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Abstract

One of the major long-standing problems in physics is how the observed matter
versus antimatter asymmetry in our universe was generated, and a second one is
the question what is the fundamental nature of gravity. This thesis is divided into
two main topics: in part I we discuss electroweak matter and in part II we discuss
modifications of gravity.

A crucial ingredient needed in any attempt of explaining the asymmetry between
matter and antimatter is the violation of baryon number. There are processes present
in the electroweak sector of the Standard Model able to change the baryon number
called sphalerons. The fact that there could have been (hyper)magnetic fields present
in the early universe around the electroweak scale motivates us to study how the
sphalerons are affected by an external (hyper)magnetic field. In the first part of
this thesis we first review the theoretical framework, introduce the semi-classical
sphaleron solution and discuss the sphalerons magnetic dipole moment. We then
review the thermal field theory and lattice field theory methods that we used to
study the sphaleron. We finally discuss the results of our study where we computed
the changes to the rate of sphaleron transitions from an external (hyper)magnetic
field. In addition to the effects from the sphalerons dipole moment the external
magnetic field changes the electroweak transition which changes the behavior of the
rate of sphaleron transitions through the history of the early universe.

One well motivated modification of General Relativity is to consider higher order
curvature terms. There are different ways of formulating General Relativity and
when introducing modifications different formulations generally lead to very different
theories. The higher order terms can in general lead to new degrees of freedom which
may lead to pathologies bringing the physicality of these theories into question. In
this thesis we consider higher order curvature terms in the Palatini formulation where
the metric and the connection are taken to be independent degrees of freedom. In the
second part of this thesis we first review the Palatini formulation. We then present
our results on studying the possible new perturbative degrees of freedom in non-
degenerate theories depending on the curvature via first contractions of the Riemann
tensor. We then proceed by studying how higher order curvature terms can change
the inflationary observables in a theory that depends on the curvature only via the
symmetric part of the Ricci tensor where no new degrees of freedom appear. We begin
this by first briefly introducing the inflationary paradigm and finally presenting how
the inflationary observables change from the higher order curvature terms.
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Introduction

Early universe cosmology is an important field that can guide our fundamental the-

ories beyond our two standard pillars of modern physics: The Standard Model of

particle physics that describes the visible matter content of our universe and General

Relativity that describes the force of gravity and the cosmic evolution of spacetime.

This thesis is divided into two main parts: part I where we discuss electroweak

matter in the early universe and part II where we discuss modifications of gravity in

the context of cosmic inflation.

The Higgs boson was discovered at the LHC in 2012 [4, 5] completing the Stan-

dard Model and, since, no new fundamental physics beyond it have been discovered

at particle colliders. Early universe cosmology provides an additional avenue of test-

ing our theories in extreme conditions. Furthermore, the technological advances that

enabled direct detection of gravitational waves in 2015 [6] opened an additional av-

enue of probing the early universe to even earlier times than what can be probed by

observing electromagnetic radiation. Notably, upcoming space-based gravitational

wave experiments may be able to probe the electroweak scale of the early universe

[7–10].

Even though the Standard Model is very successful, there are multiple mysteries

that have not been explained in the frames of the Standard Model and thus physics

beyond it is expected. The mysteries include e.g. dark matter, dark energy and, in

particular what we discuss in this thesis, is the observed matter-antimatter asymme-

try of the universe. A scenario where the matter-antimatter asymmetry is generated

is called baryogenesis. Any viable baryogenesis scenario must have a way of pro-

ducing an asymmetry of the baryon number. In the Standard Model electroweak

sector there is such mechanism: the sphaleron. This is the main focus of the part I

of this thesis. The properties of the sphaleron are important to assess the viability

of baryogenesis scenarios. A property that we studied in more detail in our work is

the magnetic dipole moment of the sphaleron.

We have observed large-scale extra-galactic magnetic fields, which could have a

primordial origin [11, 12]. The origin of these fields could span back to the era before
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Introduction

the electroweak phase transition corresponding to hypermagnetic fields before and

turning into the magnetic fields after the transition. Thus, in this thesis when we talk

about magnetic fields we mean the hypermagnetic fields before the transition that

transform to the true electromagnetic magnetic fields after the transition. There are

constraints that can be put on the magnitude of these fields depending on when the

fields were generated [13–15]. As the magnetic fields scale in an expanding universe

naively as B ∼ a−2, where a is the scale factor, the field magnitudes could have been

large in the past.

Thus, if there were magnetic fields around in the early universe these could have

affected the sphalerons lowering their energy. This can finally affect the amount

of baryon number change taking place affecting viability of baryogenesis scenarios.

Magnetic fields can also on themselves lead to baryon number change, see e.g. [16–22],

however, we do not focus on this aspect here.

Additionally, presence of magnetic fields around the electroweak phase transition

can affect the form of the transition [23], which also affects the amount of baryon

number change over the history of the universe.

In our work we investigated the effects of external magnetic fields on the sphalerons

and the form of the phase transition.

General Relativity is the standard theory of gravitation and, like the previously

discussed Standard Model, it has seen remarkable success in predicting and explain-

ing phenomena we observe in our universe. The lack of theory of quantum gravity

and General Relativity being non-renormalizable from the effective field theory per-

spective suggests that General Relativity cannot be the full story [24]. Moreover,

it has not yet been ruled out completely that dark matter and dark energy could

be explained by modified gravity. Thus, we are motivated to study modifications

of General Relativity. There are numerous ways to modify gravity that have been

proposed, see e.g. [25, 26].

The paradigm of cosmic inflation, discussed in section 6.1, gives an effective

setting of investigating the effects of different modifications of gravity. In the minimal

model with General Relativity and the Standard Model the only new dimension four

operator is the non-minimal coupling between the Higgs field and gravity giving rise

to the Higgs inflation [27, 28]. Even in this minimal modification of gravity the

question of what are the most fundamental degrees of gravity becomes interesting.

General relativity can be formulated by starting with different fundamental de-

grees of freedom leading to equivalent dynamics. Metric formulation is the canonical

formulation where gravity is completely described by the metric tensor. In our work

we focus on the Palatini formulation, introduced in section 4, where in addition to

2



Introduction

the metric the connection is taken as an independent degree of freedom.1 The differ-

ent formulations give equivalent dynamics for the Einstein–Hilbert action. However,

when the gravity sector is modified the different formulations can lead to very dif-

ferent dynamics. For example, the introduction of non-minimal coupling in Higgs

inflation results into different inflationary predictions for the metric and Palatini

formulations [30].

A natural modification of General Relativity is the inclusion of higher order

Riemann tensor terms, i.e. higher order curvature terms, into the action. These can

be motivated from effective field theory perspective, ultraviolet completion of the

theory or quantum corrections. These terms lead to very different theories depending

on the formulation of gravity used.

Due to the structure of the Riemann tensor in the metric formulation these

terms generally lead to equations of motion with derivatives of higher order than

two which lead to Ostrogradski instabilities. In general these instabilities make it

difficult to have physically consistent theory. These problems have been studied

more extensively in the metric formulation of gravity and more is known on how to

construct a physically viable theory in the metric formulation. By the Lovelock’s

theorem [31] it is known that in four spacetime dimensions the only local action that

yields a set of second order field equations is the Einstein–Hilbert action leading to

the Einstein field equations.

The extra degrees of freedom originating from higher order derivatives may not

always lead to instabilities if the assumptions of the Ostrogradski theorem are evaded.

Indeed, in the metric formulation, without matter fields, the most general healthy

theory depends only on the Ricci scalar. For example, in the f(R) gravity one finds

an extra healthy scalar field [32]. Including matter fields, more complicated actions

that lead to healthy theories are possible. For example, including scalar fields lead

to healthy theories, such as the Horndeski and beyond Horndeski theories, see e.g.

[33].

In the Palatini formulation the types of actions that lead to healthy theories

are less well known. In first sight the situation might seem better since Ostrogradski

instabilities are avoided due to the equations of motion being second order. However,

instabilities turn out to appear in general from the higher order terms. In our paper

[2] we extend previous work on the subject by considering the stability of theories

constructed from the first contractions of the Riemann tensor.

As mentioned earlier, the period of cosmic inflation provides a setting where

effects of the higher order curvature terms between formulations can be compared

in light of to cosmic microwave background (CMB) observables. Thus, in principle,

1Other formulations include for example the teleparallel formulation where the metric curvature
vanishes and gravity is described purely by torsion and/or non-metricity, see e.g. the review [29].
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with CMB observations we may probe the structure of gravity getting insight into

its fundamental degrees of freedom. In our paper [3] we studied how the inflationary

observables are changed in a theory with arbitrary functional dependence on the

symmetric part of the Ricci tensor. In this case there are no new degrees of freedom,

as seen in section 5.1, which makes the analysis more tractable.

Part I is organized as follows. In chapter 1 we first discuss properties of non-

Abelian gauge theories and their nontrivial vacuum structure. We then briefly de-

scribe the electroweak sector of the Standard Model before describing the sphaleron

configuration. We then discuss the chiral anomaly and baryogenesis focusing on the

role of the sphaleron. In chapter 2 we briefly review the tools used to construct an

effective theory that we used to study the sphalerons in dynamical lattice simula-

tions. Finally, in chapter 3 we introduce the lattice methods used and discuss effects

of an external magnetic field on the electroweak transition and the sphaleron.

The part II is organized as follows. First in chapter 4 we review the Palatini for-

mulation and introduce the relevant geometrical quantities. In chapter 5 we discuss

the stability of higher order curvature Palatini theories. In chapter 6 we first give a

brief introduction to inflation and then discuss how the higher order curvature terms

affect inflationary observables.

4
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Notation and conventions

• To make comparisons with existing literature easier in part I we use the mostly

minus metric signature diag(+1,−1,−1,−1) and in part II we use the mostly

plus metric signature diag(−1,+1,+1,+1).

• We use natural units where ℏ = c = kB = 1. Additionally, we set the Planck

mass to unity Mpl ≡ 1/
√
8πGN = 1.

• In part I, repeated downstairs Lorentz indices are understood to be summed

over using the Euclidean metric.

• The (anti)symmetrization of indices is defined to include the factor of a half:

i.e. T[αβ] =
1
2
(Tαβ − Tβα), and T(αβ) =

1
2
(Tαβ + Tβα).

5
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Part I

Matter

“For whatever is must also be something.”

— Lucretius, De rerum natura
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Chapter 1

Electroweak Sphaleron

Let us first briefly review non-Abelian gauge theories, which is where the baryon

number violation and sphalerons originate in the Standard Model.

1.1 Yang–Mills gauge theory

Yang–Mills theory is based on a gauge group G which is a compact Lie group that has

a corresponding Lie-algebra. The relevant gauge group for the non-trivial vacuum

structure of the electroweak sector is G = SU(2). The gauge field Aµ(x) is a su(2)

Lie algebra valued vector field. Choosing a set of (Hermitian) generators T a that

satisfy [T a, T b] = iϵabcT
c and are normalized as Tr T aT b = 1

2
δab we can express the

gauge field as Aµ(x) = Aa
µ(x)T

a.

The Lagrangian for the pure Yang–Mills gauge theory is

LYM = −1

2
TrFµνF

µν , (1.1)

where

Fµν = ∂µAν − ∂µAν − ig[Aµ, Aν ] , (1.2)

is the field strength (curvature) of Aµ and g is the gauge coupling. The theory has

a gauge symmetry: it is invariant under local SU(2) gauge transformations Ω(x) ∈
SU(2). The gauge field transforms as

Aµ(x) → Ω(x)Aµ(x)Ω
−1(x) +

i

g
Ω(x)∂µΩ

−1(x). (1.3)

Gauge symmetry is understood as a mathematical redundancy in our theoretical

description and is not a real symmetry of nature. All physical quantities are gauge

invariant. This is made apparent by Elitzur’s theorem [34], which states that any

expectation value of a gauge dependent local operator vanishes.

9



Electroweak Sphaleron

Gauge theory has a geometrical interpretation that is useful for studying the

global topological structure of the theory and when constructing the theory on a

discrete lattice, both of which we get to discuss in this thesis. This is the notion of

gauge theory being a theory of a connection Aµ living on a principal-G fiber bundle

and matter fields living on its associated vector bundle [35, 36]. Principal-G fiber

bundle is a fiber bundle where the fibers are identical to the structure group G, see

e.g. [36, Ch. 9-10].

Consider a field ϕ that transforms non-trivially under a representation of G =

SU(2), i.e. it has some internal SU(2) degrees of freedom. At each spacetime point

there is a set of possible values ϕ can take that form a SU(2) valued vector space,

these are the fibers of the bundle. Gauge symmetry implies that on each fiber the

basis can be chosen locally which makes the comparison of ϕ in two different points

meaningless. The connection Aµ relates two infinitesimally close points to each other

allowing us to make these comparisons. Just like in General Relativity the connection

allows to relate tensors in different points. Thus, the gauge field (or connection) tells

how the SU(2) degrees of freedom evolve when moving along a curve C from x to y

through a parallel transport

ϕ(y) = U(x, y;C)ϕ(x) , (1.4)

where U(x, y;C) is the Wilson line given by

U(x, y, C) = P exp

[
i

∫
C

dxµAµ

]
. (1.5)

Here P is the path ordering operator which means that when expanding the exponen-

tial the gauge fields Aµ(x[τ ]) are ordered from left to right in the order they appear

as the path C[τ ] is traversed. The Wilson lines turn out to be the natural variables

to choose when considering lattice gauge theories that we will discuss in chapter 3.1.

The Wilson line can be seen to transform under a gauge transformation Ω as

U(x, y;C) → Ω(x)U(x, y;C)Ω†(y). From this we can note that if we consider a closed

loop C and take the trace we obtain a gauge invariant quantity: the Wilson loop

WC = TrP exp

[
i

∮
C

dxµAµ

]
. (1.6)

The Wilson loop thus describes the way the internal degrees of freedom change when

going around a closed loop (i.e. holonomy). One may guess that, in analogy to

General Relativity, infinitesimally this has something to do with the field strength

(curvature) of the gauge field (connection), as we will see later.

In a perturbative setting a local description of the gauge field Aµ is usually

10



1.2 Vacuum structure of Yang–Mills gauge theories

sufficient. However, there can be interesting global non-trivial topological structure

that a local description is unable to capture.

We will not attempt a proper introduction to bundles here, see e.g. [36, 37]. To

illustrate the structure: a principal-G bundle is a smooth manifold E that has fibers

F ∼= G. The bundle can be locally described on open sets Oa ⊂ M of the base

manifold M (here M is the spacetime manifold) by local trivializations E ∼= Oa×G.

So, there are local sections of E given by maps σ(a) : Oa → Oa ×G. In other words,

the bundle looks locally like the direct product space of the gauge group and the

spacetime manifold.

There is a formal globally defined connection form Aµ on E that defines the

familiar local description of the gauge field on a chart Oa via a pullback defined with

the local section A
(a)
µ = σ∗

(a)Aµ. Where A
(a)
µ is now a local description on an open set

Oa. Now, (as in General Relativity) we have a patchwork of local descriptions, an

atlas of charts Oa ⊂M that cover M , which have to be consistently glued together.

This is accomplished with transition functions tab : Oa∩Ob → G, which describe the

global structure of the manifold locally by relating different charts to each other on

their overlaps. These relate two descriptions A
(a)
µ and A

(b)
µ on the overlap Oa ∩Ob as

A(b)
µ = t−1

ab A
(a)
µ tab + t−1

ab ∂µtab , (1.7)

where t−1
ab = tba. These do change under local gauge transformations Ωa : Oa → G

as tab → Ω−1
a tabΩb. Thus, we can see that the relation between two local descriptions

(1.7) is left invariant under a gauge transformation. So, the transition functions

describe the global structure of the bundle. These come into play when we look at

the global structure of gauge theories in the next section.

1.2 Vacuum structure of Yang–Mills gauge theories

Let us now discuss the non-trivial vacuum structure of Yang–Mills fields in the semi-

classical approximation, for a full non-perturbative picture see e.g. [38].

To discuss the vacuum structure let us inspect the Euclidean path integral and

finite action field configurations. We can move to Euclidean space by performing a

Wick rotation to imaginary time t → it. To keep the gauge field action real and to

preserve the structure of gauge covariant derivative the time component of the gauge

field is transformed as A0 → iA0. The Euclidean Lagrangian is then

LE = −LYM(t→ it) = +
1

2
TrFµνFµν , (1.8)

where repeated indices are understood to be contracted with the Euclidean metric

11



Electroweak Sphaleron

δµν . The Euclidean path integral then reads

Z =

∫
DAµ exp

[
−
∫

d4xLE

]
. (1.9)

Field configurations with infinite action would give zero contributions in the path

integral and semiclassical computation would not yield anything. For finite action

configurations we see from the action that this implies that the field strength must

vanish Fµν → 0 faster than |x|−2 as |x| → ∞, where x ∈ R4. Thus, the gauge field

must fall off as |x|−2. This means that the gauge field approaches a “pure gauge”

configuration at infinity

Aµ
|x|→∞−−−−→ i

g
Ω∞∂µΩ

−1
∞ , (1.10)

where Ω∞ : S3 → SU(2) is a gauge transform necessarily depending only on the an-

gular variables of the boundary at infinity. Requiring finite action field configurations

gives us the one-point (conformal) compactification of Euclidean space R4 → S4 [37,

Ch. 6][39]. So, the gauge transformations are functions from a 4-sphere to the gauge

group Ω : S4 → SU(2). This is a crucial step to take to get anything non-trivial

since all principal bundles over R4 are trivial [37, Ch. 4]. Trivial here means that the

bundle is globally a direct product space of the base space and the fibers R4×SU(2),

which means the topology is trivial. In other words, there exists a local description

of the gauge field that can be trivially extended everywhere.

Considering the compactified space S4 allows for principal bundles with non-

trivial topology. The principal SU(2) bundles over S4 are characterized topologically

by the homotopy classes of the transition function of the bundle. Principal SU(2)

bundle over S4 can be covered by two local descriptions: “north” UN and “south”

US hemispheres of the S4 glued together by one S3 “equatorial” transition function

t : S3 → SU(2) defined on the intersection of the two local descriptions (US ∩ UN
∼=

S3), see e.g. [36, Ch. 10].

Before explaining how these maps are classified, let us move to using a seemingly

one local description of the bundle often used in physics. Let the “south” hemisphere

US be the one which surrounds the point at infinity and choose its local description

for the gauge field to be A
(S)
µ = 0. Then the transition function relates the two

descriptions as A
(N)
µ = t−1A

(S)
µ t + t−1∂µt = t−1∂µt. Thus, the gauge field at the

boundary in (1.10) can be identified as the transition function. Thus, one can obtain

the same classification by looking at the seemingly one local description without

the notions of bundles. However, without the global description the requirement of

A
(S)
µ = 0, i.e. Aµ

|x|→∞−−−−→ 0 seems arbitrary, which can now be seen as the condition

that it is a proper gauge transformation on the bundle. See, also [39].

Let us now see how the transition functions or the gauge transforms at infinity

12



1.2 Vacuum structure of Yang–Mills gauge theories

are classified. First note that any SU(2) element can be parametrized as

Ω = d1+ caσ
a ∈ SU(2) ⇐⇒ c21 + c22 + c23 + d2 = 1 , (1.11)

where σa are the Pauli matrices. Thus, the SU(2) group manifold is homotopic to a

3-sphere,

SU(2) ∼= S3 . (1.12)

So, the gauge transform at infinity is a map Ω∞ : S3 → S3. These maps fall into

different homotopy classes.2 They are in different homotopy classes described by the

third homotopy group π3(S
3) ∼= Z.3

To get an idea of the structure of these maps lets look at an analogy that is

simpler to picture [40, Ch. 7]: maps from a circle to another S1 → S1. We can

implement these as an imaginary number of unit modulus. We can define a set of

standard maps over the circle
{
s(θ, n) = einθ|n ∈ Z, θ ∈ [0, 2π]

}
. We see that for

n = 0 we have the trivial mapping, for n = 1 we have a map that “winds” around

the circle once in positive direction, n = 2 twice and so on. One can show that maps

differing by how many times they wind around the circle and in what direction,

however complicated, cannot be continuously deformed to one another. Thus, the

maps form S1 → S1 are classified by how many times they wind around the circle.

This is called the “winding number” or the degree of a map in general. So, we have

π1(S
1) ∼= Z, see figure 1.1 for illustration. The winding number in this simple case

can be computed from

n =
i

2π

∫
S1

dθ s
ds−1

dθ
, (1.13)

which gives an integer winding number of any general continuous map s : S1 → S1.

One can extend the previous illustration for maps from surfaces of spheres to

itself S2 → S2 and again find π2(S
2) ∼= Z. Thus, it is not too surprising that for

a hypersphere the answer turns out to also be π3(S
3) ∼= Z, see e.g. [41, Ch. 4] for

proofs.

Thus, we have seen that in the Yang–Mills theory for SU(2) the gauge fields

are separated into infinite number of topologically distinct sectors classified by the

homotopy group of transition functions (or the gauge transforms at infinity) π3(S
3) ∼=

Z. We find that there are infinite number of classically equivalent but topologically

distinct vacua labeled by a winding number (degree of the map). For the maps

2Two functions f, g : X → Y are said to be homotopic if there exists a continuous function
h : X × [0, 1] → Y such that h(x, 0) = f(x) and h(x, 1) = g(x) for all x ∈ X. Meaning that there is
a continuous deformation h from f to g.

3The n-th homotopy group πn(X) is the group formed by equivalence classes of continuous func-
tions f : Sn → X, where two functions are in the same equivalence class if they are homotopic. The
group multiplication is intuitively the notion of gluing together the paths traced by the functions.
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C1

S1

C0 ≃ 1

S1 S1

C2

Figure 1.1. Illustrative picture of maps on a circle S1 with different winding numbers.
A map that does not go around the circle is continuously deformable to the trivial map
C0

∼= 1. A map C1 going around the circle once cannot be continuously deformed into the
trivial map nor the map C2 going around the circle twice. Maps can be also distinguished
by the direction which they wind the circle. The different maps are classified by how many
times they go around the circle π1(S

1) ∼= Z.

Ω : S3 → SU(2) the winding number, also called the Chern-Simons number, is given

by (in analogy to (1.13))

Q =
1

24π2

∫
S3

dS3
αϵαβγδTrΩ∂βΩ

−1Ω∂γΩ
−1Ω∂δΩ

−1 , (1.14)

where dS3
α is the normal surface element. For vacuum configurations this is an

integer. For excited configurations Q can differ from an integer and is often called

the topological charge. This can be seen to be the integral of the “volume” element

of SU(2). The integrand is sometimes called the Wess-Zumino term. For detailed

discussion why this gives the degree of the map, see [40, Ch. 7]. There is an useful

form for the winding number as an integral of the field strength over the bulk

Q =
g2

16π2

∫
d4x TrFµν

⋆Fµν , (1.15)

where ⋆Fµν = 1
2
ϵµναβFαβ is the Hodge dual of the field strength (often called the

dual field strength). To see that (1.14) and (1.15) are equivalent note that the above

integrand can be written as a total derivative ∂µKµ = TrFµν
⋆Fµν where

Kµ ≡ 2ϵµαβγTr

[
Aα∂βAγ −

2i

3
gAαAβAγ

]
. (1.16)

Now by Stokes’ theorem the integral (1.15) can be transformed into a surface integral∫
d4x TrFµν

⋆Fµν =

∫
dS3

µ lim
|x|→∞

Kµ . (1.17)

For finite configurations the field strength Fµν must vanish faster than |x|−2 meaning

that the gauge field must vanish faster than |x|−1 up to a pure gauge part. This

14



1.2 Vacuum structure of Yang–Mills gauge theories

implies the first term in Kµ vanishes at the boundary. Now since, the gauge fields

approach pure gauge configurations at infinity (1.10) we get that Kµ as |x| → ∞
equals the integrand in (1.14). Thus, (1.15) and (1.14) are equivalent.

The evolution of the topological charge, here also called the Chern-Simons num-

ber NW
CS of the SU(2) field is given by

∆NW
CS ≡ NW

CS(t)−NW
CS(0) =

g2

16π2

∫ t

0

dt

∫
d3x TrFµν

⋆F µν . (1.18)

Let us also define here the corresponding Chern-Simons number for the Abelian U(1)

field

∆NY
CS ≡ NY

CS(t)−NY
CS(0) =

g′2

16π2

∫ t

0

dt

∫
d3x Bµν

⋆Bµν , (1.19)

which in vacuum is trivial since the U(1) bundle over S4 is trivial, i.e. the U(1) has

trivial topology. However, this can change if we are not in vacuum, in particular if

we consider external hypermagnetic fields.

In the pure SU(2) Yang–Mills theory the topologically distinct vacua are con-

nected by Euclidean finite action solutions of the classical equations of motion called

the Belavin–Polyakov–Schwarz–Tyupkin (BPST) instantons [42]. In Minkowski sig-

nature these can be interpreted as describing the quantum tunneling between the

different vacua. A general bound for the action in Euclidean space can be obtained

from the fact that ∫
d4x Tr [Fµν ± ⋆Fµν ]

2 ≥ 0 , (1.20)

leading to

SE =

∫
d4x

1

2
TrFµνFµν ≥ 1

2

∣∣∣∣∫ d4x TrFµν
⋆Fµν

∣∣∣∣ = 8π2

g2
|Q| , (1.21)

which is known as the Bogomol’nyi bound. From the Bianchi identity Dµ
⋆Fµν = 0 it

follows that the instanton solutions are self dual Fµν = ±⋆Fµν for which this bound is

saturated. Thus, for example the action for the unit instanton with winding number

Q = 1 is SE = 8π2/g2.

In the electroweak theory scaling argument known as the Derrick’s theorem ex-

cludes the existence of the BPST instantons, see e.g. [43, Ch. 4]. In the electroweak

theory it is possible to get from one vacuum to another through another type of

configuration: the sphaleron. Before describing the sphaleron configuration let us

briefly review the electroweak sector of the Standard Model.

15



Electroweak Sphaleron

1.3 Electroweak Theory

The Standard Model of particle physics is a non-Abelian chiral gauge theory with

the gauge group given by SU(3)× SU(2)L × U(1)Y . The SU(3) describes the Quan-

tum Chromodynamics (QCD) which is the theory of the strong nuclear force. The

fields charged under SU(2)L × U(1)Y describe the electroweak sector. Only the left-

handed fermions transform non-trivially under the SU(2)L and left and right-handed

fermions couple differently to the hypercharge U(1)Y , meaning that the theory is

chiral. An important part of the electroweak sector is the Higgs field ϕ which is

in the fundamental representation of SU(2)L and is charged under the hypercharge

U(1)Y with a charge of 1
2
. At zero temperature the Higgs mechanism gives rise to

tree-level masses for the fermions and SU(2)L gauge bosons which results into the

seemingly separate weak nuclear and electromagnetic forces.

At high temperatures the QCD and fermionic contributions can be taken into

account perturbatively which we discuss in chapter 2. The relevant part of the

electroweak Lagrangian for our discussion here is

LEW = −1

2
TrFµνF

µν − 1

4
BµνB

µν + (Dµϕ)
†(Dµϕ) +m2ϕ†ϕ− λ(ϕ†ϕ)2 , (1.22)

where ϕ is the Higgs doublet and the covariant derivative is Dµ = ∂µ− igAµ− ig
′

2
Bµ.

The g is the SU(2)L and g′ is the U(1)Y gauge coupling. The field strengths of the

gauge fields are

Fµν = ∂µAν − ∂µAν − ig[Aµ, Aν ] , for SU(2)L

Bµν = ∂µBν − ∂µBν , for U(1)Y . (1.23)

With an appropriate gauge choice we may choose the Higgs potential to be

minimized by ϕ = 1√
2
( 0
v ) with a non-zero Higgs vacuum expectation value v > 0.

With this the usual picture of a “spontaneous symmetry breaking” is recovered. To

be exact the gauge freedom is removed by the gauge fixing. Gauge symmetries cannot

be broken as stated by the Elitzur’s theorem [34].4 Nevertheless, in this perturbative

picture one finds mass terms for the W± and Z bosons while the photon given by

aµ = sin θWA
3
µ + cos θWBµ , (1.24)

remains massless, where θW is the weak mixing angle given by tan θW = g′

g
. See

e.g. [45] for more detailed introduction. The electroweak symmetry group G =

SU(2)L × U(1)Y is reduced to the electromagnetic symmetry group H = U(1)em.

4For a non-perturbative description of the Higgs mechanism see e.g. [38, 44].
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1.4 The sphaleron configuration

Thus, the vacuum manifold after symmetry breaking can be identified as the coset

space [46, Ch. 2]5

V0 ∼= G/H = SU(2)L × U(1)Y /U(1)em
∼= SU(2) , (1.25)

which will be relevant when we discuss the sphaleron configuration.

In the cosmic past, our universe was in a dense hot thermal state. Taking into

account thermal corrections to the Higgs potential, at a sufficiently large tempera-

tures these corrections dominate making the minimum of the effective potential shift

to the origin, making the Higgs mechanism inactive and restoring the electroweak

symmetry. Depending on the details of the physics that governs the energy scales at

the electroweak scale TEW ∼ 100 GeV this transition could have been a first order

phase transition happening at some critical temperature Tc.

In the Standard Model, however, the transition is a smooth crossover, due to

the mass of the Higgs boson being sufficiently large [47–51]. The transition would

be of first order for Higgs masses below mH ≲ 72 GeV. From lattice simulations the

crossover transition in the Standard Model is found to happen over a quite narrow

region of width ∼ 5 GeV at a pseudocritical temperature Tc = 159.5 ± 1.5 GeV

[52]. So, in the Standard Model the phases below and above the crossover are in

fact connected analytically and the same thermodynamical phase. There are still

qualitative differences and thus being above or below the crossover is an useful notion.

We nevertheless choose to use the common nomenclature of “broken phase” below

the crossover and “symmetric phase” above it. Perhaps better labels would be the

Higgs phase at T < Tc and confining phase at T > Tc.

1.4 The sphaleron configuration

The electroweak sphaleron6 can be thought as the minimum energy unstable saddle-

point configuration sitting on top of an energy barrier between two topologically

distinct vacua. It is a static unstable finite energy solution of the classical field

equations. The solution was first found in [54] and its connection to the topology of

SU(2) gauge fields was first found in [53, 55].

The vacuum structure of the electroweak sector is analogous to the pure SU(2)

Yang–Mills theory discussed previously. Now, however, the Higgs field in the broken

phase gives a scale for the energy barrier between the topologically distinct vacua

giving rise to the sphaleron configuration. In temporal gauge A0 = 0 (and finite

configurations with lim|x|→∞ Ω → 1) the sphaleron can be seen as the configuration

5For a group G and its subgroup H the coset space is defined as G/H = {gH | g ∈ G} where
gH = {gh | h ∈ H}.

6From Greek word σφαλερός (sphaleros) meaning “ready to fall”, coined in [53].
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0

Esph

Esph

NCS
0 1 2

B = 0 B = Ng B = 2Ng

1
2

Figure 1.2. Schematic picture of the electroweak sphaleron and vacuum structure.(Left)
In the temporal gauge the sphaleron is seen as the configuration on top of an energy barrier
separating two topologically distinct vacua. The height of the barrier is the sphaleron
energy Esph ≃ 9.0 TeV. (Right) In the radial gauge it can be seen to be a non-contractible
loop in field configuration space that connects the vacuum to itself. The surface of a torus
illustrates the field configuration space with possible non-contractible loops.

on top of an energy barrier separating two neighboring topologically distinct vacua,

see figure 1.2 (left). In other gauges the picture can be different. For example, in

the radial gauge with Ar = 0 and A0 = 0, there is only one vacuum and sphaleron is

a non-contractible loop in field configuration space, see figure 1.2 (right). The field

configuration space has non-contractible loops that connect the vacuum to itself, see

e.g. [56, Ch. 13] [55] [57] [58]. The radial gauge is where the configuration is often

constructed.

With Higgs field in the unitary gauge the static field configuration energy func-

tional (action) is

E0 =

∫
d3x

[
1

2
TrFijFij +

1

4
BijBij + (Diϕ)

†(Diϕ) +
λ

4

(
ϕ†ϕ− v2

)2]
. (1.26)

The topology of the space of finite static field configurations is described by the

asymptotics of the fields at spatial infinity. These are functions from the asymptotic

boundary of R3 to the vacuum manifold V0: Maps(S2 → V0). As we saw previously

in the broken phase the vacuum manifold is given by V0 ≃ SU(2), see (1.25). So, this

space has non-contractible loops7

π1(Maps(S2 → SU(2))) ∼= π3(SU(2)) ∼= π3(S
3) ∼= Z . (1.27)

The non-trivial topology is again inherited from an SU(2) group.

Let us now describe the sphaleron configuration with U(1) included using a spher-

7This follows from the composition of homotopy groups πn(Maps(Sm → Y )) = πn+m(Y ) for
n ≥ 1 [43, Ch. 3].
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ically symmetric ansatz for simplicity (see any of [43, 53, 56, 59] for the construction

without U(1) fields θW = 0). With U(1) and θW ̸= 0 the sphaleron is only axially

symmetric [60, 61]. However, with zero or small external (hyper)magnetic fields the

angular dependence is found to be mild. In this case the sphaleron solution, to a

good approximation, can be found with a spherically symmetric ansatz. One starts

by specifying the form of the asymptotic fields that have a winding number one

ϕ∞(θ, φ;µ) =

[
ϕ0
∞

ϕ1
∞

]
=

[
sinµ sin θeiφ

e−iµ(cosµ+ i sinµ cos θ)

]
, Ω∞ =

[
(ϕ1

∞)∗ ϕ0
∞

−(ϕ0
∞)∗ ϕ1

∞

]
,

(1.28)

where µ ∈ [0, π] is the non-contractible loop parameter, φ and θ are the angular

coordinates, and Ω∞ ∈ SU(2). The values µ = 0, π correspond to the vacuum and

half-way between µ = π/2 corresponds to the sphaleron solution. To extend the

solution on the boundary (at µ = π/2) to the bulk one introduces the ansatz which,

with the Higgs field in unitary gauge, is given by [62]:

gAa
i σ

adxi = [1− f(ξ)]
[
F1σ

1 + F2σ
2
]
+ [1− f3(ξ)]F3σ

3 ,

g′Bidx
i = [1− f0(ξ)]F3 ,

ϕ =
v√
2

[
0

h(ξ)

]
, (1.29)

where ξ = gvr is a dimensionless radial coordinate, v is the Higgs vacuum expectation

value, σa are the Pauli matrices and Fa are given by

F1 = −2 sinφdθ − sin 2θ cosφdφ,

F2 = −2 cosφdθ + sin 2θ sinφdφ,

F3 = 2 sin2 θdφ. (1.30)

To smoothly connect the ansatz to the boundary (1.28) (and to avoid singularities

at the origin) the functions have to satisfy the boundary conditions

f, h→ 1 , f3, f0 → 1 , when ξ → ∞ ,

f, h, f3 → 0 , f0 → 1 , when ξ → 0 . (1.31)
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Substituting the ansatz (1.29) into (1.26) the energy becomes

E0 =
4πv

g

∫ ∞

0

dξ

[
8

3
f ′2 +

4

3
f ′
3
2 +

1

2
ξ2h′2 +

4g2

3g′2
f ′
0
2

+
8

3ξ2

{
2f 2

3 (1− f)2 + [f(2− f)− f3]
2 +

g2

g′2
(1− f0)

2

}
+
h2

3

{
(f0 − f3)

2 + 2(1− f)2
}
+

λ

4g2
ξ2(h2 − 1)2

]
. (1.32)

Extremising the above energy one gets the equations for the ansatz functions

h′′ +
2

ξ
h′ − 2h

3ξ2
[
2(1− f)2 + (f0 − f3)

2
]
− λ

g2
(h2 − 1)h = 0,

f ′′ +
1− f

ξ2
[
2f(f − 2) + 2f3 + 2f 2

3

]
+

1

4
(1− f)h2 = 0,

f ′′
0 +

2(1− f0)

ξ2
− g′2

4g2
(f0 − f3)h

2 = 0,

f ′′
3 − 2

ξ2
[3f3 + f(f − 2)(1 + 2f3)]−

h2

4
(f3 − f0) = 0, (1.33)

where ′ denotes derivatives with respect to ξ. Solving these with the boundary

conditions (1.31) one obtains the sphaleron configuration. The forms of the numerical

solutions can be seen in figure 1.3 as the blue curves with g0 = f0 and g3 = f3. The

spherical ansatz with θW = 0 can be recovered by taking f0 → 1 and f3 → f .

After finding the sphaleron configuration its energy can be computed. In the

Standard Model the energy of the electroweak sphaleron is found to be Esph ≃
9.11 TeV [63]. The U(1) fields affect the sphaleron energy only by less than 1% [60].

The solution can be shown to have one unstable mode [43, 64, 65], i.e. the sphaleron

is unstable.8 Furthermore, using the ansatz described above the sphaleron config-

uration can be found to have a half integer Chern-Simons number (or topological

charge) NCS = n+ 1
2
, n ∈ Z [53] (see also [66, Appendix A]).

1.4.1 Magnetic dipole moment

When the U(1) is included the sphaleron can be seen to have a magnetic dipole

moment. From the ansatz we find that the electromagetic field is

aidx
i = (sin θWA

3
i + cos θWBi)dx

i = (1− sin2 θWf3 − cos2 θWf0)F3 , (1.34)

8If the Higgs self coupling would be large (λ > 18.1), there would be instead a configuration
called the deformed sphaleron or bisphaleron [64, 65].
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which has the asymptotic behavior of a pure magnetic dipole [62]

aidx
i ≃ µdip

ξ
sin2 θdφ . (1.35)

Taking the effects of U(1) to be small to first order the magnetic dipole moment is

[53]

µdip ≃ 2πg′

3g3v

∫ ∞

0

dξh2 [1− f3(ξ)] . (1.36)

The magnetic dipole moment can be seen to originate from a monopole-antimonopole

pair connected by a tube of Z boson flux (Z-string) [67].

Due to the dipole moment the energy of the sphaleron can be lowered if there is

an external magnetic field. To first order it gets lowered by a simple dipole interaction

term ∆E = E
(1)
dip−E0 with E

(1)
dip = µdipB

4d
c where B4d

c is the magnitude of the external

magnetic field [68]. The external magnetic field is relatively straight forward to add

into the computation of the sphaleron configuration. Following [68] we can add a

dipole interaction term into the energy functional E = E0 − Edip with

Edip =

∫
d3x

1

2
BijB

c
ij =

∫ ∞

0

dξ
8π

3gg′v
[−2ξf ′

0 + 2(1− f0)]B
4d
c , (1.37)

where Bc
ij = ∂iB

c
j − ∂jB

c
i and the external field pointed to z direction is given by

Bc
i = −1

2
ϵ3ijB

4dxj. The field equations (1.33) are not modified by the added term.

Only the boundary conditions at infinity need to be modified as

f, h→ 1, f3, f0 → 1− sin 2θW ξ
2

8gv2
B4d

c , when ξ → ∞ . (1.38)

For solving the equations it is convenient to introduce the following field redefinitions

gi(ξ) = fi(ξ) + sin 2θW
ξ2

2gv2
, (1.39)

for i = 0, 3, so that the boundary conditions for the new functions at infinity are

gi → 1 when ξ → ∞. In [1] we solved (1.33) with different magnitudes for the

external field B4d
c to compare the semiclassical computation with our lattice results

that we discuss later in section 3.5. See figure 1.3 for examples of the numerical

solutions with and without an external magnetic field.

This spherical ansatz is valid only for small magnetic fields. For larger external

fields the sphaleron configuration gets more and more elongated [69]. At a critical

value Bc1 = m2
W/(g sin θW ) the situation is complicated due to the appearance of
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Figure 1.3. Numerical solutions for the spherically symmetric sphaleron ansatz (1.33).
Blue curves correspond to zero and yellow curves to non-zero external magnetic field.
Figure from [1]. Computing the energy from the two configurations at zero temperature
translate to 9.0 TeV for zero magnetic field and 6.7 TeV for the non-zero magnetic field.

the Ambjorn-Olesen phase [70, 71]. A homogeneous magnetic field no longer is the

favored ground state. Instead, it becomes a non-trivial structure of vortices [72]

at least at zero temperature [23]. At a second critical value Bc2 = m2
H/(g sin θW )

the electroweak symmetry is restored and the sphaleron solution ceases to exist, i.e.

the energy barrier goes to zero. The sphaleron energy initially decreases linearly

for B4d
c < Bc1 and then more steeply when approaching the first critical value.

After reaching the non-trivial phase the sphaleron energy decreases more slowly with

increasing magnetic field compared to the normal phase [69].

Next we will discuss how the sphaleron is connected to baryon number violation

in the Standard Model via the chiral anomaly.

1.5 Chiral Anomaly

In quantum field theories an anomaly is a symmetry of the classical theory that is not

preserved at the quantum level. In the path integral formulation, it is a symmetry

of the action but not of the path integral measure (attributed to Fujikawa [73]).

In a gauge theory with massless fermions the axial current is not conserved in the

quantum theory. This is the chiral anomaly, also called the Adler–Bell–Jackiw (ABJ)

anomaly [74, 75].

The relevant part of the action for massless Dirac fermions ψ coupled to SU(2)
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and U(1) gauge fields is

Sf =

∫
d4x iψ̄ /Dψ , (1.40)

where γµ are the gamma matrices, ψ̄ ≡ ψ†γ0, and /D ≡ γµDµ. The covariant

derivative is Dµ = ∂µ− igδLAµ+ ig
′Y Bµ where Y is the hypercharge, and δL = 1 for

left-handed and δL = 0 for right-handed fermions. The gamma matrices satisfy the

Clifford algebra {γµ, γν} = 2ηµν and the fifth gamma matrix is γ5 = −iγ0γ1γ2γ3.
Chiral left and right-handed spinors can be defined using projection operators as

ψL = 1
2
(1− γ5)ψ and ψR = 1

2
(1 + γ5)ψ.

The action (1.40) is invariant under the global chiral transformations

ψ → eiαγ
5

ψ , ψ̄ → ψ̄eiαγ
5

. (1.41)

In the classical theory with Noether’s theorem one obtains the conserved axial vector

current

Jµ
A = ψ̄γµγ5ψ , (1.42)

which classically satisfies ∂µJ
µ
A = 0. The time component of the chiral current

gives the difference between left and right-handed spinors J0
A = ψ†

LψL − ψ†
RψR. So,

classically the ratio of left and right-handed particle number densities is conserved.

This will no longer be the case in the quantum theory. Likewise when deriving

the classical Noether current, we promote the global chiral transformation to a local

one, i.e. α → α(x) in (1.41). The Jacobian of this transformation turns out to be

given by∫
DψDψ̄ →

∫
DψDψ̄ exp

[
− ig

2δL
16π2

∫
d4xα(x)ϵαβγδTrFαβFγδ

− ig
′2Y 2

16π2

∫
d4xα(x)ϵαβγδBαβBγδ

]
, (1.43)

see e.g. [76]. Thus, one finds that the full path integral changes as

Z =

∫
DΨDψDψ̄ exp

[
i (SEW[Ψ] + Sf )

]
→
∫

DΨDψDψ̄ exp

[
i (SEW[Ψ] + Sf )

+ i

∫
d4xα(x)

(
∂µJ

µ
A − ig2δL

8π2
TrFµν

⋆F µν − ig′2Y 2

8π2
Bµν

⋆Bµν

)]
, (1.44)

here Ψ denotes collectively the rest of the fields in the theory. Now, since the path

integral is an integral over all possible field configurations, i.e. the end result does
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not depend on the fields, the result must be invariant under any change of variables.

In other words, redefining the fields we integrate over should not change the physics.

Thus, the terms on the last line of (1.44) must vanish for all functions α(x). Note

that the first term on its own would indeed give us just the classical conservation of

the current. However, now we have the extra terms from the Jacobian of the path

integral measure. So, we get the anomalous axial current

∂µJ
µ
A =

g2δL
8π2

TrFµν
⋆F µν +

g′2Y 2

8π2
Bµν

⋆Bµν . (1.45)

Baryon number is defined as B = 1
3
(nq − nq̄) where nq is the number of quarks

and nq̄ the number of anti quarks. Furthermore, lepton number is defined as L =

nℓ−nℓ̄ where nℓ is the number of leptons and nℓ̄ the number of anti-leptons. Baryon

and lepton numbers are both classically conserved quantities meaning that both

have a corresponding global symmetry of the Standard Model Lagrangian, i.e. the

Lagrangian is invariant under ψ → eiBαψ and ψ → eiLαψ.

Due to the chiral anomaly the baryon and lepton numbers are not conserved

in the electroweak sector of the Standard Model. This was first seen by ’t Hooft

[77]. For the left-handed quarks ψL the baryon number current can be written as
1
3
(ψ̄Lγ

µψL) =
1
3
(ψ̄γµψ − 1

2
ψ̄γµγ5ψ) = 1

3
(Jµ

V − 1
2
Jµ
A) and for the right-handed quarks

ψR it can be written as 1
3
(ψ̄Rγ

µψR) =
1
3
(Jµ

V + 1
2
Jµ
A). The lepton number for the left-

and right-handed leptons can be written in the same way but without the overall

factor of 1
3
. Thus, the baryon and lepton numbers are not conserved if the left and

right-handed fermions couple differently to the gauge fields, i.e. if the theory is chiral.

In the electroweak sector of the Standard Model both the SU(2) and the hypercharge

U(1) have different coupling to left and right-handed fermions.

Furthermore, if there are Ng generations of fermions we get exactly the same

anomalous contribution for each generation. In the Standard Model we have Ng = 3.

The quark baryon number of 1
3
is compensated by the sum over quark colors and

thus baryon and lepton numbers have the same anomaly. In total for the sum of all

generations the baryon and lepton currents give

∂µJ
µ
B = ∂µJ

µ
L = Ng

[
g2

16π2
TrFµν

⋆F µν − g′2

16π2
Bµν

⋆Bµν

]
. (1.46)

Since, the baryon and lepton numbers have the same anomaly the difference between

them B −L is still a conserved quantity, while B, L or the sum B +L are not. The

change of baryon number is then

∂0B =

∫
d3x∂0J

0
B = Ng

∫
d3x

[
g2

16π2
TrFµν

⋆F µν − g′2

16π2
Bµν

⋆Bµν

]
. (1.47)
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1.6 Sphaleron rate

So, in some finite time period we see that the baryon and lepton numbers change by9∫ t

0

∂0B = ∆B = ∆L = Ng [NCS(t)−NCS(0)] ≡ Ng∆NCS(t) , (1.48)

where we combine (1.18) and (1.19) into the “full” Chern-Simons number

∆NCS ≡ ∆NW
CS −∆NY

CS . (1.49)

The U(1) field is often not considered here since it cannot induce a permanent change

of baryon number in the vacuum due to its trivial topology, unlike the SU(2) fields.

However, when not in vacuum, e.g. when there is an external magnetic field, the

U(1) field can change the baryon number.

1.6 Sphaleron rate

We have seen that the sphaleron sources baryon number violation. In the context

of baryogenesis, which we will discuss in the next section, it is important to know

what is the rate of baryon number violating processes throughout the cosmic history

of our universe.

The probability of the baryon number violation via the anomalous processes is

described by the Chern-Simons number diffusion constant known as the sphaleron

rate:

Γ ≡ lim
t,V→∞

⟨∆NCS(t)
2⟩

V t
. (1.50)

At zero temperature it is not possible to get over the energy barrier classically

through the sphaleron and thus the rate is given by tunneling processes. As dis-

cussed previously, the electroweak theory does not have a true instanton solution.

There are instead constrained instantons which turn out to give a similar exponential

suppression for the rate [81–85]:10

Γ0 ∼ e−16π2/g2 ∼ 10−161, at T = 0 . (1.51)

Thus, at zero temperature the rate is unobservably small. At higher temperatures,

however, one can get over the energy barrier via the sphaleron by thermal activation.

At temperatures below the electroweak transition the rate is given by the sphalerons

9Yukawa interactions (yψ̄LϕψR that give rise to the fermion masses through the Higgs mecha-
nism) do not change this conclusion, see e.g. [56, Ch. 17.3] [78–80].

10The instanton bound (1.21) in the electroweak theory becomes a strict lower bound SE >
8π2/g2|Q|, see e.g. [56, Ch. 13].
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Figure 1.4. The sphaleron rate with (blue) and without (yellow) U(1) included. The
green approximately horizontal line lnαH/T is the effective Hubble rate as a function of
temperature. From [1].

and can be shown to be suppressed by the sphaleron energy [83, 86, 87]

Γbrk ∼ (g2T )4e−Esph/T , at T < Tc , (1.52)

where Tc is the (pseudo)critical temperature where the electroweak transition takes

place. Above the critical temperature where the Higgs vacuum expectation value

vanishes, the sphaleron solution no longer exists. There are, however, still field

configurations that change the Chern-Simons number NCS. These are no longer

suppressed since the energy barrier, sphaleron energy, has vanished. In the symmetric

phase the rate is still customarily called the hot sphaleron rate (or just sphaleron

rate). In the symmetric phase the rate behaves as [88–93]:

Γsym ∼ ln (1/g) g10T 4, at T > Tc , (1.53)

On dimensional grounds the rate would go as Γ ∼ (g2T )4 [94]. Taking into account

dynamics of the soft modes (discussed in the section 2.1) one arrives at Γ ∼ g2(g2T )4

[88]. Furthermore, noting that also the semi-hard modes affect the soft modes (see

section 2.2) one obtains the behavior Γ ∼ ln(1/g)g2(g2T )4 [95].

The sphaleron rate has been computed successfully on the lattice with methods

that we will describe shortly. Most recently for the Standard Model it was computed

in [96]. The previous computations have neglected the U(1) field since it is shown to

have a negligible effect on the sphaleron and the form of the phase transition. Since,

in [1] we were interested in performing the simulations in a (hyper)magnetic field we
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1.7 Baryogenesis

had the U(1) field included. Thus, we also got to check the difference between the

sphaleron rate with and without the U(1) field. The effect is indeed negligible, see

figure 1.4. In the symmetric phase with U(1) field included we found

Γsym/T
4 = (6.23± 0.05)× 10−7 ≃ (13.9± 0.1)α5

W , (1.54)

with αW ≃ 0.03389 and the value without U(1) field was well within the statistical

errors. In the broken phase the rate is indeed exponentially suppressed and we found

ln(Γbrk/T
4) = (0.86± 0.01)T/GeV− (153.1± 0.9) , (1.55)

with U(1) field included and again the result without U(1) field was well within the

statistical errors. Both the broken and symmetric phase values are slightly different

from what was previously found in [96] using the same methods. This is due to

us using an updated value for the top quark mass and using all the available O(a)

improvements in the computation of the lattice parameters. The computation of

these lattice parameters are discussed in section 2.1.

The behavior of the sphaleron rate is important for many baryogenesis scenarios

which is what we discuss next.

1.7 Baryogenesis

We only observe matter in large densities in our universe. The existence of large den-

sities of antimatter in our observable universe is highly constrained by observations,

such as the diffuse γ-ray background, see [97] and references therein. There is thus

an observed baryonic matter-antimatter asymmetry.

The baryon asymmetry of our universe can be quantified by the ratio between

the number density of baryons nB to number density of photons nγ. This is because

the annihilation of matter and antimatter result into mostly photons and the fact

that we do not observe antimatter in large quantities. This ratio can be obtained

from CMB observations [98]:11

nB − n̄B

nB + n̄B

≃ nB

nγ

= (6.12± 0.04)× 10−10 , (1.56)

where n̄B is the number density of anti-baryons.

11The ratio can also be observed from Big Bang nucleosynthesis giving a number compatible with
the CMB observations [99]. Furthermore, often used in the literature is the baryon-to-entropy ratio
nB

s = (0.87± 0.006)× 10−10, where s is the entropy density. At present times these are related by
nB

nγ
≈ 7.04nB

s , see e.g. [100, Ch. 4].
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Now if in the very early universe there was a period of cosmic inflation any

initial baryon asymmetry would be diluted away (see section 6.1 for brief introduc-

tion of inflation). Thus, there must be some dynamical baryogenesis process that

happened after inflation where the observed baryon asymmetry was generated. Any

such baryogenesis scenario must satisfy the following necessary (but not sufficient)

conditions formulated by Sakharov [101]:

1. Violation of baryon number ∆B ̸= 0. — If baryon number is conserved one

cannot evolve from initial state with B = 0 to a state with B ̸= 0.

2. Violation of charge (C) and charge-parity (CP) symmetries. — If these sym-

metries hold any process generating baryon asymmetry would have an opposite

conjugate process generating an equal but opposite asymmetry. These would

cancel each other out.

3. Deviation from thermal equilibrium. — Assuming charge-parity-time reversal

(CPT) symmetry, in thermal equilibrium the thermal average of baryon number

vanishes and there can be no total baryon number change.

There are many different proposals realising baryogenesis in different ways. In many

of them, e.g. electroweak baryogenesis and leptogenesis [102], the sphaleron processes

play a central role. In leptogenesis scenarios there is some mechanism generating

lepton number asymmetry which is then converted to baryon asymmetry by the

sphaleron processes. Furthermore, the electroweak sphalerons are still crucial to take

into account in theories generating the asymmetry before the electroweak transition

to make sure the asymmetry is not washed out.

In electroweak baryogenesis scenarios the generation of baryon asymmetry hap-

pens at the electroweak phase transition. In the Standard Model there is C violation

in the chiral electroweak sector and CP violation appears in the Yukawa interac-

tions. Furthermore, as we have seen there is baryon number violation. However, as

discussed previously, in the Standard Model the electroweak transition is a smooth

crossover that happens without departure from thermal equilibrium. In addition,

the CP violation present in the Standard Model is not enough [103–105]. So, elec-

troweak baryogenesis requires physics beyond the Standard Model. Many extensions

of the Standard Model lead to the electroweak transition to be a first order phase

transition. Thus, leading to non-equilibrium dynamics.

As an example, at a slight deviation from thermodynamic equilibrium the baryon

and lepton number change from an initial value B0 can be related to the sphaleron
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1.7 Baryogenesis

rate Γ by [106]:

Ḃ(t) ≃ −13N3
g

4

Γ

T 3
(B(t)− B0) , L̇i(t) =

Ḃ(t)

Ng

, (1.57)

where Li is the lepton number of generation i.

A possible picture of the electroweak baryogenesis is as follows. Assuming a first

order transition, bubbles of the broken phase start nucleating and expanding filling

up all space. The expanding bubble walls bias antimatter to the outside symmetric

phase, due to CP violation, producing an asymmetry of antimatter and excess matter

inside the bubbles. The asymmetry outside is equilibrated and washed away due to

the sphaleron processes being active in the outside symmetric phase. In contrast,

inside the bubbles the sphaleron rate starts to get suppressed. Here the suppression

of the sphaleron rate has to be strong enough not to also wash a way the asymmetry

inside the bubble. This translates to the requirement of the phase transition being

strong enough.

The sphaleron rate freezes out essentially when it becomes comparable to the

Hubble rate, i.e. only a few sphaleron transitions take place in a Hubble volume and

time, see e.g. [106]. In the Standard Model case this freeze-out temperature can be

seen in the figure 1.4 as the intersection of the sphaleron rate and the horizontal

green solid line. In the Standard Model the freeze-out happens ∼ 30 GeV below

the pseudocritical temperature. In [1] we found the freeze-out temperature to be

133.5± 0.97 GeV.
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Chapter 2

The Standard Model at finite

temperature

2.1 Thermal field theory and Dimensional Reduction

The state of matter, in the hot and dense early universe, can be described by quantum

field theory at finite temperature. This is called thermal field theory12, where ther-

mal fluctuations of the fields rising from interactions with the thermal medium are

taken into account. The system is described by its ensemble averages or correlation

functions. The correlation function of an operator O in a heat bath of temperature

T is given by

⟨O⟩ = 1

Z
TrOe−βH , (2.1)

where H is the Hamiltonian operator for the system, β = 1/T and

Z = Tr e−βH , (2.2)

is the canonical partition function.

The Boltzmann weight e−βH has taken the role of the density operator. It can

also be seen to be analogous to a quantum mechanical time-evolution operator with

imaginary time. A time evolution operator with time independent Hamiltonian

e−iH(t−t0) can be analytically continued to imaginary time (via a Wick rotation)

t → iτ which then becomes e−(τ−τ0)H ≡ e−βH . Following this analogy gives specific

boundary conditions in the imaginary time. These can be seen from the Kubo–

Martin–Schwinger relation which can be found by looking at a two-point correlator

12See e.g. [107] for an proper introduction.
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of an operator O:

⟨O(t, x)O(t0, y)⟩ =
1

Z
Tr
[
O(t, x)O(t0, y)e

−βH
]

=
1

Z
Tr
[
O(t, x)e−βHei(−iβH)O(t0, y)e

−i(−iβH)
]

=
1

Z
Tr
[
O(t, x)e−βHO(t0 − iβ, y)

]
= ⟨O(t0 − iβ, y)O(t, x)⟩ . (2.3)

We see that for a bosonic field that satisfies canonical commutation relations, this

implies that in thermal equilibrium the fields are periodic in the imaginary time with

the period 1/T . Fermionic fields can be seen to be anti-periodic in the imaginary

time. At equilibrium, thermal field theory can be thus seen as an Euclidean field

theory with the imaginary time direction compactified to a circle with circumference

1/T . This is called the imaginary time formalism.

There is a rather simple recipe of obtaining the partition function from a La-

grangian L given in Minkowski space. As we did in the previous chapter, we first do

a Wick rotation to imaginary time LE = −L(t → −iτ). Again, if gauge fields are

present the time components of gauge fields are transformed as A0 → iA0 to preserve

the structure of covariant derivatives. Now, however, the time is taken to be periodic

τ ∈ [0, β] and fields are taken to satisfy boundary conditions: periodic for bosonic

fields and anti-periodic for fermionic fields. The canonical partition function (2.2)

(generating functional) can now be written in a path integral form

Z =

∫
Ψ(β,x)=(±)Ψ(0,x)

DΨ(τ, x) exp

[
−
∫ β

0

dτ

∫
d3xLE(Ψ)

]
, (2.4)

in analogy to zero-temperature, see e.g. [107] for a derivation. So, (2.1) can be written

in a path integral form

⟨O⟩ =
∫
DΨOe−S[Ψ]∫
DΨe−S[Ψ]

. (2.5)

The structure of the fields in momentum space is interesting. Due to the

(anti)periodic boundary conditions the Fourier modes of the compactified imagi-

nary time direction is discrete. The Fourier transform to momentum space of a field

becomes

Ψ(x, τ) = T
∑
n∈Z

∫
d3p

(2π)3
Ψ(ωn, p)e

iωnτ−ixipi , (2.6)

where ωn are called the Matsubara frequencies. For a bosonic field ωn = 2πnT and

for a fermionic field ωn = (2n+1)πT , required by the boundary conditions (eiωnβ = 1
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2.1 Thermal field theory and Dimensional Reduction

for bosonic and eiωnβ = −1 for fermionic).

The field modes with Matsubara frequency with n = 0 (called the zero modes)

carry no momentum in the imaginary time direction. Thus, their dynamics is effec-

tively three dimensional. All the modes with non-zero Matsubara frequencies have

momenta larger than the zero modes. The non-zero modes have a thermal mass of

order ≳ πT , which includes all the fermionic modes due to the boundary conditions.

The superheavy scale πT is parametrically larger than the heavy scale for the zero

modes which is gT (here g is a placeholder for a generic small coupling constant).

One can thus construct an effective theory for the light modes by “integrating”

out all the non-zero modes. This results into a purely bosonic theory where also all

the temporal bosonic modes 2πnT are integrated out. The effective theory is thus

3-dimensional, it has gone through dimensional reduction. Intuitively, the effective

theory describes length scales longer than the extent of the compact imaginary time

direction 1/T and thus they do not resolve the time direction.

After integrating out the superheavy scale the theory has temporal gauge field

modes A0 that are adjoint scalars. These live at the heavy scale gT which can be

further integrated out to obtain an effective theory at a light scale g2T . So, we have

a hierarchy of scales

πT ≫ gT ≫ g2T/π . (2.7)

In contrast to the temporal gauge fields, the spatial gauge fields Ai can be found

to be perturbatively massless with no available perturbative parameter. Thus, the

spatial gauge fields turn out to be nonperturbative in nature. This is known as the

Linde problem [108, 109].

The effective 3-dimensional theory at the light scale g2T reads

L3d =
1

2
TrFijFij +

1

4
BijBij + (Diϕ)

†(Diϕ) +m2
3ϕ

†ϕ+ λ3(ϕ
†ϕ)2 , (2.8)

where

Fij = ∂iAj − ∂jAi − g3[Ai, Aj] ,

Bij = ∂iBj − ∂jBi ,

Di = ∂i + ig3Ai + ig′3Bi/2 . (2.9)

In practice, the construction of the effective theory is accomplished by perturbatively

matching correlators between the 3d and 4d theory. This process is now largely

automated thanks to the DRalgo package [110]. The dimensionful 3d parameters

(g3, g
′
3, λ3, m

2
3) are mapped to the 4d Standard Model parameters (αS, GF , mH ,
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mW , mZ , mt)
13 in which the effects of SU(3) strong interactions and fermions are

captured perturbatively, see [111–115] for explicit construction of the effective theory

and the mapping of parameters.

We can choose the SU(2) gauge coupling g23 to give the scale. Then the effective

theory has three dimensionless parameters

x(T ) ≡ λ3
g23
, y(T ) ≡ m2

3

g23
, z(T ) ≡ g′23

g23
. (2.10)

The y parameter varies significantly with temperature and can be used as the effective

temperature parameter for the system. While the x and z parameters vary only

slightly. From perturbation theory it is expected that the electroweak transition

happens around y = 0, which using the Standard Model parameters corresponds to

T = 162.9 GeV. As stated earlier the pseudocritical temperature has been found

to be Tc ≃ 159.5 GeV [52]. The Standard Model is quite deep in the crossover

region. In terms of the dimensionless parameters the end point of the first order

phase transition is at x ≃ 0.1 [116] while the Standard Model corresponds to a value

x ≃ 0.3.

This effective theory is quite powerful at describing the thermodynamical prop-

erties of a theory and can be efficiently studied on the lattice. Additional power

comes from the fact that many theories beyond the Standard Model can be mapped

to the same effective theory with different mappings to the parameters x, y and z.

For the Standard Model case the accuracy of the 3d effective theory is estimated to

be ∼ 1% [111, 112, 117–119], see also [120]. However, the theory does not capture

dynamical processes such as the sphaleron rate.

2.2 Effective dynamical description of soft modes

It is possible to study the sphaleron rate using the effective theory (2.8) with classical

equations of motion [87, 88, 95, 121, 122], which should be a good approximation

for the full quantum evolution due to the high occupation numbers. However, the

classical field dynamics suffer from ultraviolet divergences and the continuum limit

on the lattice does not exist [88]. The classical evolution can be improved by taking

into account hard thermal loop effects [93, 123, 124], however, the continuum limit

on the lattice still does not exist.

However, there exists another effective description for the evolution that does

have a well-defined continuum limit on the lattice. As first shown in [89], in SU(2)

13The top quark Yukawa coupling is parametrically much larger than the rest and gives the
dominant contribution. Thus, the rest of the quark masses are often approximated to have negligible
masses.
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gauge theory the dynamics of the soft modes, that are relevant for sphaleron transi-

tions, can be shown to be fully overdamped leading to time evolution described by

Langevin equation to leading logarithmic accuracy 1/ log(1/g). It can be also shown

that the Higgs field evolves parametrically much faster than the SU(2) gauge field

[125, 126]. The case for the Abelian U(1) field is less clear. However, in the bro-

ken phase the soft modes of the U(1) field evolve faster than the SU(2) field. Since

the U(1) gauge coupling is much smaller than the SU(2) coupling the U(1) modes

with wavelength λ ∼ 1/(g2T ) behave as nondamped and weakly coupled modes with

timescale τ ≃ λ in contrast to the SU(2) modes which evolve with timescale ∼ λ2.

It would be interesting to study further how to describe the full quantum evolution

of the U(1) field correctly, however, for our purposes of investigating the sphaleron

rate this description should be sufficient.

The Langevin evolution for the soft modes is given by [89, 90, 127–129] (A0 = 0):

σel(D0Ai)
a = − ∂H

∂Aa
i

+ ξai , (2.11)

σel(D0Bi) = −ηB
∂H

∂Bi

+ ξiB , (2.12)

σel(D0ϕ) = −ηϕ
∂H

∂ϕ† + ξϕ , (2.13)

where H = S3d/T , and S3d is given by (2.8). The stochastic force terms ξai , ξ
i
B and

ξϕ are Gaussian that satisfy

⟨ξai (t, x)ξbj(t′, y)⟩ = 2σelTδijδ
abδ3(x− y)δ(t− t′) , (2.14)

⟨ξiB(t, x)ξjB(t′, y)⟩ = 2ηBσelTδ
ijδ3(x− y)δ(t− t′) , (2.15)

⟨ξϕ(t, x)ξ†ϕ(t′, y)⟩ = 2ηϕσelTδ
3(x− y)δ(t− t′) . (2.16)

Here σel is the SU(2) non-Abelian color conductivity given by [129]:

σel =
m2

D

3γ
,

γ =
2g2T

4π

[
ln
mD

γ
+ 3.041...+O

(
1

ln(1/g)

)]
, (2.17)

where mD is the Debye mass which in the Standard Model is m2
D = (11/6)g2T 2 (the

numeric value is σel ≃ 0.91895... ). Finally, the ratios of evolution rates ηϕ ∼ 1/g2 ≫
1 and ηB ∼ 1/g2 ≫ 1, reflecting the fact that the SU(2) evolution is much slower.

The Langevin-type evolution can be shown to have a well-defined continuum limit

on the lattice.
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Chapter 3

Sphaleron rate on the lattice

The sphaleron is inherently nonperturbative and the nonperturbative nature of high-

temperature infrared gauge theories requires the use of nonperturbative methods. Let

us first briefly describe the lattice methods we used in our work.

3.1 Lattice field theory

As we saw in the previous chapter the fermionic fields can be taken into account

perturbatively, so we do not need to worry about the complications arising from

introducing fermions on a lattice.

The purely bosonic effective theory is relatively straight forward to formulate

on a lattice. The fields will live on an Euclidean lattice with a homogeneous lattice

spacing a: M = {x | x =
∑d

i=1 aniî, ni ∈ Z}, where î is the unit vector into direction

i and d is the dimension of the lattice. The lattice spacing introduces an ultraviolet

cut-off. It is clear that the theory cannot probe distances smaller than a, meaning

it cannot probe energy scales larger that 1/a. Further restricting our theory to live

in a finite volume (0 < ni < Li for some integers Li) it becomes possible to study

the theory using computational methods. The lattice discretisation allows us to give

precise meaning for the path integrals of the form (2.4) that we wish to evaluate.

The path integral measure becomes a bunch of ordinary Riemann integrals, e.g. for

a scalar field
∫
Dϕ =

∫
Πx∈Mdϕ(x).

For a scalar field discretising a continuum theory goes as one might expect. The

partial derivatives can be replaced by finite differences ∂iϕ(x) = [ϕ(x+ i)− ϕ(x)]/a

and integrals become sums
∫
ddx→ ad

∑
x∈M , where we have adopted the shorthand

notation where ϕ(x+ âi) ≡ ϕ(x+ i).

Trying to implement a gauge field in similar manner leads to difficulties retaining

gauge invariance. The view of gauge fields as connections on a principal bundle

gives the correct idea what gauge fields are doing, as we discussed in section 1.1.
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They implement the parallel transport between points. So instead of trying to put

the gauge field Aµ(x) on the lattice one instead takes the smallest possible parallel

transporters, the Wilson lines (1.5),

U
(x)
i = U(x, x+ i) = eiagAi(x) , (3.1)

to be the degrees of freedom for the gauge field. The parallel transporters U
(x)
i are

called the gauge link variables. They live between the lattice points x and x + i

and are elements of the gauge group, for the current discussion U
(x)
i ∈ SU(2). It is

now a bit more tricky to see what is the correct discretised action that leads to the

desired gauge field action in the continuum limit. As we eluded in section 1.1, the

Wilson loop has something to do with the field strength. Indeed, we can construct

the smallest possible Wilson loop on the lattice, the plaquette:

P
(x)
ij = U

(x)
i U

(x+i)
j U

†(x+j)
i U

†(x)
j ∼

x+ ix

x+ j

(3.2)

where in the pictorial representation the arrows depict the links connecting the lat-

tice points. This can be shown14 to be P
(x)
ij = exp[iga2Fij(x) + O(a4)] as a → 0.

Furthermore, with the plaquette we can construct the Wilson gauge action [130]

S = βG
∑
x,i<j

[
1− 1

2
TrP

(x)
ij

]
a→0
=

∫
ddx

1

2
TrFijFij +O(a2) , (3.3)

where βG = 4/(g2a4−d) and it can be seen to approach the correct action in contin-

uum. This action is not unique and one may find actions with smaller than the O(a2)

discretisation errors, e.g. by following the Symanzik improvement program [131].

Now, we can define the path integral over the links. For that we need to define

integration over the group valued variables, i.e. we need an integration measure over

the group manifold. This is given by the gauge invariant measure of the links dU
(x)
i

called the Haar measure, see e.g. [132, Ch. 15] for explicit construction. This is the

unique measure that is invariant under left and right action of the group meaning

that for Ω ∈ SU(2):
∫
dUf(U) =

∫
dUf(UΩ) =

∫
dUf(ΩU), where f(U) is some

functional of the links. This makes the Elitzur’s theorem quite transparent, since this

implies that
∫
dUU = 0 and in general the integral over dU gives a non-zero value

only when f(U) is invariant under the gauge group. Meaning that any expectation

value given by a path integral of the form (2.5) of an operator that is not gauge

invariant necessarily vanishes, ⟨O⟩ = 0.

14Using e.g. the Baker-Campbell-Hausdorff formula and (3.1).
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3.1 Lattice field theory

The integrations are done over the compact group manifolds and are thus well-

defined without taking care of gauge orbits by gauge fixing. (For the abelian U(1)

group also a non-compact description is possible which is what we used in our work.)

We can now write down the lattice discretisation of the effective 3d action. First

noting that by using the gauge links the discretised covariant derivative can be writ-

ten as ∆iϕ(x) = [U
(x)
i ϕ(x+ i)− ϕ(x)]/a. With this the scalar kinetic term reads

ad
∑
x,i

[∆iϕ(x)]
† [∆iϕ(x)]

a→0
=

∫
ddx(Diϕ)

†(Diϕ) +O(a2) . (3.4)

For the lattice formulation it is convenient to write the Higgs field in a matrix form

Φ(x) =
1

g23

[
ϕ∗
2 ϕ1

−ϕ∗
1 ϕ2

]
, (3.5)

which transforms under SU(2) × U(1) as Φ(x) → Ω(x)Φ(x) exp[−iθ(x)σ3], where σ3
is the third Pauli matrix and Ω ∈ SU(2). Finally, the effective 3d continuum action

(2.8) on the lattice reads:

S = βG
∑
x,i<j

[
1− 1

2
TrP

(x)
ij

]
+ βY

∑
x,i<j

1

2
α2
ij

− βH
∑
x,i

1

2
TrΦ†(x)U

(x)
i Φ(x+ i) exp [−iαi(x)σ3]

+ β2
∑
x

1

2
TrΦ†(x)Φ(x) + β4

∑
x

[
1

2
TrΦ†(x)Φ(x)

]2
, (3.6)

where

αij(x) = αi(x) + αj(x+ i)− αi(x+ j)− αj(x). (3.7)

Here αi(x) are non-compact U(1) link variables, and αij is its corresponding plaque-

tte.

The lattice parameters have to be related to the 3d continuum parameters which

is accomplished by matching physical quantities in the continuum renormalization

and lattice perturbation theory schemes. Due to the super-renormalizability of the

3d theory these relations are exact at 2 loops. The relations have been computed

in [133]. In addition, we use the partial O(a) improvements of these relations com-

puted in [134, 135]. The relations used can be found in the notation of (3.6) in [1].

As an example the lattice observable 1
2
⟨Φ†Φ⟩ is related to the MS renormalized 3d
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continuum Higgs condensate ⟨ϕ†ϕ⟩ as

⟨ϕ†ϕ⟩/g23 = ZgZm

[
1
2
⟨Φ†Φ⟩ − ΣβG

8π
− 3 + z̄

16π2
log(3βG/2) + 0.66779...

]
, (3.8)

see [134, 135] and [1, Appendix A] for the definitions of Zg, Zm, Σ and z̄. Further-

more, the physical Standard Model Higgs expectation value v in unitary gauge is

related to the 3d condensate as v2/T 2 = 2⟨ϕ†ϕ⟩/T .
To evaluate an expectation value of the form (2.5), there will be an unfeasible

amount of integrals to evaluate for any reasonably sized lattice (number of lattice

points times the number of degrees of freedom). This is where the Monte Carlo

integration methods become very useful for computing these correlation functions on

a computer. We will not go into the details of reviewing these methods here, see e.g.

[132, Ch. 16].

Lastly, the Langevin-type evolution described in section 2.2 is straight forward

to implement on the lattice. However, a computationally more efficient way is to use

a heat bath update [136–138], that can be shown to be equivalent to the Langevin

evolution (2.11) [91]. The Langevin time can be related to performing n full random

order heat bath update sweeps as ∆t = 1
4
σela

2n [91, 126]. To satisfy the ratio between

evolution rates of the Langevin equations (as described in section 2.2) the Higgs and

U(1) fields are updated more frequently as the SU(2) gauge fields, in a similar ratio

as found to be sufficient in [116].

3.2 Hypermagnetic field on the lattice

Let us briefly state how the external hypermagnetic field is implemented on the

lattice. Having a flux of hypermagnetic field ΦB that is perpendicular to the x3-

direction, g′3ΦB =
∫
dx2dx1B12, can be implemented on the lattice by changing the

periodic boundary conditions of the U(1) links αi. To maintain translational invari-

ance and periodic boundary conditions the total flux is required to have quantized

values g′3ΦB/(4π) = nb, where nb ∈ N [23]. We implement this by changing the

boundary conditions of one link in the x1x2−plane:

α1(n1, 0, n3)− α1(n1, L2, n3) = 2πnbδn1,1 , (3.9)

for each n3 ∈ [0, L3) in a lattice with volume L1L2L3. The dimensionless parameter

that describes the average hypermagnetic flux density is defined as

b ≡ g′3B
3d
Y

g43
=

4πnb

L1L2

(
1

g23a

)
, (3.10)
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where B3d
Y ≡ ΦB/(L1L2) is the 3-dimensional flux density which relates to the 4-

dimensional one as B3d
Y = B4d

Y /
√
T + O(g′2). The dimensionless parameter then

relates to the 4-dimensional flux as

B4d
Y =

g′

g4
bT 2 +O(g′3) ≈ 1.93bT 2 +O(g′3) . (3.11)

The external hypermagnetic field affects the higher dimensional operators in the

effective 3-dimensional theory. To maintain the validity of the 3-dimensional effective

theory the external field cannot be too large and we require b≪ 2π2 [23].

3.3 Topology on the lattice

To study the sphaleron rate on the lattice we want to measure the evolution of

the topological Chern-Simons number while evolving the system with the described

effective theory. Naively, we can discretise (1.18) by

δNW
CS(t) =

1

8π2
δt
∑
x

Ea
i (x)B

a
i (x)

a→0
=

g2

16π2

∫ t

0

dt

∫
d3x TrFµν

⋆Fµν +O(a2) , (3.12)

where Ea
i (x) =

1
2
Tr [iσaU

†(x+δt)
i U

†(x)
i ] is the lattice SU(2) electric field with U

†(x+δt)
i

being the link evolved forward in time for δt. The Ba
i (x) is the SU(2) magnetic field

at the links given by Ba
i (x) =

1
2
Tr iσaϵijk[Qjk(x)+U

(x)
i Q

(x+i)
jk U

†(x)
i ], where Q

(x)
ij is the

symmetrised plaquette, often called the clover :

Q
(x)
ij ≡ 1

4

[
P

(x)
ij + P

(x)
j,−i + P

(x)
−i,−j + P

(x)
−j,i

]
∼

i
x

j

. (3.13)

However, unlike in the continuum, this discretisation is not a total derivative on

the lattice and turns out to contain ultraviolet noise [121, 139, 140]. This leads to

Chern-Simons number diffusion that is not related to the sphaleron transitions. We

do use an improved definition for the clover that has smaller discretisation errors of
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Figure 3.1. One spatial xz−slice of the Higgs field condensate 1
2⟨Φ†Φ⟩ in a lattice of

volume V = 243a3, lattice spacing βg = 12, temperature T = 145.0 GeV, and an external
hypermagnetic field b = 0.589. This is at a sphaleron configuration with NCS = 1

2 (same
configuration as in figure 3.2 right). (Left) Raw lattice Higgs field configuration. (Right)
Higgs field cooled using gradient flow with flow time τ = 3.

order O(a4), which is given pictorially by [141–143]:

Qimp
ij (x) =

i
x

j

5
3× i

x

j

i

j

x−1
6× −1

6× . (3.14)

The problem of ultraviolet noise persists. This problem can be fixed by first cooling

the fields with gradient flow, getting rid of some of the ultraviolet modes, and then

using the cooled fields to compute (3.13). This works since the lattice discretisation

does recover the continuum definition for smooth fields. Furthermore, the sphaleron

configuration is large in the lattice units (for reasonably fine lattices), of the order

∼ 1/(g2T ).15 Similarly, the hot sphalerons that change the Chern-Simons number

are dominated by the same length scale [92, 144].

This leads us to the calibrated cooling method [87, 122], see also [93, 145] for

more detailed explanation. In essence, when computing the change δNCS we first

15From the semiclassical configuration described in section 1.4 one can see that the size of the
sphaleron is of order ∼ 1/(gv), which translates to ∼ 1/(g2T ) in the 3d-theory at finite temperature.
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3.4 Multicanonical method

gradient flow the fields by a set amount of fictitious cooling time τ :

∂U
(x)
i

∂τ
= −i1

2
σaU

(x)
i

∂S3d

∂θa(x)
, (3.15)

∂αi(x)

∂τ
= − ∂S3d

∂αi(x)
, (3.16)

∂Φ(x)

∂τ
= − ∂S3d

∂ϕ(x)
, (3.17)

where we have parametrized U
(x)
i = exp[i1

2
θai (x)σ

a]. This removes ultraviolet fluc-

tuations smoothing the fields by a radius r =
√
6τa [146]. Compared to the case

described in the literature, we gradient flow all the fields, since we also need to mea-

sure the U(1) Chern-Simons number NY
CS (1.19) in the “broken phase”, which we

can define on the lattice in complete analogy to NW
CS as defined above.

In figure 3.1 we have shown an example configuration at NCS = 1
2
of the Higgs

field condensate without gradient flow where no structure is seen (left) and smoothed

configuration where the sphaleron configuration can be seen by eye (right). See also

figure 3.2.

If we naively integrate NCS in time all the errors will accumulate. This can be

fixed by “calibrating” the NCS value by periodically cooling the configuration all

the way to the vacuum and correcting deviations from integer values between two

vacua. This removes the accumulation of errors. This process turns out to be the

most expensive part of performing the simulations on the lattice. This can be sped

up by blocking the lattice to smaller lattice extent, making the lattice coarser, while

performing the cooling down to vacuum. Here the improved definition (3.14) allows

for more aggressive blocking while retaining acceptable accuracy.

With these methods it is possible to measure the sphaleron rate at a temperature

where the exponential suppression is not yet too large. We can generate a long time

trajectory of the NCS and compute the diffusion constant from it, e.g. with the cosine

transform method described in [140].

The exponential suppression kicks in rapidly in the “broken phase”. In normal

simulations the NCS = NW
CS − NY

CS freezes down and seeing even one sphaleron

transition in a reasonable simulation time becomes unpractical, see e.g. figure 3.4.

This is where we need to use a multicanonical method.

3.4 Multicanonical method

Since the multicanonical method used is standard, we do not give a detailed expla-

nation here, see e.g. [147, 148] for introduction.
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Figure 3.2. Two sphaleron configurations in a magnetic field from dynamical simulations,
at NCS = 1

2 . Plotted is the Higgs condensates isosurfaces from cooled configurations.
The more bright the color the closer it is to the “broken phase” value of the condensate.
The configuration is seen to get more elongated with increased magnetic field as expected.
(Left) T = 145 GeV, b = 0.392. (Right) T = 150 GeV, b = 0.589.

The method used is identical to what was developed for measuring the sphaleron

rate without U(1) [87], see also [116, 126, 145] for more detailed description. The

only difference is in what we choose as the order parameter. In the broken phase the

SU(2) and U(1) fields mix due to the Higgs and the correct order parameter that

gives an integer in the vacuum and gets suppressed in the broken phase turns out to

be NCS = NW
CS −NY

CS, see figure 3.4.

The computation consists of a statistical and dynamical part. First a multicanon-

ical sampling method is used to measure the probabilistic suppression of getting to

the sphaleron configuration at NCS = 1
2
. This is given by the NCS distribution be-

tween two integer vacua P (NCS). In the dynamical part the rate of moving over

the potential barrier from one vacuum to another is measured. This is given by

measuring |δNCS/δt| from dynamical simulations at the point where the configura-

tion crosses the sphaleron barrier at NCS = 1
2
. The noisy nature of the dissipative

Langevin update can result into multiple crossings of the barrier without resulting

into a real vacuum transition. This is compensated by a “dynamical prefactor”

given by d =
∑

traj δtunnel/(NcrossNtraj) where the sum is over the sample of simulated

trajectories. Here δtunnel = 1 if the trajectory goes from one vacuum to another

∆NCS = ±1, and its δtunnel = 0 if it does not. Finally, Ncross is the number of times

the trajectory crosses the barrier NCS = 1
2
and Ntraj is the number of trajectories in

44
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Figure 3.3. (Left) Regularized Higgs condensate with different magnitudes of the external
magnetic field. The condensate becomes negative in the symmetric phase due to additive
renormalization factor, see (3.8). (Right) Pseudocritical temperature (defined as the peak
of the susceptibility of the Higgs condensate) as a function of the magnitude of the magnetic
field. From [1].

the sample. The sphaleron rate is then given by

Γ =
P (|NCS − 1

2
| < ϵ

2
)

ϵV︸ ︷︷ ︸
statistical

〈∣∣∣∣δNCS

δt

∣∣∣∣〉 d︸ ︷︷ ︸
dynamical

, (3.18)

where ϵ≪ 1 and ⟨δNCS/δt⟩ is the expectation value computed from the same sample

as the dynamical prefactor d.

3.5 Electroweak Sphaleron in a magnetic field

In [1] we computed the rate of baryon number changing processes, the sphaleron

rate, with the earlier described methods in an external (hyper)magnetic field with

different magnitudes over the electroweak crossover. To our knowledge this was

the first nonperturbative study determining the sphaleron rate with the U(1) field

included.

The electroweak crossover is affected by the external magnetic field. The crossover

temperature is shifted to smaller temperatures with increased magnitude for the mag-

netic field. The pseudocritical temperature briefly decreases quadratically and then

reaches a linear regime lasting up to field magnitudes B4d
Y ≃ 2.3T 2 as seen in figure

3.3 (right). The crossover transition region also gets broader, see figure 3.3 (left).

With a large magnetic field B4d
Y ≃ 2.0T 2 there is a noticeable shift of the pseudo-

critical temperature from 160 GeV down to 145 GeV. For large magnetic field values
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Figure 3.4. (Left) A realtime NCS trajectory in the Higgs phase with temperature
T = 153 GeV and external magnetic field b = 0.196 using the Langevin type evolution.
The SU(2) NW

CS (yellow), U(1) NY
CS (red) shown separately and the full NCS that sources

the baryon number violation (blue). (Right) How the SU(2) (yellow) and U(1) (green)
diffusion rates behave separately over the electroweak transition. The physical difference
of the two (blue) is seen to get suppressed. From [1].

this has the most noticeable effect on the sphaleron rate since it shifts the onset of

the exponential suppression.

Separately the U(1) rate can be seen to stay constant over the crossover while the

SU(2) rate is constant in the symmetric phase decreasing around the crossover until

reaching another constant in the broken phase, see figure 3.4 (right). The Chern–

Simons number diffusion (sphaleron) rate that sources the baryon number violation

∆NW
CS −∆NY

CS is what gets suppressed, see figure 3.4.

In the symmetric phase the SU(2) rate is approximately unaffected by the pres-

ence of an external magnetic field, see figure 3.5 (right). The full rate in the sym-

metric phase increases with increased B4d
Y with the expected behavior ∼ (B4d

Y )2 from

the increased U(1) rate. In the broken phase for small external field values the slope

of the suppression of the rate is compatible with the b = 0 slope, as seen in figure 3.5

(left). For larger field values we do not have enough data to say this with confidence,

however, the slope is still comparable.

To isolate the effect of the sphaleron dipole moment interacting with the external

field we can look at the data with a fixed Higgs condensate, see figure 3.6. We can

observe that for small field values the rate increases quadratically b2 until around

b ≃ 0.2 it reaches a linear regime. The linear regime ends when the magnetic field

gets strong enough to “restore” the electroweak symmetry, where the symmetric

rate is reached. For small field values there is no significant change to the Higgs

condensate and thus the dominant effect is from the sphaleron dipole moment.
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Figure 3.5. (Left) The full sphaleron rate as a function of temperature for different
magnitudes of the external magnetic field. The black solid line is the broken phase fit for
the zero magnetic field case. The gray dashed lines are the b = 0 fit shifted according to the
shift of the pseudo critical temperature. The black horizontal line is b = 0 symmetric rate
fit. (Right) How the sphaleron rate changes with magnetic field at a fixed temperature T =
155 GeV. Vertical dotted line is the value of b at which the fixed temperature corresponds
to the pseudocritical temperature. Horizontal line is again the symmetric rate b = 0 fit.
The gray data points are the pure SU(2) rate, shown in the symmetric phase. From [1].

In the right plot of figure 3.6 we compare our lattice results to a semiclassical

result using the spherical ansatz and simple dipole approximation described in the

section 1.4. Computing the change to the sphaleron rate in the semi-classical approxi-

mation we assume that the change of the sphaleron energy is due to a simple dipole in-

teraction of the form ∆E = −µ⃗sph·B⃗4d
c and further assume that the change to the rate

is only due to this energy difference. If we then average over spatial orientations of

the sphalerons dipole we obtain the estimate ∆ lnΓ/T 4 ≃ ln [sinh(∆E/T )/(∆E/T )].

We can see, in figure 3.6 (right), that the spherical approximation quickly becomes

invalid, as expected from the sphaleron configuration getting more and more elon-

gated, see figure 3.2. The behavior of the semianalytical estimate and the lattice

are similar and of the same order of magnitude for small field values. We only have

a few data points from the lattice in the small field regime due to the unfortunate

restriction of quantized magnitudes for the magnetic field and computational costs

getting too high for larger lattices where smaller field values would be possible.

The results reviewed here are obtained from one lattice spacing g23 = 1/2 and two

different volumes V = 16a3 and V = 32a3. The second volume was used to get more

fidelity into the possible values of the external magnetic fields due to its magnitude

being quantized as described shortly in section 3.2. We did investigate the finite size

and volume effects in [1] which were observed to be small or negligible. Thus, we did
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Figure 3.6. (Left) The full rate with constant Higgs condensate. The vertical dotted line
marks the b value where the ⟨ϕ†ϕ⟩/T = 0.21 corresponds to the value at the pseudocritical
temperature. The horizontal line is the symmetric b = 0 fit. (Right) Comparing the
difference ∆ lnΓ/T 4 = lnΓ(b)/T 4 − ln Γ(0)/T 4 of rates with and without magnetic field.
Black data points are from the dynamical lattice simulations. Orange solid line is the
semianalytical estimate computed using the spherical ansatz of the sphaleron, see section
1.4. From [1].

not pursue the full continuum limit since it needs considerably more computational

effort due to the multicanonical method becoming inefficient. The inefficiency of the

multicanonical method for small lattice spacings and large lattices was noted in the

previous studies which were similarly not able to compute the continuum limit. In

our case this seems to be worsened due to extra noise in the Chern–Simons number

measurement coming from the U(1) field.

In summary, the sphaleron rate in an external magnetic field changes due to

two main effects: the interactions between the sphalerons magnetic dipole moment

and the external field which lowers the sphalerons energy, and from the external

field changing the form of the electroweak transition. For small magnetic fields the

sphaleron dipole moment gives the dominant effect which can lower the freeze-out

temperature down by around ≲ 1 GeV. For larger magnetic fields the changes to

the electroweak crossover gives the dominant effect which can lower the freeze-out

temperature down considerably by orders of 10 GeV. Thus, for large magnetic fields

B4d
Y ∼ T 2 the effects to the sphaleron rates suppression can be quite large.
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Part II

Gravitation

“In right angled triangles the square on the side subtending the right

angle is equal to the squares on the sides containing the right angle.”

— Euclid, The Elements, Proposition 47
Translated by Sir Thomas L. Heath
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Chapter 4

Palatini formulation of General

Relativity

In the usual metric formulation of General Relativity the geometry of the spacetime

manifold is completely described by the metric. This includes the assumption that

the connection on the manifold is the Levi–Civita connection, i.e. it is derived from

the metric. The Einstein field equations can be derived from the Einstein–Hilbert

action given by (first proposed by Hilbert [149])

S =

∫
d4x

1

2

√−gR(gαβ,Γα
βγ)−

∫
d4x

√−gΛ + Sm ,

≡ SEH + SΛ + Sm (4.1)

where g = det gαβ is the determinant of the metric gαβ, and R is the Ricci scalar.

Finally, we have also included the cosmological constant term Λ and a matter part

of the action Sm that describes the matter content of the theory. In the metric

formulation the Ricci scalar is constructed using the Levi–Civita connection and is

thus derived from the metric R = R̊(gαβ, ∂γgαβ, ∂γ∂δgαβ). We use the symbol ˚ to

denote metric quantities and operators, i.e. in this case that the Ricci scalar R̊ is

constructed using the Levi–Civita connection Γ̊α
βγ .

However, the metric and the connection describe different properties of the man-

ifold. The metric describes distances and angles on the manifold as it defines the

dot product of vectors on the tangent spaces. The connection on the other hand de-

scribes the curvature of the manifold, defining straight lines and covariant derivatives

of tensor fields. In general the metric and the connection of a manifold can be inde-

pendent quantities. This idea leads to the Palatini formulation of General Relativity

(also referred as the first order formulation or the metric-affine formulation).

In the Palatini formulation the metric and the connection are taken to be inde-
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pendent degrees of freedom (which was in fact first studied by Einstein [150, 151]).

The nomenclature is, unfortunately, not fully agreed upon. Often in the literature

the metric-affine refers to the case when the general connection is used both in the

matter and gravitational sectors and Palatini to the case when the general connec-

tion is used in the gravitational sector only while the Levi–Civita connection is used

for the matter sector.16 In our works we do allow for the connection to mix with the

matter fields but only via the curvature tensors. Fermions naturally couple directly

to the connection unlike scalar fields and gauge fields. We do not explicitly discuss

fermion fields further in our works, however, the connection used in fermionic terms

could be taken to be the Levi–Civita connection [152–160].

In the Palatini formulation varying the Einstein–Hilbert action (4.1) with respect

to both the metric and the general connection results into equations of motion that

fix the connection to be the Levi–Civita connection. The field equations then reduce

to the Einstein field equations

R̊αβ −
1

2
gαβR̊ + Λgαβ = Tαβ , (4.2)

where the energy momentum tensor is given by the variation of the matter part of

the action with respect to the metric

Tαβ ≡ −2√−g
δSm

δgαβ
. (4.3)

The two formulations give rise to the same equations of motion and are thus classi-

cally equivalent.

By using the Palatini formulation fewer assumptions are needed to arrive at

equivalent dynamics compared to the metric formulation. However, there are subtle

differences even on the level of the Einstein–Hilbert action. In the metric formulation

to obtain the Einstein field equations without further assumptions about boundaries

a York-Gibbons-Hawking boundary term needs to be added to the action [161, 162].

In contrast, in the Palatini formulation such a term is not needed, see e.g. [163].

When gravity is modified by introducing new terms to the Einstein–Hilbert ac-

tion the equivalence between different formulations break down and the different

formulations yield different dynamics.

16In some older literature Palatini also implies the assumption that the general connection is
restricted to be symmetric.
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4.1 Geometrical quantities

Before discussing modifications, let us describe the richer structure of the spacetime

manifold allowed by considering a general connection. The connection defines the

covariant derivative ∇α which acts on an arbitrary tensor Aα
β as

∇γA
α
β = ∂γA

α
β + Γα

γδA
δ
β − Γδ

γβA
α
δ . (4.4)

Note that the general connection does not have any symmetries, thus, the order of

the indices appearing in the definition of the covariant derivative are important.17

A general connection allows for non-metricity and torsion. Non-metricity mea-

sures the covariant non-conservation of the metric by the connection. The non-

metricity tensor and its contractions, the two non-metricity vectors, are defined as

Qγαβ ≡ ∇γgαβ , Qγ ≡ Qγαβg
αβ , Q̂β ≡ Qγαβg

γα . (4.5)

In geometrical terms the length of vectors change under parallel transport when a

connection has non vanishing non-metricity.

Torsion describes the antisymmetricity of the connection. The torsion tensor

and vector are defined as18

T γ
αβ ≡ 2Γγ

[αβ] , Tβ ≡ T α
βα . (4.6)

Note that torsion does not depend on the metric. Geometrically torsion describes the

non-closure of an infinitesimal parallellogram formed by parallel transporting vectors.

Furthermore, straight lines described by the connection and shortest/longest paths

described by the metric are equivalent if and only if the non-metricity vanishes and

the torsion is totally antisymmetric [164]. See the figure 4.1 for schematic illustrations

of the meaning of the different geometrical quantities.

It is often useful to perform a decomposition of the connection into a metric part

and a difference from it

Γγ
αβ = Γ̊γ

αβ + Lγ
αβ , (4.7)

where the Levi–Civita connection of the metric gαβ is

Γ̊γ
αβ = 1

2
gγδ(∂αgδβ + ∂βgαδ − ∂δgαβ) , (4.8)

and Lγ
αβ is the distortion tensor. This decomposition can be done with respect

17There are differing conventions in the literature for the order of indices and signs in the covariant
derivative and so one has to take care to keep things consistent.

18It is also possible to construct an axial torsion vector T̂α = 1
6ϵ

αβγδTβγδ, but we will not need
it.
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Rα
βγδ

T α
βγ

v1 v′1

v2

v′2

Qαβγ

1

2

3

4

5

Figure 4.1. Illustrations of the different geometrical quantities derived from the connec-
tion. The dashed lines represent paths along which the vectors (solid arrows) are parallel
transported. (Left) In a manifold with non-zero curvature parallel transporting a vector
around a closed loop in general changes the direction of the vector. (Middle) With non-
zero torsion trying to form a parallellogram by parallel transporting vectors infinitesimally
along two paths will not necesarily form a closed parallellogram. (Right) With non-zero
non-metricity parallel transporting a vector in general changes the length of the vector.

to any metric, not necessarily the original spacetime metric. Both the Levi–Civita

connection and the distortion tensor Lγ
αβ depend on the choice of the metric used in

the decomposition. The sum of the two, i.e. the general connection, obviously does

not.

The distortion tensor can be expressed in terms of non-metricity and torsion as

Lγ
αβ = Jγ

αβ +Kγ
αβ , (4.9)

where the non-metricity part called the disformation is given by

Jα
βγ ≡ 1

2
gαµ(Qµβγ −Qγµβ −Qβµγ) , (4.10)

and the torsion part called the contortion is given by

Kα
βγ ≡ 1

2
(T α

βγ + gγµg
ανT µ

νβ + gβµg
ανT µ

νγ) . (4.11)

Note that these tensors have the symmetries Jαβγ = Jα(βγ) and Kα
β
γ = K [α

β
γ],

where the indices are raised and lowered with the metric gαβ. In terms of distortion

the non-metricity can be written as Qαβγ = −2L(α|γ|β). Likewise, torsion can be

expressed in terms of distortion as 2Lγ
[αβ]. All the tensors Lα

βγ, J
α
βγ and Kα

βγ

depend on the metric chosen to do the decomposition with. Performing different

metric transformations moves different pieces of the general connection between Γ̊α
βγ ,

Jα
βγ and Kα

βγ .
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4.2 Riemann and Ricci-type tensors

The Riemann tensor is constructed from the connection and is defined as

Rα
βγδ ≡ ∂γΓ

α
δβ − ∂δΓ

α
γβ + Γα

γµΓ
µ
δβ − Γα

δµΓ
µ
γβ . (4.12)

With a general connection the Riemann tensor has only one symmetry: it is antisym-

metric in its last two indices Rα
βγδ = Rα

β[γδ]. This makes it possible to have more

than one different first contraction of the Riemann tensor, not just the Ricci tensor.

The three different possible first contractions are the Ricci tensor, the co-Ricci ten-

sor, and the homothetic curvature tensor. We call these collectively the Ricci-type

tensors, which are defined as:

Rαβ ≡ Rµ
αµβ (Ricci tensor), (4.13a)

R̂α
β ≡ gµνRα

µνβ (co-Ricci tensor), (4.13b)
∼
Rαβ ≡ Rµ

µαβ (homothetic curvature tensor). (4.13c)

In general the Ricci and co-Ricci tensor do not have any symmetries, while the

homothetic curvature tensor is antisymmetric which originates from the Riemann

tensor. The Ricci and homothetic tensors are independent of the metric, while the

co-Ricci tensor depends on the metric. Furthermore, note that the Ricci scalar

R ≡ gαβRαβ remains unique since R̂α
α = −R and gαβ

∼
Rαβ = 0.19

It is also possible to construct many different scalars from contracting torsion and

non-metricity tensors and combine them into actions that lead to second order field

equations. Here we restrict our attention to theories where the connection appears

only through the Riemann tensor.

Decomposing the connection as (4.7) the Riemann tensor decomposes into a met-

ric and disformation parts, sometimes in the literature referred as post-Riemannian

expansion:

Rα
βγδ = R̊α

βγδ + 2∇̊[γL
α
δ]β + 2Lα

[γ|µ|L
µ
δ]β . (4.14)

Using this decomposition for the Riemann tensor we can write the homothetic cur-

vature as
∼
Rαβ = ∂[αQβ] , (4.15)

19There is another possible (pseudo)scalar that is linear in the Riemann tensor, called the Holst
term: Rh = 1

2gαµϵ
µβγδRα

βγδ = −3∇̊αT̂
α + 1

4ϵ
αβγδTµαβT

µ
γδ +

1
2ϵ

αβγδQαβµT
µ
γδ [165]. With the

Einstein–Hilbert action (with no matter couplings to the connection) adding the Holst term does
not change the equations of motion and thus it has no effect on classical dynamics. If, however,
the Einstein–Hilbert action is modified the Holst term becomes dynamical, see [166] for its effects
in the context of inflation.
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i.e. the homothetic curvature tensor is the exterior derivative of the non-metricity

vector. The homothetic curvature tensor thus has to do with the change of length of

vectors under parallel transport [167].

We can similarly use the decomposition (4.14) to write the co-Ricci tensor as

R̂αβ = −Rαβ + 2gµν∇[βQµ]να − T µν
βQµνα , (4.16)

from which it is apparent that the Ricci and co-Ricci tensors depend on each other.

For our analysis it turns out to be useful to define an average of the Ricci and co-Ricci

tensors
∆

Rαβ ≡ 1

2
(R̂αβ +Rαβ) = gµν∇[βQµ]να − 1

2
T µν

βQµνα . (4.17)

4.3 Projective transformation

Solving the connection from the Einstein–Hilbert action sets the connection to be

the Levi–Civita connection up to an arbitrary vector Γγ
αβ = Γ̊γ

αβ + δγβVα [168, 169].

This is due to a well known symmetry of the Einstein–Hilbert action: it is invariant

under the projective transformation [168]

Γγ
αβ → Γγ

αβ + δγβVα , (4.18)

where Vα is an arbitrary vector field. The projective part of the connection is left

unconstrained by the field equations.

In some modified actions requiring projective invariance makes the theory ghost

free [170–172]. However, ghost free theories without this symmetry are also known

[171–173]. Furthermore, in [2] we have found theories that have ghosts which have

this symmetry. A more complex type of symmetry is needed to guarantee a theory

to be free of ghosts, see e.g. [174]. We discuss issues of ghost degrees of freedom

in more detail in chapter 5. Additionally, if the gravitational sector is projectively

invariant and the matter sector is not will in general lead to problems [163].

Under the projective transformation the Ricci-type tensors transform as

Rαβ → Rαβ + 2∂[αVβ] ,

R̂αβ → R̂αβ + 2∂[αVβ] ,
∼
Rαβ →

∼
Rαβ + 8∂[αVβ] ,

∆

Rαβ →
∆

Rαβ + 2∂[αVβ] . (4.19)

Note that only the antisymmetric parts of the Ricci-type tensors change under the

projective transformation. Thus, the symmetric parts of the Ricci-type tensors re-
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main invariant. This makes the fact that Einstein–Hilbert action is symmetric under

the projective transformation evident, since only the symmetric part of the Ricci

tensor appears in the action. We can also construct a linear combination from the

antisymmetric parts which is invariant under the projective transformation

P

Rαβ ≡ (α + 4β)R[αβ] − α
∆

R[αβ] − β
∼
Rαβ , (4.20)

where α and β can be any quantities that are invariant under the projective trans-

formation.

The projective symmetry will play a role in the next chapter where we will

investigate the stability of Ricci-type theories.
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Chapter 5

Stability of higher order curvature

theories

In our work we investigated the perturbative degrees of freedom propagating around

specific backgrounds. This is distinct from investigating the degrees of freedom of the

full nonlinear theories where one would obtain a complete picture of all propagating

degrees of freedom and their nature. The full nonlinear Hamiltonian analysis to

obtain this full picture for a given modified gravity theory is a highly nontrivial task,

see e.g. [175]. So, one can first investigate the easier path and look at degrees of

freedom around specific backgrounds.

The stability of physically relevant backgrounds is an important requirement for

any physically sensible theory to have. In addition, finding that different number

of degrees of freedom propagate around different backgrounds can indicate the exis-

tence of a strong coupling problem [176–179], bringing the viability of a theory into

question.

To illustrate the stability of perturbations around a background let us look at a

canonical scalar field around Minkowski space with the Lagrangian

L =
k

2
∂0ϕ∂0ϕ− l

2
∂iϕ∂iϕ− m2

2
ϕ2 + LϕΨ , (5.1)

where k, l and m2 are some constants, and LϕΨ denotes couplings between the scalar

ϕ and additional degrees of freedom in the theory. The usual stable canonical scalar

corresponds to k = 1, l = 1 and m2 ≥ 0.

There can be different types of instabilities depending on the signs of k, l and

m2. If the gradient term has the wrong sign l < 0 there is a gradient (Laplacian)

instability and if the mass term has the wrong sign m2 < 0 there is a tachyonic

instability, for more on these see e.g. [179–181]. Here we will focus on the instabilities
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appearing when k < 0, i.e. when the kinetic term has a negative sign.20 Degrees

of freedom with a negative sign kinetic term are called ghosts. The Hamiltonian is

H = 1
2
[k−1π2+(∂iϕ)

2+m2ϕ2]+HϕΨ with π/k = ∂0ϕ, which for k < 0 is not bounded

from below. This is a problem, since if the field interacts with other fields, the ghost

can decay to arbitrarily negative energies exciting the other fields to arbitrarily high

energies.

Quantizing this theory one finds the background to be unstable. Due to the

ghosts having negative energy, energy conservation does not forbid vacuum to pro-

duce ghost particles and particles it interacts with. This renders any candidate of a

vacuum state to be unstable. Another choice is to define non-positive definite metric

on the Hilbert space leading to bounded energies at the cost of introducing negatively

normed states [182].

It is worth noting here that not all ghosts are necessarily problematic. One might

be more familiar with the Faddeev–Popov ghosts in the context of gauge theories.

In this context the ghosts are introduced to deal with unphysical gauge degrees of

freedom. These ghosts do not appear in physical spectrum of the theory (the ghosts

only appear in internal lines in Feynman diagrams) and thus these ghosts are not

problematic. In effective field theory setting a perfectly healthy ultraviolet theory

may lead to low energy effective field theory that contains ghosts. If the ghost

appear at higher orders of the effective theory’s expansion parameter they are not

problematic since they cannot be excited while staying in the validity of the effective

theory [183, 184].

There has been recent studies on how to make ghosts in the quantum theory

viable [185–189]. The classical stability of ghosts has also been studied, see [190] and

references therein.

It is worth noting here that there has been successful efforts in automating the

computations needed to investigate perturbative degrees of freedom for the very

complicated tensorial theories, at least around Minkowski space [191, 192].

5.1 Stability of non-degenerate Ricci-type theories

In [2] we studied the most general non-degenerate Palatini theory where the ac-

tion depends algebraically on the Ricci-type tensors, focusing on if ghost degrees of

freedom appear or not.

We take the action to be a function of any set of linearly independent combi-

nation of the Ricci-type tensors (4.13). For later convenience we choose this to be

20In the Lorentz invariant form it is often said that the kinetic terms has the wrong sign, since
the correct sign leading to positive kinetic term depends on the convention for the metric signature
in use, − 1

2 (∂αϕ)
2 for (−,+,+,+) signature and + 1

2 (∂αϕ)
2 for (+,−,−,−).

60



5.1 Stability of non-degenerate Ricci-type theories

{Rαβ,
∆

R(αβ),
P

Rαβ,
∼
Rαβ}. Furthermore, we choose α = 1 and β = 0 in the definition

(4.20) of
P

Rαβ without loss of generality. The action under consideration reads

S =

∫
d4x

√−g1
2
F (gαβ, Rαβ,

∆

R(αβ),
P

Rαβ,
∼
Rαβ,Ψ, ∂Ψ) , (5.2)

where Ψ and ∂Ψ denote collectively all the matter fields and their derivatives included

in the theory. The matter fields are allowed to couple arbitrarily to the Ricci-type

tensors. To make the analysis of this action more tractable, we perform a Legendre

transformation to bring the action into a form that is linear in the Ricci-type tensors

[193–197].

5.1.1 Legendre transformation

Performing a Legendre transformation to the action (5.2) we get

S =

∫
d4x

√−g1
2

[
F (gαβ,Σαβ,∆αβ,Παβ,Θαβ,Ψ, ∂Ψ) +

∂F

∂Σαβ

(Rαβ − Σαβ)

+
∂F

∂∆αβ

(
∆

R(αβ) −∆αβ) +
∂F

∂Παβ

(
P

Rαβ − Παβ) +
∂F

∂Θαβ

(
∼
Rαβ −Θαβ)

]
, (5.3)

where Σαβ, ∆αβ = ∆(αβ), Παβ = Π[αβ], and Θαβ = Θ[αβ] are auxiliary fields. Varying

the action (5.3) with respect to the auxiliary fields lead to equations of motion

of the form ∂2F/(∂Σαβ∂Σγδ)[Rγδ − Σγδ] = 0, which has the solution Σαβ = Rαβ,

if ∂2F/(∂Σαβ∂Σγδ) is invertible. Assuming that the second derivative of F with

respect to each of the auxiliary fields is invertible, from the auxiliary fields equations

of motion we get the solutions Σαβ = Rαβ, ∆αβ =
∆

R(αβ), Παβ =
P

Rαβ, and Θαβ =
∼
Rαβ,

which when substituted back into the action gives the original action (5.2). Theories

for which F satisfies these invertibility conditions, the original action (5.2) and the

Legendre transformed one (5.3) are equivalent and we call them non-degenerate.

The action is simplified further by introducing the following field redefinitions

√−g ∂F

∂Σ(αβ)

≡ √−qqαβ , √−g ∂F

∂Σ[αβ]

≡ √−qBαβ (5.4a)

√−g ∂F

∂∆αβ

≡ √−qSαβ ,
√−g ∂F

∂Παβ

≡ √−qPαβ (5.4b)

√−g ∂F

∂Θαβ

≡ √−qHαβ , (5.4c)

where q = det qαβ and qαβ is the inverse of qαβ, which has to exist for the field
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redefinitions to be consistent. With these the action can be written as

S =

∫
d4x

√−q1
2

[
Rα

βγδfα
βγδ

+

√−g√−qF − (qαβ +Bαβ)Σαβ − Sαβ∆αβ − PαβΠαβ −HαβΘαβ

]
, (5.5)

where

fα
βγδ ≡

(
qβ[δ +Bβ[δ +

1

2
Sβ[δ +

1

2
P β[δ

)
δγ]α

+
1

2
Sµ[δgγ]βgµα − 1

2
P µ[δgγ]βgµα +Hγδδβα . (5.6)

The new auxiliary field qαβ plays the role of the metric. The original metric gαβ among

the rest of the auxiliary fields Σαβ, ∆αβ, Παβ, Θαβ are to be solved algebraically from

the field redefinitions (5.4) in terms of the new fields qαβ, B
αβ, Sαβ, Pαβ, Hαβ.

We have managed to write the general action (5.2) depending non-degenerately

on the Ricci-type tensors in a form which is linear in the Riemann tensor. Thus the

action is quadratic in the connection, meaning that the action results into a linear

equations of motion for the connection. We can thus solve the connection in terms of

the rest of the fields and substitute it back into the action. We then obtain an action

that depends only on qαβ, B
αβ, Sαβ, Pαβ, Hαβ, the matter fields Ψ and possibly on

the projective mode of the connection if it is left unconstrained by the equations of

motion for the connection. From the resulting form of the action we can inspect if

the new fields obtain kinetic terms and if they are ghosts or not.

In principle the connection is solvable in the full theory since it is a linear equa-

tion. However, it becomes untractable in general. Thus, we resorted into considering

perturbations around different backgrounds and solving the connection to first or-

der. We investigated different initial constraints for the connection: the general case

where the initial connection is completely unconstrained, the case where the torsion

is vanishing and the case where the non-metricity is vanishing.

5.1.2 General case around Minkowski background

Around Minkowski space the original metric is expanded as gαβ = ηαβ + δgαβ where

ηαβ is the Minkowski metric. This results in the new metric being similarly expanded

as qαβ = ηαβ + δqαβ. Furthermore, around Minkowski the connection Γγ
αβ and the

fields Bαβ, Sαβ, Pαβ and Hαβ are considered to be first order perturbations.

62



5.1 Stability of non-degenerate Ricci-type theories

Solving the connection to first order in the general case leads to the action [2]

S =

∫
d4x

1

2

[
R̊− 7

2
∂αB

αβ∂γBγβ −
1

4
∂γBαβ∂

γBαβ − 166

3
∂αH

αβ∂γHγβ

− 82

3
∂αB

αβ∂γHγβ +
1

3
(−2Tβ + ∂γSγβ + ∂γPγβ)(∂αB

αβ + 4∂αH
αβ)

+

√−g√−qF − (qαβ +Bαβ)Σαβ − Sαβ∆αβ − PαβΠαβ −HαβΘαβ

]
. (5.7)

Here Tβ is the projective mode of the connection left unconstrained due to the pro-

jective symmetry of the field equations. The action does not have mixing between

R̊αβ and the other fields due to us making the choice of using
∆

Rαβ as an variable

instead of R̂αβ.

Analysing the kinetic terms of the action (5.7) results into the following conclu-

sions. Kinetic terms for Bαβ, originating from R[αβ], lead to a pseudovector degree of

freedom which is unstable. This ghost exists whether or not the action depends on

the other fields or not. Action depending on
∆

R[αβ] leads to a ghost in the same way

as R[αβ]. We can now note another projectively invariant action leading to a ghost.

An action depending on the projectively invariant combination 4R[αβ]−
∼
Rαβ leads to

the same pseudovector ghost as R[αβ], since the homothetic tensor only contributes

to the vector sector and cannot thus affect the pseudovector sector. In contrast,

both R[αβ] and
∆

R[αβ] contribute to the pseudovector sector and in the combination
P

Rαβ = R[αβ]−
∆

Rαβ their contributions exactly cancels. Thus, we do not have a kinetic

term for Pαβ in the action (5.7).

We saw that if the action depends on Bαβ there is always a ghost around

Minkowski space. Now if the action does not depend on Bαβ, depending on the

form of the function F in the action, it may either have: no new degrees of freedom

or a new propagating vector field, which may be healthy or a ghost. These come

from the projective mode Tβ of the connection that appears in the action (5.7) as

a Lagrange multiplier type term [2]. The new propagating vector field coming from

the homothetic curvature has been found also previously in the literature [198].

5.1.3 General case around FLRW background

We found that around Minkowski background the Ricci-type tensors
∆

Rαβ and
P

Rαβ do

not result in new degrees of freedom. This motivated us to look if it is a peculiarity of

the maximally symmetric Minkowski space that no new degrees of freedom propagate

due to these tensors. To investigate this further we chose to investigate perturbations

around a cosmological spatially flat FLRW background (see section 6.1 for description

of the FLRW background).
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Expanding around the FLRW background is considerably more cumbersome than

the Minkowski case. To make the computations more tractable we considered a

simpler case where the action (5.2) is

S =

∫
d4x

√−g1
2
F (gαβ, g

αβRαβ,
∆

R(αβ),
P

Rαβ,Ψ, ∂Ψ) . (5.8)

After performing the same Legendre transformation procedure described above, the

metric is split into background plus perturbations as qαβ = q̄αβ + δqαβ where the

background metric is q̄αβ = a(η)2ηαβ where η is the conformal time. The connection

is also divided into a non-zero background part and perturbations. For the non-metric

part, i.e. the distortion, Lγ
αβ = L̄γ

αβ + δLγ
αβ. By symmetries the background part

of distortion is of the form

L̄γ
αβ = L1(η)u

γ q̄αβ + L2(η)uαδ
γ
β + L3(η)uβδ

γ
α + L4(η)u

γuαuβ + L5(η)ϵ
γ
αβδu

δ ,

(5.9)

where uα = (a−1, 0, 0, 0) and ϵαβγδ is the totally antisymmetric Levi–Civita tensor.

The new field Sαβ is split into background and perturbations Sαβ = S̄αβ + δSαβ

with S̄αβ = S1(η)q̄
αβ + S2(η)u

αuβ. Finally, the antisymmetric field is zero on the

background and thus Pαβ = δP αβ. With these we can solve the background connec-

tion and substitute it back into the action, which results into Rα
βγδfα

βγδ part of the

action becoming [2]

S ⊃
∫

d4xa4
[
1

2
R̊(q̄) +

3

4
H2S2

2 +
3S2

2

16a2(S2
2 − 4)

S ′
2S

′
2 +

3HS2

4a
S ′
2

]
, (5.10)

where R̊(q̄) in the Ricci scalar of the background metric q̄αβ, the prime denotes ′ ≡ d
dη

and H ≡ a′/a2 is the Hubble parameter. We can note that the action turns out not

to depend on S1(η) part of the S̄αβ background. This implies that for maximally

symmetric backgrounds with no preferred time directions (i.e. no uα exist) there is

no kinetic terms for the Sαβ. Which is the case in Minkowski background as we saw

earlier. Inspecting the action we note that the kinetic term of S2 has the wrong sign

for |S2| < 2, thus S2 = 0 is unstable.

Obtaining the second order action for the perturbations around FLRW back-

ground is in principle straightforward, but very cumbersome. To second order pertur-

bations transforming differently under spatial rotations tensors, vectors and scalars

decouple and can be treated separately. The tensor modes turn out to be simplest

to analyse. After a lengthy cumbersome calculation the kinetic terms for the tensor
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5.1 Stability of non-degenerate Ricci-type theories

perturbations turn out to be

S ⊃
∫

d4xa4
[

1

2a2
∂0hij∂0h

ij − 1

4
∂khij∂

khij +
S2
2

4a2(S2
2 − 4)

∂0sij∂0s
ij

]
, (5.11)

where δqij = hij, with hii = 0, ∂ihij = 0; and δSij = sij, with sii = 0, ∂is
ij = 0.

Spatial indices are raised and lowered using the background metric q̄αβ. We find the

same conclusion as for the background kinetic term: the kinetic term for the tensor

modes sij have the wrong sign when |S2| < 2. We have found that whether or not

Sαβ leads to new degrees of freedom depends on the background. This may be an

indication of a strong coupling problem, as noted earlier.

5.1.4 Case of zero torsion around Minkowski background

Let us assume that the torsion vanishes a priori T α
βγ = 0, as often historically

assumed in the Palatini formulation. With zero torsion one finds
∼
Rαβ = 2R[αβ]

and thus the homothetic curvature is not linearly independent and we can drop its

dependence setting Hαβ = 0.

Solving the connection to first order as explained at the beginning of section

5.1.2 now results into a second order action for the perturbations around Minkowski

S =

∫
d4x

1

2

[
R̊(q) +

1

6
∂αB̂

αβ∂γB̂
γ
β −

1

2
∂αP

αβ∂γP
γ
β −

1

16
∂γPαβ∂

γPαβ

+
1

16
∂γSαβ∂

γSαβ − 1

48
∂αS

β
β∂

αSγ
γ −

1

12
∂αS

αβ∂γS
γ
β +

1

24
∂βS

βγ∂γS
α
α

− 5

4
∂αP

αβ∂γS
γ
β +

2

3
∂αB̂

αβ∂γS
γ
β

+

√−g√−qF − (qαβ + B̂αβ + 2Pαβ)Σαβ − Sαβ∆αβ − PαβΠαβ

]
, (5.12)

where the Pαβ and Bαβ kinetic terms have been diagonalized using a redefinition

B̂αβ = Bαβ + 2Pαβ. Ignoring cross terms Bαβ has a healthy kinetic term, but Pαβ

and Sαβ lead to ghosts [199]. If we set Pαβ = 0 the remaining kinetic terms are easy

to diagonalize and one sees that ghosts appear. If the action does not depend on
P

Rαβ nor
∆

Rαβ (i.e. Pαβ = Sαβ = 0) it is possible to solve the connection exactly and

the extra degree of freedom coming from R[αβ] (B
αβ) corresponds to a vector field

with positive definite kinetic term [171].

5.1.5 Case of zero non-metricity around Minkowski background

Theories where the non-metricity is assumed to vanish are called Einstein-Cartan

theories, a common assumption in loop quantum gravity [200].
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Tensor General case Zero torsion Zero non-metricity
Minkowski FLRW Minkowski Minkowski

R(αβ) no new dofs - no new dofs no new dofs
R[αβ] ghosts - healthy vector no new dofs
∆

R(αβ) no new dofs ghosts ghosts 0
P

Rαβ no new dofs no new dofs ghosts not independent

∼
Rαβ

no new dofs,
healthy vector,

or ghosts

- not independent 0

Table 5.1. Table summarising which Ricci-type tensors lead to new degrees of freedom
(dofs) and if they include ghosts. Entry of 0 means the tensor is identically zero and ”not
independent” means the tensor depends linearly on the other tensors. In the general case
∼
Rαβ can lead either one of the listed entries, depending on the form of the function F

in the action (5.2). In the FLRW case
∆

Rαβ leads to ghost or healthy degrees of freedom
depending on the background solution. Table from [2].

Assuming ∇αgβγ = Qαβγ = 0 the disformation vanishes, thus the distortion is

given solely by the contortion Lα
βγ = Kα

βγ. Recalling the symmetry K [α
β
γ] = Kα

β
γ

we see from (4.14) that
∼
Rαβ = 0. From (4.17) we also see that

∆

Rαβ = 0. Now since we

have only Rαβ left we can also drop dependence on
P

Rαβ since it is not independent.

Thus, the only remaining non trivial Ricci-type tensor is Rαβ and we thus have only

the qαβ and Bαβ fields.21

Solving for the connection to first order as described in section 5.1.2 we obtain

an action with only kinetic terms coming from the Einstein–Hilbert term R̊(q) for

the metric qαβ. The new field Bαβ does not propagate around Minkowski space.

We did not investigate this case around FLRW background since it is known that

Einstein-Cartan theory quadratic in R[αβ] has a ghost in the full nonlinear theory

[201–204].

The main findings reviewed in this chapter are summarised in the Table 5.1.

21Assuming ∇αgβγ = Q
(g)
αβγ = 0 is the most natural choice since the original theory is formulated

with the metric gαβ . We could also ask what if we assume the non-metricity with respect to the

Einstein frame metric qαβ vanishes instead ∇αqβγ = Q
(q)
αβγ = 0. The end result, to first order, turns

out to be the same [2].
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Chapter 6

Cosmic Inflation

and Ricci-type theories

The most promising observational probe of higher order curvature effects is the pri-

mordial universe, most notably the period of cosmic inflation. In this chapter we will

review our results found in [3] starting with a brief introduction to inflation.

6.1 Inflationary paradigm

Cosmic inflation [205–210] is a hypothetical period of accelerated expansion of space-

time, which is a very successful scenario of the very early universe. It is able to explain

features that are left unaddressed by the hot Big Bang model of cosmology. It can

explain: the homogeneity and isotropy problem, the observed spatial flatness and

alleviate possible problematic relic problems.22

Most notably, and what we are going to focus on here, is the ability to explain the

origin of primordial perturbations. Many inflationary models are able to generate

primordial perturbations that are (to a good approximation) Gaussian, adiabatic

and close to scale invariant, which is in very good agreement with observations [212].

These primordial perturbations act as seeds for large scale structure formation in the

later evolution of the universe.

Inflating universe rapidly becomes spatially homogeneous and isotropic to a high

degree. A spacetime manifold with the latter symmetries can be foliated into maxi-

mally symmetric spacelike slices. The most general metric on such a manifold is the

Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric

ds2 = −dt2 + a2(t)

[
dr2

1−Kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (6.1)

22For detailed explanations and how inflation is able to solve these problems see any introductory
text on inflation, e.g. [211].
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Cosmic Inflation and Ricci-type theories

where t is the time coordinate, a(t) the scale factor describing the expansion of the

universe, {r, θ, ϕ} are the spherical coordinates on the maximally symmetric spatial

slice and K describes the curvature of the slices. Since inflation drives the universe

to be spatially flat we can set K = 0. Universe is in accelerated expansion, i.e.

inflating, when the second time derivative of the scale factor is positive ä > 0. The

dots denote time derivatives d
dt
.

As the famous quote by Wheeler says “Spacetime tells matter how to move;

matter tells spacetime how to curve” [213], let us inspect what kind of matter can

curve spacetime in such a way that it is accelerated expansion of space. Homogeneity

and isotropy restricts the matter content to be described by a perfect fluid, for which

the energy momentum tensor can be written as

Tαβ = pgαβ + (ρ+ p)uαuβ , (6.2)

where uα is the four-velocity, p = p(t) is the pressure, and ρ = ρ(t) is the energy

density of the fluid. With the FLRW metric (6.1) and the perfect fluid (6.2) the

Einstein equations reduce to the Friedmann equations

H2 =
ρ

3
,

ä

a
= −1

6
(ρ+ 3p) , (6.3)

where H ≡ ȧ/a is the Hubble parameter. In terms of the Hubble parameter the

requirement for inflation can be written as ϵH ≡ −Ḣ/H2 < 1. In other words,

during inflation the comoving Hubble radius (aH)−1 decreases, in contrast during

matter and radiation domination it increases. From the second Friedmann equation

it is clear that we get accelerated expansion when ρ + 3p < 0. For non-relativistic

matter and radiation ρ+ 3p > 0.

6.2 Scalar field driven inflation

A simple way of realising accelerated expansion is by adding a single scalar field

to the Einsten-Hilbert action. Consider the matter part of the action (4.1) to be

dominated by

Sm =

∫
d4x

√−g
[
−1

2
gαβ∂αφ∂βφ− V (φ)

]
. (6.4)

Assuming that the scalar is homogeneous and isotropic φ = φ(t), the equations of

motion for the scalar field are given by

φ̈+ 3Hφ̇+ V (φ),φ = 0 , (6.5)
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6.2 Scalar field driven inflation

and we have ρ = 1
2
φ̇2 + V (φ) and p = 1

2
φ̇2 − V (φ). We have introduced a shorthand

notation for partial derivatives ∂φV (φ) ≡ V (φ),φ. Thus, the Friedmann equations

now read

H2 =
1

3

[
1

2
φ̇2 + V (φ)

]
, (6.6)

ä

a
= −1

3

[
φ̇2 − V (φ)

]
, (6.7)

from which it is evident that we get accelerated expansion when the kinetic energy

of the scalar is smaller than its potential energy φ̇2 < V (φ). The scalar field that

drives inflation is called the inflaton.

For inflation to be able to solve the various problems mentioned previously,

the universe has to inflate for sufficiently long. We can imagine that in a scenario

where the scalar field is slowly rolling down a sufficiently flat potential the condition

φ̇2 < V (φ) will be satisfied for non-negligible time. This leads us to the scenario of

slow-roll inflation.

In the slow-roll approximation we assume that

φ̇2 ≪ V (φ), |φ̈| ≪ |3Hφ̇| , (6.8)

With the above assumptions (6.6) and (6.5) simplify to the slow-roll equations

H2 =
V (φ)

3
, (6.9)

3Hφ̇ = −V (φ),φ . (6.10)

Let us define the first two slow-roll parameters

ϵ =
1

2

(
V,φ
V

)2

, (6.11)

η =
V,φφ
V

. (6.12)

When the slow-roll approximation is valid ϵH ≈ ϵ≪ 1 and |η| ≪ 1, or in other words

these two conditions imply (6.8). The second and further slow-roll parameters are

needed to be small to get long period of inflation. Slow-roll is an attractor of the

equations of motion, thus a wide range of different initial conditions tend to rapidly

flow to the slow-roll region of the phase space, see e.g. [214]. The amount of inflation

is customarily measured by the number of e-folds of the scale factor, given by

N ≡ ln
a(tend)

a(t)
=

∫ tend

t

Hdt ≈
∫ φ

φend

dφ√
2ϵ

. (6.13)
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The end of inflation is often approximated to be at the end of slow-roll, i.e. when

ϵ(φend) = 1 or |η(φend)| = 1 which ever happens first. The exact number of e-folds of

inflation needed depends on the details of the model and length of the graceful exit

from inflation to the hot primordial universe, i.e. (p)reheating [215–217]. A typical

amount is of order 50 e-folds [218].

6.3 Inflationary observables

As stated earlier, inflation gives us a mechanism of generating primordial pertur-

bations whose statistical properties can be computed in a given inflationary model

and compared with observations. These perturbations are generated by quantum

vacuum fluctuations, which get stretched to large scales and classicalised during in-

flation. With additional knowledge of the history of the universe we can evolve these

initial perturbations to later times and compare them with observations.

We give here a high-level description on the analysis. For later it is also important

to note that the perturbations in the metric formulation are equivalent with the

perturbations in the Palatini formulation [219, 220].

We consider small perturbations around the FLRW metric and a homogeneous

and isotropic inflaton field: φ → φ̄(t) + δφ(t, x) and gαβ → ḡαβ + δgαβ(t, x). We

denote the background quantities φ̄, ḡαβ with an overbar. Due to the diffeomorphism

invariance in General Relativity the perturbations δφ and δgαβ have gauge freedom.

For introductory treatments to cosmological perturbation theory see e.g. [221, 222].

To get something physical from our computations we must fix a gauge or construct

gauge invariant quantities.

To first order in perturbation theory parts transforming differently under spatial

rotations, i.e. scalars, vectors and tensor modes, do not mix with one another. This

is called the decomposition theorem [223, ch. 5]. We can thus consider separately

each of the different sectors. It turns out that vector perturbations decay as 1/a2

and thus have vanishing effect on cosmology. For scalar perturbations an useful

quantity is the Mukhanov-Sasaki variable v(η, x) [224–226]. In spatial flat gauge it

reads v = aδφ. The Einstein–Hilbert action (4.1) with the added scalar field (6.4)

can be expanded to second order in the perturbations resulting into an action which

in terms of v reads [227–229]

S
(s)

2nd
=

∫
dηd3x

[
(∂ηv)

2 − (∂iv)
2 +

∂2ηz

z

]
, (6.14)

where dη = dt/a(t) is conformal time and z2 ≡ a2φ̇2/H2 = 2a2ϵ. The Mukhanov-

Sasaki variable is related to the curvature perturbation on uniform-density spatial
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6.3 Inflationary observables

slices R = v/z, which is gauge invariant.23

From the action we obtain the equations of motion for the Fourier modes of

v = v(k):

∂2ηv +

[
k2 − ∂2ηz

z

]
v = 0 , (6.15)

where k is the comoving wave number. During slow-roll inflation spacetime is close

to de Sitter space. We can choose the initial vacuum state to be the adiabatic

Bunch-Davies vacuum v0(η, k) = i(aH)e−ikη(1+ikη)/
√
2k3 [230, 231]. An important

fact that allows inflationary scenarios to make predictions about the form of the

perturbations is that the initially adiabatic perturbations of the scalar and tensor

modes are conserved after the wave length becomes larger than the Hubble radius,

i.e. k < aH [223, 232, 233]. This is also where the quantum fluctuations decohere

and make the fluctuations appear classical [234].

With the above ingredients one can compute the correlation functions of the

perturbations describing their statistical properties. To first order the perturbations

are Gaussian. The two point correlation function, i.e. the power spectrum, for the

scalar curvature perturbations to first order in slow-roll is given by24

PR =

[
1

2ϵ

(
H

2π

)2
]
k=aH

= As

(
k

k∗

)ns−1

. (6.16)

The power spectrum is computed at Hubble horizon crossing k = aH, meaning at the

point when the modes freeze-out. On the second line of (6.16) we have introduced

the usual parametrization of the spectrum in a nearly scale invariant form, where

As is the amplitude of the spectrum, ns is the scalar spectrum tilt and k∗ is some

reference (pivot) scale. The spectrum is thus scale invariant if ns = 1. Looking at

the CMB the spectral tilt is observed to be slightly red tilted ns ≃ 0.9649 [212]. In

the slow-roll approximation

As ≈
1

24π2

V

ϵ
, (6.17)

ns = 1 +
d lnPR

d ln k
≈ 1 + 2η − 6ϵ. (6.18)

For tensor perturbations the analysis is analogous to what we described above.

The spectrum for the tensor perturbations, i.e. for gravitational waves, to first order

23Another gauge invariant scalar often used in the literature is the curvature perturbation on
uniform-density spatial slices ζ, which is equal to the comoving curvature perturbation R on super-
horizon scales, i.e. for modes with comoving wave number much smaller than the inverse Hubble
radius k ≪ aH, see e.g. [223]. The two quantities R and ζ are also equal during slow-roll inflation.

24Beyond slow-roll approximation, analytical expressions can also be obtained, see e.g. [222, 235].
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in slow-roll is

Pt =

[
8

(
H

2π

)2
]
k=aH

. (6.19)

The tensor modes have not been observed to date. An important quantity that

current observations can put bounds on is the tensor-to-scalar ratio r, which in slow-

roll is

r ≡ Pt

PR
≈ 16ϵ . (6.20)

The current best bound is given by the efforts of Planck and BICEP/Keck collabo-

rations: r < 0.036 at two sigma confidence [236]. How these parameters are related

to the CMB observables measured is highly non-trivial task and thus we will not go

into the details here, for introductory treatments see e.g. [211].

We have reviewed the generation of primordial perturbations and the predictions

of important observables in single scalar field inflation with the Einstein–Hilbert

action. We will be able to reuse this analysis on the next section when discussing

higher order curvature modifications of gravity.

6.4 Effects of Higher order curvature on Inflation

As we saw in the chapter 5 many higher order curvature terms lead to possible

theoretical problems. A theory that does not suffer from the previously discussed

problems is one that depends only on the symmetric Ricci tensor R(αβ), which is also

particularly simple since it does not lead to new degrees of freedom.

Next we will review our work on the effects of higher order R(αβ) terms on

inflation.

6.4.1 Non-degenerate R(αβ) gravity theory

The quadratic case of non-degenerate R(αβ) gravity and its effects on inflation were

first investigated in [237] and later expanded upon in [238].

In [3] we investigated how a general non-degenerate R(αβ) Palatini gravity theory

affects single scalar field driven inflation. The action we consider reads

S =

∫
d4x

√−g
[
1

2
F (gαβ, R(αβ), φ)−

1

2
gαβXαβ − U(φ)

]
, (6.21)

where Xαβ ≡ ∂αφ∂βφ and we emphasise that non-minimal couplings between gravity

and the scalar field are allowed. However, we do not allow derivative couplings

between the scalar and R(αβ), for example ∂αφ∂βφR(αβ) is excluded. (For derivative

couplings to Ricci-type tensors in Palatini formulation see [239].)
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We use the same Legendre transform approach, as described in section 5.1.1.

Using a Legendre transformation we bring the action in a form linear in the Riemann

tensor and then introduce a field redefinition to bring the action into an Einstein

frame. With this procedure the action becomes

S =

∫
d4x

√−q1
2

{
qαβR(αβ)

− qαβΣαβ(gαβ, φ) +

√−g√−q
[
F (gαβ,Σαβ, φ)− gαβXαβ − 2U(φ)

] }
, (6.22)

with the field redefinition
√−g∂F/∂Σαβ =

√−qqαβ. We again have the restriction

on the form of F that it has to be non-degenerate, meaning that ∂2F/(∂Σαβ∂Σγδ) has

to be invertible for the Legendre transformed action (6.22) and the original action

(6.21) to be equivalent.

In the previous section when we investigated the degrees of freedom, we were not

concerned by the form of the potential terms in the action. As we saw in section 6.3,

single scalar field inflation observables can be computed solely from the potential of

the scalar field. So, here we are interested in the potential terms. Thus, we have to

explicitly solve qαβ and Σαβ in terms of gαβ and φ.

The original metric gαβ and the Einstein frame metric qαβ turn out to be related

by a disformal transformation. To solve qαβ and Σαβ in terms of gαβ and φ we

introduce an ansatz for the disformal transformation

gαβ = γ1(φ,Xq)qαβ + γ2(φ,Xq)Xαβ , (6.23)

where Xq ≡ qαβXαβ. The functions γ1 and γ2 have to satisfy the following require-

ments for the disformal transformation to map between two pseudo-Riemannian

manifolds that are physically equivalent [240–248]:

γ1 > 0, γ2 ≥ 0, γ1 +Xqγ2 > 0,

γ1

(
γ1 −Xq

∂γ1
∂Xq

−X2
q

∂γ2
∂Xq

)
̸= 0 . (6.24)

These come from the requirements that: the transformation is invertible, the met-

ric qαβ has Lorentzian signature and causal trajectories map to causal trajectories.

Using (6.23) and introducing the ansatz Σαβ = C(φ,Xq)qαβ +D(φ,Xq)Xαβ we can

substitute them to the action and find algebraic equations for γ1, γ2 and the ansatz

coefficients C and D. Finding exact solutions for these equations is difficult. How-

ever, we can solve them approximately in the limit of small Xq. The kinetic term Xq

is required to be small for the classical theory to be applicable. Furthermore, during

slow-roll inflation in the long wavelength limit the kinetic term is further suppressed.
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Solving qαβ and Σαβ perturbatively to first order in Xq the action can be written

in a simple form

S =

∫
d4x

√−q
[
1

2
qαβR(αβ) −

4σ0(U,φ)

F,σ(σ0, φ)
− 2

F,σ(σ0, φ)
Xq +O(X2

q )

]
, (6.25)

where the function F to first order in Xq is F (g
αβ,Σαβ, φ) = F (σ, φ)+O(X2

q ). Here

σ ≡ σ0(φ)+σ1(φ)Xq, where σ0 and σ1 are functions of the series expansion coefficients

for small Xq of γ1, γ2, C and D. To first order the requirements (6.24) simplify to

F,σ(σ0) > 0. Finally, the auxiliary field σ0 is to be solved from the algebraic equation

2F (σ0, φ)− σ0F,σ(σ0, φ) = 4U(φ) . (6.26)

The action is now in a simple Einstein frame form with all the effects of the

modified gravity sector transformed into the matter sector. We can now find how

the inflationary observables change due to the modified gravity by simply looking at

the modified scalar potential in the Einstein frame.

To do this we can bring the scalars kinetic term to canonical form with a field

redefinition dχ/dφ = ±
√
F,σ(σ0)/2. Now to first order in slow-roll the observables

ns (6.18) and r (6.20) are simple functions of the two first slow-roll parameters ϵ

(6.11) and η (6.12). The computation boils down to just taking derivatives of the

effective potential U(χ) = 4σ0/F,σ with respect to the canonicalized scalar field χ.

In general both the scalar spectrum tilt ns and the tensor-to-scalar ratio r change.

The lengthy expressions for the change of these observables can be found in [3]. Let

us describe a few applications of the general result by choosing the form of the func-

tion F .

Quadratic action: In Palatini formulation the quadratic action R + αR2 was first

analysed in the framework of inflation in [237]. This was then extended to R+αR2+

βR(αβ)R
(αβ) in [238].

With the above simple form for the general action (6.25) we can easily analyse

this case. We take the functional dependence to be

F (gαβ, R(αβ), φ) = R + αR2 + βR(αβ)R
(αβ) . (6.27)

Leaving out the non-minimal coupling of the scalar to the Ricci tensor does not lead

to loss of generality. This is because the non-minimal coupling f(φ)R can be removed

via a conformal transformation gαβ → f−1(φ)gαβ, which just leads to redefinitions

of φ and U .
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Now the quadratic action to first order in Xq becomes simply

F (σ) = 4σ + 4(4α + β)σ2 . (6.28)

From (6.26) we find σ0 = U and the requirements (6.24) reduces to U > 0 and

4α + β > 0. The effective potential then reads

∼
U(χ) ≡ U [φ(χ)]

1 + 2(4α + β)U [φ(χ)]
, (6.29)

which leads to the first slow-roll parameter becoming

ϵ̃ ≡ 1

2

( ∼
U,χ
∼
U

)2

=
ϵ

1 + 2(4α + β)U
, (6.30)

where ϵ = 1
2

(
U,φ

U

)2
.

From these we see that since the potential
∼
U and the first slow-roll parameter

ϵ̃ are suppressed by the same factor, the scalar spectrum (6.17) is left unchanged
∼
U/ϵ̃ = U/ϵ. From (6.13) we also see that the number of e-folds is unaffected to first

order. Looking at the tensor spectrum (6.19), however, we see that it does change.

We see that it is supressed by the factor 1 + 2(4α + β)U .

To summarize: the effect of quadratic terms in R(αβ) has the effect of keeping

the scalar spectrum (As, ns) unchanged to first order, while the tensor spectum and

thus the tensor-to-scalar ratio r can be suppressed without limit.

Cubic action: We also investigated an action cubic in R(αβ). Taking the functional

dependence to be

F (gαβ, R(αβ), φ) = R + κ1R
3 + κ2RR(αβ)R

(αβ) + κ3g
αγgβµgδνR(αβ)R(γδ)R(µν) .

(6.31)

Here for simplicity we take κi to be constants which excludes non-minimal couplings

of the scalar. Again writing the function to first order inXq we have F (σ) = 4σ+4κσ3

where κ ≡ 16κ1 + 4κ2 + κ3. The conditions (6.24) now reduce to κ > 0.

Now from (6.26) we get an cubic equation for σ0: κσ
3
0−σ0+U = 0. This has three

different branches of solutions. One of the branches does not have a sensible κ → 0

limit and one of them leads to an effective potential not bounded from below. Here

we choose to analyse the least problematic case where κ > 0 and 4/κ − 27U2 > 0,

which leads to the bound for the potential −3/(3
√
3κ) < U < 3/(3

√
3κ).

With these assumptions one can solve σ0 from the third order equation and
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Figure 6.1. The spectral tilt against the tensor-to-scalar ratio. The changes of infla-
tionary observables due to cubic R(αβ) terms. The two leftmost curves correspond to the
potential U = λφ4/4 with 50 and 60 e-folds and varying coupling

√
κλ. The two rightmost

curves correspond to the potential U = m2φ2/2. Figure from [3], here we have added the
most recent BICEP/Keck (BK18) confidence contours [236].

find the form of the effective potential. After which we can obtain the inflationary

observables. For this branch we found that: r can again be suppressed but at most

a factor of 2/9 due to the bound put on the potential in this branch. Furthermore,

the scalar spectrum changes and in particular ns can decrease without limit.

To illustrate these further we picked two forms for the potential U = λ
4
φ2 and

U = m2

2
φ2. Due to the assumed bound on the potential given in this branch these

two choices for the potentials cannot be global, however, we can use them as approx-

imating the full potential valid after some field amplitude.

We computed numerically the relations between the number of e-folds and the

field value and evaluated the observables for different values of the couplings. The

couplings turn out to appear only in the combinations
√
κλ for quadratic and

√
κm2

for quartic potential. The results are shown in figure 6.1 where we used two different

values for the number of e-folds N = 50, 60 and varied the couplings.

We can see that by increasing the size of the coupling the tensor-to-scalar ratio

starts to get suppressed, however, increasing it further the tensor spectrums sup-

pression starts to get closer to the maximum suppression 2/9 which is where the

scalar tilt ns starts to get more and more red tilted without bound. At the time

of working on [3] the best bound on r was r < 0.067 and with N = 60 e-folds the

quartic potential could be just pushed below the observational bound (blue contour

in the figure 6.1). Now adding the most recent bound r < 0.036 (the red contour in

figure 6.1) it also falls outside the bound.
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Chapter 7

Conclusions

In this thesis we have investigated possible phenomena taking place in the very early

universe both in the matter and gravitational sectors. The future prospects of gain-

ing a better understanding of the fundamental laws governing our universe from

cosmological observations are exciting. There are many planned new experiments

that require us to get a better theoretical understanding of possible signals we could

detect.

In the first part of this thesis we focused on the sphaleron processes that are able

to change the baryon number in the Standard Model. Getting a good understanding

of the baryon number violation or sphaleron rate is important for possible explana-

tions of the observed matter-antimatter asymmetry. We reviewed the results found

in [1] and showed that having strong magnetic fields around the phase transition can

change the details of the suppression of the rate considerably. Furthermore, in the

broken phase for small magnetic fields the sphaleron dipole moment is the dominant

effect giving rise to the sphaleron rate being suppressed slightly less. With bigger

magnetic fields the dominant effect is the shifting of the pseudocritical temperature

to lower temperatures, e.g. having a magnetic field BY ≃ 2.0T 2 shifts the pseudocrit-

ical temperature from 160 GeV down to 145 GeV. Thus, the start of the exponential

suppression of the sphaleron rate shifts to lower temperatures accordingly.

In the second part of the thesis we investigated the stability of higher order

curvature terms in Palatini formulation of General Relativity. We studied a theory

that depends on the connection only through the first contractions of the Riemann

tensor, the Ricci type tensors. We reviewed the perturbative stability of the different

terms that we investigated in [2], which can be most concisely seen in the table 5.1.

The question of which is the most general higher order Palatini theory that does not

lead to instabilities remains open.
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Conclusions

We then reviewed how higher order terms in the symmetric Ricci tensor affect

the inflationary predictions that we studied in [3]. A valuable result is the quite

simple form of the action found for a single scalar field driven inflation in slow-roll

with quite general form of the action containing higher order symmetric Ricci tensor

terms. We also reviewed the quadratic and cubic actions in R(αβ) as examples.
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