

I
=
=

Q=0.5M Q Q=1.4M

-

Black string, £=0
W-soliton, £=0
—— Black String, /=1
-- W-soliton, £ =1
—— Black string, =2
== W-soliton, £ =2

200 220 240 260 200 220 240 260 200 220 240 260
t'M /M M

Figure 8.5. Ringdown responses of a test scalar perturbation ¥ as a function of time
and evaluated at Reyxt = 100M for BH and W-soliton with charge @ = {0.5,1,1.4} M
(respectively, left, middle and right panels). We considered three harmonics [ = {0,1,2}
(respectively, orange, red and brown curves). Credits to A. Dima of Ref. [321].

As can be seen in the right panel of the plot, when approaching the extremal
limit, the two spacetimes, and consequently their ringdown waveforms, become
nearly identical. On the other hand, far from extremality, the behavior is similar
to the already discussed neutral case. It is worth noting that even for extremality
the WKB short-lived spectrum indicates significant differences between the QNM
frequencies of the two solutions. Indeed, for Q = 1.4M the fundamental QNM of the
BH is expected to oscillate about 1.7 times faster and be 1.1 times less damped than
that of the soliton, in contrast to what observed in Fig. Close to extremality,
the fundamental frequencies are different but very high (see Fig. ; therefore,
a very narrow initial Gaussian perturbation is required to excite these modes. In
other words, when @ ~ v/2M, both solutions approach a point-like geometry, so
only perturbations with very short wavelengths (i.e. large frequency) can probe
the spacetime. When the initial Gaussian perturbation is not narrow enough, the
response is determined by the prompt signal which depends on the initial data, as
shown in Fig[8:5]

In Fig. [8:6) we show how well the fundamental QNM is able to describe the
ringdown signal of the W-soliton, for @ = {0, 1.2} M with harmonic index [ = 2.

The ringdown waveform, plotted in a logarithmic scale, is compared to a damped
sinusoid obtained from the fundamental QNM of the W-soliton. Although the prompt
response is highly sensitive to the initial conditions and involves contributions from
strongly damped modes, the intermediate phase of the signal is accurately captured by
the fundamental mode. During this second phase of the waveform, the contribution
from highly damped modes has already decayed and no longer affects the overall
signal.
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Q=0 Q=12M

—— time-domain numerical data

--- cos(wg-t)-exp(—w,;-t)

a

10°

1072

1074

200 220 240 260 280200 220 240 260 280
tim t/M

Figure 8.6. Comparison of the time-domain response with a single-mode damped sinusoid
using the QNM estimate, for W-solitons with @ = 0 (left) and @ = 1.2M (right) for
test scalar perturbations with [ = 2. Credits to A. Dima of Ref. [321].
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Chapter 9

Conclusions and future
prospects

In the vast landscape of compact objects in the universe, BHs stand out for their
remarkable simplicity. Nonetheless, their conceptually simple nature masks profound
foundational problems that continue to puzzle the gravity community. Despite the
large number of exotic compact objects (ECOs) proposed to mimic BH behavior
while addressing their conceptual problems, only the Fuzzball paradigm represents
a genuine top-down approach rather than a purely phenomenological model. The
specific realization of this program, the microstate geometries, however, while
resolving the challenges of BH physics, lack the usual isometries of BH, making their
dynamical analysis a challenging task.

In this thesis, we explored several simplified, yet physically motivated, models
that capture some of the essential features of Fuzzball microstates while remaining
analytically and numerically tractable. These models provide an effective framework
to investigate the phenomenology of horizonless and regular geometries that can
mimic or rather deviate from classical BHs in their observational signatures. We
focused on several representative families of solutions arising in gravity theories
coupled to additional fields or formulated in higher dimensions. In most cases,
we highlighted how certain characteristic features of these spacetimes, such as the
presence of an unstable photon sphere, can lead to significant deviations in the GW
signals produced by these compact objects.

Scalarized BHs in EMS theory

We first analyzed charged BHs with scalar hair in Einstein—-Maxwell-scalar theory,
a model that admits spontaneous scalarization through the non-minimal coupling
between the scalar and the electromagnetic sectors. The effective potential of
such configurations feature multiple extrema, with a rich QNM spectrum and the
emergence of long-lived modes trapped within the potential cavities. The appearance
of these weakly damped QNMs, that is a direct consequence of the rich structure of
circular null geodesics in the spacetimes of these scalarized BHs, is able to trigger
echoes in the ringdown signal. The presence of the echo pattern was confirmed both
in the linear approximation and in the fully nonlinear regime for radial perturbations.
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This work sets the stage for exploring the post-merger GW emission from BHs
collisions in Einstein—-Maxwell-scalar theory. Future studies should clarify whether
the linear and nonlinear echoes reported here persist during the dynamics of a
coalescence.

Another possible direction of study is to include the polar (nonradial) sector in
the perturbation analysis, in order to verify whether the long-lived QNMs and the
echo pattern are also features of this sector.

TSs and magnetized BHs: QNMs and ringdown properties

We then turned to five-dimensional Einstein—Maxwell theory, which provides a
natural framework for constructing smooth horizonless geometries. In this theory
we first focused on the analysis of a recently discovered smooth horizonless solution,
called topological star (TS) and its magnetized BH counterpart. A full perturbative
analysis in the frequency and time domains demonstrated the linear stability of
TSs and their magnetized BH counterparts, revealing a rich oscillation spectrum.
For sufficiently compact configurations (second kind T'Ss) with an additional stable
photon orbit, the effective potential develops a cavity , supporting long-lived modes
that manifest as echoes in the late-time response. Less compact configurations,
instead, display a standard exponentially damped ringdown.

Phenomenological features of EMRIs with TSs

The phenomenological relevance of TSs was further explored by studying extreme
mass-ratio inspirals (EMRIs) in their background. We computed the scalar energy
flux emitted by a point particle in circular orbit around a TS, identifying two key
effects: sharp resonances when the orbital frequency matches the long-lived modes
of the TS; and a cumulative dephasing of the emitted signal relative to the BH case
due to the absence of the event horizon. Although the resonances are extremely
narrow to produce a change in the phase of the scalar wave, the overall dephasing
accumulated during a year-long inspiral, due to the lack of the horizon, could be
measurable by future space-based detectors such as LISA.

The W-soliton and the corresponding BH solutions

We finally studied a novel class of smooth, non-extremal solutions of minimal five-
dimensional supergravity, dubbed W-solitons, that share the same mass and charge
as the four-dimensional charged BHs, where the horizon has been replaced by a
smooth topological cap supported by electromagnetic fluxes. These objects represent
prototypical examples of BH microstates in a top-down setting. We have derived the
response of W-solitons to classical probes by studying test scalar perturbations in
this spacetime. Differently to usual ECOs, W-solitons closely resemble classical BHs.
The presence of a single unstable photon sphere, coinciding with the bubble locus,
and the absence of a stable one, prevents the formation of long-lived modes, allowing
only short-lived oscillations in their QNM spectrum. These results were confirmed
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by a complementary analysis in the time domain, that showed how the W-soliton
ringdown is qualitatively similar to that of the corresponding BH, while displaying
some quantitative differences in the oscillation frequency and in the damping rate.
Our analysis also confirmed the linear stability of these objects under effectively
massless test scalar field perturbations.

While our study was limited to test scalar fields, a natural extension would
be to investigate gravitational and electromagnetic perturbations, which remains
technically challenging but would complete the discussion on the linear stability of
these geometries.

Moreover, even if modes with a non vanishing momentum along the fifth compact
dimension (i.e. with p # 0) are not phenomenologically motivated when R, is small,
a preliminary study has found some evidence for the existence of bound states in the
W-soliton spacetime. A comprehensive analysis of their normal modes constitutes
an important avenue for future work.

Recent developments in the inclusion of rotation for this kind of solutions
appeared in the literature [332, B33]. Since most of the astrophysical BHs carry
significant angular momentum, a perturbative analysis of these new spinning solutions
is phenomenologically relevant and crucial to fully understand their stability and
dynamics.
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Appendix A

Tensorial Spherical Harmonics
decomposition

Any spherically symmetric manifold M, such as the Schwarzschild spacetime, can
be written as the product of two submanifolds M = My x S2, where My is a two-
dimensional manifold with coordinates 24 = (¢,7) and S? is the two-sphere, whose
angular coordinates are z% = (0, ¢), with A = 0,1 and a = 2,3. As a consequence,
any tensor living on this manifold can be similarly decomposed into a tensor of Mo
and a tensor of S?, such that a general vector V# can be written as

V= (VA VY, (A1)
and a symmetric rank-two tensor T as
[ Tap Taa
oo (70 7). o
If we define the metric of the two-sphere S? as
1 0
ab = ( 0 sin?6 > ’ (A-3)

we can write the Laplacian operator in polar coordinates acting on the scalar spherical
harmonics

vbva'yabi/lm (97 ¢) = _l(l + 1)}/lm(0v ¢) ’ (A4)

where V, indicates the covariant derivative with respect to the metric v,,. We can
define the Levi-Civita tensor on the two-sphere S? as

Eab = V det Yab €ab 5 (A5)

with det 74, = sin? #, and where €, denotes the two-dimensional Levi-Civita symbol,

such that ¢,;, = —€p, and €12 = 1. Let us introduce the so-called wvector spherical
harmonics
o Ylm
Simg, ¢) = —e,L VY = (— ¢ 7 ,sin@f)ngm> , (A.6)
sin

Ym0, ¢) = VY™ = (9pY™, 9, Y™ (A7)
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and tensor spherical harmonics

N | —

im —
Sap (0,0) = sin @ W™ sin gx 1

I(1+1) 1 wim xim
lm — ilm lm _ —
Zab (97 ¢> = vbvaYv + 9 VabY 2 ( le B sin2 0 Wlm , (Ag)

_Xim ; Im
(Vbslm+v S )_ 1 ( ~smd sin@ W ) :

where we defined the following scalar functions

X0, ¢) = 2(9505Y'™ — cot 005Y'™) |
d2ytm (A.10)

im(g 2v-lm Im ¢
Y —cot09pY'"™ — .
W™ (0, ¢) = 0 cot 6 9y gy

The action of parity inversion (§ — m — 6, ¢ — ¢ + ) on scalar spherical harmonics
is given by
Ylm(ﬂ-_eaqb—{_ﬂ-) = (_1)lylm(9,¢) (A]'l)

The vector spherical harmonics Y™ and the tensor spherical harmonics Z“" trans-
form as in Eq. (A.11]), and for this reason they are called polar (or even) spherical
harmonics. On the other hand, the vector harmonics S!™ transform as

Sa™(m = 0,0 +m) = (=1)F157(0, 9) (A.12)

together with the tensor harmonics S!7 A
harmonics.

As anticipated we can expand the rank-two tensor of the metric perturbations
h, using scalar, vector and tensor spherical harmonics as written below

and they are called azial (or odd) spherical

hap(t,r,0,0) = ZhABlm VY9, ¢) et
haa(t,7,0,6) = Z [R50 (1) Y2 (8, 6) + B, () SE™(0, 6)] 7,

(A.13)
hab(t,7,0,¢) = Z{r Ko (1) Yo Y™ (0, 6) + Gim (1) 2130, )]

+ 2hlm(r)Sab (0,0)} et

where we factorized the time dependence with e —wt since we will focus on static
background spacetimes. The functions hapm(r), h},jlollrn( ), Kim(r) and G, (1)

are called polar perturbations, since they multiply the polar spherical harmonics.
Conversely, h%,, () and hy, (1) are called azial perturbations because they multiply
the azial harmonics.
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Appendix B

Derivation of the
Regge—Wheeler and Zerilli
equations on the Schwarzschild
background

In this Appendix we present the derivation of the Regge—Wheeler and Zerilli equations,
which describe axial (odd-parity) and polar (even-parity) gravitational perturbations,
respectively, on the Schwarzschild BH background.

We now consider the linearized Einstein equations in vacuum, which can be
expressed in the following convenient form

2R, =V ,Vuh?y + YV, VhP = VN he =V, VPhy, = 0. (B.1)

As described in Appendix @, since the linearized perturbed Ricci tensor 612, is a
symmetric rank-two tensor field on the Schwarzschild background M = My x S2, it
can be decomposed as in Eq. (A.2)

[ 0RaB ORaq
5R, = < i S ) . (B.2)

Each component can be expanded in scalar, vector and tensor spherical harmonics
after using the Regge-Wheeler gauge of Eqgs. (2.22)- ([2.24))

A0, AP @) iy
W Rap(t,r.0,6) ( Algz)gw T; A?L)Ew T; Y (6, ¢) et — 0, (B3)

lm

20Raa(t,r,0,0) = (i (w, 7Y™ (0,6) + B3, (w,)SE™(0,0)) e =0, (B4)

)
25 Rap(t, 7,0, 6) = [AD (w, )12y Y™ (0, 0) + sim (w, 1) Z5(6, ¢)

B.5
+ tim (w,7)Say (6, 9))Je ™ = 0. B

The functions ,6’1(2) (for A =0,1) and t;,,, are combinations of the axial perturbations
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hoim(w, ), h1pm(w,r), and of their derivatives
2iwf h 2rf' +2 (l+1)—-2
r r
(B.6)
2iwhy  iwh{ w2 2rf 4+l +1)—2
(1) _ 0 0 _ h B.7
/B (w7 'I") rf f + ( f + T2 1, ( )
h
Hew,r) = “"f O hf 4 fHy (B.8)

where we omitted the indices Im for notation convenience, the prime denotes

derivatives with respect to the radial coordinate r, and f(r) =
the other hand, the functions Al( ) and al( ) (for I =0,...

1 —2M/r. On
,3and A = 0,1) are

given in terms of the polar perturbations Hy,(w, ), Hym(w, ), Hopm(w,r) and
K (w,7) and of their radial derivatives

A0 (g ) = 11+ 135 AfK N 2f(rf’ +T§ —1)Hy N ((l+1) +2Z‘2+ 2r ') f Ho
2f2H§ . f6f +rf)K’ _2f2K"
r r ’
(B.9)
AW (g ) = 27Lu;H2 N (l+1)-2 tff + 2r ") H, +iw (i B J;:) 10
+ 2iwK’,
D) I+ 1)Hy  4iwH, 2Hy  |20° I(1+1) -2
o QH'TQf 2 f/Tf o l r " ) (B.11)
S (G )R
I(1+1)H, 2 f 3f !
e (Y (i (14 )
2 /
w(Ler)rrs (“}—W—f”)ﬂ
2 /
+ <°}+2f+f”> K — f(H{ K",
(B.12)
o (w,r) = iw(Hy + K) + f'H, + fH} (B.13)
oD(w,r) = iwfl + (g} — i) Hy + (;} ) Hy + H) — K', (B.14)
s(w,r) = %(HO — Hy). (B.15)

By using the orthogonality properties of the spherical harmonics it is possible to
separate the angular from the radial part, to get a system of ten coupled ODEs. In
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addition, axial and polar perturbations turn out to decouple entirely, allowing each
sector to be analyzed separately. For the axial sector we have the following three
differential equations

BD(w,r) =0, (B.16)
tHew,r) =0, (B.17)

for J =0, 1. For the polar sector we have a system of seven differential equations

AD(w,r) =0, (B.18)
oNw,r) =0, (B.19)
s(w,r) =0, (B.20)

for I=0,...,3and J =0,1.

Axial sector: Regge-Wheeler equation

In order to find a single master equation for the axial sector, let us define the
so-called Regge-Wheeler function Qy,,(w,r) as follows

le(w7r) = %hllm(w/r) . (B21)

By using this definition in the equation t(w,r) = 0 we get

hoim = %(ler), . (B22)

Finally by using Eq. (B.22)) and the expression of hq,, in terms of the new Regge-
Wheeler function, we find the single Schréodinger-like master equation of Regge-
Wheeler for the axial perturbations

d*Q,

2
dr?

+w? = VR Q =0, (B.23)

whose gravitational potential is

(B.24)

S~ (1 B 2M) [l(l+ 1 GM} _

r r2 rd

Polar sector: Zerilli equation

The analysis of the polar sector is slightly more intricate than that of the axial sector.
From equation s;,,(w,r) = 0 we can express Hs in terms of Hy, i.e.

H2lm = HOlm~ (B25)
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By using Eq. (B.25)) to eliminate the Ha dependence from the Egs. (B.18)- (B.19),

we can recast the latter into three first order ODEs

f! w
Hi + = H + —
Ly /

s (52 (-

(K +Hp) =0, (B.26)

B.2
iw (Il +1)=2+2f+2rf) (B.27)
+ |- — H, =0,
f 2r2w
/ : N /
K’+<1f)KHOZ(l(l+1) 2—i—2f—|—2rf)H1:07 (B.28)
r 2f r 2r2w
plus an algebraic equation
)
(0 +1)—2—3rf)Hy + [zm - %(z(z 1) —24+2f 4+ 2rf’)} e
(B.29)

,,,2 (4w2 4 f/2)
2f

One can isolate Hy from Eq. (B.29) and replace it in the other ODEs to get a system
of two coupled linear ODEs for H; and K

+ [l +1)=2+rf — K=0.

drw? — fII(14+1) =2 —4f +2rf)
2f(I(14+1) —2+3rf")
—z‘Kl(H 1) —2)2 + 47202 +4rf/ (11 +1) =24+ 7f) + 211 + 1) — 2) + 2rf']

K

K +

H, =0
22w(1(l+ 1) — 2 + 3rf') LT
(B.30)
1(_ 1 2 / —4 2
H{+f( 6+30(1+1)+2f+8rf) —drw i,
2f(I(L+1) —2+3rf") (B.31)
_ r2(4w2—|—f’2)—4f(l(l—|—1)—2—i—2rf’)K 0 '
—iw =
2f2(1(L+1) — 2+ 3rf")
Defining the Zerilli function Zj,,(w,r) as follows
dz
K=WuZ+ W12d7" , (B.32)
dZ
Hy =Wy Z + Wa T (B.33)
with
W= A+ 1)r? + 3AMr + 6 M?
ne r2(Ar + 3M) ’
Wl? = 1)
W — iw(3M?2 + 3AMr — Ar?) (B.34)
AT = 2M)(\r +3M)
o2
iwr
Wap = —
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where A = (I — 1)(I — 2)/2, we can derive the Zerilli equation

dQZl 2 olar
o + W =V )z =0, (B.35)

where the effective potential is

polar, \ 2MN [(I—1D)(1+2) (1 20— +2)(P+1+1)
v (T)_<1_7‘)[ 3 (7“2 (60 + (= 1) +2))° >]

(B.36)
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Appendix C

Derivation of the perturbation
equations in EMS theory

In this Appendix we outline the main steps to derive the perturbed field equa-

tions (5.64)-(5.65]) and (5.73)-(5.78]). The linearized Einstein, Maxwell and scalar

” W

equations can be divided into three distinct groups (“scalar”, “vector” and “tensor”)
as described in [334] (see also [283]). By denoting the linearized Einstein, Maxwell
and scalar equations respectively as 6&,, = 0, J, = 0 and S = 0, the “scalar”
group is given by the equations

& =S Ay, (I=0,...,3) 1)
lym
6y =D A Y™, (I=4,5) (C.2)
lym
55 =3 AV (r) vy
m\T) X (03)
lym

where I = 0,1,2 stand for the (¢t), (¢r) and (rr) components of the Einstein
equations, I = 4 represents the following combination

=0, (C.4)

and I = 4,5 indicate the (¢) and (r) components of the Maxwell equations. The
“vector” group is represented by the following Einstein equations

L (D), OV

0 1oy = op” (r) 0¥ — 5 (r) ol = 0, (C5)
01, L m L 0,

g =8 o) S5 =0, (C5)

where L = 0,1 stand for (¢) and (r), and by the remaining Maxwell equations

_ @ m_ 5@ ¥ _ C7
6y = oy (1) 0Y[" = 57 (r) S =0, (C7)
0Jp _ 4 @), % Y" C

p— m — .8
sin 6 B (r) 9pY1™ + g™ (r) sin 0 0. (C-8)
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The “tensor” group consists of the remaining Einstein equations

080y X!

= - C.9
0 si(r) —r +t(r)W'=0, (C.9)
%pp _ Xt L C.10
55@9+Sin20 = tl("")@‘f‘sl(T)W =0, ( . )

where X! and W' are so defined
X' =20,(05Y™ — cot ;™) , (C.11)

o2ym

W= 02V — cot 09,y — —2— (C.12)

sin? 6’
The coefficients AZ(I), al(L), ,BZ(L) , s; and t; are linear functions of the perturbations
and purely radial. By using the orthogonality of the spherical harmonics it is possible

to separate the radial from the angular part, to get the following equations that
naturally divide into the axial sector

(L)
=0 L=0,1,2
bi T (C.13)
=0
with perturbation fields u4(r), ho(r) and hq(r), and polar sector
AP =0 1=0,...,6
o =0 L=012 (C.14)

Sl:07

with perturbation fields Hy(r), Hy(r), Ha(r), K(r), foi1(r), fo2(r), fi2(r) and z(r).
In order to obtain the final form of the axial equations ([5.64)-(5.65), we first
consider the definitions

. Ql(T) . iU4(7’)
hi(r) = NG ug(r) = T (C.15)
From the equation ¢; = 0 we obtain the following relation
iN(r
ho(r) = U (01 (1) — Q1) ()] (.16)
we20(r)

that removes ho(r) from the system. It is easy to prove that equation ,6’1(0) =0is
redundant because it can be derived from ﬂl(l) =0 and 51(2) = 0. We are left with a
system of two differential equations Bl(l) =0 and 61(2) = 0, where for convenience we
replace the latter with the following linear combination

IN 1y e@9”(r)
87 + (r)vg) “ 5" =0. (C.17)

Finally, using a further redefinition given by
Us(r) = re 220U, Qi(r) =r®WH(r), (C.18)

we obtain the desired form of the axial perturbed equations.
The polar equations (C.14)), after eliminating fo1(r) with Eq. (5.62)) and deriving
Hy(r) = Ho(r) from s; = 0, directly give the Eqgs. (5.73)-(5.78]).
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Appendix D

Derivation of perturbed
equations for magnetized BHs

and T'Ss

In this Appendix we outline the main steps for the derivations of the linear perturbed
equations ((6.33)- (6.34)), (6.48), (6.50), (6.56) and (6.57) of magnetized BHs and
TSs presented in Sec.

D.1 Type-I and Type-1I radial perturbed equations

As stated before, the derivation of the Type-I and radial Type-II sector has been
carried out after the compactification in the four-dimensional framework, whose field

equations are Eqs. (6.10])- (6.14]).

D.1.1 Regge-Wheeler-Zerilli gauge for perturbations in four dimen-
sions

Let us consider a Regge-Wheeler-Zerilli [I54] [155] spherical-harmonic decomposition
of the metric, EM, and scalar perturbations of the background. The axial (odd-parity)
and polar (even-parity) metric perturbations are given by

fsfd*Holt,r)  Hi (t:m) 0 0
ven H (¢, LR H (¢, 0 0
h;ewe _ Z 1(t,7) s /s 2(t,7) 5 1/2 Yim (0, 8)
lm 0 0 r fB K(ta T) 0
0 0 0 r2f;/2 sin 02K (t,r)
(D.1)
0 0 —ho(t,r)/sinf0s ho(t,r)sinf0g
odd _ 0 0 —hi(t,r)/sin00, hi(t,r)sinb0y
B =2 | ot/ sin60, —hi(t,r)) sin 60, Yim(6,9)

0 0
b ho(t,r) sin 69y hy(t,r) sin 9y 0 0
(D.2)
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The polar (even-parity) EM perturbations (for either F},, or F,,) read

0 foh@tr)  foa(tr)de  fh(t,r)0s
even __ Z _f(ji(tv 7") 0 fl—g(tvr)89 fl—z(tﬂ“)a(j) le (0 ¢)
py I — (12(15, T)ag —ffg(t,r)é)g 0 0 MAT I
—foa(t, 1) —fra(t,7)0 0 0
(D.3)
+O g(—]‘rl (t7 T) 98_2 (ta 7")89 9(12 (tu T)a¢
even _ —9Yo1 (t7 T) 0 ng(ta 7")89 912(ta 7")(9(1; Y. (0
gMV Z _g(E(t,r)ae _gﬁ(t7r)80 0 O lm( 7¢) 9
Lm ¥ ¥
—902(t; )0 —gi5(t, )0 0 0
(D.4)
while the axial (odd-parity) EM perturbations are
0 0 Joa(t,7)/sinf0y — foa(t, 1) sin B0y
fFodd _ Z 0 0 fra(t,7)/sinf0y  — fr5(t, ) sin 60y "
T e |~ fop(tr)/sin00;  —fiy(t.r)/ sin 60, 0 Foa(ts7) sind
’ foa(t,r)sin00y  fiy(t,r)sin€0p  —fay(t,r)sind 0
X Yim(0,9)
(D.5)
0 0 9o2(t,r)/sinf0y —goo(t,r)sin 00
godd — Z 0 0 g1a(t, 1)/ sin0dy  —gi5(t,7)sin 69 y
T e | —gp(tyr)/sin 80y —giy(t,r)/ sin 60, 0 035 (£, 7) 5100
Goa(t,7) sin 60y g15(t, ) sin 0 —ga3(t,)sind 0
X Yim(0,9)
(D.6)
The scalar perturbations are decomposed as
t,r
00 =3 QO(T)Yzm(H, ?), (D.7)
lym
- £t r
52=3 "y 0.0). D)
I,m

D.1.2 Derivation

The system of Egs. - is obtained by combining the r¢— and ¢—components
of the perturbed Einstein equation and the radial component of the perturbed
Maxwell equation to get a second-order equation for hq sourced by f0+1. The
Maxwell constraint f(ﬁ —iwfih— 0, fdé = 0, together with the t— and r—components
of the Maxwell equations provide a second-order equation for fgg Finally the field
perturbations R~ and £ are so defined

hi(r) = —iwry/fBR™ (r), (D.9)

foi(r) = %g(r) . (D.10)
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For Type-11 =1 it is possible to show that the metric perturbation hg can be
eliminated via a gauge transformation, and the perturbation h; is non-dynamical.
Indeed, one can show that hi can be fixed in terms of f(ﬁ as follows

Qm"‘@;f;m
D.11
5 g D11)

hy =

Finally Eq. (6.48) is recovered.

In the case of the radial (I = 0) Type-II sector, by means of a coordinate choice,
the metric perturbations K and H; can be eliminated and one is left with Hy and
H>. By using the Einstein’s equations one can find a relation between the latter.
Moreover, the radial mode of EM perturbations is polar, therefore it does not belong
to the Type-II sector.

D.2 Type-II nonradial perturbed equations

Contrary to Type-I and radial (I = 0) Type-II, the nonradial Type-II sector equations
are derived in the five-dimensional framework for practical reasons.

D.2.1 Regge-Wheeler-Zerilli gauge for perturbations in five dimen-
sions

Let us consider an extended Regge-Wheeler ansatz for perturbations in five dimen-
sions (see [304] for a discussion on how to fix the gauge starting from the most general
ansatz). The perturbations hap of the metric in the five-dimensional spacetime are
decomposed into polar (eve-parity) and axial (odd-parity) as follows

fSHO(tayaT) H4(t,y,7") Hl(t,yar) 0
* fBH3<t7 y,?“) H5(t,y,7') 0
=Y . S Ushe) by 0
Im 0 0 0 TZK(tv Y, 7")
0 0 0 0 2 sin 62
X Yim(0, ),
(D.12)

0 0 0 —ho(t,y,r)/sin@0y ho(t,y,r)sinf0
0 0 0 —ho(t,y,r)/sinf0y ha(t,y,r)sin B0
hodd — Z 0 0 0 —hi(t,y,r)/sinbdy hi(t,y,r)sinb0 | Yin(0,¢).
I,m ¥k ok 0 0
S 0 0

(D.13)

o O O O

K(t,y,r)
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Similarly, the perturbations of the EM field in five dimensions are decomposed in
axial and polar as follows

0 ft—g(tayvr) ftt(uy?T) ft—g(tvyvr)ae ft—g( ) ¢
0 ety Fra(ty,m)ds [y, )0y
f

feven _ Z . . 0

;g(tayvr)(aQ %(t Yy r)aqﬁ lem(e ¢)a
lm . . . 0 0
0 0

(D.14)

0 0 0 fyu(tyr)/ sinfoy —fro(t,

0 0 0 fultyr)/sindd, —ft

0 0 0 f,tyr)/sindd, —f,(t,
0 )

a5 =>

I,m

) sin 00y Yim (6, 9) .
,7)sin 6

(D.15)

The uppercase Latin indices span the coordinates A,B = {t,y,r,0,¢}. The
asterisks, *, (respectively, dots, -) indicate symmetry (respectively, antisymmetry)
with respect to the corresponding upper-half matrix elements.

Thanks to the isometries of the background spacetimes, we can factorize the t
and y dependence as follows

Alt,y,r) = et @he Mg (r) (D.16)

where A is the generic perturbation field. Similarly to the other sector, we restrict
to consider the scenario in which the fifth dimension is compactified, our compact
objects are macroscopic and effectively four-dimensional and, thus, excitations in
the fifth dimension are negligible, k = 0.

D.2.2 Derivation
Type-11, [ > 2

In order to derive the system of equations (6.57), we can first eliminate Hy by using
the ¢f—component of the Einstein’s equations. By combining the rt—, ¢r— and
rr—components we can relate Hy to Hy, K, f6_¢>’ Hs3 and first derivatives. This
relation can be inverted to eliminate Hy. From the 6-component of the linearized
Maxwell equation we get a second-order equation for fei;s- Moreover, by a linear
combination of yy—, 80—components of the linearized Einstein equations, we can
construct a second-order equation for Hs. In addition, the linearized Einstein
equations are reduced to a system of two first-order equations for Hy and K. It
is possible to generalize Zerilli’s procedure to reduce the system of two fist-order
equations to a single second-order equation for an auxiliary variable that encodes
the gravitational degree of freedom.

We introduce two auxiliary variables ¥ = (R' JH ) linked to ¥ = (K, Hy) via
¥ = F¥, and such that the original system of first-order equations

dv

T =AUES (D.17)
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reduces to

av
dr*

B-U+S, (D.18)

where we introduced the generic coordinate dr, = n(r)~'dr. The elements of F are
unknown, while the matrix elements of A are known and we fix the form of B to be

B= < Vo(g)(r_) w? p(lr) ) (D-19)

with p(r), ¢(r) and Vy(r) free to be fixed. The equations above imply the following
system

n(r)F~ (AF - ‘3’;) ~B=0 (D.20)

which can be solved to fix F and B. We first fix n(r) := (v/fzfs) !, in such a way

that the coordinate r, is the appropriate tortoise one for our background. As a
consequence we get,

(1+3fB)y o 3+42+3fp(fs—1) =3fs o Pr2(1+3fB)*fs ,_

K= ey O 8125 f5Ca Py
r(1+3fB)fs (1+3fB)(2fs + fB(3fs — 1))
—4CB OrHs + 850n Hs, (D21)
Hy——— " g ! K, (D.22)

fs(1+3fB) rfefi(1+3fp)

where 2\ = (I — 1)(I + 2) and 8fp(p = f2(6 —15fs) + 2f5(9 + 8\ — 6f5) + 3fs.
Finally, we introduce R+ = K — 22 fpfgHs, & := = Hs3/fp and B := f9¢//£5, to
obtain the final system (|6 , with coefficients defined as

Uij = _51»15j3(1_£j?2ﬁ%, (D.23)
Wi = —87{023 ( (15 4+ 16X — 9f5) fs — 2fB(9+ 8\ + (9 + 16)) fs) D2
+afh-2+ fs+1173) )
Wio =~ (g0 4 9n-875) - Js + £3(-6+915) ), (D29
Wiz = —W < fs(—33 — 32\ 4+ 39fs) + fB(6(9 + 8A)

+(111 + 112)0) fs — 87f2) 4+ f2(108 + 80X — (267 + 208)\) fs — 15f2) (D.26)

+15f35(2 — 13fs + 17f3) ) ;
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PR LI 3512
T = g (90 + 603502

+fBfs(189 + 312X + 12802 — 15(21 + 16 fs + 72f32)

—3f5(66 + T2\ — 6(31 + 28)\) f + 7(27 + 2X) f§ — 201 f&)+

2FE((T+ 4N)(9 + 8N\)2 — (927 + 1404\ + 512X2) f5 + 6(96 + T1N) f2 — 72f2)+
9f5(—6 4 31fs —41f2 +10f3) — 2f3(—15(9 + 8)) + (738 4+ 924\ + 320\?) f5

—66(9 + 4X) f5 + 297 %) ) )
(D.27)

- Prsfpfs
7 96r1f2(2

3fBfs(—6(9+ 8X) — 5(33 4 32X) fs + 189£3) + 6f3(—16(9 + 17X + 8\?)
+(438 + 856 + 384)2) fg — (189 + 400\) f2 — 63f2) — 9fE(16(1 + \)
—8(23 + 22)\) f5 + 3(7T1 + 52X\) f2 — 51f3) — 2f3(8(1 + A)(9 + 8))?

(3(45 + 44X — B1fs) f2 4 273 fs(10 — 41 fs 4+ 252)+

—12(9 + 46\ + 32)%) fs — 3(369 + 308)\) £ + 585f3) ) :
(D.28)

- 1-—
Vig = _2273% <9(1 + N fE— fBfs(2(9+ 17X+ 8X%) + (12 + 13X) fs + 9£3)

374 F5(10 — 535 + 55£2) + FA(8(9 + 1A + 8A2) — 6(15 + 22X + 8A2) fg
(T8 + 63N) f2 +2713) — f3(—24(1 + X) +2(9 + 13)\) fs + 3(4 + 9N f2 + 87f2) ) :

(D.29)
Wa1 =0 (D.30)
Wi =22 (o + fs = 20nss ) (D.31)
Was = P’%ST}FBZ B)f3 (D.32)
Vor = _SZ/?Bng (9+8)\+3f3(1—fs)—9f5> (D.33)
Voo = 8% (16(1 ISV Gt it };2(1 +315)'fs ) (D.34)
Vas = L’?Bf; (2(1 A - (1- SfB)f5> (D.35)
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Wa =0, (D.36)
Was =0, (D.37)
Wia = =205 (214 100 = 21£5)fs — 2009 + 83— 375) 1+ 26s)
"IBSE (D.38)
36 30fs+ 8773 )
T = —W <fg(—9 C 8\ 3fs) + f3(6 - 9fs +9f2)
™ JBSB (D.39)
+2f5(9 4+ 8\ — (27 + 20\) fs + 18£2) ) ,
-~ Prsfpfs _ 3 9
2 = ot ( fo(=5(0+8) +33fs) + 932+ fs + 13
—fB(2(63 + 128\ 4 640%) — (99 + 112\) f5 + 9£2) (D.40)
3H(A- 3T+ N fs +2113) ) |
-~ f
Vag = m ( —3(14+ N fs + fA(—36 — 38\ + (57 + 39\) fs — 422)
+/B(30 +46) + 160 — (33 + 28)) fs + 12f3) + 3f}(—2 — Tfs + 14f3) )
(D.41)
Type-II, [ =1

For | = 1, the Type-II perturbation fields are {Hy, H1, Hy, H3, Hy, Hs,

fio> fros fe_(b}, while K is not defined for [ < 2. Moreover, one can notice that
H,, Hs, fy‘e decouple from the rest and can be neglected. Since fap are pertur-
bations of a Maxwell tensor derived from a vector potential, one can verify that
{fio fro> f0_¢} are related via f, = —iwfy, and f, = O, fy,. By using the rr— and
the tr—components of the linearized Einstein’s equations, one can show that Hy and
Hy can be recast as functions of the remaining perturbation fields.

What remains is the group of variables {H; , Hs , f&b}: H, satisfies a first order
equation in r given by the t¢—component of the Einstein equations; Hj satisfies
a second order equation constructed with a combination of the tt—, yy— and
f#0—components; and a second order equation for f(;q5 is obtained from the perturbed
Maxwell equations.

Let us introduce the two dynamical variables, YT; with ¢ = 1,2, and the con-
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strained variable A as follows

2r

=0 3

Hs, (D.42)

_ AP?K3 1 2Pk
Hs = [(1 B (3 — fs)(9T2 — 2P2/£§ — 37’2fs)> rf% T+ fB(97"2 _ 2P2/§§ _ 37’2]08)
(A= rfB)A+3fp)fs A}
3rfe(3—fs+ fe(1—=3fs)) |’

T

(D.43)

2Pks > - Prsfs(1+3fp) Al (D.44)

| Y - B
Tog = 15 {TQ (TfB(3—fS) 1+37“(3—f5+f3(1_3f5))

By using these definitions one can recast the second order equations for { H3, fe:p}v

containing source terms proportional to {Hi, Hs, f6_¢} and their derivatives, into
the system of coupled equations second order equations that only contain
{Y;,0,Y;,0%Y;}. Moreover, A is related to the two variables T; with i = 1,2 in
terms of

op A + ,qu + ,LL1T1 + [LQTQ =0, (D45)
where the coefficients ug, @1 and us are defined below

1
(Tfos(l +3fB)(—3 + fs + f(—=1+3fs)

< (=343 o)+ 4fs - £+ fH(-13 (D.46)

Mo = X
)

+30fs — 9f3) + fe(—13+ 11fs — 6f3) ) ) :

_ 1 [4P’sEfs  3r°(3+ f)(1—fs)
M= 82\ 38— fs (1+3/5)?

L2 67>
3—fs 9?2 —2P%k2—3r’fs) )’

2Pk (fg N 33+ /)1 — fs) ) ‘

P 2 T (U1 3F5)2(9r2 — 2P2R2 — 312 fs)

(D.47)

(D.48)
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Finally, the coefficients of Egs. (6.56]) are reported below
fs

W = 3B~ f) @t fa(— 19
x (=12(=3+ fs) fs + 3fH(~1+ fs)*(3+ fs +2/3)
+4f5(3 4 14fg — 21f5 +4f3) + f5(48 — 119fs + 235 + 27f% — 3f3)
(30— 174fs + 20872 — T4fE + 1)) .
(D.49)
Vi = fs

(14 315)2(3 — f5)2 2+ f(l — £9))°(B — fs + fo(l — 3f5))%
x ( 12(-3 4+ f5)*fs(—21 + f3) + 5478 (—1 + fs)'(—3 — 2fs + 12)

—4f5(—3+ f5)2(—63 — 876fs + 13152 — 2733 + f3)

FOFS(—1+ f3)P(8T + 96 fs + 12412 — 2503 — 274 + 18f3)

+3fE(—1 + £9)%(921 — 57825 + 7581 f2 — 7268 f3 + 6123 f4 — 1446 2 + 63f2)
+£5(60060 — 306980 f5 + 685662f2 — 7718363 + 423070 f& — 955005 + 3178 S
+1260f5 — 66£5) + £5(25230 — 141257 f5 + 348325 f2 — 501473 f2

+427073 & — 194707 f2 + 393358 — 2499 % — 27£8) + £4(59529 — 283361 f
+456189f2 — 2538853 — 15645 f& + 54653 f0 — 152655 + 1249f% — 8f85)
+£3(11016 + 40185 f5 — 177621 f2 + 1971613 — 87965 f4 + 17235 f3

—1303f5 + 11f% + f5) + f2(26703 — 71064 f5 — 523182 + 2306922

—189036 f& + 6163213 — 82025 + 308f& + 58) > ,

(D.50)
. 4Pl€5f2
Wiz = 3r2(1+3fp)(2 + ;B(l — fs))? <9 ~fs+5f5(1 - fs) - 6f5(1 - fS)) 7
(D.51)

—2Prs fs “

3r3(L+3fB)*(2+ fB(1 - f5))3(3 — fs + fB(1 — 3fs))?

< ((2T7H-14 F9° 0+ £3) — 203+ fo)(~54 + 1805 — 2373+ 13
+9f5 (=14 f9)2(—19 — 15fs — 21 f2 + 15f3) + £3(9709 — 29512
+37424 f2 — 239383 4+ 69154 — 598f5) + f3(11733 — 332095 + 38666 f2
—19922f2 4 3857 f& — 229£3) + f5(5868 — 17997 fs + 18076 3 — 6238 13
+840f4 — 37f3) + 3f5(38 — 58T fs + 7002 + 1463 — 306 f& + 9£3)
—2fH(—1645 + 6227 fg — 7659 f% 4 4957 f3 — 1880 f4

+28812) )

Vig =

(D.52)
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W22 = fS X

r(3—fs)(1+3fB)(2+ fB(1— fs))?

X (—4(—3 + fs)fs + 3f5(—1+ fs)*(3 — 15fs + 2f3) + 4fB(3 — 4fs + 5/3)
(39— 80fs + 18f5 + 2418 — 1) — fH(—48 + 69fs —5f5 + 7SS+ 13)) .

(D.53)
Vip = fs "

r2(1+3fp)*(3 — fs)(2+ fe(1 — f$))*(3 — fs + fB(1 — 3fs))?

< ((BA7B-1 4+ Fo) (L4 o) +4(-3 + fo)(-12 4+ Ths + f3)
—9f5(—1+ f5)3(41 + 9fs + 1172 — 105f2 + 1812)
—4fp(—2457 4 5616 fg — 4716 f2 + 1666 f2 — 251f4 + 14£2)
—3fL(—1+ f5)*(1 — 339fs — 1954 f2 + 27182 — 615f& + 45 £2)
+2,(25236 — 67251 f5 + 71006 f2 — 37009 (2 + 85124 — 765 f2 + 145 + f7)
+£3(22989 — 77809 f5 + 94013 f2 — 58169 (2 + 19751 f& — 22755 — 49f5 + 13f1)
+f5(—1195 — 15084 f5 + 29469 f2 — 132243 + 1015f& + 724 f5 — 617f5 + 64 L)
1275978 + 14642 f5 — 14269 f% + 13497 f3 — 11896 f§ + 4688 f3
—753f8 4+ 69f%) 4+ fS(—5146 + 17301 f5 — 120322 — 5489 f3 + 403814
+2123f5 — 8763 + 81f1) ) ,

(D.54)
2 £2
Wy = 4Pks5 5 f§ %

21+ 3f5)(3— f9)2(2+ fe(1 — fs))?
X (10+ 3f5(=9+ fs)(—1+ fs)* + 8fs — 2f2 + 4f5(—6 — Tfs + f2)

+f3(—31 + 11fs +23f% — 3£2) ) ,
(D.55)
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2Prs5fBfs «
r3(1+3f)2(2+ fB(1 — f3))3(3 — fs)3(3 — fs + fB(1 — 3fs))?

X <16(—3+fs)3fs(—5—4fs+f§) +54f3(—1+ fo)' (=3 — 2fs + f3)
—Afp(—3 + f§)2(60 — 11fs + 187f2 + 117f2 — 43f& + 2/2)
—9f3(—1+ f9)3(—129 + 142fs — 976 f2 + 1430 f3 — 423 f& + 36£2)
+3f5(—
B(—

Vor = —

f 1+ f5)*(—189 + 2248 f5 — 18617 f2 + 257165 — 7091 f& + 4202 + 9£S)

4968 + 174 fs + T727f% — 1370 £ + 1843 f§ — 2014 £ + 581 f5 — 54£% + f3)
—|—4fB(—867 — 5167 fs + 31793 f% — 339103 4 14014 f4 — 3911 f3 + 1005 S — 148f% + 7f5)
+f5(32142 — 102941 f5 + 246597 f2 — 377773 f3 + 249201 f& — 79311 f5 + 14551 f&
—1767f5 +101f3) 4 f5(38937 — 106226 f5 + 152024 f2 — 270874 f3 + 320770 £4
—158742f% + 35856 f& — 38705 + 189f5) + f5 (13767 — 29608 f5 — 531023

2

1142280 f3 — 45248 f& — 53128 f& + 29758 fS — 5016 £ + 297 f5) ) .
(D.56)
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Appendix E

Numerical techniques for
W-soliton and corresponding BH
QNMs

In this Appendix we present the numerical method of continued fraction (Leaver’s
method) employed for the computation of the QNMs of the W-soliton and the
corresponding BH discussed in Chapter

E.1 Continued fraction method

The continued fraction method has been applied to the two objects in the neutral
case, namely when @) = 0, i.e. for N = 0, and with zero KK momentum along the
fifth dimension (p, = 0).

E.1.1 Neutral BH: Schwarzschild BH

As discussed in Chapter [§ the BH with @ = 0 reduces to the trivial embedding
of the Schwarzschild black hole in five dimensions, and the master equation ,
together with the condition py = 0, reduces to the perturbation equation of a test
scalar field on the background of the Schwarzschild geometry, given by Eq. (2.8).
Let us rewrite the latter equation in the following more convenient form

d? dy w?r3 2M

—2M)— 4+ 2M — ———=1l(l+1 =0. E.1
rr )dr2+ dr+ r—2M r E+D|y (E.1)

The above ODE is subject to the following boundary conditions at the horizon
(r =2M) and at spatial infinity
W(r) — (r—2M)2eM (r — 2M), (E.2)
Y(r) — r2iwMgior (r = 400). (E.3)
Therefore a good ansatz that represents the desired solution of the ODE simultane-

ously at the two boundaries is given by
Ncr

) = (7“ - 2M> T oM r—20) S an (T —2M )" (B4

T n—0 r
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By using the guess of Eq. (E.4) in the ODE, we can derive the following three-term
recurrence relation that can be solved with the method described in Sec. 2.4.2

apal + Poag = 0 (n=0), (E.5)
Apln41 + 6nan + Tnln—1 = 0 (n > O) ’ (EG)

where the coeflicients are given by

an =n? + (2 — diwM)n + 1 — 4iwM (E.7)
Bn = —2n2 + (16iwM — 2)n + 32w>M? + 8iwM — 1 —1(1 + 1), (E.8)
Yo = (n — 4iwM)? .

E.1.2 Neutral W-soliton

The procedure for the neutral WW-soliton is similar to the one discussed in the previous
section for the BH, with the difference that now the horizon at » = 2M is replaced
by an inner boundary at r = 4M. As a consequence, the inner boundary conditions
will be different.

The scalar perturbation equation for the neutral W-soliton, with zero KK
momentum (p, = 0), reduces to

2
2(4M—1)d—\1’—4 o BN AV ST, D) T =0, (E.10)
dr? r r

with the following boundary conditions
U(r) — (r—4M)? (r —4M), (E.11)
() — p IH2M gior (r — 400), (E.12)
with p = 0. Let us consider the following ansatz for the solution
Ncr

— P . . — n
\Il(r) = <’/° 4M> T—1+2sz€zw(r—4M) Z a, (’I" 4M> ‘ (ElS)

T T

n=0

Finally, inserting the above guess in the ODE we find a three-term recurrence relation
of the same form of Egs. (E.5)- (E.6), with coefficients

an = —(n+1)%, (E.14)
Bn =202 + 2n(1 — 6iwM) — 2Mw(3i +8Mw) + 1 +1(1+1), (E.15)
Yo = —(n — 2iwM)? . (E.16)
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