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INTRODUCTION

We want to find the wake force' due to a per-
turbed charge distribution moving parallel to the
axis of a circular periodic waveguide. We will
assume that the perturbed charge and current
density may be written as

_ eNE d3(t — z/v)d(r — a) cos md

1.1
wa’v 1+ 8mo (1.1)
and
eNEBJ(t — 2/v)d(r — a)
Jz = > T+ 5 cos md
ma .0 (1.2)
— vp,

where z is the longitudinal coordinate along the
axis of the waveguide, ¢ is the time, r and ¢ are
the radial and azimuthal coordinates of the guide,
3(x) is a Dirac delta function, v is the longitudinal
velocity of the charge and 3,,o = 1 form = 0
and is zero otherwise.

This distribution corresponds to a perturbation
to a cylindrical disk of charge as shown in Fig.
1, for m = 2. The total number of electrons in
the unperturbed disk of charge is N. We have
assumed that £ < g and that the disk is infinites-
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imally thin. It is interesting to note that for a point
charge of N electrons displaced horizontally by
an amount § the charge distribution is

eN
Ev

which may be written as

p=——080— zvd(r — £3d), (1.3

No(t = Z/opp(r — O [1 | <
p = j&? . g)[5+mz=lcosm¢]-

(1.4)

The wake force for the mth harmonic of a dis-
placed point charge may be obtained from the
wake force derived in this paper by substituting
a = & We will ignore any effects of the fields
produced by the charge upon its own motion and
assume that the velocity v in the z direction is
constant. This assumption will be valid for the
case where both the transverse velocity and the
change in the longitudinal velocity in one period
are small compared to the longitudinal velocity.

We will assume the waveguide has a period L
and a radius b(z) described by

b(2) = bo [] + 2 C‘pej(Z-rrp/L)z:l , (1.5

p=—®

with the average radius taken to be b, so that C,
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FIGURE 1 (Left Picture) Unperturbed Charge Distribu-
tion. (Right Picture) Perturbed Charge Distribution, m =
2.

= 0. The reality of b(z) requires that C_, = C,*.
This configuration is shown in Fig. 2.

We will solve for the wake force using a per-
turbation technique in powers of the parameter
C,. This is the same technique used by M. Cha-
tard-Moulin and A. Papiernik in calculating the
energy loss of an electron bunch moving along
the axis.? We not only will follow their technique
closely but also utilize a similar notation in order
to facilitate comparisons with their results for m
= 0.

We will mainly be interested in calculating the
transverse wake forces, which are present only
for the case m # 0. Nevertheless, the following
equations will be valid for the case of a charge
eN moving along the axis by setting m = 0, drop-
ping the term (1 + 3,,,), and setting £ = a/2.
The longitudinal wake force for the m = 0 case
is treated in Appendix 1. Krinsky?® has also ap-
plied the technique of Chatard-Moulin and Pa-
piernik to evaluate the transverse impedance of
the periodic waveguide experienced by a coasting
beam with a coherent vertical oscillation. Krin-
sky’s result [Eq. (7)] agrees with our result for
the transformed forces [Eqgs. (6.14) and (6.15)]
with m = 1 if one replaces Z, in his expressions
(the impedance of free space) by 4m/c, substitutes
for I,A the value eN&/2w and uses b, as the av-
erage pipe radius.

FIGURE 2 Radius of waveguide, b(z).

EQUATIONS FOR FIELD COMPONENTS

It will be useful to use Fourier transformations
in solving for the electromagnetic fields. The con-
vention we use is that a tilde above a quantity
designates the transform as defined by

ftr,d,z,0 = f_l dw e/®"

cos mb (1.6)

oo
X > efP™Dif(r w,p)4  or
p=- sin mé

where 7 = t — z/v. Note that (W;t) = jof and
(6f13z) = jk,f where k, = 2mp/L — wlv). The
charge and current density are proportional to
cos md; the field components E,, E,, and By, are
proportional to cos md, while the field compo-
nents E4, B,, and B, are proportional to sin ma.

The transforms of p and j, which correspond
to Egs. (1.1) and (1.2) are given by

. eNg
p(r, u),p) = m B(r - a)ﬁo_p, (17)

and
J:(r, ®, p) = vp(r, o, p). (1.8)
We see that only the p = 0 space harmonic for
the various field components is synchronous with
the charge and current. Note that j, = j, = 0.
From Maxwell’s equations it follows that the
transverse transformed field components may be

obtained from a knowledge of the longitudinal
transformed field components by

QPZEF("Q (.0, P)

. BEZ mw -
_J{kp or (r’ w,P) re Bz(r’ wap)}s
(1.9)
o’ Es(r, ®, p)
_domes w 9B:
—J{ ; kpE(r, w, p) + - or (r, w,p)},

(1.10)
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a,’B,(r, o, p)

. mw - aBz
_.]{ rc Ez(r,wap)"'kp or (r’(‘o’p)}’
(1.11)

2By (r, o, p)

ad
(1.12)
where c is the velocity of light,
k, =2%p—%, (1.13)
a2=w_2_k2=_w2 411'po“\_4‘rr2p2
i c? P v2v? vl L’
vy = (1 —v?c*)™"7?,
(1.14)

and Gaussian units are used throughout the
paper. For later work it will be desirable to have
the transverse forces on a test particle of charge
e:

F, = e (E, — vlc By)

and
F¢ = e(E¢ + U/C‘Br),

The synchronous space harmonic, i.e., p = 0,
is the only space harmonic which does not vanish
upon integration over one period in z. From Eqgs.
(1.9-1.14) we obtain for the synchronous deflec-
tion forces

v OE.(r, », 0)

F(r,w,0) =j—e (1.15)
[0} or

Faolr, ,0) = —ji%eEz(r, ©,0). (1.16)

The longitudinal tranformed field components
are obtained from the transformed wave equa-
tions

19 ([ OE. 2\
() s (o - T)E
r or ar r

. - o -
= 4mj (k,,p + E—ij>,

19 ( 0B, , m¥\ s

rar<r ar> + (a,, e B, =0, (1.18)
along with the proper boundary conditions which
are discussed in the next section. Using the

expressions for p and J, from Egs. (1.7) and (1.8)
we obtain the equation for E,

19 [ oE m?\ -
-— (r——§> + <ap2 - —2> E,
ror ar r

. 2weNg

J
matviy?

(1.17)

(1.19)

8(7‘ - 0)60,17.

BOUNDARY CONDITIONS

The proper boundary conditions for a perfectly
conducting wall are that both the parallel com-
ponent of the electric field, E;, and the normal
component of the magnetic field, B,,, equal zero
at the wall. The technique used in this paper,
which is the same as that of Chatard-Moulin and
Papiernik,? is to replace these boundary condi-
tions at r = b(z) by appropriate boundary con-
ditions on the values of E, and dB_/dr at r = b,.
A perturbation technique is used in which we
expand the field components in orders of the
quantity C, given in Eq. (1.5). Thus we first solve
for E, and B, for the case of a perfectly con-
ducting round cylindrical wave guide of radius

b(z)

FIGURE 3 Relation between the parallel and normal com-
ponents and the longitudinal and radial components of the
Electric Field.
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bo with the boundary conditions E, |_, = 0 and
OB /or |,~p, = 0, then using these results obtain
new boundary conditions at r = b, to first order
in C, and solve for the fields which obey these
new boundary conditions. This process is re-
peated to second order in C, for the synchronous
value of E, from which we can obtain the syn-
chronous transverse deflecting force by Egs.
(1.15) and (1.16).
From Fig. 3 we see that at r = b(z)
Eil,o = E:|,,cO0sa + E, |, sina. (2.1)

Applying the boundary condition E; = 0 we ob-
tain the following relation between E, and E,.

E,

b(z) b(z)

(2.2)

We can expand the components in terms of a
Taylor series such as

E|l =£| +%| -y
ar
b(z) by bo
2.3)
2E. | (b — bo)?
* ar? o 2

By combining Egs. (2.2) and (2.3) we obtain for
the boundary condition at r = b,

E| = -1 (- by
bo ar bo
PR | (b | db
or? e 2 " " dz
oE db
_OE |, db 2.4)
| 0 - g

The above expressions may be written in terms
of the transformed field components by using the
convolution condition (see Appendix 2)

[fglw, p) =
de’ > flo', 9gw —w',p — q),

which for the special case where
£(0, p)d(w) [such as occurs in (5 b

([

boC,5(w) and (dbldz) = (jbo2mp/L)C,3(w)]
reduces to

Feh@ =3 f@ir-a©, (2.5
q

where the subscript refers to the spatial harmonic
number. Dropping the notation | ,, which is to be
understood when quantities are evaluated at r
= by, and using the subscript notation for the
spatial harmonic number, we can obtain the
boundary condition of the transformed field com-
ponents at r = b,

(Ev), = 2( )(b o),

- [db
_ % (E)), (d_z),,‘q

2K ~—
_ 12 <a Ez> (b ~ boYp—a—n(b ~bo)m

205 \or?
aE, ~— cﬁ?
- gl <6r>q(b - bO)p*q—n <d2>n.

(2.6)

The field components are next expanded in
orders of C, such that

=EQ +ED 4+ E® etc. , 2.7

where E,© is the solution for a constant radius
wavegulde of radius b,. The term E" is pro-
portional to C,; the term E,® is proportlonal to
C,%, etc. The relationship between transformed
field component E, and the longitudinal trans-
formed field components E, and B, is given by
Eq. (1.9) along with Eq. (2.7) to separate Eq.
(2.6) into the following equations. To zero order

E (b, o, p) = 0. 2.8)
To first order
E " (bo, w, p)
- (M ~ 1) IE.©(bo, w, 0)
or ’
2.9

where we have used the results obtained later
[Eq. (3.2) to Eq. (3.4)] which show that
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BZ(O)(r’ w,p) =0

and

EZ(O) (0)

(r,w,p) = (2.10)
or

(r, w, 0)d0,p.

We will be interested only in the synchronous
value of E, and will stop at second order in C,
to obtain

E. % (b, o, 0)
. 2 + 2mg/L k
=-> [boc—q<ai—zq—g>
q

Qg
B q)]
+ % [— C_, Z“qLB Dby, w, q)]
> [cqc"_q(z"o‘jzyz - %)
X ZaE;O) (bo, o, 0)] 2.11)

From Fig. 4 we see that at r = b(2)

B, |, = B, |b(z) cosa — B |,,sina =0,

applying the boundary condition B,, = 0 we ob-
tain the following relation between B, and B,.

tan a = @BZ

B,
dz

:BZ

b(2)

(2.12)

b(2) b(2)

We use a Taylor series expansion, similar to that

B

FIGURE 4 Relation between the parallel and normal com-
ponents and the longitudinal and radial components of the
magnetic field.

used for the electric field, to obtain for the bound-
ary condition at r = b, through first order in C,

dB, db
B, bo——; bo(b—-bo)-i-Bz bOdZ'
(2.13)

We again drop the notation |,,, use Eq. (1.11) to
write B, in terms of E, and B,, and expand the
field components in orders of C, to obtain the
boundary condition for the transformed longitu-
dinal field components. To zero order

B )
(bO’ w, p) - O
and
9*B.°
Py (bo, w,p) =0 2.14)

where we have used the result from Eq. (2.8) that
E,©(by, w, p) = 0. To first order

aB (1)
(bo, w, p) — b k E.V(bo, w, p)
0 (2.195)
2 (0)
_ cxpzmwc—, aE (bo. . 0).
(s 7)) kpC

We substitute the expression for E,(by, o,
p) from Eq. (2.9) into Eq. (2.15) to obtain the
following expression for aB."/or,

B (¢)]
——(bo, ®, p)
(2.16)

2 ~ aE(O)
= PR (bo, ®, 0).

(X()ZL C

ZERO ORDER SOLUTION

The zero order solutions for E, and B, are ob-
tained from solutions to the wave equations Egs.
(1.18) and (1.19) along with the zero order bound-
ary conditions given by Eqs. (2.8) and (2.14). The
solutions of Eqgs. (1.18) and (1.19) may be written
in terms of the Bessel functions® J,,(a,r) and
N,.(a,r). From Eq. (1.19) we see that the radial
derivative of E, is discontinuous at » = a such
that

oF,
or

_OE;
ar

2weNE
= —j== w0’y do,p. (3.1

a+ a—
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This condition along with the boundary condi-
tions

EZ(O)(bOa w, p) = 07

aB 0)

(bo, w,p) =0,

and the requiremem that £, and B, be finite
atr = 0 yields the following zero order solutions:

For r=a,
EZ(O)(r’ w, p) = —jSO,pweNg.’m(ao")

[Nm(aoa)-]m(aobo) m(aobO)Jm(OLOa)]
av*y2J,,(aobo)

3.2)
For a=r=b,,
EOr, 0,p) = — jdp,weNES(aoa)
[Nm(Otor)Jm(Olobo) Np(0obo)J m(cor)]
av?y2J . (oobo)
(3.3)
For 0=r=b,
BO(r, w,p) =0 (3.4)

For future use we also need to have the values
of

aE 0) 2 'r(O)
(bo, w, 0) and B_E_z__ (bo, w, 0).

We use the following property of Bessel func-
tions

N'(x)J(x) — N(x)J'(x) = 2z (3.5)
X
and
N"(x)J(x) — Nx)J"(x) = —-—22 (3.6)
X
to obtain
oE,© 2weNEJ n(aoa)
(bo, , 0) = 'rra'yzvzbo.lm(aobo)’

(3.8)

and

62 E )

TE: by 0,0) = +j 2weNEJ (opa)

Trayzvzbonm(aobo)'

(3.9

We note that Eqgs. (3.8) and (3.9) yield the sim-
ple relationship between the first and second de-
rivatives of the synchronous harmonic of E, at
the boundary,

a2E © 1 9E”

b() ar

(bo, »,0) =

(3.10)

which may also be obtained from the wave equa-
tion (1.17).

FIRST ORDER SOLUTIONS

The first order solutions for E," and B, which
satisfy the boundary conditions at b, are

_ ~ Jnlep?)
1) = M £
E, (r, w, p) E, (bo, w, P) Jm(OLpb),
4.1
) 9B, Jm(apr)
) = = T
Bz (r9 w, p) or (bo’ o, p) ame’(an)’
4.2)

where the values of E,V(by, w, p) and
0B, V(by, w, p)lor are given by the first order
boundary condmons Egs. (2.9) and (2.16).
The results for E,, B," and 9E,V/3r may be
written as

ENr, o, q) = Cqbo (bo, w, 0)
4.3)
« {(21‘:(11}'}12 B 1) Jm(ogr) }
oL Jm(agho) ]’
B, w, q) = C, iz(o—) (bo, w, 0)
4.4)

y m2nquiy?  Im(agr) }
oLc  ogdm' (agho))’
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and

aE(I) aE(
o (r,w, q) = Cqbo——

(bo, w, 0)

N (Zﬁquz B 1) agdm' (0gr)
oL Jm(agbo) |’
where the value of 9E,¥/ar (by, w, 0) is given by

Eq. (3.8). Note that since Cy; = 0 there are no
synchronous first order fields.

(4.5)

SECOND ORDER SOLUTIONS

In order to obtain the expressions for the trans-
verse deflecting force on a test charge following
a constant distance vt behind the charge exciting
the fields it is necessary only to evaluate the syn-
chronous space harmonic of the transformed lon-
gitudinal electric field E, (cf. Egs. (1.15) and
(1.16)). The second order solution for the syn-
chronous space harmonic of the transformed field
E,? is given by

Jm(aor)

EZ(Z)(b07 w, 0) T 7 L (5'1)

Ez(z)(rv 0.), 0) = J ((X()b())

The value of E,?(b,, », 0) may be obtained from
Egs. (4.4), (4.5), and (3.10) inserted into Eq.
@.11). ]

The result for E,?(r, w, 0) may be written

EZ(Z)(’., w, 0)

Jm (OL()V) BEZO
Jm (Olobo) or

1 B 2mquy?
<2bo) + <1 wlL >
2+ (qu/L)kq) Jm' (0gbo)

Jm(aqbo)

Qg
4720v2y2q*m? ) Jm(ogbo)
q3b02C2L2 Jm’(Oquo)

= by?

0,0 > C_,C,

Qg

d
“
a

(5.2)
 (©

w, 0) given by Eq. (3.8).

INVERSE FOURIER TRANSFORM

In this section we show that the transverse forces
due to the zero order fields fall off with distance
behind the charge at least as fast as exp(—yvt/
bo). The forces arising from the second-order
fields moving with the charge distribution fall off
more slowly, and for high energy electrons these
longer-range forces are the ones of interest for
us.

For reference purposes we include the second
order longitudinal force acting on a test particle
(charge e) following a distance vt behind a cen-
tered (m = 0) delta function charge with total
charge Ne. From Appendix 1 this longitudinal
force, averaged over a spatial period is

(F.(r, 1)

This expression diverges as a result of the infinite
frequencies generated by the delta-function dis-
tribution. When integrated over a reasonable
charge distribution this force is a well-behaved
function of 7. Such an integration over a Gaussian
bunch is performed at the end of this section.

In order to calculate the average transverse
deflecting forces, the expressions for E,(r, w, 0)
may be substituted into Eqgs. (1.15) and (1.16) and
the inverse transform taken. That is

1 L
(F.(1) = zf F.(z,t = 7 + zlv)dz
’ (6.1)
= f do e’ F,(r, », 0) cos md,

(Fg) = f do e’ Fy(r, w, 0) sin md. (6.2)

The transformed synchronous deflecting forces
may be written as

Fir,»,0) = F°®r, 0,0) + F2(r, 0,0),
(6.3)
Fo(r, ®,0) = Fo@(r, 0,0) + Fo®(r, 0,0),

6.4

where we have used the fact that the first order
solution for the forces do not contain a synchro-
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nous space harmonic since we have picked the
average radius b, such that C, equals zero for p
= 0. The zero order transformed synchronous
deflecting forces are for r < a given by

2
FOF, 0,0) = Ngao [Nm(c0a)Jm(cob)
av
_ Jm’(a()r)
Ni(00b)J m(0pa)l J——m(aobo)’
6.5)
and
) 2
FoO(r, o, 0) = —mjﬁ [Nom(cto@) T m(cob)
_ 1 Im (Olor)
N (Otob)Jm(Oioa)] J—(aobo)
6.6)

We see from these equations that the poles of
F® and F,° are for values of w such that

_ ® YVXoms
w=om=xj——,
bo

6.7)

where x,,,; are the roots of the equation J,,(x,,s)
= 0.

The inverse transform integral gives the fol-
lowing result for the zero order synchronous de-
flecting forces

4e2NE
<Fr> - _52] ab y

Im(ms@lbo) ' imstlbo)
[ Cems)T?

=~ xmslboltl o8 mdb,

(6.8)
o 2
(Fo) = + 3 e T

2
=1 abo X1

m(xmsa/bO)Jm(xmsr/bO)
[ xms)]?

— (yoxms/bolltl gin mo.

6.9)

The forces depend only upon the absolute value
of 7 due to the fact that for 1 > 0 we must close
the contour integral in the top half of the complex
o plane while for T < 0 we must close the contour
in the lower half plane.

We note that the zero order forces fall off ex-
ponentially in a distance vt ~ by/v; this is the
well known result that a charge moving in a per-
fectly smooth conducting vacuum chamber will
excite fields that fall off longitudinally from the
charge in a distance of the order of the cross
section dimension divided by .

For high energy electrons we will be interested
in the wake fields that fall off more slowly in
distance behind the charge. We consider the sec-
ond order terms in the synchronous deflecting
forces. The second order transform of the syn-
chronous deflecting force may be written as

F"(Z)(r’ (1), 0)

_ 2e2N§a0boJm'(aor)Jm(aoa) = =
B may*vJ,.* (cobo) % CaC-

s 3 211'qu2>
X {(2190) * (1 wlL
N (aq2 + (2'n'q/L)kq> Jm' (0gbo)

Qg Jm(aqb())

N dmlv>y2q*m? > Jm(0agbo)
02bo’ L2 ) T (aqbo)

(6.10)
and
F2(r, w, 0)

_ —2me*NEbod m(aor)Jm(coa)
B mary>vdm’ (aobo)

1 3 21'rqv'yz>

* {<2b0> - (1 wlL

« <otqz + (21Tq/L)kq> Jm' (0gbo)
Oq Jm(aqbo)

N A2 v2y2qim? > Jm(aqb())}
a’bo*c?L? ] Jm'(agbo)

> C,Co
q9

(6.11)

We see that these transformed forces not only
have poles at values of = = juyx,,,/bo but also
poles at values of w such that o by = x,,5 and
agzbo = x5 Where J,,(x,,s) = 0 and J,,,'(x,,) =
0. The first set of poles will contribute to forces
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that fall off in a distance ¢t ~ b/y and are not of
interest to us. The rest of the poles will contribute
to the wake fields that have a much slower decay
and these are the interesting ones for us to con-
sider. Since we are interested only in the long
range wake fields we will approximate the
expression for F, and F, by allowing y — oo.
With these approximations we obtain for m #
0

. 8me’Nemrm™'qm~! ya A
o C_.C
CLZ(bOm—I)Z % q >4

(6.12)
x{ '371213m(0fqb0) __Jm'(agbo) }
g bo’Im' (agbo)  agbodm(agbo)
and
F, = -F, (6.13)

From Egs. (6.12) and (6.13) we see that F, and
F4, have poles along the real axis of the w plane.

For each spatial harmonic g we find the roots
for w are at

0] Wps ™q szns

L U 6.14

¢ c [ L 41rqb02] 6.14)
and

® s mq  L(x)s)?

2 2m _ | T ., (6.15

c c [ L 4mgby’ (6.15)

Since the wake field in front of the charge (i.e.,
T < 0) must be zero, we must close the contour

2
ey “w(x+iy)l

FIGURES Three-dimensional plot of the function exp(—y?)
[ wix + jy) |-

in the lower part of the w plane for this case; the
integration along the real axis must go below the
poles.

It then follows that for + > 0 the average value
of F

(F) = 2mj >, Residues of (F) e/ (6.16)
where w, are the roots defined by Egs. (6.14) and

(6.15). For 7 > 0 the results for (F,) and (F,) can
be written as

(Fi(r, b, 7))
_.8me*NEma™ ™!
=J LbOZm

2
m L .
X 2 e — eJ‘”msT — ermsT cos m
s {mz - (xins)z d)

(6.17)
<F¢(rs ¢’ T))
_ 8me’Ngma™ ' | | .
= -J Lbozm r Eq: quC~q
2
__ﬂ.__ jw:ns'r —_ JWmsT ]
X g {mz o~ e e } sin md

(6.18)

where w,,; and w,,,; are defined by Eqs. (6.14) and
(6.15). We note that w,,, and w,,, are odd func-

tions of g, and C_, = C,* so that we can write
Eqgs. (6.17) and (6.18) in terms of real variables

(Fr(r, b, 1)
__ Ame*Ngma™~'rm-
L b02m

] =]
2 ql2C,F
g=1

2

m .

X {g m Sin (x);ns’l'

— sin wms'r} cos md (6.19)

and
(Fo(r, &, 7))
4me’NEma™ ~'rm ! N
= 2C, |2
L b02m qg] q | q9 |
m? )
x !
; = (o) S @

— sin (x)ms'l'} sin mé  (6.20)
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where | 2C, |b, is the amplitude of the gth har-
monic of the waveguide corrugation.

Equations (6.19) and (6.20) represent the syn-
chronous deflection forces that would be exerted
on a test particle with charge e following a dis-
tance ¢t behind the delta function charge distri-
bution given by Eq. (1.1). As is typical of cal-
culations involving singular distributions, the
convergence properties of these expressions are
at best poor, and nonexistent without invoking
some sort of cutoff frequency. If, however, we
use these expressions as Green’s functions to
treat a reasonable distribution of charge in the
longitudinal dimension, then we will obtain well-
defined expressions for the transverse deflecting
force as a function of position within the distri-
bution as well as behind it. We will perform such
a calculation for the case of a Gaussian bunch for
which the charge density is

eN§ 1

1'ra ogV2

_“_Z"‘)ZCZ/Z“ZS(r — a) cos md.

(6.21)

We must integrate Eqs. (6.19) and (6.20) over the
distribution in z. For a test particle of charge e
located a distance ct after the bunch center (7
may be negative), we obtain

<F"(r’ d)s T))

_ 4we*NEma™ 'rm !
L bozm

cos md

2

= m
X2q|2C4|22{ 2 r 2
q s

m® = Xms

1 2 WinsC jer
X Im __e—c'r/Zo W< ms= )]
[2 wV2 V2o

1 2,2/5 2 Wy s O jCT
_Im _e—c-r/Zo-w< _ >:|}’
[2 V2 V2o

(6.22)

and
(Fo(r, &, 7))
_ 2 m—1,m-—1
= 4me ]f:ozm ! sin mé
2
- m
x ;qiquz;{m

1 2 WO msT jet
x Im —e“”’z"w( ———)]
[2 vV2 V2o

— Im [le—( 2:2/262 w(‘”mxg _ Jet >]}
2 vV2 V2o ’

(6.23)

where we have used the relationship

.
f sin o(t — £) e "2 gy

= Eglm |:e—c'272/20'2W< wo _ jCT >:|
V2o wV2  V2o/)

(6.24)

where w(z) is the complex error function.*

A similar calculation for the average longitu-
dinal force resulting from a centered (m = 0)
charge yields the result

211'eN
(Fz(r, T)) 2 q|2C | 2 Wos
1 222 [ OmsO cT
x Re —e“'”z"w(ﬂ—— —)]
[2 Vie 'Vie

(6.25)

OBSERVATIONS AND A NUMERICAL
EXAMPLE

In integrating the results 6.19 and 6.20 over a
charge distribution, one is led to calculate

f sin o(t — 7")p(7")dT’

= Im {e"’”] e”j“”'p('r’)df’}.
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If c7 represents a distance within the bunch, this
last integral represents the Fourier transform of
a distribution truncated at the point of observa-
tion. This transform of a discontinuous (because
of the truncation) function will have an amplitude
which falls off as w ~'. On the other hand, if cr
falls outside (and behind) the bunch, this integral
is the Fourier transform of the total bunch shape,
which for a continuous density distribution falls
off in amplitude at least as rapidly as » 2, and
for a Gaussian falls off as exp(— an?).

These qualitative observations can be seen in
Fig. 5, which is a three-dimensional plot of
| exp(—y?)w(x + jy)|, the function resulting
from integrating over a Gaussian distribution [cf.
Eq. (6.24)]. In the summation over s, the fre-
quencies w,,, and w,,, correspond to distances
along the x axis, while the length ¢t (=0 in the
center of the bunch, and positive behind the
bunch) corresponds to a distance along the y axis.

0.8 [ ©)
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Thus it is clear that within the bunch many fre-
quencies will contribute to the wake force, while
outside the bunch the wake force will be deter-
mined principally by those frequencies for which
the Fourier transform of the bunch distribution
has appreciable amplitude.

As an example of the previous remarks, Figs.
6a through 6d show wake force calculations for
m = 1 withonly C; # O0and taking L = b = §
cm, with varying values of o. Clearly, as one
proceeds from small o to large ¢ the number of
significant frequency components in the wake
force diminishes. In fact, for ¢t > 20 the wake
force is well represented by including, in the
sums occuring in Egs. (6.22) and (6.23), only
terms for which wo/(2¢)"? < 1.5.

Further studies of the implications of Egs.
(6.22), (6.23), and (6.25) for beam dynamics are
planned.

0.2 —

i L B

-0.2 :

~04 |- -

oo S R R R B R A
0 10 20 30 40

FIGURE 6 Plots of the wake force for L = 5 cm, b = 5 cm, and varying values of o. In Fig. 6a, ¢ = (0.5/V10) cm; in Fig.

6b o = 0.5 cm; in Fig. 6c o = (0.5

10) cm; in Fig. 6d o = 5 cm. The force is indicated in the same arbitrary units for each

plot; but the scales differ. The abscissa in each plot is v7/a, ranging from -2 to 46.
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APPENDIX 1

The synchronous longitudinal wake field, as vy
— o, for a charge equal to eN traveling down
the center of the periodic wave guide may be
obtained from the transformed longitudinal elec-
tric field component given by Eq. (5.2) and (3.8)
if we set m = 0 and replace & by a/2. For y —
» Eq. (5.2) becomes

E2(r, »,0)

_ Aok S e (g

c’L? g=— 77 agboJo(agbo)

Expanding Jo(a,bo) about the poles at a by =
Xos We have near the pole

21'rqb02

aquJO(aqu) = JO’(XOS)((‘O - wOs)

where x,, are the roots of Jy(xo;) = 0
and

wos _ mq _Lxds
c L = 4mgby®

The inverse transform of E,?(r, w, 0) will give
the synchronous component of E,(r, 1)

APPENDIX 2

We consider the product of the functions f(r, z,
t) and g(r, z, t) each of which may be written in
the following manner.

f(r,z, 0

(A.1)
= [ dwerr B e 0, p),
e e
. F4

with 7 = (t - ;). (A.2)
Clearly the product is given by
fg =f dw'f dw"

> 2 fhe'p (A3)

p=—® p'=—0o

g(,., u)", p’)ef“” +w )Tej(zﬁ/L)(P+P )z

If we define w = o' + w"andg = p + p' we
obtain

o

I L e

g=—®

S fr,o,p)er,o — o', q — p)

p = — 00
(A.4)
Using the definition of
[fgltr,z, 1)
= f doe’™ S eICmaLIfg(r, w, q)
- (A.5)
we obtain the following expression
[f2r, o, p)
- [ w3 jeea A6
e g w
g(r,w - w"p - Q)





