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Abstract

We combine the well-known Beltrami—Klein model of non-Euclidean geometry
on a two-dimensional disk, where the geodesics are the chords of the disk, with
the two—dimensional de Sitter space. The geometry of the de Sitter space is
defined on the complement of the Beltrami—Klein disk in the plane, with the
de Sitter metric being the unique Lorentzian Einstein metric whose light cones
form cones tangent to the disk in this complement. This leads to a Beltrami—de
Sitter model on the plane R?, which is endowed with the Riemannian Beltrami
metric on the disk and the Lorentzian de Sitter metric outside the disk in R2. We
explore the relevance of this model for Penrose’s conformal cyclic cosmology,
first in the two-dimensional setting and subsequently in higher dimensions,
including the physically significant case of four dimensions. In this context,
we define a Radon-like transform between the de Sitter and Beltrami spaces,
facilitating the purely geometric transformation of physical fields from the
Lorentzian de Sitter space to the Riemannian Beltrami space. In the two —, and
three-dimensional cases, we also uncover a hidden G, symmetry associated
with the de Sitter spaces in these dimensions, which is related to a certain
vector distribution naturally defined by the geometry of the model. We suggest
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the potential for discovering similar hidden symmetries in the n-dimensional
Beltrami—de Sitter model.

Keywords: Beltrami—de Sitter model, conformal cyclic cosmology,
radon transform, split real form of the exceptional simple Lie algebra g,
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1. Introduction

The conformal cyclic cosmology (CCC) proposed by Roger Penrose [31] has garnered signi-
ficant interest among theoretical physicists [20, 27, 28, 30, 34, 35] and has sparked a search
for its potential astronomical manifestations [3-5, 25, 26]. In its simplest form, CCC postu-
lates that the Universe consists of a sequence of consecutive eons, each characterized by its
own Lorentzian metric. At both the beginning and end of each eon, the metric is degraded to
a mere conformal class. This conformal class is then promoted to contain a Lorentzian metric
for the next eon, and this process of conformally gluing consecutive eons continues, possibly
infinitely. Within the framework of CCC, the currently observed Universe represents just one
of the Lorentzian eons within this infinite sequence.

A major challenge to Penrose’s proposal is the absence of a satisfactory formulation for
how a strict Lorentzian structure is imposed on the subsequent eon from the full conformal
structure of the preceding eon. While this may eventually be addressed, it is possible that
resolving this issue could require modifications to the very formulation of CCC, potentially
extending beyond the scope of conventional General Relativity.

In this paper, we present an example of a CCC model in which the General Relativity
paradigm is altered, allowing the metric to change signature when transitioning from one eon
to the next. This model, although not strictly consistent with orthodox GR, has at least two
advantages:

e it naturally glues eons-the two consecutive eons reside on the same manifold by the model’s
very formulation, thereby making the ‘gluing problem’ mentioned above moot;

e it is mathematically elegant and can be traced back to the works of Cayley, Beltrami, and
Klein.

In our model, referred to as the Beltrami—de Sitter model, we consider two distinct metrics:
the n-dimensional Lorentzian de Sitter metric, which, for n =4, is believed to asymptotic-
ally describe the metric to which the observed Universe converges, and the n-dimensional
Riemannian Beltrami metric. These two metrics coexist on the same manifold, which is simply
R”. The two regions-Lorentzian and Riemannian—are separated by an (n — 1)-dimensional
sphere S"~1), which represents the boundary OB" of the unit ball B" centered at the origin of
R”. Inside the ball, the metric is the Riemannian Beltrami metric, while outside the ball, the
metric is the Lorentzian de Sitter metric.

Both metrics exhibit singularities, but these singularities only appear in their Einstein con-
formal factor at the boundary sphere S”"~1), where the signature change—from Lorentzian to
Riemannian—occurs.

The naturalness of this Riemannian—Lorentzian hybrid structure on R” arises from the fact
that the metric formula for each region, whether Lorentzian or Riemannian, is formally valid
in the other region as well. A simple geometric definition of the Lorentzian structure outside
the ball B” states that this metric is the unique Lorentzian Einstein metric for which the cones
in R” tangent to the ball B” are light cones (see section 2.3 and the beginning of section 7). This
defined metric, when written in the standard coordinates of R”, turns out to be valid everywhere
in R", except at the points on the boundary sphere dB". Once the Lorentzian metric is defined
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according to the above rule in the complement of the ball B” in R", it is recognized as the de
Sitter metric in this region, and it continues to the Riemannian Beltrami metric inside the ball.

The hybrid Lorentzian—Riemannian metric ds?, defined in the complement of the sphere
OB", defines a conformal structure [ds?] that is continuous everywhere in R" , with the excep-
tion of a degenerate behavior at the boundary B", where the metric degenerates, allowing for
the signature transition.

The model has many interesting features, which are discussed in the paper, first in a toy
model for n =2 (sections 2-5), and then in the general n > 2 case, including the physically
important case of n =4 (section 7).

In this Introduction, we list the most important of these features:

e The Universe in the model has two main phases (see sections 2.6 and figure 12):

— Inthe first phase, which lasts infinitely long in the Universe’s usual time, it is the standard
de Sitter spacetime, with Lorentzian causality, enabling timelike, optical, and spacelike
geodesics. There are de Sitter massive observers, who move on straight lines in R”,
traversing the ball B” and, after an infinite amount of time, reach the boundary sphere
OB". There are also massless particles, whose worldlines are straight lines in R” tangent
to this sphere. Although it takes infinite Universe time for a de Sitter massive observer
to reach the Big Crunch at the boundary of the ball B”, from the perspective of R”, or
using appropriately adjusted conformal time in the de Sitter first phase of the Universe,
the life of such an observer does not end at the Big Crunch boundary sphere 0B". The
Universe does not end there.

— The Universe then enters its second, Riemannian phase, where the massive de Sitter
observers continue their conformal travel along perfectly smooth paths—straight lines
in R”, where the first section was the observer’s de Sitter worldline, which now starts
to become a chord in the ball B". This happens to be a Riemannian geodesic in the
n-dimensional Beltrami space within the ball B". There is no Lorentzian time in this
Riemannian purgatory, but the former de Sitter observer, whose ‘worldline’ is now the
Riemannian geodesic chord in B", has at her disposal the Riemannian affine time, instead.
This time must again grow to infinity for the observer to reach the other side of the ball.
However, with appropriately conformally adjusted time, the observer will eventually
reach the boundary of the ball, and after traversing it, will smoothly continue on the
same straight line in R” to begin his new de Sitter life, now as a free de Sitter observer
traveling backward in the de Sitter Universe time. (sections 2.6 and figure 12).

e There is a duality between points in the Riemannian Beltrami space inside the ball B" and
certain spacelike hyperplanes in the Lorentzian de Sitter space, as well as a duality between
points in the Lorentzian de Sitter space outside the ball B" and certain hyperdisks in the
Riemannian Beltrami space inside the ball B” (see sections 2.2 and 7.3).

e This duality allows us to define a Radon-like transform that maps physical fields from
the Lorentzian de Sitter spacetime to fields on the Riemannian Beltrami background (see
sections 2.7 and 7.3). Unlike the Wick rotation, which is frequently used in particle physics
to transform fields between Lorentzian and Riemannian regimes, this transform is purely
geometric and is an intrinsic feature of the de Sitter space.

e If n=2, in a similar vein, the n =2 Beltrami—de Sitter model has the interesting feature of
associating a path of a ghost Riemannian observer with any differentiable path of a de Sitter
observer. This also holds in the opposite direction: every differentiable path of a Riemannian
observer has a corresponding path of a ghost de Sitter observer (see section 3.1).

e Inthe n =2 case, this enables us to define a coordinated movement for each pair of observers,
one in the de Sitter part and the other in the Beltrami part of the Beltrami—de Sitter model.
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We call this coordinated movement the dancing movement of a pair (P(t),p(t)) of respective
observers, one inside and the other outside the ball B2. Its defining principle states that an
observer with a path p(?) in the de Sitter part of the model always moves in R? in the direction
of the ghost observer of the Riemannian observer P(f), and that the Riemannian observer
with a path P(¢) in the Beltrami part of the model always moves in R? in the direction of the
ghost observer of the Lorentzian observer p(?).

e These dancing pairs (P(t),p(t)) are curves (t) = (p(¢),P(#)) in the Cartesian product of
the Riemannian Beltrami space inside the ball B*> and the Lorentzian de Sitter space outside
the ball B?. Tt follows that there is a unique Einstein split-signature metric on this four-
dimensional Cartesian product, in which all dancing pairs are null curves. This metric is
by definition the dancing metric, and it is naturally associated with the two-dimensional
Beltrami—de Sitter model (see section 3).

e This dancing (2, 2)-signature metric can be extended to a four-dimensional Penrose-like cor-
respondence space [6] of the Beltrami—de Sitter model. On its twistor bundle of real totally
null planes, one encounters a certain rank 2 distribution, which has a (2,3,5) growth vec-
tor and exhibits a symmetry of a split real form of the simple exceptional Lie group G,,(see
section 3, especially theorem 3.3, and section 4 with culmination in theorem 4.1). This hid-
den G, symmetry of the Beltrami—de Sitter model is a surprising result.

o Although this synopsis restricts the discussion to the case n = 2, from a certain point onward
the story of the dancing pairs, the correspondence space on the Cartesian product of the
Beltrami part of the model and the de Sitter part, the dancing metric, its twistor bundle
of real totally null planes, and the twistor distribution, can be defined for every n > 2 (see
section 7). In particular, in section 8.4), we focused on the description of the twistor bundle
for the three-dimensional Beltrami—de Sitter model. And there, the hidden G, symmetry
appeared again as a symmetry of a certain distribution canonically associated with the n =3
Beltrami—de Sitter twistor bundle. This is also very surprising. The question of the hid-
den symmetry of the twistor distribution for n > 4 will be discussed in a paper with Ian
Anderson [2].

Being convinced that our Riemannian—Lorentzian hybrid, which we named the Beltrami—de
Sitter model, is an appropriate model for physical reality (since the change of signature is
not really a major issue, especially in theories where the fundamental object in spacetime is
not a metric but a connection), the Beltrami—de Sitter model can be slightly modified to align
with the standard CCC proposal. This is discussed in section 6, where we use inversion with
respect to the circle to wrap the de Sitter model from outside the ball B” into the inside of
the ball, and use the hybrid of the Lorentzian de Sitter outside the ball and the Lorentzian
conformally inverted de Sitter inside as the Lorentzian two consecutive eons in the standard
CCC. This model, although more physically appealing at first glance, suffers from the same
main problem as all the toy models of CCC we know. While the appropriately rescaled de
Sitter metric and its first fundamental form smoothly transition to the respective, rescaled,
conformally inverted metric and its first fundamental form, the null geodesics passing through
the boundary at OB" are only once differentiable. This is not the case in the Beltrami—de Sitter
hybrid, where the geodesics in both parts of the model are straight lines in R” , which are
obviously infinitely many times differentiable curves everywhere. Apart from the ad hoc gluing
of the Lorentzian—Lorentzian hybrid in section 6, this feature of non-differentiable light rays
in the purely Lorentzian model supports our belief that we should abandon the restriction of
Lorentzian signatures in all eons and instead adopt the Beltrami—de Sitter model as a prototype
for a less restrictive Lorentzian—Riemannian CCC.
We conclude this introduction with two remarks.
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The idea of signature change in spacetimes, motivated by attempts to formulate a theory
of quantum gravity [21], had already been considered and discussed in the literature during
the 1990 s. Readers interested in the deformation of the Beltrami—de Sitter model into less
symmetric hybrids may consult the relevant papers, as e.g. [17, 18, 23]. However, the results
in those works are limited to matching conditions between Lorentzian and Riemannian metrics.
In our case, the matching between Beltrami and de Sitter spaces is conformal, so the arguments
presented in those papers would require modification. Such considerations lie beyond the scope
of the present work.

Another remark is motivated by observational cosmology and its difficulties in explaining
the observed abundance of dark matter. In accordance with the geometric picture presented in
the present paper, one may hypothesize that dark matter is associated with a (possibly homo-
geneous) distribution of Riemannian-signature regions of appropriate size within the Universe.
If such regions indeed exist, at least the adjective dark in dark matter would find a natural
explanation.

2. Beltrami—de Sitter model in 2 dimensions

2.1. Beltrami’s metric

The Beltrami—Klein [7, 8, 24] model is a model of non-Euclidean geometry in dimension 2,
in which the two-dimensional arena for the geometry consists of an open disk on the plane. It
is convenient to use the Cartesian coordinates (x, y) on the plane, center this disk at the origin,
and assume that it has radius 1. Then the points of this geometry are just p = (x,y) € R? such
that x> +y? < 1.

Let us denote by dg(u,v) = /(uy — vy)2+ (uy — vy)? the standard Euclidean distance
between points u = (u,,u,) and v = (v,,v,) on the plane. Then, the distance d(p,q) between
two points p = (x,y) and ¢ = (x+ dx,y + dy) in the Beltrami—Klein model is given by [14],
(see figure 1):

dg(q.a)  de(p,a) ) 2.1)

d(p,q) =1lo ( :
Here a = (ay,ay) and b = (b,, by) are the two endpoints of the unique chord of the circle x* +
y? = 1, which passes through both points p and g.

Working infinitesimally, with dy = %dx = y’dx, after some algebra, we easily obtain that:

we (2 O=0) = VI=0HU—0y) 0= A +0y) y—x' =y VT O+ (T—0y) (= (T+)y7)
- 1+y/2 ’ 1+y/2

po (2 =)+ VI-0FU-y)0-0+0y) y—0'+y'VI-0+T=0y) 0= 1+x)y)
- 1+y/2 ’ 1+y/2 .

Inserting this into (2.1) we find the expression for the Beltrami—Klein distance written in terms
of the coordinates of p and ¢:

1 1—x?—y*— (x+yy’—\/1—(y+(1—x)y’)(y—(l—i—x)y’))dx
1= =32 = x40y +/T= O+ T =0y 0= (T +2)y))) dr
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Figure 1. The Beltrami—Klein distance between points p and g is determined by the

cross-ratio jﬁ EZZ% : ji g Z; of the Euclidean distances between the four points (a,p, q,b)

lying on circle’s chord passing through p and g, for which points a and b are the end
points.

Thus, looking for an infinitesimal distance ds between the points (x,y) and (x + dx,y + dy),
separated infinitesimally by a vector (dx,dy), we obtain

ds = 1og (1 21—+ =0y — 1 +x)y"))dx )
’ =2 =y = (ebyy’ + /T= O+ (= y )= (T 2)y"))dx
= Llog (1 L1040 1—_16);2’)_(12— ( +X)y’))d"> L VI-0+ (11—_x))3’_)(yy2— A+2y9)

. . . /_ Q .
Squaring this, and returning to y' = 3, we obtain

ds* =

(1 fyz) dx? + 2xydxdy + (1 fxz) dy? 22)
(1—x =y’ | |
This is the Beltrami metric for the Beltrami—Klein model. The metric is Riemannian every-
where within the disk x* +y? < 1, and has the property that a geodesic passing through any
two points p and g within the disk is an Euclidean interval between these two points. One can
also easily verify that the metric has negative constant Gaussian curvature x = f%. As such it
has a maximal number 3 of Killing vectors, which are given by :

X = y0, — x0, X; = xy0y + (y2 — 1) Oy, X; = (x2 — 1) Oy + xy0, 2.3)

and which satisfy the commutation relations [X,X;] = —X3, [X3,X1] = —Xa2, [X2,X3] = X1,
proper for the Lie algebra s[(2,R).
Looking at the determinant

lfyz Xy
B N (s )
A det xy 1 _xz (1 —x2 —_\’2)3
(=22 (—2—?)

of the Beltrami metric ds® we see that the metric, which was originally defined only within the
disk x> 4+ y? < 1is also well defined in the complement of the disk in the plane, i.e. in the region
where x* +y? > 1. However, because of the third power appearing in the denominator of the
determinant, determinant is negative there, and the metric in this region is not Riemannian
anymore. It has Lorentzian signature there.
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Figure 2. The point <+ line correspondence in the Beltrami—de Sitter model. On the
left: Every point inside the Beltrami—Klein disk, as for example the green point in this
figure, defines a line outside the disk—the green line on the figure. The green line is
obtained as the locus of points at which pairs of red lines intersect. Each pair of red
lines consists of lines tangent to the circle x> 4+ y* = 1 at the end points of some chord
passing through the green point. The (green) lines outside the disk, corresponding to
the (green) points inside the disk, are spacelike geodesics in the Lorentzian Beltrami
metric (2.2) outside the disk. On the right: Every point outside the disk, i.e. an event
in the Lorentzian Beltrami spacetime (a brown point), defines a (brown) chord in the
Beltrami—Klein disk with the end points belonging to the two tangent lines to the circle
outgoing from the green event. The corresponding (green) chord is a geodesic in the
Riemannian Beltrami metric (2.2) inside the disk. Compare this picture with the last
picture in section 2.4 in [33].

2.2. Projective duality

To get a geometric meaning to this Lorentzian metric we may use projective duality between,
respectively, points and lines in the disk x> + y*> < 1, and lines and points in the region outside
the disk, where x2 + y2 > 1.

Given a point within the disk x> +y? < 1 there is an infinite number of chords of the circle
x*> 4 y! = 1 passing through it (see the left side of figure 2). The end points of each of these
chords determine two straight lines tangent to the circle at the end points of the chord. Except
the situation when the chord is the diameter of the circle the two lines intersect outside the
disk. It is a remarkable fact that all the intersection points of all pairs of these tangent lines
lie on the same straight line outside the disk! It further follows that each of these straight lines
determined in the region outside the disk by a choice of a point inside the disk are spacelike
geodesics in the Lorentzian Beltrami metric (2.2).

The converse is also true: each point outside the disk, i.e. each point in the Beltrami two-
dimensional spacetime x> + y* > 1, uniquely defines a geodesic for the Riemannian Beltrami
metric (2.2), in the inside region x> +y* < 1. Here the construction of the geodesic corres-
ponding to a spacetime point is easier than before (see right side of figure 2): given a point
outside the disk, consider the two tangents to the circle outgoing from this point. The points
of the tangency define a chord of the circle, which in this way is uniquely associated with the
point outside. This chord is a geodesic in the Riemannian Beltrami metric (2.2) inside the disk.
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Figure 3. The conformal structure as defined by cones tangent to the unit disk. The
larger brown point outside the disk defines a cone in the region x* +y* > 1. This cone
is interpreted as a light cone of a spacetime event marked by the larger brown point.
We interpret the white area in the cone between the point p and the part of the circle
1% +y? = 1 between r and s as the possible future of the larger brown point. This is the
region of spacetime which the larger brown point can achieve by moving along timelike
curves. Every point outside the Beltrami—Klein disk defines its own cone in the same
manner. This defines a conformal structure in the region x> 4+ y* > 1. In this conformal
structure the null geodesics are just the straight lines tangent to the circle x* +y* = 1,
and the time of observers in x* +y? > 1 region has an arrow from a particular event
towards the circle x> + y2 = 1. In particular, the vector E shows the time arrow within
the cone of the larger brown point.

2.3. Beltrami outside the disk is de Sitter

The well known point <— line duality described above enables for yet another approach [9]
to the Beltrami metric (2.2). To discuss this we start from the outside of the Beltrami—Klein
disk.

Choosing a point p = (x,y) outside the Beltrami—Klein disk, x*> +y*> > 1 we have precisely
two straight lines that pass through p and are tangent to the circle x> + y> = 1. We interpret
these lines as light rays (null geodesics) outgoing from p. We now look for a conformal metric
in which the lines W and ﬁ form its light cone with a tip at p (see figure 3).

We are interested in an infinitesimal vector ﬁ: (dx,dy), associated with the pair of points
p and ¢ = (x+dx,y + dy), which we want to be tangent to the light cone wit tip at p. This
condition is equivalent to the condition that

—

—
pq x pr=0, (2.4)
where x is the usual vector product in R?, and we extended the vectors appearing in this
conditions to vectors in R* with the same xand y components as in the plane of figure 3, and

with the z components equal to 0. Since from the elementary geometry visible in figure 3 we
have

dr(0,) =1 & de(p,r)?+dp(0,0* =dp(0,p) & pg - Or=0,
where by ‘> we denoted the standard scalar product in R?, squaring (2.4) we get:
0-() () (- 7)
.0 dp.r)* ~ (73 - (07— 0p))’

9
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= (d +dy?) (dE (0.p)* - 1) - (ﬁ ' 5)2

= (d? +dy?) (6 +y* — 1) — (adx + ydy)°
=(y* — 1) dx* — 2xydxdy + (¥* — 1) dy*.

This means that the infinitesimal vector ﬁ: (dx,dy) is tangent to the cone with tip at p =
(x,y), if and only if it is null in the metric

dsj = (yz — 1) dx? — 2xydxdy + (x2 — 1) dy?. (2.5)

Note that this metric is conformal to the Lorentzian Beltrami metric (2.2). To get the Lorentzian
Beltrami metric one scales dsj by —(1 —x? —y?)(=2):
2 —1 2
ds® = mdé‘o.
One may worry why we prefer to consider the metric ds?, which is apparently singular at the

circle x> + y? = 1, rather than metric ds% which does not exhibit an obvious singularity. There
are at least two reasons for that:

e The metric ds} has non-constant Gaussian curvature. After rescaling from ds? to ds® the so
obtained Beltrami metric has a constant Gaussian curvature equal to kK = — % It has 5[(2,R)
Lie algebra as the algebra of its Killing symmetries (with the generators X, X», X3 asin (2.3),
but now with (x, y) in the region x> 4+ y? > 1). As such this metric is a two-dimensional de
Sitter metric [15, 16], and the region {(x,y) > R? | x> +y* > 1} equipped with the Beltrami
metric (2.2) becomes yet another model for the two-dimensional de Sitter space.

e Short calculation of the determinant of the a’priori nonsingular metric dsj shows that this
determinant equals:

21

_ Yy = XY\ _ 4 _ 2 2
A()det(_xy xz_l)l X =y,

and is obviously singular on the circle x* +y* = 1, where the metric switches signature from
Lorentzian to Riemannian.

2.4. The model

Thus, on BdS = R? \ S! we have a Beltrami—de Sitter hybrid metric ds?, which is Riemannian
inside S' and Lorentzian outside. The metric structure on R? \ S! can either be first defined in
the inner disk

B ={R*> (x,y) | +y <1}

in terms of the Riemannian Beltrami metric by the Beltrami-Cayley-Klein procedure and then
extended to the Lorentzian de Sitter structure in the outer region of S, or it can first be defined
as a Lorentzian structure of the de Sitter metric in the outer region

M= {R*> (x,y) | +y* > 1}

of S! by a natural cone structure there, and then extended to the Riemannian Beltrami metric
inside the disk. The hybrid Beltrami—de Sitter metric structure with a regular ds?, as in (2.2),
on BdS = R?\ S! will be called the Beltrami—de Sitter model (BdS,ds?).

10
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2.5. Hyperbolic spaces and Beltrami—de Sitter model

The Beltrami—de Sitter model is related to the geometries, which hyperboloids
P (X) () ==, e=I,

acquire from the ambient Minkowski three-space
M= {(T.x",X*) |T.X".X* e R},

equipped with the flat Minkowski metric
n=—d7* + (dx")* + (ax?)”.

There are two kinds of these hyperboloids:

o the one-sheeted H_; = {(7,X",X*)| 7> — (X')* — (X*)> = -1},
and
o the two-sheeted H; = {(7,X",X*)| 7> — (X')*> — (X*)> =1},

and from now on, we will only consider them for 7' > 0.
After restriction to these hyperboloids, the Minkowski metric 7 becomes

(x'dx! + X?dX?)° N2 a2
dx')* + (ax?)’. 2.6
OV +(dx')" + (dx?) (2.6)

NH. = —

This metric has the Riemannian signature on the hyperboloid H,, and it has Lorentzian signa-
ture on the one-sheeted hyperboloid H_. It further follows that the pair (H_;, 7z _, ) is locally
isometric to the de Sitter space (M?,ds?), and that the entire one sheet of H;, with its metric
1w, » is locally isometric to the Beltrami space (B2, ds?).

To see this one considers the central projection

pr:H, =11

that maps points (1/€ + (X1)2 + (X2)2,X!, X?) of the hyperboloids H. to points (1,x,y) in M,
which lie on the plane

I={(1x"X)|T=1X =xX =y}

tangent to the hyperboloid H; at its tip (7,X',X?) = (1,0,0). This projection is defined as
follows:

Given a point (T,X"',X?) on H, consider a line { in the Minkowski space M passing through
this point and the origin (T, X', X*) = (0,0,0). This defines a point (1,x,y) on the plane T= 1
which is the intersection of the line ¢ and this plane.

The explicit formula is given by:

1 2
pr (\/e+(X1)2+(X2)2,XI,X2> =11, X : X

Vet (X7 + 007 \Jet (X2 + (0)?

1
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T

0

Figure 4. Two types of hyperboloids in the three-dimensional Minkowski space with the
metric —d7% 4+ dX* + dY2. The points (T, X,Y) of the cyan colored hyperboloid satisfy
—T*+X*>+Y*=—1 and T >0, whereas the points of the white hyperboloid satisfy
—T? + X* 4+ Y* = 1. The purple cone is the future light cone of the observer at the origin
(0,0,0). In the top figure it is visible that there is a one—to—one correspondence between
the points of the cyan hyperboloid and the points on the disk of points (7, X, Y) such that
X>+Y? <1 and T=1. The correspondence is achieved by the projection of a point
(T,X,Y) from the hyperboloid, along a black line passing through this point and the
origin, to the point of the intersection of this line with the disk. In the bottom figure
we show that there is also a one—to—one correspondence between the points of the white
hyperboloid and the points on the complement to the cyan disk in the plane 7 = 1. Again,
the correspondence is achieved by connecting a point (7,X,Y) on a white hyperboloid
by a black line passing through the origin, and getting point of intersection of this line
with the plane 7 =1 as the point corresponding to (7, X, Y).

which maps the parameters (X!, X?) of points of the hyperboloid H. to the parameters (x, y) of
the plane 1I via:

pr (X', X?) = (x,y)
with
X! X2

X = , Y= .
e+ (X + (x2)° e+ (X + (x2)°

See the geometry of this transformation on figure 4.

12
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Figure 5. Four types of geodesics in the Beltrami—de Sitter model.

Now, passing from coordinates (X!, X?) to the projected-to-the-plane-II coordinates (x, y)
in the hyperbolic metric (2.6) we obtain:

(1—x2—3?) (d¥? +dy?) + (xdx + ydy)?
(1-22—y?)°

MH, = €

)

i.e. after a short algebra, the metric ds? of the Beltrami—de Sitter model.

Corollary 2.1. The plane 11 = {M > (T, X',X?)|T = 1} in the Minkowski space (M,n) is a
realization of the Beltrami—de Sitter model BdS.

In this realization the Beltrami space B* consists of points (1,x,y) € M such that x> + y* <
1, and is equipped with the Riemannian Beltrami metric ng,. As such, it can be identified with
the space of all inertial observers passing through the origin of the Minkowski space (M, 7).

The de Sitter space M? consists of points (1,x,y) € M such that x> +y* > 1, and is equipped
with the Lorentzian de Sitter metric —ny_,. It can be identified with the space of all tachyons
passing through the origin of the Minkowski space (M, 7).

2.6. Special conformal geodesics in the Beltrami-de Sitter model

The interesting feature of the Beltrami—de Sitter model is that the chords of the disk x*> +y* < 1
(the brown chords on figure 5) are the Riemannian geodesics for (B*,ds®), and straight lines,
or half straight lines ending at the circle x* +y* = 1, are Lorentzian geodesics for (M?,ds?).

Actually in (M?,ds?) there are three types of geodesics: null geodesics—the half straight
lines tangent to the circle x*> 4 y? = 1 at some point (the orange (half)lines on figure 5), timelike
geodesics—the straight half lines ending at the circle x> + y> = 1 but not tangent to it (the red
half lines outside the cyan disk in figure 5), and spacelike geodesics—the straight lines having
zero intersection with the circle x> 4 y*> = 1 (the green lines on the figure 5).

This demonstrates that every straight line in the entire Euclidean plane R?, which intersects
the Beltrami disk x*> 4 y* < 1, i.e. every line in the (x, y)-plane satisfying

Ax+By+C=0 and A’+B’>(,

has the following behavior:

e It begins as a timelike geodesic at the past infinity of de Sitter space M? (one of the top red
half lines on figure 5).
e It then reaches the Big Crunch circle of de Sitter space.

13
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e After crossing the Big Crunch circle, it continues as a chord (the brown interval being
the continuation of the chosen red half line on figure 5) within the Beltrami disk. In the
Beltrami—Riemannian framework, this chord represents the shortest path (in the Beltrami
metric) between the entry and exit points of the line within the disk.

e Finally, it returns to the Lorentzian de Sitter space M?, traveling backward in time as a
timelike geodesic (the red line being the continuation of the brown chord on figure 5) from
the Big Crunch circle to the past infinity in M>.

It should be noted that while a de Sitter observer’s journey from the past infinity of M? to the
Big Crunch of de Sitter space requires infinite proper time in the de Sitter metric ds?, it takes
only a finite time in the conformally related metric ds} defined by equation (1.5).

Furthermore, every complete Euclidean line Ax+By+ C=0 with A2 +B>>C? is a
geodesic in every metric belonging to the Lorentzian-Riemannian conformal class [ds3] in
R2\ {R? > (x,y) | x> +y* = 1}. However, it is not a geodesic on the circle x> 4 y* = 1 because
the conformal class changes its signature at this set, and the very concept of a geodesic breaks
down there.

We will return to this discussion in section 5.1, in particular in the caption of figure 12.

2.7 Radon-like transform between functions on opposite sides of the disk

We now use the projective duality between the disk region B> and the open part of its comple-
ment M? in the Beltrami—de Sitter model to define a transform between integrable functions
defined on both spaces. For this we need some preparations:

Consider pairs (p, P) of points in the Beltrami—de Sitter plane R? such that p is a point
in the external region M?> = {(X,Y) € R? | X* + ¥? > 1} of the unit circle, p € M?, and P is a
point in its internal region B> = {(X,Y) € R? | X> + Y> < 1}, P € B%. To distinguish between
points in M? and B> we use letters from the end of the Latin alphabet to denote coordinates
of points in M?, i.e. if p € M? it has coordinates p = (x,y) with x> +y? > 1, and we use letters
from the beginning of the Latin alphabet to denote coordinates of points P in B, i.e. P is in
B?if P = (a,b) with a® + b*> < 1.

Recall from figure 2 on its right side, that every point p = (x,y) in the de Sitter space M>
defines a chord ¢, in the Beltrami space B2. This is the chord connecting two points of tangency
of the cone passing through p and tangent to the circle X*> + ¥? = 1. Given p = (x,y) this chord
is a set

Cooyy = {(X,Y) ER* | xX+yY=1} C B~ 2.7)

One sees that, because x> 4+ y> > 1 the line xX + yY = 1 intersects the circle X> + ¥? = I in two
points

.X'2 +y2 ’ .X'2 +y2

o (x—y\/x2+y2—1 y—i—x\/xz—&—yz—l)

x2 +y2 ’ x2 +y2

<x+y\/x2+y21 yx\/x2+y21> 28
r= , .

and the chord c(, ) is the interval sr on this line.
Likewise, from the left side of figure 2, we know that every point P = (a,b) in the Beltrami
space B? defines a line /p in the de Sitter space M?, as the line consisting of all tips of the cones

14
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tangent at the circle X> + ¥? = 1 to the ends of all chords passing through P = (a, b). This line
is a set

Capy ={(X,Y) ER? [Xa+Yb=1} C M*. (2.9)

Note that because (a, b) satisfy a®> + b*> < 1, any such line does not intersect X*> 4+ ¥> = 1, and
thus lies entirely in M?. See figure 6.

2.71. Transforming functions from M? to B?.  Having an integrable function f: M?> — R
defined in the de Sitter part M2 of the plane we define its transformed counterpart f : B> — R
as follows. Given f on M? we need to specify the value of f(a, b) at every point P = (a, b). For
that we use the corresponding line £(, ;) in M?. We define f(a, b) as the value of the line integral

f(a,b) =/ tn /. of f along the line £(, ;) in M?. Explicitly, in our coordinates (x,y,a,b) we
have: ’
a

A oo 1  a 2
fla,b) = / f(x, 5 —xb> 1+ de (2.10)

—0o0

2.72. Transforming functions from B? to M?.  Likewise, given an integrable function F : B> —
R on the Beltrami part B? of the Beltrami—de Sitter model we get the value F(x,y) of its
transform F at the point p = (x,y) in M? as the line integral F(a,y) = fc(, , F of the function

F along the chord c(, ,), which in B? corresponds to p = (x,y). Explicitly, this value is:

Fxy) = %\/?F LI R 211
X,Y) = /TR a’y_ay +)? a. ( . )
22

These two transforms are analogs of the Radon transform [19, 32] for the Beltrami—de Sitter
model. The first one enables to transform fields from the de Sitter spacetime to the Riemannian
regime, and the second one enables to transform Riemannian fields to the spacetime.

3. Correspondence space for the 2D Beltrami—de Sitter model

Using the same notation as in section 2.7, we now consider pairs (p, P) of points on the plane
R? such that p € M?, i.e. it is a point in the external region M*> = {(X,Y) e R? | X + V2 > 1}
of the unit circle X*> + ¥? = 1, and P € B2, i.e it is a point in the internal region B> = {(X,Y) €
R? | X2+ ¥? < 1} of the circle. The space

T=M* x B
of all such pairs £ = (p, P) is four-dimensional. Its points £ can be parameterized by
£ =(x,y,ab) with x¥*+y*>1 and a®+b*<1.

We call it the correspondence space for the two-dimensional Beltrami—de Sitter model. As any
Cartesian product T is a trivial double fibration

"\ o



Class. Quantum Grav. 42 (2025) 225007 P Nurowski

aX+bY=1

xX+yY=1

Figure 6. Distinguished lines in the correspondence space. A line /(4 ;) in M? corres-
ponding to the point (a,b) € B (in green), and a chord C(x,y) Of B? corresponding to a
point (x,y) € M* (in brown).

over M? and B2, with projections 7; and 7, such that 7 (x,y,a,b) = (x,y) and m(x,y,a,b) =
(a,b).

Remark 3.1. Because every point § = (x,y,a,b) in T defines a line [, ;) in M?, as in (2.9),
then the manifold 7" can be also viewed as the Cartesian product of the space of all points in
the plane R? inside the circle X> + Y> =1 and of the space of all lines in R?, which do not
intersect the disk X> + Y2 < 1.

Similarly, T can be considered as the Cartesian product of the space of all points in R? from
outside the disk X*> + Y*> < 1 and the space of all chords of the circle X> + Y* = 1.

Another possible interpretation is that 7 is the Cartesian product of the space of all lines
outside the disk X? + ¥? < 1 and all chords of the corresponding circle X> + ¥? = 1.

3.1. Conformal structure

We now show that the correspondence space T has a natural conformal structure. To see this
we need some preparations.

Consider acurve £(7) = (p(2), P(1)) = (x(2),y(¢),a(t),b(r)) in T. Since T is a (trivial) double
fibration (3.1), with 7 (x,y,a,b) = (x,y) and m,(x,y,a,b) = (a,b), then the curve £(r) C T
defines a curve p(t) = 7 (£(¢)) = (x(£),y(¢)) in M? and P(t) = m(&(2)) = (a(t),b(t)) in B2
The curve p(f) describes a movement of a point p in the de Sitter spacetime M?, i.e. describes
the worldline of this point there, and the curve P(¢) describes a movement of a point P in the
Beltrami (Riemannian signature) space.

Recall from section 2.1, figures 2, or 6 in section 2.7, that every point p = (x,y) in the de
Sitter space M? defines a chord ¢p in the Beltrami space B2, which is given by

p={X.Y)eR* |xX+yY=1},

as in (2.7). Now, if the point p = (x,y) in M? moves to a new point p 4+ dp = (x + dx,y +dy),
then its corresponding chord ¢, moves to a new chord:

ey ={(X,V) €R? | (x+d) X+ (y+dy) Y =1},

and in turn defines a point P, which is the intersection of the infinitesimally moved chords c,
and ¢p4.qp. This intersection point P, lies inside the Beltrami disk, P, € B? provided that the

16
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tangent vector dp = (dx, dy) is spacelike® in M*. Again simple algebra shows that the coordin-

ates of the chords’ intersection point P, are: P, = (- dydy 5 ﬁ)

So a point p in the de Sitter spacetime M2, moving with velocity v() = (

%)Z(,y)

xy— yx’yx Xy

dr
dro
along a spacelike curve p(1) = (x(t),y(t)) in M?, defines a ghost curve Pp(1) (

in the Beltrami space B. This provides an assignment:

M3 p()=(xy) — Pp(t):< 'y - .x .)EBZ.

Xy —YyX yX —Xy

Remark 3.2. To check that points P,(z) of the ghost curve to the curve p(f) do lie inside the
Beltrami disk B? one uses the above formula for coordinates of P,(f) and checks that the

condition (xj/i y}.c)2 + (y).cﬁx)) < 1 of points P,(t) lying in B? is equivalent to (1 —y*)i* +
2xyxy + (1 — x?)y? < 0, i.e. to the assumed condition that points p and p + dp in M? are space

separated.

Likewise, recall from section 2.1, and figure 2, that every point P = (a,b) in the Beltrami
space B? defines a line £ in the de Sitter space M? , as the line consisting of all tips of the
cones tangent at the circle X> + ¥? = 1 to the ends of all chords passing through P. Here again
a simple algebra brings the expression for this line:

tp={(X,Y) eR* | Xa+Yb=1}.

Now, if the point P = (a,b) in B?> moves to P+ dP = (a + da,b + db), then its correspond-
ing line £p moves to another line:

lprap = {(X,Y) €R* | X(a+da)+Y(b+db) =1},

and in turn defines a point pp in M?, being the intersection of the infinitesimally moved
lines ¢p and fpiqp. We derive the coordinates of the lines’ intersection point pp to be:
pr= (-5 5% ). So a point P(f) = (a,b) moving in the Beltrami space B> with the
velocity V(r) = (%, 4) = (a,b) defines a point pp(7) in the de Sitter spacetime M2, and we

have the following assignment (see figures 7 and 8):

2 b a 2
B> P(t)=(a,b) — pp(1) <aia—bc‘z’ba—aia> eM.

Now, we are in a position to define a ‘choreographic’ movement of a pair of points (p, P)
with p € M? and P € B>. We say that a pair (p, P) dances if the point p moves in M? in the
direction of the image pp of the point P € B, and if the point P moves in B in the direction
of the image P, of the point p € M>. A curve &(1) = (p(t),P(t)) C M? x B? with points p(t)
and P(?) in a dance at every moment of time is a dancing pair, see figure 9. This is a sort of a
ghosts dance: the point p lives in another (Lorentzian) world than the Riemannian world point
P. Point p cannot see P because it cannot penetrate the boundary of the circle X> + ¥> = 1. But
it can see a ‘ghost image’ pp of P in its Lorentzian world. And, being attracted by this ghost, it
tries to chase it. The same is true for the point P in the Riemannian world X + ¥? < 1. Point
P chases the ghost image P, of p in its own world, although he cannot see the other world p.

3 See remark 3.2.
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Figure 7. Construction of ghost points. On the left: a point P,(z) € B* as obtained from
p(t) € M*. On the right: a point pp(t) € M? as obtained from P(r) € B>

Figure 8. A spacetime point p € M? and its ghost P, in Riemannian B (these two points

are in magenta color), and a Riemannian point P € B and its ghost pp in spacetime M
(these two points are in red color).

-—

Figure 9. The dancing condition. The point p(f) € M? always moves towards the image

pr(t) of the point P(7) inside; also, the point P(t) € B> always moves towards the image
P, (1) of the point p(¢) outside.



Class. Quantum Grav. 42 (2025) 225007 P Nurowski

Let us write the dancing condition for the dancing pair £(7) = (x(t), y(t),a(t),b(t)) expli-
citly. We get:

v()=Ap @) —pe() & V() =p(P)—P, (1)),

or infinitesimally and in coordinates

db da
dr,dy) =\ (x— -
(dx,dy) (x adb —bda™ bda—adb)

& . (3.2)

dy dx
da,db) = — b—
(da,db) = p (a xdy — ydx’ ydxxdy)

Eliminating X from the first of the above equations, or i from the second equation we get:
da ((1—=by)dx+bxdy) + db (aydx+ (1 —ax)dy) = 0.

This means that a dancing pair () = (p(t),P(t)) = (x(t),y(t), a(t), b(t)) moves along a null
curve in a conformal split signature metric

go= da ( (1 —by)dx+bxdy) + db (aydx+ (1 —ax)dy). (3.3)

And this conformal metric, similarly as the Beltrami—de Sitter conformal metric ds3, is solely
defined by the projective structure of R?: we only used the notions of points, lines and con-
ditions of incidence, such as points being on a line, and tangency. Thus the conformal class
[go] of go must have at least SL(3,R) conformal symmetry. Actually we have the following
theorem.

Theorem 3.3. The space T = B> x M? consisting of pairs (p, P) of points p € B> = {(X,Y) €
R? | X2+ Y2 <1} and P M* = {(X,Y) € R? | X> +Y*> > 1} is naturally equipped with a
conformal class |G| of an Einstein split signature metric

o= 2da ( (1 —by) dx+bxdy ) + 2db (aydx+ (1 —ax)dy)

. 34
(1 —ax—by)* G

The dancing pairs £(t) = (x(t),y(t),a(l),b(l)) are null curves in this conformal class.

The conformal class [g] has sI(3,R) as its full algebra of conformal Killing symmetries.
These symmetries are all Killing symmetries of the metric g. The metric g is locally isometric
to the dancing metric* as defined in [10].

Remark 3.4. It is worthwhile to note that the first of the dancing conditions (3.2) - the one
with the parameter A—is equivalent to the second one (the one with the parameter 1).

Remark 3.5. That the metric g of the above theorem is isometric to the dancing metric con-
sidered in [10] is not a surprise. Recalling remark 3.1 and its first or the second interpretation
of points of T, we see that our dancing condition telling that a point in M? moves to a point

4 This is a split-signature counterpart of the Fubini—Study metric from the Riemannian signature.
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defined by a moving line in M? is precisely the dancing condition defining the metric in [10].
See the next section for further discussion of this.

Remark 3.6. The metric g, as identified with the dancing metric, is para-Kahler—Einstein, and
belongs to the class of metrics considered in [11]. As such it admits the para—Kahler potential
(see [11], Proposition 2.14), i.e. a real function V = V(x,y,a,b) on T such that

g = 2da (Vi dx + Vyydy) + 2db (Vidx + Viydy),

where the capital letter V with the double subscript ax denotes second partial derivative of
. 2 . .

V with respect to a and x, V,, = %, etc. One can easily check that for our metric g the

para-Kahler potential is:

V(x,y,a,b) = —log(ax+by—1).

Remark 3.7. In this section we considered a dance between points p € M? and P € B2. If on
the other hand we only had one point, say in M?, moving along a curve p(t) C M? of points
in the de Sitter space M?, we could define yet another dance, requiring that the velocity of
the point p() is directed in the plane R? to its ghost image P,(7) in the Beltrami space B>.
Explicitly, this condition would be:

p=Ap—P,). (3.5)

As can be expected, this condition, when written explicitly in coordinates p = (x,y), means
that the curve p(f) € M? is a null curve in the de Sitter metric

1 —3?) dx? + 2xydxdy + (1 —x%) dy?

ds* = (
(1=22—y?)’

This reflects the fact that only when the point p(f) moves along a straight line tangent to the
boundary circle S at some point r, its ghost point P, () remains on this line, as P,(¢) = r for all
times during such motion. Moreover, as we know, every such straight line p(¢) € M? is a null
curve in the Beltrami metric.

3.2. Correspondence space embeds in (RP?)* x RP?

This section embeds the corresponding space T in four-dimensional manifolds larger-than-T7.

3.2.1. Embedding in R*.  Note that although the metric g is originally defined in 7' = (B> x
M?*) C R*, we can trivially extend it to a four-dimensional manifold 7= R*\ S, where S is the
3-dimensional singular locus

S={(x,y,a,b) eR* |ax+by=1}, (3.6)
which is the boundary of 7,
S =0T.
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Both metrics: g as in (3.4), and g¢ as in (3.3),~are regular everywhere in T. Moreover,
although the metric g blows up at the boundary 0T = S, its conformal class [g], or what is
the same the conformal class [go] of the metric go, is regular at the closure

T=TUdT

of T. This is because the only singularity of the metric g lies in its conformal factor

1
(I—ax—by)"’

which diverges at T = S. However, this type of singularity in conformal geometry is con-
sidered irrelevant. It is merely a ‘coordinate singularity’, caused by an unsuitable choice of
the metric representative within the conformal class. There are numerous regular representat-
ives of the conformal class [g] in T one of them is given by the metric go.

The set S = 9T, which is the singular locus of the metric g in 7, will be important in the
section 3.3.

3.2.2. Further extension to (RP?)* x RP?.  The extension T arises naturally and independ-
ently of the main exposition as follows [10]:

Consider the space V= (R*)* x R?® with points (p,q) = (p;,¢’) and the natural pairing <
P,q >=piq'. Let G be a symmetric bilinear form in V defined by

_ —2<pxdp,qxdq>
B <p,q>? '

G

Here the symbol x denotes the cross product in the respective spaces (R*)* and R?,

pxdp=e¥pdp;, qxdq=eq'dg.

Using the standard identities from the vector calculus in R?® we can also write G as:

<p,dq ><dp,q > — <p,q><dp,dq >

G=2
<p,q>?

3.7

This bilinear form is doubly degenerate on V, as in each pairs of the three components of the
1-forms p x dp orq x dq, only two are linearly independent at points of V. More specifically,
the degenerate directions for G in V are the directions tangent to two Euler vector fields

Y, =<p,Vp >=piOy, Y,=<Vgq,q>=¢'0,

on V. It further follows that G is preserved when Lie transported along Y, and Y, in V. This is
the infinitesimal version of the fact that G is invariant with respect to the action

dxp (P-q) = (Ap, 1q)

of the multiplicative group
Ri={R*> (A\,u) [Au#0} on V,
as we have:

_ —2<Apxd(Ap),pq xd(uq) >

G.
< Ap, jiq >?

¢>(k>\,u)G
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Thus, the bilinear form G descends to the well defined bilinear form g on the quotient space
T =V/R} = (RP*)" x RP?

of orbits of R3. The descended bilinear form g is nondegenerate, and has split signature
(+’ +, = ) .

Due to the invariance of G any four-dimensional submanifold of V transversal to the Euler
vector fields Y, and Y, is equipped with a split signature metric isometric to g. Any such
submanifold is also a good local representation of 7. For example, taking a four-dimensional
slice py =a,p» =b,p3=—1,q¢' =x,¢> =yand ¢ = 1in V, i.e. an embedding

L:T*)V7 With L(x’y’a’b):(p7q):(a7b7717x’y’1)EV’
one gets

~ 2da ( (1 —by)dx+bxdy) + 2db (aydx+ (1 —ax)dy)
(1 —ax— by)*

" (G)

9

which isometrically embeds the extended correspondence dancing metric space (7,g) in V.
This gives a local one-to-one isometry between (7, g) and (7, g).

Remark 3.8. Regarding the Beltrami—de Sitter model (BdS,ds?) from section 2.4 we have the
following proposition.

Proposition 3.9. The Beltrami—de Sitter model (BdS,ds?) is isometrically embedded in the
extended correspondence space T by

BdS > (x,y) = (x,y,a,b) = (x,y,x,y) € T.
So the Beltrami—de Sitter model (BdS,ds?) seats in T on the diagonal,
BdS~{ (x,y,a,b) €T |a=x,b=y, (x,y) eR*\S' }.

Here S! = {(x,y) € R?|x* +y? = 1}, which as a subset of T is the restriction of the boundary
S = T to the diagonal

S\BdS: { (xay7aab) ET‘ ax+by= 17 a=4x, b:y}gSl

One easily checks that the dancing metric g, when restricted to this diagonal, equips BdS with
the Beltrami metric, g|.s = ds”.

3.3. Twistorial interpretation of the Radon-like transform

Having in mind the double fibration (3.1) of the correspondence space T, with 7 (x,y,a,b) =
(x,y) and m,(x,y,a,b) = (a,b), one can now give an interpretation of our transforms Radon—
like (2.10) and (2.11) as a kind of Penrose transforms [6] from the twistor theory. In short:
pullback any function from M? (or B?) to T by 7} (or by 73), and integrate it over the distin-
guished curves in the respective fibers 7, ' (a,b), or 7, ' (x,y), in T. What are the distinguished
curves in T?
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3.3.1. Distinguished curves in T These are the curves obtained by intersecting the singular
locus S of the dancing metric, with either fibers 7, ' (x,y) or fibers 7, ' (a,b). More specific-
ally, for every point p = (x,y) € M?, i.e. a point, whose coordinates satisfy x> +y> > 1, we
have a 1-dimensional set

'ypzwfl(p)ﬁSrz{(x,y,a,b) cax+by=1&d*+b* < 1} CT.

Likewise, for every point P = (a,b) € B?, i.e. such that a> 4 b*> < 1, we have a 1-dimensional
set

Tp=m ' (P)NS= {(x,y.a,b) : ax+by=1 & +y* > 1} CT.

The curves 7, and I'» may be parameterized as follows:
If y£ 0 in p = (x,y), then we parameterize vy, by a:

1 x
Yw=9|xya-—-a) &s,<a<r .,
y oy

where s, and r, are the x-components of the end points s and r of a chord ¢, , corresponding
to the point p = (x,y), as in (2.7) and (2.8).
If y=0inp = (x,y) € M?, then x* > 1, and we parameterize 7, by b:

1 1
’ypz{(x,o,x,b) &|b|<“1_x2}'

Note that the projection m,(7y,) of any vy curve to B? is the chord ¢p corresponding to p € M?
in B2, as defined in (2.7).
Similarly, the curves I'p are either parameterized by x if b# 0 in P = (a,b) € B*:

1 a
I'p= {(x,b—bx,a,b) &xER}

or, if b=0in P = (a,b) € B?, we parameterize by y:

1
I'p= {(a7y,a,0> &yER}.

Now, note that the projection 7 (I'p) of any I' curve to M? is the line £p corresponding to
P € B? in M?, as defined in (2.9). See figure 10.

3.3.2. The transform viewed as a Penrose transform.  These distinguished curves enable to
transform functions on M? into functions on B? and vice versa.

Indeed, suppose that we have an integrable function f: M?> — R on M?. Let us choose a
point p = (x,y) € M?. The function f has value f(x,y) at this point. Knowing it, we want to
know what is the transformed value f{a, b) of this function at a point P = (a,b) € B2.

To get this we first pullback f by 7} to a function on 7, (7{f)(x,y,a,b) = f(mi(x,y,a,b))
and then we integrate this pullback along the distinguished curve I'p = (x,} —x%,a,b) in the
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Figure 10. Radon-like transform. Integrate pullbacks of functions from M? or B over
the base along the distinguished curves in M. For functions on M?, to get their trans-
formed value from p = (x,y) to P = (a, b), integrate the pullbacks along the green line
I over the entire range of xs from M?. Likewise, for functions on B2, to get their trans-
formed value from P = (a,b) to p = (x,y), integrate the pullbacks along the red line
over the entire range of a, which changes between the x components of the tangency
points of the cone tipped at p = (x,y).

fiber over the point P = (a,b). In our parameterization of I'p, its parameter x runs through the
entire real line, x € R, so the transformed value of f(x,y) at point P = (a,b) is given by:

A oo 1 a a2
b) = S Y R
f(aa ) [w f(va xb) +b2
Note that this is the same as the formula (2.10) in which we defined this transform was defined
: 2 _p? 2
in terms of geometry of the plane R* =B~ UM~.

Likewise, given an integrable function F : B> — R on B we pullback it by 7} to a function
on T, (m5F)(x,y,a,b) = F(m(x,y,a,b)), and then transform the value F(a,b) of the function
F from point P = (a,b) € B2 to a value in a point p = (x,y) € M? by integrating this pullback
75 F along the distinguished curve v, = (x,y,a, % —a3) in the fiber over the point p = (x,y).

Thus the formula for the transformed value F/(x, y) of the function F : B> — R is:

I:“(x y) = / o F <a l — ax> 1+ x—zda
) "*f"\{;i?ﬁ ,y y yz .

Again we recover the previously defined transform (2.11).

4. Hidden G, symmetry of the Beltrami—de Sitter model

Due to results of [1], theorem 3.3 enables us to associate the split real form of the exceptional
simple Lie group G, with the 2D Beltrami—de Sitter model. This happens to be the symmetry
of the twistor distribution D on the circle twistor bundle S' — T — T over the correspondence
space T. One can see how these are defined for general non-half-flat split-signature conformal
metrics in four-dimensions in [1]. Here, for completeness of the presentation, we repeat in
details the construction in the case of the conformal class (7, [g]) of the dancing metric g on
the correspondence space of the Beltrami—de Sitter model.
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4.1. The circle twistor bundle over the correspondence space

Four-dimensional metrics of signature (+,+,—, —) have a particular feature that, contrary to
the Lorentzian or Riemannian signatures, they admit real two-planes which are fotally null.
This totally null condition means that the metric, when restricted to a two-plane is identically
vanishing. In the case of our dancing metric g given by (3.4), let us take for example, two
vector fields X = d, and Y = 0, on T. They define rank 2 distribution Dy = Span(X, Y) of two-
planes Dg. spanned at each point § by two vectors X and Y being the respective values of
X and Y at £ The two-planes Do are real and totally null at every point £ € T as g(X,X) =
g(Y,Y) = g(X,Y) = 0 atevery point of 7. We say that the rank two-distribution Dy itself is real
and totally null. If we ask for any other rank two-distribution on T that is real totally null and
whose two-planes have the same orientation than Dy we find that all such distributions must
be of the form D, = Span(X,,, Y,,), where

3(1 _by)ab_ayaa

2 bx0p — (1 —ax) 0,
(ax+by—1)°

X, =0+u 2
(ax+by—1)

) Yuzay""

with u : T — R being an arbitrary function’ on 7, or of the form D, = Span(X., Y, ), where

(1 —by) 0y — ayd, _ bx0p — (1 —ax)0,
(ax+by—1)" - (ax+by—1)"

Note that for every u € RU{oco} we have g(X,,,X,,) = g(Xu, Yu) = 8(Y4, Yu) = 0 at every point
& € T. Thus the distribution D, is real and totally null for every function « on 7, as claimed.

Thus, at every point £ € T we have a wealth of S' =R U {co} of totally null planes D¢
having the same orientation as Dg¢. The bundle of all these two-planes over T is by definition
the circle twistor bundle

S'sTST

over the conformal manifold (7, [g]). Here, by 7 we denoted the canonical projection, which
associates the base point { € T to every point ({,D,¢) € T,

7(&§,Dye) =& VuecRU{oo}.

4.2. Twistor distribution

This bundle is naturally equipped with a rank 3 distribution D' defined by the condition that
the three-planes D(l €.Du¢) of D' in T are such that they project to the corresponding two-planes
Du& in T,

1
T s (D(&Dug)) = Dug

It follows that that the canonical distribution D' on T uniquely defines a rank 2 distribution
D on T satisfying

[D,D] =D". @.1)

5 For the convenience of later formulas, we prefer using the parameter 1> rather than u.
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As can be easily checked, in our coordinates (x,y,a,b,u) on the twistor bundle T the distribu-
tion D is given by

4 4
pospn X gy
(1 —ax—by) (1 —ax—by)

The distribution D is called the twistor distribution for the conformal manifold (T, [g]). Note,
that it follows from the defining condition (4.1) for D that the twistor distribution encapsulates
not only the zero-jet-data of the conformal metric [g] but also data about its first jets.

4.3. The G, symmetry associated with the Beltrami-de Sitter model

One can check that the twistor distribution D has the property of being bracket generating,
i.e. satisfying

D c [D,D] C [D,[D,D]] =TT. (4.2)

It is therefore a (2,3,5) distribution, as the distributions D, D! = [D, D] and D? = [D,D!] =
TT constituting the flag (4.2) have the respective ranks (2,3,5) everywhere on T.

It turns out that the (2,3,5) distributions have differential invariants, and they can be dif-
feomorphically nonequivalent even locally [13]. Their invariants are given by the curvature
of a certain g,-valued Cartan connection [29], where g, is the split real form of the excep-
tional simple Lie algebra G,. The simplest (2,3,5) distribution has vanishing curvature of
this connection, and when this happens the distribution has the largest symmetry. The (local)
symmetry group of a distribution D defined on a manifold M is a group of (local) diffeomorph-
isms ¢ : M — M such that ¢, D C D; the Lie algebra of symmetries of the pair (M, D) is the
Lie algebra of vector fields S on M such LsX C D for every vector field X € D.

Returning to our twistor distribution D defined in the previous section we have the following
theorem.

Theorem 4.1. Consider the Beltrami-de Sitter model (BdS,ds?), its dancing conformal split-
signature structure (T, [g]) and its circle twistor bundle S' — T — T with the twistor distribu-
tion D. Then the Lie algebra of symmetries of D is the 14-dimensional split real form of the
simple exceptional Lie algebra g,.

Explicitly, we have

o the Beltrami—de Sitter space
BdS={R*> (X,Y) | X*+Y* # 1},
with

(1—Y?)dX? +2XYdxdY + (1 — X*) dY?

ds® = 5
(1-X2-Y?)

)

e the dancing conformal four-manifold
T =B x M?,
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with B> = {R? > (a,b)|a® + b* < 1}, M* = {R? > (x,y) |x* +y* > 1} and the conformal
class [g] represented by

2da ( (1 —by)dx+bxdy) + 2db (aydx+ (1 —ax) dy)
g: 2 b
(1 —ax—by)
e the twistor bundle
S'-TST,

of real totally null planes over T, parameterized by (x,y,a,b,u), so that the planes D, =
Span(X,,Y,), with

5 (1= by) 0y — ayd,
(ax+by—1)

1 bx0, — (1 —ax) 0,
(ax+by—1)°

X, =0.+u ,Yu=0,+u

from a fiber 7~ (x,y,a,b), form a circle S' ~ {Du |lueRU {oo}},
e and the twistor distribution

4

u'y utx
D=Span|X,————0,, Yy + ———0, |,
< ! (1—ax—by)* oo (1—ax—by)* !

which has the following 14-vector fields S;, i = 1,2,...,14, as the Lie algebra g,-symmetry
generators:
S =8y — abdy — b> O — bud,,

S> =0y — azaa —abdy — aud,,

S 72(ax+by—1)a _uz(ax—l) B bxu® P _u3x—abx—yb2+b8
T u Y oax+by—1" ax+by—1 b ax+by—1 “
S :2(ax+by—l)8 ayu? P 142(by—1)8 u3y+aby—a8
* T tby—1 " ax+by—1 "7 Tax+by—1
S5 =3x0y — 3a0, — ud,,
S() :3y6y — 3b8b — uc')u,
2(ax+by—1) u?
S B — 8_)( 8' - 5 4 8{1 - a 8’-‘7
7 ” (x +y))+ax+by71(y x0p) +
_(ax+by—1) u? 2ax+2by — 1)
S = (bOx — ady) + u(ad. + boy) + Datby—1) O,
_bx(ax+by—1) abxy + b*y? —ax —2by + 1 xu?
8o = 2u? %+ 2u? O +udat 2(a)c+byfl)6’u7
_abxy+a2x2—by—2ax+1 ay(ax+by—1) yu?
St = 2u? %+ 2u? Oy — ud 2(ax+by — l)au’
S|1 :y@x—a&,,
S12 =x0y — b0y,

S13 =x*0, + xy0y — Oa,
Sia =xyB +y*0y — Op.
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Remark 4.2. Note that out of all of these symmetries only eight, namely S;,S5,,Ss, S¢,S11,
S12,813 and S14, project from T to the dancing space T. The eight symmetries that do project
are the lifts of the conformal symmetries of the dancing metric g and, once they are projected
to 7, they span the full algebra of conformal symmetries of the conformal structure (7, [g]).
As we claimed in theorem 3.3 this algebra is isomorphic to s[(3,R).

5. Beltrami—de Sitter turned inside out

5.1. The inversion

We will now use the inversion with respect to the circle to map the Beltrami disk x> +y? < 1
to the region outside the disk, and the de Sitter region x> 4 y* > 1 to the region inside the disk.
Geometrically the inversion transformation is defined on figure 11.
Looking at this figure, assuming that the circle of radius 1 is situated at the origin of coordin-
ates and recalling that the tangency points s and r have coordinates as in (2.8), we find that the
coordinates p = (x,y) and p* = (x*,y*) of the inversion—related points are:

o= (s ) & = (e ). 6
( ) ( )

x2+y2’x2+y2 x*2+y*2’x*2+y*2

Note that this transformation is an identity on the circle x> +y*> = 1.
We now make the inversion change of coordinates (x,y)=(
Beltrami—de Sitter hybrid metric (2.2). After that we get:

IO Y e P 2" qerdvt o (1= — G ) gy
2 ( ((x*)2+(y*)2)2)( ) + ((X*)Z_,’_(y*)z)? y + ((x*)2+(y*)2>2 ( y )

" (1- 67 = ))

) in the

* *
X Yy
Y2y Y2yl

ds

If we now allow the resulting (x*,y*) coordinates to cover the Euclidean plane R?, we see
that the metric ds2,, is Lorentzian inside the circle (x*)? + (y*)?> =1, and it is Riemannian
outside this circle. The regions of Riemannian and Lorentzian signatures got interchanged in
the metric ds?,, on the transformed R? with coordinates (x*,y*), as compared to the metric ds*

given by formula (2.2) in the original R?. We thus obtained the inverted Beltrami—de Sitter
hybrid, which we call the de Sitter—Beltrami model.

Proposition 5.1. Geodesics curves in the de Sitter—Beltrami model are the Euclidean circles
passing through the origin in R. See figure 12.

Proof. The circles of radius r centered at a point (—rsina, rcosa) in the de Sitter—Beltrami
(x*,y*) plane are given by (x* + rsina)?+ (y* — rcosa)? =12, or by means of a simple
algebra, are given by (x*)? + (y*) + 2r(x* sina — y* cos @) = 0. Transforming this equation
by the inversion (x*,y*) — (x,y), asin (5.1), to the (x, ) plane of the Beltrami—de Sitter model,
we obtain

1
xsina —ycosa+ — =0, 5.2)
2r

i.e. we obtain the equation of a generic straight line in the Beltrami—de Sitter (x, y) plane. [
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Figure 11. Inversion with respect to the circle. A point p outside the circle uniquely
defines a point p* inside the circle. This point p* is the intersection of the line sr, which
joins the tangency points s and r of the cone from p, with the line connecting p to the
center O of the circle. Conversely, a point p* inside the disk defines a line L outside the
disk. This line L is the common locus of all the tips of the cones defined by all the chords
passing through p*. The intersection of L with the line Op™, which joins the center O of
the circle with p*, defines a point p outside the disk. The points p and p™ are inverses of
each other with respect to the circle.

Remark 5.2. In parallel with remark 3.8 the de Sitter—Beltrami model is embedded in the
extended corresponding space T as a two-dimensional subset

dSB={T al oy ¥ ¥ )
{ 9 ((X*)2+(Y*)2 @)+ () @)+ () () + ()

where (x*,y*) € R*\ S!, with S! = {(x*,y*) | () + () = 1} },

on which the metric ds7,, is the restriction of the dancing metric g from (3.4), i.e. dsi,, = g|asB-

5.2. The de Sitter space inside the disk

The inversion transformation (5.1) used here provides a nice compact model of the two-
dimensional de Sitter space. Contrary to the noncompact model discussed in section 2.3, in
which the light cones are given by any two lines tangent to the circle x> +y*> = 1 and cross-
ing at some point outside the circle, this compact model is now confined within the circle
(x*)? 4 (y*)? = 1, having the light cones consisting of pairs of intersecting semicircles of
radius § centered at points of the circle (x*)* + (y*)? = 1. See figure 13.
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i 1 (&)

Figure 12. Comparing geodesics in the Beltrami—de Sitter and the de Sitter—Beltrami
models; see proposition 5.1 and the discussion at the beginning of section 6.1. On the
left: four types of geodesics (spacelike-green, timelike-red, and null-orange; brown on
the blue background are the usual geodesics in Beltrami space) in the model where the
de Sitter space is outside the disk and the Beltrami space (in cyan) is inside. On the right:
the same four types of geodesics in the Beltrami—de Sitter model, turned inside out. Here,
the Beltrami space is outside the disk (in cyan), and the de Sitter space is inside. In this
de Sitter—Beltrami model, all geodesics are parts of circles centered at the center of the
de Sitter white disk. What is absent from both the left and right pictures are specific
timelike geodesics, which would appear as straight lines passing through the center of
the cyan disk. These geodesics would be straight lines passing through the origin in both
the Lorentzian—Riemannian and Riemannian—Lorentzian frameworks. (To visualize this
in the right picture, consider the red circle as its radius approaches infinity.) Note also
that in both pictures, the geodesics are smooth curves in the entire R>.

Figure 13. Geodesics in the de Sitter space wrapped in the unit disk. Two orange half—
circles form a null cone emanating from the de Sitter’s Big Bag surface, which is at the
center of the white disk. The red curves are the future oriented timelike geodesics, and
the green curves are spacelike geodesics. All green, orange and red curves are parts of
circles passing through the center of the white unit disk.
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Figure 14. Beltrami—Cayley—Klein model inside and outside the unit disk. On the left:
The brown lines are 120 chords in the unit disk. These are 120 geodesics in the original
Beltrami—Cayley—Klein model. The picture was made by rotating eight brown chords
depicted in figure 12 fifteen times by multiples of 24 degrees around the origin. It is
why the picture has 15-fold symmetry. On the right: The same 120 Beltrami geodesics
as seen in the complement of the unit disk. Now the brown curves are parts of circles
passing through the center of the picture. They constitute 120 geodesics in the Beltrami

metric ds7,, defined in the complement of the unit disk.

5.3. The Beltrami space outside the disk

The inversion gives also an interesting description of the Beltrami—Cayley—Klein noneuclidean
geometry [7, 8, 14, 24]. One realizes it as the complement of the unit disk in the plane with
geodesics as parts of circles passing through the center of the disk, see figure 14. We also make
an analogous picture for one of the three possibilities of geodesics, namely the null geodesics,
in both de Sitter spaces, inside and outside the disk, on figure 15.

5.4. Four possibilities for the 2D Beltrami-de Sitter hybrid

On top of the Beltrami—de Sitter and the de Sitter—Beltrami models, which have their respective
metrics ds? or ds?, and their visual realizations as in figure 12, we can also make two other
hybrids starting from the initial Beltrami—de Sitter construction.

This is done by replacing the de Sitter metric outside the unit disk of the original construc-
tion with the outside part of the metric dsiznv, or by replacing the Beltrami metric inside the unit
disk of the original construction by the inside part of the metric dsiznv. This process brings two
more conformal structures in R?: a purely Riemannian one in the entire plane in the former
case, and a purely Lorentzian one in the entire plane in the later case.

More specifically, on R? \ S! we have:

e the Riemannian metric

( 1 —yz)d)c2 +2xydxdy+ ( 1 —xz)dy2
(1—x2—y2)?

if ¥ +y?<1

2 _
dsgr =

2 | 2
(17 > 7>dx2+ 2 7dxdy+<177*‘ 7>dy2
212)2 212)2 21.2)2 .
e Eli}Z)_yZ)z ) if +y2 >1
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O

Figure 15. Comparison of light cone structures in de Sitter spaces as viewed from out-
side and inside the unit disk. On the left: The de Sitter space outside the unit disk. The
light cones are represented by pairs of intersecting straight lines tangent to the unit circle,
depicted as the blue circle in the center of the image. On the right: The de Sitter space
inside the unit disk. This image is an inversion, with respect to the blue circle, of the
image on the left. Here, the light cones appear as pairs of intersecting semicircles with
a radius of %, centered on points along a circle of radius %, which is concentric with
the blue circle of radius 1. The arrow of time in the left picture is tangent to the inward
radial directions, while in the right picture it is tangent to the outward radial directions.
In both images, the blue circles represent the null scri—the set where null geodesics
terminate. The circle at infinity in the left image and the center of the right image are
spacelike sets, marking the origins of both the left and right universes.

e and the Lorentzian metric:

2 . 2
1— 2 i’ 20 dxdy (1—77* )d»z
( MMJ BT N €0
(1—x2—»?)

if ¥ +y? <1

2
dSLL —
(1 —yz)dxj+2xydxdy+(1 —xz)dy2

T2 if ¥ +y?>1

These, together with the Beltrami—de Sitter model, whose metric structure is defined on R? \ S!
by ds?, and the de Sitter—Beltrami model, whose metric structure is defined on R?\ S! by
ds?, provide the four possibilities of the R? conformal structures mentioned in the title of this
section.

6. The Lorentzian—-Lorentzian case as a model for Penrose’s CCC

In Penrose’s CCC the Universe is modeled on a sequence of eons, each of which is a Lorentzian
four-manifold and such that the next eon is conformally matched through its Big Bang space-
like surface with the Big Crunch spacelike surface of the previous eon. In this sense our
Lorentzian hybrid of two de Sitter two-dimensional manifolds equipped with the metric ds?,,
and considered in the previous section gives a two-dimensional model of a Universe from

Penrose’s CCC.
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In this section we analyze this model in more detail. We start with the Lorentzian metric
ds?, and first consider a metric ds3;, conformally related to it, given by:

ds3,; = (1 —x —yz)2 ds?; .

We have the following proposition.

Proposition 6.1. The Lorentzian metric

(1= ot ) 4 (2pdady + (1= s )P if 22407 <1

5 2+y2)? (2+2)? (2+y2)°
dsp, =
(1—»?) dx* + 2xydxdy + (1 — x?) dy? if X242 > 1,
6.1
and its second fundamental form

7 2 2xy _ 2 2 e 2 2

(X:er:)z/?dx + (x2+y2)3/2 dXdy (Xz+yz)3/zdy if x +y g 1

Kor, = (6.2)

P21 o L 2012200 ) P02 0 o

(2 +y2)372 dx® + (2+y2) /2 dxdy (2+y2) /2 dy if x*+y=>1,

are continuous across the circle x> +y* = 1, and as such are well defined Lorentzian metrics
everywhere on the plane, except the point (x,y) = (0,0).

Proof. The continuity across x> + y? = 1 follows directly from the formulas (6.1) and (6.2).
For completeness we recall the definition of the second fundamental form. We have:

KOL = K/,Ll/ dx“dx", (x#) = (X,y) )

and
Ky = hyuhe,VPne,
where
—nld — * Y
n=n"o, (x2+y2)]/28x+ (x2+y2)]/2ay

is the unit normal to the circle x> 4+ y*> = 1, and
h= Iy dede”

defined via:
gor = (hyy +nyn,) dxtdx”

is the projector onto the space orthogonal to n. Using this definition we calculate Ky, and
obtain (6.2). O

Thus, the Lorentzian hybrid of two de Sitters living in R? and given by the metric ds?; is
a two-dimensional model of the Penrose’s CCC. Let us call R? with the metric ds?; as the de
Sitter—de Sitter model.
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Figure 16. The Lorentzian—Lorentzian hybrid. The orange light rays emanate from the
Big Bang surface in the center, then they approach their envelope—the orange unit
circle, which is considered as the Big Crunch of this eon in the Universe. Reaching
the envelope of the Big Crunch, the light rays can continue their life within the unit
circle violating the arrow of time there, or they can escape to the next eon becoming the
straight lines tangent to the envelope there.

6.1. Null geodesics in the de Sitter-de Sitter model

Among all geodesics, which in the de Sitter space of the Beltrami—de Sitter model are described
by the equation (5.2), the ones that have only one point of contact with the circle x> +y> = 1,
namely the null geodesics, must satisfy r = % Reading back the proof of proposition 5.1 one
thus see that the null geodesics inside the unit disk of the de Sitter—Beltrami model governed
by the metric ds2,, satisfy

(x* + %sina)z—i— ( *— %cosc)z)2 = %.

Thus, the null geodesics inside the unit disk of the de Sitter—de Sitter model, are the circles of
radius % centered at points belonging the circle concentric with the disk and having radius %
Outside the disk the null geodesics are the straight lines tangent to it. See figure 16.

We should mention that the inversion of a null geodesic in the outside-the-disk de Sitter
space is the semicircle passing through the tangency point on the unit disk and the origin,
which forms an acute angle (i.e. 0°) with the light ray outside the unit disk; see figure 17.

It is worthwhile to note that in the de Sitter—de Sitter hybrid spacetime trajectories of
photons—curves corresponding to null geodesics—can split at scries, i.e. at the circle x*> + y* =
1 or at its center 0, or at the circle at infinity, as at figure 18, where a possible path of a photon
in the de Sitter—de Sitter model is discussed.

Remark 6.2. Note that the possible path of a photon, described by the orange trajectory
passing through points p, s, 0, and —s in figure 18, forms a geodesic that is piecewise smooth,
but not very smooth at the switching points. For instance, at the point s, the path is merely
C'—continuous. This highlights a significant difference between the present setting and the

34



Class. Quantum Grav. 42 (2025) 225007 P Nurowski

Figure 17. A light ray outside the disk and its image by the inversion, which is again a
light ray in the de Sitter—de Sitter model. On the left: A null geodesic passing through
the brown point s in the external region, and its inversion in the internal region of the
disk. The orange line in the disk does not reach the central point 0, because we inverted
the outside line only beyond point p to the limit shown on the picture. On the right: An
entire null geodesic inside the disk. Null geodesics in the internal region of the disk are
semicircles of radius 1/2 tangent to the boundary circle of the de Sitter boundary disk
x> 4+ y* = 1. The middle point 0 of the disk is the image of the null infinity (depending
on the interpretation: in the past or in the future) of the external region.

Lorentzian—Riemannian Beltrami—de Sitter model. In this model, the Euclidean straight lines
in the plane serve as geodesics in both the Lorentzian de Sitter M? and the Riemannian
Beltrami B2. These geodesics are smooth curves—indeed, smooth conformal geodesics—in
both regions as well as at the boundary between them. The same is true for the de Sitter—
Beltrami model: the Euclidean circles passing through the origin in R? are smooth curves
and serve as smooth conformal geodesics in the conformal class of the metric ds?, . This dis-
tinction is why we consider the original Beltrami—de Sitter model, despite being Riemannian—
Lorentzian, to be significantly more physical than the Lorentzian—Lorentzian CCC-like hybrid
discussed in this section.

Consequently, we favor the Lorentzian—Riemannian type of CCC over the purely
Lorentzian version.

6.2. Geodesics in the Beltrami-Beltrami model

The Beltrami—Beltrami model is R? equipped with the metric ds%;. One can analyze its
smoothness properties obtaining an analogous result as in proposition 6.1. Here, in figure 19,
we only present a picture of a grid of geodesics in this model similar to the Lorentzian grid
given at figure 16.

7. Generalization to any dimension n > 2

In this section we show that majority of constructions discussed so far can be performed in
any dimension n > 2. In particular, the Beltrami—de Sitter model, and the Radon like trans-
form defined previously in dimension n = 2, can be generalized to dimension n =4, i.e. to the
dimension of the standard physics and cosmology.

Let us see that the same principle, which brought us to the two-dimensional de Sitter metric
in section 2.3, will give a conformal de Sitter metric in any dimensions.
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pe

Figure 18. A possible travel of a photon in the Lorentzian—Lorentzian hybrid. A photon
emitted at a point p in this figure, after reaching the boundary of the de Sitter circle at
the tangency point s, can either continue its journey in the external de Sitter space along
the yellow geodesics or enter the internal region of the disk and travel along the orange
null geodesic inside the disk. Since traveling along the yellow geodesic would violate
the arrow of time in the external spacetime (unless one subscribes to the idea of photons
traveling back in time), we assume that at s, the photon chooses the orange world line
and continues its travel along it. Traveling along the orange null geodesic inside the disk,
the photon eventually reaches the center of the disk at 0. For timelike curves, the journey
from s to 0 would take infinite time, but for a photon, it is essentially instantaneous. At 0,
the photon faces another choice: it can continue either along the yellow or the orange null
geodesic, either to the left or to the right, or even reappear on one of the yellow/orange
straight world lines at infinity in the external region. For instance, if the photon chooses
the arrow-of-time-violating orange null geodesic, it reaches the boundary of the de Sitter
circle again at the point —s. Here, it must again decide whether to remain in the internal
region and follow the yellow null geodesic or exit the interior and follow the orange
straight line. If it chooses the orange line, it may eventually reappear either at the blue
point at the center or at the endpoint of one of the orange/yellow straight lines in the
exterior. This process can repeat indefinitely.

For this we consider R" and an (n — 1)-dimensional unit sphere

S0V =R 3 p= (2 ) | (7) () ek ()= 1)

centered at the origin 0 = (0,0,...,0). We also define the ball

its interior

B ={R'5p= ("2 0) | ()4 () ot @ <),

B":{R"Sp: (X', X)) | (x1)2+(x2)2+'-~+(x")2< 1},

and its complement

M =R\ B

36



Class. Quantum Grav. 42 (2025) 225007 P Nurowski

Figure 19. The Riemannian—-Riemannian hybrid: inside the blue circle are the brown
Euclidean chords, which are the usual Beltrami geodesics in the disk. Outside the blue
circle are their inversions—these are portions of Euclidean circles passing through the
center of the picture. The blue circle is the boundary of the two Riemannian regions,
where the metric ds2p is singular.

The conformal Lorentzian structure in M" will be defined, as in the 2D case, requiring that the
light cones of the Lorentzian metric ds® in M", be the usual cones with tips at points p € M"
and with generators being straight lines emanating from p and being tangent to the sphere
St=1) — B\ Br.

Thus the n-dimensional situation of getting the conformal structure on M" can refer again
to the figure 3. Looking at this figure, we have p = (x!,x?,....x") and g =p+dp = (x' +
dx!,x? +dx?,...x" + dx"). The usual dot product in R” gives:

() 7+ (r—p)? = p?, by Pythagoras theorem,
(i1) rdp = 0, because the vectors r and ¢ — p = dp are orthogonal,
(iii) r — p = Adp, with some scalar A, because the displacement ¢ — p = dp along the light cone
generator must be aligned with the generator vector r — p,
(iv) 2 =1, since the vector r points to the surface of the unit sphere S"*~1),

By (i) and (iv) we get p> — 1 = (r — p)?, an thus p*> — 1 = (r — p)Adp by (iii). This determ-
ines A = (r”jTj)ldp, and by (iii) yields r — p = (rp_sz)hpdp, or multiplying both sides by the denom-
inator: [(r — p)dp](r — p) = (p* — 1)dp. Taking the dot product of both sides of this last relation
with the displacement dp we get [(r — p)dp]*> = (p*> — 1)(dp)?, or equivalently

dsg = (p* = 1) (dp)” — (pdp)* =0 7.0
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because of (ii). This last expression, when written in coordinates (x!,x?,...,x") of the point p,
reads

dsg = (—1 +§(xl‘)2> <Z (dxi)2> = <§;x"dxi>2. (7.2)

i=1

Thus we have shown that the vanishing of dsj is the condition for the displacement dp of a
point p to be along the generator of the light cone in M". Thus on M" the conformal class [ds3]
of metrics ds® = e??ds3, with ds} given by (7.2), is the Lorentzian class whose light cones are
cones containing the ball B" as their tangent.

Remark 7.1. Note that in case of n =2 and (x!,x?) = (x,y), the metric (7.2) becomes precisely
the same ds(z) as in (2.5). Note also that one can write (7.2) in the following equivalent form:

n

dg=>" —1+Zn:(xj)2 (dx)® —ZZn:(xixjdxidxj).

i=1 i i<j
This generalizes the 2D formula (2.5) in a more straightforward way.

Remark 7.2. As in the case of two dimensions, the metric ds(z) is conformal to the de Sitter
metric. To see this we consider
—1
ds* = 5 dsg,

(p*=1)

where ds3 is as in (7.1), and use the polar parameterization of the point p € M", i.e. we take
p = pN, with p > 0 and N the unit vector, N 2—1,onthe sphere St=1), Then, using the relation
NdAN = 0, one easily gets that

dp2 p2
(P—1)? -1

ds® = (dN)*.

Now the change of the p coordinate p = coth(7) brings the metric g to the standard de Sitter
form [22]

ds? = d* — cosh?+ d?,
where we used the fact that (dN)? is the standard metric on the unit sphere S"~ 1, i.e. (dN)? =

d?. Please note that the range of the time coordinate  is from ¢ — 0%, corresponding to points
p € M" being very far from the ball B", to t — 400, when the points p in M" approach the ball.

71. The hybrid of the de Sitter and Beltrami in R"

Now the metric
S (1= 300 (0)) (av)?) +23570 (ddaviav)
(1-X0 )

ds* =

(7.3)
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is a regular Einstein metric in the entire set R” \ S~ = B" U M". However, its signature is
Lorentzian only in M"; in B" the signature is Riemannian. Due to the blow up of the conformal
factor (1— Y7, (x)?) 2 at the hypersurface p? = 1, the metric blows up at the sphere S~ ).
Note that the change of the signature of the conformal class [ds?] of the metric ds® occurs also
at this sphere.

We call R" equipped with the conformal class [ds?] of the hybrid-signature Einstein metric
ds? the Beltrami—de Sitter model.

72. The n-dimensional hyperbolic spaces and Beltrami-de Sitter model

We relate the Beltrami—de Sitter model to the geometries on hyperboloids
P (X) =,  e==l,
i=1

in Minkowski space
M={(T.X') |T.X' €R,i=1,2,...n},

with Minkowski metric

n=—dr+ Y (ax)”.

i=l

As in the case of n=2 there are two kinds of these hyperboloids: the one-sheeted H_; =
{(T,x")| 1> = 377_, (X)> = —1}, and the two-sheeted H, = {(T,X')|T° - >_/_, (X¥')> = 1}.
From now on, we will only consider them for 7" > 0.

After restriction to these hyperboloids, the Minkowski metric 77 becomes

(7.4)

SR

e+ (X S

This metric has the Riemannian signature on the hyperboloid H,, and it has Lorentzian signa-
ture on the one-sheeted hyperboloid H ;. It further follows that the pair (H 1,7z _, ) is locally
isometric to the de Sitter space (M",ds?), and that the entire one sheet of H;, with its metric
1w, » is locally isometric to the Beltrami space (B",ds?).

Similarly as in n =2 case, we now use the central projection pr : H, — II that maps points
(y/e+ Z]n: L (X7)2,X") of the hyperboloids H. to points (1,x') in M, which lie on the plane
I ={(T,X)|T=1,X =x',i =1,2,...,n} tangent to the hyperboloid H; at its tip (7,X') =
(1,0). The formal definition of this projection is:

Given a point (T,X') on H,, use a line { in the Minkowski space M passing through this
point and the origin (T,X") = (0,0), and define a projected point (1,x') on the plane T= 1 as
the intersection of the line £ and this plane.

The explicit formula is:

Nu. = —

|
—_

pr

e+ (X)X
j=1
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Figure 20. Two types of hyperboloids in the n-dimensional Minkowski space with and
the corresponding projections.

which maps n numbers (X),i = 1,2,...,n, parameterizing points of the hyperboloid H. to the
(x')’s parameterizing points of the plane IT via pr(X’) = (x') with

X
n 2
5"'2]':1()(])

See the geometry of this transformation on figure 20.
Now, passing from coordinates (X?) to the projected-to-the-plane-II coordinates (x'), and
inserting them in the hyperbolic metric (7.4), we obtain:

(1-50 (9)7) (S0 (a)?) + (S0 X’
(1-s, w2)

which after a short algebra is the metric ds® of the Beltrami—de Sitter model.
And we have a generalization of corollary 2.1.

Corollary 7.3. The plane Il = {M > (T,X')|T = 1} in the Minkowski space (M, n) is a real-
ization of the Beltrami—de Sitter model BdS.

In this realization the Beltrami space B" consists of points (1,x') € M such that
S (x')? < 1, and is equipped with the Riemannian Beltrami metric nm,- It can be identi-
fied with the space of all inertial observers passing through the origin of the Minkowski space
(M, n).

The de Sitter space M™ consists of points (1,x') € Ml such that Y_7_,(x')* > 1, and is
equipped with the Lorentzian de Sitter metric —my_,. It can be identified with the space of
all tachyons passing through the origin of the Minkowski space (M, ).

M. = ¢

b

73. The Radon-like transform

We now define the point <+ hyperplane duality in the n-dimensional Beltrami—de Sitter model,
which is an analog of the point < line duality known from the two-dimensional model dis-
cussed in section 2.2. Here it is:

A point p € M" defines a cone C, C M", whose tip is p and whose generators are straight
lines in M" passing through p and tangent to OB". This cone, in turn, defines an (n— 1)-
dimensional disk ¢, in B", whose boundary is an (n — 2)—dimensional sphere being the inter-
section C, N OB" = S"~2) of the cone C, with the boundary OB" of B". Explicitly, in R”
with coordinates (X*), i = 1,...,n, and with B* = {R" > (X')| >7_, (X')* < 1}, M" = {R" >
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(X% | 2:?:1(X")2 > 1} and B' = R"\ M", if the point p = (x), i = 1,...,n, is in M", i.e. when
Sr_,(x')? > 1, then the disk c, is

cp = {R” 5 (X) > X = 1} nB"

i=1

Likewise, given a point P € B", one has a wealth of (n — 1)-dimensional disks cp in B"
containing P, obtained by intersecting B" with hyperplanes Hp in R” passing through P. Each
of these disks ¢, has its cone in M", which is tangent to OB" at points of the (n — 2)—dimensional
sphere cp N OB". The tips of all these cones define an (n — 1) dimensional hyperplane ¢p in M".
The explicit formula for the hyperplane ¢p in M" corresponding to the point P in B", i.e. such
that P = (a'), i = 1,...,n, with }7_,(a')* < 1, is given by

lp = {]R” 5 (X)) dx =1 }
i=1

This enables for the n-dimensional version of the Radon transform between functions
defined on B" and on M". It is defined as follows:

Transforming functions from M" to B": having an integrable function f: M" — R defined in
the de Sitter part M" of the n-dimensional Beltrami—de Sitter model we define its transformed
function f: B" — R by

f)y= [ f.
Lp

Here P is apointin B", and the integration is the multi-dimensional integral over the hyperplane
{p in M" defined in M" by P.

Transforming functions from B" to M": likewise, given an integrable function F: B" — R
on the Beltrami part B” of the n-dimensional Beltrami—de Sitter model we get the value F(p)
of its transform F at the point p in M? as the multidimensional integral

Fio)= [ F

P

of the function F along the disk ¢, in B", which in B" corresponds to p from M".

74. The correspondence space and the dancing metric

We can define the corresponding space T = B" x M" of the n-dimensional Beltrami—de Sitter
model and its dancing metric conformal class geometrically, as we did in section 3.1. This is
done by observing that a differentiable curve p(r) in M" defines a (n — 2)-dimensional plane
P,y in B" and that a differentiable curve P(f) in B" defines a part of an (n — 2)-dimensional
plane pp(;) in M". Then the n-dimensional Beltrami-de Sitter model dancing conditions for the
movements of points p(¢) in M" and P(¢) in B" are, that given a pair (p(¢), P(¢)) the point p(¢) in
M" should always move in the direction of pp(;y in M", and the point P(¢) in B" should always
move in the direction of P,y in B". This defines a conformal structure [go] in 7" in which any

curve (1) = (p(t),P(t)) € T performing the dancing movement is a null curve. However we
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will not show further details of this derivation here. Instead, we will use a simpler method of
defining the dancing metric, immediately on the extension (RP")* x RP" of T, generalizing
the approach presented in section 3.2.2.

Thus, in analogy with this section, we start with V = (R"+!)* x R"*! and its points (p,q) =
(pi,q'),i =1,...,n, and use the formula (3.7) to define the bilinear form

<p,dq ><dp,q > — <p,q><dp,dq >
<p,q>?

G=2

on (R"™1)* x R**!. Similarly as in the case of n =2, this degenerate form on (R"+1)* x R"*!
descends to the split signature metric g on the 2n-dimensional manifold 7" ~ (RP")* x RP"
obtained from V by identifying points on the directions in (R”)* and R". Explicitly, on the open
setin 7, with coordinates p; = a;,i = 1,....n,ppr1 = —1,¢' =x',i=1,....n,¢""" =1, we
get

o 2da; (12201 aix’) d + o (3272, aud’
g:ZH a ((1-300 ax) dd + 2 (37 a ))_ (7.5)

(1 — i aixi)z

This, by definition, is the dancing metric on T = (R")* x R", with coordinates (a;,x'), which
is an extension of the correspondence space 7= B" x M", of the n-dimensional Beltrami—de
Sitter model. Here B" = {R" 3 (a;) | >_/_,a? < 1} and M" = {R" > (x')| >7_, (x')> > 1}

In particular, one can easily see that if n=2 and a; =a, a, = b, x=xand ¥* = y, this
formula coincides with the original dancing metric given at (3.4). Also, on the n-dimensional
diagonal set in T, where a; = x', i = 1,...,n, we see that this metric becomes (7.3), i.e. the
Einstein metric of the n-dimensional Beltrami—de Sitter model.

Theorem 7.4. The space T = B" X M" is naturally equipped with a conformal class |G) of a
split signature metric g as in (7.5), the dancing metric, which is Einstein,

Ric(g)=—(n+1)g.

The conformal class [g] has sl(n+ 1,R) as its full algebra of conformal Killing symmetries.
These symmetries are all Killing symmetries of the metric g.

8. The twistor distribution for general n

The local G, symmetry of the twistor distribution of the dancing metric of the two-dimensional
Beltrami—de Sitter model is exceptional and at first glance seems to be related to the case n =2
only. Although the symmetry group of the twistor distribution of the dancing metric (7.5) for
n > 3 is different from G, and depends on n, we found some surprising behavior for particular
ns. In this section we will show details of this issue for n = 3 and leave the physics’ interesting
case n =4 for the forthcoming paper with Ian Anderson [2].

8.1. The twistor bundle of totally null planes

As a preparation for this discussion we write the dancing metric in the null coframe (6/) =
(0',...,0", 6" .. 6?"), in which the metric assumes the form

g:20192n+29202n—1+_.._~_29n9n+1 :guale./7
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with (gy), ,J = 1,2,...,2n, the antidiagonal matrix having all nonzero elements equal to one,

ie.
(gu) = (g g) ;

with S the n X n-matrix given by:

0 0 0 1
0 0 1 0
L e 8.1)
0 1 0 O
1 0 0 O

Explicitly, the coframe is given by:

91» o da,'
1-— 27:1 ajxj
. S . 8.2
s (=) at e (5 ) 2
g2ntl—i — b

n i ?
- Zj:]ajxj

where i = 1,2,...n. We denote be (e;) the dual frame to (¢'), e;0' =6/, ,LJ=1,2,...,2n.
Now, in the correspondence space T, we consider a rank »n distribution Dy spanned by the
frame vectors ¢, withk=n+1,n+2,...,2n,

D() = Span(en+1,en+2,. .. ,62) .

This distribution is totally null, i.e. g(X,Y) = 0 for all X,Y in Dy, and has maximal possible
rank among all totally null distributions in 7. It defines an n-dimensional totally null plane Dy,
at every point £ € T. The connected component of identity SOg(n,n) of the orthogonal group
SO(n,n) acts on such planes, and in particular, acts on the plane Dy producing an orbit

Op, ={Span(a-e,1,a-e,42,...,a-ey) s.t.ac SOy (n,n)}.

For every two points £ and £’ in T, these orbits are diffeomorphic to SO(n). In particular, they

have the same dimension N = ”("27_1), and locally can be parametrized by elements of the Lie
algebra so(n). One easily sees the following proposition:

Proposition 8.1. Let A = (A}), i,j =1,2,...n, be an n x n real matrix from the matrix Lie
algebra so(n), i.e. A is a matrix such that AT = —A. Consider a point & € T, the frame vectors
(ent1,€nt2,---,e) at this point. Then the space

DAf:Span(Y]7Y27"'7Yn)
where
Yi=enit » ¢(SAY:, with i=1,2,...,n andSasin (8.1),
j=1

is a totally null n-plane at & belonging to the same orbit Op,. as Do¢. Moreover, locally, every
element of this orbit is in this form.
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Remark 8.2. In particular, the oribt of Dy can be parametrized according to the dimension n
of the Beltrami—de Sitter space, and

. . 0 -1\ . ..
e if n =2 depends on one real parameter 3, with A = (t 03) ; in this case for each 13 € R,
3
the corresponding two-plane is spanned by
Y1 =e3 +1ize,
Y, =es—nen;
0 —h 15
e if n =13 the orbit depends on three real parameters (#,1,13), withA = | £ 0 —-u];
—hh 13 0

here for each 11,1,13) € R3, the corresponding three-plane is spanned by

Y1 =es—ne +tie,
Y, =es +13e) — 3,

Y3 =es —nex +nes;

e if n=4 the orbit depends on six real parameters (f1,t,13,%,15,%5), with A=
0 —1y 15 —1e

14 0 —1 15

—I5 h 0 —13

te —bh 13 0
four-plane is spanned by

; and here, for each (#1,5,13,14,15,1) € RS, its corresponding

Y| =es +tge1 — tsex + lye3,
Y, = e — ey +tiex — they,
Y3 =e7+13e1 —t1e3 + Iseq,

Yy =es —3e0 + ez — feeq;
e And so on, if n > 4.

We define the twistor bundle of the correspondence space T of the n-dimensional Beltrami—
de Sitter model, to be a bundle SO(n) — T = T whose fiber over every point £ € T consists
of all totally null planes at § belonging to the orbit Op,, .

8.2. The horizontal lift

The Levi—Civita connection of the dancing metric g on T defines a horizontal space H in the
twistor bundle T. Specifically, if we parametrize points in the fiber 7=!(¢) of T over a point
¢ € Tby matrices A € SO(n), as in proposition 8.1, and if we wish to horizontally lift a tangent
vector X¢ from T¢ T to a point (§,A) € T, we proceed as follows: First, we take a curve (z)
in 7 that is tangent to X¢ at r=0, i.e. 7(0) = and % —o = Xe¢. Then, the horizontal lift of
X to a point (£,A) in T is a vector X¢ 4) in T(¢ 4)T, which is tangent to a curve (), with
4(0) = (£,A), whose points in T correspond to a one-parameter family of totally null planes
in 7, which are the parallel transports of the totally null plane D¢ from the point £ along ()
in 7, according to the Levi—Civita connection. This procedure defines a horizontal lift of any
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tangent vector from 7, thereby defining the horizontal space H¢ oy C T(¢ 4T at each point
(&,A)inT.

Below we give formulae for the horizontal lifts of the frame vectors (¢;) of the dancing
metric null coframe (#'), as defined in (8.2), in low dimensions n=2,n=3 and n=4.

Proposition 8.3. Let (a;,X/,t,) be coordinates of the points of the twistor bundle T, where
the (a;,¥') are coordinates on the correspondence space T appearing in the dancing metric,
asin(8.2), and (t,), « = 1,2,...,3n(n — 1), be the antisymmetric matrix A coordinates of the
fiber, which in the case of n =2,3,4 are defined in remark 8.2. Then the horizontal lift e; of
the frame vectors ey from a point & = (a;,¥') in T to the point p = (a;,¥ ,t,,) in T are,

o whenn=2:

ey =e; —x1130y,
€= ey — 0130y,
e3=e3+ 2a2t38,3,
ey =e4+ 26111‘38,3,

e whenn=23:

ey = ey + (xaf) — x112) Oy, + (x3t] — x113) O,
& = ey + (x1ty —x2t1) Oy + (X312 — Xx213) Oy,
ez = ez + (xit3 — x311) Oy, + (X213 — x312) O,
e4 = e4+2a3 (10, + 1,0, +130,,),
és =es+2a> (110, + 1,0, +130,,),
e = e¢ + 2a; (tla,] + 00, + l3(9,3),

o whenn=4:

é1 = ey + (xat) — X110 — X4t4) Op, + (X3t) — X113 — Xats5) O, + (=314 + X285 — X116) Oy,
|+ (X312 — x013 — X4t6) Oy, + (X384 — X285 + X126) O,

+ (X213 — X312 + X4l6) Oy, + (—X314 + Xats — X116) O, ,
ey = es+ (xot) — X1t — X4ly) Oy, + (311 — X113 — X4l5) Opy + (
és = es+2a4 (10, + 120, + 130, + 140, + 150;5 + 160y ) »
e6 = e+ 2a3 (110, + 120y, + 1304, + 140, + 150, +160;, ) ,
é7=e7+2a (110, + 120, + 1304, + 140y, + 150, + 160,,) ,

( )

eg = eg +2a; tl(‘),l =+ l‘zatz + 1‘38,3 =+ l‘48,4 + 1‘5(9,5 + t68,6 .

( )0,
e =e+ (xltz —Xoh +X4t4) 15}
e3=e3+ (x1t3 — X3h —|—X4t5)8f1

X3ty — Xat3 — X4lg) Oy s

8.3. The twistor distribution

The (tautological) horizontal lift of a totally null plane D4¢ from the point £ in T to its point
(&,A) in the fiber 7! (€) in T defines an n-dimensional plane D¢ 4) at (,A). This, when done
at every point { € T with every n-plane in the orbit Op,¢, defines a rank n-distribution D in
T. This is the twistor distribution on T. This distribution, in the case n = 2, coincides with the
one which was defined in section 4.2.
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Remark 8.4. Although the horizontal lift of vectors from T to T was defined by means of the
Levi—Civita connection of the dancing metric, i.e. by a Lorentzian metric, the twistor distri-
bution D, as defined here, is a conformal object. This follows from the fact that the twistor
bundle T itself is a conformal object (we only used the concept of nullity of vectors to define
it), and the fact that D coincides with the unique distribution D having the property that at
every point (£,A) in T its derived distribution D! = [D, D], satisfies

T (D' (e)) =Dac, V(§A) €T,

where Dy¢ is the totally null plane from the orbit Op,¢, which is labeled by the skew symmetric
matrix A, as in proposition 8.1. This property of D, which can be taken as its defining property,
does not use the metric at all, and since the totally null planes D4¢ on T are conformal objects,
so is the distribution D.

We have the following theorem.

Proposition 8.5. In coordinates (§,A) of remark 8.2 the twistor distribution D, on the twistor
bundle SO(n) — T 5 T is spanned,

(1) when n=2, by:

YI=0.—a, (x18x| +x28x2) + (1 - alxl - a2x2) t38a1 + (2(12 - t3x1) t38,3,
=0, —a (x'Bxl +x28xz) + (1 — 611)61 - azxz) (—l38a2) + (2611 + t3x2) l‘38[37

(i) when n=23, by:

Y =0s —a3 (xlaxl +x%0p —|—x33X3) + (1 —ax' —a® — a3x3) (t104, — 1204,)
+ (2a3 + tox' — 112%) (110;, + 10, + 130,)

Y=0.—a (xlﬁxl + 220, +x38x3) + (1 —ax' —ax? — a3x3) (t304, — 11045)
+ (2ar + 11x* — t3x") (110;, + 10, +130,)

Y; =0, —a (xlaxl +x20, —|—x33x3) + (1 —aix' —ax® — a3x3) (t204, — 1304,)
+ (2a1 +13x° — t2x3) (10, + 120, + 1301, ,

(iii) and, when n=4, by:

YI=0ps—a3 (xlaxl + 2202 +x°0, +x4834) + (1 —aix' —ap® — a3y’ fa4x4) (1104, — 1204, — 1404,)
+ (2a3 +ox' — 2+ t4x4) (t101, + 1201, + 140y,) + (13 (2a3 +ox! — llxz) +x* (tats — fllé)) Oy
+ (15 (2a3 — 112 + tax*) +x1 (1314 + 1116)) Oy; + (16 (2a3 + tax' + 143*) + 22 (1314 — 1at5)) O,

Y,=0p—a; (x'ax. +X28xz +x38xx +x48x¢) + (1 —ax' —apx® — a3’ —a4x4) (304, — 1104y +1504,)
+ (2ar +11x* —t5x! — t5x*) (1101, + 130y, + 1505) + (12 (202 + 113° — t3x) —x* (1314 + 1186)) B,
+ (13 (2a2 + 11 — tsx*) +x' (1116 — 1a15) ) Oy, + (t6(2a2 — t3x" — 15x*) + 17 (ta15 — 1413)) O,

Y3 =00 —a (xléxl +x2(9xz +x38x3 +x46l4) +(1- apx' — apx® —azx® — a4)c4)(t28a3 — 1304, — 1604,)
+ 2ay + 633% — 8 + 16x*) (120, + 130s, + 1605) + (11 (241 + 1357 — 1) +x* (1215 — 1314)) Dy,
+ (142ay — 12 + t6x*) + X2 (1215 — 1116)) Oy, + (15(2a1 + 1307 + t6x*) — X (314 + 1116) ) Dy,

Yy =0 — as(x'0p + 3202 + %0 +x*04) + (1 — arx! — apx® — a3x® — agx®) (t68a, — 1584, + 1404;)
+ (2a4 — tox" + 15x* — 1337 ) (140, + 15045 +1605) + (11 (2as + 155* — 143°) + x' (1314 — 1215)) 9y,
+ (12(2as — tox" — 142 ) + 22 (1314 + 1116) ) O, + (13(2a4 — tox" + 15x%) + X (1116 — 1215) ) O,
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As mentioned in the remark 8.4 in each case n > 2 the twistor distribution D is a canonical
object on the twistor bundle that is canonically defined by means of the conformal structure
of the dancing metric g on 7. Thus all the conformal symmetries of the dancing metric, should
have their /ifts to the symmetries of the twistor distribution D on the twistor bundle SO(n) —
T — T. Also, by the very construction of the dancing which uses only the notions of k-planes
and their incidence in R", it is obvious that the dancing metric has its Lie algebra of conformal
symmetries at least as large as the Lie algebra s[(n,R). Actually, the dancing metric has the
Lie algebra of conformal Killing vectors precisely isomorphic to sl(n+ 1,R).

We know (see remark 4.2), that in the case of n =2, the Lie algebra of symmetries of the
twistor distribution on T is larger than s[(3,R), namely it is isomorphic to the split real form
of the simple exceptional Lie algebra g,, which contains s[(3,R).

Although if n > 4 the situation of the full symmetry algebra for the twistor distribution D
is not fully understood, the following proposition holds.

Proposition 8.6. For every n > 2, the Lie algebra of infinitesimal symmetries of the twistor
distribution D on T, i.e. the Lie algebra gp of vector fields S on T such [S, D] C D, contains
a subalgebra b C gp isomorphic to sl(n+ 1,R), h =sl(n+ 1,R).

Of course the Lie algebra h is in general not the full symmetry algebra of the twistor dis-
tribution D, as we know form the n =2 case, discussed in the remark 4.2, where only eight
symmetries of the distribution D, namely Sy, S>,Ss,S6,S11, --.,S14, out of all fourteen, were
the lifts of conformal symmetries of the dancing metric g from theorem 4.1.

8.4. The n=3 case: the hidden G, symmetry again
Here is the situation in the n =3 case. We have the following proposition.

Proposition 8.7. If n =3, consider the twistor bundle SO(3) — T = T, and the twistor dis-
tribution D = Span(Yy,Y2,Y3) on T as in proposition 8.5 point (ii). Then the following fifteen
vector fields Sy, [ =1,2,...,15, on T span a subalgebra b = s5l(4,R) C gp of the Lie algebra
gp of infinitesimal symmetries of D

Sy =x*0p — a10,, + 120,

Sy =x'0p — a20,, + 1,0,

S3 =x'0p — a30,, + 1,0,

Sy =x’0p — a10,, + 130;,

Ss =x’02 — 204, + 130,

Se =x*0p — a20,, + 120,

Sy =x'0y — 10y — 120, — 130},

Sg =x>02 — 20,4, — 110y, — 1304,

So =x*0p — a30,, — 1,0;, — 10,
S10 =0u — a1 (a104, + @204, + a304,) + (a2t + azt3) O, — ay (120, + 130y,)
S11 =02 — a2 (a10,, + @204, + a30,;) + (a1t + azt3) O, — az (110y, + 130,)
S12 =0p — a3 (@104, + @204, + a304,) + (a1ty + astr) Oy — a3 (1105, + 120;,)
S13 =04 —x (x O +x20. +x38x3) +2x! (t10y, + 020), + 1305;)
S14 =04 — X (x'0p + 2202 +x°0) +2x* (10, + 10, + 130,,)
Si5 =0a, —x° (x'0p + X702 +x°03) + 20 (110;, + 10y, +130,) .
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These vector fields are lifts from T to T of conformal symmetries of the dancing metric g
on T, in the sense that the pushforwards m.(S;) of symmetries Sy by =, from T to T, form
the full Lie algebra sl(4,R) of conformal symmetries of the corresponding dancing metric
g=120"0°4+20%0° +20°0* on T.

The Lie algebra b = sl(4,R) of the fifteen vector fields S is not the full algebra gp of the
infinitesimal symmetries of the twistor distribution D = Span(Yy,Y,,Y3), as any vector field
S =fY, tangent to the vector field

Y=0Y,+1Y +4Y3, (8.3)

where Y1,Y,,Y3 are as in point (iii) of proposition 8.5, is a symmetry of D, and we have that
Span(Y)Nh = {0}.

The distribution D = Span(Y1,Y,,Y3) on T has an infinite dimensional Lie algebra gp of
symmetries.

Another interesting feature of the twistor distribution D in the case when n =3 is that its
derived flag, i.e. the sequence D' = [D, D], D! = [D, D] fori € N, stabilizes at i = 2, which
means that the distribution D? is integrable. Moreover, we have

rank(D) =3, rank(D') =4, rank(D?)=6 and [D?D?]C D’

so in the language of the theory of distributions the twistor distribution D = Span(Y;,Y>,Y3)
is a (3,4,6) distribution.

For this distribution the vector field ¥ appearing in proposition 8.7 plays a particular role. It
is its Cauchy characteristic®. This is defined as a special kind of a symmetry of a distribution
tangent to it, see e.g. [12], chapter II. section 2, p.30.

So, the twistor distribution D = Span(Y;,Y2,Y3) on T is a (3,4,6) distribution with a
Cauchy characteristic Y on it. Actually the module of Cauchy characteristics for the twistor
distribution D is 1-dimensional, and is spanned by the vector field Y defined in (8.3).

This last information about Y being a characteristic for D suggest a change of coordinates in
T from (a;,¥ ,t4), to (a,b,c,x,y,z,u1,uz,u3) in which, in particular Y is ramified. Thus for this
reason, and for further convenience, we introduce new coordinates on T related to (a[,xj o)
by:

= ailfs y— arl3 = aity +axtr +asztz
arh +a2t2+a3t3’ aty + art +a3t3’ 3 ’
1 3 2 3 1 3 1/3
X't —xt X3 — X't xay +x2a +x3a; — 1
— —, =, Cc = \/E ’
NG Vi3 art) + axty + asts
5] 15) /
uy = — Uy = — uz = I13.
l37 1‘37

In these coordinates the three vector fields Y, Y,, Y3 spanning the twistor distribution D can
be replaced by the three vector fields

Y' =0y,
Y, =20, + %azﬁa + (%ab — 1) Op + %ac@c + (aus — 2yz+/u3) Oy,
Yy =0, + (%ab—!— 1) 0, + %b23b + %bc&. + (buz + 2xz1/u3) Oy -

© For completeness: if D+ = {A!T > X\ | Yo\ = 0, VY € D} is the annihilator of D, then a vector field S on T is a
Cauchy characteristic for D, if and only if S € D and sJ(d,\) € D! forall A € DL,
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1 _ Y I _ =Y 1 Y . :
Here, Y’ = 5 = \/—lﬁ and V3’ = \/—1373, so they are proportional to the respective Y, Y, and

Y3, and as such they also span the twistor distribution D,
D=Span(Y.,Y,',Y3').

We will use this basis for the twistor distribution D from now on.

Remark 8.8. Note that in the new coordinates (x,y,z,a,b,c,u;,uz,uz) on T, the twistor dis-
tribution D, represented at each point of T by the three-plane Y’ A Y, A Y3/, does not depend
on the coordinates (z,u;,uy,u3), which are tangent to the fibers of SO(3) — T = T (along
(z,u1,u3)), and tangent to the characteristic direction Y’ (along u3). Moreover, since the char-
acteristic direction Y’ preserves the distribution D we have the following proposition.

Proposition 8.9. The rank two distribution £, spanned by the vector fields Y»' and Y3',
& =Span(Y,',Y3'),

is well defined on T and has the derived flag ' = [€,&] and £ = [€,E"] such that
rank (£) =2, rank (') =3, rank(£%) =5, [£%,E%] &

This means that € is a (2,3,5) distribution in the nine-dimensional twistor bundle T.
Moreover, the distribution £ is preserved, when Lie transported along the characteristic
direction Y', and thus it defines a (2,3,5) distribution

F=0.E

on the 5-dimensional quotient Q of the twistor bundle T by its fibers, tangent to 0,,,0.,,0;,
and the characteristic symmetry direction Y' = 0,,.
In coordinates (a,b,c,x,y,z,ui,us,us in T the canonical projection

c:T—Q
is given by

o(a,b,c,x,y,z,ur,uz,u3) = (a,b,c¢,x,y),
so that (a,b,c,x,y) are the local coordinates on Q.

Finally we have the following, a bit surprising theorem.

Theorem 8.10. The (2,3,5) quotient twistor distribution F on the five-dimensional manifold
Q canonically associated with the n =3 Beltrami—de Sitter model BdS has it Lie algebra of
all infinitesimal symmetries gx isomorphic to the split real form of the exceptional simple Lie
algebra g.

In coordinates (a,b,c,x,y) on Q the distribution F is

F = Span (X,,X3)
with the spanning vector fields X, X3 given by :

X, =30, + %azaa + (%ab - 1) Op + %ac@c,
X3 =c’0y+ (3ab+1) 9, + 1b°0, + bco..
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The fourteen g, symmetry generators are:

Ry =0k
Ry =8,
R3 =a0y — yO,
R4 =b0, — x0y

Rs =ad, — bO), — xOx + yay
Rs =cO. + 3x0x + 3y0,
ab

-2
8b+aac

a2
R7 :4628)( — *8,1 -
c c

ab+2
c

bZ
Ry =4¢0, — 8y — — O + b0,
c

Ry =2x%0, + 2xy0y + (ZC3 —xa — Zby) Oy + bx0Op + cxO,
R1o =2y*8y + 2xy0; + (203 —2xa — by) Op + ayOy + ¢cyO,

A (ab—4) +xa b (bc® +x) be® —x

Ri1 =2bcxOy + 2¢ (c3 —ax) oy + O, + O + O
; c? c? c
3(ab+4) —b Py 3

Ri» =2ac‘y8y+26‘(c3fby)ax+c (a +2) yab+a(ac ))anrac +y8(.

c? c
b 1
Ri3 =2bcOy — 2acOy + %8,1 + —281, — =0
c c c
b (3¢ — ax — by) + 2x

c

3¢3 —ax—by) —2y
14:4c2(x6x+y8y)+a(c ax‘ ) =2

Oa + O + (c3—|—ax+by) .

Remark 8.11. It is interesting that the g, symmetries of the canonical (2,3,5) twistor distribu-
tion F on the twistor quotient Q have nothing to do with the s[(4,R) symmetry of the ‘parent’
canonical (3,4, 6) twistor distribution D on T. Only two, out of 15 generators S; of the s5[(4,R)
symmetries of D given in proposition 8.7 have pushforwards that are vector fields on Q, these

are 0,(S1) = Ry and 0, (52) = R3.

Remark 8.12. Another interesting feature of the ‘parent’ (3,4,6) twistor distribution D on the
twistor bundle T is that its any rank 2 subdistribution transversal to the Cauchy characteristic
Y is (2,3,5). It is difficult to check if any of these subdistributions contains g, as their Lie
algebra of symmetries.

8.5. The 4-dimensional Beltrami-de Sitter model

We only mention that in n =4 case the twistor distribution D on the 14-dimensional twistor
bundle T, as given in proposition 8.5, point (iii), is (4, 10, 14) so, contrary to the distribution
D for n=3, it is a bracket generating distribution on T. As stated in proposition 8.6 it surely
has h = s[(5,R) as its Lie algebra of symmetries. Further properties of this twistor space and
this distribution, as well as the general case of n > 4 will be discussed in a paper with Ian
Anderson [2].

Data availability statement

No new data were created or analysed in this study.
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