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Abstract

In this Thesis, we present the framework of quantum resource theories, a versatile and valuable mathematical
framework for describing quantum phenomena and evaluating quantum advantages. We first focus on the
resource theory of entanglement, useful for investigating the quantum advantages in communication protocols
between distant parties. We derive a closed-form expression for computing how well distant parties can
approximate a desired target state using a given initial state and performing only local operations and classical
communication. We then utilize this expression to characterize a phenomenon known as entanglement
embezzlement.

Next, we focus on the resource theory of quantum thermodynamics. We provide a formal definition of
cooling and heating and determine how much an agent, allowed to perform only closed thermal operations,
can heat and cool a target system using another system that is out of thermal equilibrium. Moreover, we
demonstrate that the ability to heat and cool qubits completely characterizes the conversion of quasi-classical
states in the resource theory of thermodynamics.

Then, we identify a property common in many resource theories: An operation is free if and only if its
Choi matrix (properly renormalized) is a free state. This property simplifies the numerical and analytical
solution of many problems in these resource theories. We refer to such resource theories as ‘Choi-defined’
resource theories and investigate their properties.

Lastly, we study higher-order quantum maps, a necessary step in defining resource theories at higher
orders, where the resources are higher-order maps. We develop a system based on types to label higher-order
maps. We define the sequential and parallel composition of higher-order maps, we generalize the concepts of
Hermitian-preserving and completely positive-preserving maps, and we show that the Choi isomorphism,
properly extended to higher-order maps, preserves Hermitian-preserving and completely positive-preserving

higher-order maps.
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Preface

This Thesis is based on the following published works

[1]

(2]

[3]

E. Zanoni, T. Theurer, and G. Gour, Complete characterization of entanglement embezzlement,
Quantum 8, 1368 (2024),

T. Theurer, E. Zanoni, C. M. Scandolo, and G. Gour, Thermodynamic state convertibility is determined
by qubit cooling and heating, New J. Phys. 25, 123017 (2023),

E. Zanoni and C. M. Scandolo, Choi-defined resource theories, Phys. Rev. A 111, 062407 (2025),

and on the unpublished work ‘Higher-order quantum maps’ done in collaboration with S. Steakley and C. M.

Scandolo. Specifically,

Section 2.3 presents the results about closed thermal operations that appear in Ref. [2] (Proposition 2.3.2
and Proposition 2.3.3). Since I was not the first author of the paper, the presentation in this Thesis
differs from the one in Ref. [2]. However, to preserve the validity of the results, the proofs are mostly

unchanged.
Chapter 3 presents the results of Ref. [1], with minor changes to adapt the paper to this Thesis.

Chapter 4 presents the results of Ref. [2], excluding the ones already presented in Section 2.3. The
same considerations made for Section 2.3 apply to this Chapter as well. The only exception is
subsection 4.1.2, which presents the results of Marcy Orr’s undergraduate thesis [4], of which I was

one of the supervisors.
Chapter 5 presents the results of Ref. [3], with minor changes to adapt the paper to this Thesis.

Chapter 6 presents the unpublished results concerning higher-order quantum maps developed with S.
Steakley and C. M. Scandolo.

Chapter 4, Chapter 5, Chapter 5, and Chapter 6 contain only original results unless explicitly stated

otherwise. Chapter 2 contains a very brief review of quantum resource theories based on existing literature,

except for Proposition 2.3.2 and Proposition 2.3.3, which are original results. Chapter 1 and Chapter 7 serve

as the introduction and conclusion, respectively.

The works listed above were done in collaboration with other members of the Quantum Information

Group at the University of Calgary. My contributions and the contributions of each coauthor are as follows.
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Preface

Gilad Gour and Carlo Maria Scandolo acted as group leaders and supervisors, providing ideas,

directions, and reviewing the work at every stage.

In Ref. [1], I derived all the results and wrote the manuscript. Thomas Theurer supervised my work,

helping with the simplification of some proofs, fixing minor gaps, and reviewing the manuscript.

In Ref. [2], Thomas Theurer wrote the manuscript. He derived the results about the minimum and
maximum temperatures for cooling and heating (Section 4.1) and the results about closed thermal
operations (Proposition 2.3.2 and Proposition 2.3.3). I derived the results about the alternative

characterization of state conversion (Section 4.2).
In Ref. [3], I derived all the results and wrote the manuscript.

The work ‘Higher-order quantum maps’ started from ideas that Carlo Maria Scandolo and I had while
working on Ref. [3]. I derived many of the results regarding types and the results concerning sets of
higher-order linear maps and higher-order Hermitian maps. Later, Samuel Steakley joined the project.
I worked with him on all the results concerning the product of types, the product of maps, completely

positive-preserving maps, and the Choi isomorphism.
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Chapter 1

Introduction

Quantum mechanics revolutionized our understanding of the laws of nature. We live in a predominantly
classical world. We can easily come to terms with Newton’s laws, Maxwell’s laws, and even partially
with special and general relativity. However, quantum mechanics introduced many new, counterintuitive
phenomena with no classical counterpart, which not only proved to be true but were also fundamental to
understanding molecules, atoms, electrons, and all the other subatomic and fundamental particles. Among
these phenomena, entanglement emerges, in Schrodinger’s words [5], as the defining trait of quantum
mechanics, the one that significantly separates quantum from classical mechanics.

Two quantum systems are entangled if their combined state cannot be described with one state of the
first system and one state of the second system (this definition applies to pure states, i.e., states of which
we have maximal knowledge; we will later define mixed entangled states as well). This clashes with our
classical intuition. If we consider a system of two coins, the possible states are ‘Tail-Tail’, ‘Head-Head’,
‘Tail-Head’, and ‘Head-Tail’. In each of these cases, the global state is fully determined by the states of the
first and second coins. If we perform the same exercise with a two-dimensional quantum state, e.g., the spin
of an electron, we have states that can be decomposed into local states, e.g., |TT), and states that cannot, e.g.,
ITT) + |1l). The latter are called entangled states. In entangled states, the knowledge of the global system is
more than the sum of the knowledge of its parts. In certain cases, one can possess zero local knowledge and
yet have perfect global knowledge. Moreover, entanglement persists even if the systems are separated, which
leads to a violation of the principles of locality and realism [6]. For this reason, quantum theory has been
considered incomplete for almost thirty years: There was hope that another theory, which respects locality
and realism, was more fundamental than quantum mechanics, and phenomena such as entanglement were just
a manifestation of our ignorance of one or more variables. This line of thought came to an abrupt end with
Bell’s inequality [7-9], which shows that no theory that obeys locality and realism is consistent with quantum
mechanics.

Once it was determined that quantum mechanics, however counterintuitive it may be from our classical
perspective, is a fundamental theory of nature, the key question became: can we achieve something with
quantum mechanics that we cannot achieve with classical mechanics? The first results in this direction are
significantly influenced by the seminal work on classical information theory by Shannon [10] and opened

the field of quantum information theory. Since then, this field has produced many foundational results and



1. Introduction

technological applications, for example, in the field of quantum computing [11]. Indeed, since classical
information theory is concerned with the transmission of information between distant parties, and quantum
mechanics is non-local, it was natural to attempt to exploit the features of quantum mechanics to create
communication protocols that outperform any classical ones. For example, Refs. [12—15] propose a public
key distribution protocol based on quantum systems that has an arbitrarily high probability of detecting an
eavesdropper. Instead, if only classical systems are used, a very cunning and resourceful eavesdropper can
intercept the key, read it, copy it, and transmit it again without errors, leaving the parties unaware that the key
has been compromised. Of a similar flavour are the results of quantum teleportation [16] and superdense
coding [17]. In the first protocol, a sender can teleport an unknown quantum state to a receiver using only a
classical channel if they share a pair of entangled systems. Similarly, in the second protocol, a sender can
transmit two bits of information by sending a single qubit to the receiver if they share a pair of entangled
systems. When the sender and the receiver use protocols involving quantum systems, they can achieve
something that would be impossible if they were only using classical systems. The key ingredient of these
protocols, at the origin of the quantum advantage, is entanglement.

One may think that entangled states are the key to any quantum advantage. However, this is not the
case. For example, considering the computational advantages of quantum algorithms [18-20], one may want
to build a quantum computer. However, to truly exploit the advantages of these algorithms, the quantum
computer should be superior to a classical one, i.e., it should not be possible to simulate it efficiently with a
classical one. The Gottesman-Knill theorem [21] states that quantum circuits composed of Clifford group
gates, measurements of Pauli group operators and classically conditioned Clifford group operations acting on
a finite number of qubits initially in their ground states can be efficiently simulated classically. A quantum
computer performing only these operations, which are called stabilizer operations is not universal. However,
if one allows for the preparation of ‘magic’ states, universality is achieved [22]. In this context, magic
states are the key for universal quantum computation, not entangled states, which can be prepared from
non-entangled states with stabilizer operations (we assume that everything is local and that the computer is
not spread among many distant laboratories). Which quantum states provide a quantum advantage is highly
situational; a quantum state useful in a particular application is completely useless in another.

Why is entanglement useful in communication protocols? Why are magic states useful for quantum
computation? To answer that, we consider the communication protocols in which entanglement does provide
an advantage. They all share the same operational setup. There are two agents, typically referred to as Alice
and Bob. These agents live in distant laboratories. For simplicity, it is assumed that these two agents have
perfect control over any system in their laboratories. However, given their distance, they have no reliable
way of exchanging quantum information. Any quantum system that is transmitted from Alice to Bob (or
vice versa) would inevitably interact with the environment, and its state would change. Over long distances,
environmental noise is so strong that any information encoded initially in the state is lost during transmission.
Therefore, Alice and Bob are limited to classical communication only. Indeed, with modern technologies, it
is safe to assume that a classical message can be carried over long distances without any errors (or, in the
event of an error, it can be corrected). These considerations limit the global operations that can be performed
on a composite system, of which Alice holds one subsystem and Bob holds another. The two agents can only

perform local operations and classical communication (LOCC). It turns out that with these operations, Alice
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1. Introduction

and Bob can only prepare separable states, while entangled states are impossible to prepare. If Alice and
Bob share one (maybe because a third party with better technology shared it with them), they gain access
to something they cannot prepare by themselves and can now exploit it. From this operational perspective,
entangled states emerge as crucial resources in communication protocols. The example concerning quantum
computation is analogous. A circuit composed of stabilizer operations can be efficiently simulated, but with
these operations, one cannot prepare all the quantum states. The states that cannot be prepared are called
‘magic’ states. However, one can simulate non-stabilizer operations by performing stabilizer operations on
a magic state. Similarly to what happens in entanglement theory, the agent cannot prepare magic states if
restricted to stabilizer operations. Still, if he is given a magic state, he can simulate a non-stabilizer operation.

This operational approach, which is based on identifying which operations are allowed or easy to
implement, is at the core of the framework of quantum resource theories. Indeed, in every resource theory,
a subset of all quantum operations is identified as free, e.g., LOCC in entanglement theory and stabilizer
operations in computation. Moreover, states that can be prepared with free operations are called free, while
states that cannot are resources. Once again, entangled states are resources when free operations are LOCC,
and non-stabilizer states are resources when free operations are stabilizer operations. This framework was
so successful that it has been applied to a variety of different quantum phenomena. A non-exhaustive list
includes entanglement [23—-27], superselection rules and reference frames [28-32], athermality [33-35],
magic [36-40], imaginarity [41-43], asymmetry [44, 45], and coherence [46-51]. We dedicate Chapter 2 to
an introduction to quantum resource theories, where we provide details about two resource theories relevant
to this Thesis: the resource theory of entanglement and the resource theory of quantum thermodynamics.

In a resource theory, the central question is what can be achieved with a given resource under the
constraints imposed by the free operations: If Alice and Bob have access to an entangled state, what can they
do with it? Can they convert it to another entangled state using only LOCC? This question is known as the
conversion problem. For example, it has been shown that if Alice and Bob share enough entangled qubits,
they can concentrate their entanglement into a pair of maximally entangled qubits with only LOCC [23],
which can later be used in one of the protocols discussed above. The conversion problem for pure states
entanglement has been solved by Nielsen [26]. However, sometimes, it may not be possible to convert the
initial state exactly into the target state, but rather into a state that is very close to it. Indeed, it may be so
close that it is indistinguishable from the target state by any physical apparatus. In this case, we talk about
approximate conversion. In Chapter 3, we present the results concerning approximate conversion previously
published in [1]. We derive a closed-form expression to compute how close to the desired pure target state
Alice and Bob can get using a given input state. In the second part of Chapter 3, we use this result to
characterize a phenomenon known as entanglement embezzlement [52, 53].

In Chapter 4, which is based on Ref. [2], we turn our attention to the resource theory of quantum
thermodynamics. Following the example of classical thermodynamics, in which a bath cannot be used
to produce work if it is at thermal equilibrium with its environment, in the resource theory of quantum
thermodynamics, resources are states that are out of thermal equilibrium with the environment, while free
states are states at equilibrium with the environment. Free operations consist of 1) preparing equilibrium
states, 2) performing energy-preserving unitary operations, and 3) discarding subsystems (or more precisely,

free operations consist of the closure of such operations). In this setup, we focus on cooling and heating.
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We first explain what it means to cool and heat a quantum system and then derive formulas to compute the
highest and lowest temperatures to which a quantum system can be heated or cooled with a given resource,
using only free operations. In addition, we demonstrate that the ability to heat and cool qubits completely
characterizes the conversion problem for quasi-classical states, i.e., states that exhibit no coherence between
different eigenspaces of the system’s Hamiltonian. In other words, a quasi-classical state can be converted
into another if the first cools and heats qubits to higher and lower temperatures than the second does.

While Chapter 3 and Chapter 4 focus on specific resource theories, in Chapter 5, we investigate a property
common to many resource theories. Indeed, having a common framework for different phenomena allows for
the development of rules and tools that can be easily applied to many resource theories. The starting point
is the realization that in many important resource theories, for example, the resource theories of separable
and non-positive partial transpose entanglement [54—64], magic states [36—40], a channel is free if and only
if its Choi matrix (properly renormalized) is a free state. Moreover, these resource theories have been so
successful because the one-to-one correspondence between free states and free channels simplifies many
problems, allowing for both numerical and analytical solutions. We refer to resource theories that exhibit
this one-to-one correspondence as ‘Choi-defined’ resource theories. We find the conditions under which
it is possible to construct such resource theories from a given set of free states (which determines the free
operations as well, given the one-to-one correspondence). We then prove properties that are shared by all
Choi-defined resource theories. The results presented in this Chapter were published in Ref. [3].

The resource theories presented so far are resource theories of states, in which the resources are states,
and agents act on these resources with free channels. However, quantum operations can also be seen
as resources. For example, in LOCC, a noiseless quantum channel from Alice to Bob would be a great
resource if available. With this perspective, quantum teleportation can be described as a sequence of LOCC
‘super’-operations [65, 66] that convert an entangled state into a noiseless quantum channel, which is later used
to transmit quantum information. These considerations lead to resource theories of channels [64, 67-72], in
which channels are viewed as resources and agents act on them with free super-operations (or superchannels).
A critical result concerning superchannels is that they can all be decomposed into a circuit composed of
two channels with memory. One can then go one step further and consider circuits with three, four, or n
channels with memories. If states are of order zero, channels of order one, and superchannels of order two,
these are maps of order higher than two. Interestingly, higher-order maps that cannot be decomposed into
channels with memories provide advantages over maps that can [73—79]. Thus, it is natural to approach
these higher-order maps with the framework of quantum resource theories. However, there is yet no good
framework to describe them. The best attempt is the work by Bisio and Perinotti [80], which is based on
types. In Chapter 6, we improve the type system proposed in [80]. One of the most significant improvements
concerns the parallel composition of higher-order maps, which was missing in the original work. We also
generalize the notions of Hermitian-preserving and completely positive-preserving to higher-order maps. We
introduce the Choi isomorphism for maps of any order, and we show that it preserves Hermitian-preserving
maps and completely positive-preserving maps, a generalization of the results about the Choi isomorphism
between states and channels [66]. These results are based on unpublished work done in collaboration with S.
Steakley and C. M. Scandolo.



1. Introduction

1.1 Notations and Preliminaries

The author of this Thesis assumes that the reader is already familiar with the basic concepts of quantum
information. For a proper introduction to the topic, we refer the reader to the great books by Nielsen and
Chuang [11], Wilde [81], Watrous [82], and Gour [83]. Here, we provide a very brief summary of the
fundamental objects of quantum information, i.e., systems, states, and channels, and introduce relevant
notations.

Each quantum system A is associated with a Hilbert space H,4. We will often use A to denote both
the system and the Hilbert space. In this Thesis, we consider solely finite-dimensional systems, and we
denote the finite dimension of the system (or equivalently, the dimension of the Hilbert space) as |A|. If a
system is composed of two subsystems, A and B, the global Hilbert space is H4 ® Hp. Such a system and its
corresponding Hilbert spaces are denoted as AB.

A quantum state of a system A is a positive semidefinite map in L(A) (the set of endomorphisms on FH4)
with unit trace. We denote the set of all quantum states of the system A with Q(A). Quantum states are
usually labelled with lowercase Greek letters, e.g., pA, oA, 1A, Of particular interest are rank-one states, also
known as pure states. The set of pure states of system A is denoted with PURE(A), and the states are labelled
with the Greek letters 4, ¢, y”. The normalized eigenvector of a pure state * is denoted with |1//)A, and
we have 4 = [y Xy|4, where (¢|? is the dual of |y )™

Mathematically, classical systems are a special case of quantum systems. Each classical system X
comes equipped with an orthonormal basis { |x)X }x, such that every state of X has the form Y, p|xXx|X.
Moreover, there is a one-to-one correspondence between states of a classical system X and probability vectors
in Prob(| X|):

P1
PN B (1.1)
x

P x|

Note that for each state p# of a quantum system A there exists an orthonormal basis { fxp>A } such that
pA=3.p x|xp)(xp|A. However, A is not a classical system because not all the possible states of A are
diagonal in the same basis.

Quantum channels from system A to system B are linear, completely positive (CP), trace-preserving maps
from L(A) to £(B). The set of quantum channels from A to B is denoted with Q(A — B). For each channel
MA=B ¢ Q(A — B) there exists a set of linear operators { K }, from Hy to Hjp, called Kraus operators,
such that 3 KIK, = 14 and for all p € Q(A)

M (%) = ) Kup K] (12)

Eq. (1.2) is called the operator-sum representation of the channel M4,
A quantum instrument is a quantum channel with classical-quantum output. For each quantum instrument
EA7XB € Q(A — BX), there exists a set of completely positive operators { 478 } such that EAXB (p4) =

> aXx|X @ 8478 (pA) for all pA € Q(A) and ¥, EA78 is trace preserving. Alternatively, one can define
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a quantum instrument as a set { EA—B } of CP operators that sum to a trace-preserving operator. The two
definitions are equivalent.

A positive operator-valued measure on A (POVM) is a collection { FA }x of positive semidefinite matrices
on A such that 3, F4 = 14,

We conclude this very brief introduction with the definition of the two norms that we will use throughout

this Thesis. Forany M € £(A), and 1 < p < co the Schatten p-norm is defined as

1
P

—\P

My, = (Tr( MTM) ) : (1.3)

and || M ||, is equal to largest eigenvalue of VM TM. For any k € [|A|] the k-th Ky Fan norm of M € £(A) is
Ml () = m1 +mp+--+my,

where m| > my > - -+ > my are the k largest eigenvalues of VMTM. From the Schatten 1-norm, one defines

the trace distance between two quantum states p?, o4 € Q(A) as
1
T(p", o =S [lp" =, (1.4)

the fidelity as

Fpt, o) = [Noaved] . (1.5)

and the purified distance as
P(p*.o%) = V1= F2(pA, o). (1.6)
The Schatten and Ky-Fan norms of vectors follow from the corresponding matrix norms:
Ivll, = lldiag(v)]l,, ,
VIl (x) = lldiag(¥)ll )

(1.7)

where diag(v) is the diagonal matrix with diagonal entries v,. From these, one defines the trace distance

T(v,w), the fidelity F (v, w), and the purified distance P (v, w) between vectors.



Chapter 2

Quantum Resource Theories

In the last two decades of the twentieth century, it became clear that entangled states provide an advantage in
many communication tasks. Examples in cryptography [12—15] and about the transmission of classical [17]
and quantum [16] bits show that if the two distant parties involved in the protocols share a pair of entangled
states, they can achieve results that would be unattainable with any purely classical protocol.

After these works, quantum entanglement is recognized as a valuable resource, and the works in the
90s focus on how two distant parties can manipulate quantum entanglement [23—-26]. These articles share
a common framework. The problem is described with an operational approach, i.e., all these works focus
on what operations the two distant parties can or cannot perform. Since there is no reliable way of sending
quantum systems over long distances while preserving their state, the two distant parties cannot exchange
quantum information. As a consequence, the actions that the two parties can perform are only local quantum
operations and classical communications (LOCC). Interestingly, entangled states are the ones that the two
parties cannot create by using only LOCC. Indeed, they can only create separable states. Once again,
entanglement is considered a valuable and scarce resource because it cannot be created freely.

The operational approach described here has been applied in the last 20 years to a multitude of
quantum phenomena and constitutes the core of all quantum resource theories. A non-exhaustive list of
quantum resource theories includes entanglement [23-27], superselection rules and reference frames [28-32],
athermality [33-35], magic [36-40], imaginarity [41-43], asymmetry [44, 45], and coherence [46-51]. Given
the variety of the results and methods applied in these resource theories, it is beyond the scope of this thesis
to give a complete account of the framework of quantum resource theories. For that, we refer the reader
to Ref. [84], an excellent review paper, and Ref. [83], a very recent book about quantum resource theories.
However, in the next Section, we will introduce the framework of quantum resource theories, together with
those aspects of the framework that are relevant to this thesis. Later on, in Section 2.2 and Section 2.3, we will
present entanglement and athermality as examples of resource theories. The results presented in these two
sections will be the starting points for the works about entanglement embezzlement [1] and qubits cooling

and heating [2] presented in Chapter 3 and Chapter 4, respectively.
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2.1 The Mathematical Framework of Quantum Resource Theories

Following the example of quantum entanglement, the first step towards defining a quantum resource theory is
the identification of the allowed quantum operations. Formally, one has to identify for every ordered pair of
finite dimensional systems A and B a subset §(A — B) of all the possible quantum channels Q(A — B). If
a quantum channel is in (A — B), we say that it is free. These sets of free channels have to satisfy the

following constraints to give origin to a resource theory:

1. For every system A, the identity channel 74 is free. This property is equivalent to requiring that not

acting on a system is always allowed.

2. For every triple (A, B, C) of quantum systems, if M4~8 € (A — B) and NB~C ¢ F(B — C),
then NB2C o MA=8 € F(A — C). In other words, if an agent can freely perform two operations in

sequence, then the resulting operation is free.

3. For every quadruplet (A, B, C, D) of quantum systems, if MA~2 € (A — B) and NP € F(C —
D), then MA~8 @ N¢=P ¢ (AC — BD). In other words, if an operator performs two free

operations in parallel on two different systems, then the resulting operation on the joint system is free.

SAB—>BA

4. For every pair (A, B) of quantum systems, the swap channel is free. That is, an operator can

always describe joint systems in the order that they prefer.

5. For every quantum system A, the trace operator Tr 4 is free. Equivalently, an operator can always forget

the information about a quantum system.

These conditions, which are reasonable operational constraints, constitute the core of every quantum

resource theory.

Definition 2.1.1: Quantum resource theories

A map § that associates with every pair (A, B) of finite dimensional quantum systems a subset

&(A — B) € Q(A — B) is a quantum resource theory if § satisfies the conditions /-5 listed above.

Continuing with the operational approach, one defines the free states of a quantum system A as those
states that can be created with free operations starting from the trivial quantum system. With an abuse of
notation, we denote the set of free states of the system A with F(A) = F(I — A), where I denotes the trivial
system.

Definition 2.1.2: Free states and resources

For every finite-dimensional system A, the set of free states of system A is F(A) = F(I — A).
Quantum states in Q(A) \ F(A) are resources.

Every set of free states must satisfy the following properties as a consequence of the definition of quantum

resource theories.
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Proposition 2.1.3: Properties of free states

Let A, B be quantum systems. Then,

1. §(A) ® §(B) < F(AB),
2. SAPBA(E(AB)) = §(BA),

3. Trg F(AB) C F(A).

Proof. All the conditions follow trivially from the definition of resource theories and free states. [) Let
ut e F(A), vB € F(B), and let M'~4 € F(I — A) and N'>8 € (I — B) be their preparation channels.
Since the set of free operations is closed under parallel composition, M/~4 ® N'=8 ¢ (I — AB), and
therefore, u4 ® v# € F(AB). 2) Let u* € F(AB) and let M =45 be the free channel associated with
it. Since the swap channel is free and the sequential composition of free channels is free, we have that
SAB=BA o MI=AB ¢ ¥(BA). Therefore, SAB=BA(uB4) € F(BA). This proves that SAB=BA(F(AB)) C
&(BA). The proof of the opposite inclusion is the analogous. 3) Using the same techniques detailed in the
previous points, condition 3 follows from the fact that the trace and the identity are free channels and parallel

composition of free channels is free. O

We note that different sources provide different lists of minimal properties for a quantum resource theory.
For example, in Ref. [83], the definition of a quantum resource theory includes only conditions /, 2, and
5, reserving conditions 3 and 4 to a special class of resource theories that they refer to as resource theory
with tensor product structure. We decided to include conditions 3 and 4 in the definition of resource theory
because every time more than one system is considered, it is reasonable to assume that the agent can act on
one system while doing nothing on the other, therefore operations such as M4~2 ® 7€, where 7€ is the
identity channel on C, should be free if MA™# is free. Similarly, 78 ® N¢~? should be free, and therefore,
by sequential composition, MA~8 @ NP is free as well. Another example of a different minimal list of
properties of a resource theory is Ref. [85]. In this case, the authors include only properties /-4. However, we
decided to include condition 5 as well because agents can always freely discard information.

There is a sixth property that most, but not all, resource theories share: Convexity. From a physical

perspective, if an agent can perform MA~8 and NA—8

, then they could toss a coin or use any other random
source to perform the channel MA™2 with probability 0 < p < 1, and the channel A48 with probability
1 — p. This is equivalent to performing the channel p MA~8 + (1 — p)N478. In other words, in convex

resource theories, if MA™8 and N475 are free, so is the channel p MA™8 + (1 — p)NA7B,

Definition 2.1.4: Convex quantum resource theories

A quantum resource theory & is convex if for all pairs (A, B) of finite dimensional quantum systems,
the set (A — B) is convex.

As we mentioned, not all quantum resource theories are convex. One of which is the resource theory of

local operations, which is similar to the resource theory of entanglement, with the exception that the two
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parties cannot even communicate classically. In this case, the two parties do not share a common random
source, and therefore, they cannot freely prepare convex combinations of free channels.

The reader may have realized that in all the definitions above, we have only considered finite-dimensional
quantum systems. From this point on, every quantum system that we introduce will be finite-dimensional,
even if we do not explicitly state that. Infinite dimensional resource theories exist (see, e.g., Refs. [86-90]),

but are beyond the scope of this thesis.

2.1.1 Resource Manipulation

Once we understand free operations, we turn our attention to what we can achieve with them. It follows from
the definition of quantum resource theories that if p4 € F(A), and MA>8 € F(A — B), then MA>B(p4) e
& (B). Indeed, let R/™4 be the free channel that prepares p4, then MA=8(p4) = MA>B o RIA(1), where
the resulting preparation channel on the right is free because it is the sequential composition of free channels.
In other words, if an agent acts on free states with free channels, one can only obtain free states. This is
sometimes referred to as the golden rule of quantum resource theories.

The golden rule, as it is stated, applies to quantum instruments in (A — BX), where X is a classical
state. If one starts with a free state p and applies a free instrument Y, E478 ® |xXx|¥, the resulting

state Y, E47B(p?) ® |xXx| is free. However, if one measures the classical system, one obtains the state
B LB (pM)

o [, S S A—

X Trp[E478 (pA)]

generate a resource from free objects with non-zero probability. For this reason, every time that we have free

with probability p, = Trp[E478(pA)]. If 0B were not free, one would be able to

instruments, we generalize the golden rule to the axiom of free instruments [83].

Definition 2.1.5: Axiom of free instruments

Let A, B be quantum systems and let X be a classical system. For every instrument Y, 478 (p%) ®

A—-B (A
|x)x| in (A — BX) and every free state p? € F(A), the states o = & (o7

= —=__ * are free.
Trp[E475 (p4)]

Thanks to the golden rule, one can define resource theories using a bottom-up approach, that is, starting

with free states and then defining free operations as all those operations that preserve the set of free states.

Definition 2.1.6: Completely resource non-generating operations

Let A, B be finite-dimensional quantum systems. The set of completely resource-non-generating
(CRNG) operations from A to B is

CRNG(A — B) = {M*7BcQ(A - B) |
(MAP @ 1) (pA°) € F(BO), (2.1)
VpAC€ e §(AC),VCs.t.|C| < o).

where () denotes the set of free states, and it satisfies the properties in Proposition 2.1.3.

Note that we require completely resource-non-generating operations to preserve free states even when

tensored with the identity. This is a requirement because of our definition of resource theory, specifically

10
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because the identity channel and the parallel composition of free maps are free.

In case an agent wants to obtain a state o that is not free and can only perform free operations, the agent
must start with another resource p“. However, not all resources p“ can be freely converted into a state o-Z.
The key question in every resource theory is whether, given two resources p”, and o?, there exists a free
channel M4~ such that MA=8(pA) = oB. If such a channel exists, we say that p” can be freely converted

B B

. . ¥
into o, and we write p4 = o B.

. & .
We observe that if p4 — o &, then p? is at least as resourceful as o?

in any task. Indeed, suppose one
can manipulate o with free operations to obtain 7€, then one can convert p into 7€ with free operations
as well, since the sequential composition of free channels is free. In this sense, p4 is at least as resourceful as
oB. To characterize the relative resourcefulness of two quantum states, we introduce the relation =g, defined
as p =g o B if pA i oB. This relation is reflexive and transitive because the set of free operations contains
the identity channel and is closed under sequential composition. Therefore, ‘=g’ is a preorder. Note that,
‘>’ is not a partial order because pA =g o8 and o8 =g pA, denoted as p ~g o8, do not imply p4 = oB.
As a counterexample, choose p” = 1 and o? any free state of a system with dimension greater than one.

Since they are free, one can freely convert one into the other; however, they are not equal.

2.1.2 Resource Monotones

The next task in a quantum resource theory is to quantify a resource. Given that we are dealing with a preorder,

a convenient resource quantifier is a function M : | J4 Q(A) — R that is compatible with the preorder.

Definition 2.1.7: Resource measure

Let & be a quantum resource theory. A resource measure M is a function that maps every quantum

state into R and satisfies
1. pA =g 08 = M(p?) > M(cB),
2. M(1) =0,

where 1 € C is the only state of the trivial quantum system.

Note that this definition implies that M (p4) = 0 for any free state p, and M (c4) > 0 for any quantum
state . Indeed, if p* € F(A), then 1 ~5 p?, and therefore M (p?) = M(1) = 0. Similarly, o >3 (1),
and therefore M (o?) > M (1) = 0. We have decided to define M (1) = 0 rather than any other real number
to align with the intuition that the value of free states is zero.

In the upcoming chapters, we will introduce various resource measures tailored to the needs of the
resource theory under consideration. However, there is a general way to construct a resource measure based
on any quantum divergence D(-|-), that is a function from a pair of quantum states of the same system to the

real numbers that satisfies the data processing inequality

DMA7E(pIMA™E (o) < D(p?llo?), 2.2)

11
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and the normalization D(1]|1) = 0. The D-divergence of a resource, defined as

D(p%) = inf D(p"o?), (2.3)
TAeF(A)
is a resource measure [83]. An example of resource measure is the measure based on the Umegaki relative
entropy and constructed as in Eq. (2.3):
D(p*)= inf D(p*lloc?), (2.4)
AeF(A)

ote
and D(p*[lo?) = Tra[p* log p*] = Tra[p” log o*].
The definition of resource measure is not very strict. For example, the function M (p?) = 0 for all
pA € Q(A) is a resource measure. However, it is not very helpful in characterizing the preorder g
It is often useful that a measure is at least able to distinguish between free states and resources. That is,
M(p4) =0 & p? € F(A). This property is called faithfulness.

Another useful property for a resource measure is convexity:

M (Z pxp? < prM (p?) (2.5)

The physical intuition behind this is as follows. Assume one has an ensemble of states { P> }x. The

average of the resource measure on the ensemble is ), pxM (pf). The ensemble is described by the
classical-quantum state ;. px p? ® |xXx|X. If one discards the classical flag, one obtains the state 3 p p?.
Convexity states that the resource measure of the mixed state obtained by forgetting the classical flag of the
ensemble is less than or equal to the average resource measure of the ensemble. Note that convexity is a
useful mathematical property even in those resource theories in which the physical intuition is not valid.

MA2BX one could start from a state pA and produce an

If the resource theory admits a free instrument
ensemble of states { py, 0" },, defined as in Definition 2.1.5. We say that a resource measure is strongly
monotone if M(p4) >3 pxM(oB).

Since convexity and strong monotonicity (when a resource theory allows for free instruments) are very

desirable properties, we name convex and strongly monotone resource measures as resource monotones.

Definition 2.1.8: Resource monotones

A resource monotone is a convex and strongly monotone (if the resource theory contains free

instruments) resource measure.

For example, the resource monotone based on the Umegaki relative entropy introduced above is also a
resource monotone.
Whenever the resource monotone satisfies M (p4 ® o8) < M(p?) + M(0B) we say that it is subadditive.

It is additive if the equality holds for all states p, o2 of any pair of systems A, B.

2.1.3 Approximate Conversion

So far, we have only considered exact conversions p — o 8. However, every physical setup is affected

by noise, and a finite number of measurements will only lead to finite accuracy. It is, therefore, practically

12
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impossible to distinguish the desired target state from a close approximation. This is the physical motivation
to investigate whether a state can be approximately converted to the target using free operations [91]. Once
we choose a metric D on £(B) (among the many metrics that formalize the notion of closeness between
quantum states [92-96]), and fix an error € > 0, we say that p“ can be approximately converted into o8 up
to an error € if there exists M4~8 € (A — B) such that D(MA>8B(p4), 0B) < e. If that is the case, we
denote it with p4 ie o 8. Here, we use the letter D to denote a metric and not the Umegaki relative entropy
introduced below Eq. (2.3). The letter D is commonly used in literature to denote both these quantities. Still,
one can easily tell the difference because D (-||-) is the Umegaki relative entropy while D (-, -) is a metric.

When dealing with approximate conversion, a natural question is how close to o it is possible to convert
p* using only free operations. To answer that, one has to solve the following optimization problem:

sy DM (0%, ), (2.6)

where D is the fixed metric. We call such a quantity conversion distance [69, 70, 97, 98], and we denote it
with D (p4 LA aB).

2.2 The Resource Theory of Entanglement

In this Section, we present the resource theory of entanglement, which has a central role both in the history of
resource theories and in the works presented in this Thesis. We have already provided the intuition behind the
resource theory of (bipartite) entanglement at the beginning of this Chapter. There are two distant parties,
Alice and Bob, who can only communicate classically. Every LOCC protocol consists of one of multiple
rounds in which a party performs an operation in their lab and sends classical information to the other
party, who in turn performs an operation conditioned on the classical information received. The number of
rounds can be arbitrarily large. The assumptions that Alice and Bob have perfect control over the systems in
their laboratories and can perform an arbitrarily large number of communication rounds are operationally
impractical. Still, they are useful in finding bounds to what Alice and Bob can achieve when quantum
communication is forbidden. With LOCC, Alice and Bob can prepare all and only separable states, i.e., states
that can be written as convex combination of elementary tensors of states: p48 = 3 p, p;‘ ® pB, where each
p2 and pB is a quantum state, p, > 0, and 3, p, = 1. States that are not separable are called entangled.
Before we present the results of the resource theory of entanglement that are relevant to this Thesis,
we introduce notations and assumptions that we will use throughout this and the following Chapters. First,
we denote Alice’s systems with the letter A and Bob’s systems with the letter B. The spatial separation is
always between Alice’s and Bob’s systems. Second, the systems in the resource theory of entanglement
are always bipartite, e.g., AB. Specifically, when in the conditions for a resource theory, we read that
the identity channel is free, it means, in the case of entanglement, that for every bipartite system AB, the
identity channel 748 is free. There is no free quantum identity channel from Alice to Bob that would
result in quantum communication, which is not allowed. Similarly, when we say that the swap channel is
free, we do not mean that Alice and Bob can freely swap systems between them, but the bipartite system

A1 B can be freely swapped with A, B,. Third, we assume that all systems have the same dimension unless

13
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we specify otherwise. Indeed, both Alice and Bob can embed their local system into larger systems with
local isometries. For any bipartite system AB, let A’B’ be such that |A’| = |B’| > {|A]|,|B| }, and let
UA™A  YB=B pe isometries. Then, UA™A @ VBB ¢ &(AB — A’B’), and for any pA8 we have that
pAB g pA'B = A=A @ VBB (pAB) However, since the adjoint of an isometry is its left inverse and
since (UAA) @ (VBB € F(A’B’ — AB), we also have that pA'5’ -5 pB. Therefore, pA8 ~g pANE,
which means that they are equivalent as resources. This argument can be generalized to cases involving
multiple systems. Therefore, without loss of generality, we can assume that all the systems have the same

dimension.

2.2.1 Pure State Conversion

The definition of LOCC, which allows for an arbitrarily large number of rounds of communication and
local operations, makes checking whether pA8 roce, oAB_ for arbitrary pA8, 048 € Q(AB), a daunting

challenge. However, this task is much simpler if one starts with a pure state.

Theorem 2.2.1: Lo-Popescu’s theorem [ ]

Any deterministic LOCC pure-state manipulation can be simulated with the following protocol:
1) Alice performs a generalized measurement, 2) Alice sends the measurement outcome to Bob,
and 3) Bob performs a unitary operation conditioned on the measurement outcome. That is, if
N Lo, 48 then there exists a generalized measurement { M3 }x (where each M’ is a complex

matrix on A and (M X)"'M 1= 14) and a family of unitary matrices { Uy }x such that

oAB = Z(M;{ ® Un)y*B(M% @ Uy)'. 2.7)

Lo-Popescu’s Theorem is remarkable because it states that any LOCC deterministic protocol that starts
with a pure state, regardless of the round of communication, can be exactly simulated with a protocol involving
at most one round of communication.

When dealing with pure states, one can use another important result from linear algebra: the Schmidt
decomposition of a bipartite vector. Indeed, for every bipartite vector |¢AB > there exist orthonormal bases

{|xa) }, and { |x) }, for A and B, and real non-negative coefficients { @, }, such that
By = > @ )P 2.8)
X

Moreover, by assuming that |¢AB ) is a vector of norm one, we obtain that . a2 = 1. Therefore, the elements
of { a? }x can be seen as the entries of a probability vector in Prob(|A|). We say that p € Prob!(|A|) is the
vector containing the Schmidt coefficients of AZ when the entries of p are the elements of { a2 }x, organized
in non-increasing order. The number of non-zero entries of p is known as the Schmidt rank of ¥4#, and we
denote it with SR(¢48). Since local unitary are free operations, one can fix orthonormal bases { |¥4) }, and
{ |XB) }, and every state |¢1AB> = Yy |xx)AB is equivalent to a state |¢/7AB> =2 \VDPx |%x)A8 | where p
are the entries of p, the vector containing the Schmidt coefficients of y45. We say that the vector |42} is

14
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in standard form, and thanks to the LOCC-equivalence, we can from now on assume, w.l.0.g., that all pure
states are in standard form.
With these notations at hand, we are ready to present the most important result about pure-to-pure state

conversion in the resource theory of entanglement.

Theorem 2.2.2: Nielsen’s theorem [ ]

Let 4B, p4B ¢ PURE(AB), and let p, q € Prob!(|A|) be their corresponding Schmidt probability

vectors. Then yAB 2255, A if and only if $X_, g, > SX_, py forall k € [|A[].

Nielsen’s Theorem completely characterizes pure state conversion. We notice that i:l Px is the k-th

Ky Fan norm of p, denoted as ||p|| ), then we can define a family of pure-state entanglement monotones

occ
as Ex(y2B) =1 - ||p|| (k)- Indeed, Nielsen’s Theorem can be equivalently formulated as YAB Loce, A8

if and only if Ex(yA) > E;(¢4%). Moreover, we observe that the condition ¥*_ g, > >*_, p, for all
k € [|A]] is nothing else than the definition of vector majorization [99], which we denote as q > p. Therefore,

YAB Loge, 4B if and only if q > p.

another way of stating Nielsen theorem is
We conclude this overview of pure-state entanglement conversion by mentioning that Nielsen’s Theorem

was generalized in Ref. [100] to the case in which the target state is an ensemble of pure states:

A8 S (1,08} e Edyh) 2 ) LEd(eAP), Vi € [A]]. 29)

2.2.2 SEP and NPT Entanglement

As mentioned before, LOCC maps are difficult to characterize. Historically, there have been two generalizations
of the resource theory of LOCC entanglement with simpler sets of free operations. The first is obtained
by considering the complete set of resource-non-generating operations that are compatible with the free
states of the resource theory of entanglement, i.e., with separable states. The CRNG operations coincide
with the separable channels, that is, those channels that admit an operator sum representation in which all
Kraus operators are tensor products. That is, N48=48 ig separable if and only if there exists a set of Kraus
operators { M) ® Ny }x such that NAB—AB(pAB) = (M ® Ng)pAB(MX ® Ng)T. In Chapter 5, we
will present an easier characterization based on the Choi isomorphism. The resource theory with separable
operations as free operations is often called the resource theory of separable entanglement (SEP) [54-56].
The second generalization is a consequence of the Peres-Horodecki criterion for separable states [57, 58]:
Every separable state has positive partial transpose. Therefore, one can generalize entanglement theory and
consider as free states all those states that have positive partial transpose (PPT). The completely resource-non-
generating operations, in this case, are all those operations that preserve PPT in a complete sense, i.e., even
when tensored with the identity [59-63]. The resource theory with these operations as free operations is

known as the resource theory of non-positive partial transpose entanglement (NPT).
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2.3 The Resource Theory of Quantum Thermodynamics

When classical thermodynamics was first developed, the goal was to optimize work production through cyclic
processes. Carnot’s theorem tells us that this is only possible if one has access to two baths at different
temperatures, one of which is typically the environment. The greater the temperature difference, the higher
the efficiency of the engine. In resource theoretic terms, a resource is a bath not at thermal equilibrium with
the environment. We will see in this Section that the intuition behind the resource theory of thermodynamics

or athermality is the same.

2.3.1 Free States in the Resource Theory of Quantum Thermodynamics

In defining a resource theory, we usually start with free operations. However, in this case, it is more
enlightening first to define which states are free and then construct free operations. We assume that the
existence of a large heath bath (or environment) at a fixed temperature 7, or equivalently at an inverse
temperature 8 = (kgT)~!, where kp is Boltzmann’s constant, the only free state of a system S with

Hamiltonian H¥ is the state at thermal equilibrium with the bath:
e~BH®

B Trg[e~BHS]

S

Y (2.10)

This state is the quantum canonical ensemble and is known as the Gibbs state. In the remainder of this

Subsection, we will present different motivations that lead to singling out the Gibbs state as the only free state.

Principle of Maximum Entropy

Suppose one is given a system S with Hamiltonian HS, and the only information that is known is that the
energy of the system is E. What is the best description of the state? Jaynes [101] suggests answering this
question with principles of information theory. In particular, one should apply the principle of maximum
entropy and choose among all the states with energy E the one that maximizes the entropy. That is, we are

looking for a state ¥, such that
* Trs[y H%] = E,
o —Trs[y®InyS] > = Trg[pS In pS] for all p5 € Q(S).

Using the Lagrange multiplier method, one finds that the only quantum states that satisfy these conditions

are: s
e—/lH

Trg[e~AH]

where A is the real parameter. We will discuss later the meaning of A.

(2.11)

Principle of Minimum Energy

With a symmetric argument, one may fix the entropy of a system and look for the state that minimizes the

energy. That is, we want to find a state y° such that
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2. Quantum Resource Theories

« —Trs[y*Iny%] =5,
o Trs[ySHS] < Trs[pSHS] for all p¥ € Q(S).

Once again, one finds the family of states
o~ AH®

_ 2.12
Trg[e—H*] -12)

Passivity, Structural Stability, and Consistency

Lenard [102] derives the formula for the Gibbs state from three assumptions: passivity, structural stability,
and consistency.

First, a state p> of a system S with Hamiltonian HS is passive if no work can be extracted from it. This is
equivalent to requiring that Trs[HS pS] < Trs [HSUpSUT] for any unitary operator U. Indeed, if some work
can be extracted from pS it means that there exists a unitary process U (the evolution of a quantum system in
quantum mechanics is unitary) such that the energy of the system § at the end of the process is less than the
energy at the beginning: Trs[HSUpSUT] < Trs[HS p5]. By requesting that the mean energy of S at the end
of the process be always greater than or equal to the energy at the beginning, we guarantee that no work is
extracted from the system.

Second, a passive state p is structurally stable if a small change in the Hamiltonian H* results in a small
change of the passive state. That is, for every neighbourhood i of pS there exists a neighbourhood B of HS
such that for every H € 9B there exists at least a state in 2l that is passive for H.

Lastly, a consistent family & of structurally stable passive states is a function that associate with every
system S with Hamiltonian HS a passive state p5 and such that if p° and o are passive state with Hamiltonian

HS and HR, then p5 ® oR is the passive state associated with the system SR with Hamiltonian
R =5 @ 1% + 15 @ HR. (2.13)

A thermal equilibrium state p5 for the system S with Hamiltonian H* is a state for which a consistent
family of structurally stable passive states exists and such that p3 is the state associated with the pair (S, H®).
Lenard [102] shows that thermal equilibrium states associated with a system S with Hamiltonian HS can

only be of three kinds:
« multiple of the projector associated with the smallest eigenvalues of H>,
. oAH? /Trs[e_’lHS] for some A € R,
o« LS
sl

Note that the first and third cases are limit cases obtained from the second by taking the limits for 4 — oo or

A — 0, respectively.
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The Meaning of 1

The last detail is to understand the meaning of A. Here, we show that it is equal to the inverse temperature of

the system. If we consider e~*# * /Trg[e=*H S] as a statistical ensemble, we can compute the temperature

. s 1 _ 85(yS)
associated with it as Ts = 9E

E is the average energy of the systems

_ Tis[H%Y®] _ X Eie™'"

E=(H) ¢ = = ,
< >y$ TI‘S [e_/lHS] Zj e—/lEj

(2.14)

and S is its entropy:
S(®) = =Trs[y® Iny®]
_ Yie Ei(AE;)
- Z]_ e~ 1Ej

=AE + lnTrS[e_’lHS].

+1InTrg[e H"] 2.15)

Therefore,

aS(y®) 04 6lnTr5[e"lHS] 0A

= —E —

oE At aEET EX OF

1 . Trs[HSe *H%] 9

2 - @

OFE Trg [e—/lHS] OE

01 A (2.16)

=1+ —E—-(HS) ( —

A+ apE—{H)s op

a1 A

=1+ —FE-E—

*oE oF

=A+

=A.

This shows that A = ﬁ is the inverse temperature of the ensemble. For y> to be a free state, this inverse
temperature must be equal to §, the inverse temperature of the background environment. If not, the global

state associated with S and the environment would no longer be passive.

Complete Passivity

All the arguments exposed above indicate that Gibbs states should be free in the resource theory of quantum
thermodynamics. However, one may wonder if we should include other free states. Once again, Lenard [102]
comes to our help. He argues that passivity is not enough. One should require complete passivity, i.e., a state is
completely passive if no work can be extracted from arbitrarily many copies of it. He showed that completely
passive states are either thermal states or ground states, defined as pS is ground if Trs[HS p°] < Trs[HS p5]
for all p5 € Q(S).

If we added states that are not completely passive to the set of free states, our resource theory would be
trivial. Indeed, we could create as many of them as we want for free and extract an arbitrarily large amount of
work from them, which we could then reuse. Therefore, if we fix the background temperature 3, for every

system S with Hamiltonian HS there is only one free state, the Gibbs state
e PH?

S _ .
Tr[e-BH®]

Y 2.17)
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The Minus First Law

Lastly, the Gibbs state is the state to which any quantum system evolves under weak coupling with a bath [103].
This mirrors the well-known fact in classical thermodynamics that if two or more systems, isolated from
the rest of the world, are allowed to exchange heat, they will eventually reach a state of equilibrium. The
fact that quantum systems move towards their equilibrium states has been called the minus first law of
thermodynamics [104, 105].

2.3.2 Free Operations

We identified the free states in the previous Subsection. Therefore, for each free state y2, the preparation
channel 1 — y5 is free. Since the parallel composition of free operations is free, for every state p> the
channel p5 — pS ® yB is free as well for every free state y 2.

Now, if we want to act on the composite system R = SB relying only on the resourcefulness of p°,
we cannot introduce new energy into the system. That is, we can only perform energy-preserving unitary
transformations, i.e., [U, HR] = 0, where HR = 15 ® HZ + HS ® 158. While the request [U, HR] = 0 seems
very restrictive, one should notice that the choice of the system B is arbitrary, and one can choose a system
B in a way that HR has many degenerate energy eigenvalues. In this way, U can act non-trivially on the
eigenspaces associated with those eigenvalues. If one applies an energy-preserving unitary transformation to
5 ® y8B one obtains p¥ — U(pS ® yB)U'. Lastly, we are free to discard unnecessary systems. For every S’
and B’ such that R = §’B’ and HX = 15" @ H? + HS ® 1%’ (where S’ and B’ may or may not be equal to S
and B), the operation

M55 = Trg [UpS @ yPUT] (2.18)

is free. Such operations, called thermal operations, are the free operations in the resource theory of
thermodynamics. As one notices in Eq. (2.18), the final system S’ may be different from the initial system
and could have different energy. Only the unitary transformation is energy-preserving, the overall thermal
operation may not be. Indeed, one could start with a qubit S in the excited state, tensor it with a qubit B at
equilibrium with the environment, pick as U the identity operator, which is energy-preserving, and finally
trace over S. At the end of the process one is left with a qubit at equilibrium with the environment which has
less energy than a qubit in the excited state.

Observe that [U, HR] = 0 implies [U, y® ® yB] = 0, therefore thermal operations are Gibbs-preserving
operations. This guarantees that the only states that can be prepared for free are the Gibbs states, as requested
in the previous Section.

To denote that a state p° can be converted to a state o with thermal operations (TO), we may be tempted
S"_ as done in entanglement theory. However, the free operations are not fixed as in the case
of LOCC, but they depend on the temperature of the heat bath and the Hamiltonian of the system. The Gibbs

. S TO
to write p° — o

e_'BHS
Trs[e #H
system S, once 8 and H® are fixed. Any state of S that is not y5 is a resource. Therefore, we will denote a

state y° = encodes both of these pieces of information. The state y> is the only free state of the

resource in the resource theory of athermality as (p°, %), where ¥ is used as the reference free state of the

: . . . . . TO _
system S, and if the conversion with thermal operation is possible, we write (p5, %) — (o5, %%").
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2. Quantum Resource Theories

Closed Thermal Operations

The set of thermal operations is not topologically closed with respect to any topology induced by a metric on
the set of channels (an example of such metrics is the metric induced by the diamond norm introduced below
in Eq. (2.20)). From an operational point of view, it makes sense to consider an operation as free if it belongs
to the closure of the set of thermal operations. Indeed, if one can approximate a channel arbitrarily well with

thermal operations, then there is no operational way to distinguish it from a thermal operation.

Definition 2.3.1: Closed thermal operations (CTO)

Let S, S be two systems with Gibbs states y°, 5", Then N5 is a closed thermal operation if there

exists a sequence of thermal operations { N ,f = } « such that

Jim HNSHS’ - NS <o, (2.19)
—00 o
where ||-||,, is the diamond norm [82, 106], defined as

”MS*S’ — max { ||(MS_’S' @IS)(X)H1 | X € 205), IX]l, < 1 } , (2.20)

fora M5™5 € (S — §).

To ensure that the set of closed thermal operations can be used as the set of free operations in a resource
theory, we must verify that they are closed under sequential and parallel composition. The results presented
here about closed thermal operations are taken from our work about cooling and heating in the resource
theory of athermality (Ref. [2]).

Proposition 2.3.2: Parallel and sequential composition of CTOs

If MA=8B NB=C and PC—P are closed thermal operations then N3 ~C o MA=8 and MA~BNC—D

are closed thermal operations.

Proof. Let { M,‘?_’B } o { N,f -C } . { SDkC —-Db } . be sequences of thermal operations converging to MA=E,
NB=C and P€=P in the diamond norm. We show now that { N5~ o M#—5 }k and { M8 @ pE—P }k
converge to NB37C€ o MA=8 and MA=8 @ pC—P,
. B—-C A—B B—-C A—B
kh_{{}o”N oM = NETC o M,

< Jim [VE=C < NEC  tim [IMAE A @21

=0.
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For the properties of the diamond norm, see Ref. [82].

lim ||M;?—>B ®PIS—>D _ MA—)B ® PC—>D”<>

k— o0

lim ||MI?—>B ® P]{C—)D _ MA—>B ® P](C—)D + MA—>B ® P}(C—)D _ MA—>B ® PC—)D”<>

k—0c0

Jim [(MA=E - MA=B) @ =D+ Jim IMA=E @ (PC—P — pCD)||

IA

(2.22)

Jim [OME=E = M) [|P 2, + Jim [IMAZE] P2 - P2

Jim [ = M fim (PP €,
=0.

Here, we have used the fact that the diamond norm of the tensor product of two linear maps is the product of
their diamond norms and the fact that the diamond norm of a channel is always 1.

Since thermal operations are closed under sequential and parallel composition, { N ,f ~Co M,‘?_’B }k and
{MP=BoPF—P} aresequences of thermal operations and therefore N5~€ o MA=5 and MA~B@PC—P

are closed thermal operations. O

As requested, CTOs are approximated arbitrarily well by TOs. In the following, we will use the trace

distance, see Eq. (1.4), to evaluate distances between quantum states.

Proposition 2.3.3: CTO vs TO

The following two statements are equivalent.

1. The athermality state (p*, y*) can be converted to (', y4') by CTO, i.e.,

CTO ’ ’
(v — (e ™). (2.23)

2. For every € > 0, there exist athermality states (54, y4) and (54, y4") e-close to (p?, y*) and
(o', y), respectively, such that

~ TO ~ ’ ’
Py — @Y, yY). (2.24)

Proof. We begin by showing that 2 follows from /. Let (N4~4", %) be a closed thermal operation that
converts (pA,y4) to (', y4) and let {(NA™4", y*)} e be a sequence of thermal operations that has
(NAPA yA) as its limit.

Next, introduce

oA = NAA (pA) . (2.25)
By definition, the thermal operation (NA~4", y4) then converts (p*, y4) to (¥, y*’) and
o = lim o’ (2.26)
n—oo

This further implies that for every € > 0, there exists an m such that

1 ’ ’
i -], =
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which finishes the first direction by choosing
@Y = (",
@Y y™) = (o ).
Now let {ex } e be a sequence of non-negative numbers such that

lim € = 0. (2.28)

k—oo

To show the reverse, assume that 2 holds. This implies that for every k € N, there exists a (,5?, ¥4) ex-close
to (p4,y4) and a thermal operation (N,:‘_”‘/, y4) that converts (ﬁf, ¥4) to a state (&,’?’, &) e-close to
(', y*"). Since the set of quantum channels from A to A’ is compact, there exists a converging sub-sequence
{N{l‘_’A’}l. We can thus define

NAZA = Jim NG (2.29)

By definition, (N474", y4) € CTO(y*" « y4). Moreover,
NAZH (p) = lim NE=Y (py) = lim 573 = o, (2.30)
which finishes the proof. O

Gibbs-Preserving Operations

From a set of free states, it is possible to construct a resource theory in which the free operations are the
operations that preserve the free states in a complete sense (see Definition 2.1.6). In this case, MA~4" is a

completely resource-non-generating operation if
(MA—>A' ® IR)(’YAR) — ,yA’R (231)

is a free state. However, this condition can be simplified by noticing that Y48 = yA®@yR and yA'R = y4" @y K.

Therefore, MA™4" is completely resource-non-generating if and only if

’

MAZA (yA) = y2 (2.32)

Such operations are referred to as Gibbs-preserving operations (GPOs). It is straightforward to prove that
TO ¢ CTO ¢ GPO.

2.3.3 Quasi-Classical States and Relative Majorization

While the conversion problem in the resource theory of athermality is so far unsolved in full generality, it has
a solution for quasi-classical states, i.e., states that do not show coherence between eigenspaces associated
with different eigenvalues of the Hamiltonian. These states are all and only the states p5 € Q(S) such that
[pS, HS] = 0. As a consequence [p®, 5] = 0 as well. This implies that there exists an orthonormal basis
{[0) }l.il in which both p% and y° are diagonal. That is,

1
pS = D pRlikilS. S = gfliil®, (2.33)
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where p?, g7 > 0 and Zlill pi = Zlill gi = 1. Therefore, { p3 }lill and { g5 }lill are the entries of probability
vectors p°, g5 € Prob(|S]).
Once the basis is fixed, p° and y° are completely characterized by p° and g5. As mentioned, the

conversion problem for quasi-classical states has been fully solved.

Theorem 2.3.4: Conversion problem for quasi-classical states [ ' ]

Let (p5,y%) and (R, yR) be quasi classical states. The following are equivalent
L (05,7%) = (@R,95),
2. (05,75 =5 (R 9R),
3. There exists a column stochastic matrix S such that p® = Sp° and g® = Sg5,

where (p%, %) and (pR, gR) are the pairs of probability vectors associated with (p5,y5) and (R, y®).

The last condition is known as relative majorization[108—115].

Definition 2.3.5: Relative majorization

Let p1,q; € Prob(n) and let ps, q2 € Prob(m). then (py, q;) relative majorizes (pz, (2), denoted as
(p1,q1) > (P2, q2), if there exists a column stochastic matrix S such that p, = Sp; and o = Sq;.

Finding a stochastic matrix that satisfies the conditions in Definition 2.3.5 or proving that such a matrix
does not exist is equivalent to solving a system of linear equations, which becomes quite difficult when m and
n are large. However, there is an easier way based on Lorenz curves [116-119]. The construction of a Lorenz

curve associated with a pair of probability vectors p, q € Prob(n) is the following:

1. Find a permutation 7( ;) such that { Pr(k)/4n; }j are in non-increasing order.

2. For all k € [n], define the points (x,({p’q) , y,((p’q) ) in the (x, y)-plane as

k k
(x PV Py - (Z Pr(j)s Z qn(.f)) (2.34)
x=1 x=1

3. The lower Lorenz curve associate with (p, q) is the curve that connects (0, 0) and the ordered points
{x,((p’q) , y,((p’q) }k with straight lines. This curve can be expressed both as a function of x or as a
function of y. In Chapter 4, we will extensively use Lorenz curves as functions of y, and we denote

them as a9 (y).

As an example, consider the pair of probability vectors p = (1/4,1/3,5/12) and q = (1/5,2/3,2/15).
If we take the ratio of each component, we obtain (5/4, 1/2,25/8), which are ordered as 25/8 > 5/4 > 1/2.
The permutation that orders the entries in non-increasing order consists of a circular right shift of the triples.
Applying this permutation to p and q we obtain (5/12,1/4,1/3) and (2/15,1/5,2/3). Computing the partial
sums as in point 2), we get the points { (5/12,2/15),(2/3,1/3), (1, 1) }. Note that the last point is always
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(1, 1) because we are dealing with probability vectors. These are the ‘elbows’ of the Lorenz curve associated

with (p, q), as depicted in Figure 2.1.

1

0.8 | :

0.6 |- :

0.4} :

0.2 .

O | | | |
0 0.2 0.4 0.6 0.8 1

X

Figure 2.1: Lorenz curve associated with p = (1/4,1/3,5/12) and q = (1/5,2/3,2/15)

With Lorenz curves, we can state an equivalent condition for relative majorization.

Theorem 2.3.6: Relative majorization and Lorenz curves [,

Let py, q; € Prob(n) and let py, q2 € Prob(m). The following are equivalent:

L. (p1,q1) = (P2, q2),

2. P (y) > oP2%) (y) forall y € [0, 1].

J

However, since a (-9 (y) is always a concave function, it is enough to check that all the elbows of (p3, q3)

are on the left of the Lorenz curve associated with (py, q;) [119] (see Figure 2.2).
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1 1
——(p1.q1) ——(p1.q1)
—— (p2,q2) —o— (p3,q3)
00 1 00 1
@ (p1.4q1) > (p2,q2) (®) (p1,q1) # (p3,q3)

Figure 2.2: Relative majorization versus Lorenz curves. In the first plot, one observes that (p1, q1) > (P2, q2)
because the Lorenz curve associated with (py, q;) is on the right of the Lorenz curve associated with (p2, q2).
In the second plot, instead, one notices that (py, q;) ¥ (p3,q3) because one of the elbows of the Lorenz curve
associated with (p3, q3) is on the right of the Lorenz curve associated with (py, q1).
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Chapter 3

Approximate LOCC Conversion and
Entanglement Embezzlement

Quantum entanglement [23, 26, 27, 122—-124] describes correlations between different particles with no
classical counterpart and has both deep foundational implications [6] and numerous applications in quantum
information science [12, 13, 16, 17, 125—-131]. As described in Section 2.2, if two or more parties are
far apart, in practice, they are restricted to local operations and classical communication (LOCC), and
entanglement is a resource and thus studied within the framework of quantum resource theories (QRTs)
[84, 85]. Consuming entangled states or, more generally, resourceful states can lead to operational advantages,
e.g., in communication scenarios [12, 13, 16, 17, 125-128]. Importantly, suppose a state can be converted
with a free operation into another one. In that case, the former is at least as valuable as the latter in any
application that only allows for free operations. Answering the question of which states can be converted into
each other is thus a central question in any QRT. In entanglement theory, Nielsen’s Theorem [26] provides a
characterization of the deterministic conversion between pure states that was later extended to probabilistic
conversions [100]. The first result that we will present in this Chapter is a generalization of these results that
characterizes the conversion of a pure state into a mixed state.

The results on state conversions mentioned so far require that an initial state is exactly converted into a
target state. However, as shown in Section 2.1, approximate conversion is often enough, considering that
every physical apparatus comes with finite accuracy. Conversion distances measure the error in approximate
conversions, i.e., given two states, they are defined as the smallest distance between the second state and the
output of any free operation on the first one. We introduce a new conversion distance under LOCC defined on
pure states. Using our result on exact conversions, we prove that it is topologically equivalent to the other
conversion distances and derive a closed formula for it.

This, in turn, will allow us to characterize entanglement embezzlement [52, 53]: Whilst it is impossible
to create entanglement with LOCC [84, 122, 124, 132], it is possible to embezzle it in the sense that one
converts a given entangled state approximately to itself and a copy of another entangled target state. A
family of pure states such that one can do this for any target state with arbitrary accuracy is called a universal
embezzling family. Embezzlement is thus a generalization of quantum catalysis, a phenomenon discovered

in the early years of the resource theory of entanglement [133]: While in catalysis, the catalyst must be
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preserved exactly, embezzlement allows for it to be changed by an arbitrarily small amount. Very recently, we
have witnessed a renewed interest in the catalysis of various quantum resources [134—150], with applications
far beyond state conversion. In Ref. [144], for example, it was shown that a catalytic quantum teleportation
protocol outperforms the standard teleportation protocol [16, 129, 130] in terms of teleportation fidelity. For
further details and examples, see the recent review articles, Refs. [151, 152].

Universal embezzling families are valuable resources in various applications. They are, for example,
necessary resources for the efficient simulation of noisy quantum channels with noiseless channels [128, 131],
a result known in quantum information theory as ‘Quantum Reverse Shannon Theorem’. They are also an
important component in the elementary proofs of Grothendiek theorems [153, 154], which are of fundamental
importance in the theories of Banach spaces and C*- algebras (see, e.g., Ref. [155]). Furthermore, embezzling
families are necessary to win various quantum guessing games with certainty [156—159]. Lastly, due to their
close relation to catalysis, we expect that they will prove useful in applications such as teleportation, where
catalysis provides advantages.

The first universal embezzling family was introduced in Ref. [52], and we refer to it as the van Dam and
Hayden embezzling family. More recently, additional families have been proposed in Ref. [53]. In these
works, embezzlement is considered using only local operations. In this Chapter, we extend the framework and
additionally allow for classical communication, provide a complete characterization of universal embezzling

families under LOCC, and discuss in what sense the van Dam and Hayden family is unique.

3.1 Approximate LOCC Conversion

As mentioned in Section 2.1.3 and at the beginning of this Chapter, when exact conversion is not possible,
conversion distances are used to characterize how well Alice and Bob can approximate o € Q(A’B’) with
p € Q(AB) and LOCC. As a note, from now on, we will drop the superscripts with the labels of the quantum
system whenever they are obvious from the context. Moreover, as detailed in Section 2.2, we will assume all
the systems to have the same dimension. In LOCC, the conversion distance associated with the trace distance
is

1
Y 2 ~ 7l 3.1
NELOCC(AB—A'B') 2 IN(p) =l 3.1)

T(p—o)=
Note that this conversion distance has an operational interpretation in terms of a result in state discrimination
known as Holevo-Helstrom Theorem [160, 161] (see Ref. [82, Theorem 3.4] for a review). Indeed, if a single
copy of either o € Q(AB) or N(p) € Q(AB), with N € LOCC, is given with equal probability, then the

maximum probability pmax Of correctly identifying the given state is bounded by

1

Moreover, for every fixed p and o, there always exists an N' € LOCC such that pp,x is arbitrarily close to
this lower bound. In this sense, T(p — o) describes how well we can approximate o given access to p and
LOCC.

Similarly, the conversion distance associated with the purified distance is

P = inf 1-F2 :
P =)= oed™ ) N (N(p), o), (3.3)
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where F(N(p), o) = ||\/N(p) \/E“l is the fidelity.
In this Chapter, we restrict our analysis to pure initial and target states. Inspired by the fact that Schmidt

coefficients play a crucial role in pure state LOCC, we define the following quantities.

Definition 3.1.1: Star conversion distances

Let 4 and ¢ € PURE(AB), and let p and q € Prob! (|A|) be their Schmidt coefficients. The trace star

conversion distance is defined as
To(¥ — ¢) =minT(r,q), 3.4)
r-p
and the purified star conversion distance as
Py(y — o) = rrI;ilr)l P(r,q), (3.5)

where T'(r, q) and P(r, q) are the trace and purified distances defined in Section 1.1.

In the following two Subsections, we will present the properties of P, and 7. Before doing that, we
observe that even when dealing with pure initial and target states, we cannot use Nielsen’s Theorem. Indeed,
close to p4p, there are mixed states as well, while Nielsen’s theorem only applies to pure-to-pure exact state

conversions. Our first step is to generalize Nielsen’s theorem to pure-to-mixed state conversions.

Proposition 3.1.2: Pure to mixed state conversion

Foryy € PURE(AB) and o € Q(AB), ¢ Loce, o if and only if there exists a pure state decomposition
{ Pz xz yof o, thatis, o = 3, p.x, such that

ke[|Al]

min { Er(¥) - szEk(Xz) } >0, (3.6)

where Ex(-) =1 —||-||x.

Proof. The sufficient condition follows from Refs. [100, 162]. Indeed, the authors show that

min < Ej - Ey >0 3.7)
Jmin { ) szpz (x2) }
. . o . 0CC . .
if and only if the probabilistic conversion ¥ roce, { P2 x2B} = 3. pelzXzlX ® xAB is achievable. By
discarding the classical system X, which is a free LOCC operation, one obtains the state 3, p,x, = o. This
occC
proves ¥ —L———> o.
) LOCC . . .
For the converse, if 4y —— o, then there exist a generalized measurement { M? } and a family of

unitary matrices { UZB } such that [25, 163]

o8 = Z(M;4 ® UB)yAB(M2 o UB)'. (3.8)
Z
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If Alice performs the generalized measurement M ?, records the outcome of the measurement in a classical
system X, and sends the outcome to Bob, who performs the unitary U f associated with the outcome of the

measurement, they obtain the state

D pelXeX o (MA@ UB P (M2 @ UB) = 3 plaXeX @ x 2P
Z Z

(3.9
={px}.
A B AB
where [y;)*? = ”EZA@)ZB;:Z;AB” Therefore, y 4% —— o {Pz,)(z } and this is equivalent to
i E - E >0, 3.10
(i { k(¥) Zz:pz k(xz) } > (3.10)
as shown in Refs. [100, 162]. O

3.1.1 Properties of the Purified Star Conversion Distance

The main result of this Subsection is that two conversion distances based on the purified distance coincide on
pure states, i.e., P(¥ — ¢) = P.(yy — ¢). To this end, we need the following Lemma.

2
Lemma 3.1.3: Concavity of f(v) = (Zﬁzl qxvx)

2
Let q € Prob(d). The function f: Prob(d) — [0, 1] defined as f(v) = (Z qxvx) is concave.

Proof. A twice differentiable function is concave if and only if its Hessian matrix is negative semi-definite
(see Ref. [164] for properties of concave functions). The functions fy ,(vx,Vy) = \/gxVx+/qyVy are twice
differentiable in vy, vy for vy, vy € (0, 1] and their Hessian matrices are given by

quyVy dx4dy

H(vy,v At (3.11)
x y ‘quy _ [49x49yVx
VxVy v)3,

For all vy, v, € (0,1], the determinant of these Hessian matrices is zero. Therefore, the eigenvalues

of H(vx,vy) are 0 and Tr H(v,,vy) < 0. This implies that the functions fx ,(vx,v,) are concave for
Vi, vy € (0,1]. Since 0 = fr ,(0,vy) = fr,y(vx,0) = fx,4(0,0), we obtain that fy ,(vy,vy) is in fact
concave for vy, v, € [0, 1]. As a consequence f is concave:

fv)= ZVxQx + Z Z VAxVx\qyVy 3.12)
y x#y
and the sum of concave functions is a concave function. O

We are now ready to prove the promised theorem.

Theorem 3.1.4: Equality of P and P,

Let ¢, ¢ € PURE(AB), then P (¢ — @) = Py ( — o).
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Proof. We assume w.l.o.g. that all pure states are in standard form, that is, [¢/) = 3, v/Px |xx) o, Wwhere
p € Prob!(d) and { |x) 4t and { |x)p } are fixed bases for A and B, respectively. Let p,q € Prob! (d)
be the Schmidt coefficients or ¥ and ¢, respectively. With r € Prob!(d), as a consequence of Nielsen’s
Theorem [26], r > p if and only if there exists an N' € LOCC such that N () € PURE(AB) has Schmidt

coefficients r. We notice that

PINW), @) = VT= FAN(), ¢) =y 1 - INW) | )

2
Jl Zv—q) N 613

= P(r,q).

This implies that
P, (Y — ¢) =minP (r,q)
r-p

= NEHnglCC PN (),e)

N(¢)€PURE(AB) (3.14)

> Neiilcf)cc PING).¢)

=Py — o).

The non-trivial part is to show that the opposite inequality also holds. To this end, we want to show
that for every mixed state o such that ¢ Loce, o, there exists a pure state y such that ¥ Loce, x and
P(o,¢) > P(x, ¢). Itis then sufficient to consider only pure output states for the computation of the purified
conversion distance, which implies the reverse inequality.

Let o0 = M(y¥) € Q(AB), where M € LOCC. Also, let { ¢, x, } be a pure state decomposition of o
that satisfies Eq. (3.6) (where the y are not necessarily in standard form), and s2) be the Schmidt coefficient
of y. for every z. Furthermore, for every y., let y; be the pure state in standard form that is equal to y, up
to local unitary transformations, let & = )., t, ¥z, and define y € PURE(AB) as the pure bipartite state (in
standard form) with Schmidt coefficients s = };, 1,5(2). We notice that for all k € [d]

Ex(x) =1 —Zklsx =1 —Zk]thsﬁf)
x=1 x=1 z
=1- > 1.(1- Ex(x2) = 1:Ei(x2) (3.15)
< Ex(y),

where the last inequality follows from the fact that { 7., y, } satisfies Eq. (3.6). This implies that s > p.
The next step is to show that P(o, ¢) > P(s,q). First, we note that due to the von Neumann trace
inequality [165, 166],

2
F2(5,¢) = ) 1 (Z gesF| = F2 (0, 9), (3.16)
Z X

and
2

FPOu9) = F(s,@) = | D lax ) 15| . (3.17)
X z
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Second, we introduce the concave function f (v) = (X, v/@xv x)z, for v € Prob(d) (see Lemma 3.1.3), and
rewrite Eq. (3.16) and Eq. (3.17) as

F(o.p) < F(5.9) = ) 0f (s9) . Fs.q)=f (Z rzs@) . (3.18)
Z Z
Finally, the concavity of f and the multidimensional Jensen inequality [167] imply

F2(0.0) < F2(7.9) = Y 1.f (s@) <f (Z 1,59 | = F2 (s, q), (3.19)

which is equivalent to P(o, ¢) > P(s, q). So far, we have shown that for every o = M (i), with M € LOCC,
there exists an s‘M¥)) € Prob!(d) such that sM(¥)) » p and P(o, ¢) > P(sM¥)) q), thus

PW—¢) = inf PM®).¢)

> inf P(s(M(‘/’)),q)
MeLOCC

(3.20)
> min P (r, q)
r>-p
=P (Y > ¢).
Eq. (3.14) and Eq. (3.20) imply that P(¢y — ¢) = P4 (¢ — ¢), and this concludes the proof. O

3.1.2 Properties of the Trace Star Conversion Distance

In this Subsection, we present properties of the star conversion distance based on the trace distance. We
begin by proving that the trace star conversion distance is topologically equivalent to the standard conversion
distance defined via the trace distance.

Lemma 3.1.5: Topological equivalence of the conversion distances 7" and 7',

Let ¢, ¢ € PURE(AB). Then

% [T = @) <TW - 9) SV2LW - ¢). (3:21)

Proof. First, we observe that the trace distance and the purified distance are equivalent [95], i.e., for all
p,0 € Q(AB):
T(p,0) < P(p,0) < 2T (p,0). (3.22)
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Then, thanks to Theorem 3.1.4, we obtain

TW—¢) = inf TINW).¢)

< inf PINW).¢)

=P — @) =Pu(¥y — ¢)
= rrnggP(r, Q)

< min 27 (r, q)

r>-p

= V2T*(l// - (p)’

(3.23)

Analogously,
T(¢ = ¢) =minT(r,q)

< min P(r, q)
r-p

=Py(¥y — ¢)
=Py — ) (3.24)

Lt PIN@W).9)

Nelilcf)cc TN ¢)

=2T (Y — o).

IA

This proves that T, (¥ — ¢) is topologically equivalent to T (¢ — ¢).
The next theorem is the key result of this part about conversion distances. It provides a closed-form
expression for the trace star conversion distance, and it shows that any non-separable state is more valuable

than any separable state for approximating a non-separable state.

Theorem 3.1.6: Closed-form expression for 7

Lety/, ¢ € PURE(AB) and let p, q € Probl(|A|) be their corresponding Schmidt coefficients. Then,

Ty — ¢) = el {pll () = llallx } - (3.25)

If £ e PURE(AB) is separable and v/, ¢ are not, then

(= @) <Tu(§ — ¢). (3.26)

J

Proof. Let e € [0,1] and B = { q:5 Llg-q'|l, <e } As shown in Ref. [111], there exist probability
vectors q(%) € B called steepest e-approximations of q such that q'®) > q forallq’ € B . Moreover, these

steepest e-approximations can be constructed explicitly: If % llq —ei]l; < &, then @©) = ey, otherwise let
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k. € [d] be the index satisfying

ke ke+1
Dac<l-g and ) gc>1-= (3.27)
x=1 x=1

The components of q(#) are then given by

q1+¢ ifx=1,
ifxe{2,....ks 1},
q)(cg) _ qx { e} (3.28)
k .
l-e-27%,q9x ifx=ke+1,
0 otherwise.
We now show that |
min{—||q—r||1}=min{se [0,11:'® =p}. (3.29)
r=p | 2

First, we notice that if r, is an optimizer of miny, { % llq —rll; } and & = % llq — rxll;, then ry € 235 and

therefore q(¢) > ry. By transitivity, we also have q(¢) > p, which implies that
min{e € [0,1]:§® >p} <&=min l||q—r|| . (3.30)
’ - r=p | 2 1

For the reverse inequality, let £, be the optimizer of min { £e€[0,1]:q® ~p } By definition, @(%*) > p
and % ||q - (_1(‘9*)”1 < &4, thus

|1 . _
rg}r)l{illq—rnl}Ss*:mm{se [0, 1] :q(‘s) >p}. (3.31)

This shows that
. 1
Tu(y > ¢) = min {Ellq—rlllzwp}

reProbl (d) (3.32)
:min{se [0,1] : q*® >p}.
We observe that ||('1(8)||(k) = min { Lillallx + € }, thus the condition q® > p is equivalent to
Ipllxy <min{ L llallw) +&} . Vke[d]. (3.33)

This expression is further simplified by noticing that p is a probability vector, and therefore ||p|| () < 1 for all
k € [d]. Consequently,
@“-p o |pllg <llalix) + e Vi € [d]

(3.34)
= - <e&.
max {1Ipll ) — llallx) } <&
In combination with the minimization in Eq. (3.32) follows that
T. = - . 3.35
+( = ¢) = max {pll ) — llall e } (3.35)

To conclude the proof of the first part of the theorem, we observe that for k > SR(y45), ||p|| (k) = 1 and
llall (k) is non-decreasing with k. Thus, we can restrict the maximization to k < SR (yAB).
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For the second part, we notice that according to Eq. (3.32),

. 1
Tu(é = ¢) = min {—Ilq—r||1:r>e1}
reProb! (d) 2

1 3.36
= Slla-eill (330

=1-q.

Furthermore, from e; > p and the transitivity of the majorization-relation, it follows that

, 1
T (y — o) min Ellq—rlll T-p

reProbl (d)

1
min {—||q—r||1 T e } (3.37)
reProbl (d) 2

=Tx (€ = ¢).

To rule out equality, suppose that 7% (¢ — ¢) = maxge[q) { el k) — llall k) } = 1 — ¢, and denote with

IA

k4 an index that achieves this maximum. Then

Ipllx,) =1+ llallx,) — a1- (3.38)

From this expression follows that ||p|[ 4, < 1 only if either q = e; or if k« = 1, and therefore p = e;. These
conditions are in contrast with the assumption that ¢ and ¢ are not separable. As a consequence, equality in

Eq. (3.37) is unachievable, which proves the second part of the theorem. O

Next, we show that the star conversion distance satisfies a triangle inequality. Lety/, ¢, and y € PURE(AB)
and let p, q, and r be their Schmidt coefficients. With the help of Eq. (3.35), this implies that

Te(¥ — x)

—|Ir
max (1l = ell )

= max - n) T —lir
max (1l = 14l + 14l = el ) (3.39)

IA

,Ig%(llpllm) = llalln)) + ,gel?;(lqu(n) = el ny)

T — @) + Tu(p — ).
Lastly, we generalize the definition of the conversion distance to initial and target systems of different

dimensions. We notice that an equivalent definition of P, and 7 is:

Ly —¢)=  min  TINW.Y.
N()ePURE(AB)

Pay— @)= min  PINW.).
N (¢)€ePURE(AB)

(3.40)

This definition can be easily generalized to encompass systems of different dimensions. Let v € Q(AB) and
¢ € Q(A’B’), where |A| = |B| = d and |A’| = |B’| = d’. Then,

Ly —e) = NeLOC&IXII;qA’B') TINW), ¢).

N(y)€PURE(A’B’)

Py = ¢) = NeLOC&lX}?—»A’B’) PINW), ¢)-

N(y)€PURE(A’B’)

(3.41)
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Now, let D denote either the trace or the purified distance. Let both d = max {d,d}, |A| =d= |E| and
let UAB—AB and YA'B'~AB be the tensor product of two local isometries. Since D is invariant under local
isometries, then

DN(¥), ) = D(V o N(¥), V(p))

(3.42)
=D(VoNoU (UWY)).V(p)).

Moreover, since UAB—=AB anq YA'B'—AB jre in LOCC, Vo NoU" € LOCC & N € LOCC, and
VoN(¥) e PURE(AB) © N () € PURE(A’B’). Letus denote N = Vo NoU i = UW), ¢ = V().

We can write the trace and purified conversion distances as follows:

Dy(y — ¢) min )D(N(sb),tﬁ)

N€eLOCC(AB—A’B’
N(y)€PURE(A’B’)

i i
erocdin o DV o N o U UW). V(e)

N(y)ePURE(A’B’) (343)
_min__ D(N(®),p)

NeLOCC(AB—AB)

N () ePURE(AB)

= min D(r, q),
r-p

where p and q are the Schmidt coefficients of  and @, respectively. Since ¢ is locally isometric to ¢, the
non-zero entries of p are the Schmidt coefficients of . Analogously, the non-zero entries of q coincide
with the Schmidt coefficients of ¢. Therefore, the star conversion distances between systems of different

dimensions are:
Te(y — ¢) =minT(r, q),
r-p
_ (3.44)
P.(y — ¢) = min P(r, q),
r>-p

where P, q € Prob(d) are probability vectors whose non-zero entries are the non-zero Schmidt coefficients of

Y and g, respectively.

3.2 Entanglement Embezzlement

It is impossible to create additional entanglement with LOCC alone [84, 122, 124, 132]: If p € Q(A’B’) is
an entangled state, this implies that there cannot exist a ¥ € PURE(AB) and a channel N € LOCC(AB —
ABA’B’) such that N () = ¢ ® p, because this would increase the total amount of entanglement between
systems AA” and BB’ with respect to any additive entanglement measure. It might, however, be possible to
approximate ¥ ® p in the sense that (¢ — ¥ ® p) < ¢ for a small €. In this case, it is hard to distinguish
¥ ® p from the approximation. By keeping the systems A’ B’, one would thus embezzle entanglement from
the owner of ¢ - and if one would be able to make & arbitrarily small, it would be impossible to detect.

In fact, in Ref. [52], van Dam and Hayden showed that it is possible to embezzle any bipartite state
o € Q(A’B’) arbitrarily well from a family of pure states {)(,‘?B }neN in the sense that lim, e T (y; —
Xn ® o) = 0. This implies that an arbitrarily good approximation of any o~ can be embezzled from y, whilst

changing y, arbitrarily little, as long as n is large enough. This motivates the following definition.
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Definition 3.2.1: Universal embezzling family

A family of pure bipartite states { x,, },,cp is called a universal embezzling family if lim, e T (x,, —

xn ® o) = 0 for every bipartite finite dimensional state o .

This definition is very similar to the one provided in Refs. [52, 53]. The main difference is that these
works only consider protocols using local operations (LO), whereas this work also allows for classical
communication. The set of operations that we consider is, therefore, larger, and as a result, if a family of
states is not an embezzling family according to our definition, then it is not an embezzling family in the
sense of Refs. [52, 53]. Surprisingly, the original embezzling family proposed in Ref. [52] is unique in the
sense that we will specify later, even when we allow for classical communication. Another difference with
Refs. [52, 53] is that in those works, the fidelity was used to quantify the conversion error. Since the fidelity,
or more accurately 1 — F, and the trace distance are topologically equivalent, in the sense that there exist two
positive constants C, and D such that CT(p, o) < 1 — F(p, o) < DT(p, o) for all states p4, 04 € Q(A)
and for all systems A, the choice of metric is irrelevant.

Evaluating whether a family of states is an embezzling family with the definition above is quite challenging.
However, we show in the following lemma that it is enough to evaluate the limit of star conversion distance

Tw(xn — xn ® ©2), where @,, is the maximally entangled state with m Schmidt coefficients.

Lemma 3.2.2: Equivalent definitions of universal embezzling families (cf. Ref.[ , Lemma 2

LOo)

Let { xn },en be a family of pure bipartite states. The following three statements are equivalent
1. { xn }, e is @ universal embezzling family.
2. limy, oo T (xn — xn ® ®2) = 0.

3. limy—e0 T (¥n — Xn ® @) = 0 for every m > 2.

Proof. Clearly, 2. and 3. follow from 1. due to the definition of universal embezzling families and the

occ
topological equivalence of T and T. Moreover, 3. follows from 2. because d)f [logy m] LOCC, ®,,, and

therefore

1
Ta(xn = Xn ® ©m) <Tu(xn = Xn ®¢,§>f 0g2m1)

< To(n = Xn ® B 2" 4 T, (y, @ @512 sy @ @50 ™)
< Tu(xn = Xn ® D) + Tu(xn ® @2 — xp ® DF?) +... (3.45)
+ T*(Xn ® q)?ﬂogz ml-1 — Xn ® q)gflogzm])

< [logy mTs(xn = xn ® @2).

By taking the limit # — oo on both sides, we obtain the desired result. To conclude, we note that 3. implies

) LOCC
1., since for all 4B, @, —— 0B, o
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It is also important to note that technically, one could have required that lim inf,, e T(xn, = ¥n®0) =0,
since this would also allow to embezzle any state arbitrarily well. However, since one can always choose a
subfamily, we decided to keep the definition in line with Ref. [53]. In the following, we find an equivalent
characterization of embezzling families based on the closed formula for the star conversion distance derived

in Theorem 3.1.6. To achieve that, first, we write an explicit expression for T, (y — y ® ®@,,), for all m € N.

Lemma 3.2.3: An explicit expression for 7, (y — y ® ®,,)

Letp € Probi(d) be the Schmidt coefficients of y. Then

bi

Ti(x > x®®,) = max {||P||(k) = IPll(ay) — ;pak+1} , (3.46)

ke[SR(x)]

where a; = | k/m], | -] denotes the floor, and by = k — aym.

\. J

Proof. The Schmidt coeflicients of the input and target states are

p®61:(p1,...,pd, 0,...,0 ),

~——
d-(m—1) times
1 (3.47)
peu™ = —(pi,....p1,....Pdr- - D),
m S— S——
mtimes m times
where u™ = (1/m, ..., 1/m). Itis straightforward to see that
Ipllx) if k € [d],
Ip®ellx = " , (3.48)
ifd<k<d-m,
and by writing k = axm + by, where ay = | k/m],
< Par+1 Par+1
<m>|| - + b Bartl + byt 3.49
[peu] 2 ps+ b = bl + 0i 5 (3.49)
Using the closed formula for the star conversion distance given in Theorem 3.1.6, we obtain
To(x = x @0, = max {pll = [Pl - 2p (3.50)
X =X m) = o] Pll(x) Pll(ax) mpak+1 . .
]

As promised, here we derive a necessary and sufficient condition for embezzling families based on the

star conversion distance.
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Theorem 3.2.4: Characterization of universal embezzling families

A family of pure bipartite states { x, },cy With corresponding Schmidt coefficients { p) }n oy isa

universal embezzling family if and only if

_ Hp<n)

lim max {”p(")

n—ole[A,]

=0, 3.51
(21-1) (I-1) } (3.51)

where A,, = [SR(x»)/2].

. J

Proof. Due to Lemma 3.2.2 and Eq. (3.46), { x» },,cv i @ universal embezzling family if and only if

0= lim Ts(xn — xn ® ®2)
n—oo0o

_be

(n)
(ar) 2 Paj

n—00 ke[ SR () | - “p

(3.52)
(k) }

= lim max {”p(”)

where ay = | k/2] and k = 2ay + by. First, we prove the necessary condition. Let { x, }, < be a universal

embezzling family. We observe that

max H (n)
ke[SR(xn)] { P

b

(n)
(al) 2 pa|+1

_ _Nlp™
(k) ‘p (1 ‘p

br (n)
=3 Pa sz(’”

n 1

(n) _

(ar) (3.53)

(n

Taking the limit for n — oo in the expression above, we obtain llmn_)OO P, ) is the largest

(n)

= 0. Since p,

Schmidt coefficient, P, +1 converges to zero too. Since 0 < b" <

27
bk ()
Jim S0k = 350
and thus b
0= lim max | (n) —“ (n) _ 2k,
n—0 ke[SR(xx)] { P (k) (ar) 2 Pai
= lim  max | ]l _ “ Q) } (3.55)
n—0 ke[SR(xx)] { P (k) P (ax)
> lim max { Hp(") - Hp(”) } > 0.
n—0o0 [e[[SR(xn)/21] (21-1) (I-1)
For the sufficient condition, we observe that
0 = lim max {‘p(") —H (n) }2 lim f"), (3.56)
n—oje[Ay] (2i-1) (i-1) n—oo
which implies that lim,, p(”) 0. Furthermore,
hm To(xn = xn®®y) = lim  max ||p(”) - ||p(”) _ bk
—o0 n—0 ke[SR (xn)] (k) (@) 2] (3.57)
< lim max H (n) —H (n) }
n—0 ke[SR(xn)] { P (k) P (ax)
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At this point, we have a closer look at

max ” (n) - | (n) } . 3.58

ke[SR(xn)] { Pl P ey (3:58)
If k is even, then ay = k/2 = a1, and thus

] ” ol < H (n) _ H (n) . 3.59

‘p (k) P (ax) P (k+1) P (ak+1) (3:59)

If SR(y,) is odd, we can thus, without loss of generality, restrict the maximization to run over odd
k € [SR(xn)]. If SR(xn) is even, we must additionally consider £ = SR(y,,). Assume that this is the case:
It then holds that

(n) _| (n) _ ” (n) _” (n)

|p (SR(xn)) (SR(xn)/2) (p SRy -1) P (SR 1)
_|.m (n) (3.60)
“1PsR(vn) T PsR(xn) 2
< pi"),

which vanishes in the limit n — co. As a consequence,

p(n)

lim T, — ®®d,) < lim max H (m) —‘
A0, T (i = xn @ ©2) "_’°°k€[SR()(n)]{ P ey (ax)

—|lp™
(k) | P

lim max {”p(”)

n—0o0 ke[SR(yn) ],k odd (ak)} (3.61)

(-1 }

Eq. (3.61) shows that { x, },,c;y is an embezzling family and concludes the proof. O

(n) (n)

lim max { ’
n—o0 [e[SR(xn)/2]

=0.

(21-1) _‘

An important and easy-to-check necessary condition for a universal embezzling family is given in the

following Corollary.

Corollary 3.2.5: Necessary condition for universal embezzling family (cf. Ref.[ , Lemma 3

LO)D

If a family of pure bipartite states { x, },,c;v 1S @ universal embezzling family, then lim,, pi") =0,
where p( € Prob!(d,,) are the Schmidt coefficients of y,,.

3.2.1 Regular Embezzling Families of States

Often, families of states are defined in terms of a positive, monotonic, and continuous function. This motivates

the following definition (compare to Ref. [53]).
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Definition 3.2.6: Regular family

A family of states { x» },cn is a regular family if there exists a monotonic function f: N — (0, o)
such that

lxn) = ‘/;_n ; VF(x) lxx) forall neN, (3.62)

where F, = 3}"_| f(x).

Note that if { x, }, <y is @ regular family, then there exists a sequence { nj }J.GN such that the family
{ Xn; }J.GN is a universal embezzling family if and only if liminf, e Tu(xn — xn ® @) = 0. However,
according to our definition, the family { Xn; }jeN is then no longer regular, unless n; = j for all j € N.

For the following proofs, it is beneficial to extend f to a monotonic continuous function on [ 1, o). This
can often be done trivially by simply extending the domain of f. An example is the van Dam and Hayden
family where f(x) = x~!. Otherwise, we can extend f by connecting two consecutive points with straight
lines. If the function f is multiplied by a constant factor, this does not change the corresponding family of
states. Therefore, from now on, we assume for simplicity that f(1) = 1.

Let { x» },,ciy be a regular family of states, and let f be the function associated with it. We define the

non-increasing functions f,;, n € N, by

f(x) if f is non-increasing,
)= e e , (3.63)
oy if f is non-decreasing.

By our extension of f, f;, is also naturally extended to a continuous function g(x, y) such that g(x, n) = f,(x)

via the definition

f(x) if f is non-increasing,
g(x,y) = el (3.64)
LO*=x) e £ s non-decreasin
F) &
The (by definition non-increasing) Schmidt coefficients of y,, are therefore given by
p = I '}(x). (3.65)
n
Since p%") = FL,.’ we can restate Corollary 3.2.5 for regular families.

Corollary 3.2.7: Necessary condition for regular universal embezzling family (cf. Ref. [ ,

Lemma 3 (LO)])

If { xn },en 1s a regular universal embezzling family, then lim,,_,« F;, = +00, where F,, is defined in
Definition 3.2.6.

In the following proposition, we present bounds on the limit of the conversion distance T (x,, — x»n ® @)

in terms of the function g(x, y) introduced in Eq. (3.64), which will be of use later.
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Proposition 3.2.8: Upper and lower bounds for 7 in the limit n — oo

Let { x» }, e be a regular family of states, f be the function associated with it, and g be defined as in
Eq. (3.64). If lim,,_,o, F,, = oo, then
am
maxi<q< (x,y)dx
liminf Ty (Y — xn ® @) > liminf <“<y/’y" {80y }, (3.66)
n—oo y—00 /i g(x, y) dx
and am
maxi<q< g(x,y)dx
lim Sup Ty (n — xn ® Dy) < lim sup —— 1 A }. (3.67)
n—oo y—o00 ﬁ g(x’ y) dx
: maxlsasy/m{/aamg(x’)’) dx} . .. .
If limy, 00 T e(xy) dx exists, this implies that
am
maxj<q< g(x,y)dx
im Ty (tn — yn ® By) = lim — =2/ A }. (3.68)
n—oo y—o0 /i g(x,y)dx

Proof. For better readability, we divide the proof into steps and use the notation G (x, y) = flx g(t,y)dr.
Step 1: Starting from Eq. (3.46), we find

liminf Tx (x = X0 ® @)
n—oo

(n) (n)

= lim inf max {|
n—oo ke[n]

_ bk ) }

p B “p (ak) m ak+1

(k)

k
(n) (n)
+ Z Px _Hp
(axm) x=arm+1

. Sk ) = 2 fu(ax + 1)
(ax) Fn

n—co keln] (ar) m"~ @+l

= lim inf max {pr _ bk } (3.69)

_ ||p(n)

n—o keln] (agrm)

=lim inf max {”p(”)

Now we observe that the last contribution in the expression above vanishes because by construction f;,(x) < 1
and b
arm+oj

Zx:akm+l Jn (X) <
F, -

Efala+) 1

0 F—mF < —.

Fy Fy

Moreover, by assumption, the right-hand sides converge to zero in the limit # — oo, and this ensures that the

0< iy
Fn (3.70)

limit inferior is additive. As a result,

liminf T, ®®, ) = liminf | (n) _” (n)
e R ae{o,r.r.l.?fi/mn{ @m 1P Ny
3.71)
= liminf max { Hp(") - Hp(") } i
n—oo gel|ln/m]] (am) (a)

where we used that ||p(”)||(0) =0.
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Step 2: We start with finding bounds for },%_; fn(x) — fln fn(x) dx. To this end we observe that since

fn(x) is by construction non-increasing,
‘/1 fu(x)dx < ‘/1 fu(x)dx + f,(n) < ;fn(x) < fn(1) +/1 Sfn(x) dx.

By subtracting /ln fn(x) dx from all terms, the desired bounds follow:

0< Y f0 - [ hodxs =1
x=1 1

Dividing by F, = ¥"_, f,(x) and taking the limit n — oo, We obtain lim,_e 1 - % =
x=1Jn
fn(x) = g(x, n), the limit can be rewritten as lim,,_, G(F':") =1.

Step 3: In this step, we want to show that

(n) maXge(|n/m]] { er:n(“-l Jn(x) }

liminf max { ||p<"> } — lim inf
(@

= aefln/m]] (am) | P nsco F,
o maXaeqin/m) { fry Sa(¥) dx )
= liminf - .
n—oo /i fa (x) dx
Analogously to the previous step, one can obtain the following bounds for Mnﬁ:(ﬂ

Jurt @) dx B fa6) 1 Sy S dx
Fy B Fy B Fy ’

and after taking the maximum over a € [|n/m]] and the limit inferior the bounds become

maxaen/m)] { [y fo(x) dx } maXae|n/m|] { Lamast Jn(¥) }

lim inf < liminf
n—0oo Fn m in Fn
am
< liminf I+ maXac(in/m)) {/a+1 fn(x) dx }
n—o00 Fn

We can rewrite the last expression as

am
max ) da
liminf( 1 + a€lln/m]] {fa+1 Su(x) })

n—oo

F, Fy,

1
= liminf (—) + lim inf
n—oo n n—oo

Fy

maXge(n/m)] { /;Zln fn(x) dx })

am
= lim inf MaXae(ln/m]] { /a+1 Su(x)dx }
n—ooo Fn

By combining Eq. (3.76) with Eq. (3.77), one obtains

o maxaeym) { 2 o)} maXaeqiagmy { [ fu(x) dx }
lim inf = liminf .
n—oo Fn n—oo Fn
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This is equivalent to

(n)

liminf max { ||p<"> (3.79)

n—eo qelln/m]]

( } i ing M2Xaclln/m)) { Glam,n) - Ga+1,n) }
a)

B “p n—oo G(n,n) ’

(am)
where we replaced F,, with G (n, n), which we can do according to step 2.
Step 4: Let ¢, be the value that maximizes maxi<u<n/m { G(am,n) — G(a + 1,n) } and let c), be the

natural number satisfying ¢), < ¢, < ¢, + 1. This implies

Ccpm
G(cpm,n) —G(c, + 1,n) 2/ g(t,n)dt
cp+l
c,m (cp+l)m
< / g(t,n)dt +/ g(t,n)dt (3.80)
cn+l cpm
c,m
S/ g(t,n)dt + m.
cn+l

Dividing by G (n, n), taking the limit inferior, and arguing as in the previous step, we obtain

. . JAXi<a<n/m { G(am, I’l) - G(a + l,l’l) }
lim inf
n—oo G(n’n)
.. .G(cpm,n) = G(cp+1,n)
= lim inf
n—00 G(n,n)
< liminf G(cym,n) —G(c,, +1,n) +m
n—oo G(n’ n)
_ liminf G(c;m,n) —G(c, +1,n)
n—oo G(n,n)
aXae[|n/m)] { Glam,n) = G(a+1,n) }

(3.81)

m
< liminf
n—0c0 G(n,n)

The reverse inequality follows from the fact that we maximize over a larger set. This proves that

]iminfmaxaeun/m” { G(am,n) - G(a + l,n) }
n—oo G(n,n)
maxi<q<n/m{ G(am,n) —G(a+1,n) }

(3.82)

o
[ G (n,n)

Step 5: Combining the results of the previous steps, and in particular Eq. (3.71), Eq. (3.79), and Eq. (3.82),

we have proven that

MaXi<a<n/m { fair]ng(x’ n) dx }

fln g(x,n)dx

liminf 7% (x, — xn ® ©) = liminf (3.83)
n—oo n—oo

In the above equation, we can replace fa i"f g(x,y) dx with fa “™ ¢(x, y) dx because the difference of the two

integrals is finite and divided by a diverging term. Thus

maxi<q<n/m { /aamg(x’ y) dx }

liminf Tu (xn — xn ® ®y) = liminf
n—oo n—oo /in g(_x, y) dx

(3.84)
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The expression inside the lim inf on the right-hand side of Eq. (3.84) is a function of n € N'\ { 1 } and we
call it M (n),
am
maXi<a<n/m { ./a g(x,n)dx }

M(n) = (3.85)
fln g(x,n)dx
We extend this function to real numbers y > 1 as follows:
am
maxlSaSy/m{ g(x,y) dx }
M(y) = 5 /“ . (3.86)
[ g(x,y) dx
Since the natural numbers are a subset of the real numbers,
liminf M (n) > liminf M(y), (3.87)
n—oo y—o0
which proves Eq. (3.66). Furthermore, Steps 1-4 can be repeated with the same arguments for the lim sup,
and they imply
limsup Ty (xn — xn ® @) = limsup M (n) < limsup M(y). (3.88)
n—0oo n—0oo y—)OO

This proves Eq. (3.67).
In the following, we assume that lim,_,., M (y) exists. This implies

lim M(y) = liminf M(y) = limsup M (y). (3.89)
y—00 y—oo

y—)OO

From Eq. (3.87), Eq. (3.88), and Eq. (3.89) we obtain
ylim M(y) < lir{ninf M(n) <limsup M(n) < ylim M(y). (3.90)
Soo —00 oo Soo
Therefore, lim,,_,., M (n) exists and is equal to lim,_,., M(y). From Eq. (3.84) and Eq. (3.88) we derive
Jim Tu(xn = xn ® @) = lim M(n) = ylglgo M(y). (3.91)

This proves Eq. (3.68) and concludes the proof.
]

Corollary 3.2.7 combined with Proposition 3.2.8 leads to the following characterization of embezzling

families.

Corollary 3.2.9: Necessary and sufficient conditions for regular universal embezzling families

Let { x» }, e be a regular family of states, f be the function associated with it, and g be defined as in
Eq. (3.64). If

) maXlgagy/m { /aamg(x’ y) dx }
lim y
y—00 ./i g(x,y) dx

exists, then the family of states { x, }, < 1S an universal embezzling family if and only if lim,,—« F), =

(3.92)

oo and am
maxi<g<y/m (x,y)dx
lim — =" Uy sey)de} (3.93)
y=e [ g(x.y) dx
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In addition, thanks to Proposition 3.2.8, the task of determining if a family of states is a universal
embezzling family is converted into an optimization problem. It is enough to find the maximum of the
differentiable function G (a) = fa “™g(x,y)dx on 1 < a < y/m, which is easily done with the help of its

derivative

mg(am,y)—g(a,y), 1<a<y/m. (3.94)

3.2.2 Generalization of the van Dam and Hayden Family

The universal embezzling family { y, },,c;y introduced by van Dam and Hayden consists of the states

1 n
n) = — ) Vx~llxx), (3.95)
! Hy x=1
where H, = 3", x~ ! is the n-th harmonic number. We generalize this family of states as follows: For every
a € R, we introduce the family { )(,(L”) } . where
ne

) = L i V@ [xx) (3.96)

and H,(L_‘” = >%_, x is the n-th generalized harmonic number. Note that the families of states { )(,(La) } .

ne
are regular families of states, and the van Dam and Hayden family is recovered for @ = —1. The corresponding
Schmidt coefficients, as per our convention, arranged in non-increasing order, are

ﬁ(l,za,...,n“) ifa <0,

pe) = (3.97)

ﬁ(n",...ﬂ“, 1) ifa>0.

In the remaining part of this Subsection, we show that the family of states { X,(q‘l) } . is a universal
ne

embezzling family if and only if @ = —1 and derive bounds on the star conversion distance. For a visual

representation of the results of this Subsection see Figure 3.1.

Case o < —1. For a < -1, lim, e H,([a) is finite, thus the regular family of states { x5 }neN is not a

universal embezzling family (see Corollary 3.2.7). The largest Schmidt coefficient provides a lower bound on

the star conversion distance: Using Eq. (3.35), we obtain

(@) () _ (n|a) (n]a) b (nje)
*(Xn' " = Xn m) gﬁﬁ{p w " IIP " m Pt
(nla) 1
> 1-— .
I3 ( m) (3.98)

= -5)
= 1-—],
HyO L om

where the inequality follows from choosing £ = 1. By taking the limit, we obtain

1 1 1 1
liminf T (x\* — v\* ® ®,,) > liminf —— (1 - —| = 1-—], (3.99)
Nn—00 n—oo Hr(L_a) m ((—Q) m
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where {(—a) = X5, x“ is the Riemann Zeta function. To obtain an upper bound, we observe that, since

a < -1,
(a+l)m (a+1)m +1)etl
Z xas(a+1)a+/ x%dx = (a+1)“+&(m‘wrl —1). (3.100)
x=a+1 atl a+l

The right-hand side is decreasing in a, and thus

(nla)

(n]a)

[

(ak) m ag+1

{‘ by <n|a>}
max < [|p -—
keln] (k)

k
1
< max @
Hr(l—fl) ke[n]{ Z X }

x=ap+1

| (a+l)m
. . ) (3.101)
H;g_a) ae{0,..., [n/m]} { Z * }

x=a+l1

1 +1 a+l
b max {(a+1)a+u(ma+l _1)}
Hr(z_a) ae{0,...,|n/m]} @+1

1 ma+1 -1
= (1 + )
Hr(l—“) a+1

Taking the limit n — oo, and considering that the conversion distance is by definition smaller than one, we

a+l _
(1 + 2 1)} (3.102)

a+1

obtain

limsup T (x\* — v\* ® ®,,) < min {

n—oo

1
b o

Case @ = —1. This is the van Dam and Hayden family. Analogously to the previous case, we observe that

(a+1)m (a+1)m
Z x <@+ +/ xldx
- a+l
read (3.103)
=@+ "+Inm
<1+Inm.
Since H,ﬁl) = H, diverges, by following the same steps, we have
- _ 1+1
lim To ({7 5 vV @ @,,) < lim ——2 — 0. (3.104)

n—00 n—0oo n

Thus, the limit for the conversion distance is zero, as expected for the van Dam and Hayden family.

Case —1 < @ < 0. In this scenario H,(q_“) diverges when n — oo, and we can use the results of Section 3.2.1.
Here g(x, y) = x%, and the derivative with respect to a of the function fa “M o (x,y)dxis

mg(am,y) — g(a,y) = a®(m**' - 1), (3.105)

which is positive in the domain 1 < a < y/m. This implies that the function fa M a(x,y)dxis non-decreasing

and the maximum

I<a<y/m

max {/amg(x,y)dx} (3.106)
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is obtained for a = y/m. Due to Proposition 3.2.8,

y aq
: (@) _, () Sy 1
lim Th(xn = xn ®Pp) = lim —F—— =1—-——. (3.107)
n—00 y—oo / x¥dx ma*
1
Case @ = 0. Here we have . .
n nm
We can compute the star conversion distance directly using Eq. (3.35) and obtain
kK k 1
T.(x\"V 5 yVgw,) = max{———}zl——. (3.109)
ke[n] | n  nm m

Case @ > 0. Also here H,(l_a) diverges for n — oo and we can use the results of Section 3.2.1. The function

g(x,y) is defined as g(x,y) = (y + 1 —x)?¥/y?, because x¢ is increasing. From this follows

mg(am,y) —g(a,y) 20 & m(y+1-am)* > (y+1-a)?

(y+1) (mé - 1) (3.110)
S a < L ) ‘= Omax-
mte —
l/a_
Since amax increases linearly with y and amax < % is equivalent to y > %, for large enough y, the

value amax belongs to the interval [1, y/m] and is a global maximum. Substituting amax into Proposition 3.2.8,

we obtain e
AmaxM (y+1-—
/' max (y wx ) d.x

Amax y

lim 7o (x\* = ¥\ @ ®,,) = lim

—00 —00 Yy (y+l-x)*
" ) e da 3.111)
m—-1 \¢
= (m-1)|———] .
mte -1

This completes the study of regular families of states defined by f(x) = x®. The star conversion distance
vanishes only for @ = —1. Thus, the only universal embezzling family of this form is the one introduced by
van Dam and Hayden. Furthermore, exact values for the limit of the star conversion distance for @ > —1 and

lower and upper bounds for @ < —1 were provided.

3.2.3 Uniqueness of the van Dam and Hayden Embezzling Family

In this Subsection, we provide further results on the uniqueness of the van Dam and Hayden embezzling
family. Given a regular family of states { x, },, <, the asymptotic behaviour of the function f associated with
itis relevant to determine whether { x;, }, ;v is @ universal embezzling family or not (e.g., see Corollary 3.2.7).
We thus use the notations little-w and little-o (see, e.g., Ref. [168]) to describe asymptotic relations between

two functions g, h: [1, c0) — (0, o),
hew(g) © lim —= =400, heo(g) e lim —= =0. (3.112)
x— x—

Before we state the results about the uniqueness of the van Dam and Hayden embezzling family, we prove

the following Lemma, which is a direct consequence of Theorem 2 in Ref. [169], which we restate here to
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lim T, (x5 = X, ® 2)
n—oo

1F

-1 0

Figure 3.1: The family of states { x5 }neN is an embezzling family if and only if @ = —1. This can be seen in
the above plot showing the analytically derived exact value of lim,_,c Tx (x — x5 ® ®;) for @ > —1 and
lower and upper bounds for & < —1.

improve readability: Let u be a measure on the real line R, and let f;, g; (i = 1, 2) be four Borel-measurable
functions: R — R such that f, > 0 and g, > 0, and f |f,-gj|d,u <oo(i,j=1,2). If fi/f> and g1/g> are

monotonic in the same direction, then

/flgld#/fzgszZ/flgzd#/fzgldﬂ- (3.113)

Lemma 3.2.10: An inequality about integrals of continuous functions with non-increasing ratio

Let f, g be continuous, positive functions on [a, b] such that f(x)/g(x) is a non-decreasing function

on [a, b]. Then, for every x| such that a < x| < b,

Lbf(X)dx/aXIg(X)de /ax1 f(x)debg(x)dx. (3.114)

Proof. Let h(x) = 1 and h(x) = Xla,x;](x), where ys(x) is the characteristic function of the set S.

Furthermore, let

7 () 1 ifa <x < xy, (3.115)
r(x) = .
e kx=x1) ifx, < x < b.

The sequence of functions { /g };cyy converges to i(x) and satisfies 0 < i (x) < 1. Due to the dominated

convergence theorem (see, e.g., Ref. [170]), we have

b X1
kll_r}go/a f(x)hk(x)dx:‘/a f(x)dx. (3.116)

The same result holds for g.

Since both f(x)/g(x) and A(x)/hi (x) are non-decreasing, we can apply Theorem 2 of Ref. [169] to find

b b b b
/f(x)fa(x)dx/ g(x)hk(x)de/ f(x)hk(x)dx/ g(x)h(x) dx. (3.117)
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After taking the limit £k — co on both sides, we obtain

/abf(x)dx/amg(x)dx2/:l f(x)dx/abg(x)dx, (3.118)

which finishes the proof. O

With this Lemma at hand, we are ready to present the promised results concerning the uniqueness of the

van Dam and Hayden embezzling family.

Theorem 3.2.11: Necessary and sufficient conditions for regular universal embezzling families

Let f be a positive non-increasing function such that f(x)/x¢ is asymptotically monotonic for all
@ € Rand let { x,, }, ey be the regular family of states associated to it (see Definition 3.2.6). Then
{ Xn }nen is a universal embezzling family if and only if f € w(x~!7%) No(x~!*%) Ve > 0 and
>, f(x) = oo, Furthermore, if f ¢ w(x~17%) N o(x~!*#) for at least one & > 0, then {)(nj }

where { nj }jeN is any sequence of natural numbers, is not a universal embezzling family.

jeN’

. J

Proof. Before we start, we notice that if lim;_,en; = J < oo, then limj_e Fyy; = Zizl f(x) < o0, which
implies that the family of states { Xnj }jeN is not an embezzling family (see Corollary 3.2.7). In this proof
we will thus assume, w.l.o.g., that lim;_,., n; = 0.

Necessary condition — Let { x, },,c;y be a universal embezzling family with the corresponding function
f satisfying the assumptions above. We already proved in Corollary 3.2.7 that if { y, }, < 1S @ universal

[

embezzling family, then };7° | f(x) = +oco. To show the remainder, let

limL(?:O}, L:{QER

X—00 x

lim = 400
x—o0 x

R:{aeR (3.119)

f ) } |

Since limy— f(x)/x* = 0 for @ > 0, we have that R # (). Now we prove, by contradiction, that L # 0 as
well. Let us assume that L is empty. This implies that limy_, f(x)/x% = [, < oo for all a. If there exists an
@ such that [, # 0, then lim,_e f(x)/x% ™! = 14 (limy_e Xx) = +00. Thus, @ — 1 € L, and L # 0, leading to
the desired contradiction. If instead limy_ f(x)/x® = 0 for all @, then lim,_,o, f(x)/x~2 = 0. This implies
that f(x)/x~2 converges monotonically to zero for large x, i.e., there exists an N such that f(x) < x~2 for
x> N. Thus, 5 5 f(x) < 25N x~2 < co. According to Corollary 3.2.7, this contradicts the hypothesis
that the family under consideration is universally embezzling. We have therefore shown that L # @ # R.

The next step is to prove that inf R = sup L. From the definition of R and L, it follows that inf R > sup L.
Let us assume that inf R > sup L, i.e., that there exists an @ € R such that supL < @ < infR. Since
a ¢ L U R, there exists a positive real number [ such that lim,_ f(x)/x% = I. Now pick @; such that
sup L < a1 < a < inf R. We observe that limy_,co f(x)/x¥ = [(limy_co X% /x¥) = +00, thus @ € L. This
is in contradiction to the choice @; > sup L. We therefore showed that sup L = inf R.

So far, we have shown that if { y,, } is a universal embezzling family satisfying our assumptions, then
there exists a unique @ such that f(x) € o(x**¥) N w(x*~ %) for every € > 0. What is left to show is that

if @ # —1, then the family of states corresponding to f cannot be universally embezzling. From the above
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discussion, we know that { @ > 0} C R, thus we can focus on @ < 0 and split our discussion into two
scenarios, @ < —l and -1 < a < 0.

If @ < —1, then there exists an & > 0 such that @ + € < —1. Since f € o(x?*®) and f(x)/x¥*®
converges monotonically to zero for large x, there exists an N such that f(x) < x®*¢ for x > N. This implies
that 35 f(x) < X5y x¥"® < oo and therefore 37| f(x) < oo, which, according to Corollary 3.2.7,
contradicts the hypothesis that { y,, } is a universal embezzling family. Let { nj }J.GN be any sequence of
natural number such that lim;_,., n; = co. Then lim;_,« ZZ’: L f(x) = 25, f(x) < co. This implies, again
due to Corollary 3.2.7, that { Xnj }jeN is not a universal embezzling family.

If -1 < @ < 0, then there exists an £ > 0 such that @« — & > —1. We notice that f(x)/x%™¢ diverges
to infinity for large x, because f € w(x®~¥). This implies that there exists an N such that f(x) > x*~¢
for x > N and therefore }.5_ f(x) > X5y X%~ ¥ = oo, which allows us to use the results of Section 3.2.1.

Since f(x)/x*~¢ is non-decreasing for x > N, for all y such that y/m > N, we can use Lemma 3.2.10 to

y y/m y/m y
/ f(x) dxf xa_gdxz/ f(x) dx/ x* % dx. (3.120)
N N N N

(y/m)a—s+1 _Na—s+1 . ]\i’/m f(x) dx

obtain

This implies that

— — > . (3.121)
(y)(l e+l _ Na e+l /1\)]) f(X) dx
Next we introduce ¢ := @ — € + 1 > 0 and take on both sides the limit inferior y — oo, leading to
1 a—e+l _ N(1—5+1
ﬁ = h)l,’ll,l(gf (};;l;/lrz—s+l _ N(t—a+1
y/m
f(x)dx
> liminf 2% (3.122)

y—eo /]3 f(x)dx

P pdx
=liminf ————,
y—eo ﬁy f(x)dx

where in the last equality, we used that fl N f(x) dx is finite, whilst f];o f(x) dx diverges. As the last step, we

observe that according to Proposition 3.2.8,

am
maxj<g< f(x)dx
minf Ty (xn — xn ® Opy) > liminf 1<“<y/;" o }
n—co y— ﬂ f(x) dx

S () dx
liminf y/m
= limin T rwmdx (3.123)

>1-—
mo

> 0.

Using the comment after Definition 3.2.6, we obtain that for —1 < o < 0, there are no sequences { nj }jeN
such that { Xn; }jeN is a universal embezzling family, contradicting the hypothesis. Once we combine the

results for @ < —1 and —1 < @ < 0, we have that if { y,, } is a universal embezzling family satisfying our
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assumptions, f(x) € o(x~'*¥)Nw(x~!7%) forall £ > 0. We have also shown thatif f ¢ o(x™'*¢)Nw(x~1~%)
for at least one & > 0, then there are no sequences { nj }jeN such that the family { Xn; }jeN is a universal
embezzling family. This concludes the first part of the proof.

Sufficient condition — Let f be a function satisfying our assumptions. Since f(x)/x~! is asymptotically
monotonic by assumption, lim,_,e f(x)/x~! exists in [0, +oco0]. A priori, it can be either 0, 0 < / € R, or
+oo. If limy_,e f(x)/x~! =1 > 0, then by definition of the limit, for any / > & > 0 there exists an N such
that |% - l| < &forall x > N. This is equivalent to (I — &)x~! < f(x) < (I + &x~! forall x > N. Since
Sonf)=U-8)X N x~! = 400, we can compute the star conversion distance using Proposition 3.2.8,
and find

nli_r){}oT*(Xn — Xn ® ®py)

maXi<a<y/m { faam f(x)dx }

=1
= 7 f ) dx
< lim maxXj<g<N { /;lam f(X) dx } + maxNSaSy/m { /;lam f(x) dx }
T y—>o /iy f(.X) dx
maxycasy/md [, f()dx}
= lim v
o S @) dx (3.124)
. MaxXy<a<y/m { faam f(x)dx }
< lim v
e [y f(x)dx
< l+<<f . mastaSy/ym { [ x"dx}
[ — & y—>oe /N x-1dx
_l+E logm

= im
[ —&y—->ology—logN
=0.

Thus if limy_e f(x)/x~' =1 # 0, then { y,, } is a universal embezzling family.

Suppose now limy_, f(x)/x~! = 0. Since f(x)/x~! is non-increasing for large x, there exists an
N such that f(x) < x~! for all x > N. For any fixed £ > 0, by hypothesis, lim,_,e f(x)/x™17¢ = +0c0.
Furthermore, since by assumption floo f(x)dx = oo, while /100 x~17%dx < oo, there exists an N, such
that [ f(x)dx > [*x7'"¢dx for y > N,. Let N, = max { N, N }. Using again Proposition 3.2.8 and

performing the same steps as in Eq. (3.124), we obtain

maxy, <a<y/m { faam f(x)dx }

limsup Tu (xn — xn @ @) < lim sup

n—co y—00 fly f(x)dx
< lim sup MaXN, <a<y/m { /aamx_] dx }
o /ly -2 dx (3.125)
=logm lim

y—oo | — y_s

= elogm.
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Since this is true for all € > 0,

limsup Tx (xn — xn @ @) < lin})slogm = 0. (3.126)
E—

n—oo

This implies that lim,, e Tx (¥n — xn @ @) = 0, i.e., {x»} is a universal embezzling family.

Let us now consider the case lim,_,o, f(x)/x~! = co. From this immediately follows that oy f(x) = +oo,
so we can use the results of Section 3.2.1. Furthermore, there exists an N such that f(x)/x~! is non-decreasing
for x > N. We write f(x) = x~'h(x) and thus %(x) is non-decreasing for x > N. Computing the derivative
offaamf(x) dx for a > N, we find

d " f(x)dx  mfam)— f(a) = h(am) ~ha) _ o

3.127
da a ( )

Thus, maxy<a<y/m faam f(x)dx = /y y/m f(x) dx and, by following the same steps as in Eq. (3.124), we

obtain

am
max F(x)dx
limsup 7 (xn — xn ® @) < limsup NS“SWy’” { }
n—oo y—o0 /i f(]C) dx
y
f(x)dx
= lim sup /y/m

yooo [ fla)de

Letus fix € > 0. Since f(x)/x~!*# is non-increasing for x > N, by hypothesis, x~'*¢/ f (x) is non-decreasing

(3.128)

for x > N.. By applying Lemma 3.2.10 (for y large enough), we obtain

y y/m y/m y
/ xoHe dx/ f(x)dx > / xI+e dx/ £(x) dx. (3.129)
E E E NS
From this follows that )
y m
f(x)dx &€ _NE
fN; > (y/'f) e (3.130)
/st(x)dx y&—=Ng

Taking the lim sup on both sides, and adding the finite contributions les f(x) dx to the diverging integrals
/y/m f(x)dx and /15 f(x) dx, we obtain

N.
y/m
f)dx 1
limsupfly— > —. (3.131)
yoeo 7 f)dx T m
Combining Eq. (3.128) and Eq. (3.131) we get
SO f ) de |
limsupTy(xn = xn ® @) < 1 —limsup —F—— < 1-—. (3.132)
n—oo y—00 ./l f(x) dx m
This is true for all &€ > 0, thus taking the limit £ — O we obtain the desired result
1
limsup Tu(xn = xn @ ®p) < lim1 — — =0. (3.133)
00 £—0 mé¢
This concludes the proof of the sufficient condition. O
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The above result on the uniqueness of the van Dam and Hayden family can be expressed as follows: Any
regular family of states { y, },ciy satisfying the conditions of Theorem 3.2.11 is a universal embezzling
family if and only if f, the function associated to { x, },<y iS asymptotically close to x~!, the function
associated to the van Dam and Hayden family, where asymptotically close means f € w(x~!7%) N o(x~1+%)
for all € > 0. For examples of such embezzling families, one can see Ref. [53]. All the families introduced in
that work satisfy the conditions in Theorem 3.2.11. To the best of our knowledge, there are no embezzling
families in literature that do not satisfy the conditions in Theorem 3.2.11.

The assumption that f(x)/x® is asymptotically monotonic for every @ € R is crucial for our proof
and does not follow from the monotonicity of f. There are functions that are non-increasing but oscillate

asymptotically when multiplied by powers of x. An example is the function

1+ (l+sinlnlnx)Inx

fx) = , (3.134)

X

which is non-increasing, but x f (x) oscillates between 1 and co. Theorem 3.2.11 does not provide any
information about families of states associated with such functions, and it cannot be used to determine whether
such families are universally embezzling or not.

Next, we prove two related propositions concerning regular families of states associated with non-

decreasing functions.

Proposition 3.2.12: Sufficient conditions for regular universal embezzling families - I

Let f be a positive non-decreasing function such that f(x)/x¢ is asymptotically non-increasing for at
least one @ > 0. Then the regular family of states { x, }, <y associated to f (see Definition 3.2.6) is
not a universal embezzling family. Furthermore, there are no sequences { nj }jeN such that { Xn;j }J.eN
is a universal embezzling family.

Proof. Since f(x) is non-decreasing and 3,7, f(x) diverges, we can use Proposition 3.2.8 and Lemma 3.2.10,

to obtain .
maxXi<a<y/m { /;1 g(x,y)dx }

[ g(x,y)dx
—a+1
maXi<a<y/m { yy_a,:_,_l f(x)dx }

= liminf 5

y—ooo ﬂ f(x)dx

1-1/m)+1

R e ax
> lim inf 5

y—eo [0 f(x)dx

Ay(l—l/m)+lxa dx}
> lim inf

y—o fly x2dx

1 a+1
. (1 - _) .
m

liminf Ts (x5, — xn ® @) = liminf
n—oo y—o0

(3.135)
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The last inequality is based on Lemma 3.2.10 and is derived as in the previous cases. Using the comment
after Definition 3.2.6, we obtain that { y;, },,c; is not a universal embezzling family. Furthermore, there are

no sequences { nj }jeN such that { Xn; } is a universal embezzling family. O

JEN

Proposition 3.2.13: Sufficient conditions for regular universal embezzling families - IT

Let f be a positive non-decreasing function such that f(x)/e** is asymptotically non-decreasing for
at least one k > 0. Then, the regular family of states { y, },c;y associated with f is not a universal
embezzling family. Furthermore, there are no sequences { nj }jeN such that { Xn; }jeN is a universal

embezzling family.

Proof. From Eq. (3.46) follows that

1
liminf Ty (xn — xn ® @) > (1 - —) liminf p"’
n—oo m n—oo
1).. . f(n)
=|1-—|liminf =;
( m) noe 3o f(X)
:(1—l)nmi yf(y)
mjJ y—o / f(x)dx
| [ ) dx (3.136)
> (1——)limin YT
mjJ y—o fl f(x)dx
1y /yy_lekxdx
>|1- —|liminf 5
m y—00 /1' ekxdx
:(l—l)(l—e_k)
m

Also, here, the last inequality is due to Lemma 3.2.10, and the family of states is not a universal embezzling
family. Furthermore, there are no sequences {n 7 }jeN such that { Xn; }jeN is a universal embezzling

family. O

3.2.4 Asymptotically Regular Families

In the definition of universal embezzling families, Definition 3.2.1, and in all the results about embezzlement,
only the asymptotic behaviour of a family of states { y, },c;y is relevant. This motivates the following

definition, which is a generalization of regular families.
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Definition 3.2.14: Asymptotically regular family

A family of states { x, },,<p is called asymptotically regular if there exists an asymptotically monotonic
function f: N — (0, o) such that

\/;_ Z Vf(x)|xx) forall neN, (3.137)
nx=1

|Xn) =

where F,, = 3"_, f(x).

We next demonstrate that our results also hold for asymptotically regular families. To this end, we start

with the following theorem.

Theorem 3.2.15: Regular versus asymptotically regular embezzling families

Let { xn },eny be an asymptotically regular family and let f be the function associated to it (see

Definition 3.2.14). Then one can construct a function f that satisfies
1. f corresponds to a regular family { ¥, },<y (see Definition 3.2.6),
2. limy0 f(x)/f(x) =1,

3. { X¥n },en 1S a universal embezzling family if and only if { y, },,cr is @ universal embezzling

family,

4. { ¥n },en contains a universal embezzling subfamily if and only if { x, },,c;y contains a universal

embezzling subfamily.

Proof. Since f is by assumption asymptotically monotonic, limy_,« f(x) exists in the extended domain
[0, oo]. We first study the case limy_,o f(x) = I, with 0 < [ € R. In this case, we choose f(x) = I, which
corresponds to a regular family. Moreover, from the definition of f follows that limy_. f(x)/f(x) = 1. We

also notice that for every 0 < & < [, there exists an N such that l — e < f(x) <[+ ¢ for all x > N. This

implies that 3,5, f(x) = 250 f(x) 2 X2 (I — &) = co. Similarly, %0, f(x) = X, 1 = co. Since

(n) _

limy e Fpy ! = limy—e F,;! = 0, we obtain that lim,, . p;™’ = 0 (where p" are the Schmidt coefficients

of x,), and therefore, according to Eq. (3.46),

b
(n) (n) ko (n)
liminf 7 (n = Xn ® Pm) _h,?lgfz?elarﬁ{“ ' ® e (@) m “k“}
o (n) _ bk (n)
_hr{r—l}oro}fke{%?)i, { Z+1P k+1} (3.138)
X=dj
: (n)
=liminf max e,
n—o ke{N,..., n} {x:;;_HPx }

where ar = |k/m] and by = k — may. The Schmidt coeflicients are, by definition, non-increasing, i.e.,

obtained by reordering { f(x)/F, },cy. Since there are at most N natural numbers x that do not satisfy the
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condition [ — & < f(x) <[ + &, there are at most N Schmidt coefficients that do not satisfy l;—“'" < pi") < 1;:_5

We call the set of indices corresponding to these Schmidt coefficients A (thus |A| < N) and observe that for
anya,b € { N,...,n } such thata < b,

DA YR P
xX=a

x€{a,...,b \A xe{a,....,b }NA (3.139)
l l
= > W+ Y =+ Y (Pi") F—)
xe{a,...,b \A xe{a,..,b}InA" " xe{a,..b}NA n
This implies that
b b
(I-¢) (n) (n)
— <
)CZ; Fn x€f{ a,..., b INA & Fn XZ:;px 3 140
U,y (] o
2 Dx F. |
x=a x€{a,..., b }INA
and therefore
K ol-e a (n)
e ke N x:;‘ﬂ Fou [ =00 ke(Newn) XZ;HPX
£ (3.141)
<liminf max Z )
o0 ke{Nowon} | L F,
which implies
n—|n/m| k
(I-¢) limian— <liminf max { Z pgcn)}
n—oo n n—o ke{N,..., n} xoap+l (3142)
< (1 + &) liminf =M™
n—0o Fn
Observing that Zi\’:l fxX)+(l-e)(n—-N)< F, < Zi\;l f(x) + (I +&)(n— N), we obtain
l-e(, 1 S wl| _t+e(, 1
1 — —] < liminf W< —11-—]. 3.143
l+s( m)_ oo ke{r]r\}?).(.,n}{xazﬂpx }_l—s( m) ( )
=ag

Since Eq. (3.143) holds for every & > 0, we conclude that

k
1
liminf  max {Z p§">}=1——. (3.144)

Inserting this result into Eq. (3.138), we have

1
Iiminf o (xy, = xn ® ©p) = 1 — —. (3.145)
X—00 m
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The function f is a rescaling of f(x) = x°, which we already studied in Section 3.2.2. This implies that the

(0)

family { ¥, },cn 1S equal to the family { Xn and

}nEN
Hminf Ty (fn = fn ® @) = liminf Tx (r¥ - ¥V ® @,)
X—00 X—00
oL (3.146)
m
= liminf Tu (xy — xn @ @p).
X—00

This proves that neither f nor f corresponds to families with universally embezzling subfamilies (and are
therefore also not universally embezzling themselves).

We now consider the case lim,_.« f(x) = 0; thus f is asymptotically non-increasing. Let N be such that
~ }y f(x). Since f is positive, a > 0. Let M > N be

such that f(x) < a for every x > M (such M exists because lim,_,., f(x) = 0). In this case, we define f as

f is non-increasing on (N, c0) and let a = min,¢(

.....

~ f(M) ifx<M,
fx) = (3.147)
f(x) ifx>M.

Clearly, the family { ¥, },,<; associated to it is regular and lim, ., f(x)/f(x) = 1. Furthermore, the ordered
Schmidt coefficients satisfy for all x > M

Ly 2 S0 F@) o B

14
F o F, T (3.148)

If F,, converges, F, converges too and by Corollary 3.2.5 neither { x, },.c;y nor { ¥» },cn are universal
embezzling families (and do not contain universal embezzling subfamilies). If instead F;, diverges, so does
F, and

F " fx " f(x
lim —* = lim —Zg—lf( ) _ tim —Z;—M SO (3.149)
n—oo Fn n—oo Zx:l f(x) n—oo Zx:M f(x)
Using Eq. (3.46) and Eq. (3.148), we obtain
liminf Ty (x5, — xn ® i)
n—oo
by
— lim inf | (n) _“ || _ b m
mint s o, [ -
b
=liminf  max “p(") - ”p(”) — kpm |
n—co ke{mM,...n} (k) (ar) m~ Tt (3.150)
. . Fn ~ ~ bk ~( ) '
— liminf - ” (n) _| (n) _ Pk sn
e F, ke{nranz\%..,n}{ P (k) P (a) m =+l

f)(") (n)

_ bk ) }

— liminf ‘ _HN
imin max{ p @) m P

n—o keln]

(k)
=liminf Ty (n — in @ ),
n—oo

where again ay = | k/m] and by = k — may. In this case as well, we therefore proved that { x, }, e is @
universal embezzling family if and only if { ¥, }, < IS @ universal embezzling family (and the same holds for

subfamilies).
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Lastly, we consider the case when lim,—,, f(x) = o0, and f is asymptotically non-decreasing. Analogously
to the previous case, let N be such that f is non-decreasing for x € (N, o). Let a be the maximum of f(x)
forx € {1,...,N },and let M > N be such that f(x) > a for x > M. Also here, we define f via

f= 7 %fXSM’ (3.151)
flx) ifx>M.

The family of states { ¥, },c is regular, lim, o, f(x)/f(x) = 1, and lim,_,o F,/F, = 1. The Schmidt
coeflicients associated to y, and jy, are related by

(n)_f(n"'l_x)_f(n"'l_x)_~(n)Fn
Px = = =DPx =
F, F, F,

Vi<n-M. (3.152)

Using Eq. (3.46) again and the relation between Schmidt coefficients derived in Eq. (3.152) we obtain

liminf Ty (', = xn ® ©,)
n—oo

.. by (n)
S
11?1)1013 ]EIER[I,)E]{ p (k) P (ax) m ag+1
b
=timinf max 0 - o] - 2Ep0
e keln-M] (k) (a) moak* (3.153)
= liminf 5 max pr - Hf,(n) _ b ) .
n—co  F ke[n-M] (k) (ap) m ' axtl
by
= lim inf max |~(") - ||~(”) _ Tk 5(n)
n—oo ke[n]{ p (k) p (ax) m ar+1
=liminf Tu (¥n — Xn @ Om).
n—00
This proves the theorem. O

Thanks to Theorem 3.2.15, Theorem 3.2.11 also holds for asymptotically regular families.

Corollary 3.2.16: Necessary and sufficient conditions for asymptotically regular universal em-

bezzling families

Let f be a positive asymptotically non-increasing function such that f(x)/x% is asymptotically
monotonic for all @ € R and let { y, },,c;; be the asymptotically regular family of states associated
to f (see Definition 3.2.14). Then { x» },c 1S @ universal embezzling family if and only if
fewx7%)no(x71*¥) foralle > 0and 3,50 f(x) = co. Furthermore, if f ¢ w(x~!"%)No(x~1+)
for at least one € > 0, then { Xn; }J.eN, where { nj }].GN is any sequence of natural numbers, is not a

universal embezzling family.

Proof. Combine Theorem 3.2.15 and Theorem 3.2.11. O

For the same reasons, Proposition 3.2.12 and Proposition 3.2.13 also hold for asymptotically regular

families.
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Corollary 3.2.17: Sufficient conditions for asymptotically regular universal embezzling families -

|

Let f be a positive asymptotically non-decreasing function such that f(x)/x® is asymptotically
non-increasing for at least one @ > 0. Then, the asymptotically regular family of states { x» },cn
associated with f is not a universal embezzling family. Furthermore, there are no sequences { nj }jeN
such that { Xn; }jeN is a universal embezzling family.

Corollary 3.2.18: Sufficient conditions for asymptotically regular universal embezzling families -

11

Let f be a positive asymptotically non-decreasing function such that f(x)/e** is asymptotically
non-decreasing for at least one k > 0. Then, the asymptotically regular family of states { x, },cn
associated with f is not a universal embezzling family. Furthermore, there are no sequences { nj }jeN
such that { Xn; }jeN is a universal embezzling family.

59



Chapter 4

Cooling and Heating in the Resource Theory
of Thermodynamics

In Section 2.3, we presented the resource theory of thermodynamics or athermality [33-35, 107, 171-188].
This is an operational approach to quantum thermodynamics based on the partition of channels and states into
free and resourceful. As a reminder, in the case of thermodynamics, states in equilibrium with a given large
bath (or environment) are free, while states out of thermal equilibrium are resources. Thermal operations
consist of 1) tensoring with a thermal state, 2) performing an energy-preserving evolution, and 3) discarding
subsystems. As explained in Section 2.3, free operations are the closure of thermal operations. The interest
in quantum thermodynamics is more than a futile intellectual exercise. There is a growing interest in heat
engines operating in the quantum regime motivated by the promise that quantum engines may grant an
advantage over classical ones [189-196]. Moreover, quantum thermodynamics is also important from a
foundational perspective since it has applications ranging from the small scales of biochemistry to the large
scales of black hole physics [197-200].

Using the framework of quantum resource theories, in this Chapter, we derive important results about two
of the most notable thermodynamic tasks: cooling and heating. The first question that we have to answer
is what it means to cool and heat a quantum system A [201]. One approach is that we convert the system
from a state at equilibrium with a bath at a temperature 7' (which we assume to be the temperature of the
environment) to a state corresponding to the equilibrium with another bath at temperature 7. Following
this approach, we derive expressions for the highest and lowest temperature to which a system A can be
heated and cooled using a given resource and only closed thermal operations. These expressions can be easily
computed analytically when |A| = 2 and numerically in all other cases. Another common interpretation
of cooling that is independent of a notion of temperature is to increase the overlap with A’s ground state,
which is considered, for example, in algorithmic heat bath cooling [192, 202-205]. Once again, we find the
maximum overlap that can be achieved using a resource and closed thermal operations. Importantly, when
cooling qubits, the two interpretations are equivalent and reduce to increasing the population of the ground
state. Similarly, heating a qubit reduces to increasing the population of its higher energy level. The last result
that we present in Section 4.1 is that the ability to cool and heat qubits fully characterizes the convertibility

between quasi-classical states, i.e., states that do not exhibit coherence between different energy eigenstates.
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Indeed, a state p® can be converted into a quasi-classical state o5 with closed thermal operations if and only
if pR heats and cools qubits to higher and lower temperatures than o5 does.

In Section 4.2, we change perspective. Instead of asking to what temperatures a qubit can be heated and
cooled, we determine, given a desired temperature T, which qubits, identified by the energy gap between
the ground and the excited state, can be heated and cooled to such a temperature using a given resource and
closed thermal operation. Furthermore, we show again that the ability to cool and heat qubits is critical
for characterizing state conversion. Indeed, a state pR can be converted into a quasi-classical state o5 with
closed thermal operations if and only if, for any target temperature 7', p® can cool or heat to the temperature

T at least as many different qubits as 5.

4.1 Cooling and Heating

Two central tasks in classical thermodynamics are cooling and heating. In this Section, we study cooling
and heating in the context of quantum thermodynamics. First, there is the system that we want to heat and
cool, which we denote with the letter A. The Hamiltonian of the system A, H4, is not completely degenerate;
otherwise, cooling and heating would be trivial. Indeed, if the Hamiltonian had only one energy level, no
transformation would change the population of that single energy level. We assume that A is initially at

equilibrium with the environment. As discussed in Section 2.3, this state is the Gibbs state
e BH 4

" Tra[eBHA)

A

04 “4.1)

where § = kBLT is the inverse temperature of the environment. Second, we need to characterize what it means
to cool and heat system A. From the zeroth law of thermodynamics, we have a notion of temperature as
equivalence classes of states at equilibrium. As such, we can say that the system has been cooled or heated to
a temperature 7 if the new system is at equilibrium with a bath at temperature 7. But this new state is nothing

else than the Gibbs state

—BHA

e

e ———, 4.2)
Trale PH7]

where 8 = —L=. Moreover, note that, in Section 2.3, we have shown that if we consider Y4 and 74 as

kpT
statistical ensembles, then 7" and T are the temperatures of the ensembles, respectively. Therefore, we can

describe the cooling and heating of a system A as a process that converts the state y* into the state 7. Third,
we use a system R, with Hamiltonian HR, in a state p® as the resources for the cooling and heating. Lastly,
we assume that only closed thermal operations can be used in the heating and cooling protocols. Therefore,
the question becomes: Can the state pR be used to convert the state y* into the state 74 using only CTO?

That is, is the conversion
CTO -
(pf ey yReyh) — F o7ty oy? (4.3)
possible? Observe that we have assumed that the final state of system R is y®. This assumption can be made

without loss of generality because if it is possible to convert pR ® y4 to o® ® 74, then it is also possible to
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convert pR ® y4 into yR ® 4. Indeed, remember that sequential and parallel composition of free operations

are free, and so are partial traces and preparing a system at equilibrium with the environment. Therefore:
CcTO . Trr yRe -
PR eyt yReyh) — (R et YR eyt = Ay — et Rerh). @4
With a similar reasoning, we can simplify Eq. (4.3):

CTO i
(PR @yA, yR @ yt) ———— (YR e 74, yR @ y?)

o o e

CTO
(pR, ¥R CA%) (4.5)

Eq. (4.5) shows that the conversion problem in Eq. (4.3) is equivalent to:
CcTO , _
("% — 74 yH. (4.6)

As explained in Section 2.3, there is a nice characterization for the conversion problem in the resource
theory of athermality only for quasi-classical states. In our case, 74 is quasi-classical, but no assumption
has been made about p®. However, for every pR, the quasi-classical state PR=R (pR) is equivalent to p® in

cooling and heating, where PR=® is the pinching or twirling channel
PROR() = > IR (NE, 4.7)
X

and TTR are the projectors onto the eigenspaces of HX.

Lemma 4.1.1: Equivalence of quasi-classical and non quasi-classical states in CTO conversions

with quasi-classical output

Assume (04, y4) is quasi-classical. Then

(PR y8) S (04, 91) & (PROR(pR), yR) 2 (04, 94, 4.8)

Proof. Remember that the pinching channel is a free operation [98]. We first assume that (PR=R(pR), yR) £1o,

(o™, ¥?) holds, i.e., there exists an MR—4 € CTO(R — A) such that
MR—)A(PR—>R (pR)) — O'A. (49)

Due to Proposition 2.3.2, NR=4 := MR=4 o PR=R ¢ CTO(R — R). Moreover, NR>4(pR) = 04, i.e.,
CTO
(PP yP) — (e yh). o
For the reverse, assume that (pR, yR) —= (04, y4), i.e., that there exists a sequence of thermal
operations ME=4 € TO(R — A) such that

MEZA(pR) 1= lim META(p") = o, (4.10)
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Now, every thermal operation is covariant in the sense that [176]
PA7A 0 META = ME4 0 PROK, (4.11)

and since the set of covariant operations is closed, also M&—4 is covariant. Therefore

ot = PAPA(0A) = A=A o MRPA(PR) = ME2A o pRER(pR), (4.12)
and (PRR(pR), yR) =25 (04, y4). 0

This Lemma significantly simplifies our treatment of cooling and heating because we can use the
quasi-classical state PR=R(pR) and all the results about relative majorization and Lorenz curves presented
in Section 2.3.

Now, we want to find the highest and lowest (inverse) temperature to which p® can heat and cool y*:
~ . A CTO |, A, =
Brin = min { £ (0%,7%) <25 4By |
. } & R CTO s 4 (4.13)
B = max { B | (0%, 7%) <5 A By |-

Observe that we wrote 74 (/) to make the dependency on J explicit. Thanks to Lemma 4.1.1, we can rewrite

the equations above as:

Bmin = min { B (PRR(p5),7%) <2 4B v |
5o 3 R-R;, Ry Ry CTO A 3 A 419
Bnan = max { 3 | (PRR ("), 9%) 5 (74B). 7Y |

As detailed in Section 2.3, it is possible to associate a pair of probability vectors with each quasi-classical
state. Let (rR, gR) be the vectors associated with (PR=R(pR), y®), and let (84 (), g*) be the probability

vectors associated with (74(8), y4). Hence, thanks to Theorem 2.3.4, we can define Bmax and Buin, as

Buin = min { B | (c%, &%) » @ (B).g") }

3 5 R R A A @.15)
Bmax = max{,B | (r™,g") = (8°(P). 8 )}7
or in terms of Lorenz curves, as
Brin = min { 5 | 59 () > o ® B (), vy € [0,1] }
(4.16)

Bnan = max { 1 0™ (3) 2 @O (), vy € [0,1] }.

Now, the task is to determine how the Lorenz curve of (g*(f).g") changes with 3. Let {]i)* }, be an
orthonormal basis for A such that H4 = 3, h;|iXi|4, and hja| = -+ = hy. In this basis,

YA =Y gflixild and FA = ghliil, (4.17)
i i
where 3
—Bhi —-Bhi
A 4 ~A e
g =——,and g = —, (4.18)
YZ(B) Y Z(B)
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and Z(A) = Y; e~*". To construct the Lorenz curves, we first have to order { g;“ / g;“ } in non-increasing

order. Observe that A N
8 _ Z(ﬁ)e—(ﬁ—ﬁ)hi

gt Z(p) 19

~ gA ey . .
In the case of cooling 5 > 3, and therefore, g—‘A decreases with i, and in the case of heating 8 <  and therefore
g .

i
5A

% increases with i. We treat the two cases separately. We start with cooling because the set { g;‘ / giA } is
already ordered properly. In this case, the x and y values of the k-th elbow of the Lorenz curve are obtained

by summing the first k entries of 84 and g*, respectively:

)

GA A oA
GE ) = (186 8- @20

The y value of these elbows does not vary with 3; therefore, when /3 changes, the elbows can only move

horizontally. For the x value, observe that for k < |A|,

- Yk eBhi
A _ i=1
e B)ll v, = SEpE @21)

which increases with ,8~ Therefore, the more A is cooled, the more the elbows move to the right. We do not
need to consider k = |A| because, in that case, the elbow is (1, 1). With this geometric intuition, we can
compute SBax by finding how much we can move the elbows of a & B)gY) while keeping the Lorenz curve
on the left of ™ 8"). Thanks to the concavity of @) it is enough to check if all the elbows of a&(B).8h)
are on the left of @™ 2") [119]. That is

Bnan = max { 5 £ (3) > o ® @Y (), vy € [0,1] | (4.22)
is equivalent to
Bmax = max { B | [&* D)o, < ™ (& o)) vE € A1 =11} (4.23)

Since ||g(ﬁ)|| ®) increases with £, there exists at least one k for which
& By = ™ (2] ) @24

To compute Bax, We can first solve ||gA(B)||(k) = (8" (||gA||(k)) for each k. Then, Bmax must be one of

the B, and specifically, it must be the smallest, because if there exists a ﬁk < ﬁmax, then

”gA(Emax)”(k) > ”gA(lé)”(k) = (e (“gA”(k))’ (4.25)

which contradicts, Eq. (4.23). Therefore,

P =, i {/;" g Bl ey = o+ (”gA”<k>) } (426)

What is left to show is whether Sy exists and is unique. First, observe that [[g*]| ) = 1 = XL, e Phi is

strictly increasing with 3. Therefore if a solution for ||gA (B)“ ) = a8 (“gA“ ( k)) exists, it is unique.
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Then, notice that limg_,, HgAH(k) = 1. This means that in the case of cooling, where § > 3, ||gA||(k) can

assume any value between HgA” ) (included) and 1 (excluded). From the geometry of Lorenz curves, it

immediately follows that ||gA||(k) < (g% (||gA||(k)) < 1. Adding this to what we know about “gA“(k)’ we
deduce that

”gA(B)”(k) = oY (”gA”(k)) (4.27)

has a unique solution if ||gA||(k) < (8" (||gA||(k)) < 1, and no solution if o &%) (HgAH(k)) = 1. With
a slight abuse, we say that §; = +co is a solution of Eq. (4.27) in this last case. Given that ||gA(B)||(k) is

. . . . . . R 4R .
strictly monotonic, finding a numerical solution is rather easy, once the value of ™ -&") (||gA|| ( k)) is known.
Since we know how to draw the lower Lorenz curve associated with a pair of vectors, we can easily

compute the value of (e (||gA|| (k)). Recall that a(™&") is obtained by connecting the elbows

R 4R R 4R R 4R R 4R
{ (x,({r 87 (et }k with straight lines. For y/,((r ) <y < y,((il’g ), it thus holds that

(rRgR) x(rR,gR)

R 4R R 4R X R R
Q'(r 8 )(y) :xl(cr 8 )+ ](C:Rl’gR) ](ch,gR) (y_yl(cr 8 )) ’ (4.28)
Yot T Yk
since this describes the sgaiRght line through thg tzvo points (x](:R’gR), y,(:R’gR)) and (x](;R]’gR), yl(;fl’gR)). By
choosing I such that yl(kr ) < ||gA||(k) < yl(:+ig )_ it thus holds that
X L g _ rfg®) .
R gk A _ (g et I A (rf.g")
o8 )(”g ”(k)) = t Rk ~_(RgX) (Hg ”(k) Vi ) (4.29)
lk+l lk

This shows that the o (™" -8") (||gA|| ( k)) can be directly calculated once the initial resource and y* are specified.

We can summarize these findings with the following Theorem.

Theorem 4.1.2: Cooling in the resource theory of athermality

Let A and R be quantum systems with Hamiltonians H 4 and HR, respectively. Let pR € Q(R) and
let 3 be the temperature of the environment. The maximal 3 to which one can cool the system A,

initially at equilibrium with the environment, using only CTO and the resource (pX, yR) is
~ _ . ~ ~A/ 5 _ (rR’gR) A }
ﬂmax = keﬁlzﬂl—l] {Bkl ||g (IBk)||(k) = (”g ”(k)) P (430)

where (r®,gR) are the vectors associated with (PR=R(pR),yR), and (§4(B),g?) the vectors
associated with (74(8), y4).

For qubits, there is only one equation to solve, which can be solved analytically. Let E > 0 denote the

energy gap between the ground and excited level of the qubit. Then,

a’(rR’gR)(”gA”(U) = ”gA(,émax)”(]) = | (4.31)

— e _EmaxE ’
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1 1
—— (r®, gk) —o— (r®, gk)
—— (g, g% —o— (g1, g%
0 0
0 1 0 1
@pB=1 ) f1 ~7.59
1 1 °
—— (rk, gk) —o— (r®, gk)
—— (g%, g") —— (g%, g")
0 0
0 1 0 1
(©) B> ~9.41 d) 35 ~ 15.92

Figure 4.1: Geometric visualization of the proof for the value of By.. To reproduce these graphs, fix 8 = 1.
The eigenvalues of HA are {0,0.1,0.2,0.25 }, and the eigenvalues of HR are {0,0.1,0.2 }. The x values of
the elbows of (rR, gR) are { 0.7,0.9, 1 }. The y values are obtained by H® and 8 without any reordering. To
find Brax, the starting point is to find the Lorenz curves associated with (r®, g®) and (g4, g4) when 3 = S8
(Figure a). The elbows of (g4, g*) move horizontally when f increases. Starting with the first elbow, we
want to find the x value in the Lorenz associated with (rR, g®) corresponding to the y value of the first elbow
of the Lorenz curve associated with (g4, g*). From the x value, one can deduce the temperature 3 and draw
the Lorenz curve based on (§4(8;),g*). (Figure b). Similarly, one can draw the Lorenz curves associated
with the temperatures at which the second and third elbow of (g4, g*) intersect the Lorenz curve of (rR, g®).
CTO-conversion is possible if and only if the Lorenz curve of (§4, g*) is completely on the left of the Lorenz
curve of (r®, gR). This happens only for the smallest of the 3. Therefore, fmax ~ 7.59.
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From the equation above, it immediately follows that

N G
= — 4.32
o= ) g -
where g1 = BE and o (r":8 )(gA) can be computed as in Eq. (4.29).

We now turn our attention to the heating process, in which 8 < 8. As the reader may recall, in this case,
~A
the entries of { pr } are in non-decreasing order. Therefore, the x and y values of the k-th elbow of the

Lorenz curve are obtained by summing the last k entries of * and g*, respectively:

|A] |A| |A]

EFED EED) LN g N g = g1 =g |- (4.33)
i=|A|-k+1 i=|A|-k+1 i=|A|-k+1

where we understand that |[g|| o) = 0. Note that we do not replace Z;.‘:n_ ks1 & With 1 — ||gA|| (n—k) because
they differ for negative 3, which we allow. Negative § are associated with population inversion. That is, when
B > 0, the low energy levels have higher population than the high energy levels. When 3 goes to zero, all
the levels have the same population. When 3 < 0, the population of high energy levels is higher than the
population of low energy levels. With positive 3, the probability g;“ decreases with i; the higher the energy
eigenvalue, the lower the probability. Instead, with negative 3, the probability increases. In these scenarios,
we talk of population inversion [206, 207]. With the same considerations done in the case of cooling leading

to Eq. (4.23), Bmin can be expressed as

|A]

fuin=mini B| > gh<at"eEd (1 - HgA”(k)) Vke[lAl=1] b, (4.34)
i=|Al=k+1

Once again, we observe that the y coordinate of the elbows is constant, while the x coordinate increases when

B decreases:
|A]

(g 24 Z (4.35)

i=|A|-k+1
This means that the more the system is heated, the more the elbows move to the right (note that the elbows
in the case of heating are different from the elbows in the case of cooling). Therefore, B, has to satisfy
Z|A|A| ol glA(,Bmm) = o(%.g5 (1 - ||gA||(k)) for at least one k. As in the case of cooling, we can solve all

the k equations
|A]

gt = o (1= g ) (4.36)
i=|A|—k+1

If the solution exists, it is unique, and we denote it with Sy ; if not, we say that §; = —oco. In this case, since
|A] 3 3 :
2 |A|—k+1 g increases when g decreases, Snin must be smallest Sx. We can summarize the results about

heating with the following theorem.
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1 1
—o—(rR gk) —o— (rk, gk)
—o— (g4, g%) —— (g4, g")
0 0
0 1 0 1
(@pf=1 (b) B ~ —6.08
1 1
——(rR gk) —— (rR, gk)
—— (g, g% —— (g, g%
0 0
0 1 0 1
() B> ~ =735 (d) B3 ~—13.83

Figure 4.2: Geometric visualization of the proof for the value of Si,. These graphs have been created using
the same values as in Figure 4.1. To find By, the starting point is to find the Lorenz curves associated
with (rR, g®) and (g4, g*) when 8 = 8 (Figure a). Observe that the elbows of (84, g*) are the reflection of
the elbows in Figure 4.1a through (1/2, 1/2). The elbows of (g%, g*) move horizontally when /3 decreases.
Starting with the first elbow, we want to find the x value in the Lorenz curve associated with (rR, g®)
corresponding to the y value of the first elbow of the Lorenz curve associated with (g4, g4). From the x value,
one can deduce the temperature 5, and draw the Lorenz curve based on (84(8;), g*). (Figure b). Similarly,
one can draw the Lorenz curves associated with the temperatures at which the second and third elbow of
(84, g") intersect the Lorenz curve of (rR, g®). CTO-conversion is possible if and only if the Lorenz curve
of (g4, g4) is completely on the left of the Lorenz curve of (rR, gR). This happens only for the highest of the
Bx. Therefore, Bmin ~ —6.08.
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Theorem 4.1.3: Heating in the resource theory of athermality

Let A and R be quantum systems with Hamiltonians H4 and HR, respectively. Let pR € Q(R) and let
3 be the temperature of the environment. The minimal /3 to which one can heat the system A, initially

at equilibrium with the environment, using only CTO and the resource (p&, yR) is

|A|

Bon= max {Bl > g0 =" (1-]g ) b (4:37)

kell4=1] i=|Al—k+1

where (rR, gR) are the vectors associated with (PR=R(pR) yR), and (84(B),g") the vectors

associated with (74(3), y4).

We can find an analytical solution for qubits, as we did in the case of cooling. The only non-trivial

equation is

R .R ~ e_BminE
@ (1-gl) =g = T @38)
from which, one gets,
~ 1 1 - (1-g7)
= —1In . 4.39
ﬁmm E ( a/(rR’gR) (1 _ g?) ( )

4.1.1 A Different Notion of Cooling

Another common interpretation of cooling that is independent of a notion of temperature is to increase the
overlap with A’s ground state, which is considered, for example, in algorithmic heat bath cooling [192, 202—
205]. The idea is to use a resource (p&, yR) to take system A out of equilibrium to a state that has a greater
overlap with the ground states, that is, if T4 is the projector over the (possibly degenerate) ground state of the
Hamiltonian, we want to convert y4 to a state 74 such that Tra [TT4, 74] > Tra [IT*y4]. We denote with

O max the maximal overlap achieve given access (o, y®) and CTO:
cTo
Omax (0%, 7%, v") = max(Tra [MA74] = (o, %) — (=4, yM)}. (4.40)

With the following Proposition, we find a closed-form expression for O .

Proposition 4.1.4: Maximal ground state overlap

With rR, gR, g4 denoting the probability vectors corresponding to Pyr( pR), ¥R, ¥4, respectively,

Omax (0%, 7R, 74) = 89 (Tr[11494)). (4.41)

Proof. Let t{ be an optimizer of this optimization problem. Since Try [[T47{] = Tr [TAPA=A(z2)], we
can restrict ourselves to quasi-classical target states and therefore assume without loss of generality that

(o®,¥R) is quasi-classical too (see Lemma 4.1.1). Assuming that the ground state has degeneracy d, this
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implies that there exists an orthonormal basis {|i)} of A such that

A
ot = i, (4.42)
i=1
A
HA =Zh?|i><i| cthi=..=hg<hgy £...< h|A|

i=1

and thus Opmax (0%, ¥R, y4) = B2, 1A, Next, we notice that we can further restrict ourselves to the case
t‘l“ = t‘z“ =..= ts: Any unitary acting non-trivially only on the support of IT4 is a thermal operation. By
applying such unitary transformations uniformly at random (which is in CTO, since CTO is convex, see

Ref. [175, App. C], Ref. [208, Prop. 4], and Ref. [98, Thm. II.1]), fori € 1, ..., d, we map tlA to Zd tA/d.

i=1"i
Obviously, this does not change O yx.-

For the moment, assume O,x < 1 and let

A A
td+l gd+1
A A
: 1|t - 1 g
Ae—— |7 gt = 17 (4.43)
l—dtl : l—dgl :
A A
N 814

which by construction are valid probability vectors. Since (tA, gA) - (gA, gA), by definition, there exists a

column stochastic matrix £ such that EtA = gA and E g‘& = gA. Then

I; O
E= ~ | (4.44)
0 E
A
where /; is the identity matrix of dimension d, is column stochastic too, and, with 1 = %,
1
g
EgA :E : = gA’ (445)
A
84 i
(1-dghHeg’
it
A A
1 1 A
: : fa
A : : LTALA
Et* =E B = B = g5, | =), (4.46)
¥ 1q A
A\¢A A\gA 8442
(I —dr)t (I —dt)g .
A
84
where we used in the notation that 7' = £2' = ... = . This implies that (t4,g%) > (t4(¢{"), g*). Moreover,

Omax (PR, ¥R, y4) = dff, and thus we can and will restrict our considerations to targets of the form fA(tf‘),

which also includes the special case Omax (%, ¥R, y4) = 1 again.
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Since
(r®, ") = (g% g, (4.47)

we find that Omax (pR, ¥R, y?) = dit > dg#'. We thus have that 7 /g is ordered non-increasingly for an
ideal £4, which implies that

] ] k k
(x]((tA’gA)’yg:A’gA)) = | # min{k,d} + A Z g?,zg? . (4.48)
Jj=d+1 Jj=1

Now, we remember that between quasi-classical states, we can use relative majorization to characterize

CTO conversion. Thus O, can be written as

Omax(p™,y®,y") = dmax {rf' : (r*,g") » @ ()", &M}, (4.49)

or equivalently as
Omx(p® YR y™) = dmax fift 1 ™59 () 2 o@D ) vy e 011} (4s0)
The Lorenz curve o (1)"&%) g very easy to draw. Looking at the points in Eq. (4.48), one notices that

a0 i composed of two segments. The first connects (0, 0) with (df‘f‘, dg‘f‘). The second connects
the latter point with (1, 1). The largest possible dtf is the one associated with the Lorenz curve that has the
elbow (di4, dgf‘) on the Lorenz curve a(rR’gR)(y). That is, o™ -&") (dgf\) = dff‘, which gives

R R
Omax (0%, ¥R, y) = ™87 (Tr[T14y4)). (4.51)
O

Note that this Proposition provides a closed-form expression for arbitrary dimensions of A and not only

for qubits. Moreover, it is straightforward to see that for qubits, the two interpretations of cooling coincide.

4.1.2 Cooling Qubits with Qubits

In Ref. [2], we derived an analytical expression for the maximal 3 to which a qubit can be cooled using
another resource. Orr [4], under the supervision of C. M. Scandolo and me, found the GPO that achieves the
optimal qubit cooling using another qubit as a resource.

Let (rR, gR) denote the probability vectors associated with the qubit resource, and let g denote the
probability vector associated with the Gibbs state of the qubit that gets cooled. As shown in Figure 4.3, we
can split the derivation of the GPO that achieves the optimal cooling in two scenarios: 0 < g;“ < yR and

yR < gf < 1, where (x, yR) is the only non-trivial elbow of the Lorenz curve associated with (r¥, g&).

Case 0 < g* < yR,

In this case, the point (37, g#*) lies on the line connecting (0,0) and (xR, y®), therefore

)CR

g = y—Rg?- (4.52)

71



4. Cooling and Heating in the Resource Theory of Thermodynamics

1 |

——(rk, gk) —o— (rk, gk)

——(g".g") ——(g".g")

-e- (g4, g") -e- (g4, g")

) (gt g™ Agt gt
A (xR yR) L A (xR yR)
(g1, 8! 2t eh =
0 06
0 1 0 1

@0 < g <yF (b) yR <gf <1

Figure 4.3: Cooling of (g4, g) with the resource (rR, g®). The elbow of (r¥, g®) is denoted with (xR, yR).
The elbow of (g*, g*) is (g7, g7), as detailed below Eq. (4.19). The point (g7, g7') can either be on the first
or the second segment of the Lorenz curve associated with (rR, g®). It is on the first segment if 0 < gf‘ < yR
(see Figure a), and on the second segment if y® < g# < 1 (see Figure b).

Since (rR, gR) ~ (g4,g"), there exists a stochastic matrix § such that SrR = g4 and SgR = g4. We

denote the entries of S as

s=| * 7 (4.53)
\1-a 1-0)° '
where 0 < a, b < 1. The relative majorization conditions can be written as
a b xR B gf‘ a b yR 3 gf
= , = . (4.54)
l-a 1-b)\1-xR 1-gd l-a 1-b)\1-yR 1-gd

The conditions originating from the second line of S depend linearly on the conditions from the first line. We

can rewrite Eq. (4.54) as the system of equations

ax® +b(1 - xR = xR A
( )= omsi (4.55)
ayR +b(1 - y®) = gt
A
The solution of this system is a = i—‘R, b = 0. Thus,
A
00
Ss=| Y, (4.56)
1-50 1
yR
Let SR~4 denote a GPO associated with S. Since
gt
1 w3 0 0
— y = 4 7
s(o) 5 ano s(l) (1) @s)
yR
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SR—>A

the action of on quasi-classical states is completely determined by

gt g
Sk=4 (|0><0|R) = —|0X0|* + (1 - —;) [1X1]*, and
y y (4.58)

SR=A (1K) = 1A,

A channel that satisfies the conditions above is the channel with Kraus operators K| = IHA(1R, K, =

g ImA/ R _ _ 8t AR _ -
R [0)2(0]", and K3 = 4/1 R [1)7(0|™ (note that { K; }; are indeed Kraus operators because they
satisfy the condition }; K;rKi = 1%).

Case yR < gt < 1.

Here we follow the same steps as the previous case. The main difference is that the point (gf, gf) lies on the

line connecting (x%, y®) and (1, 1), therefore

(1-xF)gft — y® +x"
~A 1
= 4.59
The entries of the stochastic matrix S are the solutions of the following system of equations
_ R\, A_ R, .R
ax® +b(1-xk) = Qo si oy v )1gl —
Y (4.60)
ay® +b(1 - yR) = g,
A_R
Thatis,a =1, b = g;_yﬁ . Thus,
A_LR
1A=
S = 1_§ A (4.61)
1
0 TR

The action of the GPO SR—4 associated with S on quasi-classical states is completely determined by

S (10X01®) = 10X0]*, and
A_ R A 4.62)

R—A R\ _ 81 7Y A, 1-8 A

K (I )‘—1_yR OXO* + — R IX1I*

In this case, a channel that satisfies the conditions above is the channel with Kraus operators K| = |0)A(0|R,

A_R _oA
K, = ‘/% [0)4(1|R, and K3 = i—i}* I1)A(1|R (note that { K; }; satisfy the condition }; KZKi =1F).

4.1.3 State Transformations From Cooling and Heating

Let us consider two resources, (pR,yR) and (o5, y%), and let us denote with Bmax (0, v; 8, E) the maximal
inverse temperature to which the resource (p, y) can cool a qubit with energy gap E, initially at equilibrium
with a bath at temperature 3. If (pR, y%) o, (o5, %%) we can use (pR, yR) to reach every f3 that we can
reach with (o5, 95) by first converting (p®, y®) to (5, ¥S) and then using (o5, %) to reach § (since CTO
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is closed under concatenation, see Proposition 2.3.2). Therefore, ﬁmax (pR, yR;,B, E) > ﬁmaX(O'S , ys B, E).
Therefore, the function

C§ (p,7) = Bmax(p,7: B, E) = B (4.63)

satisfies the condition of Definition 2.1.7 and is a resource measure. Similarly,

Hg (p,7) = B = Puin(p, 73 B, E) (4.64)

is aresource measure as well. Interestingly, they are a complete family of resource measures for quasi-classical
states under CTO [26, 64, 67-69, 109, 139, 174, 209-212], in the sense that, if they hold for any fixed 5 and
every E > 0, then (pR, yR) £1o, (o3, 9%).

Theorem 4.1.5: A complete set of resource measures

Let (0%, 95) be quasi-classical. The following statements are equivalent:
L (oRyR) =5 (05,99).
2. For any fixed 8 > 0 and for all E € (0, o), it holds that

Cg (PR 7" = Cf (0, 9%),

HE( R LRy s HE(5S +S (4.65)

Proof. First, we remember that according to Lem. 4.1.1, we can, without loss of generality, assume that
(PR, yR) is quasi-classical too, since both (c5,95) and the Gibbs qubit states that we are considering
are quasi-classical. As before, let thus r%, gR, s% g% denote the probability vectors corresponding to
PR-R ( pR), yR, oS, ys , respectively, and we can reduce our analysis to relative majorization.

We first note that 2 follows from / due to the monotonicity of Cg and H g as explained above the
Theorem.

Let us next assume that 2 holds and note that this is equivalent to

Bimax (0%, Y% By E) 2Bmax (0%, 7%; B, E) (4.66)
Bunin (", ¥R; B E) <Bmin(0®, 7 B, E) (4.67)

for the (by assumption) fixed 8 and all E € (0, o). According to Eq. (4.20), when cooling a qubit, the

non-trivial elbow of the lower boundary of its testing region is given by

(&1, eM. (4.68)

We first consider a fixed energy gap E, i.e., a fixed gf‘ = gf‘(ﬁ, E), and remember that how far we can cool
the qubit using (pR, yR) is determined by the largest gf‘ such that the elbow in Eq. (4.68) is still inside the
testing region corresponding to (rR, gR): Using the argument that led to Eq. (4.32), we have that

a8 (g (B, E)) = &1 Buan (0°,¥": B ), E). (469
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If for a given E, with (pR, y®) we can cool the qubit more than with (o5, y"), we thus find
R ,R A= A~ S &S
@) (g1) = &1 (Brax (0™, Y™ B E) E) 2 81 (Bnax (0,71 B E) E) = 78 (gY),  (4.70)

since g; increases if 8 increases (we suppressed the dependence of g‘f‘ on 3 and E for readability). We now
note that by varying the energy gap E between zero and infinity, we vary glA (B, E) between 1 and 1/2.
Next, we consider heating: According to Eq. (4.33), the non-trivial elbow is given by

(&, 89). (4.71)

With fixed E and analogous arguments, we then find that
R 4R A~ A~ S &S
@) (g3) = 83 (Buin (0" Y™ B E). E) 2 5 (Buin(0, ¥ B E). E) =2 ¥ ) (g3), (472

where we remember that we allowed for population inversions. This time, by varying E between zero and
infinity, we vary g5'(B3, E) between 0 and 1/2.

Combining the heating and cooling cases, we have shown that
R 4R S &S
@D (y) 2 a8 (y) 4.73)

for y between 0 and 1. This implies relative majorization and, therefore, convertibility under CTO, i.e., we
have shown that / follows from 2.
O

The above Theorem shows that the performance in two of the most elementary thermodynamic tasks,
namely cooling and heating of the simplest systems, i.e., qubits, fully determines the convertibility between
and thus the relative value of quasi-classical athermality states. For a fixed (p%,y®), (0%,95), one only
needs |S| — 1 monotones, corresponding to the |S| — 1 non-trivial elbows of a(s*-8%) To show this, we start
](css,gs) _

with the assumption that there is no k € [|S| — 1] such that y %: Let (0%, 9%) be quasi-classical,

B > 0 fixed, we define the set of indices associated with cooling and heating, respectively, as

S oS 1
S, ::{ke [S|—1]: y& %) > 5},
S &S 1
Sy, = {k e[IS|-11:y5 %) < 5} 4.74)
and define the |S| — 1 energies
| ]((ss,gs) .
i In 1—)’1((S’gs) ifk eS8,
Ey = 1S 4.75)
%m yisggs) if k €Sy,

By definition, E; > 0. We will now show that (0%, yR) <2 (&5, 5) iff

Cg"' (PR, yF) > CE"'(O’S,)/S) fork € S,,
HEC(pR yR) > HE (05, 95) for k € Sy, (4.76)
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The forward direction follows directly from Theorem 4.1.5. For the reverse, assume that Eqs. (4.76) hold.
According to Eq. (4.70), this implies that for k € S,

a(tR g () = o™ (g1 (B, En) 2 a8 (g (B.En) = 58 (5T F)) =28 477
Moreover, according to Eq. (4.72), it implies that
o™ () = o (g8 (8, 1)) 2a ) (g5 (8. Er)) = o (0 F)) =) (478)
for k € Sy. In summary, we have thus shown that
o) (7 8y 5 08 v e 5 - 1. (4.79)

This implies relative majorization and, therefore, convertibility under CTO, which finishes our proof. If there
exists a k € [|S| — 1] such that yZ(sS ,8%) = %, we can apply the above criteria to check convertibility to states
arbitrarily close to the target state. Since CTO allows for an arbitrarily small error anyway, this is sufficient.

To check convertibility to a single quasi-classical target state, using |S| — 1 monotones is thus sufficient.
However, which monotones we must choose depends on the specific target state (via the energies £ given in
Eq. (4.75)). For different target states, we thus need different monotones, and it is easy to see that a complete
set of monotones that allows to check convertibility to an arbitrary quasi-classical target state necessarily
includes all E € (0, c0). This is not surprising since it has been shown recently that at least in the limit of

infinite temperature, there cannot exist a finite complete set of monotones [139].

4.2 Alternative Characterization of State Transformations

So far, we answered the question of how much we can cool or heat specific qubits. However, in many
applications, we want to reach a specific target inverse temperature 5. A dual question of interest is, therefore,
which qubits (characterized by their energy gap E) we can cool or heat to this 3 given a resource (p¥, yR)
and background inverse temperature 5 > 0 [107, 213]. In other words, we want to find the set €g( oR,yR: B)
of all energy gaps E for which we can achieve the desired transformation. Since we still investigate the
heating and cooling of qubits, i.e., are concerned with quasi-classical target states, due to Lemma 4.1.1, we
can again assume without loss of generality that (p®, y%), i.e., the initial resource, is quasi-classical too and
reduce our analysis to relative majorization. To this end, let r®, g® be the probability vectors corresponding
to P (pR), yR respectively.
Now let A be a qubit with energy gap E. Its Gibbs state corresponding to the inverse background
temperature £ is denoted by y“ and corresponds to the probability vector
A
gt (1 flg?), oh = ﬁ, (4.80)
Cooling or heating the qubit A means that we want to create the athermality state (74, y?), where ¥ is the

Gibbs state corresponding to the target inverse temperature 3, i.e.,

~A
3 N |
gA:( 81 ),g;\—— (4.81)

1- g 14 FE
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According to Eq. (4.20), when cooling the qubit (3 > f8), the non-trivial elbow of the lower boundary of

its testing region is given by

@ et) (4.82)
and when heating (see Eq. (4.33), B <p) by

(85.89)- (4.83)

Remembering that the background temperature is assumed to be finite and non-negative, i.e., 5 > O,
which is physically well motivated, we introduce w := w(E) := ¢ PE, where 0 < w < 1, since without loss of

generality, we only consider non-negative energy gaps. With a = 3/, this allows us to rewrite the elbows as

1 1 1 1
~A A\ _ _
(gl’gl)_(l+e—/§Eg’l+e—ﬁE) (1+w”’1+w)’

~A A Wa w
(g2 ’gz) (1 Wa’ 1 W) ( )

In summary, the elbows of (74, %) lie on the curve

( 1 1) fora > 1,

1+wa> 1+w

Falw) = (W—a W) fora < 1.

(4.85)
T+wa> T+w
Note that the case a = 1 is trivial since it corresponds to leaving the qubit in its initial equilibrium state,

which is, of course, always possible, independent of E.
IfE=0,thenw =1, and F,(1) = (%, %) If instead E — oo, then w — 0%, and

(1,1) fora>1,

(0,0) forO<ac<l,

lim F,(w) =
w—0* (%, 0) fora =0,

(4.86)

(1,0) fora <O.

For all fixed a # 1, the continuous curves describing the position of the elbows in terms of E thus start at (%, %)

(corresponding to E = 0) and go towards the boundary of the square with corners (0, 0), (0, 1), (1, 1), (1,0)
for E — oo (see Figure 4.4).

From Figure 4.4, it is plausible that for @ > 0, a # 1, there exist (quasi-classical) athermality states
(pR,¥R) with lower boundaries of their associated testing regions that cross the curve F,(w) in multiple
points. Since F,(w) determines the position of the qubit’s elbow in terms of E and §, this will imply the

following proposition.

Proposition 4.2.1: Energy gaps in cooling and heating

For every 8,3 > 0, # f3 there exist initial resources (pR, y®) such that €g(pR, y&; f) is not an
interval, i.e., there exist E; < E» < E3 suchthat E{, E3 € @ﬁ(pR,yR;ﬁ) and £, ¢ @ﬁ(pR,yR;ﬁ).
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Figure 4.4: The curves F,(w) for various choices of a # 1. Independent of a, F,(1) = (%, %). Curves
corresponding to a > 0 and, therefore, finite positive target temperatures are dotted. The curves on the top
right correspond to cooling, and for a — 1%, (vanishing cooling), we approach a straight line from (%, %) to
(0, 1). The curves in the lower left correspond to heating, and for a — 1~ (vanishing heating), we approach
a straight line from (%, %) to (0,0). The special case a = 0, drawn as a solid straight line, corresponds to
heating to infinite temperature. Negative a corresponding to population inversions in the target state are
dashed. For a — *o0, we approach vertical lines at x = 1.

Proof. First, we consider the case 0 < a < 1. Let f,(x) be the affine function that passes through (1, 1)
and is tangent to F,,(w). As seen in Figure 4.4, this function always exists. Denoting by (xo, f,(x)) the
tangent point, clearly 0 < xg, f5 (xg) < % and £,,(0) < 0. Let now f,(x) be the affine function passing through
(1,1) and (0, f,(0)/2). By construction, this function crosses F,(w) in two points, and we denote the
corresponding x-values by x, < x3. Furthermore, fa (x) crosses the x-axis at x4 < xp. Withx; = (x2 — x4)/2,
the qubit athermality state with corresponding elbow (x1, f,(x1)) satisfies our claims. Moreover, it can be
shown that for this elbow, there is a third crossing for an x < x| (see Figure 4.5). Even if it is not obvious
from Figure 4.4, this third intersection always exists (even for a arbitrarily close to 1) because the function

F4(w) is flat close to the origin. Indeed, by setting x = 13-, we can give the y values of the curve F,(w) as

a function of the x values,

xl/a
Fa(x) = (=)l +x1/a (4.87)
Then
Y _1 1 1/a-1 l/a'xl/a_l _(1 _x)l/a—l
al )_E(l—x)l/“+x1/a * - (1 —x)l/a 4 xl/a (4-88)
and (remember 0 < a < 1)
lim F(x) =0, (4.89)
x—0*

from which follows the claim. Notice that this also implies that for E — oo, heating to any non-trivial target

temperature becomes impossible.
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Figure 4.5: The lower boundary of the curve associated with a qubit athermality state (pR, y®) (blue) which
intersects F,(w) (black, solid) three times.

With this construction, we created a resource with only one elbow. This can either be interpreted as a qubit
or as a resource with all the elbows lying on two segments. However, for a generic system R with dimension
|R| > 2, it is also possible to construct additional intersections: Starting as in the qubit case, one determines
(x1, fu(x1)) and then considers the affine function that goes through that point and is tangent to F,(w) at a
point x < x1. Analogously, one can then construct another elbow, leading to additional intersections. From
the maximal number of elbows being |R| — 1 follows the maximal possible number of intersections.

We now turn to the case of a > 1. An analogous construction is possible, now starting with the affine

function that passes through (0, 0) and is tangent to F,(w). O

Proposition 4.2.1 may seem surprising since, naively, one might assume that if one can, e.g., heat a qubit
with energy gap E; to 3, one should be able to heat a qubit with energy gap E» < E3 to 3 too. However, the
change of the expectation value of the energy of a qubit with energy gap E when cooling/heating it from 3 to

B is given by
e‘ﬁE e BE

A(H(E)) = — -
HED =\ ofE " T e PE

E, (4.90)

which, as shown in Figure 4.6, is not a monotonic function of £. This provides an intuition for Proposition 4.2.1:
If the initial resource cannot provide/absorb enough energy, heating/cooling to a given 3 is impossible. Even
if in Figure 4.6, there are no energy restrictions if £ — oo, heating becomes impossible for £ — oo, as
discussed in the proof of Proposition 4.2.1. Indeed, it is well known that in the quantum regime, many second
laws exist [174], i.e., (free) energy considerations alone are not sufficient to determine if a transformation is
possible or not.

We conclude this Section by showing that the ability to cool and heat qubits to fixed temperatures again

fully characterizes the conversions between quasi-classical states.
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Figure 4.6: The change of the expectation value of the energy A (H(E)) of a qubit when cooling it from
B =1to 3 =2 against its energy gap E.

Theorem 4.2.2: A generalized resoure measure for quasi-classical states under CTO

Let (o5, ¥%) be quasi-classical. Then (pR, y&) €19, (o3, 9%) if and only if

Cs(p",v® B) 2 €s(a°, 7% ) 4.91)

for any fixed 8 > 0 and all 3 € (—c0, c0).

Proof. One direction is again trivial. If

(" 7R = (05,79 (4.92)
and

(@5,7%) 2 (74,9%) (4.93)
then also

(R R 2 (74,94, (4.94)

since CTO is closed under concatenation. Thus €z(p®,yR;5) 2 €sz(c5,95;5). Moreover, due to
Lemma 4.1.1, we can again assume without loss of generality that (p®, y®) is quasi-classical too, and identify
rR, gR s5 g5 with PRZR(pR) yR o5 45 respectively.

Assume now that €g(pR, yR; ) 2 (EB(O'S, v5; ) for a fixed 8 > 0 and all 3 € (—c0, ) and remember

that
CTO
PR, y®) — (05,9%) (4.95)

if and only if (rR, gR) = (s5,g%), i.e., if the testing region associated with (r®, gR) contains the testing

region associated with (s%,g%). Now suppose that the testing region associated with (s%, g%) is not contained
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in the testing region associated with (r%, gR), i.e., that there exists at least one point (xg, yo) outside the
testing region corresponding to (r®, gR) and inside the testing region corresponding to (s5, g5).

Using the notation introduced previously, we then choose ag, wo such that (xo, yo) = Fg,(wo). For
vo ¢ {0,1/2} and xo # 1, such a pair always exists, see Figure 4.4. If yg € {0, 1/2} or xo = 1, by continuity
of the boundaries of the testing regions, there always exists a point (x(’), yé) close to (xg, yo) that also satisfies
that it is outside of the testing region corresponding to (rR, gR) and inside the testing region corresponding to
(s3, g%) such that yo ¢ {0,1/2} and x) # 1 and we use that point for our argument instead.

With E, such that wy = e #0 and f3 such that ag = 8y/8, we then find that E ¢ Cs (pR,yR: By) and
Eo € €g(05,y5; Bo). This is clearly a contradiction to the assumption that €4 (pR, yR; §) 2 €g(c5,v5; f)
for all 3 € (—o0, ). O

Whilst the €4 represent sets and are therefore no resource measures in the strict sense, the equation
Cs(pR YR p) 2 (EB(O'S ,v%; B) can be seen as a generalized resource measure [214—216] that implies an
operational order, namely that (p®, y®) can be used to cool/heat more qubits to the desired target inverse

temperature 3 than (o5, y5).
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Chapter 5

Choi-Defined Resource Theories

In Chapter 3 and Chapter 4, we focused on two specific resource theories and derived results that are valid
only within those theories. However, one of the advantages of having a common framework is that it allows
one to expand the focus and find properties that are common to many resource theories. This is our goal for
this Chapter. We start with the observation that the resource theories of separable and non-positive partial
transpose entanglement [54—64], magic states [36—40], imaginarity [41-43], and non-negativity of quantum

amplitudes [217] share two interesting properties:
1. A channel is free if and only if its Choi matrix (properly renormalized) is a free state,
2. Free operations coincide with the set of completely resource-non-generating operations.

We call resource theories that exhibit the first property Choi-defined resource theories (CDRTs), and we will
show that property 2 is a necessary condition for property /. Being a CDRT is a valuable property: Every
problem associated with free quantum channels can be converted into a problem involving free states. This
leads to computational convenience, especially in convex resource theories, where many problems can be
stated as conic optimization problems over the cone generated by the free states.

Given the advantages of CDRTs, one wonders when it is possible to construct such resource theories
from a given set of free states. In this Chapter, we answer this question by providing necessary and
sufficient conditions for the set of free states. Moreover, since the free operations in a CDRT are all and
only the completely resource-non-generating operation, this result provides a constructive definition of
CRNG operations and generalizes what has already been observed in the resource theories of magic states,
imaginarity, NPT, SEP, and non-negativity of quantum amplitudes. Next, we introduce resource measures, a
complete family of monotones, and conversion distances in CDRTs, which can all be computed with conic
linear programs (CLP) [83, 218] whenever the set of free states is convex and closed, or even with semidefinite
programs (SDP) [219].

5.1 The Choi Isomorphism

In this Section, we present the mathematical tool that is at the base of this Chapter: The Choi isomorphism [220].

This is an isomorphism between operators in £(A — B) and bipartite matrices in £(BA’), where A’ is a
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copy of A. The bipartite matrix M54 associated with the map MA™% is called Choi matrix of MA™5 and
it is defined as
MB:A' — MA—)B ® IA' ((I)AA/), (51)

where 74 is the identity channel, ®44" = ¥, Xy [XXy|* ® [xXy|4" is the unnormalized Choi state on AA’,
and { )4 } is an orthonormal basis for A. Here, we use the notation ‘:’ to keep track of input and
output. Moreover, M 24" is positive semidefinite if and only if MA™? is completely positive-preserving and
Trg MBA" = 14" if and only MA~5 is trace preserving [66, 221]. From M54’ one reconstructs the action

of the quantum channel MA=2 on a state p with the inverse Choi isomorphism:

MAZB () = Traa[(MBY @ p?) (18 @ @A)

5.2
= Tra[M%4 (1% @ (p1)1)]. 2

Note that here, one needs to know which system is the input of the original channel and which is the output.
If such information is missing, a matrix M BA ¢ould be associated with different linear maps, as shown in
Subsection 5.1.2.

Observe that, if we divide the Choi matrix M5*4" of the channel MA~% by the dimension d of A, we

obtain a quantum state x%4” such that
1

Trg u®4 = —14. (5.3)
da
Consequently, a bipartite state is the renormalized Choi matrix of a quantum channel if it satisfies the condition
in Eq. (5.3).
We point out that, Eq. (5.1), the choice of tensoring MA—2 with the identity channel on the right is

arbitrary. One can tensor on the left and define the Choi matrix of a channel M4~8 as:
MA’:B — (J-A’ ® MAHB)((I)A'A)‘ (5.4)

In this Thesis, we choose Eq. (5.1) as the definition of the Choi matrix of the channel MA=B _ but the
treatment can be adapted to the other definition with minimal effort.

5.1.1 The Link Product and Swap Tensor Product

A very useful operation between Choi matrices is the link product, defined as
NCB s« MBA = Trp g [(NCB @ MBA) (1€ @ B8 © 14)). (5.5)

Indeed, if M54" and NC*B are the Choi matrices of the quantum channels M4~% and NB~C | respectively,
then the matrix T4 = NCB «MB*A is the Choi matrix of the quantum channel 7a_,c = NB>CoMA>B [66].
It is worth noticing that if MA~5 is a preparation channel, i.e., A = C and M®B(1) = pB, then MEC = pB
and NCB s« MBC = NB=C(pB),

The link product is the operation between Choi matrices associated with the sequential composition of
channels. Now, we focus on parallel composition. Let MA~8 and N¢~P be quantum channels, and let
MBA" and NP:C’ be the Choi matrices associated with them. Let Tac—gp = MA78 @ N¢~P_ The Choi

matrix of the tensor product of channels is often either overlooked or claimed to be equal to M54 @ NP:C",
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The latter approach has its merits if the order of the systems is not relevant. However, when it is crucial to
keep track of input and output systems, like in this work, we expect the Choi matrix of Tyc_pp to be a
matrix Tgp.a’c Which is not equal to M B:A" @ NDC’ pecause the order of the systems is not the same. We

define here an operation ®, which we call swap tensor product, that takes care of the order of systems:
MBX g NP = (18 @ Sppopa ® T€)(MBY @ NPC). (5.6)
We show now that M54 & NP:C’ is the Choi matrix Tgp:a ¢ of Tac—pp = MA7B @ NCD.
Tep:arcr = (Tac—pp ® IV ) (@A)
= [(MA7B QNP @ T4) o (I*® Sucoca ® TC)] (@4 @ @)
= [(T8®Sapopa ®T) o MABRTA @ NP @ T (@ @ @°C)  (5.7)
= (% ® Swpopa ® I) (M4 & NP

- MBZA’ [ NDIC’

5.1.2 Ambiguity of the Choi Matrix

In this Section, we demonstrate that one must be cautious when dealing with Choi matrices, as multiple linear
maps can have the same Choi matrix. This is the key motivation for using rigorous formalism and notation

for Choi matrices. Consider the matrix

12 0 0

gLz 4 0 0 (5.8)
5o 0 4 -2
00 -2 1

It is Hermitian and positive semidefinite. Therefore, it could be the Choi matrix of a quantum map (CP
linear operator) [66]. However, if we have no information about the bipartition of such a matrix, we can find
different quantum maps with M as their Choi matrix. M could be the Choi matrix of the quantum map that
prepares the supernormalized state M. Another easy choice is to consider M as the Choi matrix of the effect
MT, which acts on a 4 x 4 matrix N as Tr(MTN).

The last choice is to consider M as the Choi matrix of a quantum map from a two-dimensional system to
a two-dimensional system. In this case, there is some ambiguity as well. Let A and B be two-dimensional
complex Hilbert spaces. We observe that we can write M as a linear combination of elementary tensors in
A®B:

1 1 2 1 4 -2
MAB = Z|0X0|* ® +-|[IX1]* ® . (5.9)
5 2 4,5 -2 1),

As detailed in Eq. (5.1) and Eq. (5.4), there are two conventions for the definition of the Choi matrix, i.e.,
MAB = (MB'=A @ 78)(DF'B) and MAB = (74 @ MA™B) (@A) (we relabelled the systems to match
with MA8). Unsurprisingly, using different conventions, one finds different quantum maps associated with

MAB _If we consider the former, which is the one that we use in this Thesis, we obtain the map that acts on
|0X0|B as

A
B'—A py_ L1 0 1
MZE(0XO] )—5(0 4) : (5.10)
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While with the latter, |0X0|4" is mapped into

B
A'—B A (1 2

MZEA0X0IT) = 5 (2 4) : (5.11)

Sometimes, if we know that a Choi matrix is the Choi matrix of a quantum channel, we can resolve
this ambiguity. Indeed, the trace of the Choi matrix of a quantum channel is equal to the dimension of the
input system. Therefore, since Tr M = 2, we can rule out the first two quantum maps associated with M, so
we must have the qubit-to-qubit map because it satisfies this condition. Another thing to consider is that if
M48 is the Choi matrix of a quantum channel, then the marginal on the input system is the identity matrix.

Consequently, we can check if either Try MAZ = 18 or Trg MAZ = 14 to solve the ambiguity. We obtain
B B B
Tea M 11 2 N 1[4 -2 1 0
T = — — = .
ATT50 4 TS5 2 0 0 1

1 0
Trg M = |0X0|* +[1X1]* = (0 1)

(5.12)

This test is inconclusive for M since both marginals are the identity matrix. Therefore, even if we know that
we have the Choi matrix of a quantum channel, we still have the ambiguity about the convention used to
compute it.

This indicates that a significant amount of information is required to reconstruct a quantum channel from
its Choi matrix. It is not enough to know just the entries of a Choi matrix; one needs to know the dimensions
of the input and output systems and their order in the Choi matrix. While the dimensions of the systems can
always be deduced when dealing with quantum channels, the same cannot be said for the order of the systems.
If one is fortunate, one can deduce it by computing partial traces. However, this is not always the case, as
demonstrated for M.

We point out that if we consider a renormalized Choi matrix instead of working with a Choi matrix, we
lose even the information about the dimension of the input system because all renormalized Choi matrices
have trace one. For example, let u45€ be a normalized quantum state such that Tr u48€ = mﬂBC, then

also Trap ,uABC = %]lc, which implies that both

MBC—)A (pBC) —
ABC B'C'\ q A BCB'C’ (.13)
Tracpc [(dpdcu ®p” " )1 @ d )1,
and
METAB(pC) = Treer [(dep®C @ p) (147 @ CC)] (5.14)

are quantum channels associated with u48€.

5.2 Definition and Properties of Choi-Defined Resource Theories

Remember that a resource theory provides a partition of all quantum channels into free and resourceful ones

with the following properties (see Section 2.1):

85
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1. the identity channel is free,

2. the swap channel is free,

3. discarding a system is free,

4. sequential composition of free channels is free,
5. parallel composition of free channels is free.

Moreover, a state is free if it can be prepared with free operations. If one applies a free channel to a free state,
one obtains a free state, meaning that obtaining a resource from free objects is impossible. This is sometimes
called the golden rule of resource theories [84]. Consequently, every set of free states satisfies the following

properties: It is closed under tensor product, partial tracing, and system swapping.

~
»

c)e
oS
%O

Figure 5.1: Sequential composition of operations. A source emits a quantum system, e.g., a photon (coloured
in red). A first operation M is performed on this quantum system and produces a new quantum system as
output. A second operation A is performed on the new quantum system. The overall operation done on the
first (red) quantum system is the sequential composition of M and N, denoted with N o M. The sequential
composition is translated into the link product when dealing with Choi matrices.

Remark 5.2.1

One of the constraints of the resource theory of bipartite entanglement is that the two physically
separated agents cannot exchange quantum systems. This may appear to conflict with the condition that
the swap channel is a free operation. However, in this scenario, the systems in question are bipartite
systems [85], i.e., S1 := A1 B and S, := A»B,. The physical separation is, as usual, between systems
labelled with A and systems labelled with B. The swap channel only swaps the order of the two
bipartite systems S; and S», i.e., A|B1 A2 B, <> Ay By A B). If we organize the systems according to
the physical separation, the action of the swap channel is (A A,)(B1B3) — (A2A1)(B2B1). Therefore,
the two agents are locally exchanging the order of their own quantum systems, and there is no exchange

of quantum systems between them.
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As noted at the beginning of this Chapter, the resource theories of magic states, imaginarity, SEP, and
NPT share an interesting property: A channel is free if and only if its renormalized Choi matrix is a free state.
Now, we generalize such resource theories by introducing the construction of Choi-defined operations and

Choi-defined resource theories.

Definition 5.2.2: Choi-defined operations

The Choi-defined (CD) operations associated with a set of free states are all and only the quantum

channels such that their renormalized Choi matrix is a free state.

With this definition, we are ready to define the Choi-defined resource theories.

Definition 5.2.3: Choi-defined resource theory

A quantum resource theory is a Choi-defined resource theory (CDRT) if its free operations coincide

with the Choi-defined operations associated with its set of free states.

Not all quantum resource theories are CDRTs. For example, in the resource theory of athermality [33, 34],
there is only one free state in §(BA’) but many free operations in F(A — B). Therefore, there is no
one-to-one correspondence between free states and free channels. A more interesting example is the resource
theory of entanglement. In this case, the free states are the separable states, but the construction of CD
operations produces all separable operations, which are a larger set than LOCC [222, 223]. As a result, the
resource theory of LOCC entanglement is not a CDRT.

It is a natural question to characterize when, given a set of free states, the construction of a CDRT
is allowed. In every well-defined resource theory, the identity is a free operation. As a consequence, its

renormalized Choi state iCDAA/ is free in every CDRT.
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Remark 5.2.4

The renormalized Choi state is not the maximally entangled state in the resource theories of

entanglement, SEP entanglement, or NPT entanglement. Indeed, in these resource theories, each
system is a pair of physical systems [85], i.e., S := AB, and S’ := A’B’, and the spatial separation is
between systems AA” and BB’. Let { la)? } and { |b)B } be orthogonal bases for A and B, respectively,
then . .
— 055 = ——— bXab|At ® labXab|"'?'. 5.15
i T ;Bm Xab|** © |abXab| (5.15)
a,b,da,

If the systems are reorganized according to the spatial separation, the renormalized Choi state becomes

1 ~~1AA 77 1BB’
T Z laaXaa*® ® Z |bbXbb|
a. b.b (5.16)

- Lgan g Lgnw,

da dg
This shows that the state %@SS/ is separable with respect to the spatial separation between AA’
and BB’. Therefore, it is free in the resource theories mentioned above, so it is not the maximally
entangled state on (AA”)(BB’).

When we require that resource theories be closed under the sequential composition of free channels
(Figure 5.1), we find a less trivial condition for the set of free states. In Ref. [66, 221], the authors introduced

an operation between bipartite matrices called link product, defined as

NCZB, * MBZA,
= Trgp [((NCB @ MBA) (1€ @ 88 @ 14)] (5.17)
= Trs[(N©P @ 17) (1€ ® (M ™)),

where -2 is the partial transpose on system B. This operation translates the sequential composition of
channels into an operation between Choi matrices. Thanks to the link product, we can restate the golden rule
of resource theories as a condition on the set of free states. That is, the condition that M4~ (p?) be free
whenever MA78 and p” are free becomes that d4u®4"  p be a free state if p” and u#4" are free states
and %4’ is the renormalized Choi matrix of a quantum channel.

We now state our first main result.

Theorem 5.2.5: Necessary and sufficient conditions for CDRTs construction

It is possible to construct a CDRT associated with a set of free states if and only if for all systems A
and B

1. the state iCI)AA' is free,

2. if pA and uB4 are free states, and 4’ is the renormalized Choi matrix of a quantum channel,

then dapu®4" « pA is a free state.
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Proof. First, we prove the necessary conditions. Assume that the free states and the free operations form a
well-defined CDRT.

1.

The identity channel is a free operation in every resource theory. Its Choi matrix is (74 ®74")(®44") =

@AA', therefore the renormalized Choi matrix ifb’“/ is a free state.

2. Let MA~5 be the CD operation associated with u54". Then, by Definition 5.2.3, M4™5 is free.

Therefore, dsu?4  pA = MAB(p4) is free, because both MA~E and p” are free.

We now prove that conditions 1 and 2 are sufficient for a well-defined resource theory when the free operations

are the Choi-defined operations. Recall that we assume that the set of free states under consideration is

compatible with a minimal resource theory, i.e., closed under tensor product, partial tracing, and system

swapping. Now, we demonstrate that the five conditions for a resource theory listed in Section 2.1 are satisfied.

1.

The identity channel is free. Indeed, since id)AA' is free for all A, then the CD operation associated
with it, the identity channel on A, is free.

1 ABA’B’
dadp @

Since the set of free states is closed under system swapping, one obtains that

is a free state.

1_@BAA'B ._
Tady 2 =

m(SAB_’BA ® ITYB)(®ABAE") is free too. This state is, by definition, the renormalized Choi

matrix of the swap channel, which is, therefore, free.

The swap channel is free. Indeed, from condition 1, one has that

. Discarding a system is free. Indeed, since d]—Ad)AA' is free for all A and the set of free states is closed

under partial tracing, then (Try ® 1 A,)(idDAA’) = t]lA is free. Once again, this is, by definition, the

Choi matrix of the discarding channel on A, which is therefore free.

. Parallel composition of free channels is free. Indeed, let MA~2 and N¢—P be free channels,

and let u®4" and vP€" be their renormalized Choi matrices, respectively. The state T5PAC" =
(I8 ®@Supspa ®TC)(uBY @ vPC"), where Sqp_pa- is the swap channel, is free because the set
of free states is closed under tensor product and system swapping. As shown in Appendix 5.1.1, the
CD operation associated with 782A°C" js MA=B @ NC=P which is therefore free. This proves that

the parallel composition of channels is free.

. Sequential composition of free channels is free. Let MA~% and A€ be free channels, let 54’

and v©B’ be their renormalized Choi matrices. These Choi matrices are free states. We point out
that condition 2 does not immediately imply that dgv<8’ s u#4" is free. Indeed, condition 2 only
applies when the system of the second state in the link product matches the second system in the
bipartition of the first state. In the case of the link product between vC5" and uB4’, BA’ is not
a copy of B’. Here, we want to construct a free state Vcar.p 4 such that dpdaVcar:pra * ﬂBA' is
the renormalized Choi matrix of N3¢ o MA=5_ If such construction is possible, then we can
apply condition 2 of the Theorem and the definition of Choi defined resource theories to deduce
that NB72C o MA™B is free. Let ¥ a4 be the renormalized Choi matrix of N37C€ ® 74, that is

CABA = (7€ @Spa—np @ TN(VCE @ iCI)A':A). Such a state satisfies the conditions above:
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e It is free. Indeed, both vEB" and i@A,A are free, and the set of free states is closed under tensor

product and system swapping.
o dpdaVcar-pa* uP? is the renormalized Choi matrix of N8~ o MA™E:
dpdavcaspa* uB = (NB7C @ 1) (1Y)
1 — 4 — ’ ’
ZZ(NB C®IA)O(MA B®IA)((DAA) (518)

1

=T [(NB—>C o MA—>B) ®IA’] (@AY,

We observe that point 3 of the proof of the sufficient conditions implies the following Corollary.

Corollary 5.2.6: Maximally mixed state

In every CDRT, the maximally mixed state is free.

An interesting common property of the examples of CDRTSs presented in the introduction is that their
free operations coincide with the CRNG operations [39, 40, 43, 55, 56, 64]. As we show in the following
Theorem, this is a general feature of every CDRT.

Theorem 5.2.7: CRNG operations

In every CDRT, free operations coincide with CRNG operations.

Proof. In every resource theory, free operations are CRNG (see, e.g., Ref. [84]). Suppose MA~8 is a
CRNG operation. Since M4™8 is CRNG and iCDAA' is free as a consequence of Theorem 5.2.5, then
MABeT A’)(i(DAA') is a free state. This state is the renormalized Choi matrix of M4~ Therefore, it

follows from Definition 5.2.3 that MA™8 is a CD operation. O

Notably, this Theorem provides an easy construction for CRNG operations when the set of free states
satisfies the conditions of Theorem 5.2.5. Two examples of resource theories that are not CDRTs, and for
which Theorem 5.2.7 does not hold, are the resource theory of athermality [224] and the resource theory of
k-unextendibility [225]. In athermality, the CRNG operations are the Gibbs-preserving operations, but their
renormalized Choi matrices are not free states. In k-unextendibility, an attempt to construct a CDRT from
k-extendible states was made in Ref. [226], but the resulting operations were not resource-non-generating.
Indeed, k-extendible states do not satisfy condition 1 of Theorem 5.2.5.

In the next Subsection, we present resource theories that satisfy the conditions of Theorem 5.2.5. We
start with the resource theory of asymmetry, where, to the best of our knowledge, there is no explicit result
yet in this direction [44, 45].
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5.2.1 Examples of CDRTs
Resource Theories of Asymmetry

In the resource theory of asymmetry [44], two parties have access to the same quantum systems but do
not share a reference frame. The relation between reference frames is described by an element g of a
compact group G determined by the symmetries of the problem. Free states are those that the two parties
are certain to describe in the same way, that is, G-invariant states. In other words, as state pA is free if
UL (p*) = Ugp(UHT = p? forall g € G, where U is the unitary representation of g € G on the Hilbert
space H. Note that the unitary representation on the product space H ® Hpg is U ;B =U ? U g . Similarly,
a channel MA™8 is free if it is G-covariant, that is, US o MA™E o (UL = MA7B forall g € G.

Theorem 5.2.8: CDRTS of asymmetry

A resource theory of asymmetry is a CDRT if and only if the renormalized Choi state is free.

Proof. Necessity is trivial because of Theorem 5.2.5. For sufficiency, we have only to show that the set of
free states is closed under the link product whenever the Choi state is free. To this end, let £Z4" and p* be
free states such that d4- Trp ,uBA' = 14", Then,

(Llf(dA,uB:A’ « p) = (Llf(dA Traa[ (1B ® p?) (18 @ @4'4)])
= UL (da Traal (U (1B ® p)] (15 © @Y H)})
= UB(daTraal[(UB) & (UF ™) (P @ p™)]
(18 @ @4'4)})

=dpaTraa{[I% ® (ﬂ;'A)‘l(ﬂBA' 2 pM] (17 @ dV4)) (5.19)
= dpTraa{(W®Y @ pH[18 ® rué“’A(cDA'A)]}
= daTraa[(1P* ® p*) (15 @ ¥'4))
= dap®B « ph.
O

In addition, the Choi state is G-invariant if and only if all the unitary representations are real in the Choi
basis. To prove this, it is easier to work with the Choi vector |¢>AA/ =217 )AA' rather than with the Choi
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matrix ®24" = |¢X¢|44". Indeed, for all matrices M4, we have

(Ma @ 1) |9)* = (Ma 0 1%) Y i)"Y
J

= 3 MK 8 1) )
J.k,l

— Z Mk |kj>AA’
.k

= > MM @t e XU Lk
J.k,l

= (1% @ My) Y. lkk)y*
k

(5.20)

= (14 e ML) o).

Itis straightforward to seethatifU? isreal forevery g € G, then (U,®U,) |¢)AA' = (1A®U§\(U§‘)T) |¢>AA' =

|¢>AA’ and therefore @44 is G-invariant. If instead we assume that |¢>AA’ is G-invariant, then for all g € G

194 = (U @ UL) 1) 521)
= (1 e UN (UMT) |47 . '

As a consequence,
DY = (1 e 1) 1)
= (1" @ U (UH) [9)" (5.22)
= U (U 1N
for all elements of the Choi basis. This proves that U g" (U;’)T = 14", and therefore the representation is real
in the Choi basis.

These results are similar to those presented in the Supplementary Information of Ref. [227] about
completely symmetry-preserving operations. This similarity is not surprising because CD and CRNG
operations coincide in CDRTs as a consequence of Theorem 5.2.7. In the context of asymmetry, an example
of a CDRT is the resource theory of parity generated by the group Z, [44].

Resource Theory of Magic States

The resource theory of magic states [36—40, 228] or non-stabilizer quantum computation is based on the
Gottesman-Knill theorem [21], which states that quantum circuits composed of Clifford group gates, measure-
ments of Pauli group operators and classically conditioned Clifford group operations acting on a finite number, 7,
of qubits initially in their ground states can be efficiently simulated classically. As a reminder, the Pauli group on
n qubits, P, is the group generated by the tensor products of the single-qubit Pauli matrices { 1z,0x,0y,0; },
up to overall phases { 1, i }. For example, | = { +1o, +ily, £0, £i0x, 0y, £i0y, 0, +i0, } The
Clifford group on n qubits is the set of unitary transformations that normalize %, that is, the set containing
all the unitary transformations U such that UP,U" = P,,. The operations listed in this paragraph are called
stabilizer operations. The free states in the resource theory of magic are the states that can be prepared with a

circuit composed solely of stabilizer operations.
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We prove now that the set of magic states satisfies the conditions of Theorem 5.2.5. For the first condition,
we denote the number of qubits in A with n and the elements of the computational basis with |x; ... x, ), where
xj =0, 1. The normalized Choi state |¢) = 2# 2ixy..x, X1+ Xn) |xX17 ... x,) is obtained by preparing the n
entangled states % ij |x X j/> and by swapping the order of the systems. The j-th 2-qubit entangled state can
be obtained with a Hadamard and a CNOT gate acting on |0j 0/’ >, and the swap channels can be decomposed
into three CNOT gates (see, e.g., Ref. [11]). All these operations are stabilizer operations; therefore, the

1 g AA
da s

We now consider the closure under the link product of the set of stabilizer states. Let ,uBA/ and p” be free

renormalized Choi state is a stabilizer state. This proves that condition 1 of Theorem 5.2.5 is satisfied.
states such that d4 Trg uB4" = 14, where A is a n-qubit system and B is a m-qubit system. This implies that
there exists a protocol to create u54" ® pA for free. By Eq. (5.2.5), the state dou?4" * p is obtained by a

protocol with postselection:
1. Prepare uBt ® pA.
2. Perform a measurement in the Bell basis for each of the pairs of qubits in A’A

3. Postselect on the measurement outcome associated with i@A'A. After the postselection, the system B

is in the state dau®4" * pA, as requested.

Each of the steps of this protocol is a free operation. Indeed, the measurement in the Bell basis can be
converted into a measurement in the computational basis by adding Hadamard and CNOT gates, which are
stabilizer operations. Therefore the state dau®4" « p” is free, as requested by Theorem 5.2.5. The set of
stabilizer states satisfies all the conditions of Theorem 5.2.5, and the CDRT constructed from it is the resource

theory of magic states [40].

Resource Theory of Imaginarity

We now focus on the resource theory of imaginarity [41-43, 228]. This resource theory aims to evaluate the
role of imaginarity in quantum mechanics. A state is free if its density matrix, expressed with respect to a
fixed basis, is real. States with density matrices containing non-real numbers are resources. The Choi state
édDAA' relative to the fixed basis has only real coefficients and, therefore, is free. This proves condition 1
of Theorem 5.2.5. Condition 2 follows trivially because it can be expressed using only multiplications and
traces of real matrices, from which it is possible to obtain only real matrices. This proves that it is possible to
construct a CDRT from the set of real matrices, and it coincides with the resource theory of imaginarity,
where the free operations are all the CRNG operations [43].

Resource Theory of Separable Entanglement

In the theory of entanglement [23, 27, 122, 124, 125, 229], systems are bipartite systems, and free states are
separable states. We have already shown in Remark 5.2.4 that the Choi state is separable and, therefore,
free. We now prove that the separable states are closed under the link product. To align with the convention

used in entanglement-related resource theories, we denote the first pair of systems with S; := A B and the
. / . . . . A/ _ByB!
second with S, := A,B»,. Let ,115251 be a separable state, i.e., there exists density matrices M > and A >
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AyA| BB,

A A j /
such that u V=2 PiM; e ﬂé B’ where p; > 0 and }; p; = 1. Moreover, let w5251 be such that

ds; Trs, 551 = 15", Let p5t = 3 qrpi ® pr', where g > 0 and Y gx = 1, be another separable state.

Then
S — (Asz)(AlBl)(]l(Asz) ® (p(AlBl))T)]

5815 pS1 = Tr 4,y [

_ Zp]qw' o 0" (5.23)

where a-JAk = Try I{#AzAl 14 @ (pkl)T]} and o
S»S7!

T 5= TrBl{"BzB1 [1%2 ® (52')"]}. This proves that
ds, us? S1x o5 is a separable state whenever 15251 and pS' are separable, therefore condition 2 of Theorem 5.2.5
is satisfied. This implies that it is possible to construct a CDRT from the set of separable states, which

coincides with SEP [55, 56].

Resource Theory of NPT Entanglement

Looking again at the resource theory of entanglement, one notices that all separable states have positive
partial transpose [57, 58]. One can thus consider the bipartite states with positive partial transpose to be free
states. This set is strictly larger than the set of separable states due to bound entanglement [59], which is
of great relevance in quantum information [57-63]. Since the set of PPT states contains separable states, it
automatically satisfies condition 1 of Theorem 5.2.5. Let u(4282)(4181)" and p(A1B1) pe free states such that

dia,By Tt(AL.By) ’u(Asz)(AlBl)’ = 1(A1B1)" We write (IU(AZBZ)(AIBl), % p(AlBl))T32 as

(Iu(Asz)i(AlBl)' % p(AlB1))TB2

= Tra, 5, ((Iu(Asz)(mBl))TBz (]l(AZBZ) Q (p(AlBl))T)) (5.24)
= Tra, 5, [(/J(AZBZ)(AlBl))TBZBI (H(AZBZ) ® (p(AlBl))TAl)].

. . . . . . AB L
Since p(A181) has positive partial transpose, there exists and eigenbasis { ’go j>( 1B } and positive eigenvalues

A; such that (M BN)T41 = 5, ;10 Xp;| 418, This implies that, for all ) (A2B2)

<W(A232) (A2B2):(A1B1)" p(AlBl))T32

d,(Asz)> —

(u

Z/lj <¢(A232) ® 905}“131) (M(AZBZ)(AIBI))TBZBI

A1 B
w(Asz) ®90; 1 1)> (5.25)

>0,

where the last inequality follows from the fact that (u(4282)(A1B1)Tsy8) > (), as it is free, and A; > 0. This

(A2B2):(A1B1)" y p(A1B1))YTBy > (), and that the set of states with positive partial transpose

proves that d4 (u
is closed under link product. In this case, as well, we have shown that the set of free states satisfies the

conditions of Theorem 5.2.5. The CDRT constructed coincides with the theory of NPT [60-63].

Resource Theory of Non-Negativity of Quantum Amplitudes

In the resource theory of non-negativity of quantum amplitudes [217], there is a fixed orthonormal basis
{ |j)yA } for every system A. For consistency, the orthonormal basis on composite systems AB is { |jk)AB },

where { [j)4 } and { |k)B } are the fixed orthonormal basis for systems A and B, respectively. In the resource
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theory of non-negativity of quantum amplitudes, a normalized pure state ly)4 is free if and only if, up to
a global phase, it is a positive linear combination of elements of the fixed basis, i.e., if and only if there
exists 6 such that |y ) = i? 2 a; 14, aj >0 forall j, and ZJ a2 = 1. If |y )* satisfies this condition we
write |)? > 0. From this definition, it immediately follows that —— Z |j ])AA is a free pure state. In other

L pAA’ g free.

words, the renormalized Choi state i:
A mixed state is free, if it is a convex combination of free pure states, i.e., p? is free if and only if
A=Y, PaltaXal?, where o) >0, po =0 forall j, and >« Pa = 1. Note that a free mixed state

expressed in the orthonormal basis has the form

> paagaf ki, (5.26)
a,k,l
where po 2 0,a% 2 0,and 3, pa = Zj(a;?’)z = 1.
To show that the set of free states satisfies the conditions of Theorem 5.2.5, we need to show that d B4 «
p? is free whenever #4" and p# are free and d s Trp B4 = 14, Letu®A = 3, ;14 mPadfa ap, | jkXim| P4,
with py 20,09, >0, L4 pa = X;4(a?,)? = Landlet pA = T ., qpbiby Xyl 4, with gg > 0, b5 > 0
and Y5 qp = 3 (V)% = 1. Then,

dapB4 5 pA = da Tra[uB2(18 © (pM7)]
=da Z TrA[paa] 4. ml]k)(lmlBA
a,B,j,k,l,m,x,y

(18 ® qpbli b5 Xyl (5.27)

=ds D, paatial,agbibuliXi®
a,B,j,k,l,m

=ds ) aCIﬁ(Z af ) (2 bl LK.

a,B,j,1
This expression suggests the definition of the coefficients

Tap = dapaqp.
a,p ._ a 1B (5.28)
¢ = Z aj,kbk.
k
With such coefficients, the expression above becomes

dapB4 « pA = Z ra,,gc;’ﬁcl‘”ﬁ|j><1|3. (5.29)
a,B,j,1

0'3)2 = 1. If one defines

However, these coeflicients do not satisfy the desired conditions >, gra.p = 2;(c

Sa.B8 =Tap Z(C](:’B)z,
k

@B 5.30
P (5.30)

BN S
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it immediately follows that

dap® ¥ wpt = 3 raped el PP

a,B,j,1
(5.31)
= 3 sapd{PdPix0",
a.p.j.l
and
Z(d]‘.’ﬁ)2 ~ 1. (5.32)
J
What is left to show is that Za,ﬁ Sa.p = 1. To this end, notice that d4 Trp uBA =14 implies
6]{’1 = <k | dA TrB ,uBA | l>A
. BA| -
= > da(jk|uBA]jl) g,
J
. . 5.33
=D daGrl( Y paagyag bxyXwzlPA) |15 -39
J ,X,y,W,z
= ZdApaa;”ka;”l.
a’.i
Therefore
2, 5un = 2 yran e}
a,f J
= ZdApaqﬁ Z aj kb’faj’lbﬁ
J.k,l
= Z qlgb’gb?ZdApaa;”ka;”l
B.k,l a,j
= . apbi ok (5.34)
Bk,

ZZ%bebf
B X
=Y ap
7
- 1.

The state dou®4" * p# can be written as a convex sum of positive pure vectors and is therefore free. The

CDRT generated from this set of pure states is the resource theory of non-negativity of quantum amplitudes.

5.3 Optimization Problems in CDRTs

In CDRTs, every optimization problem over the set of free channels can be converted into an optimization

problem over the set of free states. That is,

max fF(MAB) (5.35)
MA-BecE(A—B)
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becomes
~ BA/
max fu”™). (5.36)
uBA eF(BA),
da Trp uBA =14

Here, f is a function from the set of quantum channels to the R, F(A — B) and (BA’) are the sets of free
channels from A to B and free states on BA’ and f is the composition of f with the inverse Choi isomorphism
defined in Eq. (5.2). It satisfies f(u®4) = f(MA™B) whenever uB4" is the renormalized Choi matrix
of MA™B. Moreover, if the set of free states is convex and f is linear, the optimization problem can be
expressed as a CLP (see Subsection 5.3.3 for details) or even as an SDP.

If one has a set of free states that does not satisfy the conditions of Theorem 5.2.5, one can still consider
the CRNG operations. However, in this case, there is no universal way of expressing the constraints in
optimization problems as a single constraint in terms of free states.

In the following Subsections, we will introduce several quantities that can be computed with optimization

problems like the one in Eq. (5.36) and the conic linear programs to solve them.

5.3.1 Quantifying Resources in CDRTs

CDRTs are constructed from a given set of free states that satisfies the conditions of Theorem 5.2.5.
Consequently, they inherit all the resource measures that depend only on the set of free states. Examples
of such resource measures are robustness, generalized robustness, and all the measures based on quantum
divergences (see Ref. [84] for a review). Among these, the max-relative entropy [230] is particularly
interesting in the context of CDRTs. It is defined as

Diax(p*[lc?) = logmin { 1| p* < A5 }, (5.37)
when supp p” C supp o and +co otherwise. The resource measure based on the max-relative entropy is

D3 (p") = inf Dy (p?lw?). (5.38)

wAeF(A)
The extensions of these quantities to quantum channels are [231, 232]

Dmax(MA_)B”NA—)B) =
Sup Dimax (IR @ MATE(pRY TR @ NA7E (pR1),
RA

o (5.39)
DE (MA7BY = inf D (MATEINATE),
NA-BeF(A—B)
Notably, the max-relative entropy for quantum channels satisfies [233]
Dinax (MATFINATE) = D (P4 V54, (5.40)

where 154" and v#4 are the renormalized Choi matrices of MA~% and N4~Z respectively. In a CDRT,
this property is particularly relevant because it allows us to write the optimization problem for Dgax( MA=B)
as

DZ, (MAB) = inf D o (P4 | 0B). (5.41)
wBA eF(BA),

’ ’
dyr Trp wBA =14
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Notice that, in every CDRT, Dgax is finite for both states and channels because the set of free states always
contains a full rank state, see Corollary 5.2.6. The same is not true for all resource theories.
As a direct consequence of the results in Ref. [233], the resource measures based on the max-relative

entropy satisfy the following inequality.

Proposition 5.3.1: Inequality for the max-relative entropy of states and channels

For all states p# and channels M4—8

DE  (MA=B(p) < D (p?) + D (MATE). (5.42)

Proof. We copy Eq. (52) and Eq. (85) of Ref. [233], adapted to our notation, which will be useful for the
next step. Eq. (52) is the definition of D2 . :

Dy MATEINATE) =

sup [Dmax (IR ® MA_)B (pRA)”IR ® NA_)B (O—RA)) (543)
pRA’O-RA
- Dmax(pRAHO—RA)] .
Eq. (85) shows the relationship between D2, and D ax:
Dy (MATEINATE) = Dy (MATEINATE), (5.44)

These equations imply that:

Dinax (MATEINATE) = sup  [Dinax (TR @ MATE(pRY|ITR @ NAZE(0FY) = Dinax (0™l )]

pRA’O-RA
= Dmax(IR ® MAHB(TR ® PA)”IR ® NA—)B(TR ® wA)) - Dmax(TR ® PA”TR ® wA)
= Dmax(TR ® MA—)B(pA)HTR ® NAHB((*)A)) - Dmax(TR ® PA”TR ® U)A)
= Dinax (MATE (0N INATE (04)) = Dinax (0 | 0™),
(5.45)
where the last equality follows from the additivity of the max-relative entropy, and p*, w#, and 1z are

arbitrary quantum states. As a consequence, for every quantum state p and w” and every channel MA~5
and N4~5 | the following holds

Dinax (MATBINATE) 4+ Do (0™ )

(5.46)
> Dinax (MA7E (0 INA7E ().

A

By taking the infimum on both sides over all free channels N4~# and free states w*, one obtains:

inf Dmax(MAHB”NA_)B)
NA-BcF(A—B)

+ inf D Alw?) >
i ) Pmax (P70 (5.47)

inf D max (MA_)B (pA)”NA_)B (“)A))’

NAZBeg(A—B),
wreF(A)
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where the infimum on the left-hand side splits because D pax (MAZB||N4~B) does not depend on w” and
D max (p?]jw?) does not depend on NA4~B. Moreover, since both N4™8 and w* are free, then N4758 (w4)
is free as well, and therefore

inf Dmax(MAHB(pA)”NA_)B(‘UA))
NAZBeE(A-B),

WA (A) (5.48)

> Binf Dmax (MA_)B(pA)”wB)'
wPeF(B)

Eq. (5.47) and Eq. (5.48) imply

inf Dmax(MA_)BHNA_)B)"'
NA=B X (A—B)

il Dot 2 inf D (MAE (ph)10). o

This is equivalent to
DJ o (M*A7B) + D8, (0™) 2 DT (MA7B (p™)). (5.50)
O

Since in a CDRT D;’;ax is always finite and computable with a CLP, this inequality, valid for all resource
theories, is particularly meaningful in the context of CDRTs. When we interpret DY as the value of a resource,
it implies that the value of the output of a quantum operation applied to a quantum state is always less than
the sum of the values of the operation and the input state. Equivalently, for every p4, o2, and M4~ such
that o8 = MA=B(p), the cost of preparing o-? is always less or equal than the cost of preparing p“ and then
converting it to o with the channel M4~2. An inequality similar to the one in Eq. (5.42) based on the

quantum relative entropy and its regularization was derived in Ref. [234].

5.3.2 Resource Conversion in CDRTSs

The formalism of CDRTs provides significant insights into all quantities connected with resource conversion
or manipulation via free operations. Indeed, at the core of every resource theory, there is a preorder of
resources defined as p? »8 B if there exists a free channel MA™5 such that 08 = MA~8(p4). Ina
CDRT, this condition is equivalent to requiring the existence of free states x84, such that Trp u84 = i]lA
and o8 = duB4 « pA.

Consequently, many quantities or results involving free channels can be redefined in terms of the link
product of free states. A first example is the complete family of monotones defined in Ref. [68] for convex

and closed resource theories, which in the case of a convex and closed CDRT can be expressed as

fes(e® = max  TrgalwPA (15 ® (pM)7)]. (5.51)
wBAeF(BA),

daTrp wBA=14

Being a complete family of monotones, it satisfies fr, (0) > fr, (0-B) for all density matrices 7 if and only

if pA can be converted to o with a free operation.
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As a second example, we present conversion distances in CDRTs (see Section 2.1). These distances
estimate how close to a target state an initial state can be converted using only free operations. In a CDRT,

they satisfy
P)= il D@ M ()
—PeF(A—>B

= inf D(O’B,dA,uB:A, « p), (5.52)
uBA eF(BA),
BA’ _q A’

D(pA - o

dpa Trp u

where D(-, -) is a function on quantum states that satisfies the data processing inequality [84].

5.3.3 Conic Linear Programs and Semidefinite Programs

At the beginning of this Section, we have shown that in a CDRT, an optimization problem over free channels

can be expressed as an optimization problem over free states. That is,

max fFMA™B) (5.53)
MA-BeE(A—B)
becomes
max F(uB). (5.54)
uBN eF(BA),
dA’ Trp /JBA,=]].A/

As areminder, f is a function from the set of quantum channels to the R, F(A — B) and §(BA’) are the sets
of free channels from A to B and free states on BA’ and f is the composition of f with the inverse Choi
isomorphism defined in Eq. (5.2). It satisfies f(u®4) = f(MAF) whenever u?4’ is the renormalized
Choi matrix of MA™5. As in the case of the max-relative entropy (Section 5.3.1), it is often possible to find
simpler expressions for f that do not rely on the inverse Choi isomorphism.

If the set of free states is convex and f is linear, the optimization problem can be expressed as a conic
linear program (CLP) or even as a semidefinite program (SDP). Sometimes, these optimization problems
are hard to solve when the dimension of the systems involved is large, for example, in the case of separable
entanglement [235, 236]. However, they are still useful for systems of low dimensions.

Here, we present the techniques used to write CLPs and provide some examples. In this Thesis, we use
the notation presented in Ref. [83], which is particularly useful in quantum information. In our setting, a

primal conic linear program is an optimization problem that can be expressed as

Find « = inf Tr[XH,]
subjectto N(X)— H; € K (5.55)
X € Rl

where R is a closed convex cone in Vj, a subspace of the Hermitian matrix on a Hilbert space ;. Similarly,
K, C V, € Herm(H>). Moreover, N : Vi — V; is a linear map, and H| € V|, H, € V,. We say that X € ]
is a feasible solution if N(X) — H, € K. If no feasible solution exists, then « is set to +oo. A feasible
solution is optimal if Tr[XH ] = a.
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The dual of the conic linear program in Eq. (5.55) is

Find B :=supTr[YH;]
subjectto  H; - NT(Y) e & (5.56)
Y e 8,

where &* is the dual cone of K, and N is the adjoint of N. As in the case above, Y € R; is a dual feasible
solution if H; — NT(Y) € 7. If no dual feasible solution exists, then 8 = —co. A dual feasible solution is
optimal if Tr[Y H,] = 8. The dual CLP is often relevant because it provides a lower bound for the primal
CLP, that is, @ > $. This relation is called weak duality. Strong duality happens if @ = .

In this Subsection, V| € Herm(7) will always be the vector space spanned by block-diagonal Hermitian
matrices, where the dimensions of the blocks are fixed. We will denote such matrices as X = (Xi,..., X,).
Each of the matrices X; is a Hermitian matrix on an orthogonal subspace A; of Hj. As a consequence,

Vi = @, Herm(A;). An analogous statement holds for V5.

CLPs for a Complete Family of Monotones in CDRTs

We start with the complete family of monotones f,(p*) = max wBAC(BA). TrealwB4 (15 ® (p)7T)],

daTrp wBA=14

where 75 and p* are density matrices. To compute one of such monotones with a conic linear program, the

first step is to define the cone generated by the free states.
K1 ={ (1,25 | 120,054 € F(BA) } C V| = R® Herm(BA). (5.57)

The conditions wB4 € F(BA) and d4 Trg wB4 = 14 are equivalent to (1, AwB4) € & and dp Trp AwB4 —
A14 = 0. The last condition is implemented in a CLP by defining N'[(x, XB4)] = d Trp XBA — x14,
H, =0,and ], = { 04 } C V5 = Herm(A). The conic linear program is

Find - fr, (p®) = min Tr[(x, X54)(0, -7 ® p’))]
subject to  N[(x, XBN)] = ds Trg XBA - x14 = 04 (5.58)
(x, XB% e .
Now, we turn our attention to the dual of the CLP above. Since H, = 04, then B (the result of the dual

CLP) is 0 if a dual feasible solution exists or —oco if no dual feasible solution exists. In the former case,

—frs(p™) = @ > B = 0, and this would imply that fr, (p?) = 0 because f, (p?) is positive by definition.

Interestingly, in every CDRT, we can exclude this case because mﬂB A is free, and therefore
1
fes(p?) = max  Trpa[w®4 (15 @ (p)")] 2 Trpalts ® (p*)'] = (5.59)
WBACF(BA), dadp dpda
dA TI‘B wBA=]1A

This implies that in every CDRT S = —oo, and weak duality does not provide a meaningful bound for
fer (0?). However, writing the dual of the CLP in Eq. (5.58) is still useful. The first step is to characterize
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the dual cones of & and K»:
K = { (. X% evi | ((x, XPN | (2, 20%Y) ;¢ 2 0, VA > 0, Vo4 € Fpa }
={ (. X eV | (. XPN | (1,0PY) ;o 20, Vo4 € Fpa }, (5.60)
K ={X eV, | (XA]0*), 20} =V,
where (- | -}y is the Hilbert-Schmidt inner product defined as (X | ¥) g = Tr[X'Y], i.e.,
(@, XBN | (0, YEY) g = xy + Trpa[ XPAYPA] (5.61)
NT:V, — Vj is the unique map that satisfies
(L XBHINTXN) g = (NT XEDT XA (5.62)
for all (x, XB4) € V| 2 R @ Herm(BA) and X4 € V, = Herm(A). We denote the components of N'" with
NlT and N;, that is, NT(X4) = (NIT(XA), NZT(XA)). To find the expression of N'T, we evaluate Eq. (5.62)
for each member of the basis { (1,084) } v { (0, 772 ® ni) } of V|, where { ni } and { 172 } are orthonormal
bases for Herm(A) and Herm(B), respectively. Moreover, we denote with [N; (X4)]*/, the components of
NJ(X*) in the { % @, } basis, that is N} (X*) = 3, ([N} (X*)]*/n% ® ;. Similarly, we denote with
X4 the components of X in the { ', } basis.
N = (L0 v e M)
= <(1’0BA) |NT(XA)>HS
= <N[(1’OBA)] |XA>HS
=~ <]1A ’X A>HS
= —Tra X4,
IO = (0. ) | N (X N (x4 (.63
= (0.7 ® ) | AT (xY)
= (MO0 @ 1| x*)
_ <dAn1{\ Trg ’ XA>

= daX} Trg .

HS
HS

HS

Therefore,
N (X% = S INJ XMk @ nh = da D (el © Y Xr), = dal® @ X4, (5.64)
J.k i J
where Y ; (Trp ng)n’g = 12 because Trp (77;‘3]13) are the components of 12 in the { 77% } basis.
Now, we can write the dual CLP as
Find g :=max0
subjectto  H; — NT(X?) = (0, -5 ® (pM)T) = (= Tra X*,dal® ® X*) € & (5.65)
X € Herm(A),
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where 8] = { (x, XBY eV, | ((x, XB4) | (l,wBA)>HS >0, YVwB4 € Fpa } (see Eq. (5.60)). The condition
Hy - N7(X?) € & is equivalent to:

Tra X2 = Trgal (78 ® (0 wPA] + da Trea[ (18 @ XM wP4] >0, Vw2 € F(BA). (5.66)

It is worth checking that no dual feasible solution exists for any CDRT. Indeed, in a CDRT, w24 = m]lBA €
&(A), and for all X4 we have that

Tra X* = Trgal (75 ® (™)) wPA] + da Trpa[(17 ® XY wP4]

1 1
_ A AT B o yA
=Tra X dids Trpalts ® (07)"] s Trpa[1” @ X*] (5.67)
_ 1
dpda’

Therefore, H; — NT(X4) ¢ K] for all X 4 € Herm(A), and no dual feasible solution exists.

CLPs for the Max-Relative Entropy of a State

With the same techniques used in the previous case, we write the conic linear program to compute D;‘:’lax (ph).

First, we notice that

P8 ®™) = min A= min A (5.68)
WA eF(A) WwAeF(A)
pA<iw? AwA-pA20
Second, we define the cone
K1 ={ (1w | 120,0* € FA) } C V| =ReHerm(A), (5.69)

and the cone K, as the cone of positive semidefinite matrices on A, i.e., 8 = Pos(A) C V, = Herm(A).
Lastly, N[(x, X*4)] = X” and H, = p*. The conic linear program for the max relative entropy is
Find 2P ®") = inf Tr[(1,04)(x, X*)] = inf x
subjectto N[(x,X")] —H, = X4 - p4 >0, (5.70)
(x, X4) € &.

As before, to write the dual CLP, we start with the dual cones:

81 = {00 XN e Vi (XN [ (1, 0) 5 2 0, Vo' € F(4) },

(5.71)
K = (Pos(A))" = Pos(A).
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The components of the adjoint map are

M= (o [ov e, v )
= ((LOY [NT(XM))
= (N(LOYT | XY) ¢
== (0" [X*) s
= (),
[N} (x™))/ <(0 nA))(NT x4, NT(XA))> (5.72)

((o A )N*(Xﬂ)

where, as before, { nf{ } is an orthonormal basis for Herm(A). Thus, N7(X4) = (0, X4). The dual CLP is

Find B = sup Tr[X*p4]
subjectto  H; — NT(X?) = (1,-X%) e &} (5.73)
X4 >0,
where 8] = { (x, X*) € Vi | ((x, X[ (L, w?)), 4 20, Yo € F(A) } (see Eq. (5.71)). The condition

(1,-X4) e R is equivalent to Tra [X4wA] < 1 for all w4 € §(A). In this case, a feasible solution exists:

The zero matrix 04 is a feasible solution.
CLPs for the Max-Relative Entropy of a Channel in CDRTs
Here, we compute the CLP for
QPR (MA7E) min A, (5.74)
wBY eF(BA),

’ ’

dar Trp wBA =14,
’ ’
uBA <AwBA

where ;54" is the renormalized Choi matrix of MA~5. Once again, we define

S ={ (4, 25%) | 120,05 € F(BA") } C V| = R@® Herm(BA"). (5.75)

The linear transformation N : R @ Herm(BA’) — Herm(BA’) @ Herm(A’) is defined as the map that sends
(x, XBAY into (XBA, da Trg XBA — x14"). Moreover, we define H, = (u#4’,04"), and

K= { (XBY,07) | XBY 20} €V, = Herm(BA’) ® Herm(A”). (5.76)
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The conic linear program is

Find 2Pm M) ine Tr[(1, 084) (x, XBA)] = inf x
subjectto  N[(x, XB4)] = Hy = (XBY = 48B4 dp Trg XPY - x17) € s, (5.77)
(x, XBY) e K.

To write the dual CLP, we first need the dual cones:
K= { (x, XBY) e vy | <(x|XBA') | (LwPY)) 20, Vo e F(BA) }

] = { (XBA Y&y e vy | (XBY ¥ A ( (Zpas0Y)) >0, VZpu > 0} (5.78)

={(XBY vy evy | XBY 20} .

With the techniques introduced in the previous subsections, we compute the components of N

NI ] = (1,059 | MY Y LA T )
= (L") | N[ CXB2 y )
= (N1, | (x54 v Y))
_ <(OBA” 1) (XBA”YA’)>HS
= —Tra YV,
VLY Y = (0 @) | N T Y )L ML v )
= {00k © ) | N [(xP .y 4)])
= (MO el |y )
= ((nly ® 1y, dar (Tep nlyn)y) | (XBX 1))

= X,fJA’ + dA,YJA' (Trg7%).

(5.79)

HS

HS

HS

Thus, NT[(XBA,YA)] = (= Tra YA, XBA + do 18 @ YA'). The dual linear program is

Find B :=sup Tr[(XB4, Y2 (uBY,0%)] = Traa [XB4 14
subjectto  Hy — NT[(XBY,¥A)] = (1,08Y) — (= Tra YA, XBY + dp18 @ YY) € &7 (5.80)
XB4 >0, YA € Herm(A"),

where 8 = { (x, XB4) € Vi | ((x]| XB4) | (1, 0BY)) ;¢ 2 0, YoBY € F(BA") } (see Eq. (5.78)). The
condition (1 + Tra Y4, -XB4" — d, 18 @ YA') € K% is equivalent to Trpa [XBA wBA] + dy Trpa [(18 ®
YA)wBA] < 14 Try YA for all wBA e F(BA’). It is straightforward to see that (084’ 04") is a dual
feasible solution.
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5.4 A Diagrammatic Proof of Theorem 5.2.5

String diagrams have been frequently used in quantum information [85, 237-242], and they provide a useful
representation of the Choi isomorphism, from which many of its properties follow naturally. Indeed, we
first proved all our results diagrammatically, and later, we converted the diagrammatic proofs into algebraic
ones. In this Section, we introduce the string diagram formalism and provide a diagrammatic proof of
Theorem 5.2.5.

5.4.1 A Diagrammatic Approach to Quantum Information

Quantum information processes can be described using string diagrams [85, 237-242]. These diagrams are
not only a graphical representation of quantum processes but can also be used for rigorous proofs. Indeed,
one can associate an algebraic expression with every diagram and a diagram with every algebraic expression.
Moreover, diagrams can be manipulated as algebraic expressions.

The fundamental component of string diagrams is the diagrammatic symbol for quantum channels. A

channel MA~8 is represented in a diagram as a box:

A B
M

This symbol represents the channel acting on an input quantum system A and producing an output quantum
system B. When a channel has n input systems and m output systems it is represented with »n input wires and
m output wires. There are two special types of channels. The first is the preparation channel, which has no

quantum input, represented with no wire, and outputs a state p*. The symbol for this channel is
ass
Since there is a one-to-one correspondence between preparation channels and quantum states, we say that this
is the symbol for the state p#. With a slight abuse of notation, we will use this symbol to represent positive
semidefinite matrices, too. However, these two cases can easily be distinguished because we denote states
with lowercase Greek letters, e.g., p, and matrices with capital Latin letters, e.g., M.
The second special type of channel is associated with positive operator-valued measurements, or POVMs

(see, e.g., Ref. [11] for details). There is no quantum output in this case, so the channel is represented without

the output wire. When E“ is an element of a POVM on A, also known as effect, i.e., 0 < E < 14, we

D)

From these building blocks, one can construct more complex diagrams by connecting a symbol’s output

represent it with the symbol

wire with another’s input wire. For example, by connecting two channels in sequence, one obtains

A B C
M N = NB=C o MAE (5.81)

106



5. Choi-Defined Resource Theories

The special case when the first channel is a state is represented as

On the other hand, an element of a POVM E4 maps a quantum state pA into Try (EApA), i.e., the

probability of E4 occurring on p4, and this is the algebraic expression associated with the diagram below

= Tra(EApY). (5.83)

More generally, an effect E4 could act on only a part of a state pA%: In this case, the diagram and the

A
—.E
. = Tra[pA8(EA ® 18)]. (5.84)

p B

associated algebraic expression are

Therefore, every time an effect is composed with another diagram, the algebraic expression associated with it
contains the trace over the common systems.

The expression above allows us to introduce one of the benefits of string diagrams. The diagram in
Eq. (5.84) shows only one output wire. Therefore, it can be simplified and written as the diagram of a

(possibly unnormalized) state:

K A . |
! E | B
‘ . ! =(Tra[pAB(EA ® 18)] —. (5.85)

The tensor product of states, channels, and effects, also known as parallel composition, is represented by

writing one symbol below the other, e.g.,

A B
M

C D
N

= MA2B g NC7D| (5.86)

It is useful to denote two common channels with special diagrams. The identity channel 74 on A, and

the swap channel SA8=84 from AB to BA are represented as

A B
A _gA >< = SAB-BA, (5.87)
B A

The choice of these symbols is intuitive in that they convey that nothing is done on system A in the former
case and that the systems A and B are swapped in the latter case.

Of particular interest is the symbol for the Choi state ®A4" = 3 Xy [xxXyy|A4", where { |x) } 4 is a fixed
orthonormal basis for A and A’ is a copy of A:
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C

Al

It is particularly useful in proofs to differentiate A and A’: This ensures that all the systems are properly
accounted for. However, A’ being a copy of A, we will use either ®44" or ®A'4 depending on the need.
In case of a bipartite system AB, the Choi state is 3., ; o+, lababXa'b'a’b’|APAE’ where { |a)* } and

{ |b)B } are orthonormal basis for A and B, respectively. This state can be rewritten as

CDABA’B’

Z lababXa'b'a'b'|ABAE
a,b,a’b’
S laxa|* ® [bXb' 1P @ laxa|Y @ ()b |
ab.al b (5.88)
(I 0 SYE=BY @ 18 (laXa'|* ® laXa'|* ® |bXb'| ® [bXD'|®)
a,b,a’,b’

(]-A ® SA'B—>BA’ ® IB')(CI)AA' ® (I)BB,).

This is easily represented diagrammatically as

A A
AB B B
= = . 5.89
( A (5.89)
A/Bl A/
Bl
Bl

To understand the choice of the symbol associated with the Choi state, we need first to introduce the Choi
effect ®44’, which has the same matrix as the Choi state and acts on a state p* as Try [®44" (p4 ® 14)].

The action on a state p4” is analogous. The symbol for the Choi effect is
A
A/

Two useful identities involving the Choi state and effect are (see, e.g., Refs [85, 237-242])

A A
A’ =_A - A’ : (5.90)
A A

These identities are called snake identities [243] and motivate the choice of the symbol for the Choi state and

effect. Indeed, by connecting a Choi state to a Choi effect, one obtains a plain wire, i.e., the identity channel.
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To prove the snake identities, we use a test state p* and, to track all systems properly, we change the system in

the output wire to A”. That is, we prove

A//

:@ A" ( A’ . (5.91)

A

We start with the diagram on the left

Tran (@4 @ 147) (p* @ @V 4")] = 3 Tran [(lexXyy|*Y @ 147) (0% @ laa)Xbb| ¥ 4")]
x,y,a,b

> vl (p@laXb ) [xx)™ jaXb|”

x,y,a,b

D Obxbay (1 p|x) s laXblY (5.92)
x,y,a,b

D (alplb)alaxplt”
a,b

= pA//

The proof of the right identity is analogous. This is an example of the simplicity of the diagrammatic
approach in comparison to the algebraic expression. In many of the upcoming proofs, instead of writing
multiple lines of algebraic simplifications, we will simply ‘yank’ a wire [244, 245]. It is important to notice
again that this simplification does not reduce the rigour of a proof; it is equivalent to an algebraic proof.

Other useful diagrammatic identities involving the Choi state are the following. If we apply an element
E=%.p E,.pla)Xb|? of a POVM to one end of the Choi state, we obtain

Ta[@ (B @ 1) = > Eap TralloxXyy ™ (laXbl* © 14))]
x,y,a,b

D Ean 01C1aXb 1) 104 X1 (5.93)

x,y,a,b
> EqplbXal® = E}.
a,b

Therefore, the Choi state maps an element E of a POVM into the unnormalized state E”. This is represented

diagrammatically as

// A : // A/ :
, . p .
| - = LY
\\ AI : \\ A :
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With a similar proof, one obtains

5.4.2 The Choi Isomorphism

The Choi isomorphism maps quantum channels (or, more generally, linear operators that act on matrices) to
bipartite matrices. Diagrammatically, there is an intuitive way to map a channel (one input and one output
wire) into a bipartite matrix (two output wires): To transform an input wire into an output wire is enough to

bend it in a way that its free end is directed towards the right, as depicted below.

A B i M =
M = C I (5.96)

These diagrams coincide with the definition of Choi isomorphism that we gave in Section 5.1, i.e., the Choi

matrix M B4 associated with a channel MA™B is defined as

MBA = (MAB @ T4) (@44 . (5.97)

Note that we decided to bend the input wire below the channel. Similarly, one could have chosen to
bend the input wire above the channel, producing a different but still well-defined Choi matrix M48 =
(T4 @ MA=B) (@A), Throughout this Thesis, we always use the convention that a Choi matrix is defined
as in Eq. (5.97), i.e., by bending the wire below.

The Choi matrix of a quantum channel is Hermitian, positive semidefinite, and the marginal on the
input system is the identity matrix, i.e., Trg MZ4" = 14" [66]. Therefore, a Choi matrix is not a quantum
state, as its trace is not 1. However, one can easily define a quantum state as the renormalized Choi matrix

ubBA = i MPEA" Diagrammatically, one obtains

B B A B
— 1 1 M

= - M ’ = —
Kol a T, A T

(5.98)

A/

One of the advantages of using string diagrams to approach the Choi isomorphism is that the definition of
the inverse Choi isomorphism becomes straightforward. Indeed, one can undo the Choi isomorphism by

bending the second wire back and using the snake identities in Eq. (5.90)
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- ! . A B
p | : M —
’ A I B ! 1
/ M= Choi inverse '\ C ! A B
. == D
\ | A )
\\ A’ : ettt
Y N R . : A
_____________ (5.99)
Therefore, the inverse Choi isomorphism transforms a Choi matrix M B:A” in the channel MA™8 defined
as
B B
T Choi A B
Iy p oi inverse M _ M " . (5.100)
A

With this definition, one quickly obtains the formula for the action of the channel M“~2 on a state p4

B
B
M ’
MAHB(pA)z@ A ™ B _ A ) = M A” (5.101)
P
A

These diagrams correspond to the algebraic expressions for the inverse Choi map commonly used in literature:

MAZB(p) = Traa[(MPA @ p*) (18 @ @Y )] = Tra [MPY (15 & py)]. (5.102)

Thanks to the identities in Eq. (5.90), it is straightforward to see that the Choi map is indeed an
isomorphism. In addition, diagrammatically, one immediately notices that the Choi matrix of a state p* is the
state itself since there is no input wire to bend, and the Choi matrix of an effect is the transpose of the matrix
of the effect, see Eq. (5.94).

5.4.3 The Link Product

Once the Choi isomorphism is well-defined, the natural step is translating operations between channels into
operations between Choi matrices. Once again, we approach this problem with string diagrams. Then, we
show that the operation that naturally arises with this approach is the algebraic operation between Choi
matrices, known as link product.

Let us consider two channels MA~8 and NB~C. We call the channel resulting from their sequential

composition 74 _c = NB7C o MA=B, Diagrammatically,

A1 C A B c
(7] _ M N : (5.103)
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The Choi matrix T¢.4- of Ta_sc is defined as

/ A [
‘ T
.‘ C A (5.104)
\\\ A/ :
From Eq. (5.103) we have that
C
I B C
M N
T Al = C A’
'B C
_! MV
il C A’ (5.105)
B C
N
= M A/

So far, we have been able to express the Choi matrix of 74_,¢ in terms of the Choi matrix of M4~2. To

replace N5~ with its Choi matrix, we insert one of the identities in Eq. (5.90) between M 24" and NB—C:

C

T A/ =

(5.106)

The algebraic expression associated with this diagram is
Tear = Trpp [(NCB @ MBA) (1€ @ @88 @ 14)]. (5.107)

112



5. Choi-Defined Resource Theories

This operation is known as link product, and it is denoted with N¢&" + M5:4" [66]. The name ‘link’ product
is well-motivated from a diagrammatic point of view because this operation links the Choi matrices N¢&’
and M54 Indeed, diagrammatically, it is represented as a ‘bridge’ that links two bipartite matrices without
any wire crossing, i.e., the second system of the first matrix is linked to the first system of the second matrix.

Eq. (5.106) shows that the link product of the Choi matrices of two channels is the Choi matrix of the
sequential composition of these channels. Moreover, the link product of Choi matrices of channels always
produces the Choi matrix of a channel, that is, a positive semidefinite matrix with the identity as marginal on
the input state [66].

As a final note, in Eq. (5.101) and Eq. (5.102), we expressed the action of a channel M4™% on a state p
in terms of its Choi matrix M5'4". That expression is nothing but the link product M54 x p4, where p* is
seen as the bipartite Choi matrix on A and the trivial system, corresponding to the Hilbert space C, associated

with the channel that prepares p*.

M ’ A
MA=B(pA = (p A M B _ A = MBA 4 A, (5.108)

5.4.4 The Swap Tensor Product

As seen in the previous subsection, the sequential composition of channels is translated into the link product
of Choi matrices. Parallel composition of channels is often overlooked or translated into the tensor product
of Choi matrices [66, 221]. However, one needs to be careful with the order of the systems, as we show
here. We start with two channels, MA4~2 and N¢~P, and analogously to what we did before, we define
Tac—pp = MA@ NC=P Diagrammatically, we have

A — B A B
T = . (5.109)

C

zZ
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As before, we compute the Choi matrix Tgp-4'c’ of Tac—pp Wwith string diagrams:

A — B
T Alcl = A’
C/

(5.110)

Cl

The diagrammatic approach indicates that the tensor product of channels is not associated with the tensor

product of Choi matrices, but with the swap tensor product that we introduced in Subsection 5.1.1:
TBD:A’C' — MB:A’ X ND:C/ — (IB ®SA/D—>DA' ®IC')(MB:A/ ®ND:C')' (5111)

As in the case of the link product, the Choi matrix of the tensor product of channels is the swap tensor
product of the Choi matrices by construction, and every time we take the swap tensor product of two Choi
matrices, of quantum channels, we obtain the Choi matrix of a quantum channel, that is, a positive semidefinite
matrix such that its marginal on the input systems is the identity matrix. This follows directly from the

equalities in Eq. (5.110).

5.4.5 Choi-Defined Resource Theories

As a reminder, the CD operations associated with a set of free states are all and only the quantum channels
such that their renormalized Choi matrix is a free state. CD operations are easily constructed from free

states with the inverse Choi map, i.e., if ,uB ‘A’ {5 a free state and a renormalized Choi matrix, which means
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Trg uP4 = L14, then the channel MA~% defined as
da

(5.112)

\/

is a CD operation.
A quantum resource theory is a CDRT if its free operations coincide with the Choi-defined operations

associated with its set of free states. This diagrammatically means that,

B A B

A B . . . 1 M .
M is free if and only if u o= N ( is free. (5.113)
A

AI

We are now ready to prove the main result of this work diagrammatically.

Theorem 5.4.1: Necessary and sufficient conditions for CDRTs construction

It is possible to construct a CDRT associated with a set of free states if and only if for all systems A, B

A

1. % ( is free,

A/

B

2.if(p = and( pu 4 e free states, and is

\/

a quantum channel, then d4

Proof. We prove first the necessary conditions. We assume that the free states and the free operations form a

well-defined Choi-defined resource theory.

A
1. 4 isafree operation in every resource theory. Therefore, in a CDRT, t ( is free as

A/
well, see Eq. (5.113).
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B

2. If and( o e free states, then E ) E is a free

quantum channel (from Eq. (5.113)), and

=

is the output of a free channel applied to a free state).

is a free state (it

\/

We prove now that conditions 1 and 2 are sufficient to have a well-defined resource theory when the free
operations are the Choi-defined operations. Recall that we assume that the set of free states under consideration
is compatible with a minimal resource theory, i.e., closed under tensor product, partial tracing, and system

swapping. Now, we demonstrate that the five conditions for a resource theory listed in Section 2.1 are satisfied.

A
A
1. The identity channel is free. Indeed, since t ( is free for all A, then A’ =
A/
A
A isafree operation (Eq. (5.112) and Eq. (5.90)).
A
B
2. The swap channel is free. Indeed, from condition 1, one has that ﬁ A is a free state.
Bl

Since the set of free states is closed under system swapping, one obtains that ﬁ
AdB

is free too. From Eq. (5.112) and Eq. (5.90), it immediately follows that the CD operation associated

A B
with this state is >< .
B A
A

3. Discarding a system is free. Once again, t < is free for all A, and since the set of free

A/
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A
operations is closed under partial tracing, then t < D is free as well. As above, from

Al

A
Eq. (5.112) and Eq. (5.90), one obtains that the CD operation associated with this state is ,

that is, the discarding channel.

A B B
. Sequential composition of free channels is free. Let M and N be free
A M B
channels. Since the free operations are the CD operations, the states t C and
A/
B N C
é C are free. From condition 1 and the closure of the set of free states under
B/
B C
N
AI
tensor product and system swapping, it follows that the state dAl a5 p s free as
A
well. Condition 2 implies that the state
B C
N
1 M N C
=7 C
A "
A/
(5.114)
is free. The equality above follows from multiple uses of Eq. (5.90). The CD operation associated with
A B C
the state in Eq. (5.114) is M N
o . A B C
. Parallel composition of free channels is free. Let M and N be free
A M B
channels. Since the free operations are the CD operations, the states dl_A C and
A/
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c D
N
% C are free. Since the set of free states is closed under tensor product and
Cl
A B
M
D
system swapping, the state m is free as well. Eq. (5.110) implies that the
Cl
A B
M

CD operation associated with this state is
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Chapter 6
Higher-Order Quantum Maps

The focus of the works presented so far in this Thesis has been on resource theories of states. At the core of
these resource theories is the conversion of states using free channels. Considering that states and channels
provide a complete description of quantum systems and their evolution, one may think that there is no need to
push the framework of quantum resource theories further. On the other hand, there are tasks that, although
they have a resource-theoretical flavour, do not fit within the framework presented so far. For example, the
quantum teleportation protocol [16] can be interpreted as a simulation of the identity channel using the
maximally entangled state. In other words, using only LOCC, a static resource, the maximally entangled state
is converted into a dynamical resource, the identity channel. This kind of problem sounds very similar to
what we are used to for static resource theories. Indeed, Gour and Scandolo [64, 67] propose the resource
theory of dynamical entanglement, where the key problem is the conversion of channels (of which states
are a special case) using free superchannels [65]. This idea of shifting from static resources to dynamic
ones [68] was quickly applied to other resource theories, such as coherence [69], and magic [70], and ideas
from static resource theories, such as distillation [71] and reversibility [72] were transposed to resource
theories of channels.

In these dynamical resource theories, the key ingredients are superchannels, first formalized by Chiribella
et al. [65, 66]. As a quantum channel from system A to system B can be axiomatically defined as a linear
operator that maps every possible quantum state of A to a valid quantum state of B, a quantum superchannel
from operators A — B (from system A to system B) to operators C — D is a linear operator that maps every
possible quantum channel A — B to a valid channel C — D. This definition points towards a hierarchy of
maps: there are quantum states, quantum channels (i.e., maps that preserve quantum states), and quantum
superchannels (i.e., maps that preserve quantum channels). However, one can push this concept even further
and have higher-order quantum maps, such as quantum networks [66, 221, 246]. Once again, one may ask
what the benefit of going beyond quantum superchannels is. It turns out that new and exciting properties
emerge when we consider higher orders. Indeed, superchannels can be decomposed into circuits of channels
with memory, adding nothing significantly new. However, the same is not true for maps of higher order,
which are, therefore, genuinely different from quantum channels. One example of such a map is the quantum
switch [73], which maps two channels M and N into a channel that acts as the superposition of M o N

and N o M. The quantum switch was the first example of a map with indefinite causal order [247]. As
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such, it opened the path to numerous results about causality in quantum mechanics [248—254], some of
which were investigated with the framework of quantum resource theories [255, 256]. Moreover, maps with
indefinite causal order provide an advantage in communication [74], computation [75-78], and channel
discrimination [79]. Other research areas, such as the theory of non-Markovian quantum processes [257-260],
were stimulated as well by this attempt to go beyond channels and superchannels to a theory of higher-order
quantum maps.

With the flourishing of applications for higher-order quantum maps, Bisio and Perinotti [80] proposed a
theoretical framework to describe all higher-order maps. At the core of their work, there is what they call
type system, a way of labelling maps of any order. For example, a state of the system A is labelled with A,
a channel from the system A to the system B is labelled with (A — B), etc. Assisted by this type system,
they use the Choi isomorphism to reduce any quantum map to a matrix, and they characterize some of the
properties of these Choi matrices of quantum maps. However, the collapse of any quantum map to matrices
makes it challenging to work with this framework and almost impossible to provide a clear definition of the
parallel composition of maps. The work presented in this Chapter starts with the definition of types given
by Bisio and Perinotti [80] but diverges immediately after with a double goal. First, we aim to describe
higher-order quantum maps without reducing them to matrices. Second, we seek a framework that naturally
incorporates the evaluation of a map at an input, as well as sequential and parallel composition. We divide
this Chapter into three sections. We start with a description of our type system, inspired by that of Bisio
and Perinotti [80] but enriched with new operations and concepts. In the second Section, we characterize
the spaces of linear maps associated with a given type, for example, the spaces that generalize the spaces of
Hermitian-preserving and completely positive-preserving channels. Moreover, we present the operations
between maps mentioned above, with a focus on parallel composition, which is the less trivial one. In the
third Section, we introduce the Choi isomorphism as an operation that reduces the order of a map in the
hierarchy of higher-order quantum maps rather than as a way of transforming a higher-order map into a
matrix. Among the most interesting results of this Section is the fact that the Choi isomorphism preserves
the generalizations of Hermitian-preserving operations and completely positive-preserving operations, and

therefore, it can be used to reduce the order of a map while keeping some of its properties.

6.1 Types

The overall goal of this Chapter is to give a unified description of quantum maps of every order, and in this
Section, we start with the basics. If one wants to define a function, the first step is to state the domain and
co-domain. Usually, one writes f : X — Y to say that f has X as domain and Y as co-domain. In this Section,
we will introduce an analogous way to label functions based on type theory. A quantum state that acts on a
Hilbert space A is usually denoted as p*. Therefore, one could label it with A. A quantum channel that maps
operators on A to operators on B is denoted with MA—B_ Therefore, we could associate the label A — B
with it. A superchannel that maps channels to channels would be labelled with (A — B) — (C — D), and
SO on.

We build all these possible labels, which we call types, with a bottom-up approach. At the lowest level of
this theory of types, there is the alphabet of symbols. The reader should consider these symbols as labels for
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all the possible physical systems of the theory that are not the composition of two or more other systems.

Definition 6.1.1: Alphabet

An alphabet A is a non-empty set of symbols.

We usually denote the symbols in (A with capital letters, e.g., A, B, C. From the symbols in an
alphabet, one can construct strings. A string is a finite sequence of elements of A (repetitions are
allowed). We denote with A" the set of all strings of length n > 0. For example, if A = { A, B,C }, then
A% = { AA,AB, AC, BA, BB, BC,CA,CB,CC }. In this example, if A and B are labels for two distinct
physical systems, then AB is the label for the composite system. The set A, which includes all the sequences
of 0 symbols, is of special interest. Following the convention used in formal languages (e.g., Ref. [261]), we
say that A° contains only one element, the empty string, which we denote with I (we assume that I ¢ A,
otherwise, one can choose as symbol for the empty string any symbol not in the alphabet). Continuing with
the parallelism to quantum mechanics, one should think of the empty string as the trivial quantum system.

We are ready to define the set of all strings of finite length formed by symbols in A.

Definition 6.1.2: Elementary types

The set of elementary types of an alphabet A, denoted with EleTypes 4, is the set of all finite sequences
of elements of A. That is,

EleTypes 4 = | ] A", (6.1)
n>0
As usually done for strings, we introduce an operation ‘|’: EleTypes 4 x EleTypes 4 — EleTypes 4

defined as follows. Let E, G € EleTypes 4, whichmeans E = e;...¢e,,, G = g1 ...gu, forsome e;, g; € A
and m,n > 0. Then E|G =e;...e,,81 ... &m- This operation is usually called concatenation. Later, we will
see an extension of this operation, which we will name ‘type product’. For elementary types, we will use both
concatenation and product. Moreover, we will drop the symbol ‘| whenever there is no ambiguity, e.g., we
will write EG instead of E|G.

We introduced the product of elementary types here to give further insights into the role of the empty
string. Indeed, concatenating any type E with the empty string gives E: EI = E = [E. This is what we
expect from the trivial quantum system. Considering the composition of a quantum system E and the trivial
system, the resulting system is E. Because of this analogy, we will often refer to / as the trivial type.

So far, we have only introduced elementary types equivalent to quantum systems. We want to define the
equivalent of quantum channels, superchannels, etc. What we want is a set that contains expressions that can
be used to label maps, such as (A — B) or ((A — B) — (C — D)), but does not contain expressions like

)(or A —). This is achieved with the following definition.
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Definition 6.1.3: Types

The set of Types 4 of an alphabet A is the set of strings of symbols in A U { (,), —, I } recursively

defined as follows:
* Each element E € EleTypes 4 is an element of Types 4.

* If x,y € Types 4, then (x — y) € Types 4, where (x — ) is the concatenation of ‘(” with the

symbols of x, followed by the concatenation with ‘—’, the symbols in y, and °)’.

An element z € Types 4 is either an elementary type or the concatenation of an open round bracket,
another type x, an arrow, another type y, and a closed round bracket. Both x and y are, in turn, either
elementary or a concatenation of symbols, as described above. Since a string is a finite sequence of symbols,
this recursion ends, and what is left is a concatenation of elementary types with elements of { (,), — }. For
example, consider the string z = ((A — B) — C). We want to check if it is a type. Clearly z = (x — y),
withx = (A — B) and y = C. Here, y is an elementary type, while x is not. From this, we deduce that y
is a type, while we still do not know if x is a type. However, we observe that x = (A — B), where both A
and B are elementary types (and thus types). By Definition 6.1.2, x is a type. Since x and y are types and
7z = (x — y), then z is also a type. On the other hand, let z =)(A —). In this case, z is not elementary, and
the first symbol is not (, therefore z ¢ Types 4.

Definition 6.1.3 allows for the recursive construction of types. We assume that any type can be obtained
only with a finite number of recursive steps. We do not study the case of types obtained with infinite recursion.

Our goal was to construct a set of strings that can be used to label quantum maps. If z € EleTypes 4,
then z is the label for a quantum system, if z € Types 4 \ EleTypes 4, then z = (x — y) is the label from a
map that has ‘the maps of type x* as domain and ‘the maps of type y’ as co-domain. We will formalize this
intuition in the next Section. For example, the type associated with a channel is (A — B) because it sends
operators on A to operators on B. The type for a superchannel is ((A — B) — (C — D)) because it maps

channels of type (A — B) to channels of type (C — D).

6.1.1 Trees

So far, types are very abstract objects. In this Section, we introduce a graphical representation of types that
will be beneficial for understanding and deriving many properties of types. Each type in Types 4 can be
graphically represented as a full binary tree with leaves labelled by elements of EleTypes 4. Here, we adapt

the definition from Ref. [262] to our scenario.

122



6. Higher-Order Quantum Maps

Definition 6.1.4: Full binary tree (cf.[ ], Sec. 5.3, Def. 5)

The set of full binary trees with leaves labelled by elements of EleTypes 4, denoted with Trees #, is
defined recursively by these steps:

* There is a full binary tree for each E € EleTypes 4 consisting only of a single vertex labelled
with E.

* If 77 and T, are full binary trees, then the tree 7 e 73, consisting of a root, an edge connecting
the root with the root of 7} on the left, and another edge connecting the root with the root of 7,

on the right, is a full binary tree.

A full binary tree labelled by elements in EleTypes 4 is a tree such that every node has exactly zero or
two children. If a node has zero children, we say that it is a leaf and it is labelled by an element of EleTypes .
If a node has no parent, it is the tree’s root. Each full binary tree has a single root.

Graphically, we represent the full binary tree associated with an elementary type E as
[ ]
E .
If 71 and T, are the trees associated with the elementary types E and G, then the tree 7 o 7 is

/\

E G

With these elements, one can recursively construct all the full binary trees labelled by elements of EleTypes 4.
The reader may have noticed that the definitions of Types 4 and Trees # are very similar. Indeed, the two
sets are isomorphic, as we will show now. To do so, we show that there exists an invertible map from Types 4

to Trees #. We define A # : Types 4 — Trees # recursively as follows:
 If E € EleTypes 4, then A #(FE) is the full binary tree associated with the elementary type E.

* If z € Types 4 \ EleTypes 4, then z = (x — y) for some x € Types 4 and y € Types 4 and A#(z) =
Aa(x) e Aa(y).

We denote our candidate for the inverse of A # with A}ll (a hopeful abuse of notation), and we define it

recursively as follows:
* If T € Trees 4 is the tree associated with an elementary type E, then qul (T)=E.
« IfT =T; o Ty, then A/ (Ty o T2) = (A (Ty) = AL (T2)).

To prove that A;Il is both the left and the right inverse of A #, we use a technique called structural
induction (see Ref. [262]). In the base step, one has to show that the result holds for elements in the base

step of the definition of a set (in our case, for elementary types). In the recursive step, one proves that if the
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A

Aa(A) Aa((B— C)) Aa(B) Aa(C)
(@) (b)

B C
(c)
Figure 6.1: Construction of the tree associated with (A — (B — C)).

The tree associated with (A — (B — C)) is the tree that has A #(A) as left subtree and A #((B — C)) as right
subtree, represented in Figure a. Then we observe that A #(A) is the node labelled with A, while the tree
A4((B — C)) has A #(B) as left subtree, and A #(C) as right subtree. This step is represented in Figure b. Lastly, we
observe that A #(B) and A #(C) are the trees with only one node labelled with B and C, respectively. This concludes
the construction of the tree associated with (A — (B — C)), shown in Figure c.

statement is true for each element used to construct a new element in the recursive step of the definition, then

the result holds for the new element as well.

Theorem 6.1.5: Types and trees isomorphism

Types # and Trees # are isomorphic and A # is an isomorphism.

Proof. We start by showing that A;ll o Az (z) = z for each z € Types 4. Basic step: Let E € EleTypes 4,
then A #(E) is the tree associated with the elementary type E. Therefore A;,(] o A#(E) = E by definition of
A:ﬂl. Recursive step: Let z = (x — ) for some x, y € Types . We observe that A #(z) = Az(x) e Az (y).
By definition of A;,[l, we obtain that A;[l oAa(z) = (A;[l oAga(x) — A}(l o A#(y)). However, by induction
hypothesis, A;ll o Az(x) = xand A;ll o A#(y) = y. Therefore, A}(l oAza(z)=(x—>y) =z

The proof of A # o A},] (z) = z for each z € Types 4 is analogous. ]

With this theorem, we have validated the intuition that we can use trees to represent types graphically. We
point out that there are many isomorphisms between types and trees. For example, we could have defined
a map Az with a recursive step such that A z((x — y)) = Az (y) ® Az (x). The difference between A 5
and A  is that the leaves of A (z) are filled with the elementary types that appear in z from left to right,
while the leaves of A #(z) are filled from right to left. Throughout this Thesis, we will always use A # as the
isomorphism from types to trees. That is, A #(x) is the tree associated with type x, and A;,ql (T) is the type
associated with the tree 7.

Thanks to Theorem 6.1.5, we can define the following objects associated with types.

124



6. Higher-Order Quantum Maps

Definition 6.1.6: Order and structure of a type

The order of a type x € Types 4, denoted with ord(x), is the maximum number of distinct edges

(traversed only once) connecting the root of the tree associated with x with a leaf. The structure of a
type x € Types 4, denoted with struct(x), is the full unlabelled binary tree obtained by removing all
labels from the tree associated with x.

The order of a type corresponds to the depth of the associated tree; we will use the word depth when
referring to trees and order when referring to types. With an abuse of language, we often write the structure
of atree T € Trees # when we mean the structure of the type associated with the tree 7.

The order of a type represents the order in the map hierarchy. For example, a state p* is associated with
the type A, a type or order zero. A channel, MA4~5 is associated with the type (A — B), which is a type of
order one. A superchannel @(A—8)=(C=D) s agsociated with a type of order two, and so on. Therefore, the

order is increased by one at every step in the hierarchy. We formalize this idea with the following Lemma.

Lemma 6.1.7: Properties of the order of a type

If E € EleTypes4, then ord(E) = 0. If z = (x — y) € Typesy4, then ord(z) =
max { ord(x),ord(y) } + 1.

Proof. Let E € EleTypes 4, then the tree associated with E consists of a single node, both the root and the
only leaf of the tree. Therefore, no edges connect the root to the leaf, and ord(E) = 0. Let z = (x — y) for
some x,y € Types . By definition, the tree associated with z has a root connected on the left with an edge to
the tree associated with x and connected on the right with an edge to the tree associated with y. Therefore, the
longest path from root to leaf on the left subtree is 1 + ord(x), while the longest path from root to a leaf on
the right subtree is 1 + ord(y). Overall, the longest path from root to leaf is max { ord(x),ord(y) } + 1. O

The order of a type will be a powerful tool for inductive proofs. In the base step, we will show that a
statement is true for types of order zero, that is, for elementary types. In the inductive step, we will assume

that a statement is true for types of order n (or up to order n) and prove that it is true for types of order n + 1.

6.1.2 Composition of Types

The goal of our type system is to label maps. If we have two maps, there are various ways to compose them.
Let us consider the case of quantum channels as a reference. If MA~2 and N 8~C are two quantum channels,
then one can compose them sequentially to obtain the channel 74~ = N8~C o MA=B_ In our type system,
if one sequentially composes a map of type (x — y) with a map of type (y — z), one obtains a map of type
(x — 7). Moreover, one can apply the channel M4~ to the state p“ and obtain the state 2 = MA>B(p4).
Once again, this is easily translated into the type system. If one applies a map of type (x — y) to a map
of type x, one obtains a map of type y. Lastly, if one composes in parallel the channel M4~5 with the
channel N¢~P one obtains the channel 7AC~8P = MA=B @ NC=D If we try to translate this into the
type language, we would say that if one composes in parallel a map of type (a — b) with a map of type

(¢ — d), one obtains a map of type (ac — bd). However, there are some problems with this translation.
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First, observe that ac and bd are not well-defined types. Indeed, so far, we have not given any meaning to
writing two types next to each other (unless they are elementary). Second, this is not the operation that we
always want. For example, when one composes in parallel a channel MA~2 with a state p©, what they
usually mean is that they compose M4 ™5 with the channel that prepares p€. Therefore, the resulting map is
of type (A — BC). Diagrammatically [85, 237-242]:

=_4 IMep : (6.2)

Similarly if we composed in parallel a superchannel of type ((A — B) — (C — D)) with a channel of

type (E — F) we would expect as outcome a superchannel of type ((A — B) — (CE — DF)) [263]:

!
ES
=)

d . (6.3)

E F

In all these examples, the type of lower order ends up on the right of the type associated with the parallel

composition of two maps. This motivates the following definition.

Definition 6.1.8: Product of types

For x, y € Types 4, the product of x and y, denoted with x|y, is defined inductively as follows.

* If max { ord(x),ord(y) } =0, thenx = E, y = G for some E, G € EleTypes 4 and x|y = E|G,
where E|G is the concatenation of elementary type introduced below Definition 6.1.2.

e If max { ord(x),ord(y) } > 0 and

— ord(x) = ord(y), then x = (¢ — b), y = (¢ = d) and x|y = (alc — b|d), where
a,b,c,d € Types 4.

— ord(x) > ord(y), then x = (a — b) and x|y = (a — bly), where a, b € Types 4.

— ord(x) < ord(y), theny = (¢ = d) and x|y = (¢ — x|d), where c, d € Types 4.

This definition covers both the case of the parallel composition of a channel with a channel, where we
expect the inputs of both channels to be on the left and the outputs on the right of the type associated with
parallel composition, and the composition of a channel with a state, or a channel with a superchannel, where

we expect the type of the map of lower order to be on the right.
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Note that we have the following relation between the order of the product of two types and the order of

the two types.

Lemma 6.1.9: Order of product of types

Let x,y € Types 4, the ord(x|y) = max { ord(x), ord(y) }.

Proof. We prove this statement by induction on max { ord(x), ord(y) }. If max { ord(x), ord(y) } = 0, then the
two types are elementary and their product is an elementary type. Now, assume that max { ord(x), ord(y) } =
n+ 1 > 0, and assume that the statement holds for all types up to order n. In this case, we have two split the
proof in the three cases of Definition 6.1.8, and we use the same notation, that is, if ord(x) > 0, we write

x = (a — b) and if ord(y) > 0, we write y = (¢ — d).

* If ord(x) = ord(y), then ord(a), ord(b) < n and at least one of them is equal to n (see Lemma 6.1.7).
Similarly, ord(c), ord(d) < n. The induction hypothesis implies that ord(a|c), ord(b|d) < n and at
least one is of order n. Therefore, the order of x|y = (a|lc — b|d) is of order n + 1.

e Ifn+1 = ord(x) > ord(y), then ord(a), ord(») < n and at least one of them is of order n. By induction
hypothesis, ord(a), ord(b|y) < n and at least one of them is of order n. Therefore, x|y = (a — b|y) is

of ordern + 1.

e Ifn+1 =ord(y) > ord(x), then ord(c), ord(d) < n and at least one of them is of order n. As before,
this implies that x|y = (¢ — x|d) is of order n + 1.

O

The isomorphism between types and trees induces an operation on trees that is compatible with the
product of types and is defined as 71|77 = A g (A}(1 (T1)|A}l1 (T7)). By definition A #(x|y) = Aa(x)|Aa(y)
and A~ (Ty|T») = A (T1)|A7 (T2). Moreover, we can explicitly write the action of ‘|” as follows.

* If 71 and 75 are trees of depth zero, then they are associated with E, G € EleTypes 4, and T1|T> =
A #(E|G) is the three associated with the elementary type E|G.

« If T} and 75 are the trees of equal depth strictly greater than zero, then 7y = TF ¢ TR and T, = T} o TY,
-1

where the L and R superscripts denote the left and right subtree. By definition of A, A7, and ‘|’ one

obtains
Ti|Ts = Aa(A5 (T)IAZ (T)

= Aa(AZ (T o TR AZ (T o TF))

= Aa((AZ (TF) = AZ(TNIAZ (T — AZ (1))

= Aa((AZ (THIAZ (TF)) = (A (TPIAZ (T))) (6.4)
= Aa(AZ (TEITY) — AL (TRITY))

= (Aa o AL (TEITY)) o (Aa o AL (TRITS))

= (THITY) o (TRITY)
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A F ( /\) (A )
[ ] [ ]
B C| D E A g ¢|F
(a) (b)
D (o o) B (o o)
AlE CIF D AE B CF
(©) (d)

Figure 6.2: Product of the trees associated with (A — (B — C)) and ((D — E) — F).

Both trees have depth two. Therefore, the resulting tree has as the left subtree the product of the left subtrees of the two
initial trees, and as the right subtree the product of the right subtrees (Figure a to Figure b). Both products are between a
tree of depth zero and a tree of depth one. In this case, the tree with depth zero falls on the right of the tree of depth one
(Figure b to Figure c). Lastly, the product of trees of order zero is simply a tree of order zero in which the labels are
concatenated (Figure c to Figure d).

That is, T1|T> is the tree that has as the left subtree the product of the left subtree of 7} with the left
subtree of 7> and has as the right subtree the product of the right subtree of 7 with the right subtree of
1.

» If T} and T, are trees such that the depth of 77 is strictly greater than the depth of T3, then T1|T; =
TlL ° (TIR |T»). That is, T1|T> is the tree that has as left subtree the left subtree of 77 and as right subtree
the product of the right subtree of 71 with 7> (same proof as above).

* If T} and T are trees such that the depth of 7 is strictly smaller than the depth of T, then T}|T; =
TZL o (T |T2R ). That is, T1|T> is the tree that has as left subtree the left subtree of 75, and as right subtree
the product of 77 with the right subtree of 7> (same proof as above).

In the following, we will drop the symbol ‘|” whenever there is no ambiguity. We will write xy to denote
x|y and T T5 to denote T1|T5.

As we have discussed, the product of two types associated with channels gives a type associated with
a channel. This is a special case of a more general property regarding the product of types with the same

structure.

Lemma 6.1.10: Product of types with the same structure

Let x,y € Types 4 such that struct(x) = struct(y). Then, struct(xy) = struct(x) and each leaf of
A #(xy) is labelled with the concatenation of the elementary types that label the corresponding leaves
of Ag(x) and Az (y).
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B C E F BE CF
(a) (b)
Figure 6.3: Product of types with the same structure.

The product of two types with the same structure can be easily computed with trees. It is enough to copy the structure
of the types and fill the leaves with concatenation of the labels in the corresponding positions in the two factors
(Figure a to Figure b).

Proof. We prove it by induction on the order of x, which is equal to the order of y. If ord(x) = ord(y) = 0, then
xy is just the concatenation of elementary types and struct(xy) = struct(x). If ord(x) = ord(y) =n+1 >0,
then A #(xy) is by construction LT}  TRTR, where T is the left subtree of Az (x), and T}, TR, and T}
are defined analogously. Since x and y have the same structure, their left subtrees have the same structure.
Therefore, T)nyL has the same structure as TX by induction hypothesis (we assume that the statement is true
for all types up to order n). Analogously, TRT} has the same structure as 7;%. Since x and xy have the same
left and right subtree structures, they have the same structure. Moreover, by induction hypothesis, the labels
of the leaves in the left subtree are the concatenation of the corresponding leaves in the left subtrees of x and y.
The same argument holds for the right subtree. Therefore, the labels in the leaves of xy are the concatenation

of the labels in the corresponding positions in the trees associated with x and y. O

6.1.3 Properties of the Product of Types

In this Section, we will list properties of the product of types. We start by proving that the product of types

has a unit, the empty string /.

Lemma 6.1.11: Unit of product of types

The empty string / is the unit of the product of types, i.e., Ix = x = xI for all x € Types 4.

Proof. We prove this result by induction on the order of x. Let ord(x) = 0, i.e., x = E, where E € EleTypes 4.
The concatenation of E with the empty string I gives E. Assume now that ord(x) > 0, therefore x = (a — b),
where ord(b) < ord(x). Since ord(/) = 0, xI = (a — bI) and by induction hypothesis bI = b = Ib.
Therefore xI = (a — b) = x. Similarly Ix = (¢ — Ib) = (a — b) = x. ]

Once again, this matches the intuition from quantum information that composing a map of type x in
parallel with the trivial system / gives a map of type x.

Now, we want to prove that the product of types is associative. To achieve this result, we first prove the
following three lemmas. The goal of these lemmas is to provide abstract expressions for the product of two
and three types that allow for an inductive proof. That is, we want to write the products xy, (xy)z, and x(yz)

in terms of products of types of lower order.
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Lemma 6.1.12: Abstract expression for the product of two types

Let x,y € Types 4 such that max { ord(x),ord(y) } > 0. If ord(x) > 0, let a, b be types such that
x = (a — b). Similarly, if ord(y) > 0, let ¢, d be types such thaty = (¢ — d). Thenxy = (ay — B96),

where
)1 if ord(x) < ord(y), e f ord(x) < ord(y),
“T1u itord) sord(y). | |b if ord(x) > ord(y). .
¢ if ord(x) < ord(y), ] it ord(x) < ord(y), (©)
"7 it ord) > ord(y). |y if ord(x) > ord(y).
Proof. The proof follows from the definition of the product of types and of the empty string:
(ac — bd) if ord(x) = ord(y),
xy =4(a — by) if ord(x) > ord(y),
(¢ > xd) if ord(x) < ord(y).
(6.6)
(ac — bd) if ord(x) = ord(y),
=4 (al — by) if ord(x) > ord(y),
(Ic — xd) if ord(x) < ord(y).

The expressions for @, 5, v, and ¢ follow from matching them with the types in the corresponding positions

in the last equation.

O

Lemma 6.1.13: Abstract expression for the product (xy)z

I if ord(x) <N,

a=
a if ord(x) = N.
it ord(y) < N,
re ¢ if ord(y) = N.
. I if ord(z) < N,

e if ord(z) = N.

Let x, y, z € Types 4 be such that max { ord(x), ord(y),ord(z) } = N > 0. Leta, b,c,d, e, f be types
such that x = (¢ — b) when ord(x) > 0, y = (¢ — d) when ord(y) > 0, and z = (¢ — f) when
ord(z) > 0. Then, (xy)z = ((ay)e — (B6)¢), where

if ord(x) < N,
if ord(x) = N.

=

B =

S

if ord(y) < N,
if ord(y) = N.

<

(6.7)

U

if ord(z) < N,
f if ord(z) = N.

I\

Proof. To prove this lemma we start with the expression for xy derived in Lemma 6.1.12, and then we

compute (xy)z splitting it into the cases ord(xy) = ord(z), ord(xy) > ord(z) and ord(xy) < ord(z) as in
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Definition 6.1.8.

((ac)e — (bd)f) if ord(z) = ord(xy) and ord(x) = ord(y),
((al)e — (by)f) if ord(z) = ord(xy) and ord(x) > ord(y),
((Ic)e — (xd)f) if ord(z) = ord(xy) and ord(x) < ord(y),
(xy)z=1{((Ie — (xy)f) if ord(z) > ord(xy), (6.8)
((ac)l - (bd)z) if ord(z) < ord(xy) and ord(x) = ord(y),
((aDI — (by)z) if ord(z) < ord(xy) and ord(x) > ord(y),
((Ie)I — (xd)z)  if ord(z) < ord(xy) and ord(x) < ord(y).

From this equation, one obtains the expressions for @, 3, . ... For example, ord(x) < N only in the third,
fourth, and last expressions. In these cases, the first symbol is /. In all the other cases, the first symbol is a.
This proves

I if ord(x) <N,
= (6.9)
a if ord(x) = N.

Lemma 6.1.14: Abstract expression for the product x(yz)

Letx, y, z € Types 4 be such that max { ord(x), ord(y),ord(z) } = N > 0. Leta, b,c,d, e, f be types
such that x = (a — b) when ord(x) > 0, y = (¢ — d) when ord(y) > 0, and z = (¢ — f) when
ord(z) > 0. Then, x(yz) = (a(ye) — B(6¢)), where

I if ord(x) < N,

if ord(x) < N,
a = ﬁ =

=

a if ord(x) = N. b if ord(x) = N.
I if ord <N, if ord <N,
. () s T () 6.10)
¢ if ord(y) = N. d if ord(y) = N.
I if ord(z) < N, 5 z if ord(z) < N,
€ = =]
e if ord(z) = N. f if ord(z) = N.

Proof. Here, we first derive the expression for yz when ord(yz) > 0:

(ce — df) if ord(y) = ord(z),
vz =1(cl — dz) if ord(y) > ord(z), (6.11)
(Ie — yf) if ord(y) < ord(z).

Then we compute x(yz) splitting it into the cases ord(x) = ord(yz), ord(x) > ord(yz) and ord(x) < ord(yz)
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as in Definition 6.1.8.

(a(ce) — b(df)) if ord(x) = ord(yz) and ord(y) = ord(z),
(a(cl) — b(dz)) if ord(x) = ord(yz) and ord(y) > ord(z),
(a(lIe) = b(yf)) if ord(x) = ord(yz) and ord(y) < ord(z),
(xy)z =1 (a(1l) = b(yz)) if ord(x) > ord(yz), (6.12)
(I(ce) — x(df)) if ord(x) < ord(yz) and ord(y) = ord(z),
(I(cI) = x(dz)) if ord(x) < ord(yz) and ord(y) > ord(z),
(I(Ie) — x(yf)) if ord(x) < ord(yz) and ord(y) < ord(z).

Here, we observe that ord(x) < N only in the last three expressions. In these cases, the first symbol is /. In

all the other cases, the first symbol is a. This proves

I if ord(x) <N,
a= (6.13)
a if ord(x) = N.

Similarly, one finds the expressions for 3, v, . .. ]

The expressions for @, 8, ..., in Lemma 6.1.13 and in Lemma 6.1.14 are the same. This is what we need

to prove associativity.

Theorem 6.1.15: Associativity of the product of types

The product of types is associative. That is, for all x, y, z € Types 4,

(xy)z = x(yz2). (6.14)

Proof. We prove this theorem by induction on max { ord(x), ord(y), ord(z) }. If max { ord(x), ord(y), ord(z) } =
0 then all types are elementary. (EG)F and E(GF) are the sequence of symbols in E, followed by the
symbols in G and the symbols in F. Therefore (EG)F = E(GF). Let us assume now that n > 0. Then,
(xy)z = ((@y)e — (Bd)¢) by Lemma 6.1.13. Since, ord(a), ord(B), - - - < max { ord(x), ord(y), ord(z) }

we can use the induction hypothesis and we obtain

(xy)z = ((ay)e = (B)¢) = (a(ye) — B(6¢)). (6.15)
We conclude by noticing that the last expression is x(yz), as proven in Lemma 6.1.14. O
Note that the set of types equipped with the product ‘|’ is a monoid. Indeed, ‘|’ is an associative binary

operation on Types 4 and I € Types 4 is the identity element of |’.

6.1.4 Trivialization of Types

In the product of two types, the structure of the types plays a crucial role: It completely determines the

structure of the product type. However, as we have discussed, the structure of a type is not a type; it is just an
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A 1
B C 1 1
(a) Tree associated with x = (A — (b) struct(x) (c) Tree associated with triv(x)
(B— Q)

Figure 6.4: Structure and trivialization of a type.

In Figure a, the tree associated with the type x = (A — (B — C)) is represented. In Figure b, the structure of x is
represented, which is obtained by removing all the labels from the tree associated with x. In Figure c, the tree
associated with triv(x) is represented. This tree is obtained by labelling the leaves of struct(x) with the trivial type I.

unlabelled tree. Here, we introduce for every type x a type that has the same structure as x but carries no

information about the elementary types that appear in x.

Definition 6.1.16: Trivialization

The trivialization of a type x € Types 4, denoted with triv(x), is the type associated with the tree
obtained from A #(x) by replacing all the leaves’ labels with the empty string /.

With an abuse of language, we will sometimes write the trivialization of a tree 7 when we mean the
trivialization of the type associated with 7. In addition, we will refer to types obtained with this process as
trivialized types.

One immediately deduces the following properties from the definition of triv(x).

Lemma 6.1.17: Properties of triv(x)

The following expressions are true for every x € Types 4.

struct(triv(x)) = struct(x).
e ord(triv(x)) = ord(x).
* If x = (a — b), then triv(x) = (triv(a) — triv(b)).

o triv(triv(x)) = triv(x) (Idempotence).

J

In addition, the trivialization of a type has the following properties when in the product with another type.
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Lemma 6.1.18: Product of trivialized types

The following expressions are true for all x, y € Types 4.

o triv(x)x = x (Absorption).
o triv(y)x = x triv(y) (Centrality).

o triv(xy) = triv(x) triv(y) (Distributivity).

\. J

Proof. Absorption follows from Lemma 6.1.10 and the definition of triv(x). Indeed, triv(x) and x have the
same structure. Therefore, their product is a type with the same structure in which all the elementary types are
the concatenation of the corresponding elementary types in triv(x) and x. Since all the elementary types in
triv(x) are empty strings, the elementary types appearing in triv(x)x are the elementary types of x. Therefore,
triv(x)x = x.

We prove centrality by induction on ord(xy). If ord(xy) = 0, then both x and y are elementary, triv(y) = I,
and we have shown in Lemma 6.1.11 that 7 is the unit of the product, therefore triv(y)x = x = x triv(y).
Now, we assume that ord(xy) > 0 and that the centrality holds for all types up to order ord(xy) — 1. Let
a,b,c,d € Types 4 be such that x = (¢ — b) when ord(x) > 0 and y = (¢ — d) when ord(y) > 0. From
the definition of the product of types and the centrality of trivialized types of order lower than ord(xy), we
have that
(triv(c)a — triv(d)b) if ord(x) = ord(y),
triv(y)x = { (a — triv(y)b) if ord(x) > ord(y),

(triv(c) — triv(d)x)  if ord(x) < ord(y).

(atriv(c) — btriv(d)) if ord(x) = ord(y), (6.16)
=4 (a — btriv(y)) if ord(x) > ord(y),

(triv(c) — x triv(d)) if ord(x) < ord(y).
= xtriv(y).

We also prove distributivity by induction on ord(xy). If ord(xy) = 0, then x, y, and xy are elementary
types. Therefore, triv(x) triv(y) = I1 = I = triv(xy). Now, we assume that ord(xy) > 0 and that distributivity
holds for the product of types up to ord(xy) — 1. As before, let a, b, ¢, d € Types 4 be such that x = (a — b)
when ord(x) > 0 and y = (¢ — d) when ord(y) > 0. Then,

triv((ac — bd)) if ord(x) = ord(y),
triv(xy) = < triv((a — by)) if ord(x) > ord(y), (6.17)
triv((c —» xd))  if ord(x) < ord(y).
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Using Lemma 6.1.17 we can write triv((a@ — B)) as (triv(a) — triv(8)) and we obtain

(triv(ac) — triv(bd)) if ord(x) = ord(y),
(triv(a) — triv(by))  if ord(x) > ord(y), (6.18)
(triv(c) — triv(xd))  if ord(x) < ord(y).
Now, we can use distributivity for the types of order lower than ord(xy) together with ord(x) = ord(triv(x))
to get
(triv(a) triv(c) — triv(b) triv(d)) if ord(triv(x)) = ord(triv(y)),
(triv(a) — triv(b) triv(y)) if ord(triv(x)) > ord(triv(y)), (6.19)
(triv(c) — triv(x) triv(d)) if ord(triv(x)) < ord(triv(y)).
This expression is the definition of the product of triv(x) = (triv(a) — triv(d)) with triv(y) = (triv(c) —

triv(d)). This concludes the proof. m]

Same useful identities based on the results of Lemma 6.1.17 and Lemma 6.1.18 are

triv(x) triv(x) = triv(x) (6.20)
triv(xy) = triv(yx) (6.21)
triv(x triv(y)) = triv(xy) (6.22)

6.1.5 Promotion of Types

In this subsection, we present how to add to a type x the structure of another type y. More than being
interesting per se, the content of this subsection will be beneficial when we define the ‘tensor product’ of
maps of different types.

Definition 6.1.19: Type Promotion

Let x, y € Types 4. The promotion of x with respect to y, denoted with x,, is defined as
Xy = xtriv(y). (6.23)

Moreover, x is the principal type, and y the subordinate type of x,.

For example, if one promotes the elementary type A with the type B — C, one obtains A| triv(B — C) =
A|(I = I) = I — A. That s, if one promotes a type associated with a state p” with a type associated with a
channel, one obtains the type of the channel that prepares p?.

The following Lemma lists useful identities involving the promotion of a type.
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Lemma 6.1.20: Properties of the promotion of a type

Let x,y, z € Types 4. The following statements are true.

1. xx =x7 =x.

2. X(y,) = (Xy)z = Xyz.

3. %2y =x(yz) = (x¥)z = X2z
4. Xyz = Xgy.

5. Xyy = Xxy.

Proof. For the first property, note that x, = x triv(x) = x by idempotence. Moreover, x; = x triv(l) = xI = x
because the empty string is the unit of the product.

For the second property, observe that
Xy, = Xyiv(z) = X triv(y triv(z)) = x triv(y) triv(z). (6.24)

From this, if we associate on the left, we obtain the second expression of the equality. If instead we associate
on the right and use distributivity of triv, we get the last expression in the equality.
For the third property, observe that
X,y = xtriv(z)y. (6.25)

Using the centrality of triv(z) one obtains xy triv(z). If we associate on the right, we get xy; on the left, we
get (xy),. Lastly, observe that triv(z) = triv(z) triv(z). Therefore,

xtriv(z)y = xtriv(z) y triv(z) = x,y;. (6.26)

For the fourth property, we use Eq. (6.21): xy, = x triv(yz) = x triv(zy) = xy.
Lastly, from distributivity and Eq. (6.20), we getxy, = x triv(yy) = x triv(y) triv(y) = x triv(y) =x,. 0O

This Lemma allows us to drop brackets when dealing with products of type extensions. Moreover, the
order of the subordinate types does not affect the promotion of the principal type.

Thanks to the promotion of types, we can write the product xy in terms of a promotion of x and a
promotion of y with the same structure as xy.

Corollary 6.1.21: Product of promotion of types

Let x, y € Types 4, the following statements are true.
L. xy =xyyx.
2. triv(xy) = triv(y,) = triv(xy) = triv(yx).

3. struct(xy) = struct(y,) = struct(xy).

136



6. Higher-Order Quantum Maps

Proof. From the previous Lemma, we have that

XyYVx = (xyx)y =XYxy = XY. (6.27)

This proves the first property.
Using distributivity, idempotence, centrality, and absorption, we get
triv(xy) = triv(x triv(y)) = triv(x) triv(y) = triv(xy) 6.28)
triv(yy) = triv(y triv(x)) = triv(y) triv(x) = triv(x) triv(y) = triv(xy). '
Together with Eq. (6.21), this proves the second property. The last property simply follows from observing
that struct(triv(z)) = struct(z) for all z € Types » (Lemma 6.1.17). i

Sometimes, promoting a type with another type leaves the first type unchanged. In a sense, the principal

type already contains the structure of the subordinate type.

Definition 6.1.22: Inclusion of types

Let x, y € Types 4, we say that y includes the structure of x (or the structure of x is included in y), and

we write x < yif y, = y.

This relation is a preorder of types.

Lemma 6.1.23: Preorder of types

The inclusion of types is a preorder. That is,
°* X <X,

e x<yandy < zimply x < z.

Proof. The first condition follows from x, = x (see Lemma 6.1.20).
To prove the second condition, observe that z, = (zy)x because y < z. By Lemma 6.1.20, this is equal to

Zy,. Since x <y, we have that z, = z,. Lastly, we use again y < z to get z, = z. This proves z = z,. O

As one would expect, if x < y, and x is a trivialized type, i.e., triv(x) = x, then the product xy is equal
to y. Indeed, y already contains the structure of x, and all the elementary types that appear in x are empty
strings; therefore, they do not contribute to the elementary types of xy. Interestingly, the converse holds as

well. If xy = y, x must be a trivialized type and x < y.

Proposition 6.1.24: Trivial types and preorder of types

Let x, y € Types 4. The following are equivalent:

1. xy =y.

2. x < y and triv(x) = x.
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Proof. We start with 2= 1:
xy =triv(x)y = ytriv(x) = yx = y. (6.29)

The first inequality follows from x = triv(x), the second from the centrality of triv(x), the third is the
promotion definition, and the last follows from x < y.

Now, we prove /=2. First, observe that
y =xy =triv(x)xy = triv(x)y = ytriv(x) = yy. (6.30)

The first equality comes from /, the second from absorption, the third from / again, the fourth from centrality,
and the last is the definition of the promotion of types. Therefore, x < y.

Second, we want to prove by contradiction that triv(x) = x. Let us assume that a leaf in the tree associated
with x is labelled by the elementary type E # I. Thus, there is a leaf in x, labelled by E. The type x,
has the same structure as y, = y. Let us denote with G the elementary type associated with the leaf in y
corresponding to the leaf labelled by E in x,. Now, xy = x,y, and xy have the same structure as x, and y
(by Corollary 6.1.21). Therefore, the leaf of xy corresponding to the leaf labelled with E in x,, and G in
yx = yis labelled by EG (Lemma 6.1.10). However, EG # G, because E is a non-empty string; thus, the
number of symbols in EG is strictly greater than that in G. This contradicts xy = y. O

We conclude this Section by noticing that the promotion of 7 with the type x is equal to triv(x). Indeed,

by definition /,, = [ triv(x) = triv(x). We will often write /. instead of triv(x) in the following.

6.2 Higher-Order Linear Maps

In the previous Section, we introduced types with the promise of using them as labels for maps. In this
Section, we formalize what we mean by a map of type x € Types z. As we have done multiple times
so far and will do again throughout this Chapter, we will follow a bottom-up approach. We begin with
symbols in the alphabet, then move on to elementary types, and finally discuss non-elementary types. We
associate with every symbol A € A a complex, finite-dimensional Hilbert space H4 with dimension strictly
greater than 1. As in the previous chapters, we denote the dimension of H4 with |H4|. Each of these
Hilbert spaces comes equipped with an inner product, denoted with (-, -)¢r,, which is linear in the first
component. We associate with every elementary type E = E| ... E,, where E; € A, the finite dimensional
complex Hilbert space Hg, ® - -- ® Hg,. We denote with (-, -)4, the inner product defined on elementary
tensors as (u! @ -+ - @u", v ® - ®Vv)qy,. = (u!, Vl)WE] ... (u",v") 4y, , and extended by linearity in the
first component and conjugate linearity in the second to all pairs of vectors in Hg. The elementary type
E = I is not included in the definition above, and we associate with it the Hilbert space C. Note that, with
this definition, we have associated non-trivial quantum systems that cannot be decomposed into smaller
subsystems with symbols of (A, all quantum systems, composite or not, with elementary types, and we have
reserved the empty string / for the trivial quantum system. Following a convention common in quantum
information, we will identify Hg ® C and C ® Hg with Hg. We are now ready to define a map associated

with a type x € Types 4.
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Definition 6.2.1: Vector space of maps of type x

The set of linear maps associated with type x, denoted with L(x) is recursively defined as follows:
 If x = E € EleTypes 4, then L(x) = £(E).

» If x = (a — b), where a, b € Types 4, then L(x) = £(L(a), L(b)).

As a reminder, we denote with £(E) the set of linear endomorphisms on Hg and with (X, Y) the set
of linear maps from X to Y. Once again, we follow a standard convention in quantum information, and we
identify L(I), which is formally the set of endomorphisms on C, with C, to which it is only isomorphic.

It is straightforward to see that each L(x) is a complex vector space. It is true for elementary types, and

the set of all linear maps from one complex vector space to another is a complex vector space.

Lemma 6.2.2: Dimension of L(x)

Let x € Types 4, then |L(x)| = []; |7{E,. 2, where { E; } are the elementary types labelling the leaves

of the tree associated with x.

Proof. We prove it by induction on the order of x. If ord(x) = 0, then x = E € EleTypes 5 and L(x) is the
space of endomorphisms on Hg, which has dimension |HE|%. If ord(x) > O, then x = (a — b), where
a,b € Types 4, and L(x) has dimension |L(a)||L(b)|. By induction hypothesis, |L(a)| = [1; |7—{Ei|2 and
IL(b)| = T1; |[Ho, |

the labels of the leaves of the tree associated with b. Therefore,

, where { E; } are the labels of the leaves of the tree associated with a, and { G, } are

L@ = [ [I#Hel ] |17, |- (6.31)
i J

Since the tree associated with x has leaves labelled by { E; } U { G, }, the statement is true for types of order

greater than zero, and this concludes the proof. O

We use the subscript -, to denote that a linear map is in L(x); that is, we write ['* to denote a linear map
in L(x). We will consistently use capital Greek letters for maps to avoid confusion with types, denoted mostly
with lowercase and uppercase Latin letters, and abstract expressions of types, denoted with lowercase Greek
letters (as in Lemma 6.1.12). The most immediate benefit of labelling a map with a type is that it makes it

obvious if two maps can be composed and how.

« Sequential composition: If ['“>? € L(a — b) and A’~¢ € L(b — c¢), then AP™¢ o0 %> is the map

in L(a — ¢) obtained as sequential composition of A>~¢ and I'*~?.

* Evaluation: If I'*”? € L(a — b) and u® € L(a), then T'*™?(4%) is the map in L(b) obtained by
evaluating I'“>? at 4. This notation quickly produces a large number of brackets, making most
expressions unreadable. We decided to introduce a different notation to improve readability. We will
write T4~ @u“, which one can read as ‘evaluated at’ or simply as ‘at’, as an alternative to T'“>? (u4).

We will use both notations, depending on the situation. Note that here, we used the lowercase Latin
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letter u# to denote a map and not an uppercase Greek letter. We will do so every time a map is used
solely as an input for another map. We will use letters usually associated with vectors, like u, v, w, to

give the idea that the linear operator I'*? is evaluated at the vector u¢.

Now that we have well-defined vector spaces and notations for the composition of maps, we recursively
define the inner product between two maps. That makes L(x) a Hilbert space for all x € Types 4. As usual,

we give a recursive definition, which is a translation of the Hilbert-Schmidt inner product to our notation.

Definition 6.2.3: Inner product

For every x € Types 4, the inner product (-, -), is recursively defined as follows.

e If x = E € EleTypes 4: (TE,AF)g = 3;(TEu’, AEu")4y,., where { u' }lgEl is an orthonormal
basis of H.

* If x = (@ — b), where a,b € Types 4: (I'*,AY), = Zi(F“_’b(uf’),A“_’b(uf‘))b, where
{ uf }li;a)l is an orthonormal basis of L(a).

J

Note that the Gram-Schmidt construction guarantees the existence of an orthonormal basis for L(a) in the
recursive definition of the inner product. Indeed, L(a) is a vector space, ord(a) < ord(x), and the recursive
definition guarantees the existence of the inner product (-, -),. With that, one can construct an orthonormal
basis for L(a) starting from any basis of L(a) using the Gram-Schmidt algorithm. Moreover, (I'*, A*),
satisfies all the conditions of an inner product because it is the Hilbert-Schmidt inner product of the operators
', A* € (L(a), L(b)), and L(a) and L(b) are Hilbert spaces by recursive construction.

When Hilbert spaces and quantum mechanics are involved, the reader expects to see bras and kets. We

define them as follows.

Definition 6.2.4: Bra and ket

Let x € Types 4, and I'* € L(x)
o ) ™* ¢ L(I — x) is the linear map defined as [T*)~* @1 = I'*.

« ("1 € L(x — I) is the dual of I'*, that is the unique map that satisfies (I'*|*~! @A* =
(A*,TX), for all A* € L(x).

The Riesz representation theorem guarantees the existence and uniqueness of the dual. Following the

physicist convention, we drop the symbol ‘o’ when dealing with kets and bras:
o (¥ [ A2z (D¥ P2 o AN Y e LT - 1),
© JATXTIPTY = AT o (T € Lix — ).

This implies that the relation between the bra-ket of two functions and the inner product is not the one
physicists are used to, but (A*, '), = (I'* IAx>I—>I @l1.

After the inner product, the bra, and the ket, we introduce the notation for the adjoint.
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Definition 6.2.5: Adjoint

Let x € Types 4 and let I'* € L(x). The adjoint of I'* is defined as follows.

 Ifx = E € EleTypes 4, (T")E € L(E) is the unique linear operator such that (u, () E (v)) gy, =
(TE (u), v)qyy, forall u,v € Hg.

eIf x = (a — b), (I'NP>% ¢ L(b — a) is the unique linear operator such that
(u, (THYb=a(vPY), = (TP (u%),vP),, for all u® € L(a), v? € L(b).

We conclude this first part about linear maps associated with a type x and the corresponding notations

with a proposition that shows how functions can move in and out of kets and bras.

Lemma 6.2.6: Properties of ket and bra
Letx,y € Types 4, I'¥ € L(x), and A*™Y € L(x — y). Then,
L [A=Y@I*) 7Y = AX2Y o T*)1 7,

2 <Ax—>y@l—~x|y—>l — <1—~x|x—>l 8 (AT)y—m‘

Proof. We start with the first statement. If we evaluate the left-hand side at 1, we obtain
IA*Y@I¥)Y ™Y @1 = A¥Y @I, (6.32)
For the right-hand side, we get
ATV o TN Y @1 = AV [N 7 @1] = ANV @I, (6.33)

Since the two functions coincide when evaluated at 1, they coincide on every element of L(1) by linearity,
and therefore, they are equal.

We now prove the second statement. Let ® € L(y).

(N er Pl @) = (97, AV @), (6.34)

<Fx|x—>l ° (AT)y—m@@y — <1—~x|x—>1 @[(AT)y—m@®y]
(AT @Y, T), (6.35)
= (07, A"V @I™),.

O

6.2.1 Product of Maps associated with different types

So far, we have seen two ways of composing maps associated with different types: sequential composition
and evaluation. However, there is a third kind of composition that we have not yet investigated: parallel

composition. As we discussed when we introduced the product of two types, parallel composition does not
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always match the tensor product. If f € £(X,Y) and g € &(W, Z), the tensor product f ® g is the linear
map in (X ® W,Y ® Z) defined on elementary tensors as f @ g(u®v) = f(u) ® g(v) forallu € X,v e W.
However, we have seen that MA~8 ® pC is commonly used to denote the tensor product of MA~2 with the
preparation channel RS~ (1) = p€, and not the map in £(2(A4) ® Hc, £(B) ® Hc).

We introduced the product of types to correctly compute the type associated with the parallel composition
of two maps. That is, if ['* € L(x) and AY € L(y), we expect the parallel composition of these maps to be in
L(xy). Following what was done for the product of types, we begin to define the parallel composition of
two maps from the case in which the types associated with the maps have the same structure. Remember
that, if struct(x) = struct(y) and ord(x) = 0, then both types are elementary, x = E and y = F. In this case,
the parallel composition is I'? ® AF", which satisfies the condition of being in L(EF). If ord(x) > 0, then
x=(a—b),y=(c— d)andxy = (ac — bd). The tensor product I'*>? @ A°> is by definition a
map in L(L(a) ® L(c¢), L(b) ® L(b)). In the following lemma, we show that L(a) ® L(c) = L(ac) and
L(b) ® L(d) = L(bd). With that result, '* @ AY € &(L(ac), L(bd)) = L(xy), as wanted.

Lemma 6.2.7: Product of maps associated with types with the same structure

Let x, y € Types 4 be such that struct(x) = struct(y). Then, L(xy) = L(x) ® L(y), where

L(x)® L(y) =Span{I'"* @ A” | I € L(x),A” € L(y) }. (6.36)

Proof. We prove it by induction of ord(x) = ord(y). Base step: x = E,and y = G, and E, G € EleTypes 4.
Then,
L(EG) = 8(HEec) = L(He @ Hg) = L(HE) ® L(Hg). (6.37)

The first inequality follows from the definition of L(EG), the second from the definition of Hg¢, and the last
from the canonical identification

L(H, @ Ho, Hz @ Hy) = L(H, Hz) ® 8(Ha, Ha), (6.38)

where H; is a finite dimensional Hilbert spaces for 1 <i < 4. Since &(Hg) = L(E) and &(Hg) = L(G),
the statement holds for elementary types.

Inductive step: Letx = (a — b), y = (¢ — d). Since struct(x) = struct(y), then struct(a) = struct(c)
and struct(b) = struct(d). Then, using the induction hypothesis and Eq. (6.38), we obtain

L(xy) = L(ac — bd)
= &(L(ac), L(bd))

=L(L(a)® L(c), L(b) ® L(d)) (6.39)
= 2(L(a), L(b)) ® £(L(c), L(d))
=L(x) ® L(y).

This concludes the proof. O

Therefore, if two types have the same structure, the parallel composition of maps associated with them is

computed with the tensor product. Now, we turn our attention to types with different structures. We notice
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that even if x and y are types with different structures, we can construct types x, and y,, which have the same
structure by construction and satisfy x,y, = xy. Thus, if we can ‘promote’ a map I'* to a map I'*> and a map
AY to a map A¥~, then we can define the parallel composition of I'* and A”* as ['*Y ® A** and we have a way
of computing it. This is usually done when the parallel composition of MA~2 and p€ is computed. Indeed,
first one promotes p€ to the channel that prepares p*, which with our notation is ! pC>I_>C. This map has
type I — C, which has the same structure as A — B, the type associated with MA~2. Second, one defines
the parallel composition as MA4~8 ® |pC>I_)C, which is a map of type A — BC, as expected.

Before giving the formal definition of ‘promotion’, we provide an intuitive explanation for it. The
goal is to promote a map I'* € L(x) to its natural counterpart "> € L(x,), in the same way that a state
pC is promoted to the channel that prepares p©. We start with the simplest case, as usual. Suppose that
x,y € EleTypes z. Then, the structure of x is equal to the structure of y and, therefore, x = x,. This implies
that the promoted map I'™*> is equal to the initial map I'*. If we call %> the promotion map, then, in the
case x, y € EleTypes 4, we have n*~*v = id* ™%, the identity map in L(x — x), i.e., id*~*(I'*) = I'* for all
'™ € L(x). In addition, we can introduce a ‘demotion’ map 7> —* that reverses the action of the promotion
map. In this case, n*> 7% = id* %,

The next step in the recursive definition is to assume that ord(xy) > 0, and we split the definition
into three cases: ord(x) = ord(y), ord(x) > ord(y), and ord(x) < ord(y), matching the three cases in the
definition of the product of types. Whenever ord(x) > 0, we have that x = (a — b), for some a, b € Types 4,
and similarly, whenever ord(y) > 0, we have that y = (¢ — d) for some c¢,d € Types 4. We start with
the case ord(x) = ord(y) > 0. We want to promote a map I'* of type x = (¢ — b), to a map of type
xy = (ac — bg). Thanks to the recursive definition, we can assume that all the promotion and demotion
maps of lower orders are well-defined. We observe that if we pre-compose I'*~? with the demotion map
n% % we obtain I'*>? o p% =% ¢ L(a, — b). Similarly, if we post-compose the resulting map with the
promotion map 1?4, we obtain P4 o 470 o p9=4 ¢ L(a. — by), as desired. With the same logic,
one obtains the demotion of A* is n?4™>b o A4c—Pd o pd=dc That is, if ord(x) = ord(y), the promotion
n*~* and demotion n*>~* are completely defined in terms of the promotions and demotions of the left and
right subtrees of x and x.

This is very similar to what happens in the case ord(x) > ord(y). Indeed x, = (@ — b,), and
therefore T'* is promoted to n?~?y o T9?. With the same logic, A" € L(a — by) is reduced to
7=l o APy € L(a — b).

So far, the promotion and demotion operators are either the identity or are recursively defined in terms
of lower-order promotion and demotion operators. The case ord(x) < ord(y) is the crucial case. We have
already seen an example of this case when we promoted the state pC to the preparation channel 1 — p€.
>I_>C € L(I — C). This is the key idea behind the
definition of the promotion operator in the case ord(x) < ord(y). Lety = (¢ — d), thenxy, = (I, — xg4).

We start with a function I'* € L(x). If we evaluate n* %4 at I'* we obtain n* %4 (I"*) € L(x4). Now, we

As already discussed, the preparation channel is |pc

want to promote it to a map of higher order using the ket operator: [ =%¢(I'*))/ ™% ¢ L(I — x4). We

Ie=I and we

have almost obtained the desired map in L(I. — x4). What is left to do is pre-compose with n
obtain |p*¥d (X)) =%d o ple=! ¢ [(I. — x4). Lastly, if one starts with A, the demotion to a map in

L(x) is obtained as follows. First, pre-compose with /=% to obtain Ale™%d o p!=le ¢ L(I — x4). If we
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evaluate this map at 1, the result is a map of type x4: Al™~¢ o p!>lc@1 € L(x4). Therefore, the only thing
left to do is to reduce the resulting map to x: %=X [Ale ™% o p!=lc@1] € L(x).
In conclusion, the promotion and demotion maps are recursive pre- and post-compositions of identities,

ket promotions, or evaluations at 1. Below, we formalize the definition of promotion and demotion maps.

Definition 6.2.8: Promotion and demotion maps

Letx,y € Types 4. Letx = (a — b) iford(x) > Oandlety = (¢ — d) iford(y > 0). LetI'* € L(x),

A*y € L(xy). The promotion map n*~*> and demotion map n*>~* are recursively defined as follows.
* If ord(xy) = 0, then x,, = x and p* ™% = > =% =id* ™",
e Iford(xy) > 0 and
- ord(x) = ord(y): xy = (a. — bg) and

nx—>xy(l—~x) — nb—>bd 8 Fa—»b 8 nac—m e L(xy),

Xy =X [ AXy\ _ ba—b a.—by a—de (640)
7T (AY) =g oA on € L(x).
- ord(x) < ord(y): xy = (I = x4), and
7T (ITY) = [T (T T o' € Lixy), (6.41)
PYTH(AS) =t Al o =l (1)] € L(x). '
- ord(x) > ord(y): xy = (a — by), and
() = "7 o TP € Lixy),
Y (6.42)

nxy—UC(Axy) — nby—>b oAa—»by c L(X)

J

We have introduced the demotion map as a map that reverses the action of a promotion. Unsurprisingly,
the demotion map is the inverse of the corresponding promotion map and vice versa, as we prove in the

following Proposition.

Proposition 6.2.9: %> is invertible

For all x, y € Types 4, (7" 7%) ™1 = p*» =%,

Proof. We prove it by induction on ord(xy). The base case is trivially true, and so are the cases ord(x) = ord(y)
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and ord(x) > ord(y) in the induction step. What is left to prove is the case ord(x) < ord(y).
nxy—>x o nx—>xy (Fx) _ xy—>x |nx—>xd (Fx)>l—>xd ° nIC—>I]
|nx—>xd (Fx)>1—>xd o UIC—>I ° n1—>IC @1]
I (1)) 7 @1] (6.43)
e (1)
=T

xd—>d

xd—>d

[
[
[
[

were we have used the induction hypotheses (7*~¥¢)~! = p*a=% and (p!=%e)~! = ple=1  Similarly,

rlx—my ° nxy_)x(Axy) — nx—>xy {nxd—>x [Alc—vcd o nl—>lc (1)]}
— |nx—>xd {nxd—m [AIC—UCd o nI—)IC @ 1] }>I—>xd o UIC_)I
|AI e>Xd o nI—)IC @ 1>I—>xd TIIC—>I (644)
:AIC_UCd 077 Ic onc —I

— AIC —Xd .

I1—z

In this proof, we have used the fact that for all ®/>% € L(I — z), [®/~?@1) = ®'™2, Indeed,
|®I @ 1)1_)2 is the linear map that maps 1 € L(I) to ®~%(1) € L(z), and this coincide with the action of
ez, O

The last remark of this proof will be helpful in other points. Therefore, we highlight it in the following
Corollary.

Corollary 6.2.10: Ket and evaluation at 1

For all x € Types 4 and I''™* € L(I — x),

IP~r@1) ™" ==, (6.45)

Promotion maps are the ‘natural’ way of promoting a map I'* € L(x) to amap I'™ € L(x,). If x, = x,
we expect that the ‘natural’ promotion is the identity. That is, I'* is mapped to itself. Indeed, this is not only

what happens but also the only case in which the promotion map is the identity.

Lemma 6.2.11: Promotion and demotion maps and preorder of types

The following are equivalent:

1. y<x.

2. g 7%y =id¥ .

x—>xy - id.x—?x

Proof. 1=2: If y < x, the x, = x. By induction on ord(x), we get that if ord(x) = 0, then n
by definition. For the case ord(x) > 0, we notice that ord(y) < ord(x). Indeed, ord(x) = ord(x,) =
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max { ord(x), ord(y) } > ord(y). Therefore, " *> consists of pre- and post-composition with promotion
and demotion maps of lower orders, which by induction hypothesis are all identity maps. This proves /=2.

2= If g~ =id*™" € L(x — x), then x,, = x, and therefore y < x. m]

The definition of promotion and reduction functions gives the idea that %> depends on the type y
with which x is promoted. However, this is not exactly true. More than depending on the type y itself, the
promotion function depends on the target type xy, that is, if x, = x,, then n*~* = *7*=_ To prove that, we

first show that promoting a function I'* with a type xy is the same as promoting I'* with just y.

Lemma 6.2.12: Promotion of a type with itself

Let x,y € Types 4, then * 7%y = p* =%y,

Proof. We prove it by induction on ord(xy). The base step is trivial. For the induction step, assume that
ord(xy) > 0, and ord(x) = ord(xy). Let x = (a — b) and xy = @y — B6 (Lemma 6.1.12). By definition,

nx—»xxy (fx) — nbﬁ5—>b ° Fa—>b o na—mm/. (646)

Now, we separate the case ord(x) = ord(xy) into ord(x) = ord(y) and ord(x) > ord(y). In the first, @ = a,
B=0b,y =candé =d, where c,d € Types 4 are such that y = (¢ — d). Therefore,

nx—>xxy (fx) — nb—>bﬁ5 o Fa—>b ° naay—m

b—bpg ° Fa—)b

Agc—Aa

:]] O]]

nac—m

b—by o pa—b (6.47)

=1
— nx—>xy (™),

where we have used the induction hypothesis and the definition of 7 ~*>. In the case ord(x) > ord(y), then

a=a,B=>b,y=1,06 =y, and therefore

nx—>xxy (Fx) — nb—>b/35 o Fa—»b o nam,—m
— nb—>b o Fa—>bby o naa,—m

— nb—>by o Fa—)b o na1—>a (648)

— nb—>by ° Fa—)b

= 770 ().
Here, we have used Lemma 6.2.11 in addition to the induction hypothesis and the definition of 7>,
The case ord(xy) > ord(x) is logically equivalent to the case ord(y) > ord(x) and we get
rlx—ncxy (Fx) — |77x—>Xﬁ§ (Fx)>1—>x5 ° nlay—d
— |nx—>xxd (FX)>I—>xd ° nIIC—>I
(6.49)

— |nx—>xd (Fx)>l—>xd ° nlc—ﬂ

— nx—>xy (I“)C).
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With this Lemma, the desired result n* %= = % when x, = x,, follows immediately.

Proposition 6.2.13: Dependencies of promotion maps

Let x,y, z € Types 4 be such that x,, = x,. Then, n* 7% = p* 7=,

1 X—X — X—X X—X — X—X — 1 1
Proof. By the previous Lemma, p* ™~ = p* 7%, and p* 7% = p*7*=z_ However, x, = x, implies

triv(xz) = triv(xy), and therefore, n* %= = p*~*xz_ from which n*~*» = p*~*= follows. ]

We have spent some pages discussing the fundamental properties of promotion functions. However, let
us not forget our goal. We aim to develop a method for computing the parallel composition of operators
associated with different types. Since we know that if two types have the same structure, then parallel
composition is computed with the tensor product, we introduced promotion functions as a way to give maps
associated with different types the same structure. Let I'* € L(x) and AY € L(y). Then, the types associated
with =% (I'*) and 1> ~%> (AY) have the same structure and the parallel composition of I'* and A” can be

computed as ¥~ (I'*) @ ¥ 7Y (AY). We refer to this operation as the square tensor product.

Definition 6.2.14: Square product

Let x, y € Types 4. The map associated with the parallel composition of I'* € L(x) with AY € L(y)
isT*RAY == n*7% (%) @ p¥Yx(AY) € L(xy).

The fact that I'* ® AY € L(xy) follows from Lemma 6.2.7 and the fact that x, and y, have the same
structure together with x,y, = xy. Moreover, this definition includes the case we have already presented
regarding types with the same structure. Indeed, if struct(x) = struct(y), then x, = x and y, = y and
promotion functions are identities (Lemma 6.2.11).

We have already discussed that elementary tensors I'* ® AY are in L(xy). We show now that every

element of L(xy) can be written as a linear combination of elements of elementary tensors.

Proposition 6.2.15: Product space

Let x,y € Types z. Then, L(xy) = L(x) ® L(y), where

L(x)®L(y) :=Span{I™®AY |T* € L(x),A” € L(y) }. (6.50)

Proof. The proof is quite straightforward and based on Lemma 6.2.7 and the fact that n*~*> are bijections.

L(xy) = L(xyyx)
= L(xy) ® L(yx)
= Span { " ® A¥ | '™ € L(x,), A’ € L(yx) }

(6.51)
= Span {7~ (") @ 7 (A”) | '™ € L(x),A” € L(y) }
=Span {T*" ®AY |T* € L(x),A” € L(y) }
= L(x)® L(y).
i
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6.2.2 Properties of Promotion and Demotion Maps

In this subsection, we will present many properties of the promotion operators. Most of these properties, rather
than being relevant on their own, will be helpful at a later stage to prove results about the parallel composition
of functions and the Choi isomorphism. The reader who has little time may decide to rush through the results
without reading the proofs or even skip this subsection. To such a reader, we say that promotion functions
behave as one would expect them to. If the reader thinks that it is reasonable that a promotion function has a
property, then it is very likely that it does. Indeed, many of the properties presented in this Section were
found in this way. We asked ourselves: What are the properties that the most ‘natural’ promotion operator
should have? Does our promotion operator have such a property? With such an introduction, we do not want
to suggest that there is no value in reading this subsection. First, even if most properties are expected, it is far
from trivial to show that our promotion functions satisfy them. Second, reading the proofs will make the
reader more familiar with the formalism for types, which will simplify the understanding of many proofs later
on.

We start by asking ourselves what happens if one promotes a product type, e.g., Y 7*Y=. It is reasonable
to expect that one could split it into a promotion on x and a promotion on y. A first guess would be
Y78z = p*7X m Y7V, However, this map may not be in L(xy — xy,) as we need. Indeed, if
ord(x) > ord(yz), then (x — x,)|(y = y;) = (x = x;|(y — y;)). To address this, we will employ a
strategy that will quickly become the standard for achieving the results in this Chapter: we utilize the promoted
types xy, and y,. In this case, n*> 7= ®p>* 7z € L(xy — xy,). In the following lemma, we prove that

n*Y7*Y= splits into a promotion on x, and a promotion on y,.

Proposition 6.2.16: Promotion of product types

Let x’ y, bd e Typesﬂ. Then’ nx))%x.yz =] r]xy_’xyz X nyx_)yxz’ and n-xyz_)x)} = nxyz_’xy X nyxz_hyx.

Proof. Throughout this proof, whenever ord(x) > 0, we denote with a and b the types such that x = (a — b).
Similarly, we have y = (¢ — d), when ord(y) > 0 and z = (e — f) when ord(z) > 0. Moreover, we prove
each statement by induction on ord(xyz).

Observe that struct(xy, — xy;) = struct(yx — yxz), therefore 77 ="z @ ¥ 7>z = py =Xz @ pyx—Vxz
and we can use all the properties of the tensor product.

Base step: All types are elementary; therefore, all the promotion functions are identities, and id*Y 7Y =
id*”* ®1d” Y. Induction step: The promotion 1°Y~*Y= acts on elements of L(xy) = L(x,y;) = L(xy) ®
L(y,). Therefore, we can investigate the action on elementary tensors I'*» @ A¥x. We split the proof into the

following cases:
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* ord(x) = ord(y) = ord(z): The action on elementary tensors is
nxy—>xyz (ny ® Ay") — nbd—)bdf o (I“ac—>bd ® Aca—>d;,) ° nace—mc
LH. = (nbd—>bdf ® ndb_)dbf) o (Fac—>bd ® Aca—>db)
o (nace_)ac ® rlcae_’ca)
— (nbdﬁbdf o Fa<?_>bd o r]aceﬁac)® (652)
(ndb—>dbf o ACa—db o pCae™Ca)
= r]xy_)xyz (l—‘xy) ® nyx_’xyz (A)’Z)
= (nxy—’xyz ® n)’z*)’xz)(r‘xy ® AYZ).
e ord(x) < ord(y) = ord(z):
nxy—wcyz (ny ® Ayx) — nxd—mdf o (l"Ic—>Xd ® Acl—>dx) ° ncle—wl
1H. = (nxd—md_f ®ndx—> xf) ° (Flc—md ® Ac1—>dx)
1o (nlce_’lc ® nCIeHCI)
— (nxd—mdf o l"[c—>xd o nlce—ﬂc)@ (653)
(ndx—> xf o ACI™4x o pCle™er)
= r]xy_)xyzt (l"xy) ® an_’xyz (A)’z)
= (nxy_)‘XYZ ® n}’z_’}’xz)(l—‘xy ® AYZ)_
» ord(y) < ord(x) = ord(z): Analogous to the previous case.
 ord(xy) < ord(z):
YT (0% @ A¥%) = [ (I @ Ayx)>1—>xyf o nle—>1
ILH. = |rlxy—>xyf (rxy) ® UYx—’)’xf(Axy»I_’x)’f ° nII€—>II
LH. = (o757 (D)) 757 @ > 77 (A%))170)
o (7716—>I ® nle—ﬂ)
— (mxy—)xyf(rxy»l—)xyf ° 77I(,,—>I)®

(I (A= o ey

(6.54)

= nxy—>xyz (ny) ® nyx—>xyz (Ayz)
= (T’xy_’xyz ® UYZ_’YXZ)(FX)V ® A.YZ)'
Here we have used the fact that for any @, 5 € Types 4 and functions %, ZP« we have |@ ® Eﬁﬂy—}aﬁ =
@)y~ g |EB“>I_)%. Indeed,
9% @ ZP) T (1) = @ @ FPe, (6.55)

and ;
@)1 =% @ |2 ) TP (1) = |@%) "% @ |2I2F)Y (1@ 1)

— |®aﬁ>1—>aﬁ (1) ® |E,3a>1_’"b’ (1) (6.56)
= 0% @ 5Fa.
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Therefore, the two functions coincide.

 ord(xy) > ord(z): From Lemma 6.1.12 we have that there exists a,,y,0 € Types4 such that
Xyyx = (@y — B6). From the definition of «, 3, ¥, and 6 immediately follows that x,, = (a, — Ss)
and yx = (ya — 6p). Therefore,

YT (T @ AYx) = pP07B% o (T ™Ps @ AYa™ %)
LH. = (gPe™Po= @ n%—%z) o (D0 Ps @ AYa™%)
= (1ffoFoz o D0 ™F0) @ (7% o AV ) (6.57)
= TRHT) @ T (M)
= (7% @ YTV (I @ AY9).

Since p*Y 7YY= = p*y Mz @ pY¥x7Yxz for elementary tensors, the same is true for any element of L(xy) by
linearity.

Lastly, notice that p*y=7*> is the inverse of "> ~*z and n**<7Y~ is the inverse of n>*~Yxz, Since
(5= 7%y @ pPx=TYx) o (Y TNy @ Pz = id¥Y XY and, similarly, (7% 7% @ pPrT¥xs) o (TN @
nYx27¥x) = id*Y2 7Yz then (p*y=7%y @p¥x=7Yx) is the inverse of p*Y~*Y=, and therefore *y= Xy mpYx=7Yx =
PY=xY, O

For the next property, we ask ourselves what happens when we apply two promotions in sequence, that is,
first, we promote x to x, and then, xy, to xy,. It is reasonable to expect that such a composition is equivalent

to promoting x with yz directly. This is indeed the case.

Proposition 6.2.17: Sequence of promotions

Let X,V,7 € Typesﬂ. Then, nxy—myz ° nx—>xy - nx—myz’ and nxy—m o nxyz—»cy - nxyz—m_

Proof. As usual, whenever ord(x) > 0, we write x = (¢ — b). Similarly, we have y = (¢ — d), when
ord(y) > 0and z = (¢ — f) when ord(z) > 0. Moreover, we prove each statement by induction on ord(xyz).

Base step: Trivial, all maps are identities. Induction step: We must split the proof in different cases. We
first compare ord(x) with ord(yz), and then, for each case, we split the proof again by comparing ord(y) with

ord(z). Moreover, Let vy, 9, €, ¢ be types such that yz = (ye — §¢) as in Lemma 6.1.12.
e ord(x) = ord(yz):
— ord(y) = ord(z):

nx—)xyz (Fx) — nb—>b5¢ o Fa—>b o nays—m

b—bgy ° Fa—>b

=7 opfee™
LH. = nbd—>bdf ° nb—)bd o Fa—>b o nac—m ° nace—mc (658)
— nbd—>bdf ° nx—)xy (FX) o nace—mc

— nxy—>xyz (nx—>xy (F)C)) .
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— ord(y) < ord(z):
nx—>xyz (FX) — nb—>b5¢ ° Fa—)b ° nayg—m

— nb—)byf ° Fa—>b o nae_’a
ILH. = nbyHbe o nb_’by oT%™b o nte™4 (6.59)
— rlby—>bdf o nx—>xy (T') o nae—m
=T (T (DY),
— ord(y) > ord(z):
nx—»xyz (FX) — nh—>b5¢ o ra—)h o naye—ml

b—by, o Fa—»b

=n o r]ac_’a
LH. = pPa—baz o pb=ba o pa—b o pac—a (6.60)
_ nbd—»bdz o ¥ 7% (%)
=70 T ().

* ord(x) < ord(yz) (Here we use Lemma 6.2.6 to move promotion functions in and out of the ket):
— ord(y) = ord(z):

PTEY) = [N (06800 o gyt
= s (%)) 00 o ylee 1

LH. = |p*d™%df o nx_’xd(rx)>[_’xdf o nlc—>1 ° nlve—ﬂc

. (6.61)
- nxd—>x(1f o |nx—>xd(rx)> =Xd o nlc—>1 ° nlce—>lv
— nxd—>xdf ° nx—>xy (Fx) o n[(‘e_’lc
= (N ()
— ord(y) < ord(z):
nx—myz (Fx) - |nx—>x5¢ (r‘x»]—’x(w ° nlyf—ﬂ
= | x—>xyf(l—~x)>1—>xyf o ple—1
7 1 ) (6.62)
LH. = |nxy—>xyf o nx—)xy (Fx)> =Xyf o nle—>1
= R (7 ()
— ord(y) > ord(z):
nx—wcyZ (Fx) — |nx—>x5¢, (Fx)>1—>x5¢ o nlye—ﬂ
= ¥ ¥z (Fx)>1—>xaz ° nlc—>1
LH. = | Xd—Xdz o pX—Xd (Fx)>1—>xdz o nlc—>1
1 7 (6.63)

= ST o YN ()T o gyl
— nxd—vcdz ° nx—)xy (FX)

=T (T (Y))
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e ord(x) > ord(yz)
nx—>xyz (Fx) — nb—>byz o Fa—>b
1LH. = nby—>byz o nb—)byra—>b

(6.64)
— nby—>byz o nx—>xy (Fx)

=T TE(I))

To conclude the proof, just notice that n*>™* is the inverse of 7*~* and n*¥=~*> is the inverse of

Xy—X X— Xy, XXyz

>y 7~*vz. As a consequence 1 o™= is the inverse of > ~*z op . The latter is equal to n

—Xy _ nxyz —-x O

therefore, > =% o p*»=7*v is the inverse of n*~*»z and thus n*> =% o ¥z

From this proposition, one of the most important properties of the promotion functions concerning the
tensor product follows. Consider I'* ® AY. This is by definition equal to =% (I'*) @ ¥~ (AY). Assume
now that z € Types 4 is such that z < y. The product n*~*=(I"*) ® A is by definition *= ="z o p* 7= (I'") ®
7Y (AY) = ¥ (IY) Y7 Yx=(AY). However, since z < y, we have that y,, = y, and xy, = x,.
Therefore, n* =% (I'*) & AY = p* 7% (I'*) @ p?7Yx(AY) = T* ® AY. The same reasoning applies to the
promotion on the right-hand side with a type z < x. This implies that we can promote a side of an elementary
product with any type as long as it precedes the type of the other side. This is the content of the following

corollary.

Corollary 6.2.18: Partial promotion

Let x,y,z € Types 5 be such that z < y and let ' € L(x), and AY € L(y). Then, ' ® AY =
(M) R AY and AY RTY = AY mp* 7%= (T%).

Another way of stating the same result is the principle of partial demotion. Let x, X, y, z be such that 7 < y
and x = %, then the previous Corollary implies 75z 7¥ (I'*2) R AY = 7% o =Y (M) @AY =T mAY.

Corollary 6.2.19: Partial demotion

Let x,X,y,z € Types 4 be such that z < y and x = ¥,. Let I'¥ € L(x), and A” € L(y). Then,
*RAY ==Y ()R AY and AY RT¥ = AY ®p%=25(IX).

The third easy consequence of Proposition 6.2.17 is a simplification of the promotion of the product of

types (Proposition 6.2.16) in the case of types of equal order.

Lemma 6.2.20: Promotion of types of the same order and parallel composition with the identity

Let x, y, z € Types 4, such that ord(xy) = ord(z). Then,
« TN R id?™% = PFI%Ty = id¥—x ®< T,

o PO RIAITT = pFy T = (¥ Y mp TR,
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Proof. By definition of the product of maps of different types, we have that
TN midi T = n(x—>xy)—>(x—>xy)(z—>z)(nx—my) ® n(z—>z)—>(z—>z)x—»xy (id*™7%)

— (UXy_)XyZ o nx—)xy o nxz—)x) ® (nz—>zxy o idz_>z oanHZ)
— (an—)Xyz o nx—>)€y o nxz—m) ® (nz—>2xy o T]Zx_)z)

Proposition 6.2.17 = (772 o p=7%) @ (n* 7% o n¥*7%) 6.65)

Proposition 6.2.17 = (=72 o p* 7% o = 7F) @ (p¥ 7% o T ot TE) '
— an—UCyZ ® T]Zx_)ny
— rlxz—>xyz = UZ’“_’Z’CY

XZ—XZy

Proposition 6.2.16 =

The proof of the second equality is identical.

For the demotion map, we have

XZy—XZ xz—»xzz)—l

=
— (nx—my = idz—>Z)—1
— [(nxy—myz ° nx—))cy o nxz—m) ® (rlz—>zxy 0id?™? O]]Z’C—)Z)]_l (666)

— (77x—>xZ o nxy—nc ° Tlxyz—mcy) ® (nz—>zx 0id?™% Onz—>ny)

n

=T RIdCTC.
Again, the proof of the second equality is identical. O

We have multiple times expressed the idea that the promotion function is the most ‘natural’ way to
promote an operator. In a sense, it is the closest thing to an identity function, considering that the input and

output spaces are not isomorphic. In the following Lemma, we see a justification for this intuition.

Lemma 6.2.21: Parallel composition with identity

Let x, y, z € Types 4 such that ord(xy) = ord(z), and let '* ™Y € L(x — y). Then, " 7Y mp* 7% =

™Y ®id* 7% = T m o2,

Proof.
Y mne = (77 o T o™ 7)) @ (™7 onp* 7w o ™)
Lemma 6.2.12 = (¥ 772 o T* 7Y o ¥ 72) @ (n® 7% o n? 7% o g= %)
Lemma 6.2.11 = (772 o T* 7Y o ¥ 7%) @ (n* 7% o™ 7%) (6.67)
= (P oD o) © (P i o)
=Y RidT%.
The same steps can be used to prove the equality of the demotion function. O

An analogous statement is valid for the case in which the promotion operator, the demotion operator, and

the identity are on the left.
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Next on the list of desirable properties of the promotion functions is unitarity. Indeed, we are working
with Hilbert spaces, and the inner product plays an important role. Therefore, it is reasonable for a ‘natural’

promotion function to preserve the inner product.

Theorem 6.2.22: Promotion maps are unitary

Let x,y € Types 4. Then, (7*7*>) is unitary.

Proof. To prove the statement, we show that 7% preserves the inner product. We begin by proving that |-)

is unitary. Note that { 1 } is a orthonormal basis of L(1), thus, by definition, of the inner product

(P52 A2 = (197 (1), 1407 (1),

(6.68)
(I, AY)y.

This shows that |-) preserves the inner product, and therefore it is unitary.

*—Xy is unitary, and we do so by induction. If ord(xy) = 0, then the

We are now ready to prove that n
promotion function is the identity map, which is unitary. Let ord(xy) > 0 and assume that the statement is

true for all types up to order ord(xy) — 1.
e Iford(x) = ord(y), thenx = (¢ — b), y = (¢ — d), and

(7% (%), gy (Ax))xy — (nb—>bd o 4b o pe =, rlb—>bd o A9 o noe™4). (6.69)

By the induction hypothesis, 7”7

4 is unitary; therefore, when we move it from the left to the right-hand
side of the inner product, it becomes 7”4 and it cancels out with the other n°~?<. With that, the
inner product above becomes (I"* ™7 oy =4 A9=b o n47%)@ac — b). Let { u;e }i be a orthonormal
basis of L(a.). Observe that, since % ¢ is unitary by induction hypothesis, { ué = n e (ufc) }l. is

a basis of L(a). Therefore,

(Fa—>b ° na(,—>a’Aa—>b o nac—m)(ac — b)
— Z(Fa—w ° nac—m(u?c),Aa—w ° na(.—m(uai))b
i
— Z(Fa—)b(ua) Aa—>b(ua'.’)) (670)
- i/ b
i
— (Fa—)b,Aa_)b)(X).

This shows that 7*~*> preserves the inner product and therefore is unitary.

* ord(x) > ord(y) and ord(x) < ord(y): In the proof of the previous case, what we have shown is that
pre-composition and post-composition with a unitary function preserve the inner product. Indeed,
we did not use any property of the promotion and demotion maps of lower order, except the fact
that they were unitary. Since in the cases ord(x) > ord(y) and ord(x) < ord(y), n*~*> can be again
decomposed as pre- and post-composition with unitary functions, such as lower order promotion and

demotion functions and kets, it preserves the inner product as well.
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O

An immediate corollary of the previous theorem is that the inner product splits for elementary tensors.

Corollary 6.2.23: Inner product of elementary tensors

Let x,y € Types 4, and let I', I, € L(x), Ay,A; € Types . Then, (I ® AV, ", ® A’y)xy =
(I, T« (A7, Ay

Proof. This is a direct consequence of Theorem 6.2.22 and the fact that the inner product splits in the case of
the tensor product.

(T RAY T RA ) xy = (777(F) @ P70 (AY), " 7 (15) ® 7 7Y (A)))xy
= (7 @), Ty, (1777 (AY) TV (A)))y, (6.71)
= (T%, 1)) (AY, A)),.

We conclude this Section by noting that the ket function is a special case of the promotion function.

Lemma 6.2.24: Ket vs promotion

Let x € Types 4. Then |-)/ 7% = p*=>U=x) (),

Proof. By definition of promotion function and Lemma 6.2.11:

x—>(1—>x)(‘) — nx—>xx o |‘>I—>x ° TII—>I

n
= id* 7% o |y 7¥ 0 id! ! (6.72)
— |.>I—>x .

6.2.3 Properties of the Square Product

In this subsection, we will present the properties of the square product. As the reader can imagine, the
properties of the square tensor product mimic the properties of the standard tensor product: It is associative,
bilinear, and a unit exists. These results, while relevant, are not the key results of this subsection. We will
show what happens when one can sequentially compose or evaluate elementary square tensors, and these
results will be fundamental in all subsequent proofs.

We begin by showing that K is associative.

Proposition 6.2.25: Associativity of x

Letx,y,z € Types z andletI'™* € L(x), AY € L(y), ®% € L(z). Then (" RAY)RO* = "R (AYRO?).
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Proof.
(MRrA) RO =7 (T rAY) ® n° 7% (0°)
= T[N () 17 (AY)] @ 7 (69)
Proposition 6.2.16 = (™ 7%= @ 7)) [ 7 (IF) @ 7 (AY)] @ n* 74 (©%)

(6.73)
= [ 7% o N (TX) @ P 702 0 PV ¥ (AY)] ® 3% (OF)
Proposition 6.2.17 = [p*7=(T"") @ p? 72 (AY)] @ n* 7% (©%)
=TI @Y TN (AY) @7 (69)
With the same steps, one obtains
e (A RO =" 7(IY) @ P72 (AY) @ n“ %> (O%). (6.74)
This concludes the proof. O

We continue by showing that 1 is the unit for &, as 1 is the unit of ®.

Proposition 6.2.26: Unit of x

Letx € Typesz and I'* € L(x). Then, I1®M =M =M= 1.

Proof. We prove it by induction on ord(x). In the base step, x is elementary, and | R M = 1Q M =M =
Mel=MwrIl.
Inductive step: Let x = (a — b) and let u® € L(a).
(1R T¥) (@) = ("5 (1) @ ™ (T)) (u)
LH. = (™ (1) @ p**1 () (1 ®u®)
= (""" o Y o)y @ T (' e (1) ® u?)
==l o |1V o pla=T o pl=la(1) @ TP (4) (6.75)
= I~ (1) @ TP (u9)
=10 (%)
LH = I*7b (u4).
The proof of I'* = I'* ® 1 is identical. O
With the properties above, we are ready to prove what happens when elementary tensors are evaluated at
an input. Consider I'* ® AY € L(xy). The first question that we should ask ourselves is what the input of
such a function is. If ord(xy) = 0, then both types are elementary, and I'* ® A” is a function associated with
a type of order 0. This means that in our type system, there is no map of a lower order that we can consider as
input. Therefore, we will restrict our analysis to the case of ord(xy) > 0. As usual, if ord(x) > 0, we write
x = (a — b) and if ord(y) > 0 we write y = (¢ — d). With this notation,
L(ac — bd) if ord(x) = ord(y),
IM®RAY € L(xy) = {L(a — by) if ord(x) > ord(y), (6.76)
L(c — xd)  if ord(x) < ord(y).
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Therefore, the input of I'* ®AY depends on the relative order of x and y. This tells us that the first thing to check
when writing an expression that includes the evaluation of an elementary tensor ' * ®AY at its input is if the type
of the input matches the left type of xy. For example, if ord(x) = ord(y), we want the type of the input to be ac,
and it is reasonable to expect that TP A ™Y @u ®v¢ = TP (u?) ® A4 (v¢). Similarly, if ord(x) > 0,
then the type of the input must be a, and it is reasonable to expect I'“>? ® AY @u® = ' (y%) ® AY.
Lastly, if ord(x) < ord(y), the type of the input map must be ¢, and it is reasonable to expect that
I ®A4@y¢ = I'* ® A9 (vC). The following theorem states that when the types match, these reasonable

expectations are met.

Theorem 6.2.27: Evaluation of elementary tensors

Let x, y € Types 4 be such that ord(xy) > 0, and let I'* € L(x), A” € L(y). Leta, b, c,d € Types 4
be such that x = (¢ — b) if ord(x) > 0 and y = (¢ — d) if ord(y) > 0.

* If ord(x) = ord(y), then T4’ ® A”9@u* mv¢ = TP (y%) ® T4 (v°) for all u® € L(a)
and v¢ € L(c).

e If ord(x) < ord(y), then I'* ® A9 @v¢ = ' ® A°™4(v°) for all v¢ € L(c).

e If ord(x) > ord(y), then '’ ® AY @u® = TP (u®) ® A for all u® € L(a).

Proof. We start with the case ord(x) = ord(y). The proof follows from the definition of the product of maps.

Fa—)b = Ac—>d@ua V¢ = (nb—>bd o Fa—>b o nac—m) ® (nd—nib o Ac—)d ° nca—u:)
@na—mc (ua) ® nc—wa (VC)
= PP (TP () @ g (A ()

=T () g A7),

6.77)

In the case ord(x) < ord(y), we use the definition of the product of maps and Proposition 6.2.26.

MFrAT@ =" "mATI@1 Ve
— |nx—>xd (Fx)>l—>xd ° nIC—>I ®nd—>dx o Ac—>d
@'~ (1) @ 7 (v°)
— |nx—>xd (rx)>l—>xd (1) ® nd—)dx o Ac—)d(vc)
= 7T @ e (A (v))

=¥ R AT4).

(6.78)

The proof of the case ord(x) > ord(y) is identical. O

Together with Proposition 6.2.16, Lemma 6.2.24, and Corollary 6.2.23, the theorem above implies the

following corollary.
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Corollary 6.2.28: Product of ket and bra

Letx,y € Types #, and let I'* € L(x), ' € L(y). Then,

L DX A7 = [P 2  m [AY) 7,

2. (DX AV = (P m (APl

Proof. The first statement is a trivial consequence of Proposition 6.2.16 and Lemma 6.2.24. To prove the
second statement, it is enough to show that the two functions coincide on elementary tensors u* R v> € L(xy):
AT e v = (W RV, TR Ay
Corollary 6.2.23 = (u™, |I'") . (v>, AY),
= (T W) = (AP ()
Theorem 6.2.27 = (I** T g (AP @u¥ = 1.

(6.79)

O

The next result that we want to show is what happens when we take the square product of two sequential

compositions. That is, consider the function

(AP=C o9ty g (B 0 @97€). (6.80)
Similarly to what happens for the tensor product, we would expect that the map above is equal to

(AP r BT o (M0 R @47°). (6.81)

However, there are three problems with this expectation. First, there is no guarantee that the output type
of ™Y ® @97¢ is equal to the input type of AP~¢ m Z¢™/ . If that is not the case, then the expression in
Eq. (6.81) has no meaning. Second, the input type of the expression in Eq. (6.80) may not be equal to the
input type of the expression in Eq. (6.81). Again, if this is not the case, the two expressions cannot be equal.
Third, the output type of the expression in Eq. (6.80) may not be equal to the output type of the expression in
Eq. (6.81). Once more, if the two types are different, then the two expressions cannot be equal.

As a consequence, before checking if two expressions are equal, we should check if the types are consistent.

In our case, the consistency conditions are
1. output type of I'“>? ® @9~¢ equals input type of AP~¢ m 5™/,
2. input type of (AP~€ o T9=P) g (2™ 0 @97¢) equals input type of (AP~ RES) o (M0 mO479),
3. output type of (AP oI'*>?) g (B¢~ 0@97¢) equals output type of (AP rRE ™) o (TP mOI™¢).

To simplify these requirements, we promote every operator appearing on one side of the tensor product
with the type of the operator appearing on the other side. For example, in the case '*~” ® ©47¢ we define
I”%a/—>ﬁ — n(a—)b)—)(aﬁb)d_)e (Fa—>b)’

®5—>E — r](d—m‘)—)(d—m)(aﬁb) (®d—>e), (682)

158



6. Higher-Order Quantum Maps

where @, 8, 6, € are abstract types that describe the left and right types of I and A. These types will vary
depending on the relative orders of a, b, d, e. Note that, 1>’ g @97¢ = T8 @ @9~€ ¢ L(ad — Pe),

because @ — f has the same structure of 6 — €, Similarly, we define

AB =Y = n(b_’c)_’(b_’c)(e—)f) (Ab—W)’

’

Fe'—¢ _ n(e—>f)—>(e_>f)(b—>c) (B,

BoD)" ™7 = plamer=a=lamp (Ab=¢ o Fa—b). (6.83)
Eo0)’ ¥ = p=H=d= e (gemf o @d—e).
With this notation,
ATCRET =M @ETT e LB - y9), 6.84)
n b—c a—b —e—f d—e ———a' oy 5>
(AP oTe ) R (B 0 @17 = (AoT)  ®(E00) 655

e L6 —y'¢).

We can rewrite the consistency conditions, as conditions on @, f3 .. .:

1. Be = B¢,
2. a8 =a’d,
3. 7v9=7'¢".

Therefore, the expressions in Eq. (6.80) and Eq. (6.81) can be equal only if the consistency conditions
above are satisfied. We are going to show that if the conditions are satisfied, then the two expressions are
equal, as it was reasonable to expect. Before doing that, we need to show that we can drop the ‘prime’
symbol. The proof is quite long and, in some instances, repetitive. However, it is very instructive to read it to

understand the power and robustness of the type formalism.

Lemma 6.2.29: Preliminary results for Theorem

Leta,b,c,d, e, f € Types g4,and let a, B € Types 4 be such that (& — B) = (@ — b)(g—e). Similarly,
let (" = vy) =0 — C)(e—>f)’ (6 =€) =(d > e)agop, and (€' — ¢) = (e — f)(b—>c)~
Furthermore, let (¢’ — ¥') = (@ — ¢)a—y), and (0" — ¢') = (d = f)(anc).- If Be = B'€’,
ad=a'8,andyp =vy'¢',then 8’ =B, =€, a=a’,6 =6,y =v',and ¢ = ¢’.

Proof. In the first part of this lemma, we compute all the types introduced in the statement of this lemma.

Iy — (a - b),) if ord(ab) < ord(de),
(@ = B) =(a > b)a—e) = {(aqg — be) if ord(ab) = ord(de), (6.86)
(a = b(a—e)) if ord(ab) > ord(de).
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In all the cases above, the type on the left of the main arrow is a, and the type on the right is 5. Similarly, we

compute all the other types.

(Ie = (b — c)y) if ord(bc) < ord(ef),
(B =)= (b= )ewp) =1 (be = cy) if ord(bc) = ord(ef),
(b= Clesr)) if ord(bc) > ord(ef).

(I, — (d — e)p) if ord(de) < ord(ab),
(6 =€) =(d > e)asb) = (dyg — ep) if ord(de) = ord(ab),
(d = e(u—b)) if ord(de) > ord(ab).

(Ip — (e = f)e) if ord(ef) < ord(bc),
(€ = ¢)=(e = fboe) =19 (ep > f2) if ord(ef) = ord(bc),
(e = firoe)) if ord(ef) > ord(bc).

(@ =) =(a—>)asp) =(aqa— cy) if ord(ac) = ord(df),

Let us assume that Se = 8’¢’. From Eq. (6.86) and Eq.(6.88), we obtain

(a = b)ee(a—py if ord(ab) < ord(de),

Be=1b.ep if ord(ab) = ord(de),

b(g—e)(d — e)p if ord(ab) > ord(de).

We use Eq. (6.87) and Eq. (6.89) to compute 8’¢’

I.e if ord(bc) < ord(ef),
B'€ =1bee, if ord(bc) = ord(ef),
bI, if ord(bc) > ord(ef).

(Ig = (a — ¢)y) if ord(ac) < ord(df),

(a = ca—y)) if ord(ac) > ord(df).
Iy = (d - f).) if ord(df) < ord(ac),

(0" = ¢") =(d = Nase) = (da = f2) if ord(df) = ord(ac),
(d = flase)) if ord(df) > ord(ac).

(6.87)

(6.88)

(6.89)

(6.90)

(6.91)

(6.92)

(6.93)

We have nine possible cases to consider, depending on the relative orders of ord(ab), ord(de), ord(ef), and

ord(bc). With the assumption Be = §’¢’, the cases are:

* I,e = (a — b).eq—p, Which becomes e = (a — b)e. Thanks to Proposition 6.1.24, we know that this

implies (a — b) < e and (a — b) = I(4—p). As a consequence, e(,_p) = e, by definition of type

inclusion, thus € = €’. Moreover, (a — b), = lo(a—b) = 1.

B=8.
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* [.e = b.ep, which becomes e = be. With the same arguments of the previous case, one gets b = I, and

b < e, which in turn implies 8 = 8" and € = €’ (replace (a — b) with b everywhere in the argument).

* l,e = b(4—¢)(d — e)p, which becomes e = b(d — e). Observe that this case is impossible because
the type ord(b(d — e)) > ord(e), and therefore the two types can never be equal.

* beep = (a = b)eeq—p, Which becomes be = (a — b)e. With the same argument used in
Proposition 6.1.24, one gets a = I,. Indeed, if the tree associated with a has one leaf not labelled by
the empty string, then such a label would appear in the tree associated with (a — b)e in addition to all
the labels associated with b and e. However, the tree associated with be only contains the labels from
b and e; therefore, the types (a — b)e and be would not be equal.

be = bpe = b(1,-b)e
= (br,—b)e = (Ia = b)e.
== (6.94)
€p = €he = €(I,—b)e
= (€e)(1,—b) = €(I,—b)
= €(a—b)
This proves that 8 = 8’ and € = €'.

* boep = byep: Trivial.

* beep = bg—.(d — e)p. With the same argument of the case b.ep = (a — b).e,—p, One proves that

d=14,and b, = by, and ep, = (d — e)p.

* bl = (a — b)e(y—p), Which becomes b = (a — b)e. As in the case Ioe = b(y—¢)(d — e)p, the

order of types is different, and therefore this scenario can never happen.
* bl = b.ep: Same proof of the case I.e = b.ep.
* bl = b(g—e)(d — e)p: Same proof of the case I.e = (a = b)ce(u—p)-

We covered all possible cases and showed that 8 = 8’ and € = €’.
Now, we turn our attention to the second statement. We compute @ using Eq. (6.86) and Eq. (6.88).
I;d  if ord(ab) < ord(de),
ad =Yaqyd, if ord(ab) = ord(de), (6.95)
al, if ord(ab) > ord(de).
We compute a6’ using Eq. (6.90) and Eq. (6.91).
Iyd  if ord(ac) < ord(df),
'8’ =Jayd, if ord(ac) = ord(df), (6.96)
al, if ord(ac) > ord(df).

In this case, the possible distinct cases are as follows:
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e [I,d = 1;d: Trivial.

e I;d = agd,: Same proof of I.e = b.ep.

e I4d = al,, which becomes d = a. Note that, this happens when ord(ab) < ord(de) and ord(ac) >
ord(df), or when ord(ab) > ord(de) and ord(ac) < ord(df). The first scenario, corresponds to the

cases I.e = (a — b)eeq—p, beep = (a — b)eeq—p, and bl = (a — b)e4—p) of the proof for

B =B and € = €. In all these cases, whenever the equality of types is possible, it implies a = 1.

Therefore, I; = I, = a, and d = a = I,, which prove @ = @’ and 6§ = §’. The second scenario

corresponds to the cases Ioe = b(g—e)(d — €)p, beep = bge(d — e)p,and bl = b(g_e)(d — e)p.

As before, in all these cases d = I4, and therefore d = 1, = 1,,and I; = d = a.

e ayd, = agd,: Trivial.
* agd, = al,: Same proof of the case bl, = b.ep.
e al, = al,: Trivial.

This proves @ = @’ and § = ¢’.
Lastly, we compute y¢ using Eq. (6.87) and Eq. (6.89).
(b = ¢)rflb—e) if ord(bc) < ord(ef),
Yé = crfe if ord(bc) = ord(ef),
Clems)le = f)e if ord(bc) > ord(ef).
We compute y’ ¢’ using Eq. (6.90) and Eq. (6.91).
(a = ¢)fflamse) if ord(ac) < ord(df),

Y = crfe if ord(ac) = ord(df),
Cla—p)(d = f)e if ord(ac) > ord(df).

The possible cases are the following.

(6.97)

(6.98)

* (b = )ffiboe) = (@ = ¢)ffase, Which becomes (b — ¢)f = (a — ¢)f. In this case,

ord(bc) < ord(ef), which corresponds to the first three cases of the proof for 8 = 8, € = €/, and in

those cases b = Ij,. This also implies that a = I, otherwise the tree associated with (a — ¢) f would

have labels that are different from those in the tree associated with (I, — c¢) f, which contradicts our

hypothesis.
(b—c)p=Up =) =cne)f

= Clg—e)f = a = ©)f
=(a — o)y,
ftbse) = fiboeyf = flame)f
= fla—e)-
This proves y = y” and ¢ = ¢’.
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* (b — ¢)ffib—ec) = cyfe: Same proof of beep, = (a — b)ee(a—p)-

* (b= c)ffib—e) = Ca—s)(d = f)e: Asinthe case (b — ¢)ffibse) = (@ = ¢)ffac, We have
b = I, which implies d = 1.

(b= )y =Up = C)f =Cll,me)f = Ce(df)

=C(d—f)>
(d=1) (6.100)

fb—e) = fibers = fed—r) = fia—sye = Ta = fe
= (d - f)c

* crfe =(a— ¢)ffia—c): Same proof of beep, = (a — b)eeqp.
* crfe =cyfe: Trivial
* crfe =camy(d — f)c: Same proof of beep, = bg—o(d — e)p.

* Clespyle = fle = (a = ¢)fflasc)- Inthis case, ord(bc) > ord(ef), which corresponds to the last
three cases of the proof for 8 = 8’ and € = €’. All those cases e = I.. As discussed multiple times, this

implies a = I,. From this point on, the proof is the same as the case (b — ¢) ¢ f(p—c) = C(a—f)(d —

e
* Clemp)(e = f)e = cyfe: Same proof of the case beep, = by—e(d — e)p.

* Clemp)(e = f)e = ca—r)(d = f)c. Once again, e = I, which implies d = 1.

Cle=f) = Celemf) = Ce(d—f)

= Cd—)f’
(e = Ne=Ue = e = fesspre = feless) (6.101)
= feta—p) = fta—rp)e = Ua = fc
=(d = f)e.
This concludes the proof. O

We are now ready to prove that Eq. (6.80) and Eq. (6.81) whenever the types involved satisfy the

consistency conditions.

Theorem 6.2.30: Sequential composition and elementary tensors

Leta,b,c,d, e, f € Types 4, and let r“°t e L(a — b), AP e L(b — ¢), ®¢ € L(d — e),
and 277 € L(e — f). If (AP¢ ® 2°™7) is composable with (I'*~” ® @?~¢) and the type of
(AP=€ o T47b) m (B¢7/ 0 ®@97¢) is equal to the type of (AP~¢ ®E¢/) o (%P m @9¢), that is,
if the hypotheses of Lemma 6.2.29 are true, then,

(Ab—>c & Fa—»b) = (Ee—>f ® @d—>e) — (Ab—m = Ee—»f) ® (Fa—>b = @d—>e)‘ (6102)
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Proof. Leta, B, 7, 0, €, and ¢ be defined as in Lemma 6.2.29. We define
I‘*a—>ﬂ — n(a—»b)—»(a—)b)d_w (ra—>b)’

@5—)6 (d—e)—(d—e) () (@d—w),

=n
A,B—ry — n(b—)c)—)(b—w)(eﬁf) (Ab—w),

E€—>¢ — n(e—»f)—»(eaf)(bﬂc) (Ee—>f), (6103)

(‘Avo F)a—>7 — n(a—>C)—>(a—>C)(d4,f) (Ab—>c o Fa—)b)’

= 6—¢ - f)—(d— e (e N
E00) 7 = pld=h == ase (ge=f o @d—0),

Note that these definitions are the same as Eq. (6.82) and Eq. (6.83), considering that we can drop the ‘prime’
symbol as a consequence of Lemma 6.2.29. As before, we have that

X . — o—
(Ah—m oFa—)h) = (Ee—>f ° @d—)e) — (A OF)Q Y ® (E o@) ¢’

AP~ R BT = APY @ 5670, (6.104)
ra—)b = @d—»@ — fa—>ﬁ ® @6—)6.
Moreover, note that by definition struct(a) = struct(8), struct(8) = struct(e), and struct(y) = struct(¢). To
show that Eq. (6.102) holds, it is enough to show that it holds for elementary products #® ® v°. The left-hand

side gives
(Ab—w ° I—~a—>b) X (Ee—>f ° @d—w)@ua X vé

6—

Ao T8 (E00) Teurar’ 6.105)

— — 00—
— (2D e e (E00) T@vd).
The right-hand side gives

(Ab—w X Ee—>f) ° (Fa—>b = @d—w)@u(l X v6
= (A7 Q@E T o (M P 0% @u® @ v° (6.106)
= B o PP (u) @ B4 0 807 (1O).

Therefore, it suffices to show that (FATF)‘Z_W = AB=Y o T@2F and (E.<)A6)6—>¢ = B€? 0 Q%7 We
prove the former; the proof of the latter is identical.

We start with showing that ['*™8 = pla=b)=(a=blap(e=b)  Indeed, (a — b)yse = (a —
b)(aﬁb)(d_)e) =(a — b)(a—>b)(d—>e) =(a — b)a_ﬁ. Therefore, [ef = T](a_)b)_)(a_)b)(d”e) (Fa_)b) =
n(@=b)=(@=b)a—p) (1420 Similarly, AB~Y = 5(b—=¢)>(b=¢)p—y and (FATF)Q_W =
l—*a—>b)'

Therefore, since ord(ab) < ord(af) we have,

a—c)=(a—c)asy (Ab—wo

Famp nb—>b/; oTa—b o pia—a if ord(ab) = ord(ap) 6.107)
p(a=b)=(a=bs o [pa—b )= o plassl it ord(ab) < ord(ap) '

Observe that, ord(ab) < ord(ap) if and only if ord(ab) < ord(de). Tracing this scenario back to the
corresponding scenarios in the proof of Lemma 6.2.29 (see discussion for the case /;d = anl,), we have that
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a = I, and therefore (a — b) = b,—p. This implies that

n(a—)b)—)(aﬁb)ﬁ ° |Fa_>b>1—>(a—>b) o nla—>[

a%bﬁb(u—)b)ﬁ o |r‘bu~>b>1_}b(a—)b) 1o nla_>1

b
basb=basb)p o nb—)bqu o nba%b—>b o |I—‘buﬂb>1—>b<a—>b) ° 7710_)1

b=basb)p |nbu_>b—>b(rbu_>b)>1_)b ° 771&—)[ (6.108)
b—bg |nba_>b—>b(1—~bu_,b)>1—’b o pla=1

I—b

—I

=n
=n
=n
=n
= 5P 7b8 o [Pla=b o pl=la (1))

0771‘1

I1,—1

— Uh_)bﬁ o rla—>b o nl—)la on

Therefore,

pamp nP=bs o 47 o pla—a if ord(ab) = ord(ap) (6.109)
0P8 o Tla=b o nl=la o pla=I if ord(ab) < ord(ap) '

The expression for AB™Y is

ey 0 AP o pbs—b if ord(bc) = ord(By)

M7 = ‘
p(b=e)=(b=e)y o |\b=e N2 o plsol it ord(be) < ord(By)

(6.110)

Here, the proof of Lemma 6.2.29, implies that b = I;, and 8 = I if ord(bc) < ord(By) (equivalent to
ord(bc) < ord(ef) which corresponds to the first three cases of the proof 8 = 8’ and € = €’). Just by
changing the letters in Eq. (6.108), one obtains

77(b—)c)—)(b—)(:)y ° |Ab—>c>1—>(b—)c) o nIB—J — nc—my o AI;,—>C o nI—Jb ° 771"3_)1- (6111)

Moreover, in the three cases relevant to the scenario, one is impossible, in another case, b < S (follows
straightforwardly from b < e and 8 = I,), and similarly, in the last (¢ — b) < 8. Note that, in this last case
we have that 8, = B(a—p)» = Btriv(a — b) triv(b) = Btriv(a — b) = B4, = 8, therefore b < S in all the
possible scenarios.
Now, considering that 8 = Ig, b = I;, and b < 3, we get
n(b—)c)—)(b—)c)y o |Ab—>c>1—>(b—>0) o nzﬁ—u

= 7 o A= o plos=1b o plo=lop o pl=1b o pls—1

=<7 o Ao o ples=lo o pl=los o pleh=1 (6.112)

= 7 o Alb=¢ o plos=1b

— nc—wy o Ab—)C ° nh;;—)b.

Thus,
Aﬁ—)y — nc—wy ° Ab—w o nbﬁ-)b (61 13)

regardless of the relative order of types.
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Lastly, one obtains

. co¢y o Ab—C g Pa—b o paa—a if ord(ac) = ord(a
Aora v _ n n ( ) ( 7) (6.114)
¢ o Ab=¢ o Tla=b o pl=la o pla=l if ord(ac) < ord(ay)

by noticing that in the case ord(ac) < ord(ay) one gets I, = a and following all the steps of Eq. (6.108).

This leaves us with four different cases.

» ord(ab) = ord(ap) and ord(ac) = ord(ay):

(A o F)a_w — nc—>c7 o Ab—w ° Fa—>b ° naa—m

o nb—>bﬁ ° Fa—)b ° naa—m (61 15)

CcoCy o Ab—w bg—b

=1
— APV g[8

on

* ord(ab) < ord(ap) and ord(ac) < ord(ay):

(A o F) — nc—wy o Ab—>c ° Fla—>b o nI—>Ia ° nla—ﬂ

— nc—wy ° Ab—>C bg—b b—bg Fla_)b o 771_”“ o T]I”_ﬂ (6.116)

=AY o[O7B,

°on °n

* ord(ab) < ord(afB) and ord(ac) = ord(ay): We have already discussed that if ord(ab) < ord(ap)
then a = I,. Moreover, from Eq. (6.95) and the first three cases of the proof of @ = @', 6 = ¢’ in
Lemma 6.2.29, it immediately follows that a < @. With that, we have:

(A ° F)(l—>7 — nc—»cy ° Ab—w o Fa—>b o naa—m

c—Cy o Ab—w bg—b b—bg o Fa—>b o

aqg—a

=n on on
— Aﬁ—w o nb—)b/g ° Fa—>b ° naa—m

n

= AP~7 6 nb—>bﬁ o la=b o nlaa—ﬂa

=AP7 o nb_’bﬁ o Tta=b o n1—>1a o nla_u o n[aa—)la (6.117)
= AB~7 6 nb*bﬁ oa=b o n1—>1a o nlaa—ﬂ

— AB=Y o nb*bﬁ oTta=b o n1—>Ia ° nla—ﬂ

— AB~Y o @B,

* ord(ab) = ord(eB) and ord(ac) < ord(ay): In this case too, a = I, and a < « (equivalent to

the previous case, compare Eq. (6.95) and Eq. (6.96)). Therefore, using the same tricks to prove

]71—>1a ° n10—>1

= n%e7% one obtains

a—y . .
(A o r) — nc—>cy o Ah—)c o Fla—>b o nl—)la ° nla—)l

coey Ab—)C o Fa—)h ag—a

= o
7 7 (6.118)

coey Ab—w bg—b b—bg o Fa—)b o

ag—a

=7
= ABP>Y o T @B,

on on n
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All the cases have been considered; thus, the proof is completed. O

Next, we show that analogously to the tensor product, the square product is bilinear.

Proposition 6.2.31: Bilinearity

The product K is bilinear.

Proof. Observe that for every x,y € Typesz and I'* € L(x), A” € L(y) we have that I'* ® AV =
7 () ® n¥ Y~ (AY). Since the promotion functions are linear and ® is bilinear, it immediately follows
that ® is bilinear. O

We conclude this Section with two handy properties of the square product. The first is that the promotion

of a function, "% (I"*), can be expressed as the square product of the function with the promotion of 1.

Lemma 6.2.32: Parallel composition with promotions of 1

Let x,y € Types 4, and let ' € L(x). Then, p* = (I') = " mp!~h(1).

Proof.
() = T (M)

=) g (1)
=-TMx nly—ﬂxy o nl—)ly(l)

=M nl—)Iy(l).

(6.119)

O

The second is that in the case of functions from or to the trivial space L(I), one can switch the tensor

product with sequential composition.

Lemma 6.2.33: Parallel composition of maps from with / as input or output

Let a, b € Types 4 be such that ord(a) = ord(b). Let T*7! € L(a — I), and AT=% € L(I — b).
Then, Fa—>l X AI—)b — AI—»b 8 Fa—>] — AI—)b X Fa—)l.

Proof. All three maps have type (a — b). We show that their action coincide for every u® € L(a):

AI—>b ° 1—~a—>1(ua) — AI—)b(Fa—>I(ua)) — AI—)b(l)Fa—ﬂ(ua)’
(AI—>b = Fa—>1)(ua) — (AI—>b = Fa—»I)(l = ua)

= AP () T (%) = AP (DT (w9, (6.120)
(Fa—>l = AI—)b)(ua) — (Fa—>l = AI—)b)(ua = 1)

— ra—»l(ua) = AI—)b(l) — Alﬁb(l)ra—)I(ua)‘
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6.2.4 Swap Operators

An important operator in product spaces is the swap operator, that is, the operator that swaps the order of
elements in an elementary tensor: ¥ ® v — v ® u. In this subsection, we present the maps that play the same

role in the case of the square product.

Definition 6.2.34: Swap operators

Let x,y € Types 4. Then, c*¥7* is the map defined on elementary tensor u* ® v> € L(xy) as

oYX (¥ ®mvY) = vY B u* and extended by linearity to all elements in L(xy).

We first observe that this map is well-defined. Let { ur ® vy } and { ar® v, } be two basis for
i, i i,

L(xy). Let U;; and V4 be the matrices for the change of basis. That is, &} = Zj Uijuj? and V), = Zﬁ Vaﬁvz.
LetI™ =3, Giou; ® v = Yia Gmﬂf = 777,. Observe that

Z Giaﬂl)-c X \7)(; = Z GianjM§ X VCY,BV;;

@ raip (6.121)

= Z(Z éianjVafﬁ)uf X V;;.
B ia

Therefore, Gjg = X, GioU; iVap. If we compute the output of the swap map for the two different

decompositions of 'Y, we obtain,
(Y Gialif ®7%) = > Gra¥h m !
i i
o-x’y(z Giouf BVv),) = Z Giavy Bu
i i
_ ~ y
= ZZGj'BUjiVﬁava EM? (6 122)
ia jp '
= Zéjﬁzvlgavz X ZUji“l)'c
B a i

= Z Gjlgﬁz; X Ijt;
JB

In both cases, the outputs are the same; therefore, *>~>* is well defined.
It follows immediately from the definition of the swap operators that swapping twice an elementary tensor

is the same as doing nothing.

Proposition 6.2.35: Inverse of swap operators

Let x,y € Types 4. Then, o¥*7~*Y is the inverse of oY~ *,

Since we prove most of our results by induction, it is helpful to have a recursive definition of the swap

operator. This is the content of the following Lemma.
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Lemma 6.2.36: Inductive definition of the swap operator

whenever ord(y) > 0, and let I'*Y € L(xy).
1. If ord(x) = ord(y), then g*>Y¥*(I'™*Y) = gbd—db o Tac—bd o yea—ac,
2. If ord(x) < ord(y), then ¢*YY*(I'XY) = g¥d—=dx o e—xd

3. If ord(x) > ord(y), then Y =YX (DY) = by —=yb o [a—by,

Let x,y € Types 4 be such that ord(xy) > 0, let x = (a — b) whenever ord(x) > 0,y = (¢ — d)

Proof. For the proof, it is enough to show that the expressions above coincide on the elementary tensor

' ® AY € L(xy). If so, then the two functions are the same by linearity.
1. Letve ®u € L(ca).

TITINTFRA) @V Rut = ATIRTP@vC gyt
— Ac—>d(v0) X Fa—)b(ua)‘
Similarly,
0_bd—>db ° (FX = Ay) 0 o4 @€ g u¢
— 0_bd—>db ° (Fa—>b = Ac—»d)@ua = V¢
— 0_bd—>db @(Faﬁb(ua) X Ac—)d (vC))
— Ac—)d(VC) = l—wa—>b(ua)‘
2. Letv€ € L(c).
oI RA)@VE = AT R T @1
= A7) RTY.
Similarly,
O_xd—>dx o (Fx X Ay)@vc — O_xd—)dx(rx X Ac—>d(v0))

=AY,

3. Analogous to the previous case.

(6.123)

(6.124)

(6.125)

(6.126)

From the Lemma above, one deduces the following equalities for the swap of elementary tensors.
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Corollary 6.2.37

Let x, yTypes 4 be such that ord(xy) > 0, let x = (¢ — b) whenever ord(x) > 0, y = (¢ — d)
whenever ord(y) > 0, and let I'* € L(x), AY € L(y).

1. If ord(x) = ord(y), then o247 o TX g AY = AY R 0 o474,
2. If ord(x) < ord(y), then c*¥ >4 o T¥* R AY = AY R I*.

3. If ord(x) > ord(y), then o?Y>Y2 o T* R AY = AY T,

Moreover, the three cases of Lemma 6.2.36 can be merged into a single abstract expression.

Corollary 6.2.38

Let x, yTypes 4 be such that ord(xy) > 0, let x = (a — b) whenever ord(x) > 0, y = (¢ — d)
whenever ord(y) > 0, and let I'* € L(xy). Then, c*¥ 7Y = ¢8998 o Ta¥=B% o gY@V where

a if ord(x) > ord(y) P b if ord(x) > ord(y)
= =
I iford(x) < ord(y) x iford(x) < ord(y)
(6.127)
e if ord(x) < ord(y) P d if ord(x) < ord(y)
7 I iford(x) > ord(y) y iford(x) > ord(y)

Proof. The only thing to show is that for any type z, 0¥/ =12 = id*~% = ¢/2=%! | This is trivial: o*/~/3(1 &
u?) = u*®1 = u® = 1®u? for all u* € L(z). This shows that id*~? = /22!, The proof of 0%/ 71z = id?*™*?
is analogous. With this property at hand, one can precompose the functions in the second and third case of

Lemma 6.2.36 with the proper swap operator and obtain the desired result. O

6.2.5 Hermitian Preserving Maps

In this and the following Subsection, we describe two essential subsets of L(x), which are the generalizations
of the set of Hermitian-preserving channels and completely positive-preserving channels. These two subsets
are very relevant in quantum mechanics. Indeed, quantum states are Hermitian and positive semidefinite.
Quantum channels are Hermitian-preserving and completely positive-preserving. Quantum superchannels
preserve Hermitian-preserving maps and completely preserve completely positive-preserving maps. This
kind of pattern is well-suited for a recursive definition, which is the bread and butter of our type system. In
this Subsection, we focus on the generalization of Hermitian-preserving, while in the following Subsection,

we focus on the generalization of completely positive-preserving.
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Definition 6.2.39: Hermitian preserving

Let x € Types 4. The set of Hermitian-preserving maps of type x, denoted as H (x) is
* The set of Hermitian maps on the Hilbert space HE, if x = E € EleTypes 4.

* The set H(x) = {T97? |97t (u®) € H(b),Yu® € H(a) }, if x = (a — b), and a,b €
Types 4.

From the definition, it follows that H(x) is a real vector space for all x € Types 4. Indeed, this is the case
for elementary types, and the recursive structure of the definition guarantees that H(x) is a real vector space
if both H(a) and H(b) are, when x = (a — b). Moreover, by induction, one shows that the (real) dimension
of H(x) is simply the product of the square of the elementary types labelling the leaves of the tree associated
with x. Thatis |H(x)| = []; |E;|? (compare with Lemma 6.2.2).

Of more interest is the fact that the complex inner product defined on L(x) becomes a real inner product

on H(x), as in the case of the Hilbert-Schmidt inner product of Hermitian matrices.

Proposition 6.2.40: Inner product on H (x)

Let x € Types 4, and let I'*, A* € H(x), then (I'*, A¥), € R, where (-, ) is the inner product defined
in Definition 6.2.3. Moreover, there is an orthonormal basis of L(x) that is a basis of H(x).

Proof. This is the first instance of an inductive proof where it is easier to prove two statements simultaneously
because we can use the inductive hypothesis of both statements in the inductive step. We proceed by induction
on the order of types, as usual. The statements are true for elementary types. These are well-known results
about Hermitian matrices. For the inductive step, let x € Types 4 be a type such that ord(x) > 0, and let
us assume that the statements are true for all types up to order ord(x) — 1. Let a, b € Types 4 be such that
x = (a — b), and let { u }l. be the orthonormal basis of L(a) with elements in H(a). Starting with the

definition of the inner product, we have
(0%, A%) = > (A (uf), T (uf'))p. (6.128)
i

Now, since I'*, A* € H(x) andu{ € H(a) forall i, we have that A* (u{'), I'* (u{') € H(b) foralli. By inductive
hypothesis, we obtain (A (uf), '™ (uf")), € R for all 7, from which immediately follows (I'*, A¥), € R.

We now prove that there exists an orthonormal basis for L(x) that is contained in H(x). Let { uf }l.
and { v? } ~be the basis for L(a) and L(b) that are also basis for H(a) and H(b), respectively. Then,

I—b R I-b R
{ |v§?> o (ul"|a ! } is an orthonormal basis for L(x). We show that |v§?> o (ula|a Te H(x) for all
i

i,j. Letu® € H(a), then

I-b BN I—b
|v$’> o (ula|a 1 @u“ = |v§’> @(ua’ulq)a — V?(”“M?)a- (6.129)

By inductive hypothesis, (u“, u{'), € R, which implies v?(u“, u)q, € H(b). This is true for all u® € H(a),
1-b N I1-b N .

therefore ’v?> o (ud|” "¢ H(x) forall i, j. Since the elements of{ ‘v?> o (uf|” ! } are linearly

l’.]
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independent in the complex field, they are linearly independent in the real field. Moreover, since the
(complex) dimension of L(x) is equal to the (real) dimension of H(x), there are enough elements in
I-b N

{|v§?> o(uﬂa I}. to span H(x).

l,] 0

In other words, this Proposition shows that H(x) is a real Hilbert space with (-, -) as the inner product.

Next on the list is to understand what happens when a H-preserving map ['* € H(x) is promoted to a

map [*>. In the next Proposition, we show that, as one would expect, promotion and demotion maps are

H-preserving, which means that the promoted map I'"* is in H (xy).

Proposition 6.2.41: Promotion and demotion maps are H-preserving

Let x,y € Types z. Then, 7 € H(x — xy) and >~ € H(xy, — x).

Proof. In the base step, the promotion and demotion maps are identities; therefore, they are H-preserving.
For the inductive step, it is enough to show that the ket map is H-preserving. Indeed, promotion and demotion
maps are the sequential composition of promotion and demotion of lower order with the ket function, and
the sequential composition of H-preserving maps is H-preserving. Now, for arbitrary x, |-}/ 7~ maps a map
I'* to the map |[I'*)/™* € L(I — x) defined as [T*)’ ™~ (1) = I'(x). Now, assume that I'* € H(x). We
have to prove that [[*)/™* € H(I — x). Note that H(I) = R. Let a € R, then |[[*)/™* (a) = aI'*. Since
H(x) is a real vector space, al'™ € H(x), and therefore |[['™*)/™* € H(I — x). This shows that |-)/ ™~ is

H-preserving. O

Since the promotion and demotion maps are one the inverse of the other and n*~* (H(x)) € H(xy) and
> 7*(H(xy)) € H(x), we have that H, and H(x,) are isomorphic.

Corollary 6.2.42: Isomorphism of H(x) and H(x,)

Let x,y € Types 5. Then, H(x) is isomorphic to H(x,).

We have discussed promotion and demotion operators, and it is trivial that the sequential composition
of H-preserving functions is H-preserving. What is left to discuss is the square product of H-preserving

functions. With the next Theorem, we show that the product of H-preserving functions is H-preserving.

Theorem 6.2.43: Product of H-preserving maps

Let x,y € Types4, and let H(x) ® H(y) = Span{I*®AY |I"* € H(x),AY € H(y) }. Then,
H(xy) = H(x) ® H(y).

Proof. We prove it by induction on ord(xy). If ord(xy) = 0, then both x = E and y = G are elementary
types, and the tensor product of the space of Hermitian matrices on a Hilbert space E with the space of
Hermitian matrices on G is the vector space of Hermitian matrices on EG. We assume now that ord(xy) > 0
and that the statement is true for all types up to order ord(xy) — 1. We first show that H(x) ® H(y) C H(xy).
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By definition, if { ry }l. and { A; }j are bases for H(x) and H(y), respectively, then { r'm A; }i’j is a basis
for H(x) ® H(y). We show that I'} = A; € H(xy) for arbitrary i, j. We split the proof into three cases.

* ord(x) = ord(y), and x = (a — b), y = (¢ — d). Then, I'' ® A? € H(ac — bd). By induction
hypothesis, any element of H(ac) can be written as a linear combination of elementary tensors
u® ®v2, with u® € H(a) and v¢ € H(c). The action of 'm A? on elementary tensors gives
Fu)= A; (v¢) € H(b) ® H(d) = H(bd), where the last equality follows by induction hypothesis.
Therefore, by linearity, I ® A7@H, C H(bd). This proves, that I ® AT € H(xy).

» ord(x) > ord(y),andx = (a — b). Then, F;‘XIA; € H(a — by). Letu® € H(a). By Theorem 6.2.27,
we have that I ® A?@ua =TT = A§ € H(b) ® H(y) = H(by). As in the previous case, this
implies that I} = Ai € H(xy).

* ord(x) < ord(y): Symmetric to the previous case.

We have shown that a basis of H(x) ® H(y) is contained in H(xy). Since these two real vector spaces have

the same dimension, { I'm A? } ~is abasis of H(xy), and therefore the two vector spaces are equal. O
l’.]

Thanks to this Theorem, it is easy to see that, as in the case of quantum channels, there is no need to

require that a map is completely Hermitian-preserving.

Corollary 6.2.44: Completely H-preserving maps

Let x € Types 5. Then I'* € H(x) if and only if I'* ®id* ™Y € H(x(y — y)) for all y € Types 4.

Proof. Necessity follows from Theorem 6.2.43. For sufficiency, we choose y = I. Since I'* ®idx~x €

H(I, — x) and n'>%(1) € H(I,) because promotion functions are H-preserving, we have that I'* ®
id>~x @p!=Ix(1) € H(x). Observe that I'* ®id'~! @p/~x(1) =M™ w !/~ (1) =™ ® 1 = I'*, which
implies I'* € H(x). O

6.2.6 Positive-Preserving Maps

In this subsection, we show how to extend the notion of completely positive-preserving channels to maps of
arbitrary type x. The key point is that a map is completely positive-preserving if it is positive-preserving when

tensored with an identity of the same order. For example, channels are tensored with the identity channel.

Definition 6.2.45: Completely positive-preserving maps

Let x € Types 4. The set K (x) of completely positive-preserving maps of type x is defined as
 if x = E € EleTypes 4, K(x) is the set of positive semi-definite matrices on Hg,

e if x = (a — b), then K(x) is the set of all I'* € H(x) such that I'* ®id” ™Y (H (ay)) € H(by),
for all types y such that ord(y) = ord(x) — 1.

173



6. Higher-Order Quantum Maps

Note that this definition ensures that the order type of y — 7y is the same as the order of x. Moreover, if
x = (A — B), the set K(x) coincides with CP(A — B), the set of completely positive-preserving operators
from A to B.

After we define a space, we usually study its geometry. For example, L(x) is a complex Hilbert space,
and H(x) is a real Hilbert space. K(x) is a closed, convex, and pointed cone, where pointed means that

K(x) n=K(x) = { 04 }, and 0, is the map sending all inputs to the zero vector of the output space.

Proposition 6.2.46: Geometry of K(x)

Let x € Types 4, then K(x) is a convex, closed, and pointed cone.

Proof. Base step: The set of positive semidefinite matrices is a convex, closed, and pointed cone.
Inductive step: Let ord(x) > 0 and assume for all types z up to order ord(x) — 1, K(z) is a convex, closed,

and pointed cone. Let a, b € Types 4 be such that x = (a — b).

1. K(x) is a convex cone: Let { ry }i be a finite sets of maps in K(x), and let @; € R,. Let y € Types 4
such that ord(y) = ord(x) — 1, and let u®> € K(ay). Then,

> el mid ™ @u® = Y ai(IF ®id* ™ @u™), (6.130)

and each I'Y ®id>™Y @u®” € K(by). Since H(by) is a convex cone we have that }; ; (I} ®
id*”Y @u®’) € K(by). This is true for all y € Types 4 such that ord(y) = ord(x) — 1 and all
u®Y € K(ay). Therefore, ; a;(I'} ®id* ™) € K(x).

2. K(x) is closed: Let { ry }l. be a sequence of maps in K(x) converging in the norm induced by the
inner product (-, -), to T'*. That is, lim; e ||Fx - Fj‘”x = 0. We want to show that I'* € K(x). Let
y € Types 4 be such that ord(y) = ord(x) — 1 and let u®Y € K(ay). First, we show that I'* ®id> ™Y is

equal to lim; o (I'Y ®id” ~Y). Indeed,

lim ||T% =id” ™Y - ®id” || = lim ||(T% - T¥) mid” ||
1—00

i—00 x(y—y) x(y—y)
Corollary 6.2.23 = lim ||(I, = )| lid =], (6.131)
1—00
=0.
This implies that
I ®id™ @u* = lim (I'¥ ®id” ™) @u® = lim I'* ®id* ™Y @u“Y. (6.132)
1—00 1—00

Since I' mid” ™ @u®” € K(by) for all i and K (by) is closed by induction hypothesis, we have that
M ®id™Y @u*Y = lim; o (I'Y ®id” ™Y @u®”) € K(by). This, in turn, implies that I'* € K(x).

3. K(x)is pointed: LetI'* € K(x) " —K(x). Then for any y € Types 4 such that ord(y) = ord(x) — 1, and
any u®Y we have that I'* ®id” 7Y (u*Y) € K(by) and -I'* ®id” 7Y (u*”) € K(by). However, K(by) is
pointed by induction hypothesis, therefore I'* ®id” ™ (1) = 04,. This is true for all Y, therefore
I~ =0,.
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O

At this point, we would turn our attention to promotion and demotion maps, with the hope that they are
K-preserving. That is, we would like to show that if I'¥ € K(x) then its promotion 77> (I'*) is in K (xy).
However, if one tries to prove this result, one would notice that many properties of the square product are
needed. In particular, one needs the square product of maps in K to be in K. Therefore, we must prove the
result for the promotion function in conjunction with the result for the square product. While doing so, we

also prove that |-) is K-preserving, that a function in K is K-preserving, and that the swap operators are in K.

Theorem 6.2.47: Properties of K

Letx,y € Types 4.
1. If I'" € K(x), then "~ (I'*) € K(x,). Similarly, if A € K(x,), then n*™>7*(A™) € K(x)
2. IfI' € K(x) and AY € K(y),thenT* ® AY € K(xy).

3. If I'* € K(x), then |T*)™* € K(I — x). Similarly, if ®~* € K(I — x), then ®/=%(1) €
K(x).

4, IfI'* € K(x),x = (a — b) and u® € K(a), then I'*(u®) € K(b).

5. oYX e K(xy — yx).

Proof. We prove it by induction on ord(xy). Base step: Let x = E € EleTypes 4, y = F € EleTypes 4.

E=Er Er—E — {dE~E which is obviously K-preserving.

1. =n

2. Since TF,AF >0, thenTE ® AF > 0.
3. LetT'E > 0. For any G € EleTypes 4, and u® € K(G),
(rEY ™ ®id9%) (%) = (JrF) ™" ®id9~%) (1 = u%)
= |PEY™F (1) ®1d9C (uC) (6.133)
=Tt uG,

which, as we have just shown in point 2, is in K(EG). This shows that |1"E>I_>E €eK(I - E).

If we assume that ®'~F ¢ K(I — E), then ®'~F ®id’™! is K-preserving. In particular, since
I1x®1e K(ImI),wehave that

0~Erid = (1wl =0 7E(1) mid™!(1)
=0F(r1 (6.134)
— @IHE(I)

Since ®'~F wid/~! is K-preserving, then ®' £ (1) € K(E).
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4. Not compatible with the base case.

EG—-GE EG—-GE X

5. 0 is simply the swap channel, which is completely positive-preserving. Therefore o

id"~F is K-preserving for any F, and thus, cE¢~CF € K(EG — GE).

Inductive step: Here we assume that ord(xy) > 0 and that the properties 1-5 are true for all types up to
order ord(xy) — 1. This implies that we can use any of the properties /-5 for types of order up to ord(xy) — 1
in the proof of the inductive step. Moreover, we can use a proven statement at order ord(xy) to prove a
subsequent statement at order ord(xy). Note that this does not result in a circular proof if we are careful and
only use proven statements. In the following, we write x = (¢ — b) whenever ord(x) > 0, y = (¢ — d)

whenever ord(y) > 0, and z = (e — f), whenever ord(z) > 0.
1. Promotion and demotion functions are K-preserving:
* ord(x) = ord(y):

nx—>xy (Fx) & id?7% = nxy—>xy(z—>z) (nx—>xxy (Fx)) & id?%
Proposition 6.2.17 = (y?7Pdz o [470 o paez=4) g id? 7
Theorem 6.2.30 = (p?~%4= ®id*7%) o (I'¥ R id*7%) o (p%=7% ®id*77)

Lemma 6.2.20 = 5?3703 o (I ® id*7%) o p3e ™92,

(6.135)

By the induction hypothesis, the promotion and demotion functions appearing in the last line of
the equation above are K-preserving, and so is I'* ®id* ™% because I'* € K (x). The concatenation
of K-preserving functions is K-preserving, and therefore, n* ~*» (I'*) ®id*~* is K-preserving for
any z such that ord(z) = ord(xy) — 1. This implies that n*~* (I'*) € K(x,) for any I'* € K(x),
and this shows that n*—*» is K-preserving.

The proof of %Y being K-preserving follows exactly the same steps: 77> ~*(A*) ®id*~% can
be written as a concatenation of K-preserving function, which implies that 7> 7% (A*) € K(x)

and that n*~*> is K-preserving.

* ord(x) < ord(y):

nx—my (FX) = idz—>z — nxy—>xy(z—>z) (nx—mxy (FX)) X idz—>z
— (nxd—mdz |T]x—>xd (Fa)>l—>xd ° UI(,—J o nIZC—JC) ® id? 7 (6.136)

Lemma 6.2.6 = |p* %z (X)) 7%z o ple==1

I—>x4,

Note that, since ord(xdz) < ord(xy) we can use the inductive hypothesis about |-) being

K-preserving. Therefore, we can conclude that "> is K-preserving with the same argument

Xy—X

used in the previous case. Similarly, we can prove that n is K-preserving using the inductive

hypothesis for the evaluation at 1.

* ord(x) > ord(y): the proof is analogous to the case ord(x) = ord(y) but simpler.
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2. Completely positive-preserving maps are closed under the tensor product. Let z € Types 4 such that
ord(z) = ord(xy) — 1. We want to show that I'* ® AY ®id*~% is K-preserving. To this end, we write

' ® AY ®id*% as a sequential composition of K-preserving maps. First, note that

M ®AY Rid?7% = 7 (I g AY) ®id¥ 7

6.137
= nx_”cy(z—m) (Fx) = ,]y—>yx(z—>z) (A)’) = id? % . ( )

Since ord(xy(z — z)) = ord(xy), we can use the already proven fact that promotion maps of order
ord(xy) are K-preserving. Therefore, [*v(-2) € K(xy(;—z)) and A¥xi-2) € K(yx(z—z)). For
simplicity, let a be the type associated with the left subtree of x,(,_,,) and § the type associated
with the right subtree. That is @ — B = x,(;—7). Similarly, let y — 6 = yy(;z). Itis
important to notice that ord(a) = ord(8) = ord(y) = ord(é) = ord(xy) — 1. So far, we have that
I ®AY ®id*% = '*~F g A% ®id*~%. Using Theorem 6.2.30 and the recursive definition of

swap operators in Lemma 6.2.36 we get:

[P R AY™0 mid? ™% = (idﬁ_’ﬂ RAT " x id*7%)
o (I;“_’ﬁ Rid”"7Y ®id* %)

— (0-(7/3—>6,3)—>(,37—>/3’5)(57—>5 X idﬁﬁﬁ) R id?7%)
o (M P id" Y mid* %)

) (6.138)
[(0-6.8—>B6 o (A7_"5 = idﬁ_ﬁ) o O..By—wﬁ) ®id* %]

o (M rid’ ™Y mid* %)
= (0% 7P° Rid*™%) o (770 midF*F?)

o (P77 id*™%) o (PP mid?e77%).

We have already discussed that I'*™8 € K(a — ) and A?™% € K(y — ). Therefore, (A?™° ®
id#?7P2) and (NP = id”*~7%) are K-preserving, since ord(yz) = ord(e — B) — 1 and ord(Bz) =
ord(y — &) — 1. Moreover, by induction hypothesis o °6~8% ¢ K (58 — 86) and 0P?=7F € K(By —
vB). Again, this implies that when tensored with identity maps of the same order, as in the equation
above, they are K-preserving. Since, the sequential composition of K-preserving maps is, by definition,
K-preserving, then I'*~8 ® AY™° mid* % is K-preserving. Thus, I'* ® AY ®id*7% is K preserving

for any z € Types 4 such that ord(z) = ord(xy) — 1, and therefore I'* ® AY € K(xy).

3. Ket and evaluation at 1 are K-preserving. We want to show that |[[*)/™* ®id*™% is K-preserving
when I'* € K(x) and ord(z) = ord(I — x) — 1 = ord(x). Let u* € K(z). Then,
TV 7Y 8id*7 @u? = M) 7' R id7? @1 R u?
= D)™ (1) ®id*2 (u?) (6.139)
=T ®u®.
Since ord(xz) = ord(x) < ord(xy), we can use either the inductive hypothesis for property 2 or the

proof in the inductive step of property 2 to conclude that I'* ® u? € K (xz). Therefore, |I*) ¥ mid*~?
is K-preserving, and |T*Y/ 7~ € K(I — x).
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Let us assume that ®~* € K(I — x). We want to show that ®~%(1) € K(x). We know that
©/~*mid/~~!x is K-preserving. Since 1 € K (I), then using property I we have that n’~'x (1) € K (I,).
Therefore, ®'~* m id"* >/ @n'~!x(1) € K(x). Note that

e midh >k @p!~h (1) = @'  mid " 21 m ! 7 (1)
=0 () mid" (" (1))
=0 () my (1)
Lemma-6.2.21 = ©'7*(1) mid’ (1)
=0*(1)m1
=07(1).

(6.140)

This implies that /=% (1) € K(x).

4. Let z be a type such that z = I, and ord(z) = ord(x) — 1. We want to show that T¢~?(y%) =
n?==b o (I mid%=712) 0 n4=9= @u? for all u®.
nbz—>b o (1—~x oy idlz—ﬂz) o na—)uz@ua — nbz—>b o (Fx X idlz—ﬂz)@na—mz (Ma)
Lemma 6.2.32 = p?<7? o (I id= ) @u® ® p' == (1)
=Pl @ (I (u®) ! 2= (1)) (6.141)
Lemma 6.2.32 = n?=~? @ (b= (I'* (u%)))
=T"(u%).
We have proven that the promotion function are K -preserving, and so is ['* ®id’= %= because I'* € K (x).

Since I'* is equal to the composition of K-preserving functions, it is K-preserving.

5. We want to show that c*>7>* € K(x). That is, we want to show that for every z € Types 4 such that

ord(z) = ord(xy), c*¥7Y* ®id* ¢ is K-preserving. To achieve that, we first prove

YTV R idz—»za—'xyZ) — (O.Bféf—>5fﬁf X idfﬁa‘_’fﬁé) o T @Ye—Bsf
(6.142)

o (O_ye We—eYe g ideay—m,w)

for every 'Y € L(xyz), where a, B, v, and ¢ are defined as in Corollary 6.2.38. Let u* € L(x),
vY € L(y), and w? € L(z). Let % A7 = p*>%<(4*) and let 7<% = p¥=Y=(v¥) and weer>/Bs =
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n* 7%y (w?). Then, using Theorem 6.2.30, we get
(oPror=0rBr mid/Bs=/85) o (u* B vY B w?) o (g Ve e Ye g jdear—Car)
= (oPror0rBr g idfBo=I8s) o (%P1 R 57708 e Ips)
o (O-Veae_’aeye X ideay—way)
= (oPror=0rBr o (%Y g Y708 o Ve Xe D eYe)
R (id/BoTp0 oypear—Ips o jdareay) (6.143)

= g* Y27V Xz (ﬁxz = \7)’z) & WXy

PR AT R Wy

v ®u* ®w?
= (7RI (1YY ®w).
By linearity,

(XYY g idiT) (IW9) = (O.,Bf5f—>5f,3f X idfﬁd*fﬁé) o [z
(6.144)

o (O-'Yea'e_’a'e')’e [ ideafy_w'ay).

By inductive hypothesis, the swap operators appearing on the right-hand side of Eq. (6.144) are in
K, and therefore, they are K-preserving when tensored with an identity of the same order, as in
our case. Moreover, if [*Y% € K(xyz), then as a consequence of property 4, [ is K-preserving.
Since sequential composition of K-preserving maps is K-preserving, we have that oY 7Y* ®id*7* is

K-preserving for all z € Types 4 such that ord(z) = ord(xy), and therefore o>~ € K(xy — yx).
i

Combining the fact that promotion maps are K-preserving with Lemma 6.2.20, one immediately obtains

that the promotion maps are in K.

Corollary 6.2.48: Promotion maps are in K

Let x,y € Types 5. Then n*~* € K(x — x,) and n™»~* € K(x, — x).

We have discussed promotion functions and parallel composition. We turn our attention to sequential
composition. As in the case of quantum channels, we will prove that the sequential composition of maps in K
is in K. Note that this is far less trivial than stating that the sequential composition of K-preserving maps is
K-preserving because for a map to be in K, it has to be K-preserving when tensored with identities of the

proper order.

Lemma 6.2.49: Sequential composition of K-maps

Let x = (a — b),y = (b — ¢) € Typesy4, and let =t e K(x), A>¢ € K(y). Then,
AP=¢oT9b ¢ K(a — ¢).

Proof. We prove it by induction. In the base case, ord(x) = ord(y) = 1. Let a = A € EleTypes 4,
b = B € EleTypes 4 and ¢ = C € EleTypes 4. Then, K(A — B) is CP(A — B), the set of completely
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positive-preserving maps from L(A) to L(B), and K(B — C) is CP(B — C). The fact that the sequential
composition of completely positive-preserving maps is completely positive-preserving is a well-known result
in quantum information.

Inductive step: Let ord(xy) > 1. We want to prove that (A?~¢ - M,_,;,) ®id*~% is K-preserving for all
z = (e — f) € Types 4 such that ord(z) = ord(ac).

e If ord(x) > ord(y), then ord(a) > ord(bc). Therefore, ord(z) = ord(a). Now, we present a long chain
of equalities to show that (A?™¢ o '*>?) ®id*™% can be written as a sequence of function from which
it is easier to deduce that it is K-preserving. Let u¢ ® v* € L(az). Using properties of promotion and

demotion functions, together with Theorem 6.2.27 and Theorem 6.2.30 we have:

id= = gy 2@ (€7 0 AP7C 0 pPr™P) m pf 2 fe) o (M97P B id*™7 @u & v7)

= i~ gy i@ (€70 o AbP=C o nbf—>b) = nf—>fbc) ° (Fa—’b(,ﬂ) ® %)

= ide % my T @ (7 0 AT o PPy mpf e o
("= =P @)Y ™ o ey mv?)

= e mp P @ (|7 0 AP o TP (uh)) T o ple =) m (nf 2 Foe o v7)

R IZII]ZbHZ @nc—mZ (Ab—m ° Faﬁb(ua)) X nz—>zhc (VZ)

= id%= 7% g Tt @pC T (APTC 0 TP (u®)) m pF T (vF)

= S0 (APTC o TP (%)) m

— [Ab—w ° Fa—)b(ua)] X V2

= (AP7¢ o T97P) R id*% @u® R V2.

(6.145)

Therefore, for every w* € K(az), we have

(AP7CoT7P) Rid* ™% @w e =

id€z—¢Cz =2 cocf b—c br—b = foe a—b _ s 17—z az (6146)
id Xn @((7] f oA o]]f )gn )O(F ® id @w )

Now, observe that, since I'*?” € K(a — b), we have that I'*"? ® id*~% @w?* € K(bz). By
induction hypothesis, 7¢7¢f o AP=¢ o 7=t is in K(by — cy), and, using Theorem 6.2.47 we get
((n€™¢r o Ab™¢ o pbr=by g pf=fee) € K(bf — cfp). Note that ord(bf — cfp) < ord(x) — 1
and ord(bz) = ord(x) — 1. Therefore, we can use the inductive hypothesis again, to obtain that
((n€™¢r o Ab™¢ o pbr=b) g pf=foc) o (M0 ®id*7% @W?) € K(e — cfp,) = K(czp). Lastly,
since the identity and the promotion function are in K and therefore K-preserving, we have that
idS=7¢ mp 22 @ ((n€7¢ o AP™¢ o nbr=P) mpf—7ee) o (M0 ®id* ™% @u® ® v?) € K(cz). This
shows that (AP~¢ o I'*>?) mid*% is K-preserving, and therefore AP~¢ o T9™? ¢ K(a — ¢).

e If ord(x) < ord(y), then ord(c¢) > ord(a),ord(b) and ord(z) = ord(c). Once again, we use a long

Ab—m

chain of equalities to write o ' ® id*™% as a sequence of functions and deduce that it is
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K-preserving. Let u® ® v¢ € L(az).

APZC TR @ ("7 o TP o) mp! ey o (u m v
= AP g =@ (P =hF 0 TP o nar=a) g pf = tan)o

(1= ()= o e~ )
= AP a2 @ ([P 0 T (u))
— Ab—w = nzu—m @T’b—>bZ (Faﬁb(ua)) X nz—>zab (vZ)
— Ab—)C X nza—>Z @Fa_)b(ua) X nz—>2.a (VZ)
= AP o197l (%) m y?

= (AP7¢ o TP RidT7Y) @u V2.

1—-b
f o nle_’l) X (nf_’fab o VZ)

(6.147)

With an analogous argument to the one used before, one concludes that AP~¢ ® 2@ (b7 o
ra=b o par=ay g pf—fav) o w2 € K(cz) whenever w € K(az). Therefore AP7¢ o T4™P g id* ™%

is K-preserving and AP~ oY € K(a — c).

e If ord(x) = ord(y), then ord(b) > ord(ac) or (non-exclusive) ord(a) = ord(c). Since, ord(z) =
ord(ac), we have that ord(zb) = ord(abc) = ord(x) — 1 = ord(y — 1). Therefore,
(Ab—w ° Fa—)b) K id% 7% = (Ab—>c ° Fa—>b) o (an—>Z o nz—>2b)

(6.148)
— (Abac X nzb—>2) o (Fa—>b o nz—>zb)'

By Theorem 6.2.47, both functions enclosed between round brackets are K-preserving, and therefore
(AP™¢€ 0 T47b) mid*7% is K-preserving and AP~¢ o 9P € K(a — ¢).

6.3 The Choi Isomorphism

In this last Section, we extend the Choi isomorphism from the case of channels and states to the case of maps
of order n + 1 and maps of order n. In the literature, various approaches to the Choi isomorphism beyond
channels and states have been explored. For example, in Ref. [264], the Choi isomorphism is extended to
superchannels, and different options are presented. However, from a linear algebra perspective, the Choi
isomorphism presents no ambiguity. If one has a linear map f : X — Y, where X and Y are finite-dimensional

Hilbert spaces, then the Choi isomorphism is defined following these steps.
1. Fix an orthonormal basis { u’ }, of X.
2. Define the Choistate ®in X @ X as® = Y, u’ @ u'.
3. The Choi isomorphism maps f in £(X,Y), into f @ id' 7Y (®) =3, f(u') @u' € Y ® X.

Each of the following three subsections will be dedicated to one of the steps above, and we will adapt this

very high-level definition of the Choi isomorphism to our type system. After that, we will derive properties of
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the Choi isomorphism. The most remarkable property is that the Choi isomorphism is K-preserving. This
generalizes the well-known results for channels and states [66]. Lastly, we will conclude this Section by

generalizing the link product.

6.3.1 Orthonormal Bases

As detailed above, the first step to define the Choi isomorphism is to fix an orthonormal basis. Here, our goal
is to fix bases for all spaces L(x), with x € Types . As usual, we will start from the smallest components,
the elements of the alphabet. For all Hilbert spaces Hy4, where A € A, we fix an orthonormal basis

{ u;.“ }i. The orthonormal basis of H, associated with an elementary type E = A ... A,, with A; € A, is

{ uf‘ ®: - ® u?” } , where { ug'i } is the orthonormal basis of A ;. Lastly, we provide the following
n )iy in i

recursive definition for the orthonormal basis of L(x).

Definition 6.3.1: Fixed orthonormal basis

Letx € Types 4.

 If x = E € EleTypes 4, and { uf } is the orthonormal basis of HEg, then { uf(ufﬁ } , is the
i
orthonormal basis of L(E).

*Ifx = (a —> b) and {uf } and v? are the orthonormal bases of L(a) and L(b), then

{ | v? )(ui“|“_’b } , is the orthonormal basis of L(x).
i,

Since promotion and demotion functions play a key role in the formalism for types, a natural question is
what the promotion of an element of a fixed orthonormal basis is. When we introduced promotion functions,
we stressed the concept that they represent the most natural isomorphism between a space L(x) and the space
of promoted functions L(xy). Therefore, it comes as no surprise that promotion and demotion maps preserve

the fixed orthonormal bases.

Proposition 6.3.2: Promotion preserves orthonormal bases

Let x,y € Types 4, then " maps the fixed orthonormal basis of L(x) to the fixed orthonormal
basis of L(x,)

Proof. L(x) and L(x) have the same dimension and 7* "> is an isomorphism. It is enough to show that for
every u* in the basis of L(x), 77" («*) is an element of the basis of L(x,). We prove it by induction on
ord(xy). If ord(xy) = 0, then x, = x, L(x) = L(x,) and n*~* = id*~*. Therefore, each element of the
basis is mapped to itself.

Assume now ord(xy) > 0. As usual, we write x = (¢ — b) whenever ord(x) > 0 and y = (¢ — d)
whenever ord(y) > 0. Moreover, in the first case, u* = |w?Yu%|*~" for some v¢ in the fixed orthonormal
basis of L(a) and w? in the fixed orthonormal basis of L(b).
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* ord(x) = ord(y):
T ) =P o ) T

— |rlb—>bd (Wb)>l—>bd

o <va|a—>l o nac—>a

, (6.149)
a—dae (va)lac .

o (n

By induction hypothesis, 7?4 (w?) is an element of the orthonormal basis of L(by) and n¢% (v%)
of L(a.). Therefore, by definition, |5? =4 (wP)Xn?—4% (v®)|% P4 is an element of the orthonormal
basis of L(xy).

* ord(y) > ord(x):
T (W) = T ) T ot (6.150)

By induction hypothesis %4 (4*) is an element of the fixed orthonormal basis of L(x;). Moreover,

by induction hypothesis again, nfc =1

maps the single element in the orthonormal basis of /., to the
Io—1 .
7. However, [1)/~7 is

1 .
7. As a consequence, ¥ 7% () Yyle|le¥a jg

single element in the orthonormal basis of 7, that is, ple =/ = 1Hy=1o (vlf
Ic

just the identity map on , therefore n'c =1 = (vle

an element of the orthonormal basis of L(x,).

* ord(x) > ord(y):
7T ) = P o wh) T o e
(6.151)

_ |nb—>by (wb)>1—>by

b—b

o <va|a—>l )

As before, by induction hypothesis, %> (w?) is an element of the orthonormal basis of L(x3), and

I-b : .
therefore |nb_’by (w? )) 7% o (v4|%T i5 an element of the orthonormal basis of L(xy).

O

With the results regarding promotion and demotion maps, we can turn our attention to the orthonormal
bases of product spaces. We show that the fixed orthonormal basis for a product space L(xy) is composed of
elementary tensors of elements of the bases of the L(x) and L(y). Note that this is not a new construction:

xy is a type, and therefore, the fixed orthonormal basis of L(xy) is defined as in Definition 6.3.1.

Proposition 6.3.3: orthonormal basis of product space

Let x,y € Types 4, and let { ul }l., and { vi } _be the fixed orthonormal bases of L(x) and L(y).
J

Then, { ul ® v? } _is the orthonormal basis of L(xy).
l’.]

Proof. The statement is true by definition for ord(xy) = 0. Letord(xy) > 0. Then, according to Lemma6.1.12,

we can write xy = (ay — (6). In addition, note that x, = (¢« — ), and y = (y — §). By induction

hypothesis, the basis of L(ay) is { u' R v } 1.m and the basis of L(B6) is { uf, X vg } . By construction, the
’ rq

basis of L(xy) is {

e N
l,m,p,q
used Theorem 6.2.30 and Corollary 6.2.28 in the equality. Now, observe that each |u’f, Xu*| 77 is an element of

B XU |07 @ [NV A—0 } . We have
.q

l,m,p

the basis of L(xy), therefore, by Proposition 6.3.2 it is equal to 7 ~* (u}") for some i and every element of the
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basis of L(xy) is the image of a different element of the basis of L(x). Similarly, |v(‘15>(v,7n|ﬁ_"S =YX (v? )

for some j. Therefore, the basis of L(xy) is { T (u)) @Y T (v;f) } = { ur ® v? } . m]
i.J i.j

6.3.2 The Choi state

The second step for defining the Choi isomorphism, as detailed at the beginning of this Section, is to define

the Choi state. To simplify later proofs, we provide a recursive definition of the Choi state ®*~.

Definition 6.3.4: Choi state

Let x € Types 4. The Choi state @** is recursively defined as follows.

« If x = E € EleTypes 4, then ®FF = 3, uf @ u, where { u® }i is the fixed orthonormal basis
of L(E).

* If x = (a — b), then ®* = |@PLYPa|aa—bb,

This definition looks quite different from what we stated at the beginning of this Section and from what
a reader would expect. Indeed, the Choi state is usually defined as the sum of the elements of the fixed
orthonormal basis of the Hilbert space tensored with their copies. We show in the following Proposition that

the two definitions are equivalent.

Proposition 6.3.5: Alternative definition of the Choi state

Let x € Types 4. Then, ®** = 3, uf ® u;, where { uy }l. is the fixed orthonormal basis of L(x).

Proof. The base case is true by definition. For the inductive case, we have:

OXX = |(Dbb Xq)aa |aa—>bb

LH. = Z |u§’ ® uj’)(uz ® uz|aa_’bb
Jj.k

- 5 6.152
= X1 @ Y (©152)
7.k
= Z u; ®u;y,
i
because |u?Xv%|9™? is by definition an element of the orthonormal basis of L(x). O
JN Tk y

As we have seen in Proposition 6.3.2, the promotion and demotion functions preserve the fixed orthonormal
bases. It is, therefore, a straightforward consequence of the Proposition above that they preserve the Choi

state as well.

Corollary 6.3.6: Promotion of the Choi state

Let x,y € Types z. Then, n™* 7> (®*¥) = O*»¥,
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Proof. This follows from Proposition 6.2.16.

nxx—»xxy ((Dxx) - (nx—my ® nx—)xy)(z ul)_c ® uiC)
i

= D TN W) ®n T (u))
i (6.153)
Proposition 6.3.2 = Z u?y ® ufy
i
= OO
i

We conclude this subsection with an expression for the Choi state associated with a product of types.
This expression generalizes the one presented in Section 5.4 for bipartite systems, where we showed that
QABAB — (1A @ SABBA @ 15")(dAY @ ®BF'). The natural way to generalize this equation for a generic
product type xy is

QY = idTH REVY T R I @O ) DY (6.154)

Observe that we have used the identities on the promoted spaces L(xy) and L(yx) to ensure that
id» 7Y R ®id>* T € L(xxyy) — L(xyxy). In the following Proposition, we prove that the
expression in Eq. (6.154) is indeed the Choi state of ®*>*Y.

Proposition 6.3.7: Choi state of product of types

Let x,y € Types 4. Then,

OV = (@R g TV g id T @D | Y (6.155)

Proof. We start from the right-hand side of the equation. First, we write ®** R ®YY as 3}; ;uy Ruy R uj 4 u? .
This expression is equal to }; ; ufy ®u; ® uf X u?*, where we have promoted the first and the last elements

of the elementary tensors. Therefore,
id>7Y RV R I @O ® Y

. . X
= Z id»> 7Y R TV R idYr T @u;” Ru; ® u? X u?x

i
X
:Zu.yxu}.’mu’flzuy.x (6.156)
i g
iL,Jj
_ X y X y
—Zui Rou; RBuj B
i.J

Now, note that u} ® uf is an element of the basis of L(xy), therefore, by Proposition 6.3.5, one obtains
y v _
Zi’jug‘zlujlzuflzuj = QY O
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We conclude this Section by showing that as the Choi state ®44 satisfies the ‘snake equations’ (see

Section 5.4), so does the Choi state ®** for all types x. As a reminder, the snake equations are

A A
A’ - A - A : (6.157)
A A

To translate these into equations for @**, note that the application of the Choi effect sends any bipartite state
Map 10 Trap [ @A Man] = (Manr, @A ) pur = <®AA' AX @M 4 4 . With this notation, the first equation
consists of sequentially composing (@44’ |AA, ® 74 with 74 ® | @AY )AA’, where we have promoted the state
@A to the preparation channel |<I>AA, >AA

,. If one wants to write this expression for a generic type x, one gets
((q)xxlxx—>l = idx—»x) o (idx—>x X |q)xx>l—>xx). (6158)

In the following Lemma, we show that this and the expression corresponding to the other diagram in
Eq. (6.157) are equal to the identity.

Lemma 6.3.8: Snake equations

Let x € Types 4. Then,

(idx—)x = <(Dxx|xx—>1) ® (l(bxx>l—>xx X idx—)x) — idx—)x’

((q)xxlxx—)I = idx—>x) 8 (idx—>x X |(Dxx>l—>xx) = id*¥™x . (L2
Proof. Using Proposition 6.3.5 one gets:
N I1-1 x—1
(i = <q)xx|xx—>l) ° (lq)xx>l—>xx R id¥7Y) = Z(|uf>l X <u7 Mic> ) ® <u;
L
I-x x—1
= 2 lu) " m ]
; (6.160)

Lemma 6.2.33 = )" |u Yuf [* =
i
= id*x

The last equality is just the decomposition of the identity on an orthonormal basis. The proof of the second

equation in the Lemma is identical to the proof of the first. O

6.3.3 The Choi Map

We have extensively discussed the Choi isomorphism for channels in Chapter 5. The Choi matrix associated
with the channel MA~8 is (MA~B @ 74)(®A4"). In the language of types, we can say that the Choi
isomorphism maps a linear function in L(x), where x = (A — B), into a function in L(BA). Extending

this concept to a map I'* associated with any type x = (¢ — b), we would define the output of the Choi
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isomorphism as T'*~? ® id“~¢ @®““. However, there is no guarantee that the input type of ['“>? & id*~¢
matches the type of ®¢¢, Indeed, (¢ — b)|(a — a) is either aa — ba or a — b(a — a), depending on the
relative order of a and b. To fix this, we use the identity on the promoted space a;. This guarantees that
=t mid* =% ¢ L(aa, — ba). To match the input type of this map, we use the promoted version of ®%¢,
that is, @99,

Definition 6.3.9: The Choi map

Letx = (a — b) € Types 4, and let '™ € L(x). The Choi map C*~%9 is defined as

C*¥2Pe(I) = P mid =% @ Wb (6.161)

It is handy to express the Choi map with respect to the fixed orthonormal basis. This will simplify many
proofs later on. Indeed, a standard strategy that we will use is to prove a statement for an element of the fixed

orthonormal basis and then extend it by linearity to all vectors in the space.

Lemma 6.3.10: Equivalent expression for the Choi map

Letx = (a — b) € Types 4. C*04(T) = 3; F“_’b(uf)zlui“, where { uf }i is the fixed orthonormal

basis associated with L(a).

Proof. The proof is straightforward. It follows directly from the definition of the tensor product, promotion
and demotion functions, Theorem 6.2.27. First, we express the Choi state as a sum of elementary products of

elements of the orthonormal basis.

b g g% @@ = Z et mide =% @u = ut. (6.162)

i

Then, we observe that [4~? g id =% = pla—=b)=(@=b)ama) ([e—b) g jd9» =>4 which we can

write as n?~ba o 7970 o 4 =b g id9 9%  Therefore,
Fa—>b & id9r % @PIrar — Z nb—>ba o Fa—)b o nab—>b & id9r—ab @u?b = u?b
i
Theorem 6.2.27 = Z nPba o TP o pa =P () g idP T (1) (6.163)
i
— Z nb—)ba o Fa—>b(ulc_l) X ufb.
i
Observe thatn?~Pa o9 (u)Ru® = pP=ba(L4™P (u)&y*—% (u®) which is by definition T~ (u®)&u¢.
This shows that C*~?¢(I™) = 3, T7? (u) m u?. O

Defining the Choi map is only half of the process of defining the Choi isomorphism. We also need to
find the inverse map. We use the inverse map of the Choi isomorphism for channels as a guide. If Mgy is a

bipartite matrix, the channel MA=B associated with Mg 4 acts on a state pA as
MAZE (%) = Traa[(17 @ @V 4) (Maa ® p™)]. (6.164)
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It is not immediate to translate this expression into our type system because we do not have a notion of partial
tracing. However, it is immediate to show that MA~E(p4) = (I8 ® (®Y'4|)(Mpa ® p*). Indeed, (@]
is the map that sends a matrix Ny 4 to Tra- A(QDA’AN aa)- Now, it is easier to rewrite this expression for

generic types a and b, a function I'’% € L(ba), and a test vector u® € L(a). A first attempt gives
id"~? m (@@ |4l @rPe g @, (6.165)

However, there is no guarantee that the input of id’~’ (Pae |““_’I is baa, as we need. To fix this, we use

the standard method of promoting types.
idba—ba g (@avar| =l @rba g e, (6.166)

Now the input type of id?«~Pa g (@avar|9946=1 5 bhaq as we need. However, the output type is b, and not

b as we would like in analogy to the case of channels and states. Therefore, the last step is to reduce b, to b.
nPeb (idPebe m (@ |l @Y @) (6.167)

This is our candidate for the inverse of the Choi map.

Definition 6.3.11: Inverse Choi map

Let x = (a — b) € Types 5. The inverse Choi map 1 CP4™~ is defined as follows. For every

% e L(ba), TCP*7*(I'%) is the map in L(x) that acts on u® € L(a) as

ICPmH (TP @u = nbemb (idbemPe m (@ | @I mu), (6.168)

In the following Theorem, we show that the map defined in Definition 6.3.11 is indeed the inverse of the
Choi map.

Theorem 6.3.12: The Choi isomorphism

Cba—>x

Let x = (a — b), then C*~"“ is an isomorphism, and 7 is the inverse of C* %4,

Proof. We show that 7C?“™* is both left and right inverse of C¥~%4.
Let I?? € L(ba). We want to show that C*~24(7CP4=%(I?9)) = P4, We start by writing the Choi

map in terms of the fixed orthonormal basis.

croba(rebam(rbey) = Z[ch“ﬂ(rba)@u;*] = u. (6.169)
i
Now, we use the definition of 7C”** to get
Z[nbﬁb(idbu*ba R (@ |l @I g )] & ul. (6.170)
i
By definition of the square product, we can promote the term on the left of ® with n*~?«. However
nb—ba o pba—b = jgba=ba Therefore, the expression above becomes
Z(idb“_’b“ & (@ |0l @ba g 0y &y, (6.171)
i
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Now, we observe that '?% & ud = rte g u?b, where ul‘.”’ is the promotion of uj’. Moreover, thanks to

ap—1 ap—1
Corollary 6.2.28, we can write (@@ |9040=1 5g X <u‘fb " m <u‘f” T Thus, Eq. (6.171) becomes,

J J
Z(ldba_)ba = <u7b
i,j

ap —1
ap
a (us
Theorem 6.2.27 allows us to split the action of the terms between round brackets and obtain

ap —1

b
@I mu) mu. (6.172)

ap—1 ap—1
(idPa—ba m<u;fb " @rte) m (<u;fb " ewnu™). (6.173)

Since { uf" }[. is an orthonormal basis, the term on the right is 6; ;. As a consequence, we can write the

D (idPe b (ug

i

equation above as

ab—>l

@I’ mu?. (6.174)

Now, we use the fact that L(ba) = L(b,) ® L(ap) to write '’ as a linear combination of elementary tensors,
thatis?4 =}, Gnube ® u . With that, we obtain

> Gdbe=be m (u® "7 @G uube muf) @ ug (6.175)

i,m,n

ap |ab—1

Once again, we split the action of the square product, and we observe that (ul. @uy? = 6; . Therefore,
Eq. (6.171) becomes 3, , Gnube R u® = T4 This shows C* b4 (7 CPa=*(Tba)) = be,

Let now I'* € L(x), and let u} be an element of the orthonormal basis of L(a). We want to show that
TChamx (gxoba(rxy) @u¢ = T (uy). Using the same concepts that we used in the proof of the previous

case, we get:

_Z-Cbaex(cx—ﬂaa(rx»@uz — nba—>h(idb9—>ba X <q)abab|abab—>1 @Cx—>ba(r~x> = MZ)

— Z nb“_}b(idb“—)b“ = <q)abab|abab—>l @l"x(ul“) = uia = MZ)
i
ba—b (i tba—ba pap—I G, b—ba
= ) et (idPe b m (@ |0t @pb=ba (D (uf)) @ uf™ @ uf®)
i

ap -1
X <u;.”’

ap—

! b—b, a a
@p77P (I (uf)) R u” ®u”) (6.176)

_ Z nba=b (idha—ba g <M?b
i,j

ap—1 ap ap ap—1 ap
gy m (w7 )

= PO (0 ) m (e ;

i
= nPa b (PP (T (u)))
= ¥ (u).

This is true for every element of the fixed orthonormal basis of L(a), and therefore, by linearity, we have that
ICha=x(Crba(rY))@ve = I (v4) for every v¢ € L(a). This shows that I = 7CP4=¥(Cr—ba(Tx)).
O
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6.3.4 Properties of the Choi Isomorphism

In the previous Subsections, we were able to define the Choi isomorphism associated with any type
x = (a — b), generalizing the well-known isomorphism from maps in £(A — B). However, what makes the
Choi isomorphism so interesting is the easy translation of properties of a map in £(A — B) to properties of
the corresponding matrix on BA. For example, a channel MA~# is Hermitian-preserving if and only if its
Choi matrix Mp4 is Hermitian and completely positive-preserving if its Choi matrix is positive semidefinite.
Here, we show that these properties are true for maps of type x = (¢ — b), generalizing what happens in the
case of channels.

We begin by demonstrating that the Choi map preserves the inner product, and therefore it is unitary.

Proposition 6.3.13: The Choi map is unitary

Letx € 1y, [X, A¥ € L(x). Then, (I'¥, A%), = (CX~b%(I'¥), C¥~P4(A%))pa.

Proof. We write the inner product (C*~?4(I'*), C*~?%(A*)),, expanding the Choi isomorphism in terms
of the fixed orthonormal basis of L(ba).

(C*=P(1), ¢ (AY))py = Z(Fx(uf’) R uf, A (uf) mud). (6.177)
i,
Using Corollary 6.2.23, we can split the inner product of the tensor space into the product of two inner

products.
DT ) mud A ) mug) = > (0 (), A @) ' (6.178)
i,j i,j

The second inner product is 6; ;. Therefore the expression above becomes ; (I'™ ('), A" (u{')),. To conclude

the proof, we notice that this expression is the definition of the inner product (I'*, A¥),. O

We are ready to prove the main Theorem of this subsection, the one where we show that a map I'*, where
x = (a — b), is in K(x) if and only if C*~?%(I"*) € K(ba). Note that if x = (A — B), this reduces to the
known results about channels. While proving these statements, we will prove the other four properties. This

simplifies the proof because it allows us to use more inductive hypotheses.

Theorem 6.3.14: The Choi isomorphism is K-preserving

Letx € Types 4.
1. H(x) has a basis composed of elements of K (x).
2. ®** € K(xx).
3. Ifx = (a — b), C*~P% and 7CP*™* are K-preserving.
4. K(x)is self dual,i.e., K*(x) = K(x), where K* = { ¥ € H(x) | (A%, %), = 0,YA* € K(x) }.

5. T* € K(x) implies (I'*|*~! € K(I — x).
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Proof. This is one of the cases in which we prove multiple statements at the same time by induction to be
able to use the inductive hypothesis for all the statements. Since there is no base case for statement 3, we
cannot use its inductive hypothesis. Moreover, we can use already proven statements to prove the subsequent
statement.

Base case: The base case for statements /, 2 and 4 follows from properties of positive semidefinite matrices.
For statement 5, let x = E € EleTypes 4, and let F € EleTypes 4, we have to show that (I |~/ mid~F is
K-preserving. Let AFF € K(EF), that is, Kg is a positive semidefinite matrix. Note that, for @F € K(F)

we have
(@F’ (<1_,E|E—)I

®id"F)(AFF))r = (P F mid™=F) (0F), AFF ) ip
= (T o 0" A*)gr (6.179)
>0,

because the inner product of two positive semidefinite matrices is positive. By self duality, we have
((FE|E_>I ®id" ) (AEF) € K(F), and therefore <FE|E_)I = id" ~F is K-preserving.
Inductive step:
1. By induction hypothesis / there exists a basis of H(a) such that {ul“ }l. C K(a) and similarly, a
i,J
basis of H(b) such that { uﬁ’. } - C K(b). The set { | uf.’)(uﬂ“_’b } is a basis of H(x). Moreover,
J
|uf’>1_)b € K(I — b) because of Theorem 6.2.47 and <uf‘|a_)1 € K(a — I) by inductive hypothesis 5.

The sequential composition of maps in K is in K (Lemma 6.2.49) and therefore |uf?)(u7 |9=P € K(x).

2. By inductive hypothesis 2, ®*“ € K(aa) and ®"? € K(bb). Therefore, by inductive hypothesis 5 and
Lemma 6.2.49 ®** = |®PLY D |* € K (xx).

3. LetI'* € K(x). Thus, '*®id“>~“? is K-preserving. Since by induction hypothesis 2 ®*»% € K (apayp),
we have C¥~P4(I'") = I'* R id“ % @P*» % ¢ K(ba). Now, let I'’* € K(ba). We have to show
that 7CP4=~(I'??) m id* ™ is K-preserving, where ord(y) = ord(ab) = ord(x — 1). In the next
chain of equalities, we have the goal to write 7C”“™~(I'**) mid” ™ as the sequential composition of
K-preserving functions. As usual, we use an element u{' ® uf of the fixed orthonormal basis of L(ay)
to prove that two functions are equal.

ICPem¥ (M) mid ™Y @uf mu) = [ICP (TP @uf] mid” ™ ()

=[PP (idPe P m (@ @TP muf!)] ®id* Y ()

— [nba—>b (idb“_)b“ = (q)ahab |abab—>1 @Fba X ulg)] = 77yu—>y ° ny—»ya (uj))

— (nba—>b X nya—>y)@ [(idba—>ba = <(Dabab |abab—>l @Fba X ulq) = ny—)ya (ui})] (6.180)
= gty @[ (id%~Pe m (@ [l @TP muf) mp TV (u)]

— nbya—>by@ [(idba—ﬂau = <(I)abab |abab—>1 @rba X M?) = uj’]

= pPYa=by @ (idPa—ba g (@ |l g @Y @Y ®ud ® ).
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By linearity, we have that for every A4 € K(ay)

ICPX (P mid ™Y @AY

Do by b o , i (6.181)
= pPYa=by @ (idba—ba g (@A [0 @ i@ Y @IV m AYY).

We have shown that the product of maps in K is in K. Moreover, promotion and identity maps are
K-preserving and by induction hypothesis 2 and 5 so (@@ 4|41 i K_preserving as well. Therefore,
7Cha=¥(rbey g idY ™Y @AY € K(by), which shows that 7CP?4~*(I'*%) m id* ™Y is K-preserving
and thus 7CP97*(I'P%) e K (x).

4. Let I’ € K(x). By the proof of the previous point, I'* € K(x) if and only if C¥~P4(I'*) €
K(ba). Now, using the inductive hypothesis 4, we have that C*~?%(I'*) € K(ba) if and only
if (AP4,C*P4(I¥)),, > 0 for all A’ € K(ba). Now, since the Choi map is an isomor-
phism between K(ba) and K(x), as for the previous point, the above statement is equivalent to
(C*=ba(AY), C*2P4(I'))p, = O for all A¥ € K(x). Lastly, since the Choi map is an isometry
(Proposition 6.3.13), the previous statement becomes (A*, ™), > 0 for all A¥ € K(x), which implies
" ek..

5. Let I'* € K(x), to show that (I*|*~/ € K(x — I) we have to show that (I'*[*~! ®id”™ is
K-preserving for all y € Types 4 such that ord(y) = ord(x). Let A*Y € K(xy), we have to show that
("' mid” ™Y @AY € K(y). Since, ord(y) = ord(x), K (y) is self dual and it is equivalent to show
that (@7, (T*[* > mid> ™Y @A), > 0 for all @ € K(y).

(€, (T~ mid> ™) (A%))y = ((IF) 7 mid"™)(67), AY)xy

=(Me®e’, AXy)xy (6.182)

>0,
because ['* ® @Y, A*Y € K(xy) and K(xy) is self dual.
m|

This long Theorem gave us much information about the geometry of the cone K. First, it says that it is
generating, that is, every element I'* € H(x) can be written as ['* = A* — 0¥, with A¥, ®* € K(x). Moreover,
the cone is self-dual, which is quite a valuable property. For example, it becomes easier to write the dual
conic linear programs based on these cones.

An easy corollary of Theorem 6.3.14 is the fact that the Choi isomorphism is H-preserving as well.

Corollary 6.3.15: The Choi isomorphism is H-preserving

Letx = (a — b) € Types 4. Then, C*~?% and 7C?“™* are H-preserving.

Proof. Let I'* € H(x). Since K(x) is generating, we can write ' = A* — ©F, with A¥,®* € K(x). By
linearity, C¥ =4 (I'*) = C¥~P4(A¥) — C*P4(®¥). Since the Choi isomorphism is K-preserving, both
C*~Pa(A¥) and C*P4(®¥) are in K (ba) C H(ba). This implies that C*~?¢(I"*) is a real combination of

192



6. Higher-Order Quantum Maps

elements of H(ba), and therefore, it is in H(ba). This proves that C*~?¢ is H-preserving. The proof that
7CP4™% is H-preserving is analogous. i

Note that if x = (A — B), the above Lemma states that a channel is H-preserving if and only if its Choi
matrix is Hermitian, reproducing the known results for channels.

Thanks to the Choi isomorphism, one can reduce a map I'* of order » to a map of order n— 1. This process
can be iterated until the map reaches order 0. We name the matrix obtained with such iteration ‘the Choi
matrix‘ of I'*. Thanks to the results about the Choi isomorphism being both K-preserving and H-preserving,
one immediately concludes that a map is in K if and only if its Choi matrix is positive semidefinite, and a

matrix is in H if and only if its Choi matrix is Hermitian.

6.3.5 The Link Product

Now, we have a way of converting maps of type x = (¢ — b) to maps of type ba, which is of lower order.
A natural question is whether we can also convert operations between maps. For example, in the case of
channels, if MA7~8 and N8~C are channels with Choi matrices M4 and N¢p, then the Choi matrix of
NB=Co MAZB is Nep « Mpar = Trpp [(1€ @ DF'B@14) (Nep ® Mpa)]. As we have discussed already
several times, to transform this into an equation for maps of arbitrary types, we can think of Trpg [®5 2] as
B'B B’'B
7|

the action of < . A first attempt is to write the link product between two maps I'?¢ and A°? as

idc = (02" id"~ @A m TP, (6.183)

The reader who is now familiar with the type system would immediately realize that the input type of
id7m (@bb|bb_)1 ® id*”% may not be cbba, as is the type of A°? ® I'’¢. The standard quick fix is to

promote all the types:

bacbac—1

idera—cba g (@Pacbac R id%e % @AY ® TP, (6.184)

The expression above fixes the issue of the input type but raises another issue. Now, the output type is cpap,
and not just ca, as we would want in analogy to the link product of matrices. The solution is to use n“«»—¢
and n?<—% instead of id“*» > and id*»<~“?<. In this way, the extra b is removed from the output type,

and the input type is still chba. Therefore, our candidate for the link product is the following.

Definition 6.3.16: Link product

Leta,b,c € ty, I’ € L(ba), and A°? € L(cb). The link product ‘+’: L(ch) x L(ba) — L(ca) is
defined as follows:

bacbac—1 =

ACb " Fba - ncbu—>c = <(Dba(‘bac nabc—>a @Acb = l—‘ba‘ (6.185)

The link product defined above has the property that we were looking for. It is the operation that

corresponds to the sequential composition of maps.
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Theorem 6.3.17: Link product and sequential composition

Letx = (a = b) € Types 4,y = (b — ¢) € Types4. LetI'* € L(x), AY € L(y), ®b% e L(ba),
B¢l e L(cb). Then,

1. C(a—>c)—>ca (Ab—w @ Fa—>b) — Cy—)cb(Ay) * Cx—>ba(l—*a)’

2' ICCCI—)(a—)C) (Ecb * @ba) — ICCb—)y(Ecb) OICba—UC(@ba)'

\. J

Proof. First, we observe that the two properties are equivalent because C is an isomorphism. For
example, assume property / is true. To prove property 2, we notice that for every Z¢? there ex-
ists AY such that ¥ = CY™<b(AY). Similarly, ¢ = C*~b4(I'™). Therefore, 7C (@7 (5P «
@b4) = i@ (oy=eb(AY) « C*P4(T™)). Now, using property I, the last expression becomes
Fceamlame)(plame)meaAb=cora=by) whichisequal to AP0l 4~b = 7CP™Y (b)Y o CP47* (@P9).
Therefore, 7C4~ (@) (B¢ » @P4) = TCP™Y (B o TCP47*(©P4). The proof of 2 = 1 is identical. It
is then enough to prove either of the two properties, and the other will follow. We choose to prove property /.

We start from the right-hand side, and we expand the Choi map in terms of the orthonormal bases:

CYl(AY) « C¥ b9 = Z(AY(u?) R u?)« (I (uf) ®uf). (6.186)
i,j
Next, we rewrite the expression above using the definition of the link product.
D gevae @ (@bactac|PePe Tl g par=a @AY (uh) mub @ T (uf) @ g (6.187)
i,

Note that the definition of the square product gives Ay(u?) = u? ® I (uf) ®uf = e (Ay(ui?)) X
nb—bac (u?) & P —bea (T* (uf')) @y~ “< (uf'). Using this and Theorem 6.2.27, Eq. (6.187) becomes

Z [ncba—w @nc—wbu (Ay(lztf))] = [<(Dbacbac bacbac—1
i,j

@nP~bac (uh)

@y Pe (0 (uf)] @ [~ @~ (uf)) (©18%)
= ) A (uh) m [(@Pecbac

i,j

bucbac—1 — —b
@p~Pac (uh) m PP (0 (uf')] B uy'.

Now, we focus on the term between square brackets. Observe that, Corollary (6.2.28) allows us to write
<®bu(rba(; bacbac—1 = Zk <ubac byc—1 . <uhac bagc—1

k k
. bacbac—1 b1 b1 . . :
and obtain (@Pacbac|"e ™ = 5 ((ub|"7" o phac=by m ((ub|"”" o yPac™P). Using this expression

and Theorem 6.2.27, the term inside square brackets in Eq. (6.188) is equal to Zk(<u’2|b_>l @uj?) X

With Lemma 6.2.6, we can go one step further

R b—I
((u’,ﬂb ! @I (uf)) = <u5’| @I (uf'). Observe that this is a number; therefore, by linearity of A”, we

can write the last expression Eq. (6.188) as

Z [<u?|b—>1 @Fx(u;l)] A)’(uf)) = ufl

i,j
b—I
=20 (2 [<?| @™ (uf)

J

(6.189)

a
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b—1 I—b
The scalar multiplication of u? with the number <u?‘ @I (uf') can be rewritten as ’ub> o <u )

J
Thus, the input of AY becomes

S| (] @rvan] = Slut)
/ J

J

I1—-b b b—I1
) <u]| @I~

=id""f @ (uf)
=I"(uf).

Following the chain of equalities, we have shown that

CY7(A) £ XTI = Y AT () muf = DAY o T (uf) muf,

and the right-hand side is by definition equal to C(¢~¢) ¢4 (AY o ['¥).
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Chapter 7

Conclusion and Future Directions

This Thesis investigates the properties of quantum resource theories. After a brief introduction to the
framework of quantum resource theories in Chapter 2, we focused on the resource theory of entanglement in
Chapter 3. The first important results concern conversion distances between pure states. With Definition 3.1.1,
we introduce a new conversion distance, Ty, which we prove to be equivalent to the conversion distance based
on the trace distance, as defined in Definition 2.1.3. Most importantly, with Theorem 3.1.6, we derive a
closed-form expression for such distance. It is worth noticing that these results were possible thanks to the
characterization of pure-to-mixed state conversion in LOCC (Proposition 3.1.2), which extends the results
already known for pure-to-pure state LOCC-conversions, whether deterministic or probabilistic [26, 100].

With the closed formula for 7, we were able to characterize universal embezzling families (Definition 3.2.1
and Refs. [52, 53]) in terms of a simple optimization problem stated in Theorem 3.2.4. Thanks to that, we
were able to determine that the embezzling family originally proposed by van Dam and Hayden [52] is unique
under reasonable assumptions, in the sense that any other embezzling family has to be similar to the van Dam
and Hayden family in the asymptotic limit. For specific families of states, we were also able to compute
their star conversion distance to maximally entangled states, which showed that these families are universally
embezzling if only if they are exactly the van Dam and Hayden family (see Figure 3.1). It is worth noting that
the original embezzling protocol proposed by van Dam and Hayden only requires local operations, while
we also allow for classical communication. However, classical communication does not appear to provide a
significant advantage; in both cases, embezzling families must be similar to the van Dam and Hayden families.
This suggests a direction for future work, namely, to determine whether LOCC embezzlement implies LO
embezzlement (the other direction is trivial) and, therefore, to investigate if classical communication is
relevant in entanglement embezzlement or not.

A different future direction involves extending the results about approximate conversion and entanglement
embezzlement to other resource theories that share some of the properties of entanglement theory. Indeed,
embezzlement has also been studied in other resource theories, including non-uniformity [265, 266],
coherence [47, 267-269], and athermality [33, 174, 265, 270, 271]. Fundamental limits for embezzlement
have been proved in Ref. [272]. All these resource theories are based on majorization (which was the crucial
tool in defining and finding a closed formula for 7 ) or relative majorization. It is worth noting that, so far,

research on entanglement embezzlement has focused solely on families composed of pure states. Another
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future research direction is the development of a more comprehensive theory of embezzlement that includes
families of mixed states.

The next set of results presented in this Thesis concerns the resource theory of quantum thermodynamics,
specifically the tasks of cooling and heating. The first step was to define what it means to cool and heat a
quantum system. We opted for a definition compatible with the zeroth law of thermodynamics. We interpret
cooling and heating as converting a system initially at equilibrium with a bath at temperature T to the state
that would be at equilibrium with a bath at temperature 7. With this definition, we derived expressions for the
maximal and minimal temperatures to which a system can be heated and cooled, using the resourcefulness of a
given state out of thermal equilibrium with the bath and closed thermal operations (Theorems 4.1.2 and 4.1.3).
These quantities can be easily computed numerically for systems of any dimension and analytically for qubits.
Moreover, we showed that quasi-classical state convertibility is completely characterized by the ability to heat
and cool qubits. That is, a quasi-classical state can be converted into another with closed thermal operations
if and only if the first state cools and heats qubits to lower and higher temperatures than the second does.

Still, in the resource theory of thermodynamics, we approached cooling and heating from a different
perspective. Suppose that an agent wants to cool or a qubit, originally at a temperature 7 to a temperature
T using another state out of thermal equilibrium. Which qubits, identified by their energy gap, can be
cooled or heated to the temperature 7? We demonstrated that the ability to cool or heat more qubits to the
target temperature 7' also characterizes quasi-classical conversion. That is, a quasi-classical resource can be
converted into another with closed thermal operations if and only if the first resource can cool or heat to
the target temperature 7 at least as many different qubits as the second can. Note that all of these results
provide only fundamental bounds (similar to Landauer’s principle [273]), which are very far from what can be
achieved with current technologies, even though thermal machines in the quantum limit aiming to approach
these bounds are under active investigation [189-196].

To facilitate the experimental realization of optimal cooling and heating protocols, a future direction
of this work is to identify the thermal operation (or sequence of thermal operations) that achieves optimal
cooling or heating. Indeed, all the results of Chapter 4 only guarantee the existence of a closed thermal
operation that achieves optimal cooling or heating. However, they do not indicate what this operation is. A
first step in this direction was taken by Orr [4], who found the GPO that achieves the optimal cooling of a
qubit using another qubit as a resource. Another research direction is to extend these results to states that are
not quasi-classical. Unfortunately, this is a particularly challenging task because a characterization for state
conversion under closed thermal operation is still missing for states that are not quasi-classical.

In Chapter 5, we identified a key property of the resource theories of magic states, imaginarity, SEP,
NPT, and non-negativity of quantum amplitudes: a channel is free if and only if its suitably renormalized
Choi matrix is a free state. With that property in mind, we presented a new method for constructing a
resource theory from the set of free states based on the Choi isomorphism, and we derived which conditions
on the free states are necessary and sufficient for constructing a mathematically consistent Choi-defined
resource theory. Our interest is driven by the significant advantages that such a property guarantees. These
advantages stem from the fact that every question in Choi-defined resource theories can be naturally framed
as a question involving only free states, which often have a well-understood structure. Indeed, we introduce

several resource quantifiers that can all be computed with CLPs if the set of free states is convex and closed.
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Moreover, we demonstrated that in any CDRT, free operations coincide with CRNG operations. This provides
a new constructive way to define CRNG operations when the set of free states satisfies the conditions of
Theorem 5.2.5.

A natural future direction is to explore Choi-defined dynamical resource theories [68, 274, 275], i.e.,
resource theories for channels, where a superchannel [65, 264] is free if and only if its Choi matrix is the
Choi matrix of a free channel. Notably, this property has already been considered in the resource theories of
dynamical entanglement [64] and magic channels [70], leading to interesting results. The characterization
of Choi-defined dynamical resource theories is a particularly challenging problem because the techniques
employed in this work cannot be easily translated into superchannels. Indeed, there are some subtleties in the
definition of the Choi matrix of a superchannel. For example, in Ref. [264], several different Choi matrices are
constructed from the same superchannel, which differ in the order in which systems are considered. As in the
case presented in this article, an ordering of systems is mandatory if one wants to construct resource theories
from Choi matrices, as inputs and outputs play different roles, especially if we want such a construction to be
generalizable, without ambiguity, to even higher-order maps [80, 276].

Chapter 6 is the first step in the direction of higher-order Choi-defined resource theories. The goal of
this Chapter is to introduce a formalism to describe maps of any order and give a definition of the Choi
isomorphism that can be used for maps of any order. We reach the goal thanks to the type formalism [80]. We
proved several properties of types, with a focus on those relevant to the parallel and sequential composition of
higher-order maps. Then, we described the spaces of maps labelled with a given type and provided formulas
to compute the map associated with parallel and sequential composition of maps of any order. We then
characterized subspaces that are important for quantum theory, providing a generalization to higher-order
maps of Hermitian-preserving and completely positive-preserving maps. Lastly, we defined the Choi
isomorphism for higher-order maps, and we showed that it preserves Hermitian-preserving and completely
positive-preserving higher-order maps (a generalization of the well-known results for channels and states [66]).
Since the Choi isomorphism lowers the order of the map, one can use it to deduce properties of higher-order
maps from maps of lower order, such as matrices.

The next step is to investigate the generalization of trace-preserving maps, a concept associated with
determinism, to higher orders and determine how trace-preserving higher-order maps transform under the
Choi isomorphism. Another direction is to determine which higher-order quantum maps are physically
implementable, that is, maps that can be simulated with a sequence of channels with memories, known as
quantum networks [66, 221, 246]. In general, this is not a one-to-one correspondence. Therefore, one could
also ask the opposite question. That is, which higher-order quantum maps can one simulate with a given
quantum network? This research direction would provide new insights into maps that cannot be simulated

with a quantum circuit, such as the quantum switch [73-79].
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