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Abstract: An extensive review of recent results concerning the quantum field theory of particle
mixing in curved spacetime is presented. The rich mathematical structure of the theory for both
fermions and bosons, stemming from the interplay of curved space quantization and field mixing,
is discussed, and its phenomenological implications are shown. Fermionic and bosonic oscillation
formulae for arbitrary globally hyperbolic spacetimes are derived and the transition probabilities are
explicitly computed on some metrics of cosmological and astrophysical interest. The formulae thus
obtained are characterized by a pure QFT correction to the amplitudes, which is absent in quantum
mechanics, where only the phase of the oscillations is affected by the gravitational background. Their
deviation from the flat space probabilities is demonstrated, with the aid of numerical analyses. The
condensate structure of the flavor vacuum of mixed fermions is studied, assessing its role as a possible
dark matter component in a cosmological context. It is shown that the flavor vacuum behaves as a
barotropic fluid, satisfying the equation of the state of cold dark matter. New experiments on the
cosmic neutrino background, as PTOLEMY, may validate these theoretical results.

Keywords: particle mixing; quantum field theory in curved space; dark matter; neutrino physics

1. Introduction

Field mixing, the mechanism by which particles of a given species (“flavor”) can trans-
form into particles of a distinct species, concerns both the bosonic sector (neutral meson os-
cillations [1-4], axion-photon oscillations [5-9]) and the fermionic sector (neutrinos [10-26]).
Flavor oscillations are overtly a phenomenon beyond the standard model (SM) of parti-
cles [27-32], especially when it comes to neutrinos, which by themselves offer several
challenges to the SM [33-35] where they were originally conceived to be strictly massless.
Many of the fields that are characterized by mixing are so important in astrophysical en-
vironments and in cosmology that a serious analysis of their properties cannot disregard
their interaction with the gravitational background. Axions and more generally axionlike
particles [36-43], although still hypothetical, are among the best motivated components of
dark matter. Neutrinos, on the other hand, literally pervade the universe, and are deemed
to play a fundamental role in its primordial stages [44—47]. In the guise of mass-varying
neutrinos [48,49], they are also linked to the dark energy puzzle [50,51]. It is then desirable
that field mixing, be it bosonic or fermionic, be formulated in a setting that is capable
to deal with gravitational backgrounds. The most reliable framework that we currently
have at our disposal is that of Quantum Field Theory (QFT) in curved spacetime [52-60].
In this work, we give an extensive and self-contained review of the QFT of mixed fields
on curved backgrounds as developed in the references [61-63]. The theory combines the
inherent ambiguity of quantization in curved space with the peculiarities of field mixing,
unveiling a rich mathematical structure and a remarkable phenomenology. The latter
includes generalized oscillation formulae that, depending on the underlying manifold, may
significantly deviate, in amplitude and phase, with respect to their flat space counterpart.
The theory also features a non-trivial vacuum state, the flavor vacuum, endowed with a
peculiar condensate structure. In virtue of condensation, the flavor vacuum carries energy

Symmetry 2023, 15, 807. https:/ /doi.org/10.3390/sym15040807

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym15040807
https://doi.org/10.3390/sym15040807
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0002-8190-4989
https://doi.org/10.3390/sym15040807
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15040807?type=check_update&version=2

Symmetry 2023, 15, 807

2 of 46

and momentum. In particular, the flavor vacuum for mixed fermions offers an intriguing
and economic explanation for dark matter.

Dark matter [64-71] represents to date one of the most important open problems
in cosmology. This additional matter is required to explain the rotation curves of spiral
galaxies and the gravitational stability of galaxy clusters, constituting the prevalent form of
matter in the universe (about 25% of the total energy density [72] against the 5% of baryonic
matter). As such, it is one of the fundamental ingredients in the standard cosmological
model [73]. The composition of dark matter is debated. Possible components include
axions and axionlike particles, WIMPs, supersymmetric particles and massive compact
objects such as primordial black holes [74]. Through the appearance of the condensed
flavor vacuum, the theory of field mixing provides a pure QFT candidate for dark matter,
without invoking new matter fields. An indication for this role of the flavor vacuum was
first discussed in flat space [75] and more recently it has emerged from a curved spacetime
analysis [62]. Possible experimental tests, aimed at probing the dark-matter-like properties
of the flavor vacuum have also been put forward [76,77]. In particular, it has been proposed
that experiments devoted to the detection of cosmic neutrino background, as PTOLEMY,
may be able to observe effects related to the flavor condensate [77].

In the present review, we retrace the whole construction of the QFT of mixed fields in
curved space, giving a thorough account of its theoretical features and of its phenomeno-
logical implications. We discuss the energy-momentum content of the flavor vacuum and
prove that it behaves as a cold dark matter component also in a cosmological background.
The paper is structured as follows. Section 2 introduces the canonical quantization of
free fermionic and bosonic fields in curved space, with an emphasis on the ambiguities
that arise in the particle interpretation. This introductory section fixes the notation and
includes an analysis of the solutions of the relevant equations (Dirac and Klein-Gordon) on
some spacetimes of interest. Section 3 develops the quantization of the flavor fields, dis-
cussing the oscillation formulae for both fermions and bosons. The formalism is applied to
Friedmann—Robertson-Walker (FRW) metrics and to the Schwarzschild spacetime. The flat
space and quantum mechanical limits are also discussed. Section 4 is fully devoted to the
study of the flavor vacuum, with a detailed exposition of the associated energy-momentum
tensor, culminating in the derivation of the dark-matter-like equation of state. In Section 5,
we draw our conclusions.

2. Mass Fields in Curved Space

The diagonalization of the mass term in the field Lagrangian yields N free fields,
whose masses are the eigenvalues of the mass matrix. In the following, we shall exclusively
deal with N = 2 flavors, but the analysis can be easily extended to more flavors. The total
Lagrangian is the sum of two free Lagrangians, so that the action is

Sr = L[ dxy/ms{ 50 @Dy - D] -} )

=12

5= L[ VgE {gmaueong - migle), @

=12

respectively, for fermions and bosons. The index j = 1,2 labels the mass fields, g = det(g,)
is the determinant of the metric gy, and ¢"" is its inverse. Notice that the boson fields are
assumed charged and the adjoint symbol t is used in place of complex conjugation, so
that the same action holds in the quantized theory. The fermion action of course assumes
the choice of a tetrad frame ei (x) provides a basis for the tangent space at x. The basic
properties of the tetrads are given by contraction of the spacetime y or Lorentz A indices as

(with 45 = diag(1, —1, —1, —1) the Minkowskian metric)

el (X)ep(x) =", guely(x)ep(x) = ap. ®)
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The spin connection is defined as
AB _ AP VB A B
wy " =epTyue’™ + ey oyef 4)

with Fﬁy the Christoffel symbols. The gamma matrices in curved space are expressed in

terms of their flat space counterpart 74 as #(x) = ¢/, (x)7*. To complete the description
of the fermion action, the Dirac adjoint spinor is ¢ = 177 (notice that only the flat space
70 enters here) and the spin derivative acts as

Dup = (0u+Tp)¢, Dup =0utp — 9Ty 5)

where I', = %wﬁB [va,7v8]. For the purpose of quantizing the theories of Equations (1)
and (2), we shall assume that the underlying spacetime is globally hyperbolic, admitting a
foliation by Cauchy surfaces £, T € R. These surfaces play the same role as the equal time
surfaces in Minkowski space when imposing the canonical (anti-)commutation relations.
The volume element induced by the metric on X shall be written d%,\/—¢ = d¥n,\/—g,
with 7, the unit timelike vector normal to X;. We define a surface-wise Dirac delta
by [5 dX/f(x')ds(x,x") = f(x) for any f defined on Zr and x,x’ € Xr. The conjugate
momenta as computed from the actions (1) and (2) are, respectively, I1; = i \/Tgi,b; and 71, =
\/ngOVa@]T. Quantization then proceeds by imposing the equal-7 (anti-)commutation
relations

{lp]-(x),\/—g(x'wx’)}: Wos(n )[4, M) = i6xss (1), (6)

where it is understood that x, x’ € £ for a given T and all the other (anti-)commutators vanish.

A fundamental aspect of the actions (1) and (2) is that both Lagrangians are invariant
under global U(1) transformations ¢; — ¢'*¢; and ¢; — e'“¢;. This invariance is associated
with the Noether currents

TE= ¥ Ih= ¥ ays Ji= L Tk =i D (¢10"9; — 0,970;),
J=1,

j=12 j=1.2 =12

which immediately lead to the charges

Or(r) = [ dzy/=3Tts Qp(0) = [z, g}, ®

Conservation means that Qp(7) and Qp(7) are independent of 7. It is worth noting
that also the single components Qf ; and Qp; for j = 1,2 are conserved, because the La-
grangians are actually invariant under independent U(1); rotations of the fields, e.g., ; —

e ¥;. We will also write Q = ijl,z Q]' for both bosons and fermions. From Equation (8)
descend the natural definitions of the Dirac and Klein—-Gordon inner product

(a,b)c = [ d=,y/=ga7"(x)b ©)
for spinors a4, b and
(f,h)e = —i/Z A5l /=g (f*uh — hdy f*) (10)

for scalars f,h. Of course, they yield (generally complex) spacetime scalars. Note that
we use the same symbol for both the products: it will be clear from the context if we are
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referring to the fermionic or the bosonic product. Finally, the field equations resulting from
the actions (1) and (2) are, respectively,

(9" (x) Dy — mj)h; =0 (11)
and 1
L0, (/R 0) + iy =0 1)
withj = 1,2.

2.1. Field Expansions
Consider a complete set of solutions to Equation (11) {Z/Ik,s; i(x), Vis;i (%) } and Equation (12)

{Wk,.j (x), Wy, J (x)} with k being a generalized momentum index and j being the field label
as usual. It is important to stress that at this stage we make no hypothesis on k, which may
be either discrete or continuous and may or may not be related to the physical momentum
of the particle. The spinor solutions clearly carry an additional spin index s which may
refer to helicity, spin projection, or any other suitable spin-related quantity. We require that
the solutions for each j be formally the same and differ only for the exchange of masses: the
modes 2 are the same as the modes 1 with m; replaced with m;. This kind of compatibility
requirement will ensure, upon introducing mixing, that the same species of particle, i.e.,
described by the same set of quantum numbers, is mixed. We refer to either of the sets as a
mass basis, or, with a slight abuse of terminology, a mass representation.

The first entries of the two sets, Uy ;;(x), Wj;;(x) are “positive energy” (particle) so-
lutions with respect to some specified timelike vector field. Likewise, the second entries
Vis;j (%), W,f;j(x) are “negative energies” (antiparticle) solutions. This choice of “positive
energy” solutions is by no means unique and we will discuss below how the theory is
changed for changes of the mass representation. The bases are orthonormal with respect to
the corresponding inner product (Equations (9) and (10)):

(Uk,s;]-,uq,,;or = §kq5rs = (Vk,s;j; Vq,r;j)r; (uk,s;j; Vq,r;j)T =0
(Wk;j/ Wq,]) - = ékq = - (Wk;j/ Wq,]) ’['; (Wk;j/ Wq,]) . =0. (13)
We may well drop the 7 label in the above equations, since the inner products clearly
do not depend on 7. Notice, however, that this is true only for inner products involving

modes with the same index j; inner products of solutions with different j depend generally
on 7. We can now expand the fields as

pi(x) = Z(ﬂk,s;juk,s;j(x)+bZ,s;ij,s;j(X))
k,s

0x) = (W) +df W) (14)

where all the spacetime dependence is within the solutions, the operator coefficients
being constant. It is a simple exercise to show that the expansions of Equation (14) fulfill
the canonical (anti-)commutation relations of Equation (6) if the coefficients satisfy the
canonical algebras

t t
{ak,s;jraq/y;l} = Okglsrj) = {bk,s;j, bq,r;l}
t t
{Ck;j/ Cq;l} = 5](,75]'1 = {dk;jqu;l}
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with all the other (anti-)commutators vanishing. The bosonic and fermionic vacuum are
defined by

0p) =0 = by

Af.s;j 0h); ckilOn) =0=dy;|0h) Vks,j (15)

and the subscript m denotes that these are the mass vacuum states as defined by the mass
representation of Equation (14). The Fock spaces HE, HE are constructed as usual by
repeated application of the creation operators on the corresponding vacuum. The U(1)
charges take the simple form

T + T t
Qr,j = Y (0 ojksy — blagbis) Qo= L (chjens — iy ) - (16)
k k

7

As anticipated above, the mass representation is not unique, not even in flat spacetime.
The ambiguity is worsened in curved space, because there is generally no unique definition
of energy (not even up to Lorentz transformations). In turn, such an ambiguity affects
the notion of particles (the “positive energy” solutions) and represents the source of the
known particle creation phenomena in curved space (Parker effect [55,56] and Hawking

radiation [57,58] ). One is always free to consider a different mass basis {I;{k,s/.j (%), Ves;j (x)}
and {Wk;j(x), W,f; j(x) }, providing an alternative expansion (Equation (14)) of the fields

with coefficients dy;;, Ek,s;]-, Ck;js Jk;j. Of course, no specific relation is assumed between
the labels of the tilded and untilded representations. It is nonetheless the case that the
new coefficients are always related to the old coefficients by Bogoliubov (i.e., linear and
canonical) transformations as a consequence of the completeness of the two bases. To see
this, consider the scalar product

ﬁq,r;j = (flqrr;j(x), l[Jj(x))T = kz{ak'S;j (Z;{q,r;j,uk,s;]‘) . + blt,s;j (aq/,;]‘, Vk,s;j) T}. (17)

%

Notice that the scalar products in (17) are independent of 7, since they involve solutions
with the same field index. Therefore, setting X, .1 s.; = (L?q/r;j,uk,s;j)r = (Vk,s;j/ pq,r;j) .

and Yy ks, = (Uq,}j, Vk,s;]-) = (uk,s;j’ VW;]’) _one has

~ +
Agr;j = Z(Xq,r;k,s;jak,s;j +Y, ,r;k,s;jbk,s;j>' (18)

k,s

In the same way one finds that

= +
bq,r;]' = Z(Xq,r;k,S;jbk,S;j - Yq,r;k,s,'j”k,s;j)- (19)

k,s

The mass Bogoliubov coefficients X, Y satisfy

k * J—
Z;(Xq,r;p,s/;jxklsl'lﬂ/s’;f T Yo ks ) = Ogkrs (20)
ps

for each j = 1,2. The situation is similar for bosons. Putting Xq,.k;]- = (Wq;]', Wk;]-) and
T
Yok = (VNV,W-, W,f]) _we obtain

5 . * R VZ t
Cqij = ;(Xq;k;jck;] Yq;k;jdk;j)

+
dgj = ;(X;;k;jdk;j_yt;;k;jck;j)' (21)
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We use the same symbols for both the bosonic and fermionic mass Bogoliubov coeffi-
cients, but no confusion may arise, since they carry different indices. The bosonic analogue
of Equation (20) is

;( ;;k;jXP;k] qu]YPk]) = dyp- (22)

The tilde representations define alternative Fock spaces HEB and in particular alter-
native mass vacua |05;?) annihilated by the tilde operators. The states in the tilded and
untilded representations have different particle content. It can be shown [52-54,60] that the
untilded vacuum appears as a condensate of tilded particles, and vice-versa. To formalize
the relation between the two representations, we introduce the (mass) generators

F  _ . .
Rj = exp{ Z ( a.kr.s;f q rij bk 55j )‘q,k,r,S;jbq,r;]ak,S;]> }
q.krs

R} = eXp{Zk:( ki Sai g T O kjdq;fck;j)}
q,

: Y, r;k,s;]
with Agrsi = Arctan(%’ﬂ) and 0, f;; = Arctanh( ”’; 2 ) We also introduce the total
Ko

arksi
mass generators RI‘® = RlF 2o R§ B These generators realize the mass Bogoliubov
transformations as

~ F . _ pF-1 F
dgpi = RF- awR bqr]—R bq”R

. B-1. B B-1 B
Cqr;j R™eqnRY,  dgrj =R dgrjR
and provide a map between the Fock spaces Rf/8 : HEE — H1LP In particular, the mass
vacua are related by

05:%) = REBT0RP). (23)

We shall see below how the field mixing is affected by changes in the mass representa-
tion operated by the generators RF'B.

2.2. Mode Functions in Flat FRW

The solutions to the Dirac and Klein-Gordon Equations (11) and (12) for a general
metric are not easily found analytically, and exact solutions are available only for some
special cases. However, there is a special class of metrics for which both Equations (11) and
(12) can be solved fairly easily. These are the spatially flat FRW metrics, whose general
form reads

ds? = di® — 72 (t) (dx2 Fdy? + dzz) (24)

in a rectangular coordinate system. They are specified by the scale factor <7 (t) and can
describe, according to the shape of .27 (t), various stages in the evolution of a spatially flat
and isotropic universe. For this reason, the metrics of the form (24) are paradigmatic in
cosmology. The metric becomes Minkowskian for A(t) = 1 and is conformally equivalent
to the Minkowskian metric for the generic scale factor. Indeed, introducing the conformal

time coordinate dt = dd—(tt), one obtains

ds? = o7%(7) (drz —dx® —dy? - dzz) (25)

which is manifestly a conformal equivalent of the Minkowski metric. Let us discuss the
field Equations (11) and (12) for the metric of Equation (25). We start with the (slightly
more involved) fermion case. A standard choice of tetrad is

ep (1) = (1)}, (26)
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and the only non-vanishing Christoffel symbols are
L, =T, =T = (7)o (7) (27)

for any i = x,y, z. These yield the spin connection

Wi =0; WP = oo (6105 - oo ), (28)
so that I; = % [19,9/] and T = 0. Finally, the Dirac equations read
. 3idr o/
(WOBT t 7’ +iv'o, - )lﬁj =0, (29)

where [ runs over the spatial indices and only the flat space gamma matrices appear.
The spatial dependence of Equation (29) suggests to seek solutions of the form

;= 3 (1)Fy j(1)elP . (30)

It is important to stress that p is not the momentum instantaneously carried by the par-
ticles, which instead is the comoving momentum £. This can be easily seen in coordinate
time, where the Dirac equation, inserting the plane wave ansatz, takes the form

S AN /R I
[ <a+ 2@%) 7 M Y=

and 2 -7 can be clearly interpreted as the instantaneous momentum, by comparison with
the flat space Dirac equation. The first factor of Equation (30) removes the second term in
Equation (29), yielding the equation for F,

(ifyOaT — 9l — mj;z/) Fyj(t) =0. (31)

It is now convenient to write the four-spinor Fy ; in terms of the helicity two-spinors
¢a(p), defined as the eigenspinors of the helicity operator

=Eae) =200) (32)

with A = +1 and p the unit three-vector in the direction of p. We shall later need the
property
X (P)otr(p) = Ap. (33)
The proof of Equation (33), along with additional details on the helicity spinors can be
found in the Appendix A. We write

Fri(DEA(P)
Fpj(0) = (gf/( JAG( )) 64

where f,, ; and g;, i depend only on the modulus p = |p| and on conformal time. Using the
definition of the helicity spinors, the Dirac Equation (31) is translated into the linear system
of equations

Ocfpj = —imid fy;—ipgp;
08y = Mgy —ipfy;. (35)
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We can combine the equations to obtain a second order equation for f, ;
a%f,,,j + (im]-aTsz{ + p2 + mjzgzﬂ)fp’]- =0 (36)

that can be solved once ¢ is specified. For f, ; chosen to correspond to the positive energy
solutions with respect to some specified vector field, the function of Equation (30) corre-
sponds to the particle solutions with three-momenta p.<7 ~! and helicity A. The antiparticle
solutions can be obtained by charge conjugation. We then write

) = (g
i) = o B

respectively, for the particle and antiparticle solutions. Notice that the antiparticle
solution with label p, by our conventions, carries instantaneous momentum —p.o/ 1 Ttcan
be easily verified that U4, ),;(x) and V), ,,; are indeed muthually orthogonal solutions to the
Dirac Equation (29), provided that the system of Equations (35) is obeyed. In order to fix
the normalization, we compute the inner products on a surface of constant conformal time.
Recalling that for the metric of Equation (25), —¢ = /8, and our choice of tetrads, we have

3 37,1 .
/Z d°x o UP,A;qu,A/;]
T

(UW»;J" Ug i ) -

By e Pzt (f;,ij,j + /\/\/g;,qu,j)
)
Here, we have used the orthonormality of the helicity spinors and the fact that the

constant T hypersurfaces are isomorphic to R? as manifolds. The same result is obtained
for the inner product of the antiparticle modes. Then, the normalization

|f, p.j

suggests itself. By analogous simple calculations, one also shows that the set of solutions of
Equation (37) is complete, in the sense that

X
= @ (p—)onw (il + Iy,

24 |gp,1* = (2m) 73 (38)

t t _ -3
;(UP,A;]-MP,A;j + Vp,/\;jvp,/\;j) = (2na)~"1 (39)

for all p and j, with I the 4 x 4 identity matrix. Finally, we remark that compatibility among
the modes for j = 1 and j = 2, as spelt out above, holds by construction for the solutions of
Equation (37).

Up to now, all our considerations have been made for arbitrary scale factor /. Let
us consider the De Sitter form 7 (t) = eo!, which is apt to describe inflationary and
accelerated expansion stages. The constant Hy, with dimensions of mass, is also known
as Hubble parameter. In this case, T = —H, ‘e t* and =7 (1) = —(Hy7)~!. Notice that
the conformal time is, in this metric, always negative, with the late time limit { — oo
corresponding to T — 0. The Equation (36) reads

. 2
iy M
0% £, + <p2r2 ThTm® fri=0 (40)
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and is conveniently brought to a Bessel-like form by the change of variable s = —pt ( > 0)
im;  m?
252 2 j ] —
S Bsfp;]- + (S + FO + I‘Ié)fp'] =0. (41)

This equation is solved [78] by the Bessel functions of order v; = 37— % in the general
combination

foi(s) = 52 (Cailiy () + o], (5)) “2)

for some complex constants Cy,j and C, ;. Due to the normalization condition of Equation (38),
there is only one independent integration constant. We shall consider two distinct choices.
The firstis C; ; = 0, which has the advantage of simplifying many computations, and will be
employed for the derivation of the oscillation formulae in the De Sitter metric. Solving the
first of Equation (35) for g, ;, one obtains, by using the properties of the Bessel functions [78],

. 1
8pj = —iC1,52 [y -1 (s). (43)
The remaining constant Cy ; is fixed by normalization to be Cy ; = %ﬂm The sec-
477, /cosh(H—O]>
ond choice we shall employ stems from the requirement that the modes of Equation (42) be
positive energy with respect to ds at early times (T —+ —o0, s — o0):

f = Cis? (fvj (5)—ie T ], (s)) (44)

so that

Nf—=

7= Gt (<9 + e iy 9)). s)

7Tm]‘
¢ 2My

42m COSh(%) ’
Explicit analytical solutions can be found also for the radiation-dominated universe

The overall constant C; is again fixed by normalization and reads C; =

(1) = aot% and are given in terms of Whittaker functions [79].
Let us now consider the boson field equations for the metric of Equation (25):

p; + %aﬂpj — V2¢; + m? ./ p; = 0. (46)

The form of this equation suggests the use of the plane wave ansatz
Wi (x) = (271) 267 %/ 7 (7) 33 (7), (47)
where the prefactor (27‘[)’% is added for later convenience. The same considerations about

the momentum carried by the particle made along Equation (30) hold here. Inserting (47)
in the field equations one finds

02X i + 2+m2¢2—a%'” =0 (48)
wXp;j p j of Xpj :

For the normalization of x,;, we compute the scalar product (10) on the surfaces of
constant conformal time



Symmetry 2023, 15, 807 10 of 46

(Wp;j/ Wq;j)T - 5 d3x M4gTT (W;,]aTqu] — Wq,]aTW;,])

I Pt A *
= —io’(p—q) (X;;jaTXq;j_Xq;jaTX;;j> )

from which the following normalization condition ensues

_i(X;;jaTXp;j - Xp;jaTX;;]‘) =1 (50)
We can write down explicitly the analytical solutions to Equation (48) for the expo-
2
nential expansion .« (1) = —(Hp7) ! and the radiation dominated universe .7 (1) = %
In the first case, we have
m? 9
2 2 j —
O Xp;j + (P + e Tg)?(p;j =0 (51)
m?
which is solved by the Hankel functions of order v; = 4/ 7 - 77 as
0
= (—pr)? (CyHL (—p1) + Co HE (— 52
Xpij = (—p7) 1, 1/]-( pT) + 2,j v]-( pT) ). (52)

The requirement that x,; is positive energy with respect to d at early times enforces
Cy,; = 0. The remaining constant is fixed by normalization to be

—e
CL] e 4H0 . (53)
In the second case
m2adt?
A2 Xp;j + <p2 + 1 ) Xpj =0 (54)
o 2222 .
which is solved in terms of Whittaker [63,78] functions W, 4 (lm’ ;OT > with x; = + 2:512
i

and p = ;. Imposing normalization and requiring that the modes be positive energy with
respect to d; at early times, one obtains

2
1 5 im;a3t>
Xpij = e MW e 1< ]20 : (55)
4

3. The Flavor Fields

The free field actions of Equations (1) and (2) are written in terms of the mass fields,
which diagonalize the mass terms of the Lagrangians. The mass terms are originally written
in terms of the flavor fields v, ¥, ¢4, P

ch = —\/jg(melﬁe(x)l/)e(x) + e tPe (%) Ppu () + Meptpp () e (x) + myupy (x)lpu(x))
£8 = Y28 (g (0a () + s (2)pn(x) + gt (x)ga () + m3g(x)pp(x)). 56)

It is the flavor fields which are physically relevant (e.g., ¢, 1, are the kind of fields that
participate in weak interaction processes) and which, as it is evident from Equation (56),
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display the phenomenon of field mixing. The diagonalization of Equation (56) is performed
by means of an SU(2) rotation

Pe(x) = cosOpyy(x) + sinOpy(x)

Yu(x) = cosOpy(x) —sin Oy (x) (57)
and

(pA(x) = COS@B¢1(X) —|—sin934)2(x)

(PB(X) = (oS 93¢2(x) — sinfp¢y (x) (58)

. . 2m, 2m?
as appropriate for fermions 0 = % arctan( iy j‘ne> and bosons 0p = % arctan (m% *A"ljfa )

We shall drop the fermion F/boson B label whenever there is no risk of confusion. In quan-
tum field theory, it is convenient to rephrase the mixing transformations of Equations (57)
and (58) in terms of a mixing generator, a map Sp(t) which effects the rotation:

Pe(x) = S (O P1(0)Se ()5 Pu(x) = Sy (T)pa(x) S, (7)
Pa(x) = S (0)1(x)Sey (1) Pp(x) = Sy (T)ha(x) S, (7). (59)

The rotation of Equation (59) is surface-wise: the points x on both the left hand sides
and right hand sides are all taken to lie on the same surface X.. The surface dependence
is also reflected in the argument of the mixing generator S(7). Equation (59) has many
analogues in QFT. In fact, any symmetry transformation can be brought to the same form.
For instance, spacetime translations on flat space fields operate as ¢(x +a) = S, '¢(x)S,
with S; = e~*#@", Then, Equation (59) is nothing but the statement that the quantum fields
transform according to the vector representation of SU(2), that is

(x) _ P1(x)
wz(x))SGF(T) R(GF) (¢2(X)> ’
S (T) (;’;;Eig)sas(r) - R<93>($§§§§) (60)

where R(6r) and R(0p) are the rotation matrices corresponding to Equations (57) and (58).
The form of the mixing generator can be computed with the aid of the Baker-Campbell-
Hausdorff formula and of the canonical (anti-)commutation relations (see Appendix B).
The result is

SQ(T) = eXp{£9[(‘Y1,T2)T — (qu,‘yl)f}} (61)

for both fermions ¥; = ¢; and bosons ¥; = ¢;. The sign factor ¢ is +1 for fermions and —1
for bosons and it is understood that 0 = 6,5 depending on the fields involved. To better
understand the features of the mixing generator, let us evaluate its action on the annihilation
operators. We then assume a given expansion of the mass fields (14) and calculate

ak,s;e(T) = Sgl(r)ak,s;189<T) (62)

together with the analogous expressions for b,c,d. It is quite easy to determine these
operators explicitly following the procedure outlined in the Appendix B. For fermions,
we have
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ak,s;e(T) =
Aks;p (T) =
bk,s;e(T) =

bk,s;y (T) =

cka(T)
ck;B(T)
dk;A (T)

dk;B (T)

Sf;l(T)(lk,s;lSG( ) = cos 8 ay g1 +sin6 Z(Aq riks (D)2 + Qg riks (T )b;r ,2)
Se_l(r)akls;zSg( ) = cos b ay o — sin6 Z(AW T)agr1 — Qg s (T )bJr 1)
Se_l(r)bkrs,.ng( ) = cos by s +sm€Z(AkSq, bgra — Qs r(T q,z)

Sy (T)bis2So(T) = cos 6 by p — sin 6 ;(Akls;q,,(r)bq,r;l n ris;q/r('r)a;,r;l). (63)

Here, it is understood that 6 = 6r. For bosons, one has the similar expressions

- S{;l (T)ck1Sp(T) = cos b ¢xq +sinf Z(As;k(r)cqg + Qq;k(l’)d;r;z)

= Sgl(r)ck;zSg( ) =cos0 ¢k — s1n02< T)cg — Qq;k(T)d;;l)

= S, N(1)dk1Se(T) = cos 0 .1 + sinf ;(Ak;q T)dg + Qk,.q(r)c];g)

— 81 (1)dk2Sa(T) = cos 6 dy —sin 6 Z(Az,_q(r)dq;l - Qk;q(r)c;;l), (64)
q

where clearly 8 = 6p. The functions appearing in the above equations are the Bogoliubov
coefficients of the mixing transformation, and are defined as

Aq,r;k,s (T) (uq,r;Zr uk,s;l ) T (Vk,s;l’ Vq,r;z) T
Qq,r;k,s (T) = (Z/{k,s;lr Vq,r;Z) - (uq,r;Zr Vk,s;l) T
Ba() = (Wya Wia), = —(Win Wia)
Qq;k(T) = (Wk,'ll W;;z) - = - (Wq;Z/ W]:1> - (65)

Obviously, in the upper two lines of Equation (65), the inner product is the fermionic
one of Equation (9), while in the lower two lines it is the bosonic product of Equation (10).
As we did for the Bogoliubov coefficients of the mass representation, we employ the same
symbol for both bosons and fermions: there is no risk of confusion since they always carry
distinct sets of indices. The name for the coefficients of Equation (65) is justified in that the
transformations of Equations (63) and (64) are canonical, preserving the (anti-)Jcommutation
relations, as a consequence of the fundamental properties

E(Alt,s;q,r(T)Ak’,s’;q,r(T) + Qz,s;q,r(T)Qk’,s’;q,r(r)> = 5k,k’5s,s’ (66)
qr
and
;(Ai;q(T)Ak/;q(T) - Q;:;q(T)ri;q(T)) = . (67)

These properties connote, respectively, fermionic and bosonic Bogoliubov transfor-
mations (compare with (20) and (22)). As suggested by the labels on the left hand side of
Equations (63) and (64), these operators furnish an expansion of the corresponding flavor
field e, 4, A, B on the basis defined by the mass representation. It is indeed immediate to ver-
ify (see also the Appendix B) that such flavor operators are the expansion coefficients with

respect to {L{kls;]-(x), Vk,s;j(x)} and {Wk;]-(x), W;‘,]-(x) } Equations (63) and (64) remarkably
have the structure of a Bogoliubov transformation nested into a rotation. The appearance
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of the Bogoliubov transformation signals that the representation defined by the flavor
operators is unitarily inequivalent to the mass representation, in the infinite volume limit.
Indeed, it is straightforward to check that none of the flavor operators annihilates the mass
vacuum, either fermionic |0%,) or bosonic |0f,). The flavor operators define an explicitly
T-dependent vacuum, the flavor vacuum

A5 (T) [0 (7)) = brsa (1) [05(7)) = 0; cip(T) [07 (7)) = () 07 (7)) =0, (68)

forall k,s and « = e, 1, B = A, B. The one particle states, which we interpret as particles of
flavor a, B with generalized momentum k and generalized spin index s, are defined by the
application of the creation operators on the flavor vacuum

Vs (7)) = g (05 (T))5 [Prp(T)) = cfg [0 (7)) - (69)

The application of b* and d* produces the corresponding one antiparticle states. By re-
peated application of the creation operators, one constructs the flavor Fock spaces H}: (1)

and 7-{,? (7). It is now clear that the mixing generator yields a map between the mass and

the flavor spaces Sy(7) : H]F/B (1) — HLP and, in particular,
057 (1)) = 8,1 () |05 70
057(7)) = S (1) 1047) - (70)

As we will see more in detail in the upcoming sections, unitarily inequivalence entails
a different particle content of the theory, and, in particular, endowes the flavor vacuum
with a non-trivial condensate structure [14,61,62]. It is important to remark that also the
flavor representations built at distinct times 7/ # T are mutually inequivalent. This will
have to be taken into account when definining the oscillation probabilities.

3.1. Covariance of the Flavor Representation

The construction of the flavor representation rests on the choice of a specific, albeit
arbitrary, expansion of the mass fields. Here we wish to address how the flavor repre-
sentation is changed when the underlying mass representation varies. Our guideline is
the principle of covariance: local observables constructed out of flavor operators should be
independent of the representation chosen. The matrix elements

(up (D) F¥ ()] [op(1)) (71)

for an arbitrary local operator which is a function of the flavor fields ¥(7) on the sur-
face T and for arbitrary states, |us(7)),|vf(T)) € Hs(T), must not depend on the rep-
resentation. Consider now two distinct mass bases, the second of which we denote by

{Z;{krs;]-(x), Vkrs;j(x)} and {Wk;j(x), W,f](x)} and suppose we perform the flavor construc-
tion on both. This produces the distinct Fock spaces ’H;’B (1) and 7:1?3 (1), related by the
mixing generators to the corresponding mass Hilbert spaces

So(r) : HyP () — HyP s Solr)  H P () — AP, (72)

On the other hand, the mass Hilbert spaces are connected by the Bogoliubov transfor-
mation of Equation (23), i.e., REB . 7:[51’3 — an’B. Notice that all the maps involved here
are invertible by definition, and thus injective. Then, the generator

RyP (1) = S (T)RFPS(x) (73)
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provides an invertible map between the two flavor spaces R?B( ) HE £ By — 1 f B(o).
In particular, the flavor vacua are related by

052 (1)) = REP (1) 057 (1)) - (74)

Evidently, in order that the matrix elements of Equation (71) be left unchanged, the fla-
vor operators F[¥(7)] must transform according to

F¥(0)] = RPN P (0] RY ) (7). (75)

For the operators F which are analytical in the flavor fields ¥ = e, ¢, ¢ 4, ¢, the con-
dition amounts to a transformation law for the latter:

¥(r) =R O¥(ORP (1), (76)

where ¥ is any of the flavor fields (¢, i, for fermions and ¢ 4, ¢ for bosons). To understand

how the generator RJ([F’B) (7) acts, let us consider the Bogoliubov coefficients of the mixing
transformations for the tilded and untilded representations. The first fermionic Bogoliubov
coefficient is

Ak,s;q,r (T) = (Z;{k,s;2r Z;{q,r;l ) -

* *
= Z (Xk,s;k’,s’;Zuk/,S/;Z + Yk,s;k’,s/;2vk/,5/;2 4 q rq' v’ 1“ a1 +7, q.rq 1" 1V17 r'; 1)
K s

= Z {Xk sk s/ 2Xq ” q 71 (Z/{k’,s’;2r Z/[q/,r/;l) . + Xk,s;k/,s/ ZYC] g i1 (uk/’s/,.z, Vq/,r’ﬂ) .
k’,s/,q’,r/

* *
+Yk,s;k’,S’;ZXq,r;q/,r/;l (Vk’,S’Q' uq’,r’;l) . + Yk,S;k/,S’;ZYq,r;q/,r/;l (Vk’,S’;2' Vq’,r/;l) T}

*
= X {Xk,s;k’,S’;ZXq,r;q',r';lAk’,S’;q’,r’(T) = Xiosi 52 Yt 1 Qe 59/ (T)
k/’s/,q/’r/

* * * *
+Yk,s;k’,s’;ZXq,r;q’,r’;l Qk’,s’;q’,r’ (T) + Yk,s;k’,s’;ZYq,r;q’,r’;l Ak!rsl,.q/’r/ (T) } (77)

Here, the first equality is the definition of the first Bogoliubov coefficient in the tilde
representation, while in the second we have expanded the tilded modes in terms of their
untilded counterparts by means of the definition of X and Y (see Equation (19)). Similar
expressions arise for the other Bogoliubov coefficients, namely

Qk,s;q,r(T) = Z {Xk,s;k’,s’;ZXq,r;q’,r’;l Qk’,s’;q’,r’ (T) + Xk,s;k’,s’;ZY g 1 Ak’,S’;q’J” (T)

k/,s/,q/,r/
- Y X A Y; Y, QF 78
ksik! s':24%q,1;9' ' ;1 k’,s’;q’,r’(T)+ ksik's'2 qrq vl k’,s’,-q',r'(T) ’ (78)

and

Ak;q(T) = Z {X;;k,;zXq;q/;lAk/;q/ (T) — Xlt;k’;ZY ;q’;le’;q’ (T)
k’,q’

+ Y]:‘;k/;zXq;q/;l QZ/;q/ (T) — Yl:;k’;ZYq;q’;lAlt/;q/ (T) } (79)
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Qk;q (T) = Z {X,’gk,;ZX,;‘;q,;le/;q/ (T) - XZ;k’;ZY;;q’;lAk’;q’ (T)
k/,q’
+ Yl;k,k’,Z X:;;q/;l AZ/;q/ (T) - Ylj[k/IZY;/q,/l Q;/;q/ (T) } (80)

for bosons. Equations (77)—(80) provide a direct bridge between the two flavor representa-
tions. They show that the Bogoliubov coefficients in the new representation are given by
linear combinations of the old ones, weighed by the mass coefficients X, Y. Their impor-
tance is two-fold. Firstly, they provide an immediate insight about the action of R¢ (7)FB
on the basic flavor operators and show the transformation laws that the mixing Bogoliubov
coefficients satisfy in order to ensure local covariance. Secondly, they can be useful tools in
deriving approximate oscillation formulae when the solutions of the field equations are
only known asymptotically. This will be shown in detail in subsequent sections. For later
convenience, it is worth showing the form of Equations (77)—(80) in the special case of
diagonal mass coefficients

Xk,s

50,75 5k,q55,rxk,s;j ; Yk,s;q,r;j = (Sk,qés,ryk,s;j
Xigii = Ok Xkjs Yicqj = OkqYjr

for which they reduce to

Ak,s;q,r (T) = Xk,s;2 X;,r;l Ak,s;q,r (T) - Xk,s;ZY*,r;l Qk,s;q,r (T)
+ Yk,S;ZX;,r;l Qz,s;q,r (T) + Yk,S;ZY*,r;l Az,s;q,r (T)/ (81)
Qk,s;q,r (T) = Xk,s;ZXq,rﬂQk,s;q,r (T) + Xk,s;ZYq,r;lAk,s;q,r (T)
Yk/S;ZX ;1 Alt,s;q,r (T) + Yk,S;2Y ;1 Qlt,s;q,r (T), (82)
Ak;q (1) = XZ;ZXq;l Aksq (1) — XZ;ZYq;l O (7)
+ Y,j;zXq;l(),’;q(T) — Y]:;ZYq;lAlt;q(T)r (83)
Qk;q (1) = X;:;ZX;;l Qk;q () — Xlt,-zyil A (1)
+ Yl:;ZX;;l Alt;q (7) - YIZZYI;;l Qlt;q (7). (84)

3.2. Flavor Oscillation Formulae

Now that we have an expansion of the flavor fields at our disposal, it is our task to
devise a reasonable definition for the flavor oscillation formulae. The structure of the flavor
representation is such that the standard quantum mechanical definition in terms of the inner
product between states at different surfaces, e.g., (ve(7)|v,(70)) or (¢a(7)|¢r(10)), cannot
work. Indeed, all such products vanish for T # 1y, given that they belong to mutually
orthogonal Hilbert spaces as a consequence of unitarily inequivalence for distinct surfaces,
in the infinite volume limit. We ought to seek a definition in terms of the matrix elements
of suitable operators. The natural candidates, given the underlying U(1) invariance, are
the Noether charges of Equations (8) and (16). Let us tentatively define analogous “flavor”
charges out of the operators of Equations (63) and (64):
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Qra(t) = Y (feu (D () = bl o (Dbisn (7))
k,

S

Qp(r) = L(chp(Dens(t) = dhp(D)is(r)), (55)
k

where it is understood that « = ¢,y and B = A, B. These operators have several desir-
able properties:

e the one particle-states |vy s, (7)) and |¢y,(T)) are eigenstates, respectively, of Qr ,(7)
and Qp 4(7) with eigenvalue 1;

e states at different surface argument are not generally eigenstates Q(7) |v(1)) #
Alv(19)). The expectation values (vy(10)| Qy(T) [Va(T0)) measure “how much” of
flavor v, as defined at surface 7, is in the state of flavor &, as defined at surface 1.

e The sums over all the flavors of Equation (85) are constant, and equal the total Noether

charges of Equation (8)
Y Qra(t)= ), Qrj=9Qr; Y. Qpp(t)= ) 9Qp;= s (86)
x=e,u j=12 B=A,B j=1.2

It is clear that a sensible definition of the oscillation formulas is

P (T, 10) = (Visia(10)] @y (T) [Vksa (10)) — (05 (10)] Qr 4 (7) (0% (10)) (87)

with a, v = ¢, p for fermions and

PP (1,10) = (g (10)] Q.o(T) (o)) — (05 ()| Qo(7) [05(r0))  (88)

with 8,6 = A, B for bosons. The last terms of Equations (87) and (88) are subtracted to
achieve normal ordering with respect to the corresponding flavor vacuum. The quantities
thus defined can be indeed interpreted as probabilities, since

Y B(nw)=1= Y Pf7(r,n) (89)
r=eu 6=A,B

as a consequence of Equations (86). In due course, we will show that Equations (87) and
(88) reduce to the standard quantum mechanical oscillation formulae in the appropriate
limits, proving that they constitute a proper generalization of the latter. The oscillation
formulae can be computed explicitly with the aid of Equations (63) and (64) and exploiting
the canonical (anti-)commutation relations. The result is

Ky sin? 26 N N
P () = 21— LRe (Ak’s;q,r(ro)Akls;q,r(T) + Qk’s;q,r(ro)ﬂkrs;q,r(r)) (90)
q.r

for fermions, and

. i 02
P e, = 20 ll — Y Re (A (0) Ay (T) - Q;;q(ro)ok;q(r))] (91)
q

for bosons. As a direct consequence of Equations (66) and (67), it holds that
P (t,7) =1 =P (7,7), (92)

as it should be for the survival probabilities at an initial time. Furthermore, given that
there is no CP violation by assumption (we are considering two flavor particle mix-
ing), one also has P}’ "“(t,7) = P, " (1, 1) and PP 74 (1,19) = P{ (1, 19). From the
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Equations (90) and (91), we can immediately extract the quantum mechanical limit. When
all the field theoretic effects can be neglected, one has ) — 0 and |A| — 1, for all the
indices and for both fermions and bosons. The parenthetical terms of Equations (90) and
(91) reduce to phase factors, in agreement with the results obtained in a quantum mechanics
framework [23]. We can now ask whether the probabilities are left unchanged by variation
of the mass and flavor representations. A glance at their definitions (87) and (88) reveals
that they are not local observables: they generally involve operators and states defined on
distinct surfaces T and 7y. Therefore, we cannot expect them to be invariant on the grounds
of local covariance. It is actually the case that for generic changes of mass representations,
the probabilities are not left invariant. This is because the two representations may not
agree on the quantum numbers, and thus on the interpretation, of the particle states. It
is important to recognize that such a feature is not exclusively related to curved space:
even in flat space we cannot expect to have the same form for the oscillation probabilities
phrased in terms of, say, sharp momentum eigenstates and wavepackets. The probabilities
themselves would indeed have a different physical meaning.

On the other hand, if the two representations agree on the meaning of the particle
states (of course they need not agree on the particle content of the states, the number of
particles or antiparticles they carry), i.e., assign the same set of quantum numbers, the re-
sulting probabilities are identical. For any two such representations, the mass Bogoliubov
coefficients shall be diagonal

Xk,s;q,r;j 5k,q§s,er,s;j ; Yk,s;q,r;j = 5k,q55,rYk,s;j

Xigii = OkgXiji Yisgsj = Okq ¥k

so that the Equations (81)-(84) hold. Then, we have

AZ/S;W, (TO ) Ak,s;q,r (T) + Qlt,s;q,r (TO ) Qk,s;q,r (T) =

(85510 (10) B () + O 0, (10) Ve (7)) (X 21X 2 X 21 ) +
(B0 (70) B, () + Qs r(0) 0, (1) ) (Wi P1Xg 1 2+ Wi 21y 1 2) 93)
for the fermionic coefficients and
Aty (10)Bisg (T) — O (10) g (T) =
(8 (10) g (7) = O (10) g (1)) (X P X P = | X P Vo ) +
(B (10) 8 () = Oy (10) Dy (1)) (W PV P = Vi P X ) (94)
for the bosonic coefficients. Considering that, by Equations (20) and (22), we have
| Xpesijl > + Yies;i1* =1 = | Xij|* — [ Vi
for each j = 1,2, we conclude that
Re (A g, (10) B (T) + O 0 (70) Qs (7))
= Re (Alt,s;q,r(TO)Ak,S;q,r(T) + Qlt,s;q,r(TO)Qk,S;q,r(TD (95)

and

Re (A (10)Bigg (1) = O (10) Qg (1)) = Re (A (70) Ay () = O (10) (7)) (96)

This is sufficient to prove that the oscillation formulae of Equations (90) and (91) are

identical in the tilded and untilded representations.
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3.3. Neutrino Oscillations in Cosmological Metrics

We can now work out the transition probabilities for a given metric. We start with the
fermionic probabilities in the class of conformally flat metrics of Equation (25). The first,
trivial, example is the flat space metric with .7 (t) = 1. The solutions to the Dirac equations
are the well-known plane waves. Without loss of generality, we can take the spin index
to represent the eigenvalue of S, the third component, while the natural surfaces are
those with t = const.. The mixing Bogoliubov coefficients are fully diagonal for momenta
along the third axis Ay () = 8 (k—q)5r,sA0(t); O s, () = 53 (k — q)&,,s(fl)s’%ﬂg(t),
and the flat space coefficients satisfy AP(f) = |A2|ei(wk72_wkﬂ)t; O(t) = |Qg|ei (ke )t

with wy,; = \/m . The moduli are

A = \/(wk,.l +m) (@ +ma) (0 K>
k 4wk;lwk;Z (wk;l + ml) (wk;Z + mZ)

o - \/<wk;1+m1><wk;z+mz><( MoK ) ©7)

4wk;lwk;2 Wk2 + 7712) (wk;l + ml)

Inserting these expressions in the general formula Equation (90), we find

5 — a4t . a4t
NE Sin2<(wk,2 2wk,1) >+02|2 Sin2<(wk,z+wk,1) )] (98)

e— U _
Py (t,0) = sin® 260 5

which coincides with the flat space result [14] and with the Pontecorvo probability in the
ultrarelativistic limit [())] — 0 and |A}| — 1. Before moving on to less trivial examples,
let us work out the flat space probabilities in a different mass representation, given by the
common eigenstates of energy and total angular momentum, namely

_; w +m; PKJ (A7) Hicp iy (0, )
qu[ y;,](t r,0, ‘P) = ¢ 2]
2wr w+m PK] (Ajr) Hoxy,p; (6, ¢)

; wHm; [, 9" Y
Vo K7, P‘Ir]<t 7,0, (p) = g"“t\/i w+m/-PK]( A]r)HKIr.”]w'(P) . (99)
wr PK,(—)\]"')H*K],M](QI(P)

They solve the flat space Dirac equation in spherical coordinates with energy w,
third component of the total angular momentum y; and generalized spin-orbit quantum
number «;. The orbital quantum number is denoted 3 in order to avoid confusion with the
masses 11;: | is the total angular momentum, while j is the mass field label. The functions
Hy,y are the two component spherical spinors [80], while the radial functions have the
form Py (Ajr) = rjx;(Ajr) with ju(r) the spherical Bessel functions of order n [78] and

)\j = Jw?— m]2 the radial momentum. Of course, one has the intrinsic constraint on

the energy w > m;. The computation of the Bogoliubov coefficients is straightforward,
and only requires the completeness relation of the spherical Bessel functions. The result is

— z(w’fw)t
Aw/’;c},‘u’];w,lq,y/ (t) - (Sw/, /w2+Am2 ],K] V My |Aw o' |

— z(a/er)t
Qw//"’;/ﬂ}?wr"ﬁ#l () = 5w’,v w2+Am2 KK I/l] My |Qw w’| : (100)
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Here, Am? = m% — m% and

0 _ (W' +my)(w +my) (W' —my)(w —my)
‘A“"“’/| a \/ 4w’ w <1+\/(w+m1)(w’+m2)>

/ ! _ —
0 | = \/(w + my)(w + my) w—m  |Jw—m . (101)
w,w 4w'w w!' +my w + my

It is immediately seen that the coefficients of Equation (101) are numerically the same
as the coefficient of Equation (97) when w?— m% =w? - m% = k2, which is exactly the con-
dition imposed by the delta functions in Equation (100) for some given k?. The interesting

feature of the coefficients of Equation (100) is that they are not diagonal: they connect states

of mass 1 with energy wy; with the states of mass 2 with energy wy, = \/wg, + Am?, just

as we would expect. Yet, they are “pseudo”-diagonal, in the sense that they only connect
mass 2 modes with one specific mass 1 mode, and vice-versa. This is the reason why the
resulting probabilities are exactly the same as Equation (98), except for a relabeling k — w,

with w = /k2 + m% referred to mass 1, and wyy, — Vw? + Am?. In flat space, the shift

from momentum to energy eigenstates only leads to a fancier way to write down the same
probabilities. Nonetheless, the expansion in terms of the angular momentum eigenstates of
Equation (99) is very useful when Cartesian three-momentum is not a natural quantum
number and spherical coordinates represent the natural choice for the description of the
metric. We will meet such a case explicitly for the Schwarzschild black hole spacetime.

Let us now consider .7 (t) = eHof. We have derived the Dirac modes in the previous
sections, so that we only need to compute the Bogoliubov coefficients and plug them in the
general Equation (90). We use the boundary condition of Equation (43) and compute the
inner products on constant ¢ (or equivalently constant 7) surfaces. The result is

tku

2\/cos(m#)cos(mﬁ"1)

D) = 6,8%(k— ) (7 G oy ) + Ty G oy () (102)

1 tku " "
Qk,s;q,r(t) = ‘Ss,r(_l)s 253(’( _q) - - (]1/1 (ku)]—vz(ku) - ]1/171(ku)]171/2 (ku)) (103)
2\/Cos(m$) cos( L)
whereu = —7 = E}Z)Ot. Inserting these expressions in Equation (90), we obtain

sin? 26 2k ugu

1-— . -
2 { 4 cos( 2 ) cos( )

P Mt ko) =

xRe [[nz (ko) 5, (ko) -+ Jup—1 (ko) I3, (ko) | 15, (k1e) oy (k) 4+ T,y )y (k)

o) 2 ) = o2 ) .y ) (1, ) o) = 5yl i)} aow
where, as before, u = E_Izot and ug = e_ggto. Although the expression may look quite

complicated, it really amounts to an amplitude varying oscillatory behaviour. This can
be neatly seen from Figure 1 where Equation (104) is plotted for sample values of masses
and momenta.



Symmetry 2023, 15, 807

20 of 46

T
08

;
0.8 Fi

U
06

06

PERE(t)

P E(t)

0.2

0.2

0.0

; s
t (1H)

5

t(11H)
Figure 1. (color online) Plots of the oscillation formulae of Equation (104) for different sample values
of masses and momenta (in units of H). (Left panel) The values are sin“6 = 0.3,k =30, m; =1

my = 80 and ¢y = 0. (Right panel) Comparison of Equation (104) (blue solid line) and the Pontecorvo
formula (orange dashed line) with sin?0 =03,k =20,my =1,my =15and tp =0

For the radiation dominated spacetime <7 (t) = aot%, we have the Bogoliubov coefficients
_ k2 (ml +np)
3 1
Ak,s;q,r(t) = (55/5 (k - ‘l)

b emd gy (Lo .
Vamm ! {WKZ,%( 2impt)W, 1 (~2imt)
452 1

(105)
1 ik? 1 1 ik?

— = oW (=2 1 w* —2impt) | | =W 1 (=2imgt) — = [ 1—

+m1mzu(2)t 4W’<2’%( 2imat) = 8( +mza§> Kz—l'%( e )} {4 w3 (72m0) 8<

m>w( zim)

O (1) = 8o (—1) {Wil,i (~2im W, (2imt)

L k _ nkz(n11+m2)
2 53 (k _ q) e 4my mzn%
\/2mq (2my)3adt?

K2 1 1 ik?
+——— | W (=2imt) — (14
nalt {4 € 1) — g (

(106)
N . 2im2a2
We o 1( 2imyt) | |W_, 1 (2impt) + —5—
mlao 27

21k

where Wy, (z) are the Whittaker functions [78] and «; = 3 (1 +

) forj=1,2. The
resulting transition probabilities are

2
sin“ 26
B M (t o) =

1 —Re e 2"’1"’2“6
2 { |: \/41111 mZtot

{W"Z:% (—Zimth)W:L% (—Zimlto)
42 (1

— | W —2imaty) — <
mlmzaoto 4 KZ’}T( 20)

1 iK . 1. . 1 K
3 (1 — myz%) WKZ_I’i(—21m2t0)> <4VVK1”11 (—21m1t0) - 3 (1 + )W (=

_ nkz(n11+mz)

X{sz, (—=2imat)W, 4( 2imyt)

452 1 1 1
—— | SW*  (=2impt) — = —2imyt W 1(—
+m1mza%f (4 K2,4 inmyt) 3 ( m2a2> Kz—l,i( imy )) <4 )
W,

k2 nkz m1+m2)
+ e 2my m2’70

{ 1( 21m1t0)W . l(Zimzfo)
2Wl1 (2m2)3a0t0t 21

2 1 1 ik? 2imya?
[ TW_ 1 (=2imtg) — 2 [1— —— |W —2imyt W* | (2imatg) — 0
+m1mza%t0 <4 Kl’%( im1to) 3 ( mm%) Kl_l,%( imy 0)) < _KZ’%( imato)

LR
X {W:l:% (—21'11111?)V\/_KZ’}T (Zimzt)
(Y o= M we o ) (W 2im t)+2’m2”°
mympadt \ 4w ! 8 ma3 ) m-li ! Rt 2

k2 W—K2+1,% (2i71’lzt)> }:| } . (107)
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The equation above is quite involved, but shares the same features of the oscillation
formulae (104): both amplitude and phase vary with time, and can differ significantly from
their flat space counterpart. In Figure 2, we compare Equation (107) with the Pontecorvo
formula in flat space for some sample values of the parameters.

08

0.6

021

0.0

t (1/ag?)

Figure 2. (color online) Comparison of Equation (107) (blue solid line) and the Pontecorvo formula
(orange dashed line) with sin?0 = 0.3,k = 5, mq =1, my = 20 and ty = 0.1. Masses and momenta
are meant in units of a(z).

3.4. Neutrino Oscillations in Asymptotically Flat Manifolds

One remarkable aspect of the spatially flat FRW metrics is that we were able to derive
exact analytical expressions for the transition probabilities (i.e., Equations (104) and (107)),
due to the knowledge of the analytic form of the modes (Section 2) . In most of the metrics,
however, analytical solutions are not available, and we have to resort to some kind of
approximation. Approximate oscillation formulae can be derived in a simple fashion
for spacetimes that admit asymptotically flat regions. To show that, suppose that the
underlying spacetime has two asymptotically flat regions at past and future infinities
TiN = Ur<q Zr and Tour = Urs+, 1, with 7o > 177. This is quite a weak requirement and
is satisfied by several metrics, as is the case, for instance, of the Schwarzschild spacetime.
On Tjy and Toyr, the metric is approximately flat, so that approximate solutions to the
Dirac equations are the flat space spinors. Denote the sets of solutions which are positive

(negative) energy in the two regions by {L{kS]( x), VkS]( )} and {L{,?S%T( x), VkOngT( )},

respectively. Because both are complete, the fields can be expanded in either the IN or
OUT modes, and the two sets are related by the Bogoliubov transformation

OUT _ IN
Uy /8 - Z(Xk’ s'; ks,]ukS] + Yk’ s';k,s; Vk,s;j)
k,s
OUT _ IN IN
VOUT = T (XewisVin; — Yiosmsthi ) (108)
k,s

Here, the (mass) Bogoliubov coefficients are just the same as in Section 2, given by
the inner products of OUT and IN modes, except that they now connect two special mass
representations: the (locally) flat space representations of Tjy and Toyr. Now, suppose
we want to determine the transition probabilities for neutrinos traveling all the way from
the infinite past Tyy to the infinite future Toyr. Then, we select T > 1o and 1) < 17 and
compute

)
- sin“ 20
P (T ) == ll—ZRe(Aﬁé’Ji(m)A%ﬁ( )+ QP (1 )Ofé’,ﬁ(r))] (109)
qr

where we have picked the flavor representation induced by the OUT modes for definiteness
(of course we could have picked the IN representation as well). The mixing Bogoliubov co-
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our
k,s;q,r (T)

s ()

efficients ACUT, QOUT are trivial at T, where they match the flat space coefficients. The same
is not true for these coefficients evaluated at 79, in the IN region. However, now Equations
(77) and (78) come into play, giving the OUT coefficients in terms of the IN coefficients:

= Z {XkSk’ s/ Zerq r'; 1Ak’ s'sq, r’( ) - Xk,S;k’,S’Zquq v, 1Qk’ S5, r’(T)
K8 q v

+ YkS ks ZXq 7 q r'; 1Qk’ s/ q r’( ) + Yk,S;k/,S/;ZY;,r;q’,r’ ]Ak’ s q r’(T)} (110)

IN
= Z {stk’ ’ZX g1 1Qk/ s'sq' v ( ) + Xk,s;k’,s’ ZYq g 1 lAk/ s/;q’,r/(T)
k//s//q//r/

- Yksk/ ’ZX 1 r/lAk’s q ! ( )+Yk,s;k’,s’2quq r’le/ s'q' r/(T)}- (111)

Now, the IN coefficients are trivial at 79, so that we can use Equations (110) and (111)
to easily obtain the OUT coefficients at 1.
In order to see this trick at work, consider the static Schwarzschild metric

d? = (1 2EM\ g2 (4 2C6M dz—rde . (112)
r r 2)

Here, dQ) ;) = d©? + sin® @d¢? is the line element on the sphere. Let {Z9YT} o
and {ZIN} cn be two sequences of Cauchy surfaces, with each £QUT lying in the causal
past of the future null infinity ]~ (Z ") and each !N in the causal future of the past null
infinity J*(Z~) . In simple terms, any causal (timelike or lightlike) curve extending from
the past Z~ infinity to the future infinity Z* has to meet each of the £JUT and ZIN at
exactly one point, due to their characterization as Cauchy surfaces. We assume that as
n — oo the surfaces approach, respectively, Z" and Z~. The index n is just a bookkeping
variable to formalize such a limiting procedure: the choice of discrete indices is by no
means compulsory, and we could as well use continuous indices to label the sequences.
For large 1, the surfaces ZQUT and XN span approximately flat regions of the Schwarzschild
spacetime, where the Dirac equation is approximately solved by the flat space solutions of
Equation (99). It follows that the mixing Bogoliubov coefficients, as defined with respect to
the IN modes, take the form of Equation (100)

o, M= i9~ ()
Bl KK, P‘I(Z ) = Ot N/ B2 %%, K] H H]|Aww'|€
IN IN o o0 ()
Qw, ] H] Ky, I/’]( ) B 5w’,\/m5 K ]4] My |Qw w' |e ’ (113)

where ¢~ (w,n),p” (w, n) are phase factors depending on w and n. Similar expressions
hold for the OUT Bogoliubov coefficients on the OUT surfaces:

ourt ourt ipT (wm)
w' K},y’[;w,zq,y]( ) W'V w?+Am? O 7] 14] H}|Aw w’|e
our ouTy _ ioT (wm)
Q ,],[],w KI ;1] (Zn ) - «/w2+Am K K] ]/l],]/l/|Qw w’|e . (114)

We need now only to relate the IN and OUT mode via an equation of the form (108).
The misalignment between the IN and OUT modes is here due to the Schwarzschild black
hole, and the Bogoliubov coefficients that relate the two expansions are those characterizing
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the Hawking radiation of spin 1/2 particles. The radiation is thermal and determined by
the Hawking temperature Ty = ﬁ, as derived in [58]. Therefore

X oy i G000y Oty |/ 1 = F ()
Yordpgwnppyi = Oww OO F (@) (115)
where 1
Flw)=——— (116)
e*BTH + 1

is the Fermi-Dirac distribution at the Hawking temperature. Notice that the Equation (115)
does not actually depend on the mass index j = 1,2. We can now plug Equations (114) and
(115) in the inverses of Equations (110) and (111) to find

it
Ag\/lk LKL (ZOUT) = (Sw’,\/méﬁﬂqéﬂ} o { \/(1 - F(w))1 = F(w")) |A21,w/ |el¢ (w,n)

—\/}"(w)(l — F(@)]Q, | [ F (@) (1~ Flw))|Q, e )

| Fw)F(w! |Aww’|eil¢+ wn)}

and

IN our 0 o
Oty ) = %wm%%ww (1= F(w))(1 = F(@")) ], e o)

T F(@)(1 = F(@)|A 6" ) — [ F(@) (1= F(w))|A, e " @)

1/ F(@0)F @) QL e (m }

With these equations, we can compute the oscillation formulae for the propagation
from Z~ to Z™ as (the limit m, n — oo is understood):

-2
— _ pe— sin” 260
Pf;;x,}fy, (m,n) = P(f);K]V,’,[I (Z,InN,ZSUT) ~ 3 {1 —

IN IN\ AIN our IN IN IN our
2 Re (Aw,:],y[;w’,x},y’](zm )Aw,xl,‘u];w/,x},y’] <Z” ) + Qa},:[,y];w/,x},y} <Zm >Qw,;<[,y[;w’,x},y’[(z‘” )> }
w’,K;,y’]
sin® 26 2 2
=— 1—\/(1—.7:( (1 — F( )){|A w |7 cos(A™ (w,m,n)) + |, /|*cos(B™ (w,m n))}

+y/ Fl@) (1= F(@)|A% 108, ] [c0s(C (w, m, 1)) = cos (D™ (w,m, n

)
(1-F(w ))|Aww"|0ww’|[ os(D" (w,m,n)) — cos(C* (w,m,n))]

—\/ F(w)F {|Aww, cos (AT (w,m,n)) + 10, 2 cos(B*(w,m,n))} }, (117)
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where w’ = v w? + Am? is implicitly a function of w, and we have introduced the following
combinations of the phase factors

At (w,m,n) ¢t (w,n) ¢~ (w,m)

BX(w,m,n) = p"(w,n)+p (w,m)

CHw,mmn) = ¢ (w,n)+p (w,m)

D*(w,m,n) = p*(w,n)+¢ (w,m).
Equation (117) attains a simpler form for very high energies w, w’, for which |QS}/ Wl =0

e— N sin? 26 , _
Pty () = 2 {1 — /(1= F@)(1 ~ F(&")) cos(A™ (w,m,n))

— W/ F(w)F (') cos(AT (w, m,n))}. (118)

The most striking feature of Equations (117) and (118), which is of pure field theo-
retical origin, is the dependency of the oscillation formulae on the Hawking temperature.
Hawking radiation appears naturally within the formalism, via the Fermi-Dirac distri-
butions, modifying the amplitude of the flavor oscillations. As for the case of the FRW
formulae, the modifications in amplitude are a peculiarity of the quantum field theoretical
setting, and have no equivalent in quantum mechanics, where only the phase is affected by
gravitation [21-23]. A plot of Equation (117), as compared to the Pontecorvo formula with
the same sample parameters, is shown in Figure 3.

Figure 3. (color online) e — y flavor transition probability from Equation (117) (blue solid line) and
from the Pontecorvo oscillation formulae (red dashed line) for the propagation from past to future
infinity and sample values of the parameters. We have chosen, for simplicity, the phases in Equation
(117) in correspondence with their flat space value, i.e,, A*(w,m,n) — 259 (t + t;), B (w, m,n) —
Wr (t 1), CF(w,m,n) — P (tLtg) + G (EFto), DF(w,m,n) — P (ttty) — 4 (tFto), where
t and ty denote, respectively, the future and past hypersurfaces. It is understood that w = w; and
w' = wy. The parameters are sin26 = 0.3,k =30 eV, m =1eV,my=20eV,tg =0, kgTy = 10710
eV and t in the range [10'° + 1,101 4+ 9.5] eV~

3.5. Boson Oscillations in Cosmological Metrics

The derivation of the bosonic oscillation formulae in flat FRW metrics only requires
the determination of the (bosonic) mixing Bogoliubov coefficients and their insertion in
Equation (91). For the scale factors <7 (t) = @/P5(t) = et and & (t) = o/RAP(t) = agv/t,
we have already worked out the solutions of the Klein—-Gordon equation in Section 2 (see
Equations (52) and (55)). By computing the inner products on constant conformal time
surfaces, we obtain the following Bogoliubov coefficients:
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ikt % * —ZIm(vy+v
M) = Plk—q)7 (ng(—kr)aTH,}l(—kr) —aTng(—kr)Hgl(—kr))e FIm(vi-+v2)
0pS(1) = &k—q) ”Z‘T (ng(—kr)aTng (—kT) — 3 HY (—kv) HY (—kT)) ¢~ FIm(ntia), (119)

k2
4a%(m1 +my) X

- imya3 > W imya37> W imya3t> W imya3t>
_1f =22 )1 2 ,l<72k2>1 2 1 —2 )\ 1 2 71<—Zk2>l 2
1 i"’z“% /4 1 imlu% 74 4 imzaz 74 4 imla% g

O (1) = Ok — q)i(a%ﬂ o

120
W* imya37> W ima3 > W imya3t> W imya3 > (120)
_1( =22 )1 2 _1f =221 2 _1f =221 2 _1( =221 2 !
4 imla% 4 4 imza% 4 4 % 74 s 2 |4

inmqa in12a0

ei 4/%(111] +my) %

2
ms
where the dot denotes derivative with respect to 7, and we recall that v; = % - H—’z for

bosons. The evaluation of the probabilities (91) is now straightforward. We find

v1+12) Re

(i (—kwo)ac HY; (—kro) — 3 HY, (—kwo) Y (—kmo))

i 2 2
A—B(DS) sin“~ 26 Tk Ty T ~ Im(
P = 1-—
k ( /TO) 2 16 e

x (HE (—k)acHY, (—kr) = dcHY (—ko)HY, (—kr) ) — (HY, (~kw)dc HY, (—kwo) — 3 H, (—kwo) HY, (k7))

x (Hb (—kr)d HE (—kr) — BTHﬁl*(—kT)Hﬁz*(—kT)ﬂ } (121)

for the exponential evolution of the scale factor, and

k2
. — 32
A—B(RAD) sin? 20 e 2Rmtmy)
P, (T, 10) = - Re
2 a5 T T 1My
; 2.2 ; 2.2 ; 2.2 ; 2.2
W imyag T W imagTy \ W imyag T W imyagTy
i 22\ 1 2 v —a2 \ 1 2 1 22 )1 2 1 =22\ 1 2
4 imzng 74 1 i’”l“% 74 4 fmzll% 74 Tz i'”l“% 74
o (W imzugrz W imlaérz e imza%"fz W imlagrz
1 =22 )1 2 1 =22 )1 2 1( =22\ 1 2 1 =22\ 1 2
K mxza% 4 4 [7"1!76 4 B inxza% 4 4 imlaé 74
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2 12 )1 2 YA A 2 12 )1 2
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1 imzao

for the radiation dominated universe. In order to gain some insight on the above formulae,
we have plotted them in Figure 4 for sample values of the parameters. As compared to their
flat space counterpart, they show an additional (and generally more involved) variability in
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Pa—p(T,70)

amplitude and phase. For completeness, we also report the flat spacetime limit (< (t) = 1):

P;HB(FLAT) (t) = sin?20

2 2

“e1 _ [Dk2 (123)
Wk,2 Wi,1

|A2(B) 12 sin? ( (wra — wk,l)t) _ ‘02(3) 12 sin? ( (wrp + ‘Uk,l)fﬂ

where the bosonic flat coefficients are

o) _ L[ 9kt o) qom) 1

0.8

Il
)

o
>

Pa—8(7,T0)

0.2

0.0

T (Ho™) T(ao™?)

Figure 4. (color online) Boson oscillation formulae in flat FRW spacetimes as a function of conformal
time: (Right panel) for an exponential evolution of the scale factor, Equation (121). The parameters
are sin?0 = 0.861 and, in units of Hy, (blue solid line) my = 10,my = 20,k = 1, (orange dashed
line) m; = 5,my = 10,k = 1 and (green dotdashed line) m; = 3,mp = 6,k = 1. (Left panel) for
the radiation dominated universe. The parameters are sin? 0 = 0.861 and, in units of a%, (blue solid
line) my = 2,mp = 4,k = 4, (green dashed line) m; = 5,my = 10,k = 2 and (red dotdashed line)
my=1,my =2,k=1.

4. The Flavor Vacuum in Curved Space

From now on, we shall restrict ourselves to the fermionic theory. We have previously
claimed that the flavor vacuum has a condensate structure. More precisely, it is a condensate
of particle-antiparticle pairs with definite masses. Computing the vacuum expectation
value (VEV) of any of the mass field number densities, say a,t/s;l Ak 5;1, We obtain

0£(1)) = (Om| So(T)af1 Sy ' () Se(T)a51Sp ' (T) [Om)
= <0Wl| al-[(-,s;e(T)ak,s;E(T) |0m>

= sin’6 Z Q;',r/;k,s(T)Qq,r;k,s(T)/ (124)
q.9'

(0f(7)| alt,s;lakfs;l

where we have used Equations (63) and (70). The same result is obtained for all the other
number densities, so that particles and antiparticles with mass label j populate the flavor
vacuum with condensation density sin® § Y QZ’, ks (T) Qg ks (T). Because they carry
energy and momentum, we expect that the flavor vacuum itself carries non-zero energy
and momentum. This can be made precise by analyzing the energy-momentum tensor
derived from the fermionic action (1), which reads
i, . oo .
Tw(x) = '212 ) (lpj'Yﬂ(x)DV'abj + le’Yv(x)Dy'#j - D;thj’YV(x)’aL’j - DvIl’j'Yy(x)’aL’j)- (125)
=1
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The purpose of this section is to compute the VEV of the energy-momentum tensor on
the flavor vacuum at a given time T

T (x,70) = (0¢(10)| Ty (x) [05(0)) - (126)

Notice that the VEV inherits the spacetime dependence x of the energy momentum
tensor operator and an additional surface dependence 7y from the flavor vacuum. We
shall not impose ¥’ = 7y and keep the two time arguments distinct, for the purpose
of generality. The quantities .7,,(x, T9) define a c-number tensor, which we regard as
the energy-momentum tensor associated to the flavor vacuum at 7. We shall see that it
encodes, in particular, the energy density carried by the flavor vacuum. The computation
of Equation (126) on a generic manifold is an extremely difficult task and requires some
amount of approximation, especially if the exact solutions to the Dirac equation are not
known. Actually, not even its evaluation for a fixed metric (and thus a fixed form of
the Dirac equation) is allowed in principle. In the semiclassical approach, the energy-
momentum tensor of Equation (126) enters the right hand side of the Einstein field equations
as a source term

Gy = SnG(Tﬁ + zw) (127)

along with the energy-momentum tensor due to all the other sources TP?V. In principle, one
should simultaneously solve the field equations for the metric and the Dirac equations for
the modes, so to determine .7, consistently. We will proceed in two phases. We will first
fix only the general shape of the metric, leaving its specific form unspecified. This will
allow us to derive important results about .7, valid for all the metrics belonging to the
specified class, and thus, also for the solution of Equation (127). In a second stage, we shall
assume that the energy-momentum tensor due to the other sources is much more relevant
than .7,

|\ Fw| < T, (128)

and consequently neglect the back-reaction due to .7,,: the metric will be given a specific
form, corresponding to the solution of the (reduced) field equations

G = 87GTy), (129)

for some TSV, and .7),, will be computed on the specified metric. In both stages, we will
deal with the spatially flat FRW metrics of Equation (24), first leaving the scale factor </
unspecified and then assigning a precise function.

4.1. Auxiliary Tensor

The general solutions to the Dirac equation for the metric of Equation (24) have been
derived in Section 2. We then expand the fields with respect to the modes of Equation (37).
At this stage, neither of the functions f, ;(7) and g, ;(7) is specified. For any two Dirac
spinors F, G we introduce the auxiliary tensor functional

Cu(E, G) = F5u(x)DyG + F(x)DG — Dy P4, (x)G — DyF7,(x)G. (130)

Its properties are explored in detail in the Appendix C. In terms of the auxiliary tensor
the energy-momentum tensor operator takes the form

i
T”w = E 2 Zi/d3p/d3q{ﬂ;,/\,]aq,/\/,]c;a/ (Z/lp,/\;]',uq,/\/;]'>

=12 A0 =

+

t ot
2,0 g 11, Cov (up,/\;jf Vq,)\’;j) +0p x;jg,1;Cpv (Vp,)\;j' uq,/\’;j)

+

.I.
b,p,)\;]'biq,/\/;jciu/ (VP’)\;]', Vq,/\/;]‘) } . (131)



Symmetry 2023, 15, 807

28 of 46

Here we have suppressed the spacetime dependence for compactness. The c-number
tensors Cyy (F, G) are unaffected by the VEV, for which only the operator part of Equation
(131) is relevant. The typical expectation value that we need to compute is

(07 (10) | 2, 589,0% 10£(T0)) = (Om| Sa(T)ay 1Sy (T)Sp(T)ag S, (T) [Om) — (132)

where we have used Equation (70) and inserted the identity. Given that by definition (61)
Sy 1(T) = S_g(7), each of the operators appearing above has the form

S5 (T)apiS-e(1), (133)

which compared to Equation (63) indicates that they are the flavor operators for § — —0,
i.e., from Equation (63)

SN T)apraS () = COSQap,A;l—sinQ(A;‘,(T)ap,;\;er(—1)%01,('()191},/\;2)
ST (TDapraS o(t) = cosbapus +sin0(Ay(D)apaa — (~1)'7 Qp()b"11)
STH@Db parS-o(T) = cosbb_pua —sind(A5(T)bpaz— (=1)'T Qp(T)a} 12
S (Db_prpS_p(T) = COS9b—p,A,-2+Sin9(Ap(T)b—p,A;l+(—1)%Qp(7)ﬂz,2\;1>

nv

(134)

where the Bogoliubov coefficients devoid of delta factors have been introduced

Dppg i (T) =P —)ondp(T); Qpagy = (—1)'7 8 (p — )5 Qp(7).  (135)

Notice that the decomposition of Equation (135) is always verified for the plane wave
modes of Equation (37), and that, as a result, the reduced coefficients A, (), depend only
on the magnitude of the momentum p. The basic relation of Equation (66) is then simply
|Ap[2 +]Qp[? = 1. Of course, this holds regardless of the specific form of the scale factor
</ (T). With the aid of Equation (134), we determine the matrix elements on the flavor
vacuum as

(0f(w0)| 4 580,10, 105 () = sin0]Qy(10)[?6000° (P —q), Vj=1,2
(04(10) b7 1,02 10¢(0)) = sin® 0] (10)[?6010° (P —q), Vj=1,2
(0f(0)]| p/\lbfq va l0p(0)) = sin®60 Q5 (10)A,(10)5700° (p — q)

(0f(10)| ap 1 2b" T2 0f(0)) = — sin? 6 O (10) A (10) 50 1/6° (p — 4)
(04(10)| b—p g 0f(0)) = sin®6 Qy(10)A5(10)52 18 (P — 4)
(0£(10)[b_pr2ag12 |0£(10)) = —sin®0 Qp(10)Ap(10)6110° (P — 1) - (136)

The VEV of Equation (126) is therefore
T = T+ T (137)

with

isin?6

5 ; / d3P{|Qp(To)|2 .;Z(Cw (Up i Up i) = Cuw (Vo Vo))
=1,

O (10) 8y (10) Cuw (Up p1, Vp 1) + Qp(0) A5 (10) Cuw (Vp,as1, Up a1)

O (10) A (10) Crw (Up a2 Vo r2) — Qp(10)8p (10) v (Vp 222, Up p2) } (138)
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and

(0 _ 1 3

T’ = 5 ) / @p Y Cuw(Vpasi Vos)- (139)
A j=12

The second term of Equation (137) comes from the application of the anticommutation

relations to the last term of Equation (126), which induces the second term of Equation (138)

(with a change of sign) and the additional term of Equation (139). The splitting performed

in Equation (137) is not a mere matter of convenience, since Z}‘VA and 9;1(19 ) have different
physical meaning and significance. The first term Z{}f is the proper contribution due to
field mixing, and, being proportional to sin’ 6, it vanishes in absence of mixing 6 = 0.

The second term is the expectation value of the energy momentum tensor on the mass
vacuum in another guise:

Z = (O] Ty |0 (140)

and it is present regardless of mixing. To understand what such a term represents, consider
the flat space limit of its 00 component:

70— —2; / Pp Y. wpy. (141)
=12

Clearly, Equation (141) is the vacuum energy density for two free Dirac fields, which
is removed by the normal ordering prescription in flat space. Now, one of the Wald
axioms [59] for a well-behaved energy-momentum tensor in curved space QFT requires
that the energy-momentum tensor operator reduces to its normal ordered form when the
flat space limit is taken. In our case, this is only possible if we remove the term of Equation
(139) from the outset. Therefore, we define the renormalized energy-momentum tensor
operator as

T = Ty — T, (142)

This satisfies the Wald axiom by construction and has the VEV
(0 ()| Ty 105 (v0)) = Ty (143)

which is only due to field mixing. From now on, we shall ignore %PV and refer only to the
renormalized energy-momentum tensor. We will also drop the subscripts r on the operator
and M on the VEV.

4.2. Properties of the VEV

The introduction of the auxiliary tensor allows not only for a simple organization of
the VEV (see Equation (138)), but is also expedient in the derivation of its fundamental
features. The VEV on the flavor vacuum, for the class of metrics of Equation (25), does
indeed enjoy a number of properties:

*  Homogeneity: The tensor 7, depends only upon conformal time T and not on the
spatial coordinates
%ﬂ/ = <?}n/(T/ TO) . (144)

Its only residual dependency is on the arbitrary reference surface 1y. This property
can be deduced immediately from Equation (138) and from the structure of the modes
of Equation (37). All the possible combinations appearing in the auxiliary tensor are
such that the spatial dependency is wiped out:

Cuw(Fp, Gp) ~ FpGp ~ ™ P XelP%, (145)
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*  Diagonality: All the off-diagonal components of .7, vanish. In the Appendix C, we
have proven that

C:i(F,G) = piZr(p);  Cu(F,G) = pipiWrc(p) (146)

forany F, G = Uy 1,j, Vp,»;j and for some functions Zr 6 (p), Wr,c(p) of the magnitude
p. From Equation (138), we have

Te [ &y piL(p) (147)

with £(p) a function of the magnitude p alone. Clearly, the integral vanishes by
symmetry, since p; is integrated over the even range (—oo, +c0). Similarly

Ty /dSP piptM(p) (148)

vanishes for i £ .
e Isotropy: A special case of Equation (148) is when i = |

2
o [ dp ppMp) = [ @ pEmip) (149)

where the second equality stems from symmetry. Consider that M is the same for all
the spatial indices i = 1,2,3
I = I = T (150)

All of the above properties are a reflection of the properties of the underlying metric.
The VEV on the flavor vacuum mirrors the symmetries of the metric. Together, they make
T identifiable with the energy-momentum tensor of a classical perfect fluid, with only
two independent components 7z, .7;;. We can fully characterize the energy-momentum
content of the flavor vacuum via the energy density p = 77 and pressure P = .7;'. Here,
no sum is intended over the index 7, which can be any of 1,2, 3. Alternatively, we can give
the energy density and the trace Zf’ = ¢" Fy, since by definition of the latter

Ty — 32T}
{%i _ TT H ) (151)
3
Last but not least
*  Bianchi identity: The VEV satisfies the Bianchi identity
VT = 0. (152)

The proof of this last statement is given in the Appendix D. It ensures that .7, is
a source consistent with the Einstein field equations. We stress that all the properties
discussed thus far are independent of the precise form of the scale factor o7 (7). We
conclude the section by giving the functional form of the two independent components of
Ty in terms of the basic mode functions of Equation (37). The Tt component is

Tee|fpjr 8ps] = 21/ sin? 6;/113;;{ () Z (f;;jaffp;j + 8p;j08pij — Ocfpifpsi — afg;;jgp;f)
j

=12

+ 2Im]| O (70) Ap (1) ( £10851 — &adcS1 ) — 2 (10)25 (10) (f20e852 — &p2de ) | b (153)

while the trace is
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)

+ 2ilm [imzn;(fo)A;(m) Fra&ha — im0 (10)Ap(10) f;;lg;;l} } (154)

T o 8] = 4 SiHZQZ/d3P{ —il0p(n)* ) ’”]’(|fp;]‘|2_ 18
A j=1,2

Both equations stem from the insertion of the explicit form of the auxiliary tensor
components given in the Appendix C in Equation (138).

4.3. De Sitter Evolution: Equation of State

In the previous sections, we have discussed the general properties of the energy-
momentum tensor associated to the flavor vacuum when the underlying metric has the
flat FRW form of Equation (25). We have learned that the flavor vacuum can effectively
be regarded as an isotropic and homogeneous fluid characterized by an energy density
FT(t,1) and a pressure 7, (t, 7). This is how far we can get without specifying the
scale factor &/ (7). In particular, we cannot extract the equation of the state of the fluid
(associated to the flavor vacuum) without giving <7 (7) a precise form.

We now enter the second stage of our discussion, in which we assume that the scale
factor is forced by some other source. The present universe appears to be dominated by
a dark energy source (possibly in the shape of a cosmological constant) that drives an
accelerated expansion. A good description of the accelerated expansion phase is given by a
scale factor of the form

A (t) = e — o7 (1) = —(Hpr) L. (155)

This represents an exact solution of the Friedmann equations for a universe dominated
by the cosmological constant. Moreover, if Hy is interpreted as a suitable time average of the
Hubble rate %, it may also depict other phases in the evolution of the universe. The scale
factor of Equation (155) has also a remarkable analytical advantage. We have already solved
the Dirac equations for this metric in Section 2 (see Equation (42)). For the evaluation of
the VEV, it is appropriate that we employ the second boundary condition described in
Section 2, namely that the modes f.; be positive energy with respect to d; = —pd at early
times T — —oco. This choice leads to the solutions (44) and (45) and corresponds to a
specific choice for the mass vacuum: the so-called adiabatic vacuum, characterized by the
absence of particles (with definite mass) at early times. The mixing Bogoliubov coefficients
are explicitly:

—a1ig (M1 +m2) oy
&) = T— {f;;<s>fm (5) + Jy 1 () 1(5) + i 0[5,y ()10, 5) = i ()] -1 )]
Cosh(%";‘) cosh(Hﬂoz)
e [ () = o Ot 6] +eB " [ ()] (9) 4 iy (5o (5] }
s o 2 (mtmz) oy
(1) = {i[ﬁ1 ($)]5,-1(8) = I, 1 ()5, (9)] +e ™[I, ()7, (5) + T3, —1(8) ], ()]
cosh(%"(’}l) cosh(%'zz)
— e [P OO+ OT 6] + BT O (6) = i ()] (9)] } (156)
where the positive variable s = —pT is used for convenience. While the analytical expres-

sion for these coefficients is quite involved, it is always verified that
|Qp(T)] — 0; |Ap(T)| — 1 (157)

for p — oo. This should not be surprising, as we have already stressed when dealing
with the oscillation formulae, the pure QFT contribution (directly related to the second
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coefficient (),) becomes negligible in the ultrarelativistic limit p — 0. We can now plug
the exact solutions of Equations (44) and (45) into Equations (153) and (154) to find the
explicit form of the VEV. The Tt component is

*
H(% pZTS e ;

_my
) "3 2 Ho * o7x i
v

Tm ;

v; —

1/]' ] 2 H] * * * * ]
+ ‘]1/ —1| +l€ 0 ]1/-]1—1/' +]71/]-]l/j—1 + ]-71]*1/]' +]171/j]1/j +

1/]—1/ vj
+ JZo v +

v¥
] o7x
]1/]-]*1/]'

* .
27Tm]

KRR : Jl_vjfyjl}ﬂ ; [z(h_wuj—f_vjhvj)

*

Vi —v; v —vf
j J 2 J J 2
+ o eyl ey }}
7rm1
H2p273¢ Mo o o 2uF
+ Ssin 62/d3{ (10 Ap<ro>( » )K‘lumz—z(nll)% 2 1>
oy 2 —1 1-

872 coshz(%":)l>
/-1 1/171 171/1 s 1 171/1 -1 1/171

Lot ((1*V1>2+<]{V]>2 2”1 L )}cc}

: 2,23 _% *
b2 3 * * Hgpet’e ™o 2 e 2, =1
5 sin 9;/d p{ﬂp(m)Ap(m(Mzcoshz(ﬁg;z) K O A

2 % Tk * * 21/*_1* * 1_21/** *
b (2000~ By i)+ Py T T )
2 2 F2 2‘/2
+ e 0 (]—1/2) +(]171/2) ] 1/2]1 %3 —C.C. (158)

while the trace reads

—7tm;

]
. iH3T3s m;e Ho
Tt w) = 151n292/d3p|0p(’50)|2<;7_[2) ]2771,,1/ {|]v]-|2|fv,»—1|2
A j=12\ cosh (To)
+ e (1 = I Ty + Ty Syt = Fimthoy ) +€ 70 (|f_u,.|2—|hvj|2)}

_ oy
imysH313e” Ho

nml
s 0 /d3 A 0 crk T He T* T*
’ Sm Z { o p(TO) (47'(2 COSh2<77T[—7[7(1]1) ) [1]1’1]1’11 Ter ]V1]1*V1

7my 27rm

_ Ho] VlL/l 1 +ie “Hy T 1/1]1 m] —c.c}

77'[”12
i imysH31t3e o oy
— Ssin’0}] / d?’p{ﬂ’,z(ro)A;(ro)( 0 [zfvzfvz e T
A

4712 cosh? (”T"zz)
Tty 27tmy
— HU ]t vy Jo,—1 t+ie oI Vz] —c.c . (159)
In these equations, we have suppressed the argument of the Bessel functions s = —pt

for notational simplicity and kept the Bogoliubov coefficients implicit. They are still quite
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intractable as they stand. A huge semplification occurs if we focus on the late time T — 0~
behaviour of these quantities, because we can invoke the asymptotic form of the Bessel
functions for small arguments [78] ], (s) ~ (%)Vﬁ According to the interpretation of
the VEV, Z:+(T — 07, 19) shall represent the energy density at late times due to the flavor

vacuum as defined at a previous time 7). To lowest order in 7, one has

p—
%@(T,To) ~ isianZ/dSPmp(TO)Z(iIz{O;) L mjtanh<;l]>
~ =y 0

i, 2 3 * *imlH()T
+ —sin“6 /d p | (10)Ap(10) | ———F—~ | —cc.
2 ZA: ’ 273 cosh(%";l)
= lgney [ |05 (w)85 () _mimaHeT ) (60)
2 A 273 cosh(%"zz)
Considered that by definition
3 3
Gl = A P Tee — 2 Y Ty = H§T Tee — HET' Y T, (161)
1I=1 =1

the lowest order T+ « T corresponds to T;f o 73. To this order, the trace is

'H3 3 T ;
710 (1, 7) =~ isinZH;/df‘pr(To)F(Zz;g) L mftanh(?)

—cc.|.(162)

H,
i, 3 . —im1H873
+ gsin 9;/01 P | (10)Ap(T0) ﬁ —c.c.

_ ;sir@e;/d% Q,(10)A,(10) (nmz>

We can now obtain the spatial components from Equation (151)
g —0— 7'M =ph—g (163)

i.e., at late times, the pressure associated to the flavor vacuum is zero. In this regime, the
equation of state becomes [62]

(1) i (1)
W (z, 1) = P1 (t) _ 7 : (mw) _ (164)
oW(t, ) 77 D(g,7)

Equation (164) is a core result. It states that at late times the fluid associated to the
flavor vacuum behaves as dust or cold dark matter with w = wcpy = 0. Notice that the
result is independent of the arbitrary fixed time 1y at which the flavor vacuum is defined.
Equation (164) constitutes the extension to curved spacetime of an analogous statement
obtained in flat space [75] and provides a significant indication that the flavor vacuum
may contribute to the dark matter in the universe on a cosmological scale.

4.4. De Sitter Evolution: Energy Density

We now wish to better characterize the energy density associated to the flavor vacuum.
The momentum integration involved in Equation (160) does not lend itself to a simple
analytical evaluation. Although this does not rule out a numerical computation, we
prefer to follow a different route and evaluate J;; analytically under some convenient
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approximation. We consider the case in which both T and 1y approach the late time limit
7,79 — 07, with the condition 7y < 7. In such a circumstance, we are entitled to use
the small argument expansion of the Bessel functions, including those appearing in the
Bogoliubov coefficients of Equation (156). This leaves us with an integral over powers of p
that can be solved analytically, but is formally divergent, since the integration extends up
to p — oo. The simplest remedy is the introduction of an ultraviolet cutoff Qp. Imposing a
cutoff appears also quite natural for the problem at hand: neutrino mixing is more relevant
at low energy, since oscillations are practically frozen for energy large enough. This is
easily seen in terms of the classical transition frequency w o %, which vanishes as E — .
In addition, due to the high p behaviour of the second Bogoliubov coefficient (), (see
Equation (157)), each of the terms in the integral of Equation (160) is suppressed at large
p. Given all these considerations, we shall impose a cutoff Qyp = Qrw of the order of the
electroweak scale Qpy = 246 GeV. Before proceeding, we have to recall that the physical
momentum is not the mere index p, but the comoving momentum ﬁ (see the discussion
below Equatlon (30)). The imposition of the constant cutoff Qp on the phys1ca1 momentum,
ie, Qo= 70 translates into a comoving cutoff for the mode index p:

pcurorr = Qo (t) = Q(7) . (165)

The regularized integral can now be computed straightforwardly. The result to lowest
order in T and 19 is

n(ynz—ml) _ m(my—my)

w2 3 i H
sin GH(;TQ (1) ° e 0 (ml tanh< ) +my tanh( )>
3 cosh( i ) cosh( e )
Hy

2

mltanh(m> mztanh(m>

Hy

cosh? ( m ) 7 cosh? ( T )

my tanh ( 270 ) + mj tanh | 272
+ sin’ HyTQ* (1) { ( : coshz((ljm 1>) COszh2 ( 7m<2> ) )

Zx(mz my)

(r(Vl)

1 2 1 7)1
1"*(1/2) 3+21m2 m1

2i(my—mq)

*7Tn11
—imyHyte ™ <
2 cosh® (%{'}1) cosh? ( y )

_ 2
isin? 9Q3(T){ [ ( ima Hote i

7'”’”'1
.. 3 —imyHpte Ho —Q(T)To Ho
isin”6Q (T) 3 'm11 2 nmz (r 1/ F* l/ 34 222~ m1> 2
2 cosh sh ) (v2) +2

5 —2i( n;_% ny)
< )( R }_}
3 217712 ml

2i(mpy—my)
*Q(T)To Ho
Vl r* Vz 3+21W12 I"ll 2

2 cosh® ( Ll cosh2 ”ml

— Ty —2i(my—mq)
—imyHyte o ( 1 ) 1 <—Q(T)T0>7qu ! ey (166)
2 cosh® ( iz ) cosh? ( ”"Sl ) I* ()T (v2) 3— Zi% 2

The energy density p is simply obtained by raising one of the indices p(!) = &7 ~2(7) z&” =
H3t? %@. The behaviour of p(7) in the late time approximation is plotted in Figure 5 for sample
values of the parameters.

The plot shows that the energy density, in this regime, is essentially constant up to
extremely small oscillations.
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Figure 5. Logarithmic scale plot of the energy density pprx = ﬁf(w from Equation (166) as a
function of conformal time T for sample values of the parameters. The corresponding coordi-
nate time t is reported above. We have used the cut-off Qy = Qrw = 246 GeV, neutrino masses
my = 15.25Hy ,my = 22.25H) and the expansion rate Hy = 10 3eV.

5. Conclusions

In this review, we have presented the QFT of field mixing in curved space, for both
bosons and fermions. We have shown that the theory is characterized by an intricate math-
ematical structure emerging from the intersection of quantization on curved backgrounds
and of the inherent features of mixed fields. We have introduced generalized oscillation
formulae for fermions and bosons, and have applied them to some interesting metrics,
including the cosmological FRW spacetimes and the Schwarzschild black hole. We have
exhibited the deviation of the transition probabilities with respect to their flat space and
quantum mechanical counterparts.

In previous studies regarding the propagation of neutrinos on curved backgrounds [21-24],
performed in a quantum mechanical context, it has been shown that only the phase of the
oscillations is modified by gravity. By contrast, our analysis, which generalizes neutrino
mixing to a QFT context, predicts also variations in the amplitude of the oscillations
and new high frequency oscillating terms. This is manifested in the behavior of the
transition probabilities, which are not characterized by a simple sinusoidal oscillatory
shape, but rather show an evolution similar to that of coupled harmonic oscillators. These
peculiar effects are related to the condensate structure present in the QFT of mixed fields.
The latter can be indirectly accessed by the analysis of very low energy neutrinos, as those
of the cosmic neutrino background [77].

The same formalism has been applied to analyze the flavor vacuum in curved space.
Because of its condensate structure, it carries energy and momentum, contributing as a
source term of the Einstein field equations. We have shown that on spatially flat FRW
backgrounds, it is indeed a proper source term, whose associated energy-momentum tensor
satisfies the Bianchi identity and inherits the symmetries of the underlying spacetime. We
have demonstrated that, for an exponential evolution of the scale factor, the flavor vacuum
of mixed fermions behaves as a pressure-less perfect fluid, with equation of state analogous
to that of dark matter. Although the analogy is still not enough to identify the flavor
vacuum as a (cosmological) dark matter component, this is a quite strong indication that it
may, in fact, contribute to it.

There is a fundamental difference between the mechanism proposed here for dark
matter, with respect to the other particle explanations mentioned in the literature [81,82].
Indeed, the flavor condensation effect does not require the introduction of new matter fields
(e.g., axions, WIMPs, sterile neutrinos, supersymmetric particles) in order to produce a
contribution to the cosmological dark matter. The flavor condensation is simply a byproduct
of the structure of QFT for mixed fields and emerges naturally in this context. Moreover,
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the cosmological impact of the flavor vacuum appears to be novel and completely different
from other mechanisms proposed in the past to explain dark matter or other cosmological
open issues [81-84].

In future works, the dark-matter-like behavior of the flavor vacuum will have to be
assessed in other metrics, possibly arriving at the identification of the condensate as a
proper dark matter component on more general grounds. In particular, future studies will
be devoted to the analysis of the flavor vacuum in spherically symmetric metrics which are
suitable to describe astrophysical dark matter. In such a context, the quantitative impact
of the flavor vacuum on the galactical metric may be derived, possibly yielding a precise
quantitative prediction for the relevant parameters.

Nonetheless, the analysis presented here opens up the intriguing possibility to explain
dark matter out of a pure QFT condensation effect, without the need to invoke new fields
other than neutrinos. In addition, according to recent proposals, this hypothesis may be
validated in upcoming experiments, either regarding simulations [76] or direct revelation
of cosmic neutrinos [77]. By exploiting the formal analogy between the QFT of Rydberg
atoms and the QFT of mixed neutrinos, it is possible to reproduce the condensed vacuum
and determine, at least in principle, its thermodynamic properties, including its dark-
matter-like equation of state [76]. On the other hand, the cosmic neutrino background
offers the possibility to test the theory directly, for instance through the neutrino capture
on tritium [77]. It has been shown, indeed, that the capture rate is sensitive to the flavor
condensation effect, and therefore allows to indirectly test the hypothesis according to
which the flavor vacuum energy constitutes a component of dark matter.
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Appendix A. Helicity Eigenspinors

In this appendix, we display the explicit form of the helicity eigenspinors and prove
the identity (33). Given a three momentum p, we can write the corresponding unit vector as

p = (sin B, cos ¢p, sin 6, sin ¢, cos O ) (A1)

on the spatial axes x, y, z. Evidently, 6, = arccos (%) and ¢, = arctan ( ;Zy ) . The solutions

X

to the eigenvalue Equation (32) may be written as
e*i(PTp cos e*i(PTp sin %
mm—( S 63>; c(;a)—( " gp>, (A2)
e’z sin —e'2 cos &

respectively, for A = £1. Naturally, these are mutually orthogonal. The identity (33) can be
verified by direct calculation. For A = 1, we have
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¢p 0
, 7 cos(
(;‘1(71§+ = (el%p cos(%") —i%y sin 7” )( ) ( i sin((epz))>
2
0, . 6y p
= cos(i)sm( 5 )( P 4o~ "PP) = sin(6y) cos(¢p) = ?x (A3)
+ pp 0 pp 0 0 —i\ (e cos 9—”)
ClonCy = (elT COS(%) e i sin(jp)) <l 0 > ei‘l’TP sin( 9;,2>
2
= cos(e—p)sin(e—p)(ie’i‘f’f’ —ieltr) =sin(6,)sin(¢,) = 2L (ag)
2 2 P 14 P
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¢ ¢ 1 0\ (e "2 cos(+
St = (¥ cos(y) e sin(}) (0 —1) ( % sin((epz))>
2
0 0
— 207PY _gin2(2P) — _ P
= cos( > ) — sin”( > ) = cos(0;) . (A5)
similarly, for A = —1 we find

+ op 0 pp 0 0 1\ (e % sin(%”)
GLoig- = (617 sin(4) —e "2 cos( ”)) (1 0) iy b

—e
= ‘C"S(%)Si“(%p)(ei"’”“7”’”) = —sin(6y) cos(gy) = 7 (A6)
, 0 7 g (-L
s (Hantn o Tet) () ) (7Y
B *05(97”)51“(92’7)(” i) = —sin(6y) sin(gy) = ¥ (A7)
ity
tot = () o)y ) (e D)
2
= —cosz(eg)—l—sinz(ezp)——cos(Gp)—_52. (A8)

Appendix B. The Mixing Generator

The purpose of this appendix is to show some important aspects of the mixing genera-
tor. First of all, we demonstrate that it has the claimed form (61)

SQ(T) = eXp{SG[(‘Pl,‘Pz)T — (Tz,‘frl)l—}} (A9)

for both fermions ¥; = ¢; and bosons ¥; = ¢;. The sign factor ¢ is +1 for fermions and —1
for bosons. The inner product is of course understood as the Dirac and the Klein—-Gordon
one, respectively. We shall need the identity

LA, (4, B)] + .. (A10)

A
e”Be " =B+ [A,B] + 2'[

where the dots denote the sequence of nested commutators. The basic requirement for the
mixing generator is that it reproduces the mixing relations

Ya(t) = 89*1(7)‘1’159(77) = cos ¥, +sin Y,
Ye(r) = Sy (1)¥256(7) = cos 0¥, —sin ¥,
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with the boundary conditions ¥ 4]9—¢ = ¥1, ¥59—0 = ¥2and 9g¥ 4|9—0 = ¥2, 0¥ 5|90 =
—Y; which can be read straight off the mixing relations. We now demonstrate that the form
of Equation (A9) does indeed satisfy this requirement. Let us start with the fermion fields
Y, =¢;,Ya = e, Y5 = ¢y For fermions, a choice of a tetrad is necessary. On a globally
hyperbolic manifold, the timelike element of the tetrad eg (x) induces an obvious foliation
of the manifold by the Cauchy surfaces = that have unit timelike normal given by e (x).
The Dirac inner product on such surfaces is

(£ = [ dZuy/ =g (0l
_ /dz\ﬁgweo  (x)fte0 Ah:/ZdZ\/jgf*h. (A11)

In the last equality, we have used the basic property of the tetrads gwefge‘é = nap and
(7°)? = 1. Let us compute the commutator

910, (1. 92)e] = [ a5 [r (), 91 ()] (a12)

The integrand can be easily computed taking into account the anticommutation rela-

tions (recall that the conjugate momentum has a factor of \/—g) {1,[)] A —8(x)yf(x }

dix0x.(x,x"), where 0y (x, x') is the Dirac delta on the surface ¥ where the anticommutator is
evaluated. The result is simply

[1(x), ($1,92) ] = $a(x) (A13)

where it is understood that all the fields are evaluated on the surface X;. Similarly, one
finds that

[h2(x), (2, 1) ] = ¥1(x),  [P1(x), (Y2, 91).] = 0 = [$2(x), (Y1, ¥2) - (A14)

Inserting these results in the identity (A10) with B = ¢y and A = 0[(¢2, Y1) — (1, ¥2)<),
we obtain

2
S;l(r)lpl (x)Sg(T) = 1 (x) + O (x) — %tpl(x) + ... = cos Oy (x) +sinOyn(x) (Al5)

and similar for ¢ (x). Let us now show that the same relations arise for bosons ¥; =
¢j,Ya = ¢a,¥p = ¢pp. The inner product is, in this case

= —i [ 23 (F g — g0uf) = —i [ dmy/=gg™ (g —gduf") (A16)

where, in the last equality, the Cauchy surfaces have been chosen with unit timelike normal
ai as induced by the choice of coordinates. The commutator

(01(2), (1, 92)e] = =i [ aZ//=g(x)g" () [01(), 01 ()oupa () — 4230l ()]

(A17)

_ Ov
can be easily computed recognising the conjugate momentum 7;(x) = \/—g(x)g 8V<p]
and using the canonical commutation relations [¢;(x), 7t (x")] = 1(5 kéz(x x'), so to obtam

[#1(x), (1,42).] = —¢pa(x). (A18)
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Analogously, [¢2(x), (¢2, ¢1),] = —¢1(x) while the other combinations are zero. Plug-
ging the commutators in Equation (A10), one finally finds

Se_l(r)qbl(x)Sg(T) = ¢p1(x) + 0o (x) — %2!4)1 (x) + ... = cosO¢y (x) +sinf¢p(x) (A19)

and similar for ¢. This shows that the form of Equation (A9) generates the mixing relations
for both fermions and bosons. The next step is to derive the expression for the flavor
operators (63). We show the computation for the fermionic operators, but an almost
identical calculation can be carried on to prove the analogous relations for bosonic operators.
Let us write the argument of the exponential in Equation (A9), in terms of creation and
destruction operators, by inserting the expansion (14)

(1l71/ IIJZ)T - (1/)2/ ¢1)T = Z (ak,r;luk,r;l (x) =+ bZ,ka,r;l (x)/ aq,s;zu ,s;2(x) + b;,s;zv ,s;Z(x))T

k,q.r,s

- Z (ﬂk,r;Zuk,r;Z(x) + blt,r;zvk,r;Z(x)/ aq,s;lu ,s;1 (x> + b;;,s;lvq,s;l(x)>T =

k,q,r,s

+ t gt
[ak,r;luq,s;Z (uk,r;lr uq,s;z) T bq,s;2 (uk,r;l/ Vq,s;Z) T

+
+bk,r;1aq,s;2 (Vk,r;lf uq,s;Z) . br,k;l bq,s;Z (Vk,r;l' Vq,s;Z) T] —he

The only terms that have a non-vanishing commutator with a,, /.1 are those involving
an al term. Recalling the definition of the Bogoliubov coefficients (65), these yield

(Y1, 92)r — (2, 91) 1 ap01]

+ + ot
B [ L (A;,s,-k,r(f)”k,m”q/sﬁ+Qq,s;k,r(T)”k,r;lbqlsﬂ)'“Prs/"ll
k,q.r,s

= — (8 (D52 + Qi (D)} ) - (A20)
q,5

Then, inserting into Equation (A10), we find that to first order in 0
Sy 1 (T)ay,18p(T) = a1 + 6 2( ssps (Dags2 + Qg ap o (T)b;,s;z). (A21)
q,5

The next terms of the sequence of nested commutators are more involved, and require
the use of the basic property of the Bogoliubov coefficients (66). Nonetheless, it is easy to
check that they lead to the expression (63) for a,, ¢, (7). Similar conclusions can be drawn
for the other flavor operators. It is worth mentioning that there exists a much quicker route
to the expressions (63) of the flavor operators, which has also the advantage of highlighting
the role of such operators as coefficients of the expansion of the flavor fields with respect to
the mass modes. Specifically

ap,s;e(T) = (up,s;l/ Qbe)l_ ’ ap,s;y(T) = (up,s;Z/ le)T ’
bp,s;e(T) = (l/)e/ Vp,s;l).r ’ bp,s;y (1) = (4)V’VP'S;2)T‘ (A22)

and it is a matter of simple algebra, using the properties of the inner product to show that
these expressions are indeed the same as Equation (63).
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Appendix C. The Auxiliary Tensor

In this appendix, we deal with the properties of the auxiliary tensor of Equation (130).
The first property stems directly from the definition

C“I/ll/(F/ G) = CV]/I(F/ G) 7 vF/ G (A23)

and is, of course, inherited from the symmetry of the energy-momentum tensor. From Equa-
tion (126), we can also infer that Cy, (F, F) is pure imaginary for any F. Another useful
identity can be derived for the trace of the auxiliary tensor. Let F;, G; be any two solutions
of the Dirac equation with mass m;, then

Cli(F;, Gj) = §"'Cu(F;, G;) = 2(F4"(x)DyG; — D, Fiy* (x)G)) = —4im;F;G;  (A24)

where we have employed the Dirac Equation (11). We shall also need the 7T component of
the auxiliary tensor. Considering the standard choice of tetrads (26), this is simply

Cee(F,G) = 24/(1) (F*aTG - aTF*G) (A25)

for any F, G. It is convenient to derive explicit expressions for the trace and the Tt compo-
nent of the auxiliary tensor evaluated on the modes of Equation (37). We have

CuUp i Uppz) = —4imilly y Uy = —4imilly 7 Up pj
. — * * I 0 f .'CA
a3 &t At P
dim;f (T)( p;]C?\ 8pij ("f)\) <0 —]I> (gp;j/\‘:/\)
= —dimje/ (T )(|pr|2 ‘gP?f|2> -
ChiUp s Vo) = —4imilly xiVpri = —4im]‘u;’)\;]")’ovp,/\;j
o I 0\( 8%
— dimi 3 * et gt <
dimjof (T)( piSh Sy 62‘) <0 —]I) <_ ;;J'/\g’\>
= —8imjd/ S )fp]gp,J (427
V - o 0
CuVp i Uppj) = —4imiVy xilUp pj = —4im; Vpai T Up v
o L 0Y\/( fpiCr
fr— P . 3 i + - i + p,]
= —dimi/ (1) (8p,C%  —fpiACY) (0 —]1) <8P;J')‘CA>
_ 7817’}’1] ( )fp ]gp] ( 5(2/[}7,)\;]'1 Vp,)t;j)) (AZS)
) B ot 0
CuWVpaii Vo) = —4imjVp iV = —4imiVy 107" Vp v
o I 0\ [ &b
o ot ot pii
= —dimpe/ (1) (88} — AL} (0 —H) (‘ ;;1A5A>
= —dimje/ ~*(T) (|gpj[* — | fpi)
= - Cﬁ (Up,x: Up i) i

for the traces, and
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Crr (up,/\;j/ up,/\;j)

Cer(Up,rj: Vp 1)

Cri (up,/\;j/ up,)\;j)

2,527(1‘) [L{*//\;jarupl,\;j — aru;,/\;jup//\;]}

P
20772 el ..A+< Pl )_aT & or ,A*(w

2%_2(1—) {f;,]anP,] - an;;jfp;j + g;;jal'gp;j - aTg;,]gP,]}

—Crr (Vp/\;j/ Vp,)\;j) (A30)

267 (7) U 0V — Il Vs

- * * 0 g*g/\ * * g*g)\
> [( ek &) (—aifp*']ncJ = (981 9rgpe) (— 6
pij 12Z]
4020 [f5,9585 = 85,97
- (CTT (Vp,)\;j/ up,)\;j)) */ (A31)

for the 7T components. Finally, we prove that C;, fori = 1,2,3 is an odd function of p
for all the arguments and that C;; is an odd function of p; and p; fori # [ = 1,2,3. By
definition

Up, iV Dillp,;j + U, ¥iDxUp, 3 — Dilly, p;i¥eUp v — Dl p;7ilhp 5
1 aB ;
AUy ). <ai +guwi ['YAr'YB])up,/\;j — AUy 7Y IUp 1
0
7 AB ‘
o <3iu;r,)\;ﬂo — U\ @i ra ’YB}) VUppij + AUy 3 7"V Up 1
o0 (0 o 0 o
+ - T i L t 1 X
,Q/Up//\/j (lpl JF 2% (0_1 0 ) )u’,’/\,] J%UP,A;] ((Tl 0 ) aTZ/{p,)\;]
. o0 (0 0 0 o;
t T T
ﬂfup,/\;j<—1p,‘ + 2o/ (0}' 6))%/\ + 'QfaTup,/\;i (Ui (;)Z/{p,A,.j

. + + 0 g; + 0 g;
lei%up,A;j%p,A;j + o/ |:a—;Z/IP,A;]- (U'i 01> Z/lp,,\;]- — up,)\;j ((71‘ 01> afup,,\;j}

Zipi%72 [|fp;j|2 + |gp;j‘2] LA [an;;jgp;j + aTg;;ij}j - f;;]‘afgp;j - g;;]‘anp;j} ‘S\Uié’/\

i A X %
] =+ oo [esga + st — e b (A32)

Here, we have made use of the normalization condition (38) and of the property (33).
It is clear from Equation (A32) that every 4, factor and every spatial derivative 9d; brings
down a factor p;. Therefore, for each F, G = Uy, Aijis Vp/ A it holds that

Cui(F,G) = piZrc(p), (A33)
with Zf ;(p) a function of the magnitude p alone. As a special case
CeiUp,p;j Vp,2;) = 0. (A34)
The argument is very similar for the mixed spatial components:
Ciu(F,G) = pipiWr,c(p), (A35)

for every F, G = Uy 1, Vp,;j and WE g (p) a function of the magnitude p alone.
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Appendix D. Bianchi Identity

We wish to prove that
VT =0 (A36)

with V, denoting the covariant derivative. Notice that we employ a distinct symbol for the
spinorial covariant derivative D), in order to avoid confusion. Explicitly, Equation (A36) is

VT =0, T + e T + T}, TH. (A37)

where the Christoffel symbols for the metric (25) are given in Equation (27). We treat the
spatial and time equations separately.

e (v=i)Forv =i withi=1,2,3 Equation (A37) is
Vu Tt =0, TM + T} T +T}g TH. (A38)
Since J#" is diagonal, this simplifies to
AR TARD I WEARD I S (A39)
K M
with no sum over repeated indices and summations denoted explicitly. The first term
on the right hand side of Equation (A39) vanishes, because "' depends only on t.

All the Christoffel symbols appearing in the second and third term are zero (see (27)),
so that overall

VuTH =0 Vi=12,3. (A40)
* (v = 1) The proof for v = T is slightly more involved. We first write out Equation
(A37) explicitly
VuTHT = 0y T 4T T 4+ T, TH

= .77 + (1"; + Zr;fT) T TL T4+ Y TR
i i
= 0; 7T 45T 77T 43rL 7, (A41)

where we have made use of the diagonality of .7#" and of Equation (27). We conve-
niently rephrase Equation (A41) in terms of the covariant component 7z and of the
trace ,Zf by means of Equation (151)

VT = 0 (M‘iy”) + 6 %0 Tor — A 200 T (A42)

Now, each of the terms on the right hand side is, according to Equation (138), the mo-
mentum integral of the auxiliary tensor components Cr; and CZ multiplied by some
coefficients. These coefficients are independent of T (they only depend on the arbitrary
fixed time 19, see (138)) and, most importantly, are the same for all the components of
- Then, in order to prove that Equation (A42) vanishes, it suffices to show that

e (ﬂ—‘*CTT(F, G)) + 6 59/ Cr(F,G) — o/ 39:/CL(F,G) =0 (A43)

for each F, G = Uy );j, Vp,»;j- For this purpose, we shall use the second order mode
equations

a%fp;]’
By = —(—imdesd + P2+ i) gy (A44)

- (imjar;af +p? + m]z,;aﬂ)fp;j
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The first coincides with Equation (36) and the second is similarly a direct consequence
of the system (35). Let us start with F = G = Up, 5 ;. Using the expressions derived in

the Appendix C, we find
0 (7 o (Up v, Up ) ) + 67 9 Cox Up psjsUppij) — 7 30 Cli(Up, i, Up 1) =
+aim; /=0t (|fyi — Ipyl?) =

2/ 0 ( £ 90 fj + g;ﬁgm) + timyer 50, (|,

? = gy 2) -
2077 (f;;ja%fp;j - fp;fa%f;;j +g;;ja%3m - 3;7;18%3;;1') + 4imf"27_6aT°Q{(|fp;j 2~ gy
2,%6{ £ [— (imjarﬂf 2+ m%zﬂ” foi — fiy [— (—imjaTgf +PP+ mzﬂz)} Fui
8, [— ( —imjdcst + p? + m%zﬂ) } i~ [ [— (imjarﬂ + P+ mZMZ) } g,,;]«}
+aimj /=0 (|fyi — Igpsl?) =

28 | g 2 (=2im 7 ) + |8y 2 (2imjdesr ) b + dimjf =07 (| f

—aimjct 89t (| fg 2 = |pgl?) + dimjs 9t (| f

?)

?)

2 |gp;j

2) = 0.

2
- |gp;j

In the fourth step, we have employed Equations (A44) and their complex conjugates.
Considering that (see the Appendix C) Crr(Vp,a;j, Vp,a;) = —Crr(Up p;j,Up,p;j) and
Cli(Vpris Vo) = —Cli(Up r;j,Up,»;j), the same equation holds for the components of

Cuv(Vpa;js Vp,a;j)- Likewise

9 (mf—‘*cﬁ (Up,psjs v,,,A,.j)) + 6/ 200 Cor(Up i, Vo ri) — 7 200 Cly(Up psjs Vi rij) =
e (47507 83) + 247 0wt (4770301 g3) + Bimy el 0 f05, =
40780 (/O f3, 00 83 ) + iy S0t fgn =
A[f5i0385 = 83y + Bimjl S0t f 55, =
4/ =03 ol —(imjor e + p* + mPet?) | g% — fr| = (—imjoc et + p* + mPay?) | gt

pii jor? TP 8pii i joTF TP 3pij
+8imjf 0.l fri8% =
—8imj/ %0l fi8% i+ 8imid "°9c A fr.8% . =0

In the fourth step, we have made use of the complex conjugates of Equations (A44). Fi-
nally, recalling properties Cor(Vp, i, Up ;i) = —Ciie Up ;i Vp ;i) and Chi (Vp i, Up 1) =
—CZ * (Up,2;j, Vp,2;j), the same equation holds for the components of Cyy (Vp,1;j, Up,a;j)- This

concludes the proof for v = 7.
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