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Abstract

The exceptional points (EPs) of non-Hermitian systems, where n different energy eigenstates merge
into an identical one, have many intriguing properties that have no counterparts in Hermitian
systems. In particular, the €'/" dependence of the energy level splitting on a perturbative parameter e
near an nth order EP stimulates the idea of metrology with arbitrarily high sensitivity, since the
susceptibility de'/ " /de diverges at the EP. Here we theoretically study the sensitivity of parameter
estimation near the EPs, using the exact formalism of quantum Fisher information (QFI). The QFI
formalism allows the highest sensitivity to be determined without specifying a specific measurement
approach. We find that the EP bears no dramatic enhancement of the sensitivity. Instead, the
coalescence of the eigenstates exactly counteracts the eigenvalue susceptibility divergence and makes
the sensitivity a smooth function of the perturbative parameter.

1. Introduction

Extending physical parameters from the real axis to the complex plane largely deepens our understanding of
quantum mechanics [ 1-3] and enriches our controllability of quantum systems [4—12]. One intriguing
phenomenon that emerges from this extension is the non-Hermitian degeneracy, known as the exceptional
point (EP). In contrast to level degeneracy points in Hermitian systems, the EP is associated with level
coalescence, in which not only the eigenenergies but also the eigenstates become identical [13, 14]. The similar
mode coalescence phenomenon was discovered in classical damped oscillator systems and coined as the ‘critical
point’ [15, 16]. Many distinctive effects without Hermitian counterparts arise around the EP, such as the square
root frequency dependence [8] and the nontrivial topological property resulting from the Riemann sheet
structures of the EP-ended branch-cut in the complex parameter plane [17-26]. Other intriguing phenomena
include unidirectional reflectionless and coherent perfect absorption due to the spectral singularity in non-
Hermitian systems [5-7, 27-29].

Around the nth order EP [30, 31], where the coalescence of 1 levels occurs, the eigenenergy shows an €'
dependence on the perturbative parameter €. This result stands in sharp contrast to the Hermitian degeneracy,
where the eigenenergy has alinear or high-order dependence. That means the eigenenergies around EPs have
diverging susceptibility on the parameter change since de'/ " /de = €'/ "~ divergesat e = 0. Based on this
divergence, schemes of parameter estimation (or sensing) working around EPs were proposed for the purpose of
beating the metrology limit of Hermitian systems [32, 33]. Recently, this idea has been experimentally studied
[34-36]. However, the diverging eigenvalue susceptibility does not necessarily lead to arbitrary high sensitivity.
In parameter estimation the sensitivity is usually defined as minimum parameter change that can be determined
above the noise level within a given data acquisition time. Thus defined sensitivity is more relevant than the
eigenvalue susceptibility is to practical applications of parameter estimation. In Hermitian systems, the
sensitivity is inversely proportional to the eigenvalue susceptibility, i.e. the larger the susceptibility, the higher
the sensitivity. Such a relation is based on the fact that all the eigenstates are distinguishable and the transitions

/n
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between these eigenenergies can be excited to measure the eigenvalue susceptibility. However, non-Hermitian
systems are fundamentally different. Because different eigenstates of non-Hermitian systems are in general non-
orthogonal and even become identical at the EP, exciting the transitions between different eigenstates near the
EP to measure the eigenvalue susceptibility is infeasible.

In this paper, we study the sensitivity around the EP of a coupled cavity system for its immediate relevance to
recent experimental studies [34, 35]. Nonetheless, the theoretical formalism and the main conclusion—no
dramatic sensitivity enhancement at the EP—are applicable to a broad range of systems, such as magnon-cavity
systems [37, 38] and opto-mechanical systems [39, 40]. We use the exact formalism of quantum Fisher
information (QFI) [41] to characterize the sensitivity of parameter estimation. The QFI formalism enables us to
evaluate the sensitivity without referring to a specific measurement scheme—be it phase, intensity, or any other
complicated measurements of the output from the system. We find that no sensitivity boost exists at the EP. The
reason boils down to the coalescence of the eigenstates around the EP. Due to the indistinguishability of different
eigenstates around the EP, not one but all eigenstates are equally excited by an arbitrary detection field. The
average of all eigenstates exactly cancels out the singularity in the susceptibility divergence of the eigenenergies
and makes the sensitivity normal around the EP. The cancellation may also be understood by the divergent
Pertermann excess-noise factor at the EP (or critical point) [42, 43].

The article is organized as follows: in section 2, the basic concept of EPs is introduced using a simple
coupled-cavity model; in section 3, we introduce the definition of sensitivity. Sensitivity analysis for general
linear systems is presented in this section; In sections 4 and 5, two specific experimentally relevant schemes,
namely, coupled passive—passive cavities and coupled active—passive cavities, are considered and the numerical
simulations are presented; Conclusions and discussions are given in section 6.

2. Model

We consider two near resonance coupled cavities with the effective non-Hermitian Hamiltonian
Al = (ua - %)A“ + (ub - 17)19 b+ @b + b'a), ()

where v, is the cavity frequency and v, is the decay rate induced by the photon leakage of the cavity a(b), gis
the coupling strength, and the Planck constant /7 is taken as unity throughout this paper. For the quadratic
Hamiltonian in equation (1), the dynamics are captured by the coefficient matrix

€ _ g
M=|p—il|r + 2 2 , )
2 . € Y
g —S+il
2 2
where p = %X and € = v, — vpare the average and detuning of the cavity frequencies, respectively, and
y="1 : Band y = = -~ are the average and difference in decay rates, respectively. In sensing experiments, the

detuning € — 0 isa perturbation term and can be introduced, e.g. by a nanoparticle that changes the effective
volume and hence the frequency of one of the cavities, say, cavity a [34].
The eigenvalues and the corresponding right eigenvectors are obtained by diagonalizing the coefficient

matrix M. Resultsare v, = o — i g+ (— - %) and YR = Zi[(; 1%) + /g% + (% - i%)2, g]T,

where z. are the normalization factors such that )X Ty)R = 1. Theleft eigenvectors

2 e .y . . . .
Pl = ;[i 2,482+ (5 -1 F(z—iz ], which are in general not the Hermitian conjugate
T /gz+(%,%)2 ( 2) (z 2)
of the right eigenvectors, are determined by the conditions that ¢,L¢f = ¢;;. The EP occursate = 0 and
£ = |71/2, where the eigenvalues are degenerate and the eigenstates coalesce. Around the EP, the energy splitting

shows a square root perturbation dependenceoneas A = (v, — v.) ~ \/ |’y| 17— The

susceptibility of the energy splitting diverges at the EP as
_ 0A —iy/2

86 \/|V| le i’Y%

The eigenvectors X of the non-Hermitian M are in general non-orthogonal and coalescent at the EP

aslofpl ~ 1= 2 (g - 1Y+ (5)

3)
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3. Quantum Fisher information

In general, the sensing can be viewed as a scattering process. The input state p™ after scattering with the sensing
system yields an output state p(€), which depends on the parameter e that is to be estimated. Certain
measurement of the output state p(e) determines the parameter . The sensitivity is defined as the minimum
detectable parameter change above the noise level within a given acquisition time

n= 66min ﬁ: (4)

where 8¢, is the minimum detectable parameter change for a detection time T'[44]. In general, the sensitivity
depends on the specific measurement scheme, which, in optics, is usually the measurement of the phase, the
intensity, or various quadratures. However, there is a theoretical lower bound for all kinds of measurement,
which is known as the quantum Cramér—Rao bound [45]

> 1/JFn/T. ®)

Here F€is the QFI of the output state p(€) and 1/ T'is the number of experiment repetitions per unit time.
Mathematically, QFI is defined as the infinitesimal Bures distance between two close-by output states p(e) and p
(e + d¢) [46], namely

Fe = lim ——d2[p(c), ple + 66). 6)
be—0 662

Here dg(p, p’) is the Bures distance, which describes the indistinguishability between the states p and p’ [47, 48].

Formally, it has an expression
dl%(p) P') =2- va(p’ pl > )

where F(p, p') = [Tr/p'/?p'p'/?1? is the fidelity between the states p and p’. A particular advantage of the QFI
is that it is independent of the specific measurement scheme. In the following, we use the QFI to characterize the
sensitivity of a non-Hermitian system. According to the definition of QFI in equations (6) and (7), the highest
sensitivity is determined by the change of the state p(¢) in response to the variation of the parameter e.

The output state p(¢) and the input state p™ are connected via the scattering process [49, 50]. The input v-

frequency photon ¢ after scattering by the sensing system gives the output photon ¢°"%. In formula, we have
A Ain  ain a 1 A
U= =8N 8= ———I[V, 4], ®
v+ HA

where the input and output operators are defined as 6in/out(¢) = Qio (t) ). with the Moller operators

O, = limy 2o eifit'e=ifot and [ = Hy + V is the total Hamiltonian with H, being the free Hamiltonian and
V being the interaction between the sensing system and the input photons (see appendix A for details). Here the
symbol ‘A’ denotes the commutation operation, i.e. AAB= [A, ]§] and the subscript vin

~in

dt ~
N = f = el (¢) denotes the v-frequency component.

We consider a general case of linear systems. The Hamiltonian reads Hy = f dwile, + >0 T My 6 and

= f N 3 e (6Téy + h.c.), where gy are linear bosonic operators satisfying the commutators

[6,, 6] = 614 Ve, 18 the strength of the coupling between the input photons and jth mode of the sensing
system, and My, is the coefficient matrix of different modes. For example, the coupled system shown in figure 1
has 0, = 4,0, = b, v, P = ex 01, and My in equation (2). The cases considered in sections 4 and 5 are two

specific examples with different My, and 6" (v). Taking the interaction V as a perturbation and expanding it to
the second order, we obtain

E;Ut A1n+Z(M 1)1]\/7? \/(_) _ lmnn (9)

where M,, = (V]I — M )is the frequency-shifted coefficient matrix. The output state

pe) = Qv Py
Here we assume that the 1nput state is a product state of different frequency modes. A small disturbance é¢ of the
sensing system changes the output state to

ple + 6€) = p(e) + d.p(e)be + O(de?), (10)

dv Z Op(e) dM,, )l]
Var oty de

,where P, = (n,|p™|m,)is the density matrix element of the input state.

O.p(e) = (11)
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Figure 1. (a) Schematic of a coupled cavity sensing system. Two cavities, a and b, coupled through the photon transmission with
coupling strength g, have rates v, and -y, of leakage to free space, respectively. A waveguide is coupled to cavity a, for photon input and
output. The waveguide-cavity coupling strength is characterized by the decay rate .. (b) Energy diagram of the sensing system. The
EP occurs at the point (vertical dashed line) where both the real part and the imaginary part of the eigen frequencies are degenerate. (c)
Overlap of the quasinormal modes ¢ X . Quasinormal modes are in general non-orthogonal and coalesce at the EP. Parameters are

Yp = 1.0,7, = 5.09p Yex = 0.1, and v, = v,

The QFI, with the expansion in equation (10) kept to the leading order of d¢, becomes

O, 2
P2y (11l 0 p () 1115) | ,
o, pa + Pﬂ

(12)

where |1, ) is ath eigenstate of p(e) with eigenvalue p,,. The output state p(e) and its differential 0. p(e), as
functions of (M, * )ij» are well defined unless the matrix M, is singular, i.e. det[M,] = 0and M, lis divergent.
Note that such a singular condition is independent of the EP. For example, the coefficient matrix in equation (2)
shows no divergence at the EP as det[M,,] = (V -+ ig)2 = 0 for all frequencies. Therefore, the QFI for a
sensing system with well defined M, shows no e singularity at the EP.

For the completeness of discussion, we briefly comment on sensing systems with det[M,] = 0.Insucha
case, p(e) and its differential J.p(€), in general, are singular because the divergence of (M, 1)1]- makes the output
state p(€) sensitive to the parameter €. A small change of e can make an abrupt change of p(¢). In physics, the
abrupt change of the output state indicates a non-equilibrium phase transition. An explicit example is the lasing
transition of a gain cavity system [51]. By embedding a gain medium into cavity b and applying optical pumping,
the effective decay rate is effectively reduced to *y; and even change its sign (see figure 3). That yields the lasing
threshold ’y; = 74‘%: ifg < v,/2o0r 'y; = —~,if g > ~,/2. Above the threshold, the system is in lasing phase.

The singular point is in general not related to the EP that occurs at g = |4 / 2=1(y,— 72) / 4, unless the non-
equilibrium phase transition coincides with the EP. An example is the P7 phase transition that occurs at
g = 7a./2and ”y; = —,. Buteven for such coincidence, the divergence of QFI is caused by the phase transition

rather than the EP. This is evidenced by the fact that F¢, as a function of (M;l)lj, diverges as f j—;| ;! )l near
the transition point, where «v is the critical exponent. For example, o = 2 for the lasing transition (see
appendix D for details). The above discussions are based on a linear theory in which the dynamics of the sensing
system are captured by a linear matrix M. However, near the non-equilibrium transition, the critical
fluctuations diverge and their effects become nonlinear. The diverging critical fluctuations may prevent the
singular behavior of the QFIL. A systematic study on the competition between the critical fluctuation and the
abrupt change of output near the non-equilibrium phase transition is needed before a conclusion can be made
on whether the phase transition can dramatically enhance the sensitivity of parameter estimation, which,
however, is beyond the scope of this paper.
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Physically, the lack of divergence of QFI at the EP is due to the coalescence of the eigenvectors (quasinormal
modes). The coefficient matrix in equation (2) can be diagonalized as M,, = V D, V~!, where D, is a diagonal
matrix of eigenvalues (v — ) and V'is the matrix composed of the eigenvectors 1%, The differential is

R R R R
dM, _ %(]I +o)+ %[(dﬂ i 1/7,1) n (d;,l B 1/,1)X]@,whereax/y/zarethePaulimatrices,

R R R
de 2 o, 2 LZaP)

IR R
oy = %(ax + i0y),and ¢ ; denotes the ith element of the right eigenvector ¢§. The term (:;1 — Z;") = ?
42 -2
vanishes at the EP due to the eigenvector coalescence, canceling the A ™' susceptibility divergence near the EP.

M, _ [dVy,—1 dDy v7—1
de 7[dEV ’MV:I+Vd6V

This conclusion can be generalized to higher order EPs, since the differential
is a smooth function at any EPs. The divergency of the eigenvalues part V% V~lis always exactly counteracted

by the differential of eigenvectors [i—t VL Ml,]. Note that in [32-36], the eigenenergy susceptibility, i.e. dD,/de

is taken as the inverse sensitivity, which is justified for Hermitian systems but invalid for non-Hermitian ones
where the state coalescence counteracts the divergent eigenenergy susceptibility.

The analysis based on equation (10) is applicable for a coefficient matrix M,, of any dimensions and hence an
EP of arbitrary order. Therefore, the QFI shows no divergence at the EP in general.

4. Input—output theory

We consider the configuration of a coupled cavity system with input and output channels (as shown in figure 1).
The QFI s extracted from the output for the parameter estimation (e.g. estimation of the frequency of a cavity).
In addition to the waveguide input and output, we also include the realistic leakage into the free space, with rates
Yayp for cavity a/b. The Hamiltonian of the open system is written as

H=Hs+ H + H, (13)

where Hs = 1,4%4 + v, b'b +g (&U; +b T&) is the Hamiltonian of the coupled cavity system,

H = Jd% [at( V% + Pele) + bATl;,, + h.c.]is the couplingto the open channel and the free space

A At A AT A AFA N . . . .
photons, and Hz = f dw (a4, + b, b, + &/¢,) is the non-interacting Hamiltonian of the open channel and

the free space photons. Here 4, (b,) and &, are the v frequency annihilation operators of the free space photons
for cavity a (b) and the waveguide photons, respectively. For the input state (the photon state in the remote past

t=—00)pi"i= p(—00) ® p,(—0) ® p.(—00), weare to determine the waveguide output state at the remote
future p"* := p.(c0). In the Markovian noise process, the input—-output theory gives [52]
cout () — Ein(t) = —i e d(t), (14)
where & (t) = limti_,_oof%e‘i”(t‘t*’)fy(ti) and &°U(¢) = limtﬁmf%ei”(tf‘”f,,(tf) are the noise operAa-
torsat t = —oo (input) and t = o0 (output), respectively. The evolution of the cavity operators a(¢) and b (¢)
is governed by the quantum Langevin equations
!
6ta(t) - (_iVa - %)ﬁ(f) - lgb (t) - 1 ’Ya ﬁin(t) - 1 ’Yexéin(t): (15‘1)
0,b(t) = (—iz/b - %)I;(t) —iga(t) — iy (), (15b)

where v/ = 7, + 7, and the definitions of 4™ (¢) and l;in(t) are similar to that of £I"(¢). The input—output
relation is found to be

B (w) = EM(W) — i e Ga(W) [V A" (@) + Fex €M (W)]
— i /ex 75 Ga(W)gG (W) b (w), (16)

1 1

where G,(w) = e is the dressed propagator of cavity a, and Gb(o) (w) = ————; isthe free
W=t igt = g6 (W) w— vt
propagator of cavity b. The solution is in frequency domain after the Fourier transform 6 (w) = %6 (t)el".

Note that equation (16) is a specific realization of the general theory in equation (9) with the substitution 6, = 4,
0, = b, Yexj = Yex 6;,1» M given in equation (2), and 61“/‘2 (v) = —i/2m,,, ain (V)(l;m (v)). For agiven input
state p'™, equation (16) provides us a way to calculate the output average of any waveguide operator 4(¢,, &) and
hence the waveguide output state p?“t (see appendix B for details).

Now to be specific we consider a Gaussian input state, which is the most commonly used in experiments.
The output state must also be Gaussian since the scattering is a linear transform. The Gaussian state enables the

5
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exact calculation of the QFI. We assume that the free space and the waveguide are in the thermal equilibrium
state with temperature 1/ (Boltzmann constant kg taken as unity) and the input signal is in the coherent state.

The density matrix of the waveguide photons at frequency vis p", = D(w,) pzyly (av,), where
pCTV = (1 — e ye Mt represents the thermal background photons in the waveguide, and

D(ay) = e®&—alt jsthe displacement operator which superimposes the coherent state on the thermal
background. The free-space photons coupled to cavity aand b are in the thermal states p’ and pr o

v
respectively. Thus the input state p™ = &), puT,,, ® p,zy ® pi;y. By using the input—output relation

equation (16), the waveguide output state p*" = ), p?“ut is obtained (see appendix B for details). For the
Gaussian output, the density matrix p;"l‘f and hence the QFI are fully determined by the expectation values and
5@ +&hHand X, = =@, — &) We
denote the expectation values as X, = [()A(l),,> , ()A(Z,V>] and the correlations as the covariance matrix

(C))yj = % XXy + X0 Xi) — (Xi,) (X;,)- Theresults are

T __ Re[au(l - i'YexGa(V))] _ (_ l)
X, = ﬁ[lm[am - ivexGa(u))]]’ Co={t )b (17)

where 71, = (e® — 1) 'isthe average thermal photon number. The identity form of C, here is due to the
particular coherent input state p”, . It does not hold for general Gaussian input states. For example, off-diagonal

the second-order correlations of the quadrature operators X; , =

elements exist for the squeezed input state. The QFI for the single-mode Gaussian state p?‘jf reads (see
appendix C for details) [53, 54]

_ TG 2R
2(1 + P)) 1— P!

where the dot symbol denotes the derivative 9. and B, = det[2C,]~'/2 denotes the purity. The QFI for all the

waveguide modes (which are taken as independent of each other) is F© = f j—:F,f. Using equation (17), we obtain

€
14

L X.C%,, (18)

2 2
pooa [Y b (O "
27 27, + 1 | de
where S, = 7.,G.(v) characterizes the scattering amplitude and the term |, |? /(273, + 1) characterizes the
vV—v,+ it
signal-to-noise ratio. The propagator has an explicit expression G, (v) = % Near the EP, each mode
v — ) (v — 1o

v, shows square root perturbation dependence, which makes the susceptibility divergent. However, the product
e \2
e+i(y + %7")

wv—-—vH)wv—-—r)=|v— 5

—v(g — % — i%) gives a smooth, linear perturbation dependence.

Therefore the QFI F© shows no divergence at the EP. Note that equation (18) holds for any single-mode Gaussian
noises, e.g. thermal noises or single-mode squeezed noise. Different noises may induce different signal-to-noise
ratio, but would not change the scattering amplitude, and therefore would not change the conclusion that F€is
smooth at the EPs.

Figure 2 presents the numerical results of the QFI and the energy splitting susceptibility as functions of the

N2 .
—, where o is
vV—uvp+ i

the amplitude and the bandwidth I' > ~,, . In the calculation, zero temperature is considered, i.e. 7, = 0,
and the two cavities are tuned to resonance, i.e. v, = 1. The results reveal that F€ is a smooth function of geven
at the EP (indicated by vertical dashed lines in figure 2). The decreasing of the QFI with increasing the coupling g
is understood as follows. When the coupling gapproaches to zero (i.e. enters the weak coupling regime), the
sensing scheme becomes a ‘single-cavity’ sensing one, in which cavity b acts as a noise source of the sensor—
cavity a. Decreasing g in this regime means decreasing decoherence due to the extra environment (cavity b) of
cavity a, and therefore increases the QFI and the sensitivity.

To show that the absence of divergence of QFI at the EP is related to the state coalescence, we expand the QFI

coupling strength g. Here, the input coherent state is assumed to have a spectrum o, = «

as
2 2 — - 12
b [t [|05,40 0505 00 |05 ] o0
27 2i1, + 1| | A de OA Ov de de ov de
from which, we define the QFI for the splitting A = (v, — v_)as
dv o ‘ as, [

FA—4 | =¥ |22 21
f 27 27, + 1 | OA @1)

It measures the available information in the output state o™ to distinguish the energy splitting. From

v+ik)A
( 2 ) > One can see that F* ~ |AJ? near the EP (see figure 2(b)). It reflects that the eigenstates are

v — 12w —

aASl/ =

6
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(b)

2 3 4
9/ 9/

Figure 2. Numerical results for the coupled-cavity sensing near the EP. (a) The QFI of cavity a frequency F*, (b) the QFI of the energy
splitting F*, and (c) the susceptibility of the energy splitting x, as functions of the coupling strength g. The vertical dashed lines
indicate the position of the EP. Parameters are vy, = 1.0,, = 5.07p, Yex = 0.17, ¥, = vp, @ = 1000.0,I" = 200;, and S — oo.

indistinguishable at the EP. Combining F* with the divergent susceptibility x> (see figure 2(c)), we find that the
susceptibility divergence is exactly counteracted by the vanishing QFI F~. Similar arguments apply to the second
term in the expression of F shown in equation (20). Thus the QFI F€is a smooth function around the EP.

5. Active—passive cavity system

By embedding a gain medium into cavity b, the decay rate -, is effectively reduced and can even change the sign
to realize an active cavity (see figure 3). Through this method, an effective active—passive coupled cavity system
has been realized to study the P7 symmetry [8, 55]. It is interesting to know whether the EP in the active—passive
system can enhance the sensitivity. The gain can be realized, e.g. by stimulated emission of a medium with
population inversion. However, there exists a threshold that limits the maximal achievable gain rate. Above the
threshold, the system will be in the lasing phase (a self-adaptive region) in which the effective decay rate
description becomes invalid. In this study, we constrain the gain rate below the lasing threshold.

Below the threshold, the gain cavity works as an amplifier. The decay rate of the gain cavity due to the
pumped gain medium becomes 71’7 =, — 45, gé /  and the noise operator

pin’ P . 4882 4i Lo . .
. W;, b (w) = A b (w) + i Tgc d lmL(w), where S, = N, — Ngdenotes the population inversion of the gain
medium, g is the cavity-gain medium coupling coefficient, « is the effective decay rate of the gain medium, and
Aint, . . . . . . o N, .
d"" (w) is the noise operator induced by the gain medium with the average excitation number 7i; = S—g in the
Z

thermal state (see appendix D for details). The input—output theory, the waveguide output states, and the QFI for
the passive—passive coupled cavity system are still valid here with only substitutions v, — 72 and

b" (w) — l;in/(w). That yields

T _ Re[au(l - i’)/exGu(V))] _ (—/ l)
X = ﬁ[Im[a,,a - i%xGu(v))]]’ Go=mt g fb @2

4S, g(z;

where 1! = 7, + Vex (ﬁy + %) 1gG,(v) Gb(o) (v)|? is the average photon number modified by the gain

medium. Then the QFI in equation (18) becomes

7
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Ja
2

in =L out

Figure 3. The active—passive coupled cavity sensing system. Here cavity b is filled with a gain medium. The effective decay rate 'y; is
tuned by varying the optical pumping power.

vi/Y

0.98 0.99 1.00

Figure 4. (a) The frequencies of the quasinorright eigenvectors are obtained bymal modes and (b) the QFI as functions of S,/S,, where
S.is the lasing threshold. The QFI is a smooth function of S, at the EP (indicated by the vertical dashed line). Near the threshold, the
QFI diverges as revealed by the dotted line in (b). Results are all based on the linearized theory. Parameters are: v, = 1.0,7, = 5.0,
Yex = 0194 Vg = Vpp g = 2.4y, k& = 10073, N = 2 x 10'%,9; = 0.017;,86 = 10>, S. = 1.38 x 10'%,and 3 — oo.

2 —/12
L _lo.a) ] 23

2
Fe — fdll 4 |O/[V| ‘ ds, -
2r| 27, + 1 | de i, (A, + 1)

, 2
.7 482¢,
Vfl/bJrleh 28286

ex %

v — 1) P

Below the threshold, both G, (v) = i are well defined, where

oL
T and ' (v) = A(v) + T
2

! ! ! ’
_ 4y = . . . . .
vy=0— i+ g%+ (% — i= =) aretheeigenvalues of the coefficient matrix of the active-passive

4
coupled cavity system. Therefore, F¢ is a smooth function at the EP.
Figure 4 presents the numerical results of the quasinormal mode frequencies (a) and the QFI (b) as functions
of S,. The input state takes the same form as in figure 2. Figure 4(b) reveals that the QFI is a smooth function of
the population inversion S, around the EP (indicated by the vertical dashed line). The enhancement of the QFI

8
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with increasing the population inversion is induced by the gain medium. The stronger the optical pumping s,
the larger population inversion is induced, and the higher sensitivity is obtained.

In the linear theory, the QFI diverges at the lasing threshold, i.e. S, = S.. In figure 4(b), the divergent
behavior is shown in the dotted line. However, the critical fluctuation neglected in linear description becomes
important near the threshold, which may prevent the sensitivity from divergence. The discussion of the effects of
the critical fluctuations is beyond the scope of this paper. Further increasing the pumping power, the coupled
cavity system will exceed the thr/eshold and enter the lasing phase. The EP, known as the P7 phase transition
point, occurs at the point g = % and € = 0in the parametric space; when 2g > fy:l, the system is in the P7
symmetric lasing phase, where both modes are lasing; whereas when 2g < +/, the PT symmetry breaks and the
system is in the single mode lasing phase [9, 56—58]. In contrast to the cases below the lasing threshold, a non-
equilibrium phase transition occurs at the EP. The conclusion revealed in equation (10), that the enhancement
of the QFI at the lasing transition is not caused by the divergence of the energy splitting susceptibility but the
phase transition, can be generalized to this case. We can also understand this conclusion from the coalescence of
the different quasinormal modes counteracts the susceptibility divergence at the EP.

6. Conclusion and discussion

We show that the EP in a non-Hermitian sensing system does not dramatically enhance the sensitivity, since the
coalescence of the different quasinormal modes counteracts the singular behavior of the mode splitting. This is
verified in the passive—passive and active—passive coupled cavity systems through the exact calculation of the
QFIL. This conclusion is valid for high-order EPs and other sensing schemes.

Notes. After completion of this work, we came across to [59-61]. Reference [59] is based on a slightly less
general theoretical framework, which, without invoking the QFI, depends on the specific sensing scheme, but its
conclusions are consistent with ours. References [60, 61] also adopt the QFI formalism. The sensitivity of the
reciprocal sensor in [60] is bounded by the intracavity photon numbers. It shows that when the intracavity
photon number is fixed, EP sensors have no sensitivity enhancement, which is consistent with our conclusion.
Reference [61] considers the case of lasing transition coincident with the EP in coupled cavities (the so called
‘PT -lasing transition) and argues that the sensitivity is enhanced by the P7 -lasing transition. The analysis,
however, is based on the linearization approximation, which could be problematic due to the divergent
fluctuations at the P7 transition point (see discussions in section 3). Interestingly, it is shown in [60] that the
non-reciprocal coupling in a non-Hermitian coupled system can, without involving the EP, covert the high
frequency sensitivity of an ancillary system to high sensitivity of the other parameters (e.g. cavity—cavity
coupling).
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Appendix A. Quantum scattering theory and QFI

The sensing process by the linear optical system can be described by a scattering process. We define

&) = lim eif{(tf t’)efilflg(tft’)eyin(t) eiHO(tft/)efiH(tft’), (A1)
t'——o00
where ¢, is the operator of the scattering photon, H = Hy + V isthe total Hamiltonian of the input photons
and the sensing system with Hj being the free Hamiltonian and V being the interaction Hamiltonian between
input photons and the sensing system. Taking a derivative of both sides of equation (A1) with respect to time ¢,
we get

8,8,(t) = —ive,(t) + i lim et=[V, gin(shy]e-iflt—1), (A2)
t'——o00
where 9,¢"(t) = —ivél"(t) is used. A formal time integration of equation (A2) yields
&) = &) + i f drelfT[V, &in(t — 7)]e AT, (A3)
0
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Utilizing the formulas that eifitge=iflt — eitANg and & (t — 7) = &,e (), we simplify the result to

&,(t) = &) — e M—L [V, &) (A4)
v+ HA
With the formula 2" (¢) = QI_ ¢, (1) (), the input—output relation is obtained

. N e A R W
(N Z =¢(t) — lim e Weltht= __— [V, ¢,] |elHolt=1),
t'—o0 v+ HA

] A 1 R in
= Ezin(t) - ewt(m[v’ EI/]) > (AS)
14

where (8); = f %ei”éi“(t) denotes frequency v component of contribution. We consider a general case of
linear systems. The Hamiltonian reads

Ay = [dwee, + 3 6] M, (A6)
Ik

A dv AF A
= ex,j \U; Loy + h.c. > A7
f\/27r zj:ﬁ(ojc c) (A7)

where §; are linear operators of the sensing system satisfying the commutator [4;', 6;] = & and ;18 the
coupling strength between input photons and the jth mode of the sensing system. Taking the interaction term as
perturbation and expanding it to the second order, we get

[ [Nex,exy € 1
out A1n+Z(M l)l]|: ’Vex; Am(y) +f Vex, I Vex,j :|

2r v — v +i6"
Am + Z(M ) Alln(y) Ain A8
A NACS m Vex,1 €y (A8)

The output state takes the form
(EoutT)n (Eout m

L Jml

where P, = (n,|p™|m,)is the density matrix element of the input state. Here we suppose the input state is a
product state of different frequency modes. A small disturbance de of the sensing system changes the output state
to

ple) = ®

| 0)¢0]

(A9)

dM; Yy, .
ple+ 56)—p(6)+fﬁ ) 8?;(61))1 (d; )’166+O(662). (A10)
iy b

Applying this formula into the definition of Bures distance defined in equation (7) yields

dilp(e), p(e + 6e)] =2 — 2Tr \/pz(O) + p72(e)bp(e) p'/3(e), (A11)

where dp(€) = p(e + d€) — p(e). Substituting equation (A11) into the definition of QFI and representing the
density matrix p(e) in its eigenbasis, we get the expression of QFI as

Pg Ua|3fp(f)|”ﬂ>|
F = hm —1 - pa ualafp(f)lua + 62
6e—0 66 Z \/ Pa @Z:a p(l(pa - ﬁ)

0. 2 I
oy {110 p (€)1 115) | ) (A12)
.3 Py + P5

where |1, ) is the ath eigenstate of p(e) with the population p,,.

Appendix B. Wigner representation of the output state

The input—output formula in equation (16) provides us a way to calculate the output average of an arbitrary
waveguide operator 6. The key steps are as follows: first, make a decomposition of ¢ in terms of ¢, and ¢, as
6(&,, &); then, transform the output average to the input average through the Schrodinger—Heisenberg picture
transformation

10
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(0)out = (B(E° (w)e ™, 2outt (w)el))y; (B1)

finally, substitute the output operators in terms of the input operators by using equation (16) and make the input
average. The output state p°* = &), Jo ! is constructed from the Wigner—Weyl representation

= [z 293 — b 2 &), (B2)
where Z(z — &, 2% — &) = f ?e§*(2*5v)*h-f- is the characteristic function and

W, (z, 2%) = (Zf(z — &, 2% — &)))ou is the Wigner function.

Appendix C. QFI for the single mode Gaussian state

The Wigner function of a Gaussian state has the form

e 1 X, —X)'C (X, -X,)
W, (z, z*) = , (CD)
' mldet[C, ][>

where X, = [£ j;*, Z;/_ ]is the quadrature with the mean value X, = [<X1 v <)A(2,V>] and the covariance

matrix (C,);; = ; (X X o + X] Xi) — (Xi,) (X;,). Here the quadrature operators are defined as

A ¢ ot
X, = C”j{” and X, , = \/_ , and (-) denotes the average over the output state. For any two single-mode

Gaussian states p?‘j/t (¢)and pf‘;f (¢ + 6¢) with mean values X, (¢) and X, (¢ + 8¢) and covariance matrices
C,(e)and C, (¢ + 6¢), [53] gives an exact formula of the fidelity as

2 exp( - i&XZ(C,,)*éXV)

F(p2(€)s pii(e + be)) = ) (C2)
Pe Pe Jdet[4C, ()] + A — VA
whereA = (det[2C, (e + d¢)] — 1)(det[2C, ()] — 1), 6X, = X, (¢ + b¢) — X, (¢),and
C, = [(C,,(E) + C,(e + 6¢)]. Based on this result, [54] presents a concise result of the QFI, namely
1 2 . .
F]/f _ Tr [((CV Cl/) ] 2(PI/) + XVC;IXV> (CS)

2(1 + PP 1-p!
where X, = X,(¢), C,, = C,(¢), the symbol dot denotes the derivative 9, and P, = det[2C,] /2 denotes the
purity.

Appendix D. Active—passive coupled cavity system

Theoretically, the gain medium is treated as an ensemble of two level systems (TLSs) S | 4/, where &/ with

j = (x,,2) are the Pauli matrices of the /th TLS and N is the total number of TLSs in the ensemble. With the
inhomogeneous broadening taken into consideration, the frequency splitting reads >~,(v, + 61/) 7, where 6y,
denotes the stochastic fluctuation of the splitting. The central splitting is tuned resonant with the cavity
frequency v,. Due to the interaction with the free space electromagnetic field and the optical pumping field, each
TLS relaxes from the upper to the lower level with rate y; and is pumped from the lower to the upper level with

rate w,. The TLSs homogeneously couple to cavity b through the dipole interaction ), g - b + b T&l_). Here,
the rotating wave approximation is adopted. The Langevin equations for the TLS ensemble are

2:8_(1) = (11/;, + )s (1) + ig S.(b(t) — iE_ (1), (D1)

0:5.(t) = —(w, + W S.() — 12858 (Db — b’ (1S ()]
— N(w, — 71) — i&, (1), (D2)

where S, (1) = > 57 (t) (with v = zor —) are the operators of the gain medium with noise terms 5 (t),and

k = 1/TS + 7, + w, denotes the decay rate of the S_ with 1/T5 being the inhomogeneous broadening,
Below the lasing threshold, the operator S, is well approximated by its mean-field average, i.e.

S.t)~ S, =N, — Ny =N——— % A’/’ — 2ig,. ($.h—1b 'S )» where N, and N, denote the numbers of TLSs in the

upper and lower levels, respectlvely, and (-) denotes the average over the steady state. Applying the Holstein—

Primakoff transformation, one can get an effective bosonic description of the ensemble as S (t) ~ \/m d (1)

or /|S,| d (t) correspondingto S, > Oor S, < 0, respectively. In this paper, we focus on the case S, > 0. The
Langevin equations for cavity fields and the spin ensemble are

11
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/
d:a(t) = —(iua + %)é(t) —igh(t) — iyma™(t) — iyFae™ (),

8,b(t) = —(iz/;, + %)E(t) — iga(t) — iyS.ged (1) — iy7b" (1),

ad (1) = —(iub + g)&*(n +iVS.gob() + ivEd™ (), (D3)
where the definitions v/, = 7, + 7, 4™ (), b™ (1), and & (¢) are similar to equation (15) and
~in 5 ~in Ny sin . . . .
d T(t) = — 5*5(2 & &de T(t) — S—gdg (t) is the linearized noise operator of the gain medium. The

4 z
population inversion S, is obtained by solving the self-consistent equation

Wp— _ 12\/57ng lim

(d®b () — hc)in, (D4)
Wy + M Wy + Nt—ooo

S,=N

where (-);, stands for the average over the input state. It should be noticed that both b (t)and é(t) are S,
dependent.

By the Fourier transform 6 (w) = f %emé (t), equation (D3) becomes

0(w) = Go(@) [VTd™ (@) + Tt™ (@) + g6V (w) b " (@)

— G VS.g G @) VR @), (D5a)
b(@) =Gy (@) [VTh" @) + 86 V@) (JTa™w) + [T (W)
— 5.8 G ) VEd" @), (D5b)
L?L(W) = Gd(w)[*x/ﬁd,\in;f(w) — ng(I”)(w)mBin(w)
_ \/S_ngGlglu)(w)gGa(O)(W)(méin(w’) + méin(w))], (D5¢)

where the free propagators of cavity a, cavity b, and the gain-medium are in turn G” (w) = L
W=+ i%
1

GO (w) = ﬁ, and G”(w) = ﬁ, the dressed propagators read G{' (w) =
g 2 2

vy + wy + w— v+ i%b _ nglgo)(w) >
G W) = 5, G(w) = - ,Gpw) = ——t —5—and
w—vp+il +8,02G B ™) w—rp+ i - g2G0 (W) + .82 GV (w)
1 . A . . .
Gi(w) = The waveguide output operator ¢°*(w) follows the input—output relationship

W=+ it + 585G W)

U (W) = EM(W) — i d(w). (D6)

Combining equation (D6) with (D5a), we get

2 (W) = EM(w) — i Tex Ga(w) (VT @™ (W) + Fex £ (w))
— 1975 Ga ()G (W) 6" (w)
— i TR Ga(w) G () 5.8, GO w)d "™ (). (D7)

The construction of the waveguide output state p°"' = ), p°*" follows the same procedures in the passive—
. . . ¢ 1

passive case (see appendix B for details).
Considering the same input state as in the passive—passive case, we have

in _

"= Q. picr,‘l, ® ,DZ)V ® pZ)V ® pgjy with pic”‘y = D(w,) ch,VDAT(a,,); the v-frequency noise field associated with
the gain medium is in the vacuum state pfi‘jy = |0c, Og) (0c, Og| for the operator d,, so that the average excitation
out

At oa N, . . .
number iy, = (d, d,)n = 7" The waveguide output state "' = @) (", takes a Gaussian form. As noted in

appendix C, the Gaussian state p‘c)‘llf is fully determined by the expectation values X,, = [(Xl),) , (Xz,,)] and the

covariance matrix (C,); = §<()2i,1,)2j,y + X;,Xi,)) — (Xi,) (X;,). For the input state p"™, we have
< Re [a (1 - i’YexGa(V))] = 1
X, =2 s , 2 =|al+ =L, (D8a)
[Im [, (1 = 1Yex Ga (V)] v 2

where 71, = 7, + (ﬁ,, + Sﬁ) Vo K1 G2 (V) ng(ld) ) \/S_Z g Géo) (v)|? is the gain medium modified average photon

number.
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The QFI of the parameter € follows equation (C3). Utilizing equation (D8), we obtain
2 2 =12
2r| 27, + 1 | de

(7, + 1)
where S, = YexG,(v) characterizes the scattering amplitude. The explicit expressions of 71, and S, are obtained as

Yex K§>S: 85 (ﬁu + Sﬁ)

i, = fi, + > (D10)
[(v — )V — v (v — v3)|
(V — v+ i%)(u — v+ 1%) + SZgG2
SI/ = TVex . (Dll)
=) — 1) —v;3)
Here v; _ 1, 3 are the eigenvalues of the coefficient matrix
!
-Ya
€ — 1— 0
5 g
M=ul+| ¢ —i% JS.g. | (D12)
0 _\/57ng _ig

Comparing equations (D10) and (D11) with (D12), we find that both S, and 7, are well defined unless the

matrix M, = (w1 — M)issingular, i.e. detfM,] = 0. This singular condition indicates a lasing transition. Below
the lasing threshold, 0.5, and 9, 71,, are well defined, so the QFI shows no singularity. Near the singular point, we
have det[M,] ~ 0,7, ~ |M, "%, S, ~ |M,!|. Thus the QFI scale as

Fe ~ f;l—Z|M;1|2. (D13)

The validity of equation (D13) is based on the linear description of the sensing system. The linearization is invalid
near the transition point where the critical fluctuations diverge. The diverging critical fluctuations may prevent
the QFI from diverging.

For k > ~, and 7, one can adiabatically eliminate the gain medium mode and get an effective two
dimensional coefficient matrix

Mg = vl + (D14)

15.85

where v = v, — —¢ is the effective decay rate of cavity b. The EP occursate = Oand g = i(fy; — 7,)-The

lasing threshold is determined by the singular condition det[vI — M.g] = 0, which yields

K (4g? !
_(L, . %), <2

4g? 2
S. = e\ Ta ) (D15)
K g
_2(7; + Vb)’ g> _a-
4g7 2
Here we suppose the cavities are in resonance so that ¢ = 0. By implementing the same approximation to the
. . . S,
gain medium propagators, we obtain Gy () ~ Ga(lo) v) =~ zi, and hence

(1/ — vy + 1%)
v—v)w—r)
%xgﬂsfé (ﬁy - Sﬁ)
v — v — )P’

where .. are the eigenvalues of M.¢. Applying these results into equation (D9), the QFI of the active—passive
coupled cavity system is obtained. Around the threshold, the same conclusion as equation (D13) is obtained only
with the substitution of Mg for M.

Sl/ N Yex

(D16)

il ~ i, +
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