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1 Introduction

The ability to calculate theoretical predictions with high precision represents a cornerstone of
modern particle physics, enabling meaningful comparisons between theoretical frameworks
and experimental observations across both classical and quantum contexts. The fundamental
building blocks of these theoretical predictions are scattering amplitudes, which serve as the
mathematical backbone connecting theoretical calculations to experimentally observables,
such as cross sections and decay rates.

Scattering amplitudes at higher perturbative orders require the evaluation of multi-loop
Feynman integrals, a computational challenge that becomes particularly formidable beyond
next-to-leading order (NLO) accuracy. The evaluation of these integrals represents one of the
most significant bottlenecks in achieving next-to-next-to-leading order (NNLO) theoretical
predictions for processes relevant to collider physics [1-4]. This difficulty is especially
pronounced when considering scattering processes with a high multiplicity in the external
states and involving internal massive states, where current techniques reach their limits.

The standard approach to address these computational challenges lies in the systematic
application of integration-by-parts identities (IBPs) [5, 6], to reduce Feynman integrals to a
basis of master integrals. These satisfy systems of differential equations [7, 8], which, when
free of poles in the dimensional regulator, provide a systematic evaluation. The canonical
form of differential equations [9], characterised by logarithmic integration kernels and e-
factorised structure, has become the preferred framework for solving these integrals. For



high dimensional kinematic cases, however, it is not trivial to solve the canonical differential
equation once it has been built. Two of the methods for tackling this, proposed and explored
extensively in the literature, are finding a solution through power series expansions [10, 11]
and a fully numerical integration [12].

Recently, the MATHEMATICA packages DiffExp [13] and SeaSyde [14] have automated
the first approach. While DiffExp handles the evaluation of differential equations with
real kinematics, SeaSyde extends this to complex variables as well. Both are suitable for
solving differential equations that are cast in canonical form or do not contain poles in
the dimensional regulator €. The auxiliary mass flow method, which solves differential
equations that might also contain poles in the dimensional regulator, has represented another
strategy to numerically evaluate Feynman integrals [15]. This approach has been successfully
automated in the MATHEMATICA package AMFLow [16]. While these MATHEMATICA-based
implementations have proven highly effective for specific calculations and boundary condition
determination, their computational architecture presents limitations for integration into high-
performance Monte Carlo event generators. Notable developments have begun to address
these performance limitations through lower-level implementations, most notably the Line
package [17], which provides a C implementation based on the auxiliary mass flow method and
numerically solves differential equations via series expansion across different regions. However,
current limitations in the numerical evaluation of algebraic functions appearing in differential
equations continue to constrain the full realisation of these computational approaches.

The second method to solve the differential equations, that is, a fully numerical integration,
was first applied to a one-dimensional physical problem in [18], and the use of analytical
continuations to avoid singular points was proposed in [19]. Recently, numerical integration
has been used for two-dimensional processes, and better numerical algorithms have also
been explored [20-23]. However, the effectiveness of the method remains largely unexplored
for five-point scattering processes, cases in which interpolating precomputed grids becomes
challenging due to the higher dimensionality of the kinematic configuration, and thus renders
the power series expansion method difficult to use. With a fully numerical integration, if
sufficiently low run-time could be achieved, one could bypass the need of precomputed grids
and rely instead on on-the-fly evaluation of Feynman integrals. The difficulties in navigating
the complex plane and the lack of public and flexible tools have prevented the use of this
method, giving preference to power series expansion solutions. In this work, we bridge
this gap by providing a comprehensive C++ framework for the fast numerical evaluation of
systems of differential equations.

Our implementation is designed with the objective of direct interfacing with Monte
Carlo event generators [24, 25], eliminating the need for pre-computed grids that become
impractical when the number of kinematic scales exceeds manageable limits. Furthermore,
the integrator can also be used to generate grids when high precision is needed, being easy to
parallelise and achieving significantly lower run-times when compared with other tools. A
key feature of our procedure is the treatment of algebraic functions in differential equations.
We detail how their analytic structure can be studied and continued across physical regions,
enabling robust and stable numerical integration.



The structure of our implementation is motivated by the organisation of scattering ampli-
tudes into a set of independent transcendental functions. Following the framework developed
in [26, 27], we express the scattering amplitudes in terms of graded transcendental functions,
simplifying their analytic structure, and numerically evaluating differential equations for
these functions [28]. The interplay between Feynman integrals and Feynman integrands is
fully exploited to reduce computing time.

We demonstrate our methodology through the application to the radiative return process
in electron-positron annihilation into hadrons, specifically focusing on the production of
charged-pion pairs accompanied by an energetic photon. We concentrate on the one-loop
contribution to ete™ — w7~ focusing on the gauge-invariant subset of diagrams involving
five-point one-loop integrals with full dependence on lepton and pion masses — corresponding
to a process with seven kinematic scales. We compute these integrals to finite order in e
(relevant to NLO accuracy) and extend them to higher orders to prepare for NNLO theoretical
predictions. To improve the modelling of hadronic interactions, we study the Generalised
Vector-Meson Dominance model (GVMD) as suggested in [29, 30]. This theoretical framework,
which extends beyond simple scalar QED approaches to include the dynamics of vector-
meson exchange, introduces additional complexity through the presence of complex masses
in internal propagators. We explicitly show that our numerical framework handles these
complex kinematic scales robustly. We systematically compare the reliability and accuracy
of our computational approach against benchmark computations performed by the Collier
library [31-34] for one-loop processes. We validate our results in both standard kinematic
points and challenging regions of phase space where conventional methods may encounter nu-
merical instabilities, elucidating the utility of our approach for phenomenological applications
requiring high-precision theoretical predictions. Beyond low-energy physical processes, we
explore the applicability of our procedure to high-energy processes, such as the annihilation of
two partons into a heavy-quark pair and an energetic jet, which share structural similarities
with the radiative return process at low energies. We study the performance of numerical
evaluation of selected two-loop five-point Feynman integrals with six kinematic scales within
our procedure. We verify the reference points given in [35].

This paper is organised as follows. In section 2, we review the theory on differential
equations for Feynman integrals, as well as how to construct a basis of graded functions. We
then proceed to explain the intricacies of the numerical integrator in section 3, with each
subsection dedicated to a key part of it. Following this, we give details of the differential
equation built for the eTe™ — 777~ process, extended to include GVMD, and use the
integrator to solve it in section 4. In the same section, we also explore using the integrator
to evaluate the amplitude of the pion process at higher orders in the dimensional regulator,
as well as integrating two-loop topologies relevant for pp — tt + jet. We suggest avenues for
improvement and give our conclusions in the two final sections.

The supplemental material of this paper is provided at [36]. We include files containing
the differential equations obtained for the one-loop process ete™ — 7w 7~ ~ for the three
integral families, {MM,MN,NN}, described in section 4.1. For each topology, we include
the definitions of the integral family, the set of canonical master integrals, the square roots
associated with the basis, the kinematic alphabet, and the connection matrices. In addition,



we provide the one-loop contribution to the pentabox gauge invariant group, as described
in section 4.2, up to O(e?).

2 Differential equations for Feynman integrals

A common form for a scalar [-loop Feynman integral is

l
1
d do—2
Ia?,...7aN = / H d 0 ij W s (21)
j=1 i=1""4

where D; are the propagators, which encode the external kinematics and the masses of the
particles, k; are the loop momenta, N denotes the number of propagators, and each of them
is elevated to an integer power a;; € is the dimensional regulator, which together with dy
encode the dimensions in which momenta live in. Integrals that share a set of propagators are
said to be of the same family, and can be related to each other through IBPs. Furthermore,
any topology can be expressed in terms of a subset of linearly independent integrals of the
same family, which generate a basis. The choice of basis is not unique, and the spanning
integrals are referred to as master integrals.

It is well known that, when considering a vector I= (I1,...,1I,) of n Feynman integrals
that span a basis, we can build a closed system of coupled differential equations. By taking a
partial derivative of the vector with respect to a kinematic invariant x and then rewriting
the resulting integrals back to the same basis, through IBPs, we can obtain

8.1 = A(Z, eI, (2.2)

where A is a matrix with rational functions that depends on kinematic invariants and e, the
dimensional regulator. Furthermore, as extensively used in the literature and first explored
in [9], one can sometimes factor out the dimensional regulator from A(Z, €), by studying in
detail the analytic properties of the relevant Feynman integrals. For instance, the e-factorised
form of one-loop topologies is easily obtained by studying their leading singularities, which
are connected to Landau singularities. Although there is no general procedure to find this
factorisation for integrals with higher loops, it has been found for many relevant processes,
allowing us to rewrite equation (2.2) to be polynomial in the dimensional regulator,

dJ =3 A(@) T, (2.3)
=0

where J = B(Z, e)f, and B is a matrix whose entries can exhibit algebraic dependence on
the kinematic variables & and the dimensional regulator e. With an initial condition, the
equation becomes an initial value problem (IVP) with general solution

J=7P {exp ( L S il (f)) } J(4(0)) (2.4)
=0

where P is the path-ordering operator and ~ is a path in the complex phase-space of z,
connecting initial and final point. As extensively explored in the literature, analytical solutions



can be found in terms of Chen iterated integrals [37], or the integrals can be evaluated along
paths by series expansions [13, 14]. Nevertheless, as explored in this work, eq. (2.3) can also
be solved fully numerically, enabling a fast evaluation of the integrals with sufficient precision.

A further simplification of the problem might be possible by casting the differential
equation in canonical form. In essence, we want to express the relevant basis of master
integrals in the compact form,

n
dJ =€ A;dlog(ay (%)) J (2.5)

i=1
where now not only does the dimensional regulator factorise in front of the sum, but also
A; is a matrix with only numerical coefficients, and «; are what is known in the literature
as the letters. The set of all letters is called the alphabet. We expect the alphabet to be
composed of rational letters, coming from the denominators of the differential equations, and
algebraic letters, which will depend on polynomials of the kinematic variables P(Z), Q(Z)
and up to two of the square roots of the system, r;. These letters can be cast into Galois

group manifest forms,

o, = 2@+ Q@) o _ P@)+ Q@
L P@) - Q@) " P(@) = Q@)ryry

It is not always possible to cast an e-factorised differential equation in canonical form.

(2.6)

In these cases, we aim at finding differential equations in terms of linearly independent
non-logarithmic one-forms, such that

dJ =37 |3 Apdlog(ai(@)) + Y Br ()| (2.7)
k=0 j

i

with A4, B being matrices of rational numbers and Q(Z) representing non-logarithmic one-forms,
rational functions which might be multiplied by a square root of the system.

Up to this point, we have focused mainly on the evaluation of multi-loop Feynman
integrals using the method of differential equations. However, our ultimate goal is to allow
for numerical evaluations of scattering amplitudes that lead to theoretical predictions for
physical observables. With the analytic techniques developed in this work, it becomes crucial
to target only those quantities that directly contribute to the physical amplitude.

Following the approach proposed in [28] for the analytic evaluation of finite scattering
amplitudes, one can construct systems of differential equations that are independent of the
dimensional regulator €. These systems involve only the transcendental functions relevant to
the physical amplitude, thereby eliminating the need to compute redundant contributions.
More concretely, by analysing eq. (2.7) and accounting for the e expansion of the master
integrals j, one can identify and isolate the differential equations that obey the physically
relevant components. In addition to this simplification, we further organise the transcendental
functions based on their analytic structure. This is achieved via their symbol map [38], and
adopting the strategy outlined in [26, 27]. Such an organisation of the integrals in terms of
linearly independent transcendental functions allows for systematic analytic cancellations
when constructing the full amplitude. As a result, spurious integration kernels —those



that arise in intermediate steps but are absent in the final physical result— are effectively
removed. This streamlines the analytic structure of the amplitude and significantly improves
its numerical evaluation.

To make this structure explicit, we perform a rotation of the master integrals J onto a
new basis W that manifests the grading by transcendental weight,

-

W (Z;€) = RJ(T;¢), (2.8)

where R is a rational Q-matrix. The new integrals W admit an expansion of the form:

m

Wi, (Z;€) = Z e* w;,, (L) . (2.9)

K =k
Here, the subscript i labels the i-th canonical integral that first appears at transcendental
weight k, following the conventions of [39]. As per construction, the coefficients satisfy
w;,, = 0 for k" < k. In section 4.2, we apply this formalism order-by-order in € to the analytic

+

evaluation of the five-point scattering process eTe™ — w7~ ~, showcasing its effectiveness

in a physically relevant context.

3 Numerical integration of differential equations

Determining what numerical algorithm to employ is key to an efficient numerical evaluation of
differential equations. Following similar studies [19-21], we focus on explicit methods to solve
the IVP and decide to define our integrals to be complex numbers, instead of decoupling the
system into real and imaginary components. The advantage of this is twofold: the overall ex-
pressions are more compact, and the vanishing imaginary parts of the integrals do not influence
the error control (see section 3.4). However, this also limits the software available in the mar-
ket, as most of the libraries only support real arithmetic. We decide to use the Boost 0deint
C++ library [40] and explore three integrating algorithms, namely bulirsch_stoer (BS),
runge_kutta_dopri5 (DPR5) and runge_kutta_cash_karp54 (CK45). We use AMFlow [16]
to obtain a boundary condition at an arbitrary phase-space point, and evolve the dif-
ferential equation one variable x at a time to the desired final point, following a path
v(z,ty) = (A, tz)1, - .- Am(z,tz)) composed of m linear segments \(z, ;). A line parameter
for each kinematic variable, t,, is introduced to parametrise the segments, which only depend
on t, itself and the kinematic variable x € £ that we are evolving at the time, such that

Mz, tz) = xo + to(zf — 20) . (3.1)

To go from the origin zo and the desired final point xf, we simply evolve ¢, from 0 to 1. We
expand the master integrals in powers of the dimensional regulator €, rewriting eq. (2.5) to
solve it order by order, and parametrise it with respect to t;, such that
n
/ 0log(ai(x)) Ox

O, JH) = A, JH) A, =Y A T 3.2
ta tx I tx ; 1 8.’1) atz ( )
The same procedure is followed in the case where differential equations contain non-logarithmic
one-forms.



3.1 Treatment of branch cuts

To give an accurate evaluation of the integrals, the path should be chosen to avoid both
singularities, present in the differential equation, and branch cuts, introduced by the multi-
valued square roots r; present in the letters. Avoiding singularities is trivial, as we can choose
our path to extend to the complex plane by means of an analytic continuation. However,
the square roots that we have introduced in the master integrals present non-trivial branch
cuts that, without proper treatment, could prevent us from reaching certain regions of the
phase-space. Ideally, we would like to define the square roots as continuous and single-valued,
but that is, of course, impossible in the entire complex plane.

We need them to meet these conditions along the integration path (&, t). If we naively
proceed by writing the square roots as

ro= \/KP(@), K"(#) =10, (a—¢j) | (3.3)
where K7'(Z) are n degree polynomials of the kinematic variables & and, for a particular

variable x € ¥, we factor each polynomial in terms of its roots e;, the square roots will have
branch cuts determined by the function [41]

M (o —ej) = p=0, (3.4)

where p is negative and real. These algebraic curves increase in complexity with the degree of
the polynomial and can easily generate inaccessible phase-space areas, particularly if we work
with complex kinematic scales or several square roots. Navigating the complex phase-space
of the differential equation would require solving eq. (3.4) to know where the branch cuts
are. Nevertheless, if we work with the irreducible square roots,

ri =j_1\/z — 5, (3.5)

and bear in mind the standard convention for mathematical software to define the branch
cuts along the negative real axis, we end up with much simpler to handle segments at

e; +pj, JZRS RSO . (3.6)

We plot an example of the result of this manipulation in figure 1, where we represent
the value of a single square root \/Ax(s,t,m),' in the complex plane of s, with arbitrary
complex values m = 1+ ¢ and t = —1. Although the square root only contains a polynomial
of degree 2 in s, it is easy to see that a differential equation with several of these might have
isolated regions in the complex plane. With this definition of the square roots, we ensure
that we can find a single-valued path that connects two points in the phase-space.

The reader may have noticed that the square roots change definition depending on the
kinematic variable x we choose. This is indeed the case, but we are free to redefine them
arbitrarily, as long as they keep our master integrals as functions with uniform degree of
transcendentality. Since the integration is performed variable by variable, we define the
square roots taking x as the variable that is currently being integrated. Once the integration
for x is complete, we can divide the result by the Landau singularity factors. If we then
need to do another integration, we can add them back by multiplying the square root free
result with the factors defined for the new variable.

'Here \x stands for the Killén function Ak (a,b,c) = a? +b% + ¢ — 2ab — 2ac — 2bc.
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Figure 1. Value of the imaginary part of \/Ax(s,t,m) written as r; = K™(Z) (left) and
ri = 10z —¢; (right) in the complex s plane. The branch cuts are depicted with light red lines.

3.2 Finding an integration path

We have outlined a way to treat branch cuts in differential equations that simplifies their
behaviour. Nevertheless, we still need to find an optimal path that avoids crossing them,
together with the singularities, and that connects initial and final points. This is highly
non-trivial. We make two assumptions to simplify the problem: we rely on the heuristic
of Euclidean distance between points and, as mentioned at the beginning of this section,
work with linear segments. These are strong assumptions; a more complex path could avoid
regions of large variations, and a different set of kinematic variables could be more optimal.
However, our approach is sufficient for the examples at hand, and we briefly discuss other
possibilities in section 5. Currently, the integrator supports two algorithms, with both first
checking whether a straight path connecting the initial and final points is possible. If not,
the first approach makes use of an A* algorithm [42] to find the shortest path. In essence, we
build a graph with candidate points, which are our boundary value, the desired end point
and a sample of points near singularities, and we use Euclidean distance as the heuristic for
the algorithm to find the shortest path between nodes of the graph. Although the approach
is general and ensures a path is found between initial and final points, it forces the path to
go near singularities, which slows the integrator down and worsens its precision.

The second approach proves to be easier to implement and more effective. In practice, we
check whether the initial and final points have the same imaginary part. If they do, and there
are singularities in between, the path is chosen to be a horseshoe with imaginary part between
the lowest branch cuts above the real axis and the real axis itself, similar to what is used
in [14]. In contrast, if the initial and final points lie in a different part on the imaginary axis,
the auxiliary points will be chosen so that the path encircles, again in horseshoe form, any
branch cut between the initial and final point. The choice of a horseshoe path is not arbitrary.
Even if the distance in the complex plane is larger than, for example, a triangular path, the
CPU time is reduced from evolving only the real or the imaginary components at a time.



There is an extra edge case that has been identified as a source of imprecision and higher
run times. If there are branch cuts with a very small imaginary part that bounds the path,
the analytic continuation is less effective, since we are forced to go near singularities in the
real axis. In these cases, we rotate the branch cut so that it is parallel to the negative
imaginary axis, and choose a path that encircles its branch point.

3.3 Reducing the CPU time

To further reduce computational time, we exploit the structure of the differential equation. At
each step of the numerical integration, the code evaluates the analytic expression for dlog(«;),
one-forms, and the square roots of the system. This is then used to evaluate the right-hand
side of the differential equations without the need to re-evaluate repeated analytical structures
in the same integration step. We further exploit the structure of the dlog and one-forms:
they are rational functions (up to factors of square roots) of the form:

—

PUG,2) _ aod) +ar(@e + .+ an()a"
Q™ (7, z)  bo(¥) +b1(f)x + ...+ bp(y)z™’

where ¥/ is the set of kinematic variables without x. Since we only vary one x € ¥ at a time, we

(3.7)

can compute and store the coefficients a, b of the m and n degree polynomials before evolving
x. These can be reused for all integration steps, and their evaluation and compilation are
enhanced with the FORM optimiser [43].2 A similar approach is used to evaluate the square
roots at every step. The roots of the polynomial inside them only depend on non-evolving
variables, and are only calculated once before each integration. The same is applied to the
square roots that do not depend on the variable that is currently being integrated, whose

value is computed once and saved.

3.4 Error control and numerical stability

The numerical value for the master integrals is to be used in evaluating scattering ampli-
tudes, which can amplify numerical errors, generate catastrophic cancellations, and lead
to instabilities. It is necessary to determine the precision needs case by case, and a good
amount of checks to make sure these are met. There are two main contributions to the
final error of the integration.

The first contribution we consider is the error that comes from the numerical algorithm
itself, E/. For this reason, we use absolute and relative tolerances, 74 and 7T, with values
defined by the user. The implemented controlled stepper in the Boost 0Odeint library ensures
that at each step the error of the value y satisfies

B < max(To, Tolyl). (3.8)

A good rule of thumb for determining the final relative error is to multiply the number
of steps by the relative tolerance. This error is approximately linearly dependent on the
total number of steps, and thus also varies with the number of variables to integrate. A
caveat of defining the integrals as complex types, as hinted in the beginning of this section, is

2Tt is known that the optimiser can magnify numerical errors. We do not explore the effects of using it, but
the compilation times are greatly reduced by its use. We also observe a speed-up in the CPU times.



that eq. (3.8) is based on the magnitude of the complex numbers, not on their individual
parts. This is helpful when considering that the integrator will be able to use the relative
tolerance even when dealing with small imaginary or real parts, as long as their real or
imaginary counterparts are big enough. However, the error will be minimised for the overall
magnitude, not for the relevant real part of the integrals. Following the same line of thought
as in [19], we conclude that this does not pose a big problem for our use case but could
be something to improve in the future.

Perhaps even more relevant is the second contribution to the total numerical error,
namely the numerical instabilities that arise in the differential equation itself. In canonical
form, rational letters and square roots generate spurious and physical singularities when
they vanish. More generally, the singularities can be determined analytically by looking
at the denominators in the differential equation. The spurious poles are an artifact of the
differential equation itself and are not singularities of their solution once the initial conditions
are taken into account. However, both the spurious and the physical singularities are an
issue for numerical methods when the integration path gets close to them, with the distance
where they start posing a problem depending on both the available precision type and the
strength of the singularity, determined by the power of the denominator. Using the method
described in section 3.2, the distance to singularities should be enough to not significantly
affect numerical integration. There is an important exception to this, which is in the case
when the final desired point itself is near any pole. In these cases, there are several solutions
that one could try. For example, for spurious singularities, the solutions could be obtained
by interpolation, but this problem is already greatly mitigated by using graded functions,
which analytically remove them. Higher-precision types, or alternative solutions, might be
needed for final points near physical singularities. We do not explore other options in the
current work and restrain ourselves to work in double or quadruple precision, enough for the
examples at hand. The quadruple precision is implemented with GCC’s quadruple precision
library, and relies on the data type __float128.

3.5 A pedestrian example

We consider a simple massive bubble Feynman integral to illustrate the process followed by
the integrator. As a preliminary step, we require the differential equation, which we obtain
for the basis of bubbles and tadpoles .J = AR(I{y + 13,), 150, I3 o}, with

Dy = (k* =m*+140), Dg=((k—p)>—M?>+10), R=/Ax(s,m?, M2), (3.9)

where we work with the Mandelstam variable s = p?. In this case, the system of differential
equations contains four rational letters and two algebraic ones, with a single square root
R, and can be cast in the form of eq. (2.5),

. (B3 — B1) Bs —(B5 + Bs) .
di=¢| 0 B 0 7, (3.10)
0 0 B2

where the six letters are defined by

2_s+M?>—R m>+s—M?>—R
B; = dlog(e), o?z{mZ,MQ,s,RQ,m st mets . (3.11)

m2—s+M24+R m?2+s—M2+R

,10,



We now perform the analytic expansion of the Feynman integrals in the dimensional regulator
€, and collect the coefficients of each order in € to solve the system of differential equations.

Let us start by integrating s, from an initial condition obtained at an arbitrary non-
singular point. According to the definition of square roots proposed in section 3.1, R will
now take the form

R:RS:\/S—(m—M)Q\/s—(m+M)2, (3.12)

from which we can easily see there will be two branch cuts, horizontal lines parallel to the
negative real axis, with branch points in (m — M)? and (m + M)?. We also determine the
singularities of the system by looking at the points where a letter vanishes. There are seven,
one coming from ag (s = 0), and the rest coming from a4, as and ag. With this information,
it is easy to choose a path that avoids them.

We can now parametrise each § with respect to the variable we are currently integrating
without loss of generality, in this case s, and save CPU time by computing only the necessary
components at each integration step. Following the previous section, we calculate and store
the branch points and reuse them every time we need to compute R. Similarly, we rewrite
all B’s in rational and algebraic form. For example, the 4-th dlog now reads

B —2(m? — s+ M?) _ ag+ais
Com2+ (M2 —5)2 —2m2(M?2+5s) b+ bis+bos?’

By (3.13)
With this, we can now proceed with numerical integration along the chosen path, without
the need to reevaluate the constant coefficients a; and b;, and taking into account the change
of variables from s to the variable of the auxiliary path, t;. Beforehand, we also need to
specify the desired values for the absolute and relative tolerances, as well as the numerical
integration algorithm.

We now desire to evolve another variable, say M. Following the same steps as before,
we need to redefine the square root to be

R=Ruy = /M2 = (V5 - m)% /M2 = (5 + m)?. (3.14)

However, what now will be the boundary value for JZ has R = Ry, the definition of the
square root that we used in the previous integration. To account for this, we divide it by
R and multiply by Rj;. We can then proceed with the same steps that we followed in s
integration, redefining the 8’s to be polynomials in M, instead of s.

4 Results

We test the precision, speed, and usefulness of the fully numerical approach by using the
integrator in three examples. All tests have been performed on a single thread of an
Intel(R)Core(TM) i7-13700H CPU @ 2.40 GHz. First, we employ the integrator to find
values for five-point one-loop integrals with up to 9 complex scales for two orders in the
dimensional regulator. We compare the results with Collier [31-34] and demonstrate an
additional use of the integrator; evolving only a subset of the variables. In the second
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q2 g3

q1 q5

Figure 2. Pentagon topology studied in the first example. Dashed line denotes a massless particle,
while solid lines of different colours carry different masses. The green and orange internal propagators
can be massless or have a complex mass. See the text for more details.

example, we push the integrator to evaluate graded functions that appear in one-loop five-
point Feynman integrals with 7 kinematic scales up to transcendental weight 4, in particular,
for the pentabox gauge invariant group of ete™ — 77~ up to O(e?). Finally, we implement
two families, PB4 and PBp of the two-loop process pp — tt-+jet, from [35], and evolve up to
transcendental weight four from an initial point to a benchmark value, both provided in the
same reference. We comment on the precision and speed reached by the integrator, suggest
avenues for improvement, and give an estimate of the error.

4.1 One-loop five-point integrals with up to 9 complex kinematic scales

We test the functionality of our integrator in the five-point scattering process,

antqetgt+at+qg=0, (4.1a)
with the kinematic invariants,
2 2 2
s = (@1 +aq4)” s23 = (g2 +q3)" s15= (@1 +¢5)”
s2 = (g2 + @)” s35= (a3 +a5)° (4.1b)

and massive and massless external momenta,
2 2 2 2 2 2 2
4 = ¢ =m7, 4 =gz =m3, q; =0. (4.1c)

As a first example, we implement a one-loop five-point topology with 7, 8 and 9 complex
kinematic scales, displayed in figure 2. All internal lines can be massive, with masses from
the external momenta, mi and mo, or auxiliary complex masses A,, and A,. This topology
appears in the process ee™ — 77~ described by the GVMD model [29], whose preliminary
implementations do not include the final-state photon [30, 44, 45]. In this case, a fast numerical
evaluation of these topologies is key because the integrals are needed with different values of
the auxiliary masses. In total, each integral needs to be evaluated 16 different times, with
either the auxiliary masses set to zero or a combination of 3 different values.

We consider three integral families, namely, the family with the two auxiliary masses set to
zero (NN), the two auxiliary masses being massive (MM), and only one being massless (MN).
These integral families are listed in table 1 for the three groups {MM, MN, NN}. Furthermore,
we also report features of the canonical differential equations obeyed by the set of integrals
appearing in the above families. We build the differential equation following the literature.
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MM MN NN

Dy AL —p? —p? —p?

Dy m% —(p- %)2 m% —(p— Q3)2 m% —(p—a3)
Dy mi—(p+@)? mi-(@+e)? mi-@+ae)
Dy A2 —(p+q2a)® Al —(p+q20)® —(p+ q120)?
Ds  mi—(p+qu)? mi—(p+au)? mi—(p+qu)?

2

# Qleven 42 44 43
# o 142 104 67
# 7 20 14 9

# MIs 29 25 21

Table 1. Propagators, number of even and total letters «, number of square roots r; and number of
master integrals (MIs) for the three different topologies. Note that ¢;; = ¢; +¢; and gk = ¢; +¢; + qx.

First, we construct our canonical basis such that each element is a pure function of
uniform transcendental weight. This is achieved by analysing integrals in various space-
time dimensions and identifying their corresponding leading singularities, following [46]. In
particular, we consider tadpole and bubble topologies in D = 2 — 2¢, triangle and box integrals
in D = 4 — 2¢, and pentagon integrals in D = 6 — 2¢. To construct the differential equations,
we make use of the dimensional recurrence relations [47] implemented in LiteRed [48, 49],
which allow us to express all integrals consistently in D = 4 — 2e.

Secondly, we predict the letters of the kinematic alphabet that appear in our differential
equations with dedicated programs BaikovLetters [50] and Effortless [51]. Finally, we
use the letters as an ansatz to reconstruct eq. (2.5) over finite fields using FiniteFlow [52].
Let us remark that for the two topologies with at least one A being non-zero, the amount of
odd letters surpasses the number of even ones, which shows the complexity of the system.

We implement the three differential equations in our integrator, working with the 9

kinematic complex variables®
- 2 2 A2 A2
T = {514, 515, 523, 524, 535, M7, My, Ay, Ay}, (4.2)

as defined in eqgs. (4.1), and proceed to check the results for the MM topology. For a robust
validation of the numerical precision, we compare the integrals with Collier, with which we
obtain the value of the master integrals for 10° phase-space points. The basis is defined as

Jl = 637“1]167%\5[11\’/{71,

Jo = 627‘2.[;1’;(1)\?[11\’/;1, J3 = 627‘3[i;i\j[01\’/£’1, Jy = 627“4]?’;5[1’1\/{’0,

Js = 627“51'?:%%71, Jg = 627“6[3;%\{[11\7{1, Jr = 627"71';%\{[071\/571,

Jg = 62748];1,;[1)\5[11\,/5,07 Jg = 627“91i;i\{[01\7/§70, JlO = 62 (m% — 324) Ifjé\flll\’/[[)’l,

30nly the auxiliary masses A, and A,, are evolved to a final value with an imaginary part. However, we
work with all the kinematic variables being complex numbers, a requirement for the analytic continuation.
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Figure 3. Fraction of points versus the cumulative relative precision reached as compared

Cum(|ThisWork/Collier - 1)

with

Collier, for 20 master integrals evaluated at 10° phase-space points, integrated with BS (top row),

DPR5 (bottom left) and CK45 (bottom right) algorithms.

The absolute and relative tolerance

parameters, 7, and 7., and the average time per phase-space point < 7 > are also displayed.

Ji
J14
Jir
J20
Jo3
J26

Jog =
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€ 7’1210,1,0,1,17 Jis = ¢ 7°13Io,1,1,1,07
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1002007 Jor =€ 1—020007
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J13
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2/ 2 4;MM
€ (ml - 514) 1070,1,1,1’

2 4;MM
€ (515 — 523) 10,1,1,0,17

I2;MM
€r1240,1,0,0,1>
;MM
0,0,1,1>

J2MM
€72041,0,1,0,0

4;MM
€10,0,0,2,0

6T17]b

(4.3)

where the square roots r; are written in terms of Gram and Cayley determinants, as well

as Kaéllén functions, defined in the ancillary files. The additional superscript MM denotes

integrals with propagators of this particular family.

The Mandelstam variables are constrained to be between +£15, m; and ms9 are set to
the mass of the electron and pion respectively, and A, = A, = 0.57032704 — 0.0996108791,
a realistic value for the GVMD model obtained from [29].
Since Collier only calculates integrals up to finite order in the dimensional regulator,

the checks can only be done up to this coefficient. We present the comparison with our

integrator for the master integrals of the MM topology in figure 3. In it, we display the
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cumulative sum of the relative difference between our integrator and Collier, versus the
fraction of the 10° points, for all the real finite order coefficients of the master integrals.
We dedicate one panel to each of the three algorithms supported in the integrator, with
relative and absolute tolerances set to 10710, For reference, we also plot one panel where the
tolerances are reduced to 10715, We exclude from the plot the pentagon .J;, which appears
at transcendental weight three, and the bubbles Jig, Jo1, Joo and Jos as well as the tadpoles,
since they would only change with a changing m., m, and A, ,,. Note, however, that tadpoles
and bubbles also contribute to the total run times.

The three algorithms reach similar precision. For all points, the agreement is better than
5 significant figures. Differences between algorithms are mild, but the BS algorithm performs
slightly better in both run-time and precision. The CPU time of the three algorithms is
also similar, with BS taking an average time per phase-space point < 7 > = 4.37 ms, and
DPR5 and CK45 taking 5.51 and 5.91 ms, respectively. For the BS integrator, the lowest
bound on the run-time is O(2 ms), while a few points take up to 16 ms. Similar numbers,
albeit larger, are observed for the two other numerical algorithms. The BS algorithm seems
to be the best for the integrals at hand, although by a small margin. This is not surprising;
BS algorithm shines when the integrated functions are very smooth and low tolerances are
required. Its superiority was also identified in [21]. We already anticipate here that the
differences between algorithms are bigger for more complex integrals, and in the other two
examples the BS algorithm is the preferred one.

CPU time and precision are highly dependent on absolute and relative tolerances. We
show this in the upper right panel, where we repeat the evaluation using the BS algorithm
but reducing the relative and absolute tolerances to 10~'°. The mean CPU time per point
triples, but the precision increases by more than 2 significant figures. Unsurprisingly, the
bubble integrals of the system are the topologies with the best precision achieved. In all
panels, a triangle is the integral with worse precision. With error requirements varying
between applications, it is clear that extensive and individual checks are needed to verify
that these are met.

An advantage of evolving each kinematic variable individually is the possibility of getting
to a new phase-space point at a reduced cost, when only a subset of the scales changes. This
can be very useful when, as in the current example, the same integral with different masses is
needed. However, and arguably more importantly, this also allows us to get the value of the
master integrals with crossed external kinematics at a fraction of the run time.

For the example at hand, we evaluate the MM topology to a certain kinematic phase-
space, and then evolve the auxiliary masses from A, = A,, = 0.57032704 — 0.099610879: to
Ay = Ay = 1.404225 — 0.679242¢ and finally A, = A, = 2.985984 — 0.32745604, all realistic
numbers obtained from [29], getting three different values for the master integrals. Returning
to the relative and absolute tolerances set to 107'°, the integrator takes, on average, an
extra ~ 4 ms to finish, effectively doubling the computation time, but giving three times the
information. We expect a reduction on the precision due to the four additional integrations
and, indeed, we observe an increase on the overall error. However, if one uses the BS algorithm,
the agreement remains better than the one obtained in figure 3 using the CK45 algorithm.
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Figure 4. Representative diagrams for the pentabox gauge invariant group for the process ete™ —
7T7~~. Note that we omit in the picture the diagrams where the photon is emitted from the other
external lepton line, as well as diagrams with crossing of the external pions.

4.2 One-loop ete™ — 7t~ in sSQED at O(€?)

An efficient evaluation of one-loop integrals at higher orders in e is vital to compute full
NNLO amplitudes. To show the validity and capabilities of our integrator, we calculate the
interference of the one-loop (A%%D\) and Born (A%g%%) amplitudes of the initial state radiation
(ISR) pentabox gauge invariant group, with the one-loop diagrams shown in figure 4, for

the process

e (1) + e (q) = 7 (—g3) +7(—qa) + 7+ (—g5) , (4.4)

with full masses for electrons and pions, according to (4.1). We work with the set of kinematic
variables used in the previous example with A,, = A, = 0 and generate the relevant topologies
with ggraf [53]. We dress them with scalar QED Feynman rules using a dedicated model built
in Tapir [54]. The Dirac algebra, integral identification, and an expansion in the dimensional
regulator of the amplitude is processed by a FORM [55-57] custom script. Kira [58-60] is then
used to reduce all integrals to a set of master integrals, which are equivalent to topology
NN in the previous example.

To exploit the analytical structure of the final desired amplitude we build the system
of graded functions considering the Feynman diagrams in figure 4 and their crossed counter
part, obtained by crossing the external momenta of the pions ¢3 < ¢s.

The infrared structure of this one-loop amplitude simply becomes

2 2/ 1 1 1 1
N)AW:M)< — w3, + — ) O (e 4.5
ISR < ISR = ¢ ‘ ISR\ 5 02 + I + v U + o U1 + (6 ) ; (4.5)

4,4
with v;; = \/ 1- (4"11%. The transcendental functions obey the differential equations,
Sij—mi—mj

A& = d= @, (4.6)

with, & = {wlo, wa,, W3, , W4, , w51} ,ET = {{0, Lys, Los, L3, Los } 6, e ,6}, and the integra-
1—vy,
1+’Uij
solving the differential equations naturally reveals the infrared structure predicted by the

tion kernels, L;; = —% log ( ) In this representation, it is worth noting that analytically
Catani operator [61].

For the finite and higher-order contributions to the amplitude up to O(e?), we find 31,
60 and 89 transcendental functions. Nevertheless, instead of using the system of differential
equations with the 89 transcendental functions, we only implement it for the 65 functions
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Figure 5. Relative difference between final points from two distinct initial conditions versus the
pentagon Gram determinant As. The blue and yellow points denote the relative difference in each
phase space point of the graded functions of transcendental weight three and four associated with
the pentagon integral, wi, and wy,, while the gray points depict all the other graded functions. The
thick black line displays the cumulative sum of relative differences of the graded function with worst
precision for each kinematic point, including all 65 functions. The 50k phase-space values have been
generated with Phokhara. The average time and absolute and relative tolerances are also shown.

that do not come from the crossing of external momenta. One could obtain values for the
functions and then evolve si5 — s13 and se3 — So95 to get the crossed values.

To the best of our knowledge, there is no software capable of doing a large scale
computation of these integrals in a small amount of time,? and we leave a comparison with
some of the capable but slower tools for future work. Instead, we provide an estimate of the
error by calculating the same final point starting from two different initial conditions. The
relative difference between the two final values, which should be identical, does not provide a
rigorous definition of the uncertainty associated with the calculation, but rather an estimate,
and a sanity check that the integrator does not suffer from numerical instabilities. We evolve
the differential equations from two initial conditions, keeping the electron and pion mass fixed
to their physical values, and set the Mandelstam variables at the arbitrary kinematic points,

B {2601 21531256 32330399 101859785 10194155} (4.7)
= 2500" 606412757 58933369 220131679 69478379 J ’ ’
5 11 4 11
R R 4.8
€2 { ) 2a 5 9 57 10} ( )

“We have tried to use the program DCT [62]. Although it is fast, with an average run-time of ~ 6ms, it
gives no result for certain kinematic configurations.
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Furthermore, to check that the integrator can be used in Monte Carlo simulations, we
obtain 50 thousand phase-space points with the Monte Carlo event generator Phokhara [63—
65], using the realistic scenario for B-meson factories from [25]. Using the BS algorithm,
we compute the relative difference between the final points, evaluated starting from #; or
Zo, and plot the cumulative distribution in figure 5, taking the relative precision value of
the graded function with the worst error at each phase space point. We also plot the more
complicated graded functions of transcendental weight three and four that involve a pentagon
integral in figure 5, versus the pentagon Gram determinant As. The plot reinforces the
point made in section 3.4: as the final desired kinematics lie closer to a singularity, in this
case As = 0 present in wi, = Coef(?AsI{ | ) and wi, = Coef2(e3A5IM | 1), the
numerical error increases. The decrease on numerical precision due to As has also been
observed in similar two-loop processes [26, 66].

4.3 Two-loop five-point integrals for ttj

As a final test, we implement two families from [35] in our integrator, particularly PB4 and
PBg, for the process pp — ttj. It involves six kinematic variables, and the two families
are composed of 88 and 121 master integrals, respectively, all needed at five orders in the
dimensional regulator. For the first integral family, PB4, a canonical form (see eq. (2.5))
is provided. This is different for PBp, where instead an e-factorised form is provided with
dependence on both logarithmic and one-forms, following eq. (2.7). For each integral, we
evolve each order of € in the six kinematic variables from a boundary point to the provided
benchmark value. Note that in a realistic implementation, there would be no need to evolve
the centre-of-mass energy or the mass. This will not only speed up the integrator by ~ 33%,
but also the precision will improve. Furthermore, we could skip the integration of the graded
functions at transcendental weight one, as they can be expressed as logarithms. It might also
be possible to express the weight two functions as one-fold integrations. Nevertheless, one
needs to remember that both weight one and weight two are also needed for integrating weight
three and four functions and are thus calculated at each step of the numerical integration.
Consequently, it might be the case that the evolution is actually slower (albeit more precise)
when weight one and two are calculated analytically. Finally, we expect the use of graded
functions to reduce the overall complexity of the integration, due to the organisation of
transcendental functions and integration kernels.

We report in table 2 the timing achieved by our integrator, as well as the significant
figures R defined as

(4.9)

Thi k
R = —logy (‘ isWork 1‘) '

DiffExp

Note that this formula is only used when the values from DiffExp are non zero, while the
absolute error is applied in the other cases. Furthermore, these values should be taken as a
reference, but with caution, since we expect a spread on the precision similar to what we
have observed in previous examples, varying with the kinematics of the final point.
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Ta, Tr R () [s] DiffExp (r) [s]

PR double 107'2, 1072 10 0.0881 580.85
A

quad 10728, 10728 27 51.588 795.516

PR double 107!2, 1072 10  0.100 555.438
B

quad 10728, 10728 27  89.088 826.219

Table 2. Performance summary for the evolution from a boundary point to a benchmark kinematic
configuration in two-loop families, using double and quadruple precision. Integration was performed
with the BS algorithm. The average integrator time in double precision corresponds to the mean over
1000 runs. Shown are the absolute and relative tolerances (T4, Tr), the number of correct digits R,
and the run-time of our integrator and the DiffExp package.

5 Avenues for improvement

We dedicate this section to discussing how precision and speed could be improved. The
possibilities are many, but we concentrate our discussion around three points: the usage
of a grid of boundary values, a different algorithm for choosing a path, and comments on
general software improvements.

The choice of initial conditions determines the amount of steps required to reach the
final point, and with fewer steps, the run times are reduced. This motivates generating
a grid of possible initial points and starting from the one that minimises the distance to
travel. This could be exploited further: with a careful analysis of the singularities, we could
generate a relatively small grid of initial conditions in different regions such that any final
point is connected to an initial value without the need of an analytic continuation. Together
with the newly developed method for splitting real and imaginary components of Feynman
integrals [67], it would allow us to work with reals instead of complex numbers, which would,
most likely, make a great improvement to performance. A grid of initial conditions could
also be used near singularities to minimise numerical cancellations and ensure a faster and
more precise solution. Together with extrapolation, higher precision types or combined with
precomputed series solutions, we can ensure the precision needs are met. Finally, extensive
use of graded functions is also beneficial. The spurious singularities are analytically dealt
with, and the analytic structure of the amplitude shows nice properties, which allows us to
evaluate only the integrals we need, instead of the full set.

With respect to finding a path, it would be interesting to explore the algorithm described
in [26], or include a strategy that tries to minimise the integrated variation of the field
along the path. We also expect an overall simplification and reduction in run times when
one focuses in the physical region.

There is clear room for improvement with regard to the integrator itself, both in the
software and in the numerical techniques used. The current integrator can be further
optimised, the implementation of quadruple precision can be enhanced, and other libraries
for high-precision types should be explored. Furthermore, the use of quadruple precision
only in targeted parts of the code, such as the computation of coefficients a, b described in
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section 3.3, would most likely improve precision with comparatively little computational
overhead. In addition, there is the possibility of exploring other numerical algorithms. As
seen in section 4.1, the choice between algorithms can significantly vary CPU times, an effect
that we have observed to be enhanced for more complicated differential equations. It is not
unreasonable to think that significant improvement can be made by developing a custom
integrator, or using other libraries — such as the one used in [19]—, and exploring alternative
numerical algorithms. For example, the fast convergence of spectral methods, already used
extensively in numerical relativity [68], makes it a promising candidate to explore. For large
basis of master integrals, GPU computing might be a good option, which can be easily
exploited in the numerical approach. Finally, it would be interesting to compare precision and
efficiency with other numerical approaches, such as the ones relying on one-fold integration [28].

6 Conclusions

In this work, we elaborated on the numerical evaluation of Feynman integrals using the method
of differential equations, focusing on the analytic structure of these integrals. Our approach
exploits two representations of the differential equations: one in which the dimensional
regulator e factors out — yielding canonical differential equations — and another where the
dependence on € is strictly polynomial. In both representations, we accounted for treatment
of algebraic functions. These formulations, respectively, rely on integration kernels expressed
in terms of logarithmic forms and differential one-forms. Our framework allows for the
computation of the transcendental functions that appear explicitly in physical scattering
amplitudes, while avoiding spurious contributions that cancel at the level of the full amplitude.

We demonstrated the applicability of this method through numerical evaluations of
representative examples: five-point one- and two-loop Feynman integrals involving up to
nine independent complex kinematic scales, as well as the gauge-invariant pentabox piece
for the amplitude of the process ete™ — 77—~ in scalar QED, evaluated at higher orders
in the dimensional regulator. In the latter case, we illustrated the advantage of working
with transcendental functions organised by weight grading, as this leads to more efficient
and stable evaluations.

Our C++ implementation of the numerical solution of differential equations incorpo-
rates three algorithms (specifically runge_kutta_cash_karp54, runge_kutta_doprib and
bulirsch_stoer), which we systematically compared in terms of performance and stability.
We recognised BS as the fastest and most precise algorithm. In addition, we overcame the
challenges inherited by analytic continuation across different kinematic regions, by introducing
a novel strategy that evolves one kinematic variable at a time, ensuring robustness even
in the presence of many scales.

Building on our implementation, we identify promising directions for future work:

1. Our long-term goal is to embed this C++ framework within Monte Carlo tools such as
Phokhara, thereby enabling fast and precise evaluation of multi-loop corrections directly
in event generation. In particular, we aim to extend Phokhara’s current next-to-leading
order (NLO) capabilities to next-to-next-to-leading order (NNLO), which is crucial for
precision studies of hadronic production in low-energy e*e™ collisions.

— 20 —



2. Depending on the physical observable and required accuracy, a better understanding
of the necessary numerical precision is essential. While we have briefly explored
transitions from double to quadruple precision, a more systematic study is needed to
balance computational cost and numerical accuracy for different physical configurations.
Custom improvements can be made for each system of differential equations, some of
the possibilities involving grids of initial conditions, extrapolation, or reweighing of the
kinematic scales. In the cases where on-the-fly evaluation is not possible, the integrator
can be easily used to generate dense grids.

3. Although our current implementation focuses on systems free of poles in ¢, this is not
always feasible in more general settings. In such cases, it becomes necessary to find
suitable rotations of the basis of master integrals that reveal a canonical form. Our
current setup provides a solid framework for implementing (and testing) strategies to
automate this reorganisation systematically.

All these directions are natural extensions of the method proposed in this work and can
be pursued within the unified framework we have developed. Requiring only the differential
equation and an initial condition as input, the integrator is capable of accommodating systems
that are polynomial in €, delivering numerical values for the relevant Feynman integrals with
promising runtimes for the processes studied. As a result of its flexibility, the integrator can
easily include differential equations beyond those considered in this work. With a careful
analysis of the precision and further optimisation, we envision the integrator will be a key
ingredient towards implementing NNLO calculations in Monte Carlo event generators —
whether through fast on-the-fly evaluations or the efficient generation of interpolating grids.
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