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In dealing with critical phenomena the reduction schemes commonly used in
many-body theory areussless. In Tact infinitely many degrees of freedomare strongly
correlated among themselves, owing to the fluctuations which extend over a coherence
distance § and a characteristic time ?;, both diverging at the critical point.

However,at least for the static case where only ane infinity of degress of
freedom related to the length scale is involved, the introduction of a new reduction
gcheme is,at least in principle,quite simple.

This is related to the existence of "classes of universality", each comprising
systems with equal symmetry, whose critical bshaviouris found %o be same, i.e. inde—
pendent of the details of each given hamiltonian. Therefore a transformation on the
parameters characterizing each system,leading to the asymptotic elimination of the
"irrelevant" variables,was needed.

On the contrary the identification of those parameters on whigh the coritical
indices actually depend,led on the one hand to their perturbative (% or & ~expan-—
sion) evaluation and on the other to the possibility to switch from one class of uni
versality to another through the cross-—over mechanism.

After Kadanoff(;) formulation of scaling, to achieve these goals the Gell-Mamnn and

Low'?) (3) (2)

renormalization group transformation was proposed, while Wilson construct

ed his own group.

By means of the & ~expansion the same results were obtained with the fwo groups

(5)

at least in the first few orders in £ , @8 first indicated in up to the se

(6)

cond order and then in up to the fourth order by means of the Callan and Symanzik

equation.

It was then 1“elt(7> that no gpecial significance should be assigned to the tran-
sformation one is considering but rather to the mechanism by which the asymptotic
scale invariance in the physical variables is obtained. Actually it has been quite
generally stated(B) that an infinity of eguivalent transformations can be generated
by means of an arbitrary diffeomorphism.

The choice of the transformation depends mainly on the simplicity of the calcula-

tions for the particular problem considered, When more than one relevant fields or
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"coupling constants" are present simultaneously, as for instance, in the $ricritical
phenomena, standard field fheoretic methods become very complicated, because the re-
normalization functions depend non-linearly on the variables, Tn the ordinary Gell-
Mann and Low group for insiance even for the isotropic critical point the parameters
of the transformation depend on the mass and the renormalized’coupling constant. In
fact already for this simple case a new realization of the group jransformation & la
Gell-Mann and Low was introduced in(9). This group is linear in the field ¥ and in
the bare nmass Tw~ T—TC and therefore the transformation parameters depend only on the
renormalized coupling constant as in the Callan and Symanzik equation, and its diffe-
rential eguation does not have the inhomogeneous term as the Gell-Mann and Low group.
On the other hand recently groups non linear in "f’ have been successfully

applied fo lattice systems(m) in one or two dimensions, where the results of the

£ -expansion cannot be extended. The properties of a particular non linear group
have also heen s“cudied.“” for a continuous model. We shall introduce generalized

8
group transfo:mations( ), which include all those previously mentioned.

Generalized Group Transformations

According to universality we can try to discuss critical phenomena by means of

an Yeffective hamiltonian' with short range interactions
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G:
}L,(x) is the external field and [4‘= T*T—To/fj{l‘ is the deviation from the critical

temperature. The relation of this field-theory model with the standard statisiical
models such as the Ising, x-y or Heisemberg model: has been discussed in (12). Long
range forces of the type —;:;-;g , anisotropic exchange effects, cubic anisotropy

can be included by modifying the gradient term, the quadratic and quartic interaction,
respectively, where as the yster‘m will be associated to the tricritical behaviour,
These features lead to cross—ever effects from one critical behaviour to another as

(14)

reviewed by Fisher.
The logarithm of the partition function F is a functional of the {_m(,x) &_

By successive Legendre transformations we can eliminate these "fields" }L;kin favour

of the corresponding conjugate "density" variables aJ,-‘!, generating a set of thermo~

dynamic potentials which are functionals of combinations of fields and densities
(,9& Y= i}kL ) Wy ' lﬁi . In each case successive functional derivatives ge-

nerate all the physically relevant quantities.

In particular the n-th derivative with respect to one variable generates the
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comulant of n~th order of the conjugate variable ., For instance the first Legendre
transformation of F gives rise to the functional f’(ﬁ’,}‘z,'-- ) y which is in turn
the generator of the one~particle irreducible n-point vertex function rn,o(&,--vﬁu)

By means of a differentiable transformation labelled by a parameter A. having
the dimensions of the inverse of a length we operate on the dimensionless variables
!l\?;-‘- i;-‘? g , where X'-: is the bare dimensionality of 3; in terms of the inverse
of a length (x;= 1 -th, xé:: 2 and x/iq: £ where § =4 -4d).

The itransformation is determined by a set of differential equations

MO = A (LY )

where the A& functions are to be specified,

We define as generalized group transformations(s) those transformations, on
the variables %’Vc&which leave the partition function unchanged except for an irre-
levant multiplicative constant. This means that the thermodynamic potentials are the
invariants of the system (2) of differential equations of the transformation and

thus satisfy the linear differential egquation
i . \)‘- P\ 5"! '\' } -
LZL S F'Pb (.‘L ,)k y A ‘) gv“ + %\, r‘ 0 (3)

Scaling variables

We make the further assumption that on the critical surface of the system
there exists a fixed point of the trasformation i.e. a point in the parameter space
where if we iterate the fransformation further the &’VESEJE left unchanged. From

eqs.(2) it follows that a fixed point is a solution of the eguations
L IR AN
oY) =0 (4)

If we linearize eqs.(2) around the fixed point, we see immediately that the eigen~
functions of the matrix 5}3 = {%% , when evaluated at the fixed point, are the
asymptotic scaling variables and iés eigenvalues are the corresponding critical expo
nents. The thermodynamic poiential becomes a homogeneous function of the same variables.
As originally stressed in (4), (12) and (13) all the requirements of the uni—
versality hypothesis are now satisfied. Different classes of universality correspond
to different fixed points with different symmetry properties. Moreover the critical
exponents are connected to the derivatives of the transformation functions evaluated
at the fixed point which are non-singular. Perturbation theory can now be applied

and this is at the origin of the {fn and the € —expansions.

As stressed by Jona-Laginiol8) two transformations where the matrices Sij
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are related by & similarity transformation lead to the same critical indices j.e.
are equivalent., This is the case if the two transformations are differentiably con-
Jugate.

Non-linear terms allew to discuss corrsctions to the asymptotic power-law
behaviour and possibly the crogs over from one type of critical behaviour to another
i.e. from one fixed to point 1o another.(14)

In general for each set {X;& of critical exponents related to a given fixed
point we could look for the scaling Variables<73> 3{(%\2{&)»;}15.0}1 under the group tran

1 ¥
sformation scale exactly as 5: = (?‘/,\) iiand therefore satisfy the equations

N9 _ .8 - -5y (8T "2 1 Frralty =
! ;;:,--—"7“'%» ) L %X‘SS\Q; + Aa,lp({%LS)'o (5)

The scaling variables are not unique since they depend on which group transformation
is considered. More generally we can now say that equivalent group transformations
lead to various sets of scaling variables with the same critical exponents.

On the contrary two seds of scaling variables {3:3 and {g':j corresponding
to two different seis of critical exponents KX(S and {X'ES cannot be equivalent
i.e. the crosg~over from one critical behaviour to another is controlled by a non-dif
ferentiable transformation.

In each particular case an explicit determination of the scaling variables
would complet?ly)solve the problem of critical phenomena. This was done in the large
15

n limit by Ma and is not feasible in general,

A cross—over model

If the btransformation is linear in xf, a linear relationship in the correla-

tion functions is induced, which is local in the Gell-Mann and Low case<3)(5)(

(12) (16)

possible to give a formal evidence that the two groups are asymptotically equivalent

9) and

This is the main reason why recently it was

non-local in the Wilson case.
in the sense specified above, whereas the comparison with non linear groups is much
more difficult.

&g in {9) we now consider the simplest model Hamiltonian with only w?4inte—
raction. The original set of variables is simply {_\Jgsg {KP, T, “S' The standard
renormalization procedure is to express the transformation in terms of correlation
functions by the choice of & normalization point, In the Gell-Mann and Low group
this is possibleowing tothe presence of the muliiplicative factor in the linear re-

lationship for the correlation functions,by choosing
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’fo-‘—’l = Vi) (43
e lw.p, o 'Sf_cTLf-P.—i ’ %/H-ezf' ()

provided the energy correlation functions also transform linearly.
Since ¢’ and Sl' are the two obviously relevant fields, we parametrize the tran
sformation in terms of u' only as specified in (9). Successive functional derivaiives

) ¢
of the group eguation (3) for r generate the corresponding equations for Z—E-h_, g—rl_l.l

e’
and r’(’”’ which once specified at the N.P. determine the quantities A/I{lal’f r)& ((‘()
z

and "Pu(“l). ) g

Normalization conditions(6) correspond to the subtractions necessary in dia-—
grammatic technique to perform wave function, mass and vertex renormalization.

If the transformation is non lineabr,differentiations with respect to ?ﬂ‘ and
T of eq.(}), lead to coupled eguations for different correlation functions, and the
choice of a normalization point may become meaningless,

Our linear transformation is now completely specified and we can study(g) the
fixed-point golution at & = 4= & dimension, We obtain a trivial fixed point u¥* =0
with clagsical exponents {X-:}’ which is unstable for d< 4 and a non~trivial fixed
point u¥*m O(e) with non-clagsical exponents i)‘ag’which is stable for A& 4. There
is an additional relevant field u in the trivial case and therefore this fixed point

17

cgn be associated with tricritical behaviour. 1 becames the crogs-~over field
from critical to tricritical behaviour at the lowest order,with cross over exponent
q;given by X =¢/9. Since u¥* = 0, the \f‘tem becomes essential in the descrip-
tion of tricritical phenomena., This model can be studied around & = 3 in the same
way as the C,Qmodel around d = 4. At d = 3 the indices are classical with logarith-
mic corrections as found in (17) by Wilson's method.

If we expand the group equation for ' and u' at second order we obtain

EY 1 ° o ! '
A%\f = V) -x,z'~cx,,-x,)wa., T

(N

! - | !
A= e 2 w (- (8)
The transformation becomes completely parameitrized by the critical exponents {X:}
and ix,;& evaluated at the lowest order.

If we now assume that i)(:k and {)( b} are two sets of indices obtained by
other sources and consider eqs.(7) and (8) as exact, this model coincides with the
one hypotized by Riedel and Wegner 18) to discuss cross-over effects in various ca-
ses such as tricritical systems, the Askin and Teller model and Fisher exponent re

normalization.
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The two sets of scaling variables are now easily determined

’ ' ' \X ! o ' t A X
- =T -
3{: T (ﬁf} ) D= (1 %&y)
: (9)
%’ o b-wu to . wi/w!
w wu ié‘b f - wiu¥
with x = Xg - Xy 42
one
They, asymptotically near to eaoh/of the fixed points, reduce to ', u'-u* or

¢ and u' respectively. They are related by the non-equivalent transformation
/o 1 X ’ ’ -t
9. (¥) = LILRNTT g ) =[4aN)]

which allows for the discussion of the whole crosg-over region.(18)

(10)

As previously indicated in the discussion of the model hamiltonian, when a
more involved symmetry property is taken into account a new cross-over field is pre
sent, which leads to a further renormalization condition of type (6). The related
critical exponent coincides with the new cross—over index. The explicit evaluation
of critical indices by means of the g~expansion in all the cases previously indica—

(18)

ted is described by Yamazaki in the paper presented at this conference to which
we alsodirect the reader for the original references.

In this scheme it becomes natural to consider/%?gn3port coefficient also asan
"additional field " 1o be renormalized. The corresponding renormalization function
leads to a further anomalous dimension, which is the dynamical critical index asso-
ciated with the transport coefficient under consideration. Of course, in order to
introduce bare transport coefficients, one is compelled to start with an equation of
motion of "the time—dependent Landau~Ginzburg" type as it was actually done in (20)
and (21),

The imporiant problem still under consideration is "if and how" is it possible
0 derive scaling starting from the microscopic interactions instead of performing
the renormalization on the equations of motion. Quite heavy work of coarse - grain-
ing ig necessary to derive these equations of motion in the very few cases where it
is possible.(ee) We feel that this process of introducing "hydrodynamics® into the
theory is a necessary step to obtain dynamic scaling, if dynamic scaling hold at

all.
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