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A rapidly spinning compact object couples to an ambient curved background via the
so-called spin-curvature coupling. In expressing this, one has to deal with the ambiguity
of the definition of the center of mass of the body. What is worse, in a Hamiltonian
formalism, this choice corresponds to an unphysical “parasitic” degree of freedom in the
dynamical system. A solution to this is to apply a Hamiltonian constraint on the system
and to obtain a set of brackets where the center-of-mass degree of freedom is erased
from the algebra. I report on my progress in this procedure in the case of the so-called
Tulczyjew-Dixon (or “covariant”) supplementary spin condition and in my effort to cover
the resulting phase space with canonical coordinates.
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1. Introduction: Motion of spinning particle

Notation and convention: I use the G = ¢ = 1 geometrized units and a (— + ++)
metric signature. Greek indices p,v,... run from 0 to 3, and Einstein summation
convention is assumed.

When the surface of a given body is rotating at relativistic speeds, it will cou-
ple to any curved space-time background by the so-called spin-curvature coupling.
This effect is an important ingredient for the relativistic two-body problem and, in
particular, for the modelling of gravitational waves from compact binaries.

To understand how the spin-curvature coupling arises, imagine a compact object
such as a neutron star moving in an ambient curved space-time background where,
in order to treat the problem step by step, we will for now understand the compact
object exclusively as a “test” object. When the variability length, or the curvature
scale of the background is much longer than the size of the body, it is meaningful to
construct a set of Riemann normal coordinates X* with respect to the background
geometry centred on the body. The coordinate acceleration of individual elements
of the body caused by the background gravitational field then is ~ T'*, ,UYU",
where I'*#,,; are Christoffel symbols of the background and U the four-velocity of
the body elements, both expressed in the local frame.

Let us now assume that the body is approximately rigidly rotating with respect
to the time-foliation by the Riemann normal coordinates X° = const.. We can then
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formally write U? = (& x X) (i = 1,2,3) where & is some angular velocity vector.
Then let us further assume that we are comparing relative accelerations on the
constant-time slice X% = 0 in the Riemann normal frame so that we obtain

Sl ~TH, UU" ~ Rfoj0X7 4+ R*0;: X7 (3 x X)' + ..., (1)

where R, is the Riemann tensor along the wordline of the particle and the three
dots denote higher-order terms in the size of the body. Now by averaging over X , We
see that we are able to choose a centre of coordinates such that the first, dipole-type
term vanishes. However, the second term cannot be reduced by any coordinate shift.
If we then take any system of particles, be it dust or a body held together by some
force, we always see that the centre of mass of this system is subject to a residual
spin-curvature force.

1.1. Mathisson-Papapetrou-Dixon equations

Procedures such as the one sketched above were carried out in various degrees
of generality by Mathisson,! Papapetrou? and Dixon® to derive the equations of
motion of extended bodies in curved space-time

DP, 1 .
dTlL = 7§R;wn)\x SFA 4 ) (2)
DSH¥
= 2PVl 4 (3)
-

where ¥ (7) is a referential position within the body, P, its momentum, and S #A has
the general meaning of an angular momentum or “gravitomagnetic dipole” about its
own center of mass. The parameter chosen here is proper time 7, but the equations
can be parametrized by any other parameter. It should be noted that even though
P, has the meaning of the overall linear momentum of the system, it may not be
strictly true that the word-line is chosen so that ¥ oc P¥.%

The three dots in the equation above denote higher-order terms corresponding to
the interactions of the higher-order multipoles with the background curvature. The
ability to discard higher-order terms is possible only for compact objects, for many
astrophysical bodies the spin-curvature term is vastly sub-dominant. However, one
can also easily show that even for compact objects, the spin-curvature coupling is
suppressed to the 1.5 post-Newtonian order on the level of the equations of motion
of binaries, and to linear order in the mass ratio. Thus, there is a limit to the
applicability of the discussion of the strictly “test-particle” motion and at some
point cross-reaction with other “non-test” effects cannot be ignored any more.

1.2. The ambiguity of ¥ and S"*

As discussed at length in the literature the procedure of finding a center of mass
for a rotating body is ambiguous.®® In particular, the result depends on the slicing
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(the frame) we choose for the worldtube of the body. This is an issue even in flat
space-time, where one is free to transform to another center of mass and angular-
momentum tensor by the shifts®

ot =gt 4 Sk, SV = SV 4 PYéx® — PRoaY (4)

where dz* is some shift vector. This worldline shifting has a natural covariant
extension to curved space-time by using Synge’s world functions, but the overall
physical content of the ambiguity is the same in both cases.”

A way to fix this “gauge freedom” of the worldline and the angular-momentum
tensor is to choose a so-called supplementary spin condition of the form S**V, =0
with V,, some time-like vector. The vector V# then has the meaning of the frame
in which the center of mass and angular momentum are measured. When chosen
judiciously, the supplementary condition eliminates all the nonphysical degrees of
freedom from the system and one is left with only the physical ones to be evolved.
Sometimes the choice of V¥ is implicit; the vector V¥ refers to the quantities it is
supposed to fix (such as 2¥, S"*). In such cases one often ends up in a system where

the non-physical degrees of freedom are not entirely constrained.* %89

2. Hamiltonian formalism

There is a range of reasons to use the Hamiltonian formalism, for the spinning-
particle motion, from efficient numerical methods,” through perturbation theory,'®
to the use of the results in the so-called Effective-one-body model for relativistic
binaries.” ! Let us now briefly summarize the Hamiltonians introduced by Witzany
et al. in a previous work.? Consider the three covariant Hamiltonians corresponding
to different choice of the frame V*:

V" parallel transported along x”(7) : (5)
1
Hys = —g""P,P,
KS 2mg o (6)
VY «x P”: (7)
1 45V RI A S
Hop = —— (g — ol P,P,, 8
™ = 5M (9 4M2+Rxnwfsxn5wn> " ®
VY= 9)
L
HMP = %g PMPV s (10)

where m = —i"P,, M = /—PVP, are mass parameters with slightly different
meanings but all corresponding roughly to the mass of the spinning body.% 2
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The equations of motion are obtained with the use of the Poisson bracket

{I'N?PV}:(Sﬁa {xuvsﬁ)\}zoa {xuvm'/}:o’ (11)
1

{Pp,a PI/} = _§RMVH)\SK)\ 5 (12)

{S#, P} = —T#, 8™ — T\, 5", (13)

{SW/7 Sn)\} — guﬁsﬂ/)\ _ gu)\SUﬁ + guksuﬁ _ gunsu)\’ (14)

There is a set of canonical coordinates that reduce the Poisson brackets to the
simple canonical form, these were also discussed by Witzany et al.”

2.1. Hunting down degrees of freedom

Amongst the choices for the supplementary conditions discussed above, only the
so-called Tulczyjew-Dixon or “covariant” supplementary spin condition V¥ o< P¥
constrains the gauge freedom fully. This can be seen, in particular, by counting the
degrees of freedom in phase space within the Hamiltonian formalism. A covariant
formalism for a spinning particle parametrized by proper time 7 should then not
have more than 4 orbital degrees of freedom (corresponding to the 4 space-time
coordinates), and a single degree of freedom corresponding to the spin sector (recall
that each degree of freedom corresponds to a pair of canonically conjugate coordi-
nates). If a larger number degrees of freedom crops up in the system of evolution
equations, there are necessarily nonphysical or gauge-type degrees of freedom left
in the system.

This being said, the issue with the Hamiltonian Hrp presented in equation (8)
is the following. The supplementary spin condition S*” P, = 0 is only an integral of
motion of Hrp when used along with the brackets (11)-(14). This means that in a
numerical evolution one finds initial data such that S* P, = 0 initially and then
evolves them — the system consequently conserves the supplementary condition up
to numerical noise.

Nevertheless, what one cannot do is to assume S*”P, = 0 as an identity to
reduce the number of degrees of freedom that are evolved numerically while re-
specting the geometric structure of the problem.? That, is the system still keeps
an additional gauge degree of freedom in the numerical evolution, even though it
stays zero up to numerical error. Is there perhaps a way to obtain just the minimal
Hamiltonian system without this redundant degree of freedom?

Efforts of this type have actually been carried out perturbatively with the use of
the so-called Newton-Wigner supplementary spin condition V# o« P*/ M + £H(aV),
where £#(2") is a fixed time-like vector field.”® As such, this supplementary spin
condition is necessarily non-covariant and refers to an additional fixed structure on
the background. In other words, the vector {#(x¥) defines a privileged observer frame
and the dynamics are in some sense defined with respect to this privileged frame.
This impression is even more strengthened by the fact that the constraint procedure
of the algebra (11)-(14) by the Newton-Wigner condition seems to be necessarily
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coupled to a constraint procedure on the time parameter. To rephrase this, the
Newton-Wigner condition forces one’s hand into an explicit 3+1 formalism — and
covariance is lost.

2.2. Dirac constraint procedure

Let me now sketch the Dirac constraint procedure for the Tulczyjew-Dixon con-
straint S*¥ P, = 0 applied to the Poisson bracket (11)-(14). This should serve as a
covariant counter-example to the procedures using the Newton-Wigner condition.

It was already shown in the paper by Witzany et al.” that one can add the
Tulezyjew-Dixon Lagrangian-constraint term to the “minimal” Hamiltonian (6),
solve for the Lagrange multiplier, and the resulting Hamiltonian gives the cor-
rect Mathisson-Papapetrou-Dixon equations for the motion of the body under the
Tulczyjew-Dixon supplementary spin condition. The resulting Hamiltonian is actu-
ally Hrp presented in eq. (8). That is, we already know that applying the constraint
S* P, = 0 as a Lagrangian constraint to the system will lead to the correct dy-
namics, one only needs to figure out the correct Dirac bracket corresponding to this
constraint.

Let me now briefly summarize the Dirac constraint procedure.'®!* One starts
with a set of n independent constraints ®, = 0, a = 1...n with a Poisson bracket
{®,,®,} = C,p, where one assumes the matrix C' to be invertible, I(C~1)b¢ :
Cop(C~1)be = §¢. Then we define the Dirac bracket [, ] for any phase-space functions
A, B as

[A, B] = {A, B} — {A, 2, }(C™1)*{®s, B} . (15)

Now it is easy to see that this bracket fulfils the Jacobi identity and that [®., A] =0
for any A when evaluated on the ®, = 0 hypersurface in phase space. As a result,
the set of constraints ®, = 0 can then be used as an identity on phase space in
the sense that its use will commute with the Dirac bracket. In particular, it can be
shown that the system with a given Hamiltonian and a Dirac bracket is equivalent
to the system with the same Hamiltonian and a Lagrangian-constraint term.'3 14

Now to the specific case of the constraint S#” P, = 0. Even though there are 4
components to this equation, not all of them are linearly independent. For instance,
independently on whether the constrain is fulfilled or not, it holds that P,(S*"P,) =
0, and w,(S*P,) = 0, where w, = €,p0,5”7"PX and €,,,y is the Levi-Civita
pseudo-tensor. As such, there are only two non-trivial constraints on the system
hidden in the formula S#*”P, = 0. Nevertheless, as already shown partially by
Witzany et al.,’ one can proceed in a covariant fashion by defining

CH = {SFEP,, S" Py} = —M2SH | (16)
- 1
M? = —P\P* + 1 IS5, (17)
1
cly = ~ gt (18)
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where S? = S# S, /2. The matrix C};)\ is then a pseudo-inverse of C** on the non-
trivial sub-spaces of the constraint (specifically, C’*“’Ci » Projects out the sub-spaces
~ P,,w, discussed above). One can then covariantly define the Dirac bracket using
the original Poisson bracket (11)-(14) as

[A, B] = {A, B} — {A, 5" P,}C}, {S™ P\, B} . (19)

The resulting brackets for P,, z", S are now straightforward to compute and they
contain various orders of new spin and curvature terms as compared to the original
brackets. (The full expressions and simplified bases will be reported on elsewhere.)

2.3. The zeroth-order problem

The bracket (19) is essentially what we have been looking for: only a minimal
number of degrees of freedom is left in the phase space and one can happily evolve
them in the Hamiltonian formalism defined by the Dirac bracket and the minimal
Hamiltonian (6). In particular, it is advantageous to define the spin vector

1
st = WEWJSWPU, (20)
1
= M = Hel‘mpﬁsk, (21)
where the second equality applies on the S#”P, = 0 hypersurface. This vector

partially reduces the number of the many dependent components of the tensor S**,
but not fully, since it also holds that s*FP, = 0.

Now one would like to transform to canonical coordinates so that the bracket
(19) reduces to a simple form. One soon realizes that one of the biggest obstacles is
the zeroth-order problem. That is, even in flat space-time R,,,.» = 0 and Minkowski
coordinates, the bracket is quite non-trivial. Specifically, it reduces in the pure
Minkowski case to

[z",P,] = 6", [Py, P,] =0, [P,,s"] =0, (22)

[z, 2] = We“""O‘PNs)\, (23)
PHgV — gt PV

Hel= —oo 24

) = (24)

[s*,s"] = f%e’“’“)‘PﬁsA. (25)

There is no obvious and/or elegant way to cover this Dirac algebra with canonical
coordinates.

2.4. Is Newton- Wigner the only way?

The difficulty with Poisson brackets of spinning systems in flat space-time was
already the concern of the works of Newton and Wigner,'® even though there the
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motivation was the quantum analogue of this problem for the commutation relations
of operators. Jordan'® proved that the Newton-Wigner basis of positions and spins
is the only basis such that the position “transforms as a position should”. (For a
review and a classical rederivation, see the recent paper by Schwartz and Giulini.'”)

The results on the Newton-Wigner basis can be rephrased in the context of this
work as follows. Consider any physical Dirac-constraint procedure that 1) reduces
the unphysical spin degrees of freedom, 2) forces the time parametrization to be
coordinate time ¢t = z° (by using the P*P, = —M? on-shell constraint'®!8), and
3) parametrizes the phase-space in terms of variables X?, P, Sk such that P; are
spatial components of P, and such that the final bracket is

(X%, X7 =0, (26)
(X', P =4, (27)
(X% 87 =0, (28)
1S9, P) =0, (29)
[S%,89] = €k Gk (30)

where €% is the permutation symbol. Then (up to singular systems), the variables
X, P, Sk are necessarily the Newton-Wigner variables with & = 6f.

One conclusion of this theorem is that if one was to cover the algebra (22)-
(25) with coordinates X* canonically conjugate to P, and two other canonically
conjugate coordinates on the spin sector of the phase space, then these would nec-
essarily be Newton-Wigner variables when reduced to spatial sections. Even this
result would be interesting, since it would “covariantize” the Newton-Wigner pre-
scription. Of course, it is also possible to construct canonical coordinates that do not
have ~ P, as canonical variables, but these seem to almost always violate manifest
rotational and/or translational invariance of the dynamics.

3. Summary and Outlooks

I have shown that capturing the spin-curvature coupling of a test body on a curved
background in a covariant Hamiltonian formalism — while eliminating redundant de-
grees of freedom — is a non-trivial matter. This matter is also far from closed. In the
future, I hope to find a set of “covariant Newton-Wigner variables” for the brackets
(22)-(25) and formulate a (possibly implicit) iteration problem to canonicalize the
full curved-spacetime brackets (19). These should provide a first, truly general basis
for the canonical treatment of spinning test particles in general relativity (but see
also the work of Steinhoff in the ADM formalism®?).

This result should then have obvious pay-offs for the relativistic two-body prob-
lem and gravitational-wave modelling. For example, the procedure of Vines et al.”
suggests that the minimally coupled spinning particle (that is, with no additional
multipoles) under the Tulczyjew-Dixon condition represents a “test Kerr black hole”
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on the curved background, since its effective quadrupole in the Newton-Wigner vari-
ables matches the Hansen multipole of a Kerr black hole.2’ Does this apply at all
orders? A more general and robust formalism is needed for an answer. The question
of the minimally coupled particle is all the more interesting due to the fact that the
motion of a spining test particle under the Tulzcyjew-Dixon condition is integrable
at O(S) in Kerr space-time,'? 2122 hut apparently non-integrable at O(S5?).23 This
then naturally ties-in to the important question of the integrability and smoothness

of gravitational-wave inspirals and our ability to efficiently generate predictions for

them 24,25
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