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Abstract By employing ray-tracing techniques, we inves-
tigate the shadow images of rotating Bardeen black holes sur-
rounded by perfect fluid dark matter. We consider two mod-
els for the background light source, namely the celestial light
source and thin accretion disk model. For the celestial light
source model, the main focus is on the impact of variations in
the relevant parameters and observational inclination angle
on the shape and size of the black hole shadow. The results
indicate that an increase in the magnetic charge G leads to a
reduction in the shadow’s deformation, whereas an increase
in the dark matter parameter o produces the opposite effect.
For the thin accretion disk model, the optical appearance of
the black hole strongly depends on the radiative properties
of the accretion disk, as well as the observational inclina-
tion angle and the spacetime parameters. As the observa-
tional inclination angle increases, the observed flux of both
direct and lensed images shifts toward the lower region of
the image. It is evident that an increase in G results in a
reduction of both the shadow area and the photon ring, and
an increase in « exhibits a similar influence. In addition, we
examined the redshift effect of the image, the results show
that the redshift dominates at low inclination angles, while
the blueshift effect emerges significantly at higher inclina-
tion angles. These results for the rotating Bardeen black hole
surrounded by perfect fluid dark matter could serve as obser-
vational signatures to distinguish it from other black hole
models.
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1 Introduction

Since the inception of General Relativity (GR), it has unde-
niably established its foundational status within the domain
of modern physics. Among its predictions, black holes have
garnered sustained interest from physicists and astronomers.
The groundbreaking detection of gravitational waves and the
subsequent release of remarkable images depicting the super-
massive black hole at the core of the elliptical galaxy M87*
[1-6], as well as the black hole at Sagittarius A* (Sgr A*)in
the Milky Way [7-12], have unequivocally confirmed the
existence of black holes as astrophysical entities, supported
by unprecedented empirical evidence. These observations
not only provide opportunities to directly probe and experi-
mentally test GR in extreme gravitational environments but
also reveal intricate electromagnetic interactions, matter dis-
tribution patterns, and accretion processes near black holes.
Most significantly, they serve as compelling empirical sup-
port for the validity of GR under extreme gravitational con-
ditions [13-24], further cementing its role as a cornerstone
of modern physics.

It is widely acknowledged that black holes themselves do
not emit light; however, they possess the capability to absorb
the hot, magnetized plasma in their vicinity, thereby giving
rise to a luminous accretion disk encircling the black hole.
The light emitted by the thermally synchronized electrons
in this disk is considered to be the most probable source of
radiation within the frequency range corresponding to the
black hole image. Additionally, in the case of black holes
exhibiting extremely high rates of rotation (i.e., high-spin
black holes), their electromagnetic energy can induce a phe-
nomenon referred to as relativistic jet [25]. The base of the jet
is encompassed by a distinctive funnel wall structure, which
not only shapes the morphology of the jet but also poten-
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tially triggers substantial amounts of thermal synchrotron
radiation through intricate interactions with its surrounding
environment. Therefore, both the accretion disk and jet play
a crucial role as the background light source providing an
indispensable contribution to the horizon-scale imaging pro-
cess of the black hole. In numerous investigations on black
hole shadows, researchers have extensively examined the
specific impacts of various accretion models on the black hole
images. These models include, but are not limited to, spher-
ical accretion models [26-28], optically and geometrically
thin accretion disk models [29-47], and geometrically thick
accretion disk models [48-50]. In addition, some important
results have been obtained on black hole shadows and pho-
ton rings using wave optics in the holographic framework
[51-53]. By conducting a meticulous analysis of these mod-
els, one can acquire a more profound comprehension of the
attributes exhibited by black hole shadows and their mani-
festations under different conditions.

The current observations have not yet definitively ruled
out the possibility of deviations from GR, thereby providing
ample scope for the validation of alternative gravitational
theories. The singularity problem in GR is regarded as one
of the most fundamental issues, reflecting the incomplete-
ness of GR. Consequently, numerous endeavors have been
made to address this problem, encompassing quantum cor-
rections and modifications to the gravitational theory [54,55].
In 1968, Bardeen proposed a black hole solution with regular
non-singular geometry, i.e., the Bardeen black hole [56], and
subsequent comprehensive analysis revealed that singulari-
ties can be circumvented through topological changes within
this class of black holes [57,58]. It has been demonstrated
that the physical source of such solutions is the gravitational
collapse of magnetic monopole generated in a particular form
of nonlinear electrodynamics [59]. Subsequently, Hayward
proposed another static spherically symmetric black hole
solution that has the limitations and regularity of curvature
invariants, while also eliminating the singularity problem of
black holes [60]. Other regular black hole have also been
obtained, such as the Ayon-Beato—Garcia black hole [61],
Berej-Matyjasek-Trynieki-Wornowicz black hole and rotat-
ing Bardeen black hole black hole [62]. The pertinent phys-
ical properties of these regular black holes have been exten-
sively investigated, encompassing dynamic stability, quasi-
normal modes of scalar field perturbations, weak gravita-
tional lensing, and geodesic motion of test particles [63—68].

On the other hand, based on observations of galaxy clus-
ter dynamics, Zwicky analyzed the mass of these clusters
within the universe and inferred the existence of a significant
amount of invisible matter, commonly known as dark matter
[69]. In the work of, Holmberg and Smith arrived at a similar
conclusion subsequent to their investigations on the mass of
the galaxy system and the Virgo Cluster [70,71]. The grav-
itational influence of dark matter in the universe drives the
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aggregation of visible matter, resulting in the formation of
galaxies, galaxy clusters, and supergalactic structures. How-
ever, the concept of dark matter implies its lack of interaction
with electromagnetic radiation, resulting in its inability to
reflect, absorb, or emit such radiation and thus making direct
observation impossible. According to the observation of cos-
mic microwave background (CMB) radiation anisotropy and
the standard cosmological model (CDM model), the results
obtained by the Planck observation satellite have revealed
that the cosmic matter-energy composition is primarily com-
prised of dark energy (approximately 68%) and dark mat-
ter (approximately 27%), with baryonic matter contributing
a mere 5% [72]. Then, the dark matter is thought to be a
halo around a black hole [73,74], while the black hole solu-
tion surrounded by quintessence matter was first proposed
by Kiselev [75]. In addition, Rahaman et al. proposed an
interesting model in which black holes were surrounded by
perfect fluid dark matter (PFDM), i.e., dark matter that main-
tains the properties of a perfect fluid, such as isotropic pres-
sure and mass density [76]. Subsequently, Li et al. proposed
a model wherein a black hole is enveloped by PFDM within
a spatially heterogeneous phantom field background [77].
Furthermore, Xu et al. employ the Newman-Janis algorithm
to derive solutions for rotating black holes surrounded by
PFDM in Kerr-like spacetimes, thereby extending the exist-
ing solution for Kerr—de Sitter/anti-de Sitter spacetime with
a cosmological constant [78].

Given the aforementioned discussion, it is imperative to
investigate the impact of dark matter on the visual char-
acteristics exhibited by black hole shadows. The previous
study [79] solely focused on the shadow shape of rotating
Bardeen black hole surrounded by PFDM, neglecting the
consideration of its observed characteristics within an accre-
tion model. In this work, we focus on the rotating Bardeen
black holes surrounded by PFDM, aiming to analyze the
impact of variations in key physical parameters, such as dark
matter and magnetic charge, on the black hole shadow. Sim-
ilarly, the influence of variations in the observed inclination
and related parameter on the shadow shape is also examined
through the introduction of a celestial light source. After that,
the thin accretion disk model as the exclusive background
light source, we further investigate the observed characteris-
tics of black hole shadows from various observation angles
within this spacetime background, and explore the depen-
dence on these characteristics and associated parameters.
Furthermore, a comprehensive investigation has been con-
ducted on the redshift factors associated with both direct and
lensed images of accretion disks.

The organization of this work is as follows. In Sect. 2, we
will provide a concise introduction to the Bardeen rotating
black hole solution surrounded by PFDM, followed by the
derivation of geodesic equations governing the motion parti-
cles. In Sect. 3, we analyz the shadow deviation from the cir-
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cularity, the shadow angular diameter is obtained, and com-
pared with that of M87* and SgrA*. In Sect. 4, we employ
a ray-tracing method to simulate images of the black hole
shadow, where the celestial light source is the only back-
ground source. The investigation focuses on the impact of
relevant parameters and observed inclination on the mor-
phology of black hole shadow. In Sect. 5, we consider an
optically and geometrically thin accretion disk positioned on
the equatorial plane of the black hole in order to obtain the
visually observed appearance of the black hole within the
observation plane of the ZAMO. Moreover, we meticulously
scrutinize the impacts of parameters on the redshift factor
and the appearance of the inner shadow. Finally, we draw the
conclusions and discussions in Sect. 6.

2 The rotating Bardeen black holes surrounded by
PFDM

In this section, we will provide a concise introduction to the
Bardeen rotating black hole solution surrounded by PFDM,
which serves as the underlying framework throughout our
study. In the Bardeen spacetime, considering the coupling of
gravity and non-linear electromagnetic field, the correspond-
ing Einstein—Maxwell equations should be modified as [80]

Gl =2 <3‘§(Jf)mw - a;z:) + 87T, ()
OLCF) 0\

Vﬂ< ——F )_o, )

V. (xF"H) = 0. 3)

The term F'* in the above equation represents F"/ =
2V|uA,1, and L(F) denotes the Lagrangian for a nonlinear
electrodynamics source [59], that is

5/2
3IM V2G2F
copy = M (V2 , )
[G 1P \1+2G2F
and
1
F= wafﬂ“. &)

Here, the parameters of M in this context are integral con-
stants that correspond to the mass of the black hole, while
the term G represents an integration constant associated
with magnetic charges, specifically referring to the magnetic
charge. Considering a black hole enveloped by PFDM, the

energy—momentum tensor 7,/ can be expressed as [77,81—
83]

TF = diag(—p, pr. po, Dy)s (©6)
in which

e, = = pp= — @)
p=—pr= 83’ Po = Py = 16773’

where, the parameters of p is the total energy density, and
(pr. Po, py) 1s the pressure of dark energy. The solution
for the Bardeen black hole surrounded by PFDM can be
obtained by solving the Einstein—-Maxwell equations and
energy—momentum tensor, resulting in a static spherically
symmetric black hole solution, which is

2
ds? = — f(rd® + % + 2402, ®)
and
1 Mr? al r 9
fr) = —mﬁ-;nm. 9

Here, d2? stands for the standard element on the unit 2-
sphere dQ? = de?* + sinz(Q)d(pz, and « is the dark matter
parameter describing the intensity of PFDM. It is worth men-
tioning that in the limit of « — 0, the metric reverts to the
Bardeen spacetime; in the limit of G — 0, it reduces to the
Schwarzschild black hole surrounded by PFDM [77]; and in
the combined limit of « — 0 and G — 0, one can obtain the
Schwarzschild black hole. As previously stated in the intro-
duction, the Bardeen black hole exhibits regular throughout
its structure when o = 0. In the spacetime (9), it can be eas-
ily seen that at asymptotic infinity r — oo, for the last term,
the limit lim, oo & In ﬁ vanishes, thus this solution is an
asymptotic flat solution. To investigate whether this feature
is modified by the presence of perfect fluid dark matter, we
can examine it through the curvature scalar, that is [80,82]

_6MG2(4G% — 1Y) «

R= G2+ r)12 (10)
18M2G*(8G* — 4G%r? + 13r%)
ny _
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N daM(—2g* — 37g%r% + 10r*)
r3(g2 + r2)7/2
12M? (8g8 —4g6r2+47g4r4— 12g2r6+4r8)
" (g2 +r2)7

12)

Interestingly, a Bardeen black hole enveloped by PFDM
exhibits singularity at r = 0. Indeed, this future singular-
ity emanates from the dark matter background. To be more
precise, a Bardeen black hole enveloped by PDFM retains a
singularity.

Realistic black holes in our universe invariably exhibit
rotation; therefore, it is imperative to consider black holes
with angular momentum in astrophysical models. Newman-
Janis algorithm (NJA) is the universal method to obtain the
rotating black hole metric from the static spherical symmetric
solution [78,84,85]. In the work [80], Zhang et al. adopted
the NJA method improved by Azreg-Ainou [85,86], which
can generate a rotational regular black hole solution with-
out complexification, and obtained the metric of a rotating
Bardeen black hole surrounded by PFDM, that is

2 >
ds?=—(1=22" a2 4 =02
> A,

2ra®p sin @
+ 2dg?* 4 sin? 0 (r2 +a® + L) de* <

)
sin? > 0
—darp———dtdoy, (13)
)
where
2p=Lr3—alnL (14)
(r2 4G ol
Ar=r2+a2—%+arlnl (15)
(r2 4+ G2 ol
¥ =r? 4+ a®cos? 6. (16)

For Eq. (13), the parameters of a represents the spin per unit
mass of the black hole. It can be observed that the aforemen-
tioned line element converges to the rotating Bardeen metric
in the case of dark matter parameters ¢ = 0, and converges
to the Kerr metric when ¢ = o« = 0. The horizon of black
hole can be given by the condition that

5 5 2Mr? r

Ar=r“+a —W+arlnmzo. 17
By considering Eq. (17), one can determine the Cauchy
horizon r. (inner horizon)and event horizon r; (outer hori-
zon)of the rotating Bardeen black hole enveloped by PDFM.
It should be noted that the Weak Energy Condition (WEC)
indicates that for all physically reasonable classical matter,
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regardless of how measured by any observer in spacetime,
its energy density must be non-negative [87]. In other words,
for all timelike £#, the condition

7,,6"E" 2 0, (18)

should be satisfied. By decomposing the energy—momentum
tensor 7;/, the WEC is equivalent to

pz0, p+pi =0 (19)

In the spacetime of (13), at large r, the matter density p and
p + po behave as [80]

p = 8:7, r — 00, (20)
and

3a
P+P92W, — 00, (2D

For the Bardeen black hole in PFDM, it is observed that
when o < 0, both the energy density p and the sum of
energy density and radial pressure p + py become nega-
tive at large distances, which is quite unreasonable from the
perspective of observation. In order not to violate the WEC,
in the subsequent analysis, we shall consistently assume that
the parameter « associated with dark matter falls within the
range o > 0.

The investigation of photon behavior in the vicinity of a
rotating Bardeen black hole enveloped by PDFM is a prereq-
uisite for conducting a comprehensive study on the shadow
associated with it. In this spacetime, the dynamics of photons
can be effectively described by the Hamilton-Jacobi equa-
tion, which can be written as

S 1 v S 0S
— =g = ]
oA 2 oxH oxV

(22)

In the Eq. (22), the symbol A represents the affine parameter,
while S denotes the Jacobi action, that is

1 .
S= Emzk — Et+ Lo+ S,(r) + Sy (), (23)
In which, m is the rest mass. Since the function (22) does
not depend on time ¢ and azimuthal angle ¢, two conserved

quantities, namely energy E and angular momentum L, can
be defined. From Egs. (22), (23), one can get that [79]

S \> [0S8s\> L?
A — ——_ I
’(ar) +(ae> +sin20

- |
— E*a?sin® 6 — A—(asz + E2(r? +d%
r
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—2aLE(? +d%) —2aLEX =0. (24)

X
A
The expression for x is given by x = r2+a> —2pa’r, while
m?=1,0, -1 corresponds to time-like, null and space-like

geodesic respectively. In addition, the term of S, and Sy can
be express as

2
A, (aasr) =R@) = (aL — (@® + rH)E)?
r

— (k4 (@aE — L»)A,, (25)

and

S0\ L? 272
<¥> =00) =« — (sin20 —a“E“ ) cosb, (26)

where « is a constant derived from the geometric structure
of this spacetime. The equation governing geodesic motion
can be expressed

dt 1 /- .
= A (E(r2 +a%) — aL) (r* +a*)

—a (aé sin?6 — Z) : 27)
dg _ a (E(r2 +a%) — aZ) - (aEsin6? — L),
dr A, sin® 0

(28)
dr
Y — =R(), (29)

=% _ J/o@. (30)

dx

Therefore, the behavior of photons in close proximity to a
black hole can be accurately described by Eqgs. (27)—(30),
and subsequent discussions on black hole shadows rely on
these four differential equations.

3 Shadow of the rotating Bardeen black holes
surrounded by PFDM

In order to obtain the shadow cast by a rotating Bardeen
black hole surrounded by PFDM, it is necessary to examine
the photon sphere of the black hole. The boundary and size
of the black hole shadow is dictated by the dimensions of the

photon sphere r; thus, one can derive the conditions for the
photon sphere by imposing 7 = 0 and ¥ = 0, that is

R(r) =0, R'(r)=0. (€20)

In addition, there are two impact parameter £ = L / E and
¢ = k/E? is introduced to describe the motion behavior of
the photon, and the form of & and ¢ can be expressed as

1
£=— (aZA; +r2AL - 4rA,), (32)
r
and
r2
§=— s (16a2A, —16A% + 87 A, AL — rZA/r2> . (33)
r

The motion of photons within the photon sphere can be
described by ¢ and &, with these two conserved quantities
naturally determining the boundary of the black hole shadow.
Based on the research by Hioki and Maeda [88], to accurately
characterize the influence of parameters on the morphology
and dimensions of a black hole’s shadow, two key observable
physical quantities can be defined, namely the deviation from
the circularity 4 and the size R; of the shadow, expressed
as

(xr — x)% + y2
2|x; — xr|

=l
R;

Here, R, is the radius of a reference circle passing through
the top, bottom, and rightmost points of the black hole
shadow, used to approximate the shadow size, while §, rep-
resents the degree of deviation from circularity. Specifically,
the five reference points involved in Eq. (34) are shown in
Fig. 1, where (x, y;), (xp, yb), (x, 0), (x7,0), and (xy, 0)
correspond to the top, bottom, rightmost, leftmost points of
the black hole shadow, and the leftmost point of the refer-
ence circle, respectively. When x; # xp/, 64 # 0. This phe-
nomenon occurs because, for rotating black holes, the radii
of the innermost unstable circular orbits for prograde and ret-
rograde photons are unequal. In Fig. 2, we show the effects
of the magnetic charge G, the dark matter parameter o, and
the rotation parameter a on Ry and &4. The results indicate
that, with all other parameters held constant, as G, a, and «
increase, the values of R; consistently exhibit a decreasing
trend. In addition, while an increase in parameter G leads to
areduction in the value of Ry, increases in parameters a and
o result in an elevation of the value of R;. The combined
effect of these two parameters causes the shadow to shrink
and approach a D-shaped form.

In astronomical observations, the physical quantity used
to reflect the size of the black hole shadow is the angu-
lar diameter, i.e., D = 21?/2)—/‘0, where D, is the distance

between the black hole and the observer. The radius Ry, with
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(%, 0)

_6l (xs, »)

-2 0 2 4 6
x/M

Fig. 1 Black hole shadow and reference circle, where the orange out-
line represents the black hole shadow, and the purple outline represents
the reference circle. The radius of the reference circle is R;, and the
absolute value of the difference between the x-coordinates of the left
endpoint of the reference circle and the black hole shadow is &4

its screen located at the position of the black hole, is related
to the shadow radius R; and can be calculated through sim-
ple geometric relations. And, the term of M is the black hole
mass. As described by [89,90], when the black hole is far

from the observer, the angular diameter can be quantitatively
expressed as

N 1k
D =2 x 9.87098R, (ﬂ) ( pc) s
My ) D,

(35)

Using the above equation, we assume that the background
spacetimes of Sgr A* and M87* are given by Eq. (13), and
calculate their theoretical angular diameters under different
parameters, comparing them with astronomical observations.
For Sgr A*, the distance from Earth is D, = 8 kpc, the
estimated black hole mass is M = (4.0:1)%) x 109M,
and the actual shadow diameter obtained from astronomical
observations is Dsgrax = (48.7£7) pas [91]. For M87*,
the distance from Earth is D, = 16.8 kpc, the estimated
black hole mass is M = (6.5 £ 0.7) x 106M@, and the
shadow diameter obtained from astronomical observations
is Dmg7+ = (37.8 = 2.7) pas, which shows a discrepancy of
about 10% compared to the theoretical calculation [92].

In Fig. 3, we show the estimated ranges of the angular
diameter D of the Sgr A* and M87* shadows. The first row
corresponds to Sgr A*, and the second row corresponds to
MS87*. The solid green line represents the confidence inter-
val 1o of D, the solid orange line represents the confidence
interval 20, and the red line segments represent the estimated
ranges, with the endpoints marked by bold black short lines.
When fixing a = 0.5 and « = 0.1, the estimated ranges
of the angular diameters of Sgr A* and M87* decrease as
G increases, and the estimated ranges for both Sgr A* and
MS8T7* consistently remain within the 1o confidence interval.

0.01810F 3 5 ¢ S e
L[] L L]
0.01805 . 0.021 0.01836
[ ]
0.01800 o . 0.01834 o
0.020} .
o 001795 o < 5 0.01832
© 0.01790 . x .
L [ J
0.01785 . 0.019 . 0.01830 °
0.01780 o 0.01828
0.018} .
0.01775 of ) ) ) ) ) ) 0.01826 o
000 005 010 015 020 025 030 00 01 02 03 04 05 06 0.0 0.1 0.2 0.3 0.4 0.5
g a a
(a) a=0.5,a0=0.4 (b) a=10.5,G=0.1 (¢c) a=04,G6=0.1
. . j o]
* o o ° ¢ 0.04
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. 0.040} o
0.0272 N 0.03
[ ] [ ]
0.0271 . - .
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" " " " " " " " " " " " " " 0.00la (]
0.00 005 010 015 020 025 0.30 00 01 02 03 04 05 06 0.0 0.1 0.2 0.3 0.4 0.5
g @

(d) a=0.5,a0=0.4

Fig. 2 The observable R; and &4 for r,
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Fig. 3 Estimated ranges of the angular diameter D. The first row cor-
responds to Sgr A*, and the second row corresponds to M87%. In the
figure, the solid green and solid orange lines represent the confidence

When a = 0.5 and G = 0.1, the angular diameter estimation
ranges for both Sgr A* and M87* decrease as « increases,
but for M87%*, the extent of reduction is substantial. When «
assumes a larger value (o > 0.6), the estimated range is likely
to exceed the 1o confidence interval. This indicates that,
compared to Sgr A*, the astronomical observations impose
stricter constraints on the dark matter parameter o for M87%*.
When o = 0.4 and G = 0.1, the angular diameter estimation
ranges of Sgr A* and M87* do not show obvious changes
with the increase of the rotation parameter a. Although in the
case of M87%, the estimated range of the angular diameter is
lower than that of Sgr A* as a whole, it still remains within
the 1sigma confidence interval.

4 Shadows illuminated by the celestial light source

In the imaging process of black hole shadows, the back-
ground light source plays an essential role, and an ideal-
ized light source model is the celestial light source model.
Therefore, we propose employing the backward ray-tracing
technique [93] to validate the findings obtained in [79] from
a numerical perspective. The crucial aspect is to determine
the portion of light emitted from the background light source
that can reach the observer, as well as discerning which part
is being absorbed by the black hole. Due to the reversibility
of light, it can be evolve that the light propagates backwards
in time from the observer and then the position of each pixel

intervals 1o and 20 of D, respectively, while the red line segments rep-
resent the estimated ranges, with the endpoints marked by bold black
short lines

in the final image can be determined by numerically solv-
ing the null geodesic equations. Among them, the shadow
image in the observer’s field of view is composed of pixels
connected to light rays falling into the black hole.

To calculate the observer’s obtainable shadow of the black
hole, we also establish a local basis coordinate system at
the distance r — r, from the black hole. The coordinates
of the observer’s local basis {e;, e5, e, e(/;} can be trans-
formed into the coordinate basis of black hole spacetime
e;i{0;, 0r, 99, 9y} through the relationship e;; = eE 0y, where
e; is the transformation matrix, that is

gwege;} = N5 (36)
Here, n Y is the Minkowski spacetime metric. It is worth
mentioning that the choice of the transformation matrix e/”l is
not unique, as it allows for both spatial rotations and Lorentz
transformations. We adopt the selection in Ref. [94], which
is

@ 0 0 o
0A” 0 0

““=|0 0a0 37
00 0 AY

In particular, the reference frame of the observer at infinity
in space has zero axial angular momentum, which is also
called the zero angular momentum observer (ZAMO). And,
the term of (w, o, A", A?, A¥) are real coefficients, which
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can be expressed as

A= . A% = ! . AY = ! ,
/ 8rr /806 8o
o= | 8w o _ _8w [ 8w (38)

2 ’ 2
8tp — 81189y 8o\ 8ty — 8118¢¢
Through the above transformation, one can obtain the 4-
momentum of a photon measured in the observer’s local iner-
tial coordinate system, which is defined as

p'=—pi=—epy, p'=-p;i=—epy, (39)

and i = (r, 6, ¢). The locally measured 4-momentum p” in
the spacetime of a rotating Bardeen black hole surrounded
by PFDM can be rewritten as

. . R _ I .
pl=wE—-oL, p* o b

\/gwp’
F Pr
8rr

(40)

where pg = gee% and p, = grrj—; are the components

of momentum of the photon, respectively. Therefore, in the
ZAMO framework, it enables the definition of each light
ray using celestial coordinates (X, Y). In accordance with
the convention outlined in [95], the relationship between 4-
momentum of photon pj; and celestial coordinates (X, ¥) is
established as

Ctany =2 (41)

|'U
~i|

cos X =

The acquisition of an image of a black hole necessitates the
mapping of celestial coordinates (X, Y') onto the observation
plane (x, y). On the observation plane, a standard Cartesian
coordinate system can be established, and the relationship
between the observation plane and the celestial coordinate
follows

X . X
x = —2tan > sinY, y=—2tan 3 cosY. 42)

In essence, it determines the initial momentum value of the
photon at the ZAMO as well as its initial position. In this way,
the shadow image of rotating Bardeen black holes surrounded
by PFDM can be obtained in celestial coordinates using the
backward ray-tracing technique.

In order to enhance the demonstrative impact of curved
spacetime on light ray propagation, we partition the spherical
background into four quadrants and designate them with dis-
tinct colors (red, blue, yellow, and green), while using brown
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markers at 10 intervals along the spherical latitude and lon-
gitude lines. In addition, the black hole is situated precisely
at the center of the sphere, while the observer is positioned
at an intersection point where all four quadrants meet. Simi-
larly to the approach employed in previous studies, we des-
ignate the other intersection point with the observer, located
in the opposite quadrant, as white color to serve as a refer-
ence light source for studying the strong gravitational lensing
effects of Einstein rings. Considering the impact of relevant
parameters on the spatiotemporal structure, we examined the
influence of spin parameter a, magnetic charge G and dark
matter parameter o on the black hole shadow, as depicted
in Figs. 4, 5 and 6. The images consistently exhibit a cen-
tral dark region, encompassed by a vibrant background light
source, and accompanied by a white ring demonstration of
the Einstein ring. Clearly, these images show the warping of
space by a black hole and the gravitational lensing effect of
a black hole.

The shadows of a rotating Bardeen black hole surrounded
by PFDM obtained by varying the spin parameter a are
depicted in Fig. 4, while keeping other relevant parameters
fixed at the dark matter parameter o = 0.4, magnetic charge
G = 0.1 and observation angle 6, = m/2. The increase in
the spin parameter a is observed to cause deformation in the
shape of the black hole shadow. For a = 0, the shadow main-
tains a disk-like shape, while for large values of a, it evolves
into a D-shaped form, deviating from its perfect disk shape
which is similar to the change in the shadow of the usual
rotating (Kerr) black hole. The size of the shadow on the
vertical axis remains relatively constant, while its position
gradually shifts towards the right along the horizontal axis
as parameter a increases. In addition, the increase in param-
eter a also causes the color image near the shadow to distort,
demonstrating the space drag effect caused by the rotation in
the spacetime of Bardeen black hole surrounded by PFDM.

The correlation effect of a change in the magnetic charge
G on the black hole shadow is depicted in Fig. 5, where
the parameters a = 0.8, « = 0.4 and 6, = 7/2 are con-
sidered. It is evident that, irrespective of the value of the
magnetic charge G, the black hole shadow will experience
deformation to a certain degree and demonstrate significant
drag effects in its vicinity. However, as the magnetic charge
value increases, the deformation degree of the shadow shows
a weakening effect. When G = 0.1, its shape is very similar
to a D-shape, but when G = 0.3, the degree of deformation
is notably minimal. Meanwhile, the fluctuation of magnetic
charge G does not exert any discernible impact on the location
of the shadow. Subsequently, the impact of the dark matter
parameter « on the the black hole shadow is investigated, see
Fig. 6. In the case of other parameters is set as a = 0.7 and
G = 0.1, the result show that the influence of the change of
dark matter parameter « on the shadow is mainly reflected in
the size and deformation degree. Specifically, the degree of
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shadow deformation increases with the increase in the value
of the dark matter parameter o, while its size decreases sig-
nificantly.

In order to gain a deeper understanding of the geometric
structure of spacetime, we also investigate the apparent char-
acteristics of the black hole shadow from various observation
inclination angles, while keeping other relevant parameters
fixed ata = 0.8, G = 0.1 and « = 0.4, as shown in Fig. 7.
When the observation inclination is set to 6, = 0°, i.e., the
observer’s position aligns with the rotation axis of the black
hole, the contour shape of the black hole shadow exhibits a
perfect circular form, and the space drag effect caused by
the rotation of the black hole is also obviously displayed.
When the observation angle is relatively small, for instance,
6, = 17°, the contour of the shadow area at the center of
the image has already exhibited some degree of deforma-
tion, albeit the extent of this deformation remains relatively
subtle. As the observation angle increases to a substantial
value, such as 6, = 83°, the shadow profile of the black hole
markedly deviates from a perfect circle, adopting a distinct
D-shaped morphology. The impact of the observation angle
on the shadow contour aligns with the anticipated results.
Additionally, there is a significant increase in the size of the
shadow along the vertical axis. Consequently, an observer
situated on the equatorial plane would perceive larger and
more distorted black hole shadows.

5 Optical appearance of the black hole within a thin
accretion disk model

In the preceding chapter, employing the model of a spherical
background light source, we conducted numerical simula-
tions to investigate the shadow characteristics of the black
hole, encompassing its apparent shape and size. In the real
universe, black holes are typically enveloped by a substantial
amount of matter that undergoes gravitational acceleration
and emits high-energy radiation, thereby giving rise to lumi-
nous accretion disks encircling the black hole. In this section,
we will further explore the significance of bright accretion
disks as the primary source of background light, given their
crucial role in black hole imaging. In addition, we continue to
employ the backward ray-tracing technique , while the accre-
tion model is regarded as an optically thin, geometrically thin
accretion disk.

5.1 The configuration of the thin accretion disk model

Itis worth noting that there are several specific aspects that we
must account for in this accretion model. Firstly, the accretion
disk can be regarded as a free electrically neutral plasma in
motion along an equatorial timelike geodesic, due to its place-
ment on the equatorial plane and its geometrically thin nature.

Furthermore, the width of the accretion disk extends beyond
the inner stable circular orbit (ISCO), while its inner radius
reaches towards the black hole horizon. In astrophysics, the
viscosity of the accretion disk induces outward transfer of
angular momentum by the accretion material as it orbits
around the black hole, leading to gradual migration of par-
ticles in Keplerian region towards the ISCO. Subsequently,
these particles undergo acceleration and spiral towards the
event horizon until they reach the black hole, and the particle
motion mechanism during this process has been verified to be
in accordance with astrophysical observations [96]. Hence,
the scheme proposed in [33] can be employed to elucidate the
particle motion behavior within the accretion disk. Specifi-
cally, the ISCO represents a demarcation line, beyond which
the particles of the accretion disk will maintain a stable cir-
cular orbits, while within this boundary they will undergo a
critical plunging orbits. In other words, the radial motion of
the particles in the accretion disk within the range r > r;
should satisfy

Verr = 0, Verr = 0. 43)

And, withintherange r < r;, the radial motion 4, is governed
by

V,
U, =— |45 (44)
8rr

where the minus sign preceding the square root denotes
inward motions, while the term V, ¢y = # _ 2 sig-
nifies the effective potential. When retracing the trajectory
of light rays, multiple intersections with the accretion disk
in the equatorial plane may occur, and each intersection
point may vary radially. The radius at which light inter-
sects with the equatorial plane for the n'” time is denoted as
Fn(X,Y) ln=1,2,3...N,(x,y), & radiative transfer function gov-
erned by the Boltzmann equation for photons, where N (x, y)
represents the maximum number of intersection points. In
fact, the function r,(x, y) generates the shape of the n'h
image of the disk. Specifically, the direct image corresponds
to the case of n = 1, while the lens image produced on the
screen corresponds to n = 2. The radiative transfer func-
tion is closely dependent on the observation angle 9, and the
algorithm employed for image generation. And, each pixel
in the image corresponds to a wave vector.

The intensity of light ray undergoes variations at each
interaction with the accretion disk in a complete light path,
originating from the accretion disk and reaching the screen
within the ZAMO frame, due to emission and absorption
effects. The refraction effect of the disk medium will be dis-
regarded for the sake of convenience, thereby enabling the
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(a) a=0 (b) a=0.2 (c) a=0.8

Fig. 4 The shadow of the rotating Bardeen black hole surrounded by PFDM is observed for different values of the spin parameter a, while keeping
other relevant parameters fixed at G = 0.1, « = 0.4 and 6, = 90°
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Fig. 5 The shadow of the rotating Bardeen black hole surrounded by PFDM is observed for different values of the magnetic charge G, while
keeping other relevant parameters fixed at a = 0.8, « = 0.4 and 6, = 90°
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Fig. 6 The shadow of the rotating Bardeen black hole surrounded by PFDM is observed for different values of the dark matter parameter «, while
keeping other relevant parameters fixed at « = 0.7, G = 0.1 and 6, = 90°
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(a) 6, =0°

(b) 0, = 17°
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(c) 0, =T5°

Fig. 7 The shadow of the rotating Bardeen black hole surrounded by PFDM is observed for different values of the observation inclination angles
6,, while keeping other relevant parameters fixed ata = 0.8, G = 0.1 and @ = 0.4

change in light intensity to be denoted as [97]

d (I, 1
a (?) = ﬁ(jv —Ly). (45)

In this context, Z,, (erg cm 2 s Lgr! Hz_l), Jy (erg cm™3
s~ sr=! Hz™'), and «, (erg cm™! )represent the specific
intensity, emissivity, and absorption coefficient at frequency
v, respectively. When the beams of light propagate in differ-
ent directions at a single point in space, both 7, and «, tend
towards zero, resulting in the conservation of the quantities
7, /v? along the geodesic. The accretion disk should exhibit
stable, axisymmetric properties and possess Z, symmetry at
the equatorial plane. The emissivity and absorption coeffi-
cient of the accretion disk remain constant as light passes
through it, owing to its geometrically thin. The integration
of Eq. (45) along the path of light yields an intensity formula
for each position on the observer screen, that is

Nm 3 —kn F,
0 n 1 - nen
T,=3 (z_n) Ji ( ;n ) . (46)

n=1 On—1

The equation above defines v, as the observed frequency by
the observer, and v, as the frequency observed in the station-
ary coordinate system moving relative to the radiation profile.
Meanwhile, one can designate the class of frames as {§,},
where n = 1...N,, represents the number of times the ray
intersects the equatorial plane. Additionally, we employ sub-
script n to indicate the corresponding measurements in their
respective local rest frames §,,. The parameter o, represents
the optical depth of photons, and its value varies accordingly
upon emission from a designated position denoted as N, that

is

N ke, Fy), N> 1,
o0 = {0 (Brmrin) . N2 @7
1, N =0.

Here, the term F,, = v,, A4, is commonly known as the fudge
factor that governs the luminosity of the higher-order photon
ring, necessitating further elucidation contingent upon the
specific model of the accretion disk. In the context of fudge
factor, A), represents the variation in the affine parameter as
a specific ray traverses through the accretion disk medium at
. Given the optically thin properties of the accretion disk,
one can disregard any absorption effects. Consequently, Eq.
(46) is simplified as [96,98]

N
T, = Y Fugp(ru. x. )T, (48)

n=1

where r, represents the radius at which the ray intersects
the equatorial plane for the n”* time. In addition, the term
g,3l (rn, x, y) represents the redshift factor, which is defined as
the ratio of the observed frequency to the emission frequency
at radius r,, that is

Vo
gn = —, (49)
Vn

The factor 83 applies to the intensity of a specific frequency,
while gﬁ is suitable for integrated intensity [43]. Since the
behavior of particles in the accretion disk can be classified
into two distinct categories based on the ISCO, the redshift
factor of the accretion disk within and beyond the ISCO
exhibits discernible different. The particles in the accretion
disk outside the ISCO move along a circular orbits with an
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angular velocity W, and the redshift factor can be expressed
as

e
8circular = m7 n 2 1i, (50)
where
Uue
wn(r)zm |r=r,, . (5D

The equation above defines b as the impact parameter, i.e.,
the ratio of the energy of the photon along null geodesic
wire to the angular momentum, and v is the angular velocity
function. In addition, the term of e as the ratio of observed
energy on the screen to conserved energy along null geodesic,
which is fixed as e = 1 for the asymptotically flat spacetimes
since the observer located at infinity r, — co. Hence, these
components are expressed as

L E°
b=—>_n, e= =" =w + bo,
En Ey
! | (52)
v = —r -
8rt +281(pwn +g<p(ﬂwg =

In the region within ISCO, the particles are moving along the
critical plunge orbit, and its redshift is expressed in the form

1
Upky | En+Eq (" —bg!?)+ Ly (bg?¥ —g!?)

|r‘:rnarn<ri~ (53)

8plunge =

Here, the terms E 7and L ; are the energy and angular momen-
tum of the particle on ISCO, respectively. Given that the
observed wavelength (1.3 mm) is consistent with the image
of M87 and Sgr A* at 230 GHz, we adhere to the definition
of emissivity as stated in [33], which adopts a second-order
polynomial in log-space as

log[J (N)] = (n18* + n28). (54)

In which, the component ¢ is ¢ = log(r/rp). The values of
n1 and ny are setton; = —1/2 and np = —2, respectively, in
order to achieve a more visually appealing effect that aligns
with the 230 GHz image. The fudge factor F,, has various
options in [96], whereas in this paper, one can normalize all
the fudge factor to 1, i.e., F,, — 1 [33]. The primary focus
of our study lies in the impact of the correlation parameteron
the emission profile, rendering the optical manifestation of
the photon ring inconsequential due to variations in F,, value,
thereby exerting a minimal influence on the overall image.
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5.2 Observational appearance of the black hole

Within the framework of the accretion thin disk model, one
can explicitly simulate the visual representation of a rotat-
ing Bardeen black hole enveloped by PFDM on the display
using equation (48). The subsequent simulation was per-
formed using a constant observation distance of r, = 100M
and the outer radius of the accretion disk was defined as
rq1 = 20M, while its extension towards the event horizon
was achieved by setting the inner radius as 4> = ry. In the
spacetime of (13), the geometry structure is evidently influ-
enced by various parameters, including the rotation parame-
ter a, dark matter parameter o, and magnetic charge G. There-
fore, we conducted a specific investigation on the impact of
these parameters on the imaging of a rotating Bardeen black
hole surrounded by PFDM at various observation angles as
6, = 0°,17°,60° and 90°.

The black hole image with the different value of rotation
parameter is depicted in Fig. 8, where the values of a are
taken as a = 0,0.1, 0.3, and 0.5, while keeping the other
parameters constant at G = 0.1 and « = 0.4. In general, one
can always observe a dark area, with its periphery invariably
encompassed by a luminous ring. The central dark region
corresponds to the accretion disk image at r = rp, com-
monly referred to as the inner shadow according to [33],
while this distinctive luminous ring, known as the photon
ring, is closely aligned with the critical curve of black hole.
When the observed inclination is 8, = 0° (the first row), the
dark region in the center of the image appears as an axisym-
metric circle and is arranged in concentric circles with the
photon ring. This symmetry arises because, when the line
of sight is perpendicular to the disk, the motion of the par-
ticles in the accretion disk has no component in the line of
sight, resulting in a lack of a Doppler component in the red-
shift factor, including only gravitational redshift. When the
observed inclination is 6, = 17° (the second row), as the
rotation parameter a increases, the central dark region grad-
ually undergoes deformation, albeit with subtle changes. By
adjusting the observed inclination 6, to a larger value, such
as 6, = 60° (the third row) and 6, = 83°(the fourth row), the
deformation in the central dark region can be clearly identi-
fied, and an increase in the parameter a will result in a higher
degree of deformation. The left side of the screen also dis-
plays a distinctively luminous crescent or eyebrow-shaped
region, which exhibits decrease in both brightness and size
as parameter a is incremented. It should be emphasized that
when the observed inclination and parameter a change, the
position of the photon ring always remain the same, but its
brightness will change slightly.

In order to enhance the distinction between direct and
lensed images of the thin accretion disk, we present their
observed fluxes under relevant parameters in Fig. 9, where
the parameter values correspond to those in Fig. 8. Here, the
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Fig. 8 In the thin accretion disk model, the images of a rotating 6, = 0°,17°,60° and 83°. And, the rotation parameters in the first to
Bardeen black holes surrounded by PFDM at 230 GHz across different fourth columns are a = 0, 0.1, 0.3 and 0.5, respectively. In which, the
parameter spaces. The observation angles in the first to fourth rows are other relevant parameters are fixed as G = 0.1 and « = 0.4
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colors yellow, blue, and green represent the direct emission,
lensed emission, and photon ring regions, respectively. These
colors indicate the light that passes through the equatorial
plane of the black hole multiple times: once for yellow, twice
for blue, and three times for green. It can be observed that
the position of the photon ring falls within the lensed image
range, indicating a small amount of observed flux of the
lensed emission inside the photon ring. When the observed
inclination angle 6, = 0°, variations in the rotation parame-
ter a do not impact the appearance of direct and transparent
images of the accretion disk, which consistently manifest as
symmetrical rings with a specific width. When the observed
inclination angle is a small value, i.e., 8, = 17°, both direct
and lensed images appear as slightly deformed ring struc-
tures, and the radiation flux tends to converge towards the
lower half of the observation plane. However, the observed
intensity distribution in Fig. 8 lacks the necessary sharp-
ness to effectively discern between direct and lensed regions.
For large observed inclination angles, i.e., 6, = 60° and
0, = 83°, the direct and lensed images, as well as the inner
shadow region of the accretion disk, exhibit significant defor-
mations, where an increase in parameter a corresponds to a
higher degree of deformation. Moreover, the majority of the
observed flux of lensed emission is concentrated in the lower
half region of the observation plane, with only a minor por-
tion present in the upper half region. Meanwhile, one can
also clearly distinguish between the the direct and lensed
images in Fig. 8. The observations suggest that variations in
the observed inclination angle 6, could potentially impact the
discernible characteristics of black hole images, particularly
those that undergo gravitational lensing.

The impact of variations in the magnetic charge G on the
black hole image is illustrated in Figure 10, while Fig. 11
presents the observed flux distributions of the direct and lens
images corresponding to these variations. Among them, the
values of the magnetic charge are G = 0.1, 0.2, 0.3 and 0.4,
while the remaining relevant parameters are set to a = 0.5
and o = 0.4. It can be observed from Fig. 10 that, under
the same observation inclination angle, an increase in the
magnetic charge G results in a slight decrease in the shadow
area within the accretion disk, the radius of the photon ring,
and the corresponding observation intensity. The shape of the
inner shadow will be altered and the asymmetry of the image
will become more pronounced with an increase in observa-
tion inclination, while the morphology of the photon ring
remains largely unaffected. When the observed inclination
angle 6, is a large value, a distinct bright area resembling a
crescent or an eye-brow emerges on the left side of the screen,
where the direct and lensed images of the accretion disk
can be clearly distinguished. Meanwhile, the position of the
crescent-shaped bright area will move towards the lower part
of the screen as the G value increases. In the corresponding
observed flux images, see Fig.11, it is show that an increase in
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magnetic charge leads to a moderate expansion of the trans-
parent mirror region within the accretion disk, albeit with-
out significant magnitudes. The observed flux of the lensed
images gradually concentrates towards the lower half of the
observation plane as the angle of observation increases, leav-
ing only a small portion in the upper half. Furthermore, the
direct image also undergoes deformation in response to vari-
ations in the observation angle.

Subsequently, we direct our attention towards investigat-
ing the impact of variations in the dark matter parameter o
on the black hole image, as illustrated in Fig. 12. The results
indicate that as the value of the dark matter parameter o
increases, both the inner shadow area and the radius of the
photon ring decrease significantly, and this decrease is con-
siderably significant. Meanwhile, the observation intensity of
the image exhibits a pronounced upward trend, particularly
in the bright crescent region on the left side of the screen,
where the observation intensity increases significantly as «
increases. When the observed inclination angle is altered,
the shape of the inner shadow region undergoes a transi-
tion from circular to elliptical, gradually manifesting as an
arch at 6, = 83°. It is worth noting that the variation of
the observed inclination angle 6, and parameter o does not
have a significant influence on the morphology of the photon
ring. Only when both parameter « and 6, are significantly
increased, a slight deformation in the shape of the photon
ring can be observed. From the corresponding observed flux
image, as shown in Fig. 13, it can be clearly seen that when
the parameter « takes a large value, the width and radius of
the transparent image of the accretion disk decrease signifi-
cantly. The impact of changes in observation inclination on
the measured flux of direct and lens images is still evident as
a significant accumulation predominantly in the lower half
of the image observation plane.

5.3 The distribution of redshift factors

The Doppler effect is introduced by the relative motion
between the accreting particles and the observer, which can
have a significant impact on the characteristics of the black
hole image. Naturally, one crucial aspect that necessitates
meticulous attention in the imaging process of a black hole
is the precise determination of the redshift associated with
the captured light. In Figs. 14 and 15, the redshifts of direct
and lensed images are shown when the relevant parameters
are taken to different values. The images are organized into
three rows, with the first row corresponding to an observed
inclination of 6, = 17°, the second row to 6§, = 60°, and
the third row to 6, = 83°. The redshift factor is visually
represented by a continuous linear color map, with the color
red indicating redshift and the color blue indicating blueshift.
The central black region of each observing plane represents
the inner shadow cast by the accretion disk, which is bounded
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Fig. 9 The observed flux distribution of direct and lensed images of rotation parameter a increases gradually in each column, while keeping
the accretion disk. The colors yellow, blue and green correspond to the the other relevant parameters fixed at G = 0.1 and @ = 0.4, and each
directimage, lensed image and photon ring, respectively. In addition, the row represents a fixed observation angle
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Fig. 10 In the thin accretion disk model, the images of a rotating
Bardeen black holes surrounded by PFDM at 230 GHz across different
parameter spaces. The observation angles in the first to fourth rows are

by the projection of the event horizon of the black hole. The
results indicate that the size of the inner shadow region is
correlated with the values of relevant parameters, while its
shape is influenced by the observation inclination.

At smaller observation inclinations, such as 6, = 17°, the
outer boundary of the inner shadow always exhibits a promi-
nent red ring due to the emission of light by particles within
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6, = 0°,17°,60° and 83°. And, the magnetic charge G in the first to
fourth columns are G = 0.1, 0.2, 0.3 and 0.4, respectively. In which,
the other relevant parameters are fixed asa = 0.5 and @ = 0.4

the falling region, resulting in a significant redshift. Mean-
while, both the direct and lensed images of the accretion disk
predominantly exhibits redshift features, while the discerni-
bility of blueshift features is considerably diminished. The
emergence of this phenomenon is attributed to the compo-
nent of the accretion disk’s motion projected along the line of
sight is insignificant at smaller observation angles, thereby
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direct image, lensed image and photon ring, respectively. In addition, each row represents a fixed observation angle
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Fig. 12 In the thin accretion disk model, the images of a rotating
Bardeen black holes surrounded by PFDM at 230 GHz across different
parameter spaces. The observation angles in the first to fourth rows are

gravitational redshift to be the prevailing effect. In partic-
ular, the blueshift effect is not observed in lensed images,
even when the observed inclination is 6, = 60°. When the
observed inclination is a large value 6, = 83°, the distri-
bution of the blue shift and red shift regions is primarily
determined by the rotation direction of the accretion disk,
with the former located on the left side and the latter on the
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6, = 0°,17°,60° and 83°. And, the dark matter parameter « in the first
to fourth columns are @ = 0.1, 0.4, 0.7 and 0.9, respectively. In which,
the other relevant parameters are fixed asa = 0.5 and G = 0.1

right side of the image. Interestingly, as the magnetic charge
G increases, both redshift and blueshift phenomena become
less pronounced. Conversely, as the observation angle and
the dark matter parameter « increase, these phenomena are
significantly amplified. The impact of observation inclination
on the distribution of redshift factor is highly intuitive. With
a larger observation inclination, the line of sight approaches
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direct image, lensed image and photon ring, respectively. In addition, and G = 0.1, and each row represents a fixed observation angle
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closer to the disk plane, resulting in an increased velocity
component of accretion material along the line of sight and
consequently enhancing the Doppler effect.

6 Conclusions and discussions

The groundbreaking accomplishments of the EHT have
paved new avenues for harnessing black hole imagery in the
exploration of high-energy physics and gravitational theo-
ries, igniting widespread interest in numerical simulations
of black hole images within the scientific community. In the
imaging process of black holes, the accretion of matter sur-
rounded by high-energy radiation plays a pivotal role. After
considering two distinct background light sources, namely
the celestial light source and the thin accretion disk, we
thoroughly examine the observed properties of the rotating
Bardeen black holes surrounded by PFDM and elucidate how
changes in relevant parameters impact the characteristics of
its image.

Firstly, we study the shadows of a rotating Bardeen black
holes surrounded by PFDM through the application of stere-
ographic projection techniques within the ZAMO frame-
work. The relevant parameters of these black holes are subse-
quently constrained using the astronomical data from M87*
and SgrA*. As the only background light source, the celes-
tial sphere was employed to illuminate the black hole, while
employing the backward ray-tracing technique enabled us to
ascertain the precise shape of the shadow projected onto the
observer’s screen. The results indicate that the observation
plane of ZAMO consistently exhibits a central region char-
acterized by darkness, accompanied by a ring-like structure.
The dark region corresponds to the shadow cast by the black
hole, while the white ring structure represents the Einstein
ring. During the process of increasing the observation angle
from 6, = 0° (the pole of the black hole) to 6, = 90° (the
equatorial plane of the black hole), it is evident that the sil-
houette of the black hole shadow gradually transitions from
an axisymmetric closed circle to a D-shaped configuration,
and its size also increases slightly. We also investigate the
correlation between black hole shadow characteristics and
other spacetime parameters, namely magnetic charge G, rota-
tion parameter a, and dark matter parameter «. The results
indicate that for a constant magnetic charge G, an increase in
the value of the dark matter parameter « results in a contrac-
tion of the shadow contour. As the parameter a increases, the
degree of deformation of the shadow shape becomes more
pronounced, and the image of the background light source
surrounding the shadow is distorted due to the gravitational
lensing effect. For a constant dark matter parameter «, as the
magnetic charge G increases, the degree of deformation of
the shadow diminishes.

@ Springer

On the other hand, we take into account the presence of
optically and geometrically thin accretion disks as the sole
source of background illumination for the black hole. The
accretion disk is situated in the equatorial plane of the black
hole, and particle motion within the disk can be classified
into two categories based on the ISCO, that is, the particles
located outside the ISCO will exhibit stable circular orbits,
whereas particles inside the ISCO will undergo the critical
plunging orbits. The radiation emitted by the accretion disk
is simulated based on the methodology outlined in refer-
ence [33]. Within the ZAMO framework, we compute the
intensity distribution on the observer screen by meticulously
tracing a complete light path between the screen and the
accretion disk. In the image of a rotating BD black hole sur-
rounded by PFDM, our primary focus lies in examining the
variations observed in the direct image, lens image, critical
curve and inner shadows under different relevant parame-
ters. When the angle of observation increases, the observed
flux of the direct and lensed images of the accretion disk
starts to converge towards the lower region of the observa-
tion plane, while simultaneously transforming the circular
shape of the inner shadow into an ellipsoid or arch-like form.
For a larger observation inclinations, such as 6, = 60° and
0, = 83°, the left side of the image will exhibit a crescent
or eyebrow-shaped bright area, which can be attributed to
the amplification of the angle causing an increasingly pro-
nounced Doppler effect. Interestingly, when the observation
inclination is small 6, = 17°, due to the distribution of obser-
vation intensity is not sharp enough, the separation degree of
direct and lens images is not obvious enough, that is, the
direct image and the transparent image of the accretion disk
cannot be directly distinguished. It should be emphasized that
the change of the observation inclination does not affect the
position of the critical curve, but its profile will be slightly
deformed at a large observation inclination. Furthermore, it
can be observed that as the dark matter parameter « increases,
both the critical curve and the inner shadow area decrease. In
some cases, this may even lead to a significant reduction in
the lens imaging area. While an increase in magnetic charge
induces an effect analogous to that of the a parameter, its
influence is comparatively weaker.

Furthermore, we conducted an investigation into the red-
shift of both the direct and lensed images originating from
the accretion disk. It can be observed that the redshift or
blueshift effect of both direct and lens images is amplified
with the increase in observation inclination. The presence of
a smaller observation inclinations, such as 6, = 17°, leads
to the formation of a prominent red ring structure surround-
ing the inner shadow, which is attributed to the emission of
light by particles within the critical plunging orbits. Conse-
quently, there is a significant redshift observed. Meanwhile,
the negligible projection of the accretion disk motion along
the line of sight simultaneously renders the blue shift feature
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Fig. 14 The redshift factor distribution in direct images of accretion
disks. The redshift factor is visually represented using a continuous
and linear color spectrum, where the color red signifies redshift and the

almost imperceptible renders the blue shift feature almost
imperceptible. In particular, in the lensed image of the accre-
tion disk, even if the observed inclination reaches 6, = 60°,
only the redshift effect remains observable. Additionally,
the results show that the variation of rotation parameter a,
magnetic charge G and dark matter parameter awill signifi-
cantly affect the redshift and blue shift phenomena. As illus-
trated in first and third columns of Fig. 14, an increase in the
rotation parameter a results in a reduction of the blueshift
effect while simultaneously amplifying the redshift effect.
The corresponding optical observation appearance image, as
shown in Fig. 8, clearly reflects this variation characteristic.
As the parameter a increases, the brightness of the bright
crescent area observed on the screen weakens. By compar-

a =04,G = 01,a =(d) a = 09,6 = 0.1,a
17° 0.5,0, = 17°

1
‘ ‘

10
ins - 05

(g) « = 04,6 = 0.1,a = (h) « = 0.9,G = 0.1,a =
0.1,6, = 60° 0.5,6, = 60°

(k) « = 04,6 = 0.1,a = (1) « 09,6 = 0.1,a
0.1,60, = 83° 0.5,0, = 83°

color blue signifies blueshift. The observation angles from the first to
the third rows are 6, = 17°, 6, = 60°, and 6, = 83°, respectively. The
black regions are the inner shadows

ing the first and second columns, the results show that the
increase of magnetic charge G leads to the blue shift effect
and the reduction of the shadow area. The influence of the
change in parameter « on redshift is opposite to that of the
change in parameter G, that is, an increase in « will enhance
the blue shift effect. It can be observed from the correspond-
ing observation appearance (Fig. 12) that an increase in the
parameter « value results in a higher observation intensity,
which is prominently reflected in the bright crescent region.

Currently, there remains a lack of direct evidence con-
clusively confirming that the observed black hole candidates
are indeed Kerr black holes. The observational data do not
exclude the possibility that the geometries of these candi-
dates could differ significantly from those of Kerr black holes,
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Fig. 15 The redshift factor distribution in lensed images of accretion

disks. The redshift factor is visually represented using a continuous
and linear color spectrum, where the color red signifies redshift and the
color blue signifies blueshift. The observation angles from the first to

thereby leaving room for testing alternative gravitational the-
ories. The investigation of black hole shadows offers a robust
experimental framework for differentiating between black
hole models across various modified gravitational theories,
and we anticipate that this work can provide some valuable
help for future astronomical observations.
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