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Abstract. We study configurations consisting of a gravitating linear spinor field
and a massless ghost scalar field providing a nontrivial spacetime topology. For
such a mixed system, we have constructed two families of asymptotically flat
asymmetric solutions describing localized configurations (Dirac stars) possessing
a wormhole topology. The physical properties of such systems are completely
determined by the values of the spinor frequency and the throat parameter. For a
fixed value of the latter, we have compared mass curves for the two families of
solutions and revealed considerable differences in their behavior and physical
properties of the systems under consideration (the configurations may be regular
or singular and possess one or two throats, as well as they may contain possible
event horizons).

1. Introduction

The discovery of the accelerated expansion of the present Universe at the end of the 1990's have
stimulated an active search for cosmological models describing such an acceleration [1]. Indeed,
from the point of view of general relativity, the presence of the acceleration implies that the
Universe should contain a special form of matter violating the energy conditions. Such form of
matter was called dark energy. Its distinctive feature is the presence of negative pressure that may
be even larger in magnitude (modulus) than the energy density [2]. Such form of dark energy is
referred to as phantom one.

The simplest way to model the phantom dark energy is the use of the so-called ghost scalar
field that has an opposite sign in front of the kinetic energy compare to ordinary scalar field used
in various physical models. If such ghost scalar fields do really exist in the Universe, one can expect
that, apart from their cosmological manifestation, they can also form gravitating localized
configurations. In this case, such systems may be both similar to ordinary boson stars having a
trivial spacetime topology and possess a nontrivial, wormhole-like topology [3-5].

At the present time such wormholes are under active investigation in different directions.
One of possible options is a consideration of a situation where a wormhole, apart from a ghost
scalar field, is threaded by some other extra matter [6-12]. In the present paper we study mixed
systems of such type consisting of a ghost scalar field (which provides a nontrivial topology) and
a Dirac field. The purpose of the present work is to study the influence that the presence of
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nontrivial topology has on the structure of the corresponding solutions and characteristics of the
resulting mixed Dirac-star-plus-wormbhole systems. In this connection notice that Ref. [13] studies
a similar system supported by a spinor field. In the present paper, we extend those solutions and
compare them with new solutions found in our recent work [14].

2. Statement of the problem and general equations

We work within Einstein's general relativity and consider compact configurations consisting of a
spinor field minimally coupled to a massless ghost scalar field. In this case, the total action can be

written in the form [we use the metric signature (+, —, —, —) and natural units c = A = 1]
1
Stot = — ﬁf d4x\/ —gR + Ssp + Sst, (1)

where G is the Newtonian gravitational constant and R is the scalar curvature.
The action S, for the spinor field i appearing in Eq. (1) can be obtained from the Lagrangian

Lsp = %(ll_)}/”ll’;u - Iﬁm}/”l’l}) - /“/jlp' (2)
where p is the mass of the spinor field and the semicolon denotes the covariant derivative defined
as Y, =[0,+1/8 wab”(yayb —ybya)]lp. Here y® are the Dirac matrices in the standard
representation in flat space [see, e.g., Ref. [15], Eq. (7.27)]. In turn, the Dirac matrices in curved
space, y* = e, “y%, are derived using the tetrad e, ¥, and Wgqpy is the spin connection [for its

definition, see Ref. [15], Eq. (7.135)].
The action for the real ghost scalar field S¢f appearing in (1) can be found from the Lagrangian

1
Lsf = —Ea#d) 6”(1)
Then,using the action (1), one can derive the Einstein, Dirac, and scalar field equations,
respectively,

GY =R} —>6YR =8nG T}, (3)
b —mp =0, (4)
i y* +uyp =0, (5)
L0 (g 2P =

ﬁaxu( 99 6x") =0. (6)

The equation (3) contains the energy-momentum tensor T,/, which can be represented in a
symmetric form as

T;l/ = igw) [J’Vulp:p + l/_’)’p’ub;u - @E;uyplp - &;py;ﬂ/)] - 5;1/Lsp
— 0V} 0, +355) 8% 050,
Next, taking into account the Dirac equations (4) and (5), the Lagrangian (2) becomes Ly, = 0.

(7)

Since we consider here only spherically symmetric configurations, the spacetime metric can

be taken in the form
ds? = e4Mdt? — B(r)e ™ 4M[dr? + (r? + r2)(d6? + sin?6d¢?)], (8)

where ¢4 =1 — 2Gm(r)/r, and the function m(r) corresponds to the current mass of the
system enclosed by a sphere with circumferential radius r. The parameter 1, characterises the
throat.

For the spinor field, we choose the following stationary Ansatz compatible with the static
spherically symmetric line element (8) (see, e.g., Refs. [16, 17]):
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oiar (0 U\ (ivsinfe~¥\ [—ivcosd
’ubT: 2z (U ,<0 >, —ivcosf ,| —ivsinge'? |, 9)

where (1 is the spinor frequency and u(r) and v(r) are two real functions. Each row of the Ansatz

: o1 . . . .
describes a spin-> fermion, and these two fermions possess the same masses ¢ and opposite spins.

Although the energy-momentum tensors of these fermions are not spherically symmetric, their
sum provides a spherically symmetric energy-momentum tensor.

Converting the Ansatz (9) into spherical coordinates (see Ref. [18]) and substituting the
resulting expression and the metric (8) into the field equations (3), (4), and (6), one can obtain
the following set of equations:

" 2x__ | 1B\ —34/2B[0Al2 (12 — 52 — 20(1i2 + 52)] =
A"+ (x2+X(2) +3 B)A +2e Ble//?@* — v%) — 20 + 9] = 0, (10)
gy (3% 1B, 43 ap
x2+x¢ 2B ¢ Jx? + xk
+4e™34/2B2[e A2 (72 — 72) — Q(@* + 72)] = 0, (11)
_, x 1 1 3B o A R(E 4 0A/2) 5
Ut| g z-—7——=";4+t;5|ute VB(Q+e4/?)5 =0, (12)

2142
xX“+x, 4
o /x2+x(2)

_, x 1 1,, 1B\ _ _ — _
v+ m'l‘\/xz:%—zzq +5E v—eA\/E(Q—eA/Z)u=O, (13)
VB2 + 23] =0, (14)
where the prime denotes differentiation with respect to the radial coordinate. Here, Eq. (10) is
derived from the Einstein equations (3) as the combination [(%) — (T)], where the second
derivative B" is excluded using the ( g)-component. In turn, Eq. (11) is the combination
[( )+ ( z)]. The above equations are written in terms of the following dimensionless variables
and parameters:
x=ur, Q= %, W, v) = %(u, v), ¢ =+8rGo. (15)
Note that Egs. (10) and (11) do not contain the scalar field explicitly, since it can be eliminated
by combining the corresponding components of the Einstein equations. In turn, the integration of
the scalar field equation (14) yields
$=—P
VB(x2+x3)
where the dimensionless integration constant D = 8nGu?D represents the scalar charge of the
ghost field. By substituting this expression into the ( )-component of the Einstein equations (3),
one can find

(16)

— 12
D= —%(x2 + x3)? B? —2x(x% +x2)B' + % [4x3 + (x? + x2)?A'%]B (17)

34 _ A

+4e—7(x2 + xg)ZBZ Q(az + 172) _ e;(ﬁz _ 172) _ Se—A/Z(xz + x§)3/2B3/2ﬁ17.
Below we use the condition D = const to check the quality of the numerical solutions. The
variation of the constant D as calculated from Eq. (17) is typically less than 1074
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3. Numerical solutions

In this section, we solve numerically the equations (10)-(14) and compare the physical properties
of the configurations obtained.

3.1 Asymptotic behavior and boundary conditions
We seek regular solutions of the set of five ordinary differential equations (10)-(14) possessing
finite energy. Even before numerical solving these equations, it is possible to estimate an
asymptotic behavior of the solutions bearing in mind that the functions % and ¥ should decay
exponentially with distance as x = too. It is seen from the form of Egs. (12) and (13) that, due to
the presence of the term (x? + x3)~'/2, they are not Z,-symmetric. This implies that we should
seek solutions that are asymmetric with respect to the origin of coordinates x = 0. Then the
corresponding asymptotic behavior of the spinor fields has the form

e?mx e?mx

UR Uyoo———+, VR Vpgg——— +
X X

where 4,74, are integration constants for x — +oo, respectively. In turn, for the metric
functions 4 and B, one can find from Egs. (10) and (11) as x = to

AsFEE 4o, Bol+o (18)
In this formula M, corresponds to a total mass of the configurations under consideration as
measured by a distant observer when x — 400 and M_ is the mass as measured when x — —oo.
Eq. (16) implies the following asymptotic behavior of the scalar field:
s D
$ = dioo -t
where ¢, are two integration constants corresponding to the values of the scalar field as x —
+oo, respectively.
Taking into account the asymptotic behavior given above, the corresponding boundary
conditions can be taken in the form
A(x > +0) =0, B(x » o) =1,
U(x > +0) =0, 9(x > +0)=0, d(x > +®0)=¢in. (19)
These boundary conditions imply that we are dealing with asymptotically flat spacetime.

3.2 Numerical method
We solve the system of mixed order differential equations (10)-(14) using the boundary
conditions (19) and the constraint equation (17) to verify the accuracy of calculations.

In order to map the infinite range of the radial variable x to the finite interval, we employ the
compactified coordinate X,

X = %arctan (Cx—k) , (20)

which maps the infinite region (—oo; ) onto the finite interval [—1; 1]. Here ¢y, is a constant which
is used to adjust the contraction of the grid. In our calculations, we typically take ¢, € [0.1,3].
Technically, Egs. (10)-(14) are discretized on a grid consisting of about 1000 grid points. The
resulting system of nonlinear algebraic equations is then solved by using a modified Newton
method. The underlying linear system is solved with the Intel MKL PARDISO sparse direct solver
[19] and the CESDSOL library (Complex Equations-Simple Domain partial differential equations
SOLver, a C++ package developed by 1. Perapechka, see Refs. [20, 21]). The package provides an
iterative procedure to obtain an exact solution starting from some initial guess configuration.
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3.3 Mass and the circumferential radius
We consider Dirac-star-plus-wormhole configurations that are asymptotically flat and
asymmetric with respect to the center x = 0. The important point here is the behavior of the
circumferential radius R (x) which is defined as

R? = ggg = Be 4(x? + x3). (21)
Asymptotic flatness implies that R(x) — |x| for large |x|. Due to the asymmetry of the
configurations, the center of the systems located at x = 0 should not in general be an extremum
of R(x). Depending on the concrete values of the system parameters, the extremum of R(x) can
be situated both to the left and to the right of the point x = 0.If R(x) has only one global minimum
at some point X = Xeyr, then Xey. is the throat of the wormhole R, = min{R(x)} (a single-throat
system). If, on the other hand, R(x) has alocal maximum at x = X, then this point is an equator
ﬁeq = max{R(x)}. This then implies that there are (at least) two minima of R(x) (on account of
the asymmetry of the system, one of them is global and another one - local), located, in general,
asymmetrically to the left and to the right of the maximum. In the case of two such minima, the
wormhole under consideration will have a double throat (see, e.g., Refs. [9, 22, 23]).

Let us now turn to the total mass of the systems under consideration. Since they are
asymmetric with respect to the center x = 0, a distant observer placed at x = +c0 measures
different magnitudes of the mass M, and M_ at infinity, see Eq. (18). They correspond to a
dimensionless ADM (Arnowitt-Deser-Misner) mass of the system M given by

M, = uM, /M2 = i%xl_ifinmxz d.e4 = ic;kfl_igll 94, (22)
where M, is the Planck mass and the last expression in the above equation represents the mass
in terms of the compactified coordinate x from Eq. (20).

Alternatively, the mass of the configuration may also be found from the (})-component of the
energy-momentum tensor (7),

M(r) = > Rexr + 4 Ju... TER*dR. (23)
In this expression, the circumferential radius Rgy corresponds either to the radius of the
wormhole throat Ry, (for single-throat systems) or to the radius of the equator R¢q (for double-

throat systems). In terms of the dimensionless variables (15) the formula (23) can be represented
in the form

M(x) = Gum(r) = Zexe 4 L% Tepz AR g0 (24)

2 4 “ Xextr E
where Xy is the point on the x-axis where a throat or an equator are situated. The expression

(24) can be used to monitor the accuracy of the numerical calculations.
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Figure 1. The dimensionless Dirac-star-plus-wormhole total mass M, as a function of the
parameter Q for x, = 0.03 for two different families of solutions.

3.4 Numerical results

Using the boundary conditions (19), we solve a two-point boundary value problem for the system
of equations (10)-(14). This system can be solved for different values of the free parameters x,
and Q to obtain regular solutions.

Solutions of the set of equations (10)-(14) have already been studied earlier in Ref. [13].
There were obtained solutions for different values of the throat parameter x, and constructed the
dependencies of the total mass of the system on the frequency Q. Here we extend those solutions
by new results for the case of x, = 0.03 which are absent in Ref. [13]. This enables us to compare
this extended family of solutions with another family found in Ref. [14] and to demonstrate a
qualitatively different behavior of dependencies of the total mass on the spinor frequency. Namely,
Fig. 1 shows the dependencies of the masses M, and M_ on the frequency Q for the two
aforementioned families of solutions for a fixed x, = 0.03.

The family of solutions shown in the left panels of Fig. 1 is characterized by the fact that the
solutions start at Q = 1 from the limiting Ellis wormhole solution with zero mass. However, as the
frequency Q gradually decreases, there is some limiting value Q; < 1, for which one can still
perform numerical calculations. It is important to note that when the frequency tends to Q,, the
metric function g;; = e — 0. The latter assumes the possible presence of a horizon for such
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systems. Moreover, in this limit, the dimensionless Kretschmann scalar K = K/u* = Ryp,,, R¥*
diverges, i.e., such systems possess a singularity - a possible singular horizon. Note also that in
this case we deal with a double-throat system.

In turn, the family of solutions shown in the right panels of Fig. 1 is characterized by a
different in principle qualitative behavior. Here, as in the case of the first family, the solutions start
at O =1 from the limiting Ellis wormhole solution with zero mass. However, this family is
characterized by a considerably more complicated structure of branches with large number of
turning points. Eventually, unlike the solutions of the first family, here the solutions return back
to the starting point Q = 1. In this case, the Kretschmann scalar remains always finite, i.e., the
configurations under consideration are always regular, in contrast to the systems from the first
family of solutions when a fast increase of K for Q — Q; occurs.
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Figure 2. Typical solutions for the spinor fields for the configurations marked by the bold dots in
Fig. 1.

The aforementioned strong differences in the behavior of the mass curves are caused by
qualitative differences in the behavior of the solutions for the two families under consideration.
To illustrate this, we show in Fig. 2 the characteristic behavior of the spinor fields # and ¥ for two
families of solutions with one frequency Q = 0.82 (the corresponding configurations are marked
by the bold dots in the mass curves in Fig. 1). It is seen from these graphs that, for the
configurations from the first family (the left panels of Fig. 1), the spinor fields are concentrated to
the right of the center of the system, while the spinor fields are small to the left of the center. This
results in the fact that for such systems the total mass M, > M_. On the other hand, for the
configurations from the second family (the right panels of Fig. 1), the spinor fields have
comparable values to the right and to the left of the center x = 0. As a result, the total masses of
such systems M, and M_ are comparable in magnitude as well.

4. Conclusion

In the present paper, we have considered a mixed system consisting of a wormhole threaded by a
spinor field. A nontrivial wormhole-type topology in the system is provided by a massless ghost
scalar field. For such a mixed system, we have constructed families of regular asymptotically flat
solutions for explicitly time-dependent spinor fields, oscillating with a frequency Q. The resulting
mixed configurations are asymmetric with respect to the center, in contrast to all mixed systems
considered by us earlier [6-12, 24] . The characteristics of the systems thus obtained that are
observed at two asymptotic ends of a wormhole (that is, as r = +00) may differ considerably.
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For the field system under consideration, there are two families of solutions which differ
considerable both in the behavior of the mass curves and in physical characteristics. Namely, the
first family is characterized by the concentration of the mass to the right of the center of the
system when M, > M_ in the wide range of frequencies (. In this case, as one moves along the
mass curve with decreasing (), there is a fast increase in the spacetime curvature; this eventually
may lead to forming a singular horizon at some limiting Q not equal to 0 or 1. In turn, the
configurations of the second family are characterized by a very complicated structure of the
branches of the mass curve with large number of turning points. However, in contrast to the
configurations of the first family, for the systems of the second family, there are no any limiting
values of Q where a singularity might occur: the solutions are regular for all allowed values of the
frequency.
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