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Abstract We study the Kaluza–Klein inspired Brans–
Dicke model with barotropic matter. Following from our
previous work, the traditional Kaluza–Klein gravity action is
introduced with an additional scalar field and 2 gauge fields.
The compactification process results in a Brans–Dicke model
with a dilaton coupled to the tower of scalar fields whereas a
gauge field from 5-dimensional metric forms a set of mutu-
ally orthogonal vectors with 2 additional gauge fields. The
barotropic matter is then introduced to complete a realistic set
up. To demonstrate the analytical solutions of the model, we
consider the case in which only 2 lowest modes becoming rel-
evant for physics at low scale. After derivation, equations of
motion and Einstein field equations form a set of autonomous
system. The dynamical system is analysed to obtain various
critical points. Interestingly, by only inclusion of barotropic
matter, the model provides us the critical points which capa-
ble of determining the presences of dark matter, dark energy
and phantom dark energy.

1 Introduction

The origin of dark matter (DM) and dark energy (DE) has
been one of the main pursuits for new physics for many
decades. DM was proposed as an invisible mass that holds a
galaxy together while DE was an explanation of the accel-
erating universe. Although there are many candidates from
the particle physics side such as Axion-Like Particle (ALP)
which could act as both DM and DE depending on their
masses [1,2], but none of these have been experimentally
confirmed yet. On the other hand, a natural place for which
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the candidate for DM and DE could rise is the gravity theory.
Over the past decades, a tremendous progress has been made
in generalisation of Einstein gravity especially in the class
of models called the Scalar–Tensor theory [3,4] and refer-
ence therein. One of the most studied and celebrated models
is Brans–Dicke (BD) theory [5]. Motivated by Mach’s prin-
ciple, the scalar field is included to modify the gravity in
a way that Weak Equivalence Principle is still intact. As a
result, the gravitational constant is promoted to a scalar field
which coupled to both mass and geometry. A huge number
of studies for this particular model can be found here [6–25].

The idea of extra dimensions has also been an essen-
tial development for the unification of fundamental forces
[26]. The scalar fields from extra-dimensional theories such
String/M theory are ubiquitous and play a crucial role in
several phenomena such as the inflaton field [27–29], DM
[30,31], dark radiation [32,33] and cosmological constant
[34,35]. In our previous work [36], we have proposed an
extension of Einstein gravity using degrees of freedom com-
ing from compactification of extra-dimensions, see [37] for
review and references therein. In particular, the toroidal 5-
dimensional spacetime (R4 × S1) is the starting point and the
5-dimensional metric containing a scalar field and a vector
field is assumed. This process of circular compactification
is also known as Kaluza–Klein (KK) compactification. We
also include 2 additional gauge fields in order to solve the
anisotropy problem of the energy momentum tensor. In our
previous paper, dynamical system analysis has been carried
out and we demonstrated the potential to have both DM and
DE phases of the universe.

It was shown that including a matter field into the system
can sometimes changes the behaviour of the dynamical sys-
tem [11,12]. In this paper, we would like to provide a more
extensive study of our model. In particular, we are interested
in the inclusion of matter field and radiation into the exist-
ing dynamical system in order to achieve the semi-realistic
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universe. The paper is organised as follows. First, we give a
review on the model in Sect. 2 where the additional matter
and radiation field are also included. The full list of equation
of motions will be given in Sect. 3. In Sect. 4, the range of
compactification radius is chosen such that the number of
scalar fields relevant to low energy physics will be finite and
the numerical analysis can be done. The dynamical system
analysis is performed in Sect. 5. The full results will be given
in Sect. 6 and the discussion of the results can be found in
Sect. 7. Finally, the conclusion is given in Sect. 8.

2 A Kaluza–Klein inspired Brans–Dicke model

In this section, we set up the crucial ingredients of the KK
inspired BD model and use for studying the dynamical sys-
tem analysis in the latter. First of all, the 5-dimensional action
for KK gravity with free massive scalar field, η̃ is given by
[36]

S =
∫

d4xdy
√−g̃

2∑
a=1

(
− R̃ + ∂̂Aη̃∗∂ Aη̃ − M2

(5)η̃
∗η̃

− 1

4
φ2 F̃a

AB F̃
aAB + V ( Ãa

M )

)
, (1)

where M(5) is the mass of the scalar field η̃ and R̃, φ, F̃a
AB ≡

∂A Aa
B − ∂B Aa

A, Aa
M are Ricci scalar, dilaton field, strength

tensor and gauge field in 5 dimensions, respectively. In addi-
tion, we use natural unit system where

√
16πG = 1. The

capital Latin indices represent the bulk dimensional space-
time indices, A, B,C, . . . = 0, 1, 2, 3, 5 whereas the Latin
indices stand for the triad gauge field indices, a, b, c, . . . =
1, 2. While V ( Ãa

M ) is the potential and it is composed of
the gauge field Ãa

M only and it will be specified in the later.
Moreover, all variables with tilde symbol, ,̃ are described the
physical quantities in 5-dimensional spacetime. The metric
tensor g̃AB of the bulk 5-dimensional spacetime is written by
[37],

g̃AB =
(
gμν + φ2AμAν φ2Aμ

φ2Aν φ2

)
. (2)

It has been shown in Ref. [36] that the gravitational action of
the KK theory can be reduced to the 4-dimensional spacetime
by mean of the compactification of the y dimension. The full
form of the KK theory in the 4 dimensions is written in the
following form,

S = SBD + SKK + SG, (3)

where SBD , SKK and SG are the actions of the BD grav-
ity, the 4 dimensional KK scalar field and the gauge fields,
respectively. The explicit forms of three actions above are
given by,

SBD =
∫

d4x
√−g φ

[
−R − 1

4
φ2FμνF

μν − 2

3

∂μφ∂μφ

φ2

]
, (4)

SKK =
∫

d4x
√−g φ

∞∑
n=0

[
∂μηn∂

μηn − M2
(5)η

2

+
(

1

φ2 + Aν A
ν

)
n2

R2
k

η2
n

]
, (5)

SG =
∫

d4x
√−g φ

2∑
a=1

∞∑
n=0

[
− 1

4
φ2 F̃a

nμν F̃
aμν
n

+
(
V ′′ − φ2n2

4R2
k

)
Ãa

μ,n Ã
μ,a
n

−1

4
φ2∂μ Ã

a
5,n∂

μ Ã5,a
n + V ′′

(5) Ã
a
5,n Ã

5,a
n

]
, (6)

where V ′′ = δ2V
δA2

μ
and V ′′

(5) = δ2V
δA2

5
. To obtain the actions

in Eqs. (4)–(6), we have assumed that the ηn and φ are real
scalar fields. For all detail derivations of the actions, we refer
to Ref. [36] and we will not repeat them in this work. We close
this section by summarising the main result in this model. We
have shown that the BD gravity with scalar and gauge fields
can be generated from the dimensional compactification of
the 5-dimensional KK theory. The dilaton field is coupled
to both Ricci scalar and the scalar field in 4-dimensional
actions. In the following sections, we will use the KK inspired
BD model in the presence of the barotropic fluid matter to
demonstrate that the dilaton, scalar and gauge fields might
play the role of DM and DE.

3 Equation of motions

In this section, we compute the equations of motion of the
KK inspired BD model and we will employ the results to
investigate the dynamics of the universe in this model as a
candidate of DM and DE. With the flat FLRW metric, ds2 =
dt2 −a2(t)(dx2 +dy2 +dz2), we firstly obtain the equation
of motion for the dilaton field, φ from the Euler–Lagrange
equation as

R = 4

3
√−gφ

∂μ(
√−g∂μφ) − 3

4
φ2FμνF

μν − 2

3φ2 ∂μφ∂μφ

+
∞∑
n=0

[
∂μηn∂

μηn − M2
(5)η

2 +
(

1

φ2 + Aν A
ν

)
n2

R2
k

η2
n

]

+
2∑

a=1

∞∑
n=0

(
−3

4
φ2 F̃a

nμν F̃
aμν
n +

(
V ′′ − 3

4

φ2n2

R2
k

)
Ãa

μ,n Ã
μ,a
n

)
.

(7)

According to the action in Eq. (3), the matter Lagrangian
together with the barotropic fluid can defined as

Lmatter = −1

4
φ3F2 − 2

3

∂μφ∂μφ

φ
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+φ

[
∂μηn∂

μηn − M2
(5)η

2 +
(

1

φ2 + Aν A
ν

)
n2

R2
k

η2
n

]

+L f luid , (8)

where L f luid represents other fields (particles) which could
be existing in the 4 dimensions. The energy-momentum ten-
sor can be determined by

Tμν = − 2√−g

δ(
√−gLmatter )

δgμν
. (9)

Substituting Eq. (8) into Eq. (9), we find

Tμν = φ3FμαFν
α − gμν

4
φ3F2 − gμν

4
φ3

2∑
a=1

F̃μν,a F̃
μν
a

+ 2

3

∂μφ∂νφ

φ
− φ

∞∑
n=0

∂μηn∂νηn

− 2φAμAν

∞∑
n=0

n2η2
n

R2
k

+ gμνφ

∞∑
n=0

×
[(

1

φ2 + Aν A
ν

)
n2

R2
k

η2
n − M2

(5)η
2
n

]

+ φ3
∞∑
n=0

F̃a
μα,n F̃

a,n
ν − φ

∞∑
n=0

(
V ′′ − n2φ2

4R2
k

)
(2 Ãa

μ,n Ã
a
ν,n

− gμν Ã
a
ρ,n Ã

ρ,a
n ) + T̃μν. (10)

The barotropic fluid energy-momentum, T̃μν is given by

T̃μν = (ρm + ρr )uμuν + pr gμν, (11)

where uμ is the usual comoving 4-velocity, whereas ρm ,
ρr and pr are the energy density of dust matter, radiation
and pressure of radiation, respectively. In order to fulfill the
isotropy of the energy momentum tensor, the zero mode con-
figuration of each species (a = 1, 2) needs to satisfy

Aμ = (0, A, 0, 0) (12)

Ãμ,1
0 ≡ Ãμ,1 = (0, 0, A, 0) (13)

Ãμ,2
0 ≡ Ãμ,2 = (0, 0, 0, A). (14)

This specific configuration is also known as the Cosmic Triad
[38–40]. In addition, the diagonal spatial components of the
energy-momentum tensor in Eq. (10) require that

V ′′ =
∞∑
n=0

n2η2
n

R2
k

≡ M2
A. (15)

The Einstein field equation of the KK inspired BD gravity
takes the form of

φ(Rμν − 1

2
gμνR) + gμν∇σ ∇σ φ − ∇μ∇νφ = Tμν. (16)

Considering the t t component, the Einstein tensor reads

Gtt = ȧ2

a2 , (17)

with the fact that

F̃ tσ,1 F̃ t,1
σ = F̃ tσ,2 F̃ t,2

σ = Ftσ Ft
σ = gi j F

ti Ft j

= −a2 (
Ȧ + 2H A

)2
(18)

F̃1
μν F̃

μν,1 = F̃2
μν F̃

μν,2 = FμνF
μν

= Fti F
ti + Fit F

it = −2a2 (
Ȧ + 2H A

)2
. (19)

Then the Friedmann equation in the KK inspired BD model
can be written as

(
ȧ

a

)2

= −3φ2a2

2

(
Ȧ + 2H A

)2 + 2φ̇2

3φ2

−
∞∑
n=0

η̇2
n +

∞∑
n=0

[(
1

φ2 − 3a2A2
)

n2

R2
k

− M2
(5)

]
η2
n

+ρm + ρr

φ
. (20)

Recalling relation Ḣ = ä
a − ȧ2

a2 , the Raychaudhuri equation
can be determined from the spatial components of the field
equation in Eq. (16) and it reads

− 3φ̈ = 3φH2 + 6φ
(
Ḣ + H2

)
+ 9H φ̇

− 3a2φ3

2

(
Ȧ + 2H A

)2 − 6φa2A2
∞∑
n=0

n2η2
n

R2
k

− 3φ

∞∑
n=0

[(
1

φ2 − 3a2A2
)

n2

R2
k

η2
n − M2

(5)η
2
n

]
+ a2 pr .

(21)

In this section, we have prepared relevant equations of motion
in the KK inspired BD gravity model to study the dynamics of
the universe in the later. Since, the scalar field ηn represents
the infinite summation of the KK exited states and leads to
complicated physical quantities in the model. Therefore we
will consider only the lower mode of the KK excited states
in the next section.
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4 Lower mode cases

It is well known that the KK scalar fields are composed of
the infinite tower mode. In particular, a higher mode with a
momentum larger than the reduced Plank scale will be physi-
cally irrelevant to the observable universe. Therefore, we can
neglect such higher modes and the remaining modes of the
KK excited field should satisfy the momentum condition:

n < Rk . (22)

Therefore, we focus to study the KK inspired BD model for,
1 < Rk < 2. In this case, only zero mode and the first excited
mode involve in the system. For simplicity and convenient to
study the dynamics of the universe by using the dynamical
system analysis with the dimensionless parameters, we can
simply drop the radiation matter term in this work. Moreover,
we found that the inclusion of radiation part would lead to an
unnecessary introduction of free parameters. The Friedmann
equation for the lower mode of the model reads,

H2 = −3φ2a2

2
A2

c + 2φ̇2

3φ2 − η̇2
0 − η̇2

1 − M2
(5)η

2
0 − M2

(5)η
2
1

+
(

1

φ2 − 3a2A2
)

η2
1

R2
k

+ ρm

φ
. (23)

Noted that η0 and η1 scalar fields are the zero mode and the
first excited mode, respectively. The equation of motion for
the dilation field, φ becomes

φ̈ + 3H φ̇ = −9

2
φ

(
Ḣ + 2H2

)
− 27

8
φ3a2A2

c + φ̇2

2φ

− 3

4
φη̇2

0 − 3

4
φη̇2

1 + 3

4
φ

(
1

φ2 + 3a2A2
)

η2
1

R2
k

+ 3

4
φM2

(5)η
2
0 + 3

4
φM2

(5)η
2
1. (24)

The pressure can be written as pi = wiρi where wm = 0.
Solving Eqs. (21) and (24) gives

Ḣ =13a2A2η2
1

10R2
k

− 31

20
a2φ2A2

c − 3

10
η̇2

1 + 7

10
M2

(5)η
2
1

− η2
1

10R2
kφ

2
− 12H2

5
− 3

10
η̇2

0 + 7

10
M2

(5)η
2
0 + φ̇2

5φ2 ,

(25)

and

φ̈ = − 18a2A2η2
1φ

5R2
k

+ 18

5
a2φ3A2

c + 3

5
φη̇2

1 − 12

5
M2

(5)η
2
1φ

+ 6η2
1

5R2
kφ

− 3H φ̇ + 9

5
H2φ + 3

5
φη̇2

0

− 12

5
M2

(5)η
2
0φ − 2φ̇2

5φ
, (26)

where we define Ac = Ȧ + 2H A.
The specific form of equations and fields allow us to anal-

yse the system both analytically and numerically. In the next
section, we will use the results to study the dynamical system
of the model.

5 Dynamical system

Now, we arrive at the crucial part of this work that is to study
the dynamics of the universe. The main purpose of this work
is to demonstrate the existence of DM and DE in the KK
inspired BD gravity with the inclusion of the barotropic fluid.
Since the dynamical system is widely used and succeed to
qualitatively analyse the cosmological models [41], we will
apply this method to the model. For simplicity, we define
the dimensionless parameters to construct the autonomous
system of the equations,

X1 =
√

3a

H
Ac, X2 =

√
2

3

φ̇

Hφ
, X3 = η̇0

H
,

X4 = η̇1

H
, X5 = 1

φ
, X6 = √

3aA, X7 = η1

HRk
,

X8 = η0

HRk
, X9 =

√
ρm

H2 . (27)

We can use the Friedmann equation as a constraint equation
of the dimensionless parameters, i.e.,

1 = − X2
1

2X2
5

+ X2
2 − X2

3 − X2
4 − X2

6X
2
7 + X5

(
X5X

2
7 + X2

9

)

−M2
(5)R

2
k

(
X2

7 + X2
8

)
. (28)

Noted that the additional free parameters of the system are
defined by

λ ≡ M(5)Rk and μ ≡ 1

HRk
. (29)

Then the conformal derivative of the defined parameters are
derived as following

1

H

dX1

dt
= 31X3

1

60X2
5

− 3X1X2
2

10
+ 3X1X2

3

10
+ 3X1X2

4

10

+ 1

10
X1X

2
5X

2
7 − 13

30
X1X

2
6X

2
7,

− 7

10
λ2X1X

2
7 − 7

10
λ2X1X

2
8 + 17X1

5
(30)

1

H

dX2

dt
= 31X3

1

60X2
5

− 3X1X2
2

10
+ 3X1X2

3

10
+ 3X1X2

4

10
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+ 1

10
X1X

2
5X

2
7 − 13

30
X1X

2
6X

2
7

− 7

10
λ2X1X

2
7 − 7

10
λ2X1X

2
8 + 17X1

5
, (31)

1

H

dX3

dt
= 31X2

1X3

60X2
5

− 3X2
2X3

10
−

√
3

2
X2X3

+ 3X3
3

10
+ 3X3X2

4

10
+ 1

10
X3X

2
5X

2
7

− 13

30
X3X

2
6X

2
7 − 7

10
λ2X3X

2
7 − 7

10
λ2X3X

2
8

− 3X3

5
− λ2μX8, (32)

1

H

dX4

dt
= 31X2

1X4

60X2
5

− 3X2
2X4

10
−

√
3

2
X2X4 + 3X2

3X4

10

+ 3X3
4

10
+ 1

10
X4X

2
5X

2
7 − λ2μX7

− 13

30
X4X

2
6X

2
7

− 7

10
λ2X4X

2
7 − 7

10
λ2X4X

2
8

− 3X4

5
+ μX2

5X7 − μX2
6X7, (33)

1

H

dX5

dt
= −

√
3

2
X2X5, (34)

1

H

dX6

dt
= X1 − X6, (35)

1

H

dX7

dt
= 31X2

1X7

60X2
5

− 3X2
2X7

10
+ 3X2

3X7

10

+ 3X2
4X7

10
+ μX4 + X2

5X
3
7

10
− 13X2

6X
3
7

30
,

+ 12X7

5
− 7λ2X3

7

10
− 7

10
λ2X7X

2
8, (36)

1

H

dX8

dt
= 31X2

1X8

60X2
5

− 3X2
2X8

10

+ 3X2
3X8

10
+ μX3 + 3X2

4X8

10
+ 1

10
X2

5X
2
7X8

− 13

30
X2

6X
2
7X8 − 7

10
λ2X2

7X8 − 1

10
7λ2X3

8 + 12X8

5
,

(37)

1

H

dX9

dt
= 31X2

1X9

60X2
5

− 3X2
2X9

10
+ 3X2

3X9

10
+ 3X2

4X9

10

+ 1

10
X2

5X
2
7X9 − 13

30
X2

6X
2
7X9

− 7

10
λ2X2

7X9 − 7

10
λ2X2

8X9 + 9X9

10
, (38)

1

H

dμ

dt
= 12μ

5
+ 31μX2

1

60X2
5

− 3μX2
2

10
+ 3μX2

3

10

+ 3μX2
4

10
+ 1

10
μX2

5X
2
7 − 13

30
μX2

6X
2
7

− 7

10
λ2μX2

7 − 7

10
λ2μX2

8 . (39)

We obtain a critical point of the dynamical system by setting
all derivative equations from Eqs. (30)–(38) equal to zero
with constraint Eq. (28). The stability of a critical point can
be analysed from its eigenvalues of the matrix

Mi j = d

dXi

(
1

H

dX j

dt

)
. (40)

If all eigenvalues are negative, the critical point is stable
and if any is positive, the critical point is unstable. The energy
density of each specie can be written as

�A = − X2
1

2X2
5

− X2
6X

2
7, �φ = X2

2 + X2
5X

2
7,

�η0 = −
(
X2

3 + λ2X2
8

)
,

�η1 = −
(
X2

4 + λ2X2
7

)
, �ρm = X5X

2
9 . (41)

The effective equation of state is given by

weff = −1 − 2Ḣ

3H2 . (42)

We use the above equation to identify the phase of the uni-
verse, where weff < −1/3 and weff > −1/3 represent
the acceleration and deceleration expansion of the universe,
respectively. While weff = 0 represents the matter dominated
phase of the universe, weff < −1 corresponds to the phantom
DE. In addition, one may find the solutions of the scale factor
by integrating the Eq. (42).

6 Results

Since there are 9 main dimensionless parameters, X1 − X9

and 1 extra parameter, μ. It is more convenient to categorise
the dynamical system into many cases. First, let’s consider
the case that the 5-dimensional mass, M(5) does not exist in
the universe. Therefore, the X8 is decoupled from the Fried-
mann equation. We analyse with assumption, X3 = X8 = 0,
and found that there is no real solution in this case. Another
case is the assumption that M(5) �= 0. We will consider this
in various sets of the non-vanishing fields in the dynamical
system. All possible real solutions are summarised in Table 1.
In addition, a solution where φ → 0 leads to the violation of
constraint in Eq. (28) as X2, X5 → ∞. Therefore, we do not
consider such solutions in this work. Moreover, the slow-roll
approximation of the η̇0 and η̇1 is taken into account for some
of these solutions.
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Table 1 The table summarises non-vanishing fields, effective equation of state and possible phases of the universe for each system. Noted that F̄i
are the systems with the slow-roll approximation, η̇i = 0

System Non-vanishing fields Existence Stability weff Possible phase

F (A)
1 φ, η1, ρm λ > 0 ∧ μ > 3

2λ
Stable 0 DM

F (A)
2 φ, η1, ρm λ > 0 ∧ μ > 3

2
√

2λ
Stable 0 DM

F (B)
1 φ, η1, A, ρm λ > 0 ∧ μ > 0 Saddle 0 DM

F (B)
2 φ, η1, A, ρm λ > 0 ∧ μ > 0 Stable or Saddle < −1 Phantom DE

F (B)
3 φ, η1, A, ρm λ > 0 ∧ μ > 1

λ

√
57
10 Saddle −5/3 Phantom DE

F (C)
1 φ, η0, η1, ρm λ > 0 ∧ μ > 3

2λ
Stable 0 DM

F (D)
1 φ, η0, η1, A, ρm λ > 0 ∧ μ > 0 Saddle 0 DM

F (D)
2 φ, η0, η1, A, ρm λ > 0 ∧ μ > 1

λ

√
57
10 Saddle −5/3 Phantom DE

F̄ (B)
1 φ, η1, A, ρm λ > 0 ∧ μ > 0 Stable −1 DE

F̄ (B)
2 φ, η1, A, ρm λ > 0 ∧ μ > 0 Saddle −1 DE

F̄ (B)
3 φ, η1, A, ρm λ > 0 ∧ μ > 0 Saddle −1 DE

F̄ (B)
4 φ, η1, A, ρm λ > 0 ∧ μ > 0 Saddle −1/3 Critical DE

F̄ (B)
5 φ, η1, A, ρm λ > 0 ∧ μ > 0 Stable −5/3 Phantom DE

F̄ (C)
1 φ, η0, η1, ρm λ > 0 ∧ μ > 0 Stable −1 DE

F̄ (C)
2 φ, η0, η1, ρm λ > 0 ∧ μ > 0 Saddle −1/3 Critical DE

F̄ (C)
3 φ, η0, η1, ρm λ > 0 ∧ μ > 0 Stable −1 DE

F̄ (D)
1 φ, η0, η1, A, ρm λ > 0 ∧ μ > 0 Stable −1 DE

F̄ (D)
2 φ, η0, η1, A, ρm λ > 0 ∧ μ > 0 Saddle −1 DE

F̄ (D)
3 φ, η0, η1, A, ρm λ > 0 ∧ μ > 0 Saddle −1/3 Critical DE

F̄ (D)
4 φ, η0, η1, A, ρm λ > 0 ∧ μ > 0 Stable −5/3 Phantom DE

6.1 M(5) �= 0 case

In the case of M(5) �= 0, there are many solutions of the
critical point and they are written in terms of the parameters
λ and μ. In the analysis, the Eqs. (28), (31) and (34) prevent
X2 = X5 = 0 which mean that φ cannot be decoupled from
the system. The critical points of the relevant non-vanishing
fields in the autonomous system are classified below.

6.1.1 F (A)
i : (φ, η1, ρm)-system (A)

First, we consider (φ, η1, ρm)-system which leads to X1 =
X3 = X6 = X8 = 0, with the following constraint equation,

1 = X2
2 − X2

4 + X2
5X

2
7 + X5X

2
9 − λ2X2

7 . (43)

In order to find the critical points, we use the constraint equa-
tion, Eq. (43), to reduce the autonomous system by replacing
a parameter for the remaining differential equation.

• F (A)
1 , we eliminate X2 by using the constraint equation

in Eq. (43). The critical point is given by

X4 = − 3√
8λ2μ2

3 − 2
, X5 =

√
4λ2μ2 − 9

2μ
,

X7 =
√

6μ√
4λ2μ2 − 3

,

X9 = − 2
√

2

√√√√ μ
(
4λ4μ4 + 15λ2μ2 − 54

)
(
4λ2μ2 − 9

)3/2 (
4λ2μ2 − 3

) . (44)

The effective equation of state of this system then simply
reduces to

weff = 0. (45)

The critical point exists for all positive λ and μ with λμ > 3
2 .

After using the definition of stability matrix in Eq. (40), the
real part of eigenvalues is read

(
0, 0, 0,−9

5

)
. (46)
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Fig. 1 On the left panel, the graph a shows the stability of the F (A)
1

critical point. The stable critical points lie in the blue shaded region
while non-shaded region is forbidden for critical points. On the right

panel, the graph b illustrates the relation between density parameter of
non-vanishing fields and free parameters, i.e., λ and μ. The black, blue
and red line in graph b indicates �φ , �η1 and �ρm , respectively

This means that this critical point is a stable point. Then,
the F (A)

1 can be represented as the late time DM dominated
phase (Fig. 1). The density parameters are given by

�φ = 3
(
4λ2μ2 − 9

)
8λ2μ2 − 6

, �η1 = 3
(
4λ2μ2 + 9

)
6 − 8λ2μ2 ,

�ρm = 4
(
λ2μ2 + 6

)
4λ2μ2 − 3

. (47)

•F (A)
2 , the X4 is eliminated by using Eq. (43). The critical

point is determined as

X2 = 0, X5 = λ, X7 = 2μ√
8λ2μ2

3 − 3
,

X9 =
√

8λ2μ2 + 18√
λ

(
8λ2μ2 − 9

) . (48)

Having use Eq. (40), the eigenvalues of the critical point are
obtained. As a result, the eigenvalues are very complicated
form and cannot be written in the analytical form. We there-
fore study them numerically. The stability of this critical point
behaves as a stable node for all positive λ and λμ > 3

2
√

2
.

The plot of the stable region in λ − μ plane is depicted in
Fig. 2. While the effective equation of state of this system
then simply reduces to

weff = 0. (49)

Therefore, the F (A)
2 system behaves as late time dominated

DM in the universe. The results of the density parameters are

shown below,

�φ = 12λ2μ2

8λ2μ2 − 9
, �η1 = 12λ2μ2 + 27

9 − 8λ2μ2 ,

�ρm = 2
(
4λ2μ2 + 9

)
8λ2μ2 − 9

. (50)

6.1.2 F (B)
i : (φ, η1, A, ρm)-system (B)

In this sector, we consider (φ, η1, A, ρm)-system case i.e.,
X3 = X8 = 0. The constraint equation becomes

1 = X2
2 −X2

4 − X2
1

2X2
5

+X2
5X

2
7 −X2

6X
2
7 +X5X

2
9 −λ2X2

7 . (51)

The critical points of this system are listed below.
• F (B)

1 , we get rid of the X6 variable by using constraint
equation Eq. (51). By doing this, the system provides 2 solu-
tions of critical point. The first solution is given by

X1 = 0, X2 = 0, X4 = − 3
√

3√
8λ2μ2 + 9

,

X5 =
√

8λ2μ2 + 9

2
√

2μ

X7 = 2
√

3μ√
8λ2μ2 + 9

,

X9 = 23/4

√√√√μ
(
8λ2μ2 + 63

)
(
8λ2μ2 + 9

)3/2 . (52)
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Fig. 2 On the left panel, the graph a shows the stability of the F (A)
2

critical point. The stable critical points lie in the blue shaded region
while non-shaded region is forbidden for critical points. On the right

panel, the graph b illustrates the relation between density parameter of
non-vanishing fields and free parameters, i.e., λ and μ. The black, blue
and red line in graph b indicates �φ , �η1 and �ρm , respectively

We note that the existence of the critical point exists for all
positive λ and μ. The eigenvalues of this critical points can-
not write in the close form and numerical study is required.
The stability analysis shows that this critical point is always
saddle point. The effective equation of state of this system is
given by

weff = 0. (53)

According to the dynamical system analysis, F (B)
1 can

behave like DM phase or matter dominated era of the uni-
verse. Finally, the density parameters of the system are read
(Fig. 3),

�A = − 81

16λ2μ2 + 18
, �φ = 3

2
,

�η1 = − 3
(
4λ2μ2 + 9

)
8λ2μ2 + 9

, �ρm = 8λ2μ2 + 63

8λ2μ2 + 9
. (54)

• F (B)
2 , this is the second solution of the (φ, η1, A, ρm)

system where we eliminate X6. It is written by

X1 = 0, X2 = 0, X9 = 0,

X4 = 1

12λμ

(
5
√

3 −
√

8λ2μ2 + 75
) √√

3
√

8λ2μ2 + 75 + 15,

X5 = − 1

2
√

3

√
80λ2μ2 − 61

√
3
√

8λ2μ2 + 75 + 915

μ2 ,

X7 = − 1

2λ

√√√√
√

8λ2μ2

3
+ 25 + 5. (55)

Fig. 3 The figure illustrates the relation between density parameter of
non-vanishing fields and free parameters, i.e., λ and μ, for F (B)

1 critical
point. Noted that the green, black, blue and red line in the graph indicates
�A, �φ , �η1 and �ρm , respectively

The eigenvalues of the F (B)
2 system are very complicated.

By numerical study, the stability of this critical point can
be both stable and saddle points for all positive λ and μ. In
addition, their existences of the stable node in the λ−μ plane
are shown in Fig. 4. The effective equation of state of this
system can be written as

weff = 1

9

(
6 − √

3
√

8λ2μ2 + 75
)

. (56)

The density parameters of the system are shown below
(Fig. 5)
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Fig. 4 On the left panel, the graph a shows the stability of the F (B)
2

critical point. The saddle critical points lie in the red shaded region
while blue shaded region, λ > 3/μ, is the region where critical points

are stable. On the right panel, the graph b illustrates the changes of
effective equation of state over λ and μ. Noted that the black line in
graph b indicates the border between saddle and stable critical points

Fig. 5 The figure illustrates the relation between density parameter of
non-vanishing fields and free parameters, i.e., λ and μ, for F (B)

2 critical
point. Noted that the green, black, blue and red line in the graph indicates
�A, �φ , �η1 and �ρm , respectively

�A = 1

12

(
39 − 5

√
3
√

8λ2μ2 + 75
)

,

�φ = 5

3

√
8λ2μ2

3
+ 25 − 11

6
,

�η1 = − 5

36

(√
3
√

8λ2μ2 + 75 + 3
)

,

�ρm = 0. (57)

• F (B)
3 , the X9 is excluded from the system by using

Eq. (51). We obtain the critical point as

X2 = 0, X1 =
√

46λ2μ2 − 
 − 429

2
√

10μ
,

X4 =
√

μ2
(
234 − 56λ2μ2 − 


)
μ

√
12λ4μ4 − 68λ2μ2 + 63

,

X5 = 1

2
√

10

√
86λ2μ2 − 
 − 269

μ2 ,

X6 =
√

46λ2μ2 − 
 − 429

2
√

10μ
,

X7 =
√

μ2
(
234 − 56λ2μ2 − 


)
√

12λ4μ4 − 68λ2μ2 + 63
, (58)

where


 =
√

6916λ4μ4 − 47628λ2μ2 + 74601. (59)

The eigenvalues of this system are also very complicated.
With help from the numerical analysis, this critical point is
always saddle point and the existence of the saddle point

exists in the range of positive λ and λμ >

√
57
10 . The plot

is depicted in Fig. 6. The effective equation of state of this
system is given by

weff = −5

3
. (60)
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Fig. 6 On the left panel, the graph a shows the stability of the F (B)
3

critical point. The saddle critical points lie in the red shaded region
while non-shaded region is forbidden for critical points. On the right
panel, the graph b illustrates the relation between density parameter

of non-vanishing fields and free parameters, i.e., λ and μ. The green,
black, blue and red line in graph b indicates �A, �φ , �η1 and �ρm ,
respectively

The non-vanishing energy density parameters are read

�A =
(
429 − 46λ2μ2 − 


) (
78λ2μ2 + 
 − 369

)
8
(
2λ2μ2 − 9

) (
86λ2μ2 + 
 − 269

) ,

�φ =
(−56λ2μ2 + 
 + 234

) (
86λ2μ2 + 
 − 269

)
40

(
12λ4μ4 − 68λ2μ2 + 63

) ,

�η1 =
(
λ2μ2 + 1

) (
56λ2μ2 − 
 − 234

)
12λ4μ4 − 68λ2μ2 + 63

,

�ρm = 436λ4μ4 + 2λ2μ2 (3
 − 2998) − 57
 + 18693

2
(
2λ2μ2 − 9

) (
86λ2μ2 + 
 − 269

) .

(61)

6.1.3 F (C)
i : (φ, η0, η1, ρm)-system (C)

In this system, we have assumed that X1 = 0 and X6 = 0.
The constraint equation is written by

1 = X2
2 − X2

3 − X2
4 + X2

5X
2
7 + X5X

2
9 − λ2X2

7 − λ2X2
8 .

(62)

• F (C)
1 , the critical point of the system is given by

X3 = 0, X8 = 0, X4 = 3√
1
3

(
8λ2μ2 − 6

) ,

X5 =
√

4λ2μ2 − 9

2μ
,

X7 = − 2μ√
1
3

(
8λ2μ2 − 6

) , X9 =
2
√

27
8λ2μ2−6

+ 1
2√√

4λ2μ2−9
μ

. (63)

Using definition of stability matrix in Eq. (40), we obtain the
eigenvalues and they are simply reduced to

(
0, 0, 0,− i

2

√
4λ2μ2 − 9,

i

2

√
4λ2μ2 − 9,−9

5

)

real part−→
(

0, 0, 0, 0, 0,−9

5

)
, (64)

for positive λ and λμ > 3
2 (Fig. 7). The effective equation of

state reduces to zero,

weff = 0. (65)

This (φ, η0, η1, ρm) system behaves as DM. The density
parameters are

�φ = 3
(
4λ2μ2 − 9

)
8λ2μ2 − 6

, �η0 = 0,

�η1 = 3
(
4λ2μ2 + 9

)
6 − 8λ2μ2 , �ρm = 27

4λ2μ2 − 3
+ 1. (66)
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Fig. 7 On the left panel, the graph a shows the stability of the F (C)
1

critical point. The stable critical points lie in the blue shaded region
while non-shaded region is forbidden for critical points. On the right
panel, the graph b illustrates the relation between density parameter

of non-vanishing fields and free parameters, i.e., λ and μ. The black,
purple, blue and red line in graph b indicates �φ , �η0 , �η1 and �ρm ,
respectively

6.1.4 F (D)
i : (φ, η0, η1, A, ρm)-system (D)

In this case, we consider that all fields in the model are not
vanished. Therefore, the constraint equation reads

1 = X2
2 − X2

3 − X2
4 − X2

1

2X2
5

+ X2
5X

2
7 − X2

6X
2
7 + X5X

2
9

− λ2X72 − λ2X2
8 . (67)

• F (D)
1 , we replace the X6 variable in the system by using

constraint equation, Eq. (67). The critical point is given by

X1 = 0, X2 = 0, X3 = 0, X8 = 0,

X4 = 3
√

3√
8λ2μ2 + 9

, X5 =
√

8λ2μ2 + 9

2
√

2μ
,

X7 = − 2
√

3μ√
8λ2μ2 + 9

, X9 = −
23/4

√
μ

(
8λ2μ2 + 63

)
(
8λ2μ2 + 9

)3/4 .

(68)

The eigenvalues of this system are lengthy and complicated.
According to the numerical study, the eigenvalues can be
zero, positive and negative real numbers for all positive λ

and μ. This means that the critical point is always the saddle
point. While the effective equation of state of this system
reads

weff = 0. (69)

Fig. 8 The figure illustrates the relation between density parameter of
non-vanishing fields and free parameters, i.e., λ and μ, for F (D)

1 critical
point. Noted that the green, black, purple, blue and red line in the graph
indicates �A, �φ , �η0 , �η1 and �ρm , respectively

As a result, the critical point of this system behaves like DM
phase of matter dominated epoch of the observed universe.
The density parameters are given by (Fig. 8).

�A = − 81

16λ2μ2 + 18
, �φ = 3

2
, �η0 = 0,

�η1 = − 3
(
4λ2μ2 + 9

)
8λ2μ2 + 9

, �ρm = 8λ2μ2 + 63

8λ2μ2 + 9
. (70)
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•F (D)
2 , we eliminate the X9 from the autonomous system

by using Eq. (67). The critical point is determined and it reads

X2 = 0, X3 =0, X8 =0, X1 =
√


 + 46λ2μ2 − 429

2
√

10μ
,

X4 =
√

μ2
(

 − 56λ2μ2 + 234

)
μ

√
12λ4μ4 − 68λ2μ2 + 63

,

X5 = 1

2
√

10

√

 + 86λ2μ2 − 269

μ2 ,

X6 =
√


 + 46λ2μ2 − 429

2
√

10μ
,

X7 =
√

μ2
(

 − 56λ2μ2 + 234

)
√

12λ4μ4 − 68λ2μ2 + 63
, (71)

where 
 is defined by Eq. (59). Due to the complexity, the
eigenvalues are studied by numerical calculation. The critical
point turns out to be saddle point for the range of λ > 0 and

λμ >

√
57
10 (Fig. 9). The effective equation of state of this

system is given by

weff = −5

3
. (72)

In addition, the density parameters are written in the follow-
ing forms,

�A =

(

 + 46λ2μ2 − 429

)
(−5
(6λ2μ2 − 7)

−
2 + 4576λ4μ4 − 33828λ2μ2 + 61686)

40
(
12λ4μ4 − 68λ2μ2 + 63

) (

 + 86λ2μ2 − 269

) ,

�φ =
(

 − 56λ2μ2 + 234

) (

 + 86λ2μ2 − 269

)
40

(
12λ4μ4 − 68λ2μ2 + 63

) ,

�η0 = 0,

�η1 =
(
λ2μ2 + 1

) (−
 + 56λ2μ2 − 234
)

12λ4μ4 − 68λ2μ2 + 63
,

�ρm =



(
36λ4μ4 − 384λ2μ2 + 399

) − 6
2 + 2616λ6μ6

+2468λ4μ4 − 131638λ2μ2 + 316755

2
(
12λ4μ4 − 68λ2μ2 + 63

) (

 + 86λ2μ2 − 269

) .

(73)

6.2 M(5) �= 0 case with slow-roll scalar fields

From now on, we will assume that the slow-roll approxima-
tion is used in order to evaluate the critical point in this case.
In the other word, the kinetic term of η0 and η1 are vanished
(X4 = 0 and X3 = 0), if any of these fields exists in the
considering system. Contrary to the previous subsection, the
dilaton field can be decoupled from the autonomous.

6.2.1 F̄ (B)
i : (φ, η1, A, ρm)-system (B)

In this case, we consider (φ, η1, A, ρm)-system and this leads
to X3 = 0, X4 = 0 and X8 = 0. The constraint equation is
given by

1 = X2
2 − X2

1

2X2
5

+ X2
5X

2
7 − X2

6X
2
7 + X5X

2
9 − λ2X2

7 . (74)

• F̄ (B)
1 , the X1 variable is eliminated by using Eq. (74).

The critical point is read

X2 = 0, X9 = 0,

X5 =
√

1

458

(
29

√
273 + 547

)
λ,

X6 =
√

2

229

(
7
√

273 − 18
)
λ,

X7 =
√

3
√

273

8λ2 − 25

8λ2 . (75)

The eigenvalues have been studied with numerical calcu-
lation due to their complication. The result shows that the
critical point is always saddle point for all positive λ and μ.
Effective equation of state is written by

weff = −1. (76)

As a result, we might interpret that the critical point can
be identified as DE (de-Sitter) phase at the late time. Non-
vanishing density parameters are given by

�A = 1

2

(√
273 − 21

)
, �φ = 1

4

(√
273 + 11

)
,

�η1 = 1

8

(
25 − 3

√
273

)
, �ρm = 0. (77)

• F̄ (B)
2 , we use constraint equation in Eq. (74) to get rid

of X2 from the system. Then, the critical point of this system
is

X1 = 0, X6 = 0, X9 = 0, X5 =
√

31λ

5
, X7 = 5√

6λ
.

(78)

The eigenvalues are given by

(
0,−24

5
,−3

2
,−1, 1

)
, (79)

According to the eigenvalues given above, it clearly shows
that the critical point is the saddle point. The effective equa-
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Fig. 9 On the left panel, the graph a shows the stability of the F (D)
2

critical point. The saddle critical points lie in the red shaded region
while non-shaded region is forbidden for critical points. On the right
panel, the graph b illustrates the relation between density parameter

of non-vanishing fields and free parameters, i.e., λ and μ. The green,
black, purple, blue and red line in graph b indicates �A, �φ , �η0 , �η1

and �ρm , respectively

tion of state of the system takes the following form,

weff = −1. (80)

The critical point can behave as DE but the universe is not
dominated by DE at the late time. The density parameters are
written by

�A = 0, �φ = 31

6
, �η1 = −25

6
, �ρm = 0. (81)

• F̄ (B)
3 , we exclude the X6 from the system via the con-

straint equation in (74). The critical point is determined by
the following form,

X1 = 0, X2 = 0, X9 = 0, X5 =
√

13

5
λ, X7 = 1

λ

√
5

2
.

(82)

The real part of eigenvalues is read
(

−3

2
, 1,−4.59,−1.60 − 3.56i,−1.60 + 3.56i

)

real part−→
(

−3

2
, 1,−4.59,−1.60,−1.60

)
. (83)

The results show that this critical point always represents
saddle point for all positive λ and μ. The effective equation
of state is reduced to

weff = −1. (84)

The density parameters can be written as

�A = −3, �φ = 13

2
, �η1 = −5

2
, �ρm = 0. (85)

• F̄ (B)
4 , we find two solutions via eliminating the X7 by

Eq. (74). The first solution reads

X1 = 0, X2 = 0, X6 = 0, X9 = 0, X5 =
√

7

5
λ.

(86)

The eigenvalues of stability matrix of this critical points are
given by

(
0,−24

5
,−3

2
,−1, 1

)
. (87)

As a result, this critical point is always saddle point for all
positive λ and μ. The effective equation of state is determined
as

weff = −1

3
. (88)

Non-vanishing density parameters are written by

�A = 0, �φ = 7

2
, �η1 = −5

2
, �ρm = 0. (89)
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• F̄ (B)
5 the second solution of the system with eliminating

X7 by Eq. (74) is given by

X2 = 0, X9 = 0,

X1 = −
√

1

373

(
23

√
537 + 81

)
λ,

X5 = −
√

1

746

(
47

√
537 + 1171

)
λ,

X6 = −
√

1

373

(
23

√
537 + 81

)
λ. (90)

The eigenvalues of the system are very complicated and we
need to study the stability numerically. The result reflects
that this critical point is always stable node. The effective
equation of state is found to be

weff = −5

3
. (91)

As a result, this critical point can be DE dominated universe
at the late time and the density parameters are found as

�A = 1

2

(√
537 − 33

)
, �φ = 1

4

(√
537 + 17

)
,

�η1 = 1

8

(
43 − 3

√
537

)
, �ρm = 0. (92)

6.2.2 F̄ (C)
i : (φ, η0, η1, ρm)-system (C)

We consider (φ, η0, η1, ρm)-system, we assume that X1 = 0
, X3 = 0, X4 = 0 and X6 = 0. The constraint equation takes
the following form,

1 = X2
2 + X2

5X
2
7 + X5X

2
9 − λ2X2

7 − λ2X2
8 . (93)

• F̄ (C)
1 , we firstly get rid of X2 from the system by the

constraint equation (93), the critical point is given by

X5 =
√

31λ

5
, X7 = 5√

6λ
, X8 = 0, X9 = 0. (94)

The eigenvalues of this critical point are found as

(
0, 0,−24

5
,−3

2

)
. (95)

The result of the eigenvalues clearly shows that the critical
point is stable node. The effective equation of state is read

weff = −1. (96)

This means that this critical point can be used to describe
de-Sitter DE dominated at the late time. While the density

parameters are given by

�φ = 31

6
, �η0 = 0, �η1 = −25

6
, �ρm = 0. (97)

• F̄ (C)
2 , we exclude the X7 from the autonomous system

in this case. The critical point is found to be

X2 = 0, X8 = 0, X9 = 0, X5 =
√

7

5
λ. (98)

Noted that the critical point exists for all positive λ parameter.
The real part of the eigenvalues is given by

(
−1

2
, 1,−1 − i

√
37

5
,−1 + i

√
37

5

)

real part−→
(

−1

2
, 1,−1,−1

)
. (99)

The result explicitly shows that this critical point is saddle
point of the system. The effective equation of state is equal
to

weff = −1

3
. (100)

The density parameters are found that

�φ = 7

2
, �η0 = 0, �η1 = −5

2
, �ρm = 0. (101)

• F̄ (C)
3 , we eliminate the X9 from the system by Eq. (93).

The critical point is determined as

X2 = 0, X5 =
√

5

3
λ, X7 = 3√

2λ
, X8 = 0. (102)

The eigenvalues of this critical point are very complicated.
Then, the numerical calculation is required and the result
shows that the critical point is stable for all positive λ and μ.
The effective equation of state is

weff = −1, (103)

which can be interpreted as late time dominated DE phase.
The density parameters of this critical point are given by

�φ = 15

2
, �η0 = 0, �η1 = −9

2
, �ρm = −2. (104)
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6.2.3 F̄ (D)
i : (φ, η0, η1, A, ρm)-system (D)

In this case, all fields are considered except the kinetic terms
of η0 and η1, i.e. X4 = 0 and X3 = 0. The constraint equation
reads

1 = X2
2 − X2

1

2X2
5

+ X2
5X

2
7 − X2

6X
2
7 + X5X

2
9 − λ2X2

7 − λ2X2
8 .

(105)

• F̄ (D)
1 , we firstly replace the X1 by constraint equation

(105). The critical point of this system is given by

X2 = 0, X8 = 0, X9 = 0,

X5 =
√

1

458

(
29

√
273 + 547

)
λ,

X6 =
√

2

229

(
7
√

273 − 18
)
λ,

X7 =
√

3
√

273

8λ2 − 25

8λ2 . (106)

In addition, the critical point exists for all positive λ and
μ. According to the complicated form of the eigenvalues,
the numerical analysis demonstrates that this critical point is
stable. The effective equation of state is equal to

weff = −1, (107)

which corresponds to the DE phase dominated at the late
time. The density parameters of the system are given by

�A = 1

2

(√
273 − 21

)
,

�φ = 1

2

(√
273 + 11

)
,

�η1 = 1

8

(
25 − 3

√
273

)
,

�η0 = 0, �ρm = 0. (108)

• F̄ (D)
2 , getting rid of the X2 from the system via constraint

equation (105), the critical point is found as follow

X1 = 0, X6 = 0, X8 = 0, X9 = 0, X5 =
√

31λ

5
,

X7 = 5√
6λ

. (109)

The eigenvalues of the critical point are equal to

(
0, 0,−24

5
,−3

2
,−1, 1

)
, (110)

which come with all positive λ and μ. The effective equation
of state is given by

weff = −1. (111)

Although this critical point behaves as DE due to its equa-
tion of state but it does not dominate the universe at the late
time. While the density parameters are read

�A = 0, �φ = 31

6
, �η0 = 0, �η1 = −25

6
, �ρm = 0.

(112)

• F̄ (D)
3 , we eliminate the X7 from the system by using

Eq. (105). The critical point of this system equals to

X1 = 0, X2 = 0, X6 = 0, X8 = 0, X9 = 0,

X5 =
√

7

5
λ. (113)

The eigenvalues of the critical point are

(
0,−9

5
,−1,−1

2
, 1, 2

)
. (114)

This reflects that this critical point is always saddle point.
The effective equation of state is given by

weff = −1

3
. (115)

The density parameters of this system are written by

�A = 0, �φ = 7

2
, �η0 = 0, �η1 = −5

2
, �ρm = 0.

(116)

• F̄ (D)
4 , as done previously for eliminating X7, the critical

point reads

X2 = 0, X8 = 0, X9 = 0,

X1 =
√

1

373

(
23

√
537 + 81

)
,

X5 =
√

1

746

(
47

√
537 + 1171

)
,

X6 =
√

1

373

(
23

√
537 + 81

)
λ. (117)

The stability analysis of this critical point is performed
numerically and the result shows that this critical point is
stable for all positive λ. While the effective equation of state
is equal to

weff = −5

3
. (118)
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The density parameters of this system are given by

�A = 1

2

(√
537 − 33

)
,

�φ = 1

4

(√
537 + 17

)
,

�η1 = 1

8

(
43 − 3

√
537

)
,

�η0 = 0, �ρm = 0. (119)

7 Discussion

From the previous section, we obtained a number of critical
points from KK inspired BD gravity model with barotropic
matter. The critical points are classified by their stability.
Then the effective equation of state for each critical point are
calculated. In analysis, the stability and effective equation
of state are used to interpret the physical meaning behind
each critical point. Consequently, we acquired critical points
which are both the compatible and incompatible with the
observable universe.

For the DM, there are 2 critical points which responsible
for it. The first one comes from F (B)

i system where non-

vanishing fields are φ, η1, Aμ, ρm , i.e., F (B)
1 , while the other

one comes from the F (D)
i system, i.e., F (D)

1 , where all fields
are not vanished. Apparently, these two critical points are the
same critical point coming from different system. Since the
effective equation of state of these critical points is zero, i.e.
weff = 0, and their stability are saddle, these critical points
can be represented as matter-dominated phase in the standard
cosmological model. Noted that the matter-dominated phase
is contributed by both matter and DM, then DM behaviour
is obtainable from our model.

For the DE, we have 4 critical points from 3 systems,
namely, F̄ (B)

i , F̄ (C)
i and F̄ (D)

i . The first point is F̄ (B)
1 where

φ, η1, Aμ, ρm are non-vanishing fields. The second and third
points are F̄ (C)

1 and F̄ (C)
3 where φ, η0, η1, Aμ, ρm are non-

vanishing fields. The fourth point is F̄ (D)
1 where all fields are

not vanished. Noted that for barred system we assumed that
the fields η0 and η1 are slow-roll fields causing the dynamics
of these fields to be zero, i.e. η̇0 = η̇1 = 0. These 4 critical
points are all stable points and their effective equations of
state are simply −1, weff = −1 which give us accelerating
universe driven by DE. This means that our model is sufficient
to predict DE phase.

Moreover, we also obtain the phantom DE solutions, i.e.
weff < −1. This solution gives us the highly accelerated
expanding universe leading to the Big Rip. We have 3 suit-
able critical points for the phantom DE. The first one is F (B)

2
where φ, η1, A, ρm are non-vanishing fields. This critical
point will be stable point with effective equation of state,

weff < −5/3 for λ > 3/μ. The second one is F̄ (D)
5 where

non-vanishing fields are the same as F (B)
2 excepting that η1

is a slow-roll field in this system, i.e. η̇1 = 0. The crit-
ical point is stable point with effective equation of state,
weff = −5/3. The third one is F̄ (D)

4 where all fields are
not vanished. For this critical point, we assumed that η̇0 and
η̇1 are slow-roll fields. This critical point appears to be a sta-
ble point and its effective equation of state is less than −5/3,
i.e., weff = −5/3.

For the latter, we also obtain critical points which incom-
patible with the observable universe. Now, we are getting
into details of those critical points. Starting from F̄ (B)

4 , F̄ (C)
2

and F̄ (D)
3 , they are all saddle point. The effective equations

of state for these critical points are perfectly stand on the
border of decelerated and accelerated expansion of the uni-
verse, i.e., weff = −1/3. This suggests constantly expanded
universe and we will call this situation as critical DE phase.
Now, forF (A)

1 ,F (A)
2 andF (C)

1 , they are stable points and their
effective equation of state, weff, is zero. This kind of critical
point represents the universe evolving to matter-dominated
phase and remaining at this phase forever. Next, F̄ (B)

2 , F̄ (B)
3

and F̄ (D)
2 , they are saddle points with DE’s equation of state,

i.e. weff = −1. The universe, according to the properties of
these critical points, is evolving to DE dominated era. Then,
it will transit to unpredictable phase. Lastly F (B)

3 and F (D)
2 ,

they are also saddle points with effective equation of state
related to phantom DE, i.e. weff = −5/3. This predicts that
the phantom DE is not the final phase of the universe. The
universe will continually evolve to the unknown phase after.

The nonzero spatial curvature case (k �= 0) can be straight-
forwardly extended by an additional of a dimensionless
parameter. However, it is expected that the fixed points aris-
ing from this case do not match with phases of the observable
universe which is the main focus of this work. However, other
interesting aspects of cosmology are still worth for studying.
For example, in the previous works of the typical BD models,
k = 1 case in [7] contains a bouncing solution of the universe,
and k = −1 case in [42] could correspond to the expanding
Milne universe with the equation of state for barotropic fluid
(γ ), γ > 2/3. The further investigation with the nonzero
spatial curvature of the KKBD model would be in our inter-
est for future works. This might provide a new perspective
of the alternative cosmological models.

8 Conclusion and outlook

In this paper, we have revisited the KK inspired BD model
where barotropic fluid is included. The UV limit of this model
is the traditional 5-dimensional KK action with 1 additional
massive scalar field and 2 gauge fields. The KK compact-
ification reduces the UV theory to a 4-dimensional gravity
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theory with a dilaton coupling to a tower of scalar fields.
Another relic of the higher dimensions is the gauge field from
5-dimensional metric which forms a Cosmic Triad solution
with 2 additional gauge fields. Then the usual Einstein field
equations with the barotropic fluid are calculated. Together
with equations of motion, the complete autonomous system
is constructed and the appropriate dimensionless parameters
are defined.

With the dynamical system approach, we found that realis-
tic DM and DE phases are readily present in many solutions.
Since our universe has undergone the matter dominated phase
and currently it is in the DE dominated phase, the DM solu-
tions are expected to be saddle points with weff = 0. In the
analysis we found 1 DM solution, i.e,F (B)

1 (and equivalently

F (D)
1 ). The F (B)

1 critical point consists of the oscillating η̇1

field and (φ, Aμ, ρm) which play a role of background fields.
We found 4 dark energy solutions which are stable critical
points with weff = −1, i.e., F̄ (B)

1 , F̄ (C)
1 , F̄ (C)

3 and F̄ (D)
1 .

Noted that all of these are in the slow-roll approximation
as one might expected. Interestingly, we also found many
solutions which resemble the phantom DE with weff < −1.
These are F (B)

2 , F̄ (D)
5 , and F̄ (D)

4 . All of these solutions con-
tain non-zero kinetic terms which suggests that the phantom
DE could change the value along the history of the universe.

Although this approach could not provide the origin of the
barotropic fluid at the 5-dimensional level, we consider this
approach as an effective analysis of the overall contributions
of other fields. The lack of a strong connection to UV physics
is compensated by the fact that the revisited model presented
here has many more facets of the DM/DE behaviours com-
paring to the original model. One could conclude that the
barotropic fluid in the KK inspired BD model plays an impor-
tant role in enriching phenomena of the model tremendously.
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