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Abstract In this work, we consider the effect of a con-
stant anomalous magnetic moment (AMM) of quarks in the
SU(2) Nambu—Jona-Lasinio model in the mean field approx-
imation. To this end, we use the Schwinger ansatz, which
represents a linear magnetic field term in the Lagrangian.
A regularization method inspired in the vacuum magnetic
regularization (VMR) is adopted to avoid ultraviolet diver-
gences. Our results indicate a smooth decrease of the pseu-
docritical temperature and quark condensates for magnetic
fields B < 0.1 GeV?2 when a sizable AMM is considered.
We found only a small window for Inverse Magnetic Catal-
ysis (IMC), in contradiction with NJL predictions made in
the literature. For a low value of AMM, we observe for all
ranges of magnetic fields considered that the pseudocriti-
cal temperature increases with the magnetic field, indicating
only Magnetic Catalysis (MC). In our approach, for nonvan-
ishing quark AMM, the chiral symmetry restoration happens
always as a smooth crossover and never turns into a first order
phase transition.

1 Introduction

Strong magnetic fields can be generated by heavy ion colli-
sions, with a magnitude of e B ~ 10'° G, and this possibility
has revealed an impressive amount of effects to explore. It
can be useful to understand some fundamental aspects of
quantum chromodynamics (QCD) that has general interest-
ing, e.g, the Chiral Magnetic Effect [1-3], and its role in the
violation of P and C'P invariance. Experimental observables,
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as the azimuthal correlator y [4], are expected to be affected
by such magnetic fields. Besides, magnetars with e B ~ 101°
G [5] are natural laboratories in the universe to study such
scenarios at high densities.

The role of strong magnetic fields is widely explored in
effective models due its simplicity. Several quantities are then
predicted, as the magnetic catalysis effect (MC) [6-8] char-
acterized by the increasing of the chiral condensate with the
magnetic fields. This effect can alter many important quan-
tities, as the pressure, sound velocity, heat capacity of the
system [9—12] or even alter the pole-masses of light mesons
[13-22]. There is also a possibility of such fields to alter sig-
nificantly the measure of the elliptic flow v; as a direct result
of the paramagnetic nature of QCD vacuum [12,23].

The evaluations taken by lattice quantum chromodynam-
ics (LQCD) confirms the MC effect at low temperatures.
But a totally different result is observed close to the pseud-
ocritical temperature, where the chiral condensate decreases
non monotonically its value as the strong magnetic fields
grow, i.e., foreB 2 0.2 GeV?2. This is the well-know inverse
magnetic catalysis effect (IMC) [24-26], more details can be
found in recent reviews [27,28]. Such evaluations are consid-
ered with physical pion masses [24], where it is also observed
the decreasing of the pseudocritical temperature. For heavy
pions, the chiral condensate suffers a MC, but the decreasing
of the pseudocritical temperature still persists [29,30] .

There are several attempts trying to explain such a con-
tradiction between LQCD results and the lack of theoretical
predictions for IMC using effective models of QCD. See
Refs [6,7] for reviews. Some proposals explore the evalua-
tions of the Nambu—Jona-Lasinio (NJL) model beyond mean
field approximation [31], others study the implementation of
a magnetic or thermo-magnetic dependence of the coupling
constant of the model fitted by LQCD data [9,32-36] and
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with the implementation of the anomalous magnetic moment
(AMM) of quarks [37-40].

The study of AMM of quarks has started more than twenty
years ago, and several approaches were used [41]. But, the
relation of the AMM with IMC is calling the attention very
recently by some authors [37-40,42]. It is possible to draw
a QCD phase diagram with the influence of the AMM phe-
nomenologically estimated by quark models [37] or, even,
to evaluate the electromagnetic vertex function to predict
the value of AMM as a function dependent on the temper-
ature and magnetic fields [43]. The mesonic excitations, as
well as thermodynamic properties, have been explored with
the AMM influence [39,40,44]. Also, some results at finite
density with light mesons or thermodynamic properties are
reported by [45,46].

In the context of the NJL model [47,48] and its exten-
sions, as de PNJL [49], the four-fermion interaction channel
provides a non-renormalizable theory at 3 + 1 D, and one
needs to adopt a regularization prescription to avoid ultravi-
olet divergences. In this way, based on well known results of
[50-52], and recently explored in Ref. [53], the magnetic field
independent regularizations (MFIR) present to be satisfac-
tory when treating the implementation of a constant external
magnetic field. This regularization prescription completely
separates the magnetic field contributions from the vacuum or
thermal quantities. On the other hand, most of the non-MFIR
based regularizations showed unphysical results [54,55], as
oscillations in the chiral quark condensate [53] or tachyonic
neutral pion masses [13]. There are also other regularizations
that can avoid these oscillations, as the Pauli-Villars scheme
[22,31,56] or the Vacuum magnetic regularization scheme
[12,36].

To include the AMM of quarks, most of the cited works
made use of the linear magnetic field ansatz proposed by
Schwinger in the context of quantum electrodynamics (QED)
[57]. However, in the context of finite temperatures and zero
density, none of these works apply a proper separation of the
pure magnetic contributions from the vacuum, like MFIR
or VMR regularization schemes. In a QED framework, it is
remarkable the results of Ref. [58], where the one-loop effec-
tive potential with the AMM of the electron added through
the Pauli term is investigated. Moreover, an exact expression
up to the order o2 is achieved. The range of applicability of
this approach was discussed for the electron-positron pair-
production [59-61], as well as when applied to quarks [62].
Other possibilities are also explored, as in Ref. [63], where
the quarks’ masses and the AMM appear as a result of a
dynamical generation associated with a scalar and an appro-
priated tensor channel in the Lowest Landau Level approxi-
mation.

In this work, we consider in an effective way the effects of
the AMM of the quarks in a magnetized medium through the
addition of the phenomenological Pauli term to the SU(2)

@ Springer

NJL model. In order to treat the vacuum divergent term,
we make use of an ingenious formalism developed in the
context of the QED theory in Ref. [58] to incorporate the
electron AMM effectively where the vacuum term is given
as an analytic expression similar to the one obtained by
Euler-Heisenberg [64], Weisskop [65] and Schwinger [66],
where the usual summation on the Landau levels is performed
in an exact way. We adapt the latter formalism originally
proposed for the renormalizable QED theory for the non-
renormalizable SU(2) NJL model. This is possible, once the
SU(2) NJL model with AMM is implemented with the Pauli
term in the same manner as the Dirac equation in [58] . If
the correct replacements for QED to QCD coefficients, i.e,
number of colors, electric charges and so on, are correclty
done, the solutions of the Dirac equation, as well as the one-
loop approximation for the effective potential are rigorously
the same of our case. Notice that all the expressions used in
this work for the magnetic effects are derived based on the
Schwinger proper-time formalism. In particular, when the
AMM is absent it is possible to show that the proper-time
integral associated with the vacuum one-loop magnetic con-
tribution can be performed analytically and usual expressions
often obtained using dimensional regularization are recov-
ered [12,52,53]. The divergent effective potential is treated
by using an appropriate subtraction scheme where we sep-
arate clearly and analytically the convergent term from the
divergent ones. In contrast to renormalizable theories, the
way the divergences are treated is to be considered as a part
of the definition of the model. We choose to use the 3D cut-
off technique in the VMR which has been proven to be reli-
able [12,53] for the NJL model. In fact, this formalism has
been shown to guarantee that the Gell-Mann-Oakes-Renner
relation is respected [12]. One of the main objectives of the
present work is to show the importance of a proper regulariza-
tion procedure. In the literature several ways have been used
to deal with the infinities inherent to the non-renormalizable
NJL model, such as Form Factors [37], B-dependent cutoff
[39], Pauli-Villars [56]. Besides the infinite vacuum contri-
bution, often in previous works the finite medium term has
also being affected by the regularization procedure, which
has been shown to be an inadequate procedure [53].

The inclusion of AMM effects depends on the choice of the
anomalous magnetic moments of the quarks. We use two sets
of AMM values given in the literature [37]. Here, our focus is
to analyze the behavior of the effective quark mass as a func-
tion of temperature, magnetic field strength and its depen-
dence on the AMM of the quarks. In addition, the importance
of the regularization procedure will be emphasized. Our final
aim is to study the behavior of the pseudo-critical tempera-
ture as a function of the magnetic field and the influence of
the AMM in this case. This will allow us to see if the mech-
anism of the inverse magnetic catalysis can be associated to
the inclusion of AMM of quarks, as has been reported in
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the recent literature. As we have already mentioned before,
the formalism adopted here has its limit of validity that, of
course, has been taken into account in our calculations.

This work is organized as follows. In Sect. 2 we present
the SU(2) NJL model with the AMM term included. In Sect.
3, we develop the formalism, in Sect. 4 we obtain the GAP
equation. Numerical results are presented in Sect. 5 and our
the conclusions in Sect. 6. In the Appendices A and B specific
technical details are discussed.

2 Lagrangian of the SU(2) NJL model with AMM

The lagrangian of the SU(2) NJL model with anomalous
magnetic moment in an external electromagnetic field is
given by the following expression [37]

L=1Y <i17) — i+ %LAZO'MUFMV) v
+G [T + @ivsty)?], ()

where A*, F'V = 9g* AY — 9¥ A" are respectively the elec-
tromagnetic gauge and tensor fields, G represents the cou-
pling constant, T are isospin Pauli matrices, Q is the diag-
onal quark charge ' matrix, Q=diag(q,= 2/3, q4=-1/3),
D* = (0" + ieQAM) is the covariant derivative, v is the
quark fermion field, and m represents the bare quark mass
matrix,

. Yy A my 0
S

We consider here m,,=my = m and choose the Landau gauge,
Ay = 8,0x1 B, which satisfies V - A=0andV x A =
B = Bés, i. e., resulting in a constant magnetic field in the
z-direction.

In the mean field approximation, the lagrangian L is
denoted by

— (. L. (M —m)?
ﬁ:w<1D—M—|—§aawF’w>W—T, (3)
where the constituent quark mass is defined by
M=m-=2G(yy). 4)

where (1) is the chiral quark condensate. The AMM factor
a is given by a=diag(a,, aq) with ay = grayup, where
f = u, d represents the quark flavor. In the one-loop level
approximation, the previous quantities are given by

Aeq % _ 1 e

3 — A~ 5
o YT MET om )

afr =

1 Our results are expressed in Gaussian natural units where 1 GeV? =
1.44 x 102 G and e = 1/4/137.

3 Effective potential with AMM

Using the approach adopted in Ref. [58], we adapt the non-
regularized QED effective lagrangian in a constant external
magnetic field with the AMM of the electron, in the one-loop
approximation, to the SU(2) NJL model. For this purpose, we
can write

d _
[,(B) Z 87-[2/ S 1IC2

x cos(2Mnst), (6)

qfeBs
sin(q reBs)

where we have adopted the following definitions
Kis = M* + a3 B, )
ny=—qslay+ Dup. (8)

Using the transformation s — —is in Eq. (6) and defining
qreB = By, we achieve

ds K3, st

B f
£B) = 87r2 sinh(B fs)

X COSh[(Olf + 1)Bys].
©)

The expression for £(B) is clearly divergent and we will
apply the vacuum magnetic regularization (VMR) scheme
to regularize this quantity. After some simple steps, that are
described in the Appendix A, we rewrite L(B) as

,C(B) — Qmag + QULZC + inela" (10)
where:
Y
872
f=u,d
Byscosh[(ay +1)Bys]
% )
sinh(Brs)
1 2 2
-1- 8[3(Olf + 17— 11(Byrs) ¢, (11)

The contributions £2°*¢ and ©/%¢/¢ must be regularized. We
choose the 3D sharp cutoff scheme and the following expres-
sions are given by

c NC 2 2
QU = -5 Z [A[A +e2(M)]ep(A)
f=u,d
A+e€r(N)
K [—“ (12)
0f ICOf
and for Q/field
NeB} Kis
field _ 2

Qfitd — — 37 [3(af+1) ] . 13)

f=u,d
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where €2(A) = K2, + A2. We will find, at the end of the
- 0f : :

derivations, the following thermodynamic potential of the

SU(2) NJL model

_ (M —m)?

T 4G

1
+ Qmag + QTmag + EBZ’ (14)

Q + Quac 4 ineld

where Q7748 is the finite thermo-magnetic contribution of
the medium, given by the following expression:

0 00
S =D o I

f=u,d n=0s=%1""

x [m <f+(E,{,s)> +1n (f—(E,{S)], (15)

We have defined the following function f i(Enf, s) = 1+

e h (E'{»V¢“f ), where the inverse of the temperature is defined
as B = %, s = %1, is the spin index and 1 is the chemical
potential for a quark of flavor f. Differently from the for-
mer quantities, the thermo-magnetic contribution is written
in terms of a summation of the Landau Levels, n, and the
energy levels of the quarks, E,{ s, given by.

Ef, =/ p3 + M, - sa;B)2. (16)

with M, = \/IBfl@n+1—sps)+ M2, where s; =
sign(q r) being sign(x) the signal function of x.

4 The gap equation
To evaluate the effective quark masses under external con-

stant magnetic fields, we evaluate g—i}, = 0. The gap equation
can be written as:

M — . .
ZG’” — 37 [heM) + h M, eB)
f=u.d
' (M eB) + h "¢ (M, eB. T)] = 0. (17)

Each piece of the above equation is defined as follows. The
vacuum-magnetic h?“C(M ) contribution is given by

vac MN, A+er(N)
(18)

The remaining magnetic field dependent contributions at
T =0.h}'"(M, eB), and 1} (M. ¢ B) are given by
MN:B} [3(ay + 12 — 1]

field
Wl (M eB) =
ro MeB) = K3,

. (19)
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MN. (*ds 2
mag . c —siC
hf (M,EB) = 47_[2 /; s—2€ of

Byscoth[(ay + 1)Bys]
X
sinh(Bs)

1
—1- A [3(0[‘,«- +1)2 — 1] (st)z} - (20)

At last, the thermal h;mag (M, eB, T) contribution is, there-
fore, defined as
h;m”g(M, eB,T)

o]

MN|Bf| &
-y

n=0s==+1

dp3
00 E,{s

1 1
X 7 + 7
1 + elg(En.s_H/') 1 + eﬂ(En.s"l‘H/')

_ sayB
x |1 7 . 21)
Mn,s

Solving the Eq. (17) we obtain the effective quark masses
with the influence of AMM. To this end, we adopt the cri-
teria of Ref. [37], where the anomalous magnetic moment
is considered as a constant value through the relation ky =
ar/2M. Therefore, Ko in Eq. (7) is redefined as

Koy = M> + k7 B7. (22)

The last equation results from the definition ay =
qragup — ay =qyreky.

5 Results

In this work we adopt the following set of parameters:
A = 591.6 MeV, m = 5.7233 MeV and G = 2.404/A>.
These parameters are chosen such that we have the follow-
ing values in the vacuum: pion mass m, = 138 MeV, pion
decay constant f; = 92.4 MeV, and the chiral condensate
(uu) = (=241MeV)3 [53]. We adopt two sets of parameters
for the constant values of k s that are obtained in [37]. In the
first set k11, we consider the sizable quark AMM values

kM =0.29016 Gev~!, k1 =0.35986 Gev~!,
alll = 0.242, ol =0.304, (23)
and the second set k%! is given by

k121 = 0.00995 Gev~!,

u

a2 = 0.006,

u

kP =0.07975 Gev !,
ol = 0.056, (24)

The details of this parametrization can be seen in Ref. [37,
41].
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Fig. 2 Effective quark mass as function of the temperature for different
values of fixed magnetic field strength. For these results, was adopted
the set «[?!

In Fig. 1, we show the effective quark mass as a function
of the temperature for fixed values of the magnetic field using
the set k[!]. As observed, the partial chiral symmetry restora-
tion is not fully obtained for all e B values considered. The
limit M = m is not reached at temperatures higher than the
pseudocritical temperature, T >> T.. This is a pure effect
of the lower bound in the effective quark masses generated
by the constrain obtained in Appendix B. For instance, for
eB = 0.1 GeV?, M > 120 MeV. The lower bound on the
effective quark masses increases as we grow the magnetic
field strength.

‘We show in Fig. 2 as in Fig. 1 the behavior of the effective
quark masses as a function of the temperature for fixed eB,
fixing in this case k = «?]. The inferior limit of the effective
quark masses are lower when compared with the results of the
«11 set, therefore, the chiral symmetry is almost restored in
the high temperature regime through a smooth crossover. It is
clear from Figs. 1 and 2 that for both sets used, the magnetic

catalysis effect for 7 = 0, in contradiction with the results
presented in Ref. [39,42]. Also, the type of transition that we
observe is a smooth crossover, differently from the first order
observed in Ref. [37]. In Ref. [38], the authors also observe
a first order phase transition, but they consider confinement
effects through the Polyakov loop in their calculations.

We present in Fig. 3 the effective quark mass varying with
the temperature for k = 0, k = ! and kx = «[?]. In the
top panel of Fig. 3, we fix eB = 0.05 GeV2. All the three
curves shows similar results for 7 < 200 MeV. On the other
hand, the lower bound of the «!! and «!?! determines the
limit of the effective quark mass, and different values are
obtained in the region 7 > 200 MeV. In the low panel, we
show the same quantities with the magnetic field, eB = 0.2
GeVZ, fixed. As we can see at low temperatures, the results
show aclear difference, with M, 1) > M, 2y > M, —o. Athigh
temperatures, the lower bounds strongly determines the limit
of the effective quark masses in the partial chiral symmetry
restoration phase, which is not fully completed for «!!l and
K2,

To study how the pseudocritical temperature changes with
the magnetic field when we consider fixed « ¢ values, we
evaluate —dM /9T . The peak of each curve in Fig. 4 repre-

@ Springer
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Fig. 5 —0M/dT as function of the temperature, for different fixed
values of magnetic field with fixed «?!

sents the transition point, 7, with «11, We can see a smooth
decreasing of 7, at eB < 0.1 GeV?. Beyond this, the pseu-
docritical temperature grows as we increase the magnetic
fields. On the other hand, when we fix «[2!, one observes the
increase of the pseudocritical temperature in Fig. 5 for all
values of magnetic fields. The behavior of the pseudocritical
temperature, T, as function of the magnetic fields is clari-
fied in the Fig. 6. We can clearly see that the values of 7, are
bigger in the x = 0 when compared to the and x> and «!.

We note that our results for 7, as a function of the magnetic
field do not present any kind of oscillation as some NJL
predictions in the literature [37,39].

We also evaluate the effective quark mass as function of
the magnetic fields with both sets of fixed x and x = O,
for the temperatures 7 = 0 in the top panel of Fig. 7 and
T = 0.140 GeV in the low panel. We can see that the values
of the effective quark mass with «!!l are almost the same
as the one evaluated with x>/ and ¥ = 0 for both temper-
atures considered in the weak magnetic field regime, e.g,

@ Springer
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Fig. 7 Effective quark mass as function of the magnetic field for T =
0.05 GeV (top panel) and 7 = 0.140 GeV (low panel) with fixed values
of k

eB < 0.05 GeV?, and are always bigger than the ones with
«V and k = 0 in the strong magnetic field regime. In our
evaluations, there are no oscillations in the effective quark
masses, as observed in several evaluations in the x = 0 [53]
or withk # 0[37,39,40,43]. These nonphysical oscillations
observed in the literature for the constituent quark mass,
pseudocritical temperature for chiral symmetry restoration



Eur. Phys. J. C (2022) 82:674

Page 70f 10 674

and other physical quantities, can be traced to the fact that the
regularization procedure depends explicitly on the magnetic
field. We and other authors in the literature have shown in sev-
eral works [9,12,14-16,20,32,36,45,46,52-55,67-71] that
these nonphysical oscillations disappear when the divergent
terms are disentangled from the pure magnetic contributions
by using the MFIR/VMR schemes.

6 Conclusions

In this work we have studied the effect of a constant anoma-
lous magnetic moment in the SU(2) Nambu—Jona-Lasinio
model. To this end, we have employed the Schwinger ansatz
representing the effect of AMM. Making use of VMR-type
regularization, we obtain a set of well defined expressions
for the thermodynamical potential and the gap equation. For
the effective quark mass, we choose two sets of fixed values
of AMM. For the set !, which consider a sizable value of
K r, we observe a smoothly decrease of T, for the magnetic
field region, i.e., eB < 0.1 GeV2. This is the only observa-
tion for the decreasing of 7, as function of the magnetic field
obtained in this work, which is not previously observed in
the literature. For the set «[2!, we observe the increase of T.
for all magnetic field range adopted, whereas this effect also
take place with set «[!! for the strong magnetic field region.
Our results also shows that the pseudocritical temperature is
always bigger in the case of k = 0 than the «!!! and «[?!
case. Therefore, one main effect of the AMM is to decrease
the values of ¢ as we increase the value of « r. The magnetic
catalysis also holds for low temperatures with no oscillations,
which is expected in the MFIR or VMR inspired regulariza-
tion procedures. We hope that this work can clarify that these
non-physical oscillations are an artifact of some regulariza-
tion prescriptions that entangled the magnetic medium with
the vacuum. Furthermore, these oscillations cannot be con-
fused with de Haas-van Alphen oscillations.

It is important to mention that the magnetic field still
appear in the vacuum contributions in our equations. This
happens once there is a mixed contribution with effective
quark masses and quark AMM parameters. One could expect
that this mixing be the reason behind the non-restoration of
the observed chiral symmetry breaking. However, as prop-
erly demonstrated, this is directly associated with the pure
magnetic field contribution which induces restrictions on the
effective quark masses through the AMM parameters. Future
analysis, in order to find a MFIR-type vacuum representation,
can clarify even more these points. Nonetheless, the VMR
prescription applied here represents an improvement in dis-
entangle vacuum and magnetic field contributions in the gap
equation and thermodynamical potential, which is very dif-
ferent from previous works, avoiding nonphysical results and
related phenomena.

Our results when we consider nonvanishing quark AMM
show that chiral symmetry restoration happens always as a
smooth crossover and never turns into a first order phase tran-
sition. We will report about the results exploring the AMM
effects in the thermodynamical properties of magnetized,
dense and hot quark matter with VMR scheme in a future
publication.
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Appendix A: Vacuum magnetic regularization (VMR)

To obtain the thermodynamical potential Eq. (14) and the gap
equation Eq. (17), we adopt a vacuum magnetic regulariza-
tion scheme. First, the trigonometric part of the integrand of
Eq. (9) should be expanded in Taylor series at s ~ 0 as

Bs 2
coth(esBys) ~ 1+ LB L o),

2
1 st

inh(Bss)™ ' ~ — — =L~ 1+ O(sY), Al

sinh(B rs) B 5 + O(s?) (A.1)

where ¢y = 1 + ay. Now we can see that, the integrand
behaves like

cosh(cyBys) 1+ (CfoS)2 1 Bys
sinh(By) 2 Bys 6
_ 1 Bys 2 3
=55t ¢ (1 - 3cf) + 063, (A2)

@ Springer
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To eliminate the divergences, we add and subtract in the inte-
grand the expansion Eq. (A.2) in Eq. (9)

o .
[ Z N, / d_;ve_slg(z)fos{cosh(c/st) B 1
f=ud 0

82 sinh(Bj) Bys
Bys)? .
_( 7$) (1_36.?)} +Qvac+Qfleld’

6
Z Ne /OOds —sk3, Byscosh(crBys) ]
= —_— —e y —
- dSnz 0 83 sinh(B)

_ (Bys)?

(1 _ 363()} + Qvac + ineld

= Qmas | Quac 4 ineld. (A.3)

The same procedure is adopted for the gap equation. The
functions Y% and ©/7¢/¢ are regularized in the usual 3 D-
cutoff scheme. The magnetic and thermo-magnetic contribu-
tions are finite.

Appendix B: Constraints in the effective quark mass with
AMM

The application of a constant AMM value through the values

of Eq. (23) for /c[fl] and Eq. (24) for /c;z] limit the possible

values of the effective quark mass. To see this, we can work

with the magnetic contribution, /';“, of the gap equation,
Eq. (17), as ‘
MN, [*®ds _s2
mag _ c a5 —sK,
hf (M, eB) = e /o Sze 0f
Byscoshl[cyBys] B
sinh(Bfs)

1
-3 [Blay+ 1) —1] (st)z} : (B.4)

where the pure trigonometric part of Eq. (B.4) non-regulari
zed can be rewritten as
MN,
472 Jo
Byscosh[cyBys]
{ sinh(Bs) }

> ds —sK§,

AR eB)NR = e

where we have adopted the superscript NR, that means “Non-
Regularized”. Making use of the following trigonometric
relation

cosh(a + b) = cosh(a) cosh(b) + sinh(a) sinh(b), (B.5)

we obtain for h’}wg (M, eB)NR
MN; (*ds _2
e 0f
4—77,’2 0 52
< Bes cosh(a s Bys) cosh(Bys)
4 sinh(Bs)

WM, eB)NR =

@ Springer

sinh(Brs) sinh(a s Bs)
sinh(Bs) }
MN,. [ ds
= 4x2 0 s2
X {cosh(oefos) coth(Bs)

+ sinh(ar s Bys)}

)
e SICOfoS

(B.6)

Making use of the following relation

X —X

ef —e
sinh(x) = ——,

(x) 5
we can rewrite the second integration, i.e., the integration of
the sinh(c r Bys), as

(B.7)

o0 d 2
/ —je_S’COf {st sinh(afos)}
o s )
X ds _ K2 eafos — e_afos
= / —e "7 YBys
2 ! :
0o S 2

It is clear from Eq. (B.8) that we will have a limit due to
the oy and « ; on the integration to avoid a divergence. To
see this, we will have the condition

(B.8)

— ’C(%f +afBr <0
—~(M? 4+ (kBp)*) +arByr <0

M?* > a;By — (kfBp)*  (B.9)

The above expression constrain the effective quark masses,
M, for each of the flavors in gap equation. As an estimative,
if we take KL[,“ in the above expression for eB = 0.1 GeV?2,
we obtain

M = 125.693 MeV, (B.10)
The estimative for K,EZ], we obtain
M 2 19.763 MeV (B.11)

both values are in agreement with the results in Figs. 1 and
2.
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