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Abstract

In this Thesis, we present the framework of quantum resource theories, a versatile and valuable mathematical
framework for describing quantum phenomena and evaluating quantum advantages. We first focus on the
resource theory of entanglement, useful for investigating the quantum advantages in communication protocols
between distant parties. We derive a closed-form expression for computing how well distant parties can
approximate a desired target state using a given initial state and performing only local operations and classical
communication. We then utilize this expression to characterize a phenomenon known as entanglement
embezzlement.

Next, we focus on the resource theory of quantum thermodynamics. We provide a formal definition of
cooling and heating and determine how much an agent, allowed to perform only closed thermal operations,
can heat and cool a target system using another system that is out of thermal equilibrium. Moreover, we
demonstrate that the ability to heat and cool qubits completely characterizes the conversion of quasi-classical
states in the resource theory of thermodynamics.

Then, we identify a property common in many resource theories: An operation is free if and only if its
Choi matrix (properly renormalized) is a free state. This property simplifies the numerical and analytical
solution of many problems in these resource theories. We refer to such resource theories as ‘Choi-defined’
resource theories and investigate their properties.

Lastly, we study higher-order quantum maps, a necessary step in defining resource theories at higher
orders, where the resources are higher-order maps. We develop a system based on types to label higher-order
maps. We define the sequential and parallel composition of higher-order maps, we generalize the concepts of
Hermitian-preserving and completely positive-preserving maps, and we show that the Choi isomorphism,
properly extended to higher-order maps, preserves Hermitian-preserving and completely positive-preserving
higher-order maps.
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Preface

This Thesis is based on the following published works

[1] E. Zanoni, T. Theurer, and G. Gour, Complete characterization of entanglement embezzlement,
Quantum 8, 1368 (2024),

[2] T. Theurer, E. Zanoni, C. M. Scandolo, and G. Gour, Thermodynamic state convertibility is determined
by qubit cooling and heating, New J. Phys. 25, 123017 (2023),

[3] E. Zanoni and C. M. Scandolo, Choi-defined resource theories, Phys. Rev. A 111, 062407 (2025),

and on the unpublished work ‘Higher-order quantum maps’ done in collaboration with S. Steakley and C. M.
Scandolo. Specifically,

• Section 2.3 presents the results about closed thermal operations that appear in Ref. [2] (Proposition 2.3.2
and Proposition 2.3.3). Since I was not the first author of the paper, the presentation in this Thesis
differs from the one in Ref. [2]. However, to preserve the validity of the results, the proofs are mostly
unchanged.

• Chapter 3 presents the results of Ref. [1], with minor changes to adapt the paper to this Thesis.

• Chapter 4 presents the results of Ref. [2], excluding the ones already presented in Section 2.3. The
same considerations made for Section 2.3 apply to this Chapter as well. The only exception is
subsection 4.1.2, which presents the results of Marcy Orr’s undergraduate thesis [4], of which I was
one of the supervisors.

• Chapter 5 presents the results of Ref. [3], with minor changes to adapt the paper to this Thesis.

• Chapter 6 presents the unpublished results concerning higher-order quantum maps developed with S.
Steakley and C. M. Scandolo.

Chapter 4, Chapter 5, Chapter 5, and Chapter 6 contain only original results unless explicitly stated
otherwise. Chapter 2 contains a very brief review of quantum resource theories based on existing literature,
except for Proposition 2.3.2 and Proposition 2.3.3, which are original results. Chapter 1 and Chapter 7 serve
as the introduction and conclusion, respectively.

The works listed above were done in collaboration with other members of the Quantum Information
Group at the University of Calgary. My contributions and the contributions of each coauthor are as follows.
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Preface

• Gilad Gour and Carlo Maria Scandolo acted as group leaders and supervisors, providing ideas,
directions, and reviewing the work at every stage.

• In Ref. [1], I derived all the results and wrote the manuscript. Thomas Theurer supervised my work,
helping with the simplification of some proofs, fixing minor gaps, and reviewing the manuscript.

• In Ref. [2], Thomas Theurer wrote the manuscript. He derived the results about the minimum and
maximum temperatures for cooling and heating (Section 4.1) and the results about closed thermal
operations (Proposition 2.3.2 and Proposition 2.3.3). I derived the results about the alternative
characterization of state conversion (Section 4.2).

• In Ref. [3], I derived all the results and wrote the manuscript.

• The work ‘Higher-order quantum maps’ started from ideas that Carlo Maria Scandolo and I had while
working on Ref. [3]. I derived many of the results regarding types and the results concerning sets of
higher-order linear maps and higher-order Hermitian maps. Later, Samuel Steakley joined the project.
I worked with him on all the results concerning the product of types, the product of maps, completely
positive-preserving maps, and the Choi isomorphism.
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Notation Description
𝐴, 𝐵, 𝐶, . . . Quantum systems and corresponding Hilbert spaces.
𝑋 , 𝑌 , 𝑍 , . . . Classical systems and corresponding Hilbert spaces.
|𝐴| Dimension of system 𝐴 or, equivalently, dimension of the

associated Hilbert space.
𝔏(H𝐴,H𝐵) The set of all the linear maps fromH𝐴 toH𝐵.
𝔏(𝐴) The set of all the endomorphisms of the Hilbert space 𝐴.
Herm(𝐴) The set of all the Hermitian operators in 𝔏(𝐴).
Pos(𝐴) The set of all the positive semidefinite operators in Herm(𝐴).
𝔔 (𝐴) The set of all the quantum states of system 𝐴, i.e., the set of all

operators with unit trace in Pos(𝐴).
𝜌𝐴, 𝜎𝐴, 𝜏𝐴, . . . Quantum states in 𝔔 (𝐴).
PURE(𝐴) The set of all the pure quantum states of system 𝐴, i.e., the set of

all rank-one operators in 𝔔 (𝐴).
𝜓𝐴, 𝜑𝐴, 𝜒𝐴, . . . Pure quantum states in 𝔔 (𝐴).
Prob(𝑛) The set of probability vectors of dimension 𝑛.
Prob↓ (𝑛) The set of probability vectors of dimension 𝑛 with components in

non-increasing order.
p, q, r, . . . Probability vectors.
[𝑛] The set { 1, . . . , 𝑛 }.
𝔏(𝐴→ 𝐵) The set of all the linear maps from 𝔏(𝐴) to 𝔏(𝐵).
CP(𝐴→ 𝐵) The set of all the completely positive-preserving maps in

𝔏(𝐴→ 𝐵).
𝔔 (𝐴→ 𝐵) The set of all the quantum channels from system 𝐴 to system 𝐵,

i.e., the set of all trace-preserving operators in CP(𝐴).
M𝐴→𝐵,N 𝐴→𝐵, . . . Quantum channels in 𝔔 (𝐴→ 𝐵).
1𝐴 The identity operator in 𝔏(𝐴).
I𝐴 The identity channel in 𝔔 (𝐴→ 𝐴).
S𝐴𝐵→𝐵𝐴 The swap channel in 𝔔 (𝐴𝐵→ 𝐵𝐴).
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Notation Description
𝔉(𝐴→ 𝐵) The set of free quantum channels from system 𝐴 to system 𝐵 in a

resource theory.
𝔉(𝐴) The set of free quantum states of system 𝐴 in a resource theory.
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Notation Description
CP Completely positive.
LO Local operations.
LOCC Local operations and classical communication.
SR Schmidt rank.
TO Thermal operations.
CTO Closed thermal operations.
CRNG Completely resource-non-generating.
CD Choi-defined.
CDRT Choi-defined resource theory.
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Chapter 1

Introduction

Quantum mechanics revolutionized our understanding of the laws of nature. We live in a predominantly
classical world. We can easily come to terms with Newton’s laws, Maxwell’s laws, and even partially
with special and general relativity. However, quantum mechanics introduced many new, counterintuitive
phenomena with no classical counterpart, which not only proved to be true but were also fundamental to
understanding molecules, atoms, electrons, and all the other subatomic and fundamental particles. Among
these phenomena, entanglement emerges, in Schrödinger’s words [5], as the defining trait of quantum
mechanics, the one that significantly separates quantum from classical mechanics.

Two quantum systems are entangled if their combined state cannot be described with one state of the
first system and one state of the second system (this definition applies to pure states, i.e., states of which
we have maximal knowledge; we will later define mixed entangled states as well). This clashes with our
classical intuition. If we consider a system of two coins, the possible states are ‘Tail-Tail’, ‘Head-Head’,
‘Tail-Head’, and ‘Head-Tail’. In each of these cases, the global state is fully determined by the states of the
first and second coins. If we perform the same exercise with a two-dimensional quantum state, e.g., the spin
of an electron, we have states that can be decomposed into local states, e.g., |↑↑⟩, and states that cannot, e.g.,
|↑↑⟩ + |↓↓⟩. The latter are called entangled states. In entangled states, the knowledge of the global system is
more than the sum of the knowledge of its parts. In certain cases, one can possess zero local knowledge and
yet have perfect global knowledge. Moreover, entanglement persists even if the systems are separated, which
leads to a violation of the principles of locality and realism [6]. For this reason, quantum theory has been
considered incomplete for almost thirty years: There was hope that another theory, which respects locality
and realism, was more fundamental than quantum mechanics, and phenomena such as entanglement were just
a manifestation of our ignorance of one or more variables. This line of thought came to an abrupt end with
Bell’s inequality [7–9], which shows that no theory that obeys locality and realism is consistent with quantum
mechanics.

Once it was determined that quantum mechanics, however counterintuitive it may be from our classical
perspective, is a fundamental theory of nature, the key question became: can we achieve something with
quantum mechanics that we cannot achieve with classical mechanics? The first results in this direction are
significantly influenced by the seminal work on classical information theory by Shannon [10] and opened
the field of quantum information theory. Since then, this field has produced many foundational results and
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1. Introduction

technological applications, for example, in the field of quantum computing [11]. Indeed, since classical
information theory is concerned with the transmission of information between distant parties, and quantum
mechanics is non-local, it was natural to attempt to exploit the features of quantum mechanics to create
communication protocols that outperform any classical ones. For example, Refs. [12–15] propose a public
key distribution protocol based on quantum systems that has an arbitrarily high probability of detecting an
eavesdropper. Instead, if only classical systems are used, a very cunning and resourceful eavesdropper can
intercept the key, read it, copy it, and transmit it again without errors, leaving the parties unaware that the key
has been compromised. Of a similar flavour are the results of quantum teleportation [16] and superdense
coding [17]. In the first protocol, a sender can teleport an unknown quantum state to a receiver using only a
classical channel if they share a pair of entangled systems. Similarly, in the second protocol, a sender can
transmit two bits of information by sending a single qubit to the receiver if they share a pair of entangled
systems. When the sender and the receiver use protocols involving quantum systems, they can achieve
something that would be impossible if they were only using classical systems. The key ingredient of these
protocols, at the origin of the quantum advantage, is entanglement.

One may think that entangled states are the key to any quantum advantage. However, this is not the
case. For example, considering the computational advantages of quantum algorithms [18–20], one may want
to build a quantum computer. However, to truly exploit the advantages of these algorithms, the quantum
computer should be superior to a classical one, i.e., it should not be possible to simulate it efficiently with a
classical one. The Gottesman-Knill theorem [21] states that quantum circuits composed of Clifford group
gates, measurements of Pauli group operators and classically conditioned Clifford group operations acting on
a finite number of qubits initially in their ground states can be efficiently simulated classically. A quantum
computer performing only these operations, which are called stabilizer operations is not universal. However,
if one allows for the preparation of ‘magic’ states, universality is achieved [22]. In this context, magic
states are the key for universal quantum computation, not entangled states, which can be prepared from
non-entangled states with stabilizer operations (we assume that everything is local and that the computer is
not spread among many distant laboratories). Which quantum states provide a quantum advantage is highly
situational; a quantum state useful in a particular application is completely useless in another.

Why is entanglement useful in communication protocols? Why are magic states useful for quantum
computation? To answer that, we consider the communication protocols in which entanglement does provide
an advantage. They all share the same operational setup. There are two agents, typically referred to as Alice
and Bob. These agents live in distant laboratories. For simplicity, it is assumed that these two agents have
perfect control over any system in their laboratories. However, given their distance, they have no reliable
way of exchanging quantum information. Any quantum system that is transmitted from Alice to Bob (or
vice versa) would inevitably interact with the environment, and its state would change. Over long distances,
environmental noise is so strong that any information encoded initially in the state is lost during transmission.
Therefore, Alice and Bob are limited to classical communication only. Indeed, with modern technologies, it
is safe to assume that a classical message can be carried over long distances without any errors (or, in the
event of an error, it can be corrected). These considerations limit the global operations that can be performed
on a composite system, of which Alice holds one subsystem and Bob holds another. The two agents can only
perform local operations and classical communication (LOCC). It turns out that with these operations, Alice

2



1. Introduction

and Bob can only prepare separable states, while entangled states are impossible to prepare. If Alice and
Bob share one (maybe because a third party with better technology shared it with them), they gain access
to something they cannot prepare by themselves and can now exploit it. From this operational perspective,
entangled states emerge as crucial resources in communication protocols. The example concerning quantum
computation is analogous. A circuit composed of stabilizer operations can be efficiently simulated, but with
these operations, one cannot prepare all the quantum states. The states that cannot be prepared are called
‘magic’ states. However, one can simulate non-stabilizer operations by performing stabilizer operations on
a magic state. Similarly to what happens in entanglement theory, the agent cannot prepare magic states if
restricted to stabilizer operations. Still, if he is given a magic state, he can simulate a non-stabilizer operation.

This operational approach, which is based on identifying which operations are allowed or easy to
implement, is at the core of the framework of quantum resource theories. Indeed, in every resource theory,
a subset of all quantum operations is identified as free, e.g., LOCC in entanglement theory and stabilizer
operations in computation. Moreover, states that can be prepared with free operations are called free, while
states that cannot are resources. Once again, entangled states are resources when free operations are LOCC,
and non-stabilizer states are resources when free operations are stabilizer operations. This framework was
so successful that it has been applied to a variety of different quantum phenomena. A non-exhaustive list
includes entanglement [23–27], superselection rules and reference frames [28–32], athermality [33–35],
magic [36–40], imaginarity [41–43], asymmetry [44, 45], and coherence [46–51]. We dedicate Chapter 2 to
an introduction to quantum resource theories, where we provide details about two resource theories relevant
to this Thesis: the resource theory of entanglement and the resource theory of quantum thermodynamics.

In a resource theory, the central question is what can be achieved with a given resource under the
constraints imposed by the free operations: If Alice and Bob have access to an entangled state, what can they
do with it? Can they convert it to another entangled state using only LOCC? This question is known as the
conversion problem. For example, it has been shown that if Alice and Bob share enough entangled qubits,
they can concentrate their entanglement into a pair of maximally entangled qubits with only LOCC [23],
which can later be used in one of the protocols discussed above. The conversion problem for pure states
entanglement has been solved by Nielsen [26]. However, sometimes, it may not be possible to convert the
initial state exactly into the target state, but rather into a state that is very close to it. Indeed, it may be so
close that it is indistinguishable from the target state by any physical apparatus. In this case, we talk about
approximate conversion. In Chapter 3, we present the results concerning approximate conversion previously
published in [1]. We derive a closed-form expression to compute how close to the desired pure target state
Alice and Bob can get using a given input state. In the second part of Chapter 3, we use this result to
characterize a phenomenon known as entanglement embezzlement [52, 53].

In Chapter 4, which is based on Ref. [2], we turn our attention to the resource theory of quantum
thermodynamics. Following the example of classical thermodynamics, in which a bath cannot be used
to produce work if it is at thermal equilibrium with its environment, in the resource theory of quantum
thermodynamics, resources are states that are out of thermal equilibrium with the environment, while free
states are states at equilibrium with the environment. Free operations consist of 1) preparing equilibrium
states, 2) performing energy-preserving unitary operations, and 3) discarding subsystems (or more precisely,
free operations consist of the closure of such operations). In this setup, we focus on cooling and heating.
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1. Introduction

We first explain what it means to cool and heat a quantum system and then derive formulas to compute the
highest and lowest temperatures to which a quantum system can be heated or cooled with a given resource,
using only free operations. In addition, we demonstrate that the ability to heat and cool qubits completely
characterizes the conversion problem for quasi-classical states, i.e., states that exhibit no coherence between
different eigenspaces of the system’s Hamiltonian. In other words, a quasi-classical state can be converted
into another if the first cools and heats qubits to higher and lower temperatures than the second does.

While Chapter 3 and Chapter 4 focus on specific resource theories, in Chapter 5, we investigate a property
common to many resource theories. Indeed, having a common framework for different phenomena allows for
the development of rules and tools that can be easily applied to many resource theories. The starting point
is the realization that in many important resource theories, for example, the resource theories of separable
and non-positive partial transpose entanglement [54–64], magic states [36–40], a channel is free if and only
if its Choi matrix (properly renormalized) is a free state. Moreover, these resource theories have been so
successful because the one-to-one correspondence between free states and free channels simplifies many
problems, allowing for both numerical and analytical solutions. We refer to resource theories that exhibit
this one-to-one correspondence as ‘Choi-defined’ resource theories. We find the conditions under which
it is possible to construct such resource theories from a given set of free states (which determines the free
operations as well, given the one-to-one correspondence). We then prove properties that are shared by all
Choi-defined resource theories. The results presented in this Chapter were published in Ref. [3].

The resource theories presented so far are resource theories of states, in which the resources are states,
and agents act on these resources with free channels. However, quantum operations can also be seen
as resources. For example, in LOCC, a noiseless quantum channel from Alice to Bob would be a great
resource if available. With this perspective, quantum teleportation can be described as a sequence of LOCC
‘super’-operations [65, 66] that convert an entangled state into a noiseless quantum channel, which is later used
to transmit quantum information. These considerations lead to resource theories of channels [64, 67–72], in
which channels are viewed as resources and agents act on them with free super-operations (or superchannels).
A critical result concerning superchannels is that they can all be decomposed into a circuit composed of
two channels with memory. One can then go one step further and consider circuits with three, four, or 𝑛
channels with memories. If states are of order zero, channels of order one, and superchannels of order two,
these are maps of order higher than two. Interestingly, higher-order maps that cannot be decomposed into
channels with memories provide advantages over maps that can [73–79]. Thus, it is natural to approach
these higher-order maps with the framework of quantum resource theories. However, there is yet no good
framework to describe them. The best attempt is the work by Bisio and Perinotti [80], which is based on
types. In Chapter 6, we improve the type system proposed in [80]. One of the most significant improvements
concerns the parallel composition of higher-order maps, which was missing in the original work. We also
generalize the notions of Hermitian-preserving and completely positive-preserving to higher-order maps. We
introduce the Choi isomorphism for maps of any order, and we show that it preserves Hermitian-preserving
maps and completely positive-preserving maps, a generalization of the results about the Choi isomorphism
between states and channels [66]. These results are based on unpublished work done in collaboration with S.
Steakley and C. M. Scandolo.
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1. Introduction

1.1 Notations and Preliminaries

The author of this Thesis assumes that the reader is already familiar with the basic concepts of quantum
information. For a proper introduction to the topic, we refer the reader to the great books by Nielsen and
Chuang [11], Wilde [81], Watrous [82], and Gour [83]. Here, we provide a very brief summary of the
fundamental objects of quantum information, i.e., systems, states, and channels, and introduce relevant
notations.

Each quantum system 𝐴 is associated with a Hilbert space H𝐴. We will often use 𝐴 to denote both
the system and the Hilbert space. In this Thesis, we consider solely finite-dimensional systems, and we
denote the finite dimension of the system (or equivalently, the dimension of the Hilbert space) as |𝐴|. If a
system is composed of two subsystems, 𝐴 and 𝐵, the global Hilbert space isH𝐴 ⊗ H𝐵. Such a system and its
corresponding Hilbert spaces are denoted as 𝐴𝐵.

A quantum state of a system 𝐴 is a positive semidefinite map in 𝔏(𝐴) (the set of endomorphisms onH𝐴)
with unit trace. We denote the set of all quantum states of the system 𝐴 with 𝔔 (𝐴). Quantum states are
usually labelled with lowercase Greek letters, e.g., 𝜌𝐴, 𝜎𝐴, 𝜏𝐴. Of particular interest are rank-one states, also
known as pure states. The set of pure states of system 𝐴 is denoted with PURE(𝐴), and the states are labelled
with the Greek letters 𝜓𝐴, 𝜑𝐴, 𝜒𝐴. The normalized eigenvector of a pure state 𝜓𝐴 is denoted with |𝜓⟩𝐴, and
we have 𝜓𝐴 = |𝜓⟩⟨𝜓 |𝐴, where ⟨𝜓 |𝐴 is the dual of |𝜓⟩𝐴.

Mathematically, classical systems are a special case of quantum systems. Each classical system 𝑋

comes equipped with an orthonormal basis
{
|𝑥⟩𝑋

}
𝑥
, such that every state of 𝑋 has the form

∑
𝑥 𝑝𝑥 |𝑥⟩⟨𝑥 |𝑋.

Moreover, there is a one-to-one correspondence between states of a classical system 𝑋 and probability vectors
in Prob( |𝑋 |): ∑︁

𝑥

𝑝𝑥 |𝑥⟩⟨𝑥 |𝑋 ↔
©­­­«
𝑝1
...

𝑝 |𝑋 |

ª®®®¬ . (1.1)

Note that for each state 𝜌𝐴 of a quantum system 𝐴 there exists an orthonormal basis
{ ��𝑥𝜌〉𝐴 }

such that
𝜌𝐴 =

∑
𝑥 𝑝𝑥 |𝑥𝜌⟩⟨𝑥𝜌 |𝐴. However, 𝐴 is not a classical system because not all the possible states of 𝐴 are

diagonal in the same basis.
Quantum channels from system 𝐴 to system 𝐵 are linear, completely positive (CP), trace-preserving maps

from 𝔏(𝐴) to 𝔏(𝐵). The set of quantum channels from 𝐴 to 𝐵 is denoted with 𝔔 (𝐴→ 𝐵). For each channel
M𝐴→𝐵 ∈ 𝔔 (𝐴→ 𝐵) there exists a set of linear operators { 𝐾𝑥 }𝑥 fromH𝐴 toH𝐵, called Kraus operators,
such that

∑
𝑥 𝐾
†
𝑥𝐾𝑥 = 1𝐴 and for all 𝜌𝐴 ∈ 𝔔 (𝐴)

M𝐴→𝐵 (𝜌𝐴) =
∑︁
𝑥

𝐾𝑥𝜌
𝐴𝐾†𝑥 . (1.2)

Eq. (1.2) is called the operator-sum representation of the channelM𝐴→𝐵.
A quantum instrument is a quantum channel with classical-quantum output. For each quantum instrument

E𝐴→𝑋𝐵 ∈ 𝔔 (𝐴→ 𝐵𝑋), there exists a set of completely positive operators
{
E𝐴→𝐵
𝑥

}
such that E𝐴→𝑋𝐵 (𝜌𝐴) =∑

𝑥 |𝑥⟩⟨𝑥 |𝑋 ⊗ E𝐴→𝐵
𝑥 (𝜌𝐴) for all 𝜌𝐴 ∈ 𝔔 (𝐴) and

∑
𝑥 E𝐴→𝐵

𝑥 is trace preserving. Alternatively, one can define

5



1. Introduction

a quantum instrument as a set
{
E𝐴→𝐵
𝑥

}
of CP operators that sum to a trace-preserving operator. The two

definitions are equivalent.
A positive operator-valued measure on 𝐴 (POVM) is a collection

{
𝐹𝐴
𝑥

}
𝑥

of positive semidefinite matrices
on 𝐴 such that

∑
𝑥 𝐹

𝐴
𝑥 = 1𝐴.

We conclude this very brief introduction with the definition of the two norms that we will use throughout
this Thesis. For any 𝑀 ∈ 𝔏(𝐴), and 1 ≤ 𝑝 < ∞ the Schatten 𝑝-norm is defined as

∥𝑀 ∥ 𝑝 =

(
Tr

(√︁
𝑀†𝑀

) 𝑝) 1
𝑝

, (1.3)

and ∥𝑀 ∥∞ is equal to largest eigenvalue of
√
𝑀†𝑀 . For any 𝑘 ∈ [|𝐴|] the 𝑘-th Ky Fan norm of 𝑀 ∈ 𝔏(𝐴) is

∥𝑀 ∥ (𝑘 ) = 𝑚1 + 𝑚2 + · · · + 𝑚𝑘 ,

where 𝑚1 ≥ 𝑚2 ≥ · · · ≥ 𝑚𝑘 are the 𝑘 largest eigenvalues of
√
𝑀†𝑀 . From the Schatten 1-norm, one defines

the trace distance between two quantum states 𝜌𝐴, 𝜎𝐴 ∈ 𝔔 (𝐴) as

𝑇 (𝜌𝐴, 𝜎𝐴) = 1
2



𝜌𝐴 − 𝜎𝐴




1 , (1.4)

the fidelity as
𝐹 (𝜌𝐴, 𝜎𝐴) =




√︁𝜎𝐴
√︁
𝜌𝐴





1
, (1.5)

and the purified distance as
𝑃(𝜌𝐴, 𝜎𝐴) =

√︁
1 − 𝐹2(𝜌𝐴, 𝜎𝐴). (1.6)

The Schatten and Ky-Fan norms of vectors follow from the corresponding matrix norms:

∥v∥ 𝑝 ≔ ∥diag(v)∥ 𝑝 ,

∥v∥ (𝑘 ) ≔ ∥diag(v)∥ (𝑘 ) ,
(1.7)

where diag(v) is the diagonal matrix with diagonal entries 𝑣𝑥 . From these, one defines the trace distance
𝑇 (v,w), the fidelity 𝐹 (v,w), and the purified distance 𝑃(v,w) between vectors.
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Chapter 2

Quantum Resource Theories

In the last two decades of the twentieth century, it became clear that entangled states provide an advantage in
many communication tasks. Examples in cryptography [12–15] and about the transmission of classical [17]
and quantum [16] bits show that if the two distant parties involved in the protocols share a pair of entangled
states, they can achieve results that would be unattainable with any purely classical protocol.

After these works, quantum entanglement is recognized as a valuable resource, and the works in the
90s focus on how two distant parties can manipulate quantum entanglement [23–26]. These articles share
a common framework. The problem is described with an operational approach, i.e., all these works focus
on what operations the two distant parties can or cannot perform. Since there is no reliable way of sending
quantum systems over long distances while preserving their state, the two distant parties cannot exchange
quantum information. As a consequence, the actions that the two parties can perform are only local quantum
operations and classical communications (LOCC). Interestingly, entangled states are the ones that the two
parties cannot create by using only LOCC. Indeed, they can only create separable states. Once again,
entanglement is considered a valuable and scarce resource because it cannot be created freely.

The operational approach described here has been applied in the last 20 years to a multitude of
quantum phenomena and constitutes the core of all quantum resource theories. A non-exhaustive list of
quantum resource theories includes entanglement [23–27], superselection rules and reference frames [28–32],
athermality [33–35], magic [36–40], imaginarity [41–43], asymmetry [44, 45], and coherence [46–51]. Given
the variety of the results and methods applied in these resource theories, it is beyond the scope of this thesis
to give a complete account of the framework of quantum resource theories. For that, we refer the reader
to Ref. [84], an excellent review paper, and Ref. [83], a very recent book about quantum resource theories.
However, in the next Section, we will introduce the framework of quantum resource theories, together with
those aspects of the framework that are relevant to this thesis. Later on, in Section 2.2 and Section 2.3, we will
present entanglement and athermality as examples of resource theories. The results presented in these two
sections will be the starting points for the works about entanglement embezzlement [1] and qubits cooling
and heating [2] presented in Chapter 3 and Chapter 4, respectively.
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2. Quantum Resource Theories

2.1 The Mathematical Framework of Quantum Resource Theories

Following the example of quantum entanglement, the first step towards defining a quantum resource theory is
the identification of the allowed quantum operations. Formally, one has to identify for every ordered pair of
finite dimensional systems 𝐴 and 𝐵 a subset 𝔉(𝐴→ 𝐵) of all the possible quantum channels 𝔔 (𝐴→ 𝐵). If
a quantum channel is in 𝔉(𝐴 → 𝐵), we say that it is free. These sets of free channels have to satisfy the
following constraints to give origin to a resource theory:

1. For every system 𝐴, the identity channel I𝐴 is free. This property is equivalent to requiring that not
acting on a system is always allowed.

2. For every triple (𝐴, 𝐵, 𝐶) of quantum systems, ifM𝐴→𝐵 ∈ 𝔉(𝐴 → 𝐵) and N𝐵→𝐶 ∈ 𝔉(𝐵 → 𝐶),
then N𝐵→𝐶 ◦M𝐴→𝐵 ∈ 𝔉(𝐴→ 𝐶). In other words, if an agent can freely perform two operations in
sequence, then the resulting operation is free.

3. For every quadruplet (𝐴, 𝐵, 𝐶, 𝐷) of quantum systems, ifM𝐴→𝐵 ∈ 𝔉(𝐴→ 𝐵) andN𝐶→𝐷 ∈ 𝔉(𝐶 →
𝐷), then M𝐴→𝐵 ⊗ N𝐶→𝐷 ∈ 𝔉(𝐴𝐶 → 𝐵𝐷). In other words, if an operator performs two free
operations in parallel on two different systems, then the resulting operation on the joint system is free.

4. For every pair (𝐴, 𝐵) of quantum systems, the swap channel S𝐴𝐵→𝐵𝐴 is free. That is, an operator can
always describe joint systems in the order that they prefer.

5. For every quantum system 𝐴, the trace operator Tr𝐴 is free. Equivalently, an operator can always forget
the information about a quantum system.

These conditions, which are reasonable operational constraints, constitute the core of every quantum
resource theory.

Definition 2.1.1: Quantum resource theories

A map 𝔉 that associates with every pair (𝐴, 𝐵) of finite dimensional quantum systems a subset
𝔉(𝐴→ 𝐵) ⊆ 𝔔 (𝐴→ 𝐵) is a quantum resource theory if 𝔉 satisfies the conditions 1-5 listed above.

Continuing with the operational approach, one defines the free states of a quantum system 𝐴 as those
states that can be created with free operations starting from the trivial quantum system. With an abuse of
notation, we denote the set of free states of the system 𝐴 with 𝔉(𝐴) ≔ 𝔉(𝐼 → 𝐴), where 𝐼 denotes the trivial
system.

Definition 2.1.2: Free states and resources

For every finite-dimensional system 𝐴, the set of free states of system 𝐴 is 𝔉(𝐴) ≔ 𝔉(𝐼 → 𝐴).
Quantum states in 𝔔 (𝐴) \ 𝔉(𝐴) are resources.

Every set of free states must satisfy the following properties as a consequence of the definition of quantum
resource theories.
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2. Quantum Resource Theories

Proposition 2.1.3: Properties of free states

Let 𝐴, 𝐵 be quantum systems. Then,

1. 𝔉(𝐴) ⊗ 𝔉(𝐵) ⊆ 𝔉(𝐴𝐵),

2. S𝐴𝐵→𝐵𝐴(𝔉(𝐴𝐵)) = 𝔉(𝐵𝐴),

3. Tr𝐵 𝔉(𝐴𝐵) ⊆ 𝔉(𝐴).

Proof. All the conditions follow trivially from the definition of resource theories and free states. 1) Let
𝜇𝐴 ∈ 𝔉(𝐴), 𝜈𝐵 ∈ 𝔉(𝐵), and letM 𝐼→𝐴 ∈ 𝔉(𝐼 → 𝐴) and N 𝐼→𝐵 ∈ 𝔉(𝐼 → 𝐵) be their preparation channels.
Since the set of free operations is closed under parallel composition,M 𝐼→𝐴 ⊗ N 𝐼→𝐵 ∈ 𝔉(𝐼 → 𝐴𝐵), and
therefore, 𝜇𝐴 ⊗ 𝜈𝐵 ∈ 𝔉(𝐴𝐵). 2) Let 𝜇𝐴𝐵 ∈ 𝔉(𝐴𝐵) and letM 𝐼→𝐴𝐵 be the free channel associated with
it. Since the swap channel is free and the sequential composition of free channels is free, we have that
S𝐴𝐵→𝐵𝐴 ◦M 𝐼→𝐴𝐵 ∈ 𝔉(𝐵𝐴). Therefore, S𝐴𝐵→𝐵𝐴(𝜇𝐵𝐴) ∈ 𝔉(𝐵𝐴). This proves that S𝐴𝐵→𝐵𝐴(𝔉(𝐴𝐵)) ⊆
𝔉(𝐵𝐴). The proof of the opposite inclusion is the analogous. 3) Using the same techniques detailed in the
previous points, condition 3 follows from the fact that the trace and the identity are free channels and parallel
composition of free channels is free. □

We note that different sources provide different lists of minimal properties for a quantum resource theory.
For example, in Ref. [83], the definition of a quantum resource theory includes only conditions 1, 2, and
5, reserving conditions 3 and 4 to a special class of resource theories that they refer to as resource theory
with tensor product structure. We decided to include conditions 3 and 4 in the definition of resource theory
because every time more than one system is considered, it is reasonable to assume that the agent can act on
one system while doing nothing on the other, therefore operations such asM𝐴→𝐵 ⊗ I𝐶 , where I𝐶 is the
identity channel on 𝐶, should be free ifM𝐴→𝐵 is free. Similarly, I𝐵 ⊗ N𝐶→𝐷 should be free, and therefore,
by sequential composition,M𝐴→𝐵 ⊗ N𝐶→𝐷 is free as well. Another example of a different minimal list of
properties of a resource theory is Ref. [85]. In this case, the authors include only properties 1-4. However, we
decided to include condition 5 as well because agents can always freely discard information.

There is a sixth property that most, but not all, resource theories share: Convexity. From a physical
perspective, if an agent can performM𝐴→𝐵 and N 𝐴→𝐵, then they could toss a coin or use any other random
source to perform the channelM𝐴→𝐵 with probability 0 ≤ 𝑝 ≤ 1, and the channel N 𝐴→𝐵 with probability
1 − 𝑝. This is equivalent to performing the channel 𝑝M𝐴→𝐵 + (1 − 𝑝)N 𝐴→𝐵. In other words, in convex
resource theories, ifM𝐴→𝐵 and N 𝐴→𝐵 are free, so is the channel 𝑝M𝐴→𝐵 + (1 − 𝑝)N 𝐴→𝐵.

Definition 2.1.4: Convex quantum resource theories

A quantum resource theory 𝔉 is convex if for all pairs (𝐴, 𝐵) of finite dimensional quantum systems,
the set 𝔉(𝐴→ 𝐵) is convex.

As we mentioned, not all quantum resource theories are convex. One of which is the resource theory of
local operations, which is similar to the resource theory of entanglement, with the exception that the two
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2. Quantum Resource Theories

parties cannot even communicate classically. In this case, the two parties do not share a common random
source, and therefore, they cannot freely prepare convex combinations of free channels.

The reader may have realized that in all the definitions above, we have only considered finite-dimensional
quantum systems. From this point on, every quantum system that we introduce will be finite-dimensional,
even if we do not explicitly state that. Infinite dimensional resource theories exist (see, e.g., Refs. [86–90]),
but are beyond the scope of this thesis.

2.1.1 Resource Manipulation

Once we understand free operations, we turn our attention to what we can achieve with them. It follows from
the definition of quantum resource theories that if 𝜌𝐴 ∈ 𝔉(𝐴), andM𝐴→𝐵 ∈ 𝔉(𝐴→ 𝐵), thenM𝐴→𝐵 (𝜌𝐴) ∈
𝔉(𝐵). Indeed, let R 𝐼→𝐴 be the free channel that prepares 𝜌𝐴, thenM𝐴→𝐵 (𝜌𝐴) =M𝐴→𝐵 ◦R 𝐼→𝐴(1), where
the resulting preparation channel on the right is free because it is the sequential composition of free channels.
In other words, if an agent acts on free states with free channels, one can only obtain free states. This is
sometimes referred to as the golden rule of quantum resource theories.

The golden rule, as it is stated, applies to quantum instruments in 𝔉(𝐴→ 𝐵𝑋), where 𝑋 is a classical
state. If one starts with a free state 𝜌𝐴 and applies a free instrument

∑
𝑥 E𝐴→𝐵

𝑥 ⊗ |𝑥⟩⟨𝑥 |𝑋, the resulting
state

∑
𝑥 E𝐴→𝐵

𝑥 (𝜌𝐴) ⊗ |𝑥⟩⟨𝑥 | is free. However, if one measures the classical system, one obtains the state
𝜎𝐵
𝑥 =

E𝐴→𝐵
𝑥 (𝜌𝐴)

Tr𝐵 [E𝐴→𝐵
𝑥 (𝜌𝐴) ] with probability 𝑝𝑥 = Tr𝐵 [E𝐴→𝐵

𝑥 (𝜌𝐴)]. If 𝜎𝐵
𝑥 were not free, one would be able to

generate a resource from free objects with non-zero probability. For this reason, every time that we have free
instruments, we generalize the golden rule to the axiom of free instruments [83].

Definition 2.1.5: Axiom of free instruments

Let 𝐴, 𝐵 be quantum systems and let 𝑋 be a classical system. For every instrument
∑

𝑥 E𝐴→𝐵
𝑥 (𝜌𝐴) ⊗

|𝑥⟩⟨𝑥 | in 𝔉(𝐴→ 𝐵𝑋) and every free state 𝜌𝐴 ∈ 𝔉(𝐴), the states 𝜎𝐵
𝑥 =

E𝐴→𝐵
𝑥 (𝜌𝐴)

Tr𝐵 [E𝐴→𝐵
𝑥 (𝜌𝐴) ] are free.

Thanks to the golden rule, one can define resource theories using a bottom-up approach, that is, starting
with free states and then defining free operations as all those operations that preserve the set of free states.

Definition 2.1.6: Completely resource non-generating operations

Let 𝐴, 𝐵 be finite-dimensional quantum systems. The set of completely resource-non-generating
(CRNG) operations from 𝐴 to 𝐵 is

CRNG(𝐴→ 𝐵) = {M𝐴→𝐵 ∈ 𝔔 (𝐴→ 𝐵) |

(M𝐴→𝐵 ⊗ I𝐶) (𝜌𝐴𝐶) ∈ 𝔉(𝐵𝐶),

∀𝜌𝐴𝐶 ∈ 𝔉(𝐴𝐶),∀𝐶 s.t. |𝐶 | < ∞}.

(2.1)

where 𝔉(·) denotes the set of free states, and it satisfies the properties in Proposition 2.1.3.

Note that we require completely resource-non-generating operations to preserve free states even when
tensored with the identity. This is a requirement because of our definition of resource theory, specifically
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2. Quantum Resource Theories

because the identity channel and the parallel composition of free maps are free.
In case an agent wants to obtain a state 𝜎𝐵 that is not free and can only perform free operations, the agent

must start with another resource 𝜌𝐴. However, not all resources 𝜌𝐴 can be freely converted into a state 𝜎𝐵.
The key question in every resource theory is whether, given two resources 𝜌𝐴, and 𝜎𝐵, there exists a free
channelM𝐴→𝐵 such thatM𝐴→𝐵 (𝜌𝐴) = 𝜎𝐵. If such a channel exists, we say that 𝜌𝐴 can be freely converted
into 𝜎𝐵, and we write 𝜌𝐴

𝔉−→ 𝜎𝐵.
We observe that if 𝜌𝐴

𝔉−→ 𝜎𝐵, then 𝜌𝐴 is at least as resourceful as 𝜎𝐵 in any task. Indeed, suppose one
can manipulate 𝜎𝐵 with free operations to obtain 𝜏𝐶 , then one can convert 𝜌𝐴 into 𝜏𝐶 with free operations
as well, since the sequential composition of free channels is free. In this sense, 𝜌𝐴 is at least as resourceful as
𝜎𝐵. To characterize the relative resourcefulness of two quantum states, we introduce the relation ⪰𝔉, defined

as 𝜌𝐴 ⪰𝔉 𝜎𝐵 if 𝜌𝐴
𝔉−→ 𝜎𝐵. This relation is reflexive and transitive because the set of free operations contains

the identity channel and is closed under sequential composition. Therefore, ‘⪰𝔉’ is a preorder. Note that,
‘⪰𝔉’ is not a partial order because 𝜌𝐴 ⪰𝔉 𝜎𝐵 and 𝜎𝐵 ⪰𝔉 𝜌𝐴, denoted as 𝜌𝐴 ∼𝔉 𝜎𝐵, do not imply 𝜌𝐴 = 𝜎𝐵.
As a counterexample, choose 𝜌𝐴 = 1 and 𝜎𝐵 any free state of a system with dimension greater than one.
Since they are free, one can freely convert one into the other; however, they are not equal.

2.1.2 Resource Monotones

The next task in a quantum resource theory is to quantify a resource. Given that we are dealing with a preorder,
a convenient resource quantifier is a function 𝑀 :

⋃
𝐴𝔔 (𝐴) → R that is compatible with the preorder.

Definition 2.1.7: Resource measure

Let 𝔉 be a quantum resource theory. A resource measure 𝑀 is a function that maps every quantum
state into R and satisfies

1. 𝜌𝐴 ⪰𝔉 𝜎𝐵 ⇒ 𝑀 (𝜌𝐴) ≥ 𝑀 (𝜎𝐵),

2. 𝑀 (1) = 0,

where 1 ∈ C is the only state of the trivial quantum system.

Note that this definition implies that 𝑀 (𝜌𝐴) = 0 for any free state 𝜌𝐴, and 𝑀 (𝜎𝐴) ≥ 0 for any quantum
state 𝜎𝐴. Indeed, if 𝜌𝐴 ∈ 𝔉(𝐴), then 1 ∼𝔉 𝜌𝐴, and therefore 𝑀 (𝜌𝐴) = 𝑀 (1) = 0. Similarly, 𝜎𝐴 ≻𝔉 (1),
and therefore 𝑀 (𝜎𝐴) ≥ 𝑀 (1) = 0. We have decided to define 𝑀 (1) = 0 rather than any other real number
to align with the intuition that the value of free states is zero.

In the upcoming chapters, we will introduce various resource measures tailored to the needs of the
resource theory under consideration. However, there is a general way to construct a resource measure based
on any quantum divergence D(·∥·), that is a function from a pair of quantum states of the same system to the
real numbers that satisfies the data processing inequality

D(M𝐴→𝐵 (𝜌𝐴)∥M𝐴→𝐵 (𝜎𝐴)) ≤ D(𝜌𝐴∥𝜎𝐴), (2.2)

11
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and the normalization D(1∥1) = 0. The D-divergence of a resource, defined as

D(𝜌𝐴) = inf
𝜎𝐴∈𝔉(𝐴)

D(𝜌𝐴∥𝜎𝐴), (2.3)

is a resource measure [83]. An example of resource measure is the measure based on the Umegaki relative
entropy and constructed as in Eq. (2.3):

𝐷 (𝜌𝐴) = inf
𝜎𝐴∈𝔉(𝐴)

𝐷 (𝜌𝐴∥𝜎𝐴), (2.4)

and 𝐷 (𝜌𝐴∥𝜎𝐴) = Tr𝐴[𝜌𝐴 log 𝜌𝐴] − Tr𝐴[𝜌𝐴 log𝜎𝐴].
The definition of resource measure is not very strict. For example, the function 𝑀 (𝜌𝐴) = 0 for all

𝜌𝐴 ∈ 𝔔 (𝐴) is a resource measure. However, it is not very helpful in characterizing the preorder ‘≻𝔉’.
It is often useful that a measure is at least able to distinguish between free states and resources. That is,
𝑀 (𝜌𝐴) = 0⇔ 𝜌𝐴 ∈ 𝔉(𝐴). This property is called faithfulness.

Another useful property for a resource measure is convexity:

𝑀

(∑︁
𝑥

𝑝𝑥𝜌
𝐴
𝑥

)
≤

∑︁
𝑥

𝑝𝑥𝑀

(
𝜌𝐴𝑥

)
. (2.5)

The physical intuition behind this is as follows. Assume one has an ensemble of states
{
𝑝𝑥 , 𝜌

𝐴
𝑥

}
𝑥
. The

average of the resource measure on the ensemble is
∑

𝑥 𝑝𝑥𝑀
(
𝜌𝐴𝑥

)
. The ensemble is described by the

classical-quantum state
∑

𝑥 𝑝𝑥𝜌
𝐴
𝑥 ⊗ |𝑥⟩⟨𝑥 |𝑋. If one discards the classical flag, one obtains the state

∑
𝑥 𝑝𝑥𝜌

𝐴
𝑥 .

Convexity states that the resource measure of the mixed state obtained by forgetting the classical flag of the
ensemble is less than or equal to the average resource measure of the ensemble. Note that convexity is a
useful mathematical property even in those resource theories in which the physical intuition is not valid.

If the resource theory admits a free instrumentM𝐴→𝐵𝑋, one could start from a state 𝜌𝐴 and produce an
ensemble of states { 𝑝𝑥 , 𝜎𝑥 }𝑥 , defined as in Definition 2.1.5. We say that a resource measure is strongly
monotone if 𝑀 (𝜌𝐴) ≥ ∑

𝑥 𝑝𝑥𝑀 (𝜎𝐵
𝑥 ).

Since convexity and strong monotonicity (when a resource theory allows for free instruments) are very
desirable properties, we name convex and strongly monotone resource measures as resource monotones.

Definition 2.1.8: Resource monotones

A resource monotone is a convex and strongly monotone (if the resource theory contains free
instruments) resource measure.

For example, the resource monotone based on the Umegaki relative entropy introduced above is also a
resource monotone.

Whenever the resource monotone satisfies 𝑀 (𝜌𝐴 ⊗ 𝜎𝐵) ≤ 𝑀 (𝜌𝐴) +𝑀 (𝜎𝐵) we say that it is subadditive.
It is additive if the equality holds for all states 𝜌𝐴, 𝜎𝐵 of any pair of systems 𝐴, 𝐵.

2.1.3 Approximate Conversion

So far, we have only considered exact conversions 𝜌𝐴
𝔉−→ 𝜎𝐵. However, every physical setup is affected

by noise, and a finite number of measurements will only lead to finite accuracy. It is, therefore, practically

12
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impossible to distinguish the desired target state from a close approximation. This is the physical motivation
to investigate whether a state can be approximately converted to the target using free operations [91]. Once
we choose a metric 𝐷 on 𝔏(𝐵) (among the many metrics that formalize the notion of closeness between
quantum states [92–96]), and fix an error 𝜖 > 0, we say that 𝜌𝐴 can be approximately converted into 𝜎𝐵 up
to an error 𝜖 if there existsM𝐴→𝐵 ∈ 𝔉(𝐴→ 𝐵) such that 𝐷 (M𝐴→𝐵 (𝜌𝐴), 𝜎𝐵) < 𝜖 . If that is the case, we
denote it with 𝜌𝐴

𝔉−→𝜖 𝜎
𝐵. Here, we use the letter 𝐷 to denote a metric and not the Umegaki relative entropy

introduced below Eq. (2.3). The letter 𝐷 is commonly used in literature to denote both these quantities. Still,
one can easily tell the difference because 𝐷 (·∥·) is the Umegaki relative entropy while 𝐷 (·, ·) is a metric.

When dealing with approximate conversion, a natural question is how close to 𝜎𝐵 it is possible to convert
𝜌𝐴 using only free operations. To answer that, one has to solve the following optimization problem:

inf
M𝐴→𝐵∈𝔉(𝐴→𝐵)

𝐷 (M𝐴→𝐵 (𝜌𝐴), 𝜎𝐵), (2.6)

where 𝐷 is the fixed metric. We call such a quantity conversion distance [69, 70, 97, 98], and we denote it
with 𝐷 (𝜌𝐴 𝔉−→ 𝜎𝐵).

2.2 The Resource Theory of Entanglement

In this Section, we present the resource theory of entanglement, which has a central role both in the history of
resource theories and in the works presented in this Thesis. We have already provided the intuition behind the
resource theory of (bipartite) entanglement at the beginning of this Chapter. There are two distant parties,
Alice and Bob, who can only communicate classically. Every LOCC protocol consists of one of multiple
rounds in which a party performs an operation in their lab and sends classical information to the other
party, who in turn performs an operation conditioned on the classical information received. The number of
rounds can be arbitrarily large. The assumptions that Alice and Bob have perfect control over the systems in
their laboratories and can perform an arbitrarily large number of communication rounds are operationally
impractical. Still, they are useful in finding bounds to what Alice and Bob can achieve when quantum
communication is forbidden. With LOCC, Alice and Bob can prepare all and only separable states, i.e., states
that can be written as convex combination of elementary tensors of states: 𝜌𝐴𝐵 =

∑
𝑥 𝑝𝑥𝜌

𝐴
𝑥 ⊗ 𝜌𝐵𝑥 , where each

𝜌𝐴𝑥 and 𝜌𝐵𝑥 is a quantum state, 𝑝𝑥 ≥ 0, and
∑

𝑥 𝑝𝑥 = 1. States that are not separable are called entangled.
Before we present the results of the resource theory of entanglement that are relevant to this Thesis,

we introduce notations and assumptions that we will use throughout this and the following Chapters. First,
we denote Alice’s systems with the letter 𝐴 and Bob’s systems with the letter 𝐵. The spatial separation is
always between Alice’s and Bob’s systems. Second, the systems in the resource theory of entanglement
are always bipartite, e.g., 𝐴𝐵. Specifically, when in the conditions for a resource theory, we read that
the identity channel is free, it means, in the case of entanglement, that for every bipartite system 𝐴𝐵, the
identity channel I𝐴𝐵 is free. There is no free quantum identity channel from Alice to Bob that would
result in quantum communication, which is not allowed. Similarly, when we say that the swap channel is
free, we do not mean that Alice and Bob can freely swap systems between them, but the bipartite system
𝐴1𝐵1 can be freely swapped with 𝐴2𝐵2. Third, we assume that all systems have the same dimension unless
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we specify otherwise. Indeed, both Alice and Bob can embed their local system into larger systems with
local isometries. For any bipartite system 𝐴𝐵, let 𝐴′𝐵′ be such that |𝐴′ | = |𝐵′ | ≥ { |𝐴| , |𝐵| }, and let
U𝐴→𝐴′ ,V𝐵→𝐵′ be isometries. Then,U𝐴→𝐴′ ⊗ V𝐵→𝐵′ ∈ 𝔉(𝐴𝐵→ 𝐴′𝐵′), and for any 𝜌𝐴𝐵, we have that
𝜌𝐴𝐵 ≻𝔉 𝜌𝐴

′𝐵′ = U𝐴→𝐴′ ⊗ V𝐵→𝐵′ (𝜌𝐴𝐵). However, since the adjoint of an isometry is its left inverse and
since (U𝐴→𝐴′)†⊗ (V𝐵→𝐵′)† ∈ 𝔉(𝐴′𝐵′ → 𝐴𝐵), we also have that 𝜌𝐴′𝐵′ ≻𝔉 𝜌𝐴𝐵. Therefore, 𝜌𝐴𝐵 ∼𝔉 𝜌𝐴

′𝐵′ ,
which means that they are equivalent as resources. This argument can be generalized to cases involving
multiple systems. Therefore, without loss of generality, we can assume that all the systems have the same
dimension.

2.2.1 Pure State Conversion

The definition of LOCC, which allows for an arbitrarily large number of rounds of communication and
local operations, makes checking whether 𝜌𝐴𝐵 LOCC−−−−→ 𝜎𝐴𝐵, for arbitrary 𝜌𝐴𝐵, 𝜎𝐴𝐵 ∈ 𝔔 (𝐴𝐵), a daunting
challenge. However, this task is much simpler if one starts with a pure state.

Theorem 2.2.1: Lo-Popescu’s theorem [25]

Any deterministic LOCC pure-state manipulation can be simulated with the following protocol:
1) Alice performs a generalized measurement, 2) Alice sends the measurement outcome to Bob,
and 3) Bob performs a unitary operation conditioned on the measurement outcome. That is, if
𝜓𝐴𝐵 LOCC−−−−→ 𝜎𝐴𝐵, then there exists a generalized measurement

{
𝑀 𝑥

𝐴

}
𝑥

(where each 𝑀 𝑥
𝐴

is a complex
matrix on 𝐴 and

∑
𝑥 (𝑀 𝑥

𝐴
)†𝑀 𝑥

𝐴
= 1𝐴) and a family of unitary matrices

{
𝑈𝑥

𝐵

}
𝑥

such that

𝜎𝐴𝐵 =
∑︁
𝑥

(𝑀 𝑥
𝐴 ⊗ 𝑈

𝑥
𝐵)𝜓𝐴𝐵 (𝑀 𝑥

𝐴 ⊗ 𝑈
𝑥
𝐵)†. (2.7)

Lo-Popescu’s Theorem is remarkable because it states that any LOCC deterministic protocol that starts
with a pure state, regardless of the round of communication, can be exactly simulated with a protocol involving
at most one round of communication.

When dealing with pure states, one can use another important result from linear algebra: the Schmidt
decomposition of a bipartite vector. Indeed, for every bipartite vector

��𝜓𝐴𝐵
〉

there exist orthonormal bases
{ |𝑥𝐴⟩ }𝑥 and { |𝑥𝐵⟩ }𝑥 for 𝐴 and 𝐵, and real non-negative coefficients { 𝛼𝑥 }𝑥 such that��𝜓𝐴𝐵

〉
=

∑︁
𝑥

𝛼𝑥 |𝑥𝑥⟩𝐴𝐵 . (2.8)

Moreover, by assuming that
��𝜓𝐴𝐵

〉
is a vector of norm one, we obtain that

∑
𝑥 𝛼

2
𝑥 = 1. Therefore, the elements

of
{
𝛼2
𝑥

}
𝑥

can be seen as the entries of a probability vector in Prob( |𝐴|). We say that p ∈ Prob↓ ( |𝐴|) is the
vector containing the Schmidt coefficients of 𝜓𝐴𝐵 when the entries of p are the elements of

{
𝛼2
𝑥

}
𝑥
, organized

in non-increasing order. The number of non-zero entries of p is known as the Schmidt rank of 𝜓𝐴𝐵, and we
denote it with SR(𝜓𝐴𝐵). Since local unitary are free operations, one can fix orthonormal bases { |𝑥𝐴⟩ }𝑥 and
{ |𝑥𝐵⟩ }𝑥 , and every state

��𝜓𝐴𝐵
〉
=

∑
𝑥 𝛼𝑥 |𝑥𝑥⟩𝐴𝐵 is equivalent to a state

��𝜓̃𝐴𝐵
〉
=

∑
𝑥

√
𝑝𝑥 |𝑥𝑥⟩𝐴𝐵, where 𝑝𝑥

are the entries of p, the vector containing the Schmidt coefficients of 𝜓𝐴𝐵. We say that the vector
��𝜓̃𝐴𝐵

〉
is
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in standard form, and thanks to the LOCC-equivalence, we can from now on assume, w.l.o.g., that all pure
states are in standard form.

With these notations at hand, we are ready to present the most important result about pure-to-pure state
conversion in the resource theory of entanglement.

Theorem 2.2.2: Nielsen’s theorem [26]

Let 𝜓𝐴𝐵, 𝜑𝐴𝐵 ∈ PURE(𝐴𝐵), and let p, q ∈ Prob↓ ( |𝐴|) be their corresponding Schmidt probability
vectors. Then 𝜓𝐴𝐵 LOCC−−−−→ 𝜑𝐴𝐵 if and only if

∑𝑘
𝑥=1 𝑞𝑥 ≥

∑𝑘
𝑥=1 𝑝𝑥 for all 𝑘 ∈ [|𝐴|].

Nielsen’s Theorem completely characterizes pure state conversion. We notice that
∑𝑘

𝑥=1 𝑝𝑥 is the 𝑘-th
Ky Fan norm of p, denoted as ∥p∥ (𝑘 ) , then we can define a family of pure-state entanglement monotones

as 𝐸𝑘 (𝜓𝐴𝐵) = 1 − ∥p∥ (𝑘 ) . Indeed, Nielsen’s Theorem can be equivalently formulated as 𝜓𝐴𝐵 LOCC−−−−→ 𝜑𝐴𝐵

if and only if 𝐸𝑘 (𝜓𝐴𝐵) ≥ 𝐸𝑘 (𝜑𝐴𝐵). Moreover, we observe that the condition
∑𝑘

𝑥=1 𝑞𝑥 ≥
∑𝑘

𝑥=1 𝑝𝑥 for all
𝑘 ∈ [|𝐴|] is nothing else than the definition of vector majorization [99], which we denote as q ≻ p. Therefore,
another way of stating Nielsen theorem is 𝜓𝐴𝐵 LOCC−−−−→ 𝜑𝐴𝐵 if and only if q ≻ p.

We conclude this overview of pure-state entanglement conversion by mentioning that Nielsen’s Theorem
was generalized in Ref. [100] to the case in which the target state is an ensemble of pure states:

𝜓𝐴𝐵 LOCC−−−−→
{
𝑡𝑧 , 𝜑

𝐴𝐵
𝑧

}
𝑧
⇔ 𝐸𝑘 (𝜓𝐴𝐵) ≥

∑︁
𝑧

𝑡𝑧𝐸𝑘 (𝜑𝐴𝐵
𝑧 ),∀𝑘 ∈ [|𝐴|] . (2.9)

2.2.2 SEP and NPT Entanglement

As mentioned before, LOCC maps are difficult to characterize. Historically, there have been two generalizations
of the resource theory of LOCC entanglement with simpler sets of free operations. The first is obtained
by considering the complete set of resource-non-generating operations that are compatible with the free
states of the resource theory of entanglement, i.e., with separable states. The CRNG operations coincide
with the separable channels, that is, those channels that admit an operator sum representation in which all
Kraus operators are tensor products. That is, N 𝐴𝐵→𝐴𝐵 is separable if and only if there exists a set of Kraus
operators

{
𝑀 𝑥

𝐴
⊗ 𝑁 𝑥

𝐵

}
𝑥

such that N 𝐴𝐵→𝐴𝐵 (𝜌𝐴𝐵) = ∑
𝑥 (𝑀 𝑥

𝐴
⊗ 𝑁 𝑥

𝐵
)𝜌𝐴𝐵 (𝑀 𝑥

𝐴
⊗ 𝑁 𝑥

𝐵
)†. In Chapter 5, we

will present an easier characterization based on the Choi isomorphism. The resource theory with separable
operations as free operations is often called the resource theory of separable entanglement (SEP) [54–56].

The second generalization is a consequence of the Peres-Horodecki criterion for separable states [57, 58]:
Every separable state has positive partial transpose. Therefore, one can generalize entanglement theory and
consider as free states all those states that have positive partial transpose (PPT). The completely resource-non-
generating operations, in this case, are all those operations that preserve PPT in a complete sense, i.e., even
when tensored with the identity [59–63]. The resource theory with these operations as free operations is
known as the resource theory of non-positive partial transpose entanglement (NPT).
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2.3 The Resource Theory of Quantum Thermodynamics

When classical thermodynamics was first developed, the goal was to optimize work production through cyclic
processes. Carnot’s theorem tells us that this is only possible if one has access to two baths at different
temperatures, one of which is typically the environment. The greater the temperature difference, the higher
the efficiency of the engine. In resource theoretic terms, a resource is a bath not at thermal equilibrium with
the environment. We will see in this Section that the intuition behind the resource theory of thermodynamics
or athermality is the same.

2.3.1 Free States in the Resource Theory of Quantum Thermodynamics

In defining a resource theory, we usually start with free operations. However, in this case, it is more
enlightening first to define which states are free and then construct free operations. We assume that the
existence of a large heath bath (or environment) at a fixed temperature 𝑇 , or equivalently at an inverse
temperature 𝛽 = (𝑘𝐵𝑇)−1, where 𝑘𝐵 is Boltzmann’s constant, the only free state of a system 𝑆 with
Hamiltonian 𝐻𝑆 is the state at thermal equilibrium with the bath:

𝛾𝑆 =
𝑒−𝛽𝐻

𝑆

Tr𝑆 [𝑒−𝛽𝐻𝑆 ]
. (2.10)

This state is the quantum canonical ensemble and is known as the Gibbs state. In the remainder of this
Subsection, we will present different motivations that lead to singling out the Gibbs state as the only free state.

Principle of Maximum Entropy

Suppose one is given a system 𝑆 with Hamiltonian 𝐻𝑆 , and the only information that is known is that the
energy of the system is 𝐸 . What is the best description of the state? Jaynes [101] suggests answering this
question with principles of information theory. In particular, one should apply the principle of maximum
entropy and choose among all the states with energy 𝐸 the one that maximizes the entropy. That is, we are
looking for a state 𝛾𝑆 , such that

• Tr𝑆 [𝛾𝑆𝐻𝑆] = 𝐸 ,

• −Tr𝑆 [𝛾𝑆 ln 𝛾𝑆] ≥ −Tr𝑆 [𝜌𝑆 ln 𝜌𝑆] for all 𝜌𝑆 ∈ 𝔔 (𝑆).

Using the Lagrange multiplier method, one finds that the only quantum states that satisfy these conditions
are:

𝑒−𝜆𝐻
𝑆

Tr𝑆 [𝑒−𝜆𝐻𝑆 ]
, (2.11)

where 𝜆 is the real parameter. We will discuss later the meaning of 𝜆.

Principle of Minimum Energy

With a symmetric argument, one may fix the entropy of a system and look for the state that minimizes the
energy. That is, we want to find a state 𝛾𝑆 such that
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• −Tr𝑆 [𝛾𝑆 ln 𝛾𝑆] = 𝑆,

• Tr𝑆 [𝛾𝑆𝐻𝑆] ≤ Tr𝑆 [𝜌𝑆𝐻𝑆] for all 𝜌𝑆 ∈ 𝔔 (𝑆).

Once again, one finds the family of states

𝑒−𝜆𝐻
𝑆

Tr𝑆 [𝑒−𝜆𝐻𝑆 ]
. (2.12)

Passivity, Structural Stability, and Consistency

Lenard [102] derives the formula for the Gibbs state from three assumptions: passivity, structural stability,
and consistency.

First, a state 𝜌𝑆 of a system 𝑆 with Hamiltonian 𝐻𝑆 is passive if no work can be extracted from it. This is
equivalent to requiring that Tr𝑆 [𝐻𝑆𝜌𝑆] ≤ Tr𝑆 [𝐻𝑆𝑈𝜌𝑆𝑈†] for any unitary operator𝑈. Indeed, if some work
can be extracted from 𝜌𝑆 it means that there exists a unitary process𝑈 (the evolution of a quantum system in
quantum mechanics is unitary) such that the energy of the system 𝑆 at the end of the process is less than the
energy at the beginning: Tr𝑆 [𝐻𝑆𝑈𝜌𝑆𝑈†] < Tr𝑆 [𝐻𝑆𝜌𝑆]. By requesting that the mean energy of 𝑆 at the end
of the process be always greater than or equal to the energy at the beginning, we guarantee that no work is
extracted from the system.

Second, a passive state 𝜌𝑆 is structurally stable if a small change in the Hamiltonian 𝐻𝑆 results in a small
change of the passive state. That is, for every neighbourhood 𝔘 of 𝜌𝑆 there exists a neighbourhood 𝔙 of 𝐻𝑆

such that for every 𝐻̃ ∈ 𝔙 there exists at least a state in 𝔘 that is passive for 𝐻̃.
Lastly, a consistent family 𝔉 of structurally stable passive states is a function that associate with every

system 𝑆 with Hamiltonian 𝐻𝑆 a passive state 𝜌𝑆 and such that if 𝜌𝑆 and 𝜎𝑅 are passive state with Hamiltonian
𝐻𝑆 and 𝐻𝑅, then 𝜌𝑆 ⊗ 𝜎𝑅 is the passive state associated with the system 𝑆𝑅 with Hamiltonian

𝐻𝑆𝑅 = 𝐻𝑆 ⊗ 1𝑅 + 1𝑆 ⊗ 𝐻𝑅 . (2.13)

A thermal equilibrium state 𝜌𝑆 for the system 𝑆 with Hamiltonian 𝐻𝑆 is a state for which a consistent
family of structurally stable passive states exists and such that 𝜌𝑆 is the state associated with the pair (𝑆, 𝐻𝑆).

Lenard [102] shows that thermal equilibrium states associated with a system 𝑆 with Hamiltonian 𝐻𝑆 can
only be of three kinds:

• multiple of the projector associated with the smallest eigenvalues of 𝐻𝑆 ,

• 𝑒−𝜆𝐻𝑆/Tr𝑆 [𝑒−𝜆𝐻
𝑆 ] for some 𝜆 ∈ R,

• 1
|𝑆 |1

𝑆 .

Note that the first and third cases are limit cases obtained from the second by taking the limits for 𝜆→∞ or
𝜆→ 0, respectively.
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The Meaning of 𝜆

The last detail is to understand the meaning of 𝜆. Here, we show that it is equal to the inverse temperature of
the system. If we consider 𝑒−𝜆𝐻𝑆/Tr𝑆 [𝑒−𝜆𝐻

𝑆 ] as a statistical ensemble, we can compute the temperature
associated with it as 1

𝑘𝐵𝑇𝑆
=

𝜕𝑆 (𝛾𝑆 )
𝜕𝐸

.
𝐸 is the average energy of the systems

𝐸 =
〈
𝐻𝑆

〉
𝛾𝑆 =

Tr𝑆 [𝐻𝑆𝛾𝑆]
Tr𝑆 [𝑒−𝜆𝐻𝑆 ]

=

∑
𝑖 𝐸𝑖𝑒

−𝜆𝐸𝑖∑
𝑗 𝑒
−𝜆𝐸 𝑗

, (2.14)

and 𝑆 is its entropy:
𝑆(𝛾𝑆) = −Tr𝑆 [𝛾𝑆 ln 𝛾𝑆]

=

∑
𝑖 𝑒
−𝜆𝐸𝑖 (𝜆𝐸𝑖)∑
𝑗 𝑒
−𝜆𝐸 𝑗

+ ln Tr𝑆 [𝑒−𝜆𝐻
𝑆 ]

= 𝜆𝐸 + ln Tr𝑆 [𝑒−𝜆𝐻
𝑆 ] .

(2.15)

Therefore,
𝜕𝑆(𝛾𝑆)
𝜕𝐸

= 𝜆 + 𝜕𝜆
𝜕𝐸

𝐸 + 𝜕 ln Tr𝑆 [𝑒−𝜆𝐻
𝑆 ]

𝜕𝜆

𝜕𝜆

𝜕𝐸

= 𝜆 + 𝜕𝜆
𝜕𝐸

𝐸 − Tr𝑆 [𝐻𝑆𝑒−𝜆𝐻
𝑆 ]

Tr𝑆 [𝑒−𝜆𝐻𝑆 ]
𝜕𝜆

𝜕𝐸

= 𝜆 + 𝜕𝜆
𝜕𝐸

𝐸 −
〈
𝐻𝑆

〉
𝛾𝑆

𝜕𝜆

𝜕𝐸

= 𝜆 + 𝜕𝜆
𝜕𝐸

𝐸 − 𝐸 𝜕𝜆
𝜕𝐸

= 𝜆.

(2.16)

This shows that 𝜆 = 1
𝑘𝐵𝑇𝑆

is the inverse temperature of the ensemble. For 𝛾𝑆 to be a free state, this inverse
temperature must be equal to 𝛽, the inverse temperature of the background environment. If not, the global
state associated with 𝑆 and the environment would no longer be passive.

Complete Passivity

All the arguments exposed above indicate that Gibbs states should be free in the resource theory of quantum
thermodynamics. However, one may wonder if we should include other free states. Once again, Lenard [102]
comes to our help. He argues that passivity is not enough. One should require complete passivity, i.e., a state is
completely passive if no work can be extracted from arbitrarily many copies of it. He showed that completely
passive states are either thermal states or ground states, defined as 𝜌𝑆 is ground if Tr𝑆 [𝐻𝑆𝜌0] ≤ Tr𝑆 [𝐻𝑆𝜌𝑆]
for all 𝜌𝑆 ∈ 𝔔 (𝑆).

If we added states that are not completely passive to the set of free states, our resource theory would be
trivial. Indeed, we could create as many of them as we want for free and extract an arbitrarily large amount of
work from them, which we could then reuse. Therefore, if we fix the background temperature 𝛽, for every
system 𝑆 with Hamiltonian 𝐻𝑆 there is only one free state, the Gibbs state

𝛾𝑆 =
𝑒−𝛽𝐻

𝑆

Tr[𝑒−𝛽𝐻𝑆 ]
. (2.17)
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The Minus First Law

Lastly, the Gibbs state is the state to which any quantum system evolves under weak coupling with a bath [103].
This mirrors the well-known fact in classical thermodynamics that if two or more systems, isolated from
the rest of the world, are allowed to exchange heat, they will eventually reach a state of equilibrium. The
fact that quantum systems move towards their equilibrium states has been called the minus first law of
thermodynamics [104, 105].

2.3.2 Free Operations

We identified the free states in the previous Subsection. Therefore, for each free state 𝛾𝐵, the preparation
channel 1 → 𝛾𝐵 is free. Since the parallel composition of free operations is free, for every state 𝜌𝑆 the
channel 𝜌𝑆 → 𝜌𝑆 ⊗ 𝛾𝐵 is free as well for every free state 𝛾𝐵.

Now, if we want to act on the composite system 𝑅 = 𝑆𝐵 relying only on the resourcefulness of 𝜌𝑆 ,
we cannot introduce new energy into the system. That is, we can only perform energy-preserving unitary
transformations, i.e., [𝑈, 𝐻𝑅] = 0, where 𝐻𝑅 = 1𝑆 ⊗ 𝐻𝐵 + 𝐻𝑆 ⊗ 1𝐵. While the request [𝑈, 𝐻𝑅] = 0 seems
very restrictive, one should notice that the choice of the system 𝐵 is arbitrary, and one can choose a system
𝐵 in a way that 𝐻𝑅 has many degenerate energy eigenvalues. In this way, 𝑈 can act non-trivially on the
eigenspaces associated with those eigenvalues. If one applies an energy-preserving unitary transformation to
𝜌𝑆 ⊗ 𝛾𝐵 one obtains 𝜌𝑆 → 𝑈 (𝜌𝑆 ⊗ 𝛾𝐵)𝑈†. Lastly, we are free to discard unnecessary systems. For every 𝑆′

and 𝐵′ such that 𝑅 = 𝑆′𝐵′ and 𝐻𝑅 = 1𝑆′ ⊗ 𝐻𝐵′ + 𝐻𝑆′ ⊗ 1𝐵′ (where 𝑆′ and 𝐵′ may or may not be equal to 𝑆
and 𝐵), the operation

M𝑆→𝑆′ = Tr𝐵′ [𝑈𝜌𝑆 ⊗ 𝛾𝐵𝑈†] (2.18)

is free. Such operations, called thermal operations, are the free operations in the resource theory of
thermodynamics. As one notices in Eq. (2.18), the final system 𝑆′ may be different from the initial system
and could have different energy. Only the unitary transformation is energy-preserving, the overall thermal
operation may not be. Indeed, one could start with a qubit 𝑆 in the excited state, tensor it with a qubit 𝐵 at
equilibrium with the environment, pick as𝑈 the identity operator, which is energy-preserving, and finally
trace over 𝑆. At the end of the process one is left with a qubit at equilibrium with the environment which has
less energy than a qubit in the excited state.

Observe that [𝑈, 𝐻𝑅] = 0 implies [𝑈, 𝛾𝑆 ⊗ 𝛾𝐵] = 0, therefore thermal operations are Gibbs-preserving
operations. This guarantees that the only states that can be prepared for free are the Gibbs states, as requested
in the previous Section.

To denote that a state 𝜌𝑆 can be converted to a state 𝜎𝑆′ with thermal operations (TO), we may be tempted
to write 𝜌𝑆 TO−−→ 𝜎𝑆′ , as done in entanglement theory. However, the free operations are not fixed as in the case
of LOCC, but they depend on the temperature of the heat bath and the Hamiltonian of the system. The Gibbs
state 𝛾𝑆 = 𝑒−𝛽𝐻

𝑆

Tr𝑆 [𝑒−𝛽𝐻𝑆 ]
encodes both of these pieces of information. The state 𝛾𝑆 is the only free state of the

system 𝑆, once 𝛽 and 𝐻𝑆 are fixed. Any state of 𝑆 that is not 𝛾𝑆 is a resource. Therefore, we will denote a
resource in the resource theory of athermality as (𝜌𝑆 , 𝛾𝑆), where 𝛾𝑆 is used as the reference free state of the
system 𝑆, and if the conversion with thermal operation is possible, we write (𝜌𝑆 , 𝛾𝑆) TO−−→ (𝜎𝑆′ , 𝛾𝑆

′).
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2. Quantum Resource Theories

Closed Thermal Operations

The set of thermal operations is not topologically closed with respect to any topology induced by a metric on
the set of channels (an example of such metrics is the metric induced by the diamond norm introduced below
in Eq. (2.20)). From an operational point of view, it makes sense to consider an operation as free if it belongs
to the closure of the set of thermal operations. Indeed, if one can approximate a channel arbitrarily well with
thermal operations, then there is no operational way to distinguish it from a thermal operation.

Definition 2.3.1: Closed thermal operations (CTO)

Let 𝑆, 𝑆′ be two systems with Gibbs states 𝛾𝑆 , 𝛾𝑆′ . ThenN𝑆→𝑆′ is a closed thermal operation if there
exists a sequence of thermal operations

{
N𝑆→𝑆′

𝑘

}
𝑘

such that

lim
𝑘→∞




N𝑆→𝑆′ − N𝑆→𝑆′

𝑘





⋄
= 0, (2.19)

where ∥·∥⋄ is the diamond norm [82, 106], defined as


M𝑆→𝑆′




⋄
= max

{ 


(M𝑆→𝑆′ ⊗ I𝑆) (𝑋)





1
| 𝑋 ∈ 𝔏(𝑆), ∥𝑋 ∥1 ≤ 1

}
, (2.20)

for aM𝑆→𝑆′ ∈ 𝔏(𝑆 → 𝑆′).

To ensure that the set of closed thermal operations can be used as the set of free operations in a resource
theory, we must verify that they are closed under sequential and parallel composition. The results presented
here about closed thermal operations are taken from our work about cooling and heating in the resource
theory of athermality (Ref. [2]).

Proposition 2.3.2: Parallel and sequential composition of CTOs

IfM𝐴→𝐵,N𝐵→𝐶 andP𝐶→𝐷 are closed thermal operations thenN𝐵→𝐶◦M𝐴→𝐵 andM𝐴→𝐵⊗N𝐶→𝐷

are closed thermal operations.

Proof. Let
{
M𝐴→𝐵

𝑘

}
𝑘
,
{
N𝐵→𝐶

𝑘

}
𝑘
,
{
P𝐶→𝐷
𝑘

}
𝑘

be sequences of thermal operations converging toM𝐴→𝐵,
N𝐵→𝐶 andP𝐶→𝐷 in the diamond norm. We show now that

{
N𝐵→𝐶

𝑘
◦M𝐴→𝐵

𝑘

}
𝑘

and
{
M𝐴→𝐵

𝑘
⊗ P𝐶→𝐷

𝑘

}
𝑘

converge to N𝐵→𝐶 ◦M𝐴→𝐵 andM𝐴→𝐵 ⊗ P𝐶→𝐷 .

lim
𝑘→∞



N𝐵→𝐶 ◦M𝐴→𝐵 − N𝐵→𝐶
𝑘 ◦M𝐴→𝐵

𝑘




⋄

≤ lim
𝑘→∞



N𝐵→𝐶 − N𝐵→𝐶
𝑘




⋄ + lim

𝑘→∞



M𝐴→𝐵 −M𝐴→𝐵
𝑘




⋄

= 0.

(2.21)
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For the properties of the diamond norm, see Ref. [82].

lim
𝑘→∞



M𝐴→𝐵
𝑘 ⊗ P𝐶→𝐷

𝑘 −M𝐴→𝐵 ⊗ P𝐶→𝐷



⋄

= lim
𝑘→∞



M𝐴→𝐵
𝑘 ⊗ P𝐶→𝐷

𝑘 −M𝐴→𝐵 ⊗ P𝐶→𝐷
𝑘 +M𝐴→𝐵 ⊗ P𝐶→𝐷

𝑘 −M𝐴→𝐵 ⊗ P𝐶→𝐷



⋄

≤ lim
𝑘→∞



(M𝐴→𝐵
𝑘 −M𝐴→𝐵) ⊗ P𝐶→𝐷

𝑘




⋄ + lim

𝑘→∞



M𝐴→𝐵 ⊗ (P𝐶→𝐷
𝑘 − P𝐶→𝐷)




⋄

= lim
𝑘→∞



(M𝐴→𝐵
𝑘 −M𝐴→𝐵)




⋄


P𝐶→𝐷

𝑘




⋄ + lim

𝑘→∞



M𝐴→𝐵



⋄


(P𝐶→𝐷

𝑘 − P𝐶→𝐷)



⋄

= lim
𝑘→∞



(M𝐴→𝐵
𝑘 −M𝐴→𝐵)




⋄ + lim

𝑘→∞



(P𝐶→𝐷
𝑘 − P𝐶→𝐷)




⋄

= 0.

(2.22)

Here, we have used the fact that the diamond norm of the tensor product of two linear maps is the product of
their diamond norms and the fact that the diamond norm of a channel is always 1.

Since thermal operations are closed under sequential and parallel composition,
{
N𝐵→𝐶

𝑘
◦M𝐴→𝐵

𝑘

}
𝑘

and{
M𝐴→𝐵

𝑘
⊗ P𝐶→𝐷

𝑘

}
𝑘

are sequences of thermal operations and thereforeN𝐵→𝐶◦M𝐴→𝐵 andM𝐴→𝐵⊗P𝐶→𝐷

are closed thermal operations. □

As requested, CTOs are approximated arbitrarily well by TOs. In the following, we will use the trace
distance, see Eq. (1.4), to evaluate distances between quantum states.

Proposition 2.3.3: CTO vs TO

The following two statements are equivalent.

1. The athermality state (𝜌𝐴, 𝛾𝐴) can be converted to (𝜎𝐴′ , 𝛾𝐴′) by CTO, i.e.,

(𝜌𝐴, 𝛾𝐴) CTO−−−→ (𝜎𝐴′ , 𝛾𝐴′). (2.23)

2. For every 𝜖 > 0, there exist athermality states ( 𝜌̃𝐴, 𝛾𝐴) and (𝜎̃𝐴′ , 𝛾𝐴′) 𝜖-close to (𝜌𝐴, 𝛾𝐴) and
(𝜎𝐴′ , 𝛾𝐴′), respectively, such that

( 𝜌̃𝐴, 𝛾𝐴) TO−−→ (𝜎̃𝐴′ , 𝛾𝐴′). (2.24)

Proof. We begin by showing that 2 follows from 1. Let (N 𝐴→𝐴′ , 𝛾𝐴) be a closed thermal operation that
converts (𝜌𝐴, 𝛾𝐴) to (𝜎𝐴′ , 𝛾𝐴′) and let {(N 𝐴→𝐴′

𝑛 , 𝛾𝐴)}𝑛∈N be a sequence of thermal operations that has
(N 𝐴→𝐴′ , 𝛾𝐴) as its limit.

Next, introduce
𝜎𝐴′
𝑛 := N 𝐴→𝐴′

𝑛

(
𝜌𝐴

)
. (2.25)

By definition, the thermal operation (N 𝐴→𝐴′
𝑛 , 𝛾𝐴) then converts (𝜌𝐴, 𝛾𝐴) to (𝜎𝐴′

𝑛 , 𝛾
𝐴′) and

𝜎𝐴′ = lim
𝑛→∞

𝜎𝐴′
𝑛 . (2.26)

This further implies that for every 𝜖 > 0, there exists an 𝑚 such that

1
2




𝜎𝐴′
𝑚 − 𝜎𝐴′





1
≤ 𝜖, (2.27)
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which finishes the first direction by choosing

( 𝜌̃𝐴, 𝛾𝐴) = (𝜌𝐴′ , 𝛾𝐴),

(𝜎̃𝐴′ , 𝛾𝐴′) = (𝜎𝐴′
𝑚 , 𝛾

𝐴′).

Now let {𝜖𝑘}𝑘∈N be a sequence of non-negative numbers such that

lim
𝑘→∞

𝜖𝑘 = 0. (2.28)

To show the reverse, assume that 2 holds. This implies that for every 𝑘 ∈ N, there exists a ( 𝜌̃𝐴
𝑘
, 𝛾𝐴) 𝜖𝑘-close

to (𝜌𝐴, 𝛾𝐴) and a thermal operation (N 𝐴→𝐴′
𝑘

, 𝛾𝐴) that converts ( 𝜌̃𝐴
𝑘
, 𝛾𝐴) to a state (𝜎̃𝐴′

𝑘
, 𝛾𝐴′) 𝜖𝑘-close to

(𝜎𝐴′ , 𝛾𝐴′). Since the set of quantum channels from 𝐴 to 𝐴′ is compact, there exists a converging sub-sequence
{N 𝐴→𝐴′

𝑘𝑙
}𝑙. We can thus define

N 𝐴→𝐴′ := lim
𝑙→∞
N 𝐴→𝐴′

𝑘𝑙
. (2.29)

By definition, (N 𝐴→𝐴′ , 𝛾𝐴) ∈ CTO(𝛾𝐴′ ← 𝛾𝐴). Moreover,

N 𝐴→𝐴′ (𝜌𝐴) = lim
𝑙→∞
N 𝐴→𝐴′

𝑘𝑙
( 𝜌̃𝐴𝑘𝑙 ) = lim

𝑙→∞
𝜎̃𝐴′
𝑘𝑙

= 𝜎𝐴′ , (2.30)

which finishes the proof. □

Gibbs-Preserving Operations

From a set of free states, it is possible to construct a resource theory in which the free operations are the
operations that preserve the free states in a complete sense (see Definition 2.1.6). In this case,M𝐴→𝐴′ is a
completely resource-non-generating operation if

(M𝐴→𝐴′ ⊗ I𝑅) (𝛾𝐴𝑅) = 𝛾𝐴′𝑅 (2.31)

is a free state. However, this condition can be simplified by noticing that 𝛾𝐴𝑅 = 𝛾𝐴⊗ 𝛾𝑅 and 𝛾𝐴′𝑅 = 𝛾𝐴′ ⊗ 𝛾𝑅.
Therefore,M𝐴→𝐴′ is completely resource-non-generating if and only if

M𝐴→𝐴′ (𝛾𝐴) = 𝛾𝐴′ . (2.32)

Such operations are referred to as Gibbs-preserving operations (GPOs). It is straightforward to prove that
TO ⊆ CTO ⊆ GPO.

2.3.3 Quasi-Classical States and Relative Majorization

While the conversion problem in the resource theory of athermality is so far unsolved in full generality, it has
a solution for quasi-classical states, i.e., states that do not show coherence between eigenspaces associated
with different eigenvalues of the Hamiltonian. These states are all and only the states 𝜌𝑆 ∈ 𝔔 (𝑆) such that
[𝜌𝑆 , 𝐻𝑆] = 0. As a consequence [𝜌𝑆 , 𝛾𝑆] = 0 as well. This implies that there exists an orthonormal basis
{ |𝑖⟩ } |𝑆 |

𝑖=1 in which both 𝜌𝑆 and 𝛾𝑆 are diagonal. That is,

𝜌𝑆 =
∑︁
𝑖

𝑝𝑆𝑖 |𝑖⟩⟨𝑖 |𝑆 , 𝛾𝑆 =
∑︁
𝑖

𝑔𝑆𝑖 |𝑖⟩⟨𝑖 |𝑆 , (2.33)
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where 𝑝𝑆
𝑖
, 𝑔𝑆

𝑖
≥ 0 and

∑ |𝑆 |
𝑖=1 𝑝𝑖 =

∑ |𝑆 |
𝑖=1 𝑔𝑖 = 1. Therefore,

{
𝑝𝑆
𝑖

} |𝑆 |
𝑖=1 and

{
𝑔𝑆
𝑖

} |𝑆 |
𝑖=1 are the entries of probability

vectors p𝑆 , g𝑆 ∈ Prob(|𝑆 |).
Once the basis is fixed, 𝜌𝑆 and 𝛾𝑆 are completely characterized by p𝑆 and g𝑆 . As mentioned, the

conversion problem for quasi-classical states has been fully solved.

Theorem 2.3.4: Conversion problem for quasi-classical states [107]

Let (𝜌𝑆 , 𝛾𝑆) and (𝜎𝑅, 𝛾𝑅) be quasi classical states. The following are equivalent

1. (𝜌𝑆 , 𝛾𝑆) CTO−−−→ (𝜎𝑅, 𝛾𝑅),

2. (𝜌𝑆 , 𝛾𝑆) GPO−−−→ (𝜎𝑅, 𝛾𝑅),

3. There exists a column stochastic matrix 𝑆 such that p𝑅 = 𝑆p𝑆 and g𝑅 = 𝑆𝑔𝑆 ,

where (p𝑆 , g𝑆) and (p𝑅, g𝑅) are the pairs of probability vectors associated with (𝜌𝑆 , 𝛾𝑆) and (𝜎𝑅, 𝛾𝑅).

The last condition is known as relative majorization[108–115].

Definition 2.3.5: Relative majorization

Let p1, q1 ∈ Prob(𝑛) and let p2, q2 ∈ Prob(𝑚). then (p1, q1) relative majorizes (p2, q2), denoted as
(p1, q1) ≻ (p2, q2), if there exists a column stochastic matrix 𝑆 such that p2 = 𝑆p1 and q2 = 𝑆q1.

Finding a stochastic matrix that satisfies the conditions in Definition 2.3.5 or proving that such a matrix
does not exist is equivalent to solving a system of linear equations, which becomes quite difficult when 𝑚 and
𝑛 are large. However, there is an easier way based on Lorenz curves [116–119]. The construction of a Lorenz
curve associated with a pair of probability vectors p, q ∈ Prob(𝑛) is the following:

1. Find a permutation 𝜋( 𝑗) such that
{
𝑝𝜋 (𝑘 )/𝑞𝜋 𝑗

}
𝑗

are in non-increasing order.

2. For all 𝑘 ∈ [𝑛], define the points (𝑥 (p,q)
𝑘

, 𝑦
(p,q)
𝑘
) in the (𝑥, 𝑦)-plane as

(𝑥 (p,q)
𝑘

, 𝑦
(p,q)
𝑘
) =

(
𝑘∑︁

𝑥=1
𝑝𝜋 ( 𝑗 ) ,

𝑘∑︁
𝑥=1

𝑞𝜋 ( 𝑗 )

)
(2.34)

3. The lower Lorenz curve associate with (p, q) is the curve that connects (0, 0) and the ordered points{
𝑥
(p,q)
𝑘

, 𝑦
(p,q)
𝑘

}
𝑘

with straight lines. This curve can be expressed both as a function of 𝑥 or as a
function of 𝑦. In Chapter 4, we will extensively use Lorenz curves as functions of 𝑦, and we denote
them as 𝛼 (p,q) (𝑦).

As an example, consider the pair of probability vectors p = (1/4, 1/3, 5/12) and q = (1/5, 2/3, 2/15).
If we take the ratio of each component, we obtain (5/4, 1/2, 25/8), which are ordered as 25/8 > 5/4 > 1/2.
The permutation that orders the entries in non-increasing order consists of a circular right shift of the triples.
Applying this permutation to p and q we obtain (5/12, 1/4, 1/3) and (2/15, 1/5, 2/3). Computing the partial
sums as in point 2), we get the points { (5/12, 2/15), (2/3, 1/3), (1, 1) }. Note that the last point is always
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(1, 1) because we are dealing with probability vectors. These are the ‘elbows’ of the Lorenz curve associated
with (p, q), as depicted in Figure 2.1.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

𝑥

𝑦

Figure 2.1: Lorenz curve associated with p = (1/4, 1/3, 5/12) and q = (1/5, 2/3, 2/15)

With Lorenz curves, we can state an equivalent condition for relative majorization.

Theorem 2.3.6: Relative majorization and Lorenz curves [83, 116, 118, 120, 121]

Let p1, q1 ∈ Prob(𝑛) and let p2, q2 ∈ Prob(𝑚). The following are equivalent:

1. (p1, q1) ≻ (p2, q2),

2. 𝛼 (p1,q1 ) (𝑦) ≥ 𝛼 (p2,q2 ) (𝑦) for all 𝑦 ∈ [0, 1].

However, since 𝛼 (p,q) (𝑦) is always a concave function, it is enough to check that all the elbows of (p3, q3)
are on the left of the Lorenz curve associated with (p1, q1) [119] (see Figure 2.2).
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0 1
0

1
(p1, q1)
(p2, q2)

(a) (p1, q1) ≻ (p2, q2)

0 1
0

1
(p1, q1)
(p3, q3)

(b) (p1, q1) ⊁ (p3, q3)

Figure 2.2: Relative majorization versus Lorenz curves. In the first plot, one observes that (p1, q1) ≻ (p2, q2)
because the Lorenz curve associated with (p1, q1) is on the right of the Lorenz curve associated with (p2, q2).
In the second plot, instead, one notices that (p1, q1) ⊁ (p3, q3) because one of the elbows of the Lorenz curve
associated with (p3, q3) is on the right of the Lorenz curve associated with (p1, q1).
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Chapter 3

Approximate LOCC Conversion and
Entanglement Embezzlement

Quantum entanglement [23, 26, 27, 122–124] describes correlations between different particles with no
classical counterpart and has both deep foundational implications [6] and numerous applications in quantum
information science [12, 13, 16, 17, 125–131]. As described in Section 2.2, if two or more parties are
far apart, in practice, they are restricted to local operations and classical communication (LOCC), and
entanglement is a resource and thus studied within the framework of quantum resource theories (QRTs)
[84, 85]. Consuming entangled states or, more generally, resourceful states can lead to operational advantages,
e.g., in communication scenarios [12, 13, 16, 17, 125–128]. Importantly, suppose a state can be converted
with a free operation into another one. In that case, the former is at least as valuable as the latter in any
application that only allows for free operations. Answering the question of which states can be converted into
each other is thus a central question in any QRT. In entanglement theory, Nielsen’s Theorem [26] provides a
characterization of the deterministic conversion between pure states that was later extended to probabilistic
conversions [100]. The first result that we will present in this Chapter is a generalization of these results that
characterizes the conversion of a pure state into a mixed state.

The results on state conversions mentioned so far require that an initial state is exactly converted into a
target state. However, as shown in Section 2.1, approximate conversion is often enough, considering that
every physical apparatus comes with finite accuracy. Conversion distances measure the error in approximate
conversions, i.e., given two states, they are defined as the smallest distance between the second state and the
output of any free operation on the first one. We introduce a new conversion distance under LOCC defined on
pure states. Using our result on exact conversions, we prove that it is topologically equivalent to the other
conversion distances and derive a closed formula for it.

This, in turn, will allow us to characterize entanglement embezzlement [52, 53]: Whilst it is impossible
to create entanglement with LOCC [84, 122, 124, 132], it is possible to embezzle it in the sense that one
converts a given entangled state approximately to itself and a copy of another entangled target state. A
family of pure states such that one can do this for any target state with arbitrary accuracy is called a universal
embezzling family. Embezzlement is thus a generalization of quantum catalysis, a phenomenon discovered
in the early years of the resource theory of entanglement [133]: While in catalysis, the catalyst must be
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preserved exactly, embezzlement allows for it to be changed by an arbitrarily small amount. Very recently, we
have witnessed a renewed interest in the catalysis of various quantum resources [134–150], with applications
far beyond state conversion. In Ref. [144], for example, it was shown that a catalytic quantum teleportation
protocol outperforms the standard teleportation protocol [16, 129, 130] in terms of teleportation fidelity. For
further details and examples, see the recent review articles, Refs. [151, 152].

Universal embezzling families are valuable resources in various applications. They are, for example,
necessary resources for the efficient simulation of noisy quantum channels with noiseless channels [128, 131],
a result known in quantum information theory as ‘Quantum Reverse Shannon Theorem’. They are also an
important component in the elementary proofs of Grothendiek theorems [153, 154], which are of fundamental
importance in the theories of Banach spaces and 𝐶∗- algebras (see, e.g., Ref. [155]). Furthermore, embezzling
families are necessary to win various quantum guessing games with certainty [156–159]. Lastly, due to their
close relation to catalysis, we expect that they will prove useful in applications such as teleportation, where
catalysis provides advantages.

The first universal embezzling family was introduced in Ref. [52], and we refer to it as the van Dam and
Hayden embezzling family. More recently, additional families have been proposed in Ref. [53]. In these
works, embezzlement is considered using only local operations. In this Chapter, we extend the framework and
additionally allow for classical communication, provide a complete characterization of universal embezzling
families under LOCC, and discuss in what sense the van Dam and Hayden family is unique.

3.1 Approximate LOCC Conversion

As mentioned in Section 2.1.3 and at the beginning of this Chapter, when exact conversion is not possible,
conversion distances are used to characterize how well Alice and Bob can approximate 𝜎 ∈ 𝔔 (𝐴′𝐵′) with
𝜌 ∈ 𝔔 (𝐴𝐵) and LOCC. As a note, from now on, we will drop the superscripts with the labels of the quantum
system whenever they are obvious from the context. Moreover, as detailed in Section 2.2, we will assume all
the systems to have the same dimension. In LOCC, the conversion distance associated with the trace distance
is

𝑇 (𝜌 → 𝜎) = inf
N∈LOCC(𝐴𝐵→𝐴′𝐵′ )

1
2
∥N (𝜌) − 𝜎∥1 . (3.1)

Note that this conversion distance has an operational interpretation in terms of a result in state discrimination
known as Holevo-Helstrom Theorem [160, 161] (see Ref. [82, Theorem 3.4] for a review). Indeed, if a single
copy of either 𝜎 ∈ 𝔔 (𝐴𝐵) or N(𝜌) ∈ 𝔔 (𝐴𝐵), with N ∈ LOCC, is given with equal probability, then the
maximum probability 𝑝max of correctly identifying the given state is bounded by

𝑝max ≥
1
2
(1 + 𝑇 (𝜌 → 𝜎)). (3.2)

Moreover, for every fixed 𝜌 and 𝜎, there always exists an N ∈ LOCC such that 𝑝max is arbitrarily close to
this lower bound. In this sense, 𝑇 (𝜌 → 𝜎) describes how well we can approximate 𝜎 given access to 𝜌 and
LOCC.

Similarly, the conversion distance associated with the purified distance is

𝑃(𝜌 → 𝜎) = inf
N∈LOCC(𝐴𝐵→𝐴′𝐵′ )

√︁
1 − 𝐹2(N (𝜌), 𝜎), (3.3)
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where 𝐹 (N (𝜌), 𝜎) =



√︁N(𝜌)√𝜎




1
is the fidelity.

In this Chapter, we restrict our analysis to pure initial and target states. Inspired by the fact that Schmidt
coefficients play a crucial role in pure state LOCC, we define the following quantities.

Definition 3.1.1: Star conversion distances

Let 𝜓 and 𝜑 ∈ PURE(𝐴𝐵), and let p and q ∈ Prob↓ ( |𝐴|) be their Schmidt coefficients. The trace star
conversion distance is defined as

𝑇★(𝜓 → 𝜑) = min
r≻p

𝑇 (r, q), (3.4)

and the purified star conversion distance as

𝑃★(𝜓 → 𝜑) = min
r≻p

𝑃(r, q), (3.5)

where 𝑇 (r, q) and 𝑃(r, q) are the trace and purified distances defined in Section 1.1.

In the following two Subsections, we will present the properties of 𝑃★ and 𝑇★. Before doing that, we
observe that even when dealing with pure initial and target states, we cannot use Nielsen’s Theorem. Indeed,
close to 𝜑𝐴𝐵, there are mixed states as well, while Nielsen’s theorem only applies to pure-to-pure exact state
conversions. Our first step is to generalize Nielsen’s theorem to pure-to-mixed state conversions.

Proposition 3.1.2: Pure to mixed state conversion

For 𝜓 ∈ PURE(𝐴𝐵) and 𝜎 ∈ 𝔔 (𝐴𝐵), 𝜓 LOCC−−−−→ 𝜎 if and only if there exists a pure state decomposition
{ 𝑝𝑧 , 𝜒𝑧 } of 𝜎, that is, 𝜎 =

∑
𝑧 𝑝𝑧𝜒𝑧 , such that

min
𝑘∈[ |𝐴| ]

{
𝐸𝑘 (𝜓) −

∑︁
𝑧

𝑝𝑧𝐸𝑘 (𝜒𝑧)
}
≥ 0, (3.6)

where 𝐸𝑘 (·) = 1 − ∥·∥𝑘 .

Proof. The sufficient condition follows from Refs. [100, 162]. Indeed, the authors show that

min
𝑘∈[ |𝐴| ]

{
𝐸𝑘 (𝜓) −

∑︁
𝑧

𝑝𝑧𝐸𝑘 (𝜒𝑧)
}
≥ 0 (3.7)

if and only if the probabilistic conversion 𝜓 LOCC−−−−→
{
𝑝𝑧 , 𝜒

𝐴𝐵
𝑧

}
=

∑
𝑧 𝑝𝑧 |𝑧⟩⟨𝑧 |𝑋 ⊗ 𝜒𝐴𝐵

𝑧 is achievable. By
discarding the classical system 𝑋 , which is a free LOCC operation, one obtains the state

∑
𝑧 𝑝𝑧𝜒𝑧 = 𝜎. This

proves 𝜓 LOCC−−−−→ 𝜎.
For the converse, if 𝜓 LOCC−−−−→ 𝜎, then there exist a generalized measurement

{
𝑀𝐴

𝑧

}
and a family of

unitary matrices
{
𝑈𝐵

𝑧

}
such that [25, 163]

𝜎𝐴𝐵 =
∑︁
𝑧

(𝑀𝐴
𝑧 ⊗ 𝑈𝐵

𝑧 )𝜓𝐴𝐵 (𝑀𝐴
𝑧 ⊗ 𝑈𝐵

𝑧 )†. (3.8)
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If Alice performs the generalized measurement 𝑀𝐴
𝑧 , records the outcome of the measurement in a classical

system 𝑋 , and sends the outcome to Bob, who performs the unitary𝑈𝐵
𝑧 associated with the outcome of the

measurement, they obtain the state∑︁
𝑧

𝑝𝑧 |𝑧⟩⟨𝑧 |𝑋 ⊗ (𝑀𝐴
𝑧 ⊗ 𝑈𝐵

𝑧 )𝜓𝐴𝐵 (𝑀𝐴
𝑧 ⊗ 𝑈𝐵

𝑧 )† =
∑︁
𝑧

𝑝𝑧 |𝑧⟩⟨𝑧 |𝑋 ⊗ 𝜒𝐴𝐵
𝑧

=
{
𝑝𝑧 , 𝜒

𝐴𝐵
𝑧

}
,

(3.9)

where |𝜒𝑧⟩𝐴𝐵 =
(𝑀𝐴

𝑧 ⊗𝑈𝐵
𝑧 ) |𝜓⟩𝐴𝐵

∥ (𝑀𝐴
𝑧 ⊗𝑈𝐵

𝑧 ) |𝜓⟩𝐴𝐵∥ . Therefore, 𝜓𝐴𝐵 LOCC−−−−→
{
𝑝𝑧 , 𝜒

𝐴𝐵
𝑧

}
, and this is equivalent to

min
𝑘∈[ |𝐴| ]

{
𝐸𝑘 (𝜓) −

∑︁
𝑧

𝑝𝑧𝐸𝑘 (𝜒𝑧)
}
≥ 0, (3.10)

as shown in Refs. [100, 162]. □

3.1.1 Properties of the Purified Star Conversion Distance

The main result of this Subsection is that two conversion distances based on the purified distance coincide on
pure states, i.e., 𝑃(𝜓 → 𝜑) = 𝑃★(𝜓 → 𝜑). To this end, we need the following Lemma.

Lemma 3.1.3: Concavity of 𝑓 (v) =
(∑𝑑

𝑥=1
√
𝑞𝑥𝑣𝑥

)2

Let q ∈ Prob(𝑑). The function 𝑓 : Prob(𝑑) → [0, 1] defined as 𝑓 (v) =
(∑𝑑

𝑥=1
√
𝑞𝑥𝑣𝑥

)2
is concave.

Proof. A twice differentiable function is concave if and only if its Hessian matrix is negative semi-definite
(see Ref. [164] for properties of concave functions). The functions 𝑓𝑥,𝑦 (𝑣𝑥 , 𝑣𝑦) := √𝑞𝑥𝑣𝑥

√
𝑞𝑦𝑣𝑦 are twice

differentiable in 𝑣𝑥 , 𝑣𝑦 for 𝑣𝑥 , 𝑣𝑦 ∈ (0, 1] and their Hessian matrices are given by

𝐻
(
𝑣𝑥 , 𝑣𝑦

)
=

1
4


−
√︃

𝑞𝑥𝑞𝑦𝑣𝑦

𝑣3
𝑥

√︃
𝑞𝑥𝑞𝑦

𝑣𝑥𝑣𝑦√︃
𝑞𝑥𝑞𝑦

𝑣𝑥𝑣𝑦
−
√︃

𝑞𝑥𝑞𝑦𝑣𝑥

𝑣3
𝑦

 . (3.11)

For all 𝑣𝑥 , 𝑣𝑦 ∈ (0, 1], the determinant of these Hessian matrices is zero. Therefore, the eigenvalues
of 𝐻 (𝑣𝑥 , 𝑣𝑦) are 0 and Tr𝐻 (𝑣𝑥 , 𝑣𝑦) ≤ 0. This implies that the functions 𝑓𝑥,𝑦 (𝑣𝑥 , 𝑣𝑦) are concave for
𝑣𝑥 , 𝑣𝑦 ∈ (0, 1]. Since 0 = 𝑓𝑥,𝑦 (0, 𝑣𝑦) = 𝑓𝑥,𝑦 (𝑣𝑥 , 0) = 𝑓𝑥,𝑦 (0, 0), we obtain that 𝑓𝑥,𝑦 (𝑣𝑥 , 𝑣𝑦) is in fact
concave for 𝑣𝑥 , 𝑣𝑦 ∈ [0, 1]. As a consequence 𝑓 is concave:

𝑓 (v) =
∑︁
𝑥

𝑣𝑥𝑞𝑥 +
∑︁
𝑦

∑︁
𝑥≠𝑦

√
𝑞𝑥𝑣𝑥
√
𝑞𝑦𝑣𝑦 (3.12)

and the sum of concave functions is a concave function. □

We are now ready to prove the promised theorem.

Theorem 3.1.4: Equality of 𝑃 and 𝑃★

Let 𝜓, 𝜑 ∈ PURE(𝐴𝐵), then 𝑃 (𝜓 → 𝜑) = 𝑃★ (𝜓 → 𝜑).
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Proof. We assume w.l.o.g. that all pure states are in standard form, that is, |𝜓⟩ = ∑
𝑥

√
𝑝𝑥 |𝑥𝑥⟩𝐴𝐵, where

p ∈ Prob↓ (𝑑) and { |𝑥⟩𝐴 } and { |𝑥⟩𝐵 } are fixed bases for 𝐴 and 𝐵, respectively. Let p, q ∈ Prob↓ (𝑑)
be the Schmidt coefficients or 𝜓 and 𝜑, respectively. With r ∈ Prob↓ (𝑑), as a consequence of Nielsen’s
Theorem [26], r ≻ p if and only if there exists an N ∈ LOCC such that N(𝜓) ∈ PURE(𝐴𝐵) has Schmidt
coefficients r. We notice that

𝑃(N (𝜓), 𝜑) =
√︁

1 − 𝐹2(N (𝜓), 𝜑) =
√︃

1 − |⟨N (𝜓) | 𝜑⟩|2

=

√√√
1 −

(∑︁
𝑥

√
𝑟𝑥𝑞𝑥

)2

=
√︁

1 − 𝐹2(r, q)

= 𝑃(r, q).

(3.13)

This implies that
𝑃★ (𝜓 → 𝜑) = min

r≻p
𝑃 (r, q)

= min
N∈LOCC

N(𝜓) ∈PURE(𝐴𝐵)

𝑃 (N (𝜓) , 𝜑)

≥ inf
N∈LOCC

𝑃 (N (𝜓) , 𝜑)

= 𝑃 (𝜓 → 𝜑) .

(3.14)

The non-trivial part is to show that the opposite inequality also holds. To this end, we want to show
that for every mixed state 𝜎 such that 𝜓 LOCC−−−−→ 𝜎, there exists a pure state 𝜒 such that 𝜓 LOCC−−−−→ 𝜒 and
𝑃(𝜎, 𝜑) ≥ 𝑃(𝜒, 𝜑). It is then sufficient to consider only pure output states for the computation of the purified
conversion distance, which implies the reverse inequality.

Let 𝜎 =M(𝜓) ∈ 𝔔 (𝐴𝐵), whereM ∈ LOCC. Also, let { 𝑡𝑧 , 𝜒𝑧 } be a pure state decomposition of 𝜎
that satisfies Eq. (3.6) (where the 𝜒𝑧 are not necessarily in standard form), and s(𝑧) be the Schmidt coefficient
of 𝜒𝑧 for every 𝑧. Furthermore, for every 𝜒𝑧 , let 𝜒̃𝑧 be the pure state in standard form that is equal to 𝜒𝑧 up
to local unitary transformations, let 𝜎̃ =

∑
𝑧 𝑡𝑧 𝜒̃𝑧 , and define 𝜒 ∈ PURE(𝐴𝐵) as the pure bipartite state (in

standard form) with Schmidt coefficients s =
∑

𝑧 𝑡𝑧s(𝑧) . We notice that for all 𝑘 ∈ [𝑑]

𝐸𝑘 (𝜒) = 1 −
𝑘∑︁

𝑥=1
𝑠𝑥 = 1 −

𝑘∑︁
𝑥=1

∑︁
𝑧

𝑡𝑧𝑠
(𝑧)
𝑥

= 1 −
∑︁
𝑧

𝑡𝑧 (1 − 𝐸𝑘 (𝜒𝑧)) =
∑︁
𝑧

𝑡𝑧𝐸𝑘 (𝜒𝑧)

≤ 𝐸𝑘 (𝜓),

(3.15)

where the last inequality follows from the fact that { 𝑡𝑧 , 𝜒𝑧 } satisfies Eq. (3.6). This implies that s ≻ p.
The next step is to show that 𝑃(𝜎, 𝜑) ≥ 𝑃(s, q). First, we note that due to the von Neumann trace

inequality [165, 166],

𝐹2 (𝜎̃, 𝜑) =
∑︁
𝑧

𝑡𝑧

(∑︁
𝑥

√︃
𝑞𝑥𝑠

(𝑧)
𝑥

)2

≥ 𝐹2 (𝜎, 𝜑) , (3.16)

and

𝐹2(𝜒, 𝜑) = 𝐹2 (s, q) = ©­«
∑︁
𝑥

√︄
𝑞𝑥

∑︁
𝑧

𝑡𝑧𝑠
(𝑧)
𝑥

ª®¬
2

. (3.17)
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Second, we introduce the concave function 𝑓 (v) =
(∑

𝑥

√
𝑞𝑥𝑣𝑥

)2, for v ∈ Prob(𝑑) (see Lemma 3.1.3), and
rewrite Eq. (3.16) and Eq. (3.17) as

𝐹2 (𝜎, 𝜑) ≤ 𝐹2 (𝜎̃, 𝜑) =
∑︁
𝑧

𝑡𝑧 𝑓

(
s(𝑧)

)
, 𝐹2 (s, q) = 𝑓

(∑︁
𝑧

𝑡𝑧s(𝑧)
)
. (3.18)

Finally, the concavity of 𝑓 and the multidimensional Jensen inequality [167] imply

𝐹2 (𝜎, 𝜑) ≤ 𝐹2 (𝜎̃, 𝜑) =
∑︁
𝑧

𝑡𝑧 𝑓

(
s(𝑧)

)
≤ 𝑓

(∑︁
𝑧

𝑡𝑧s(𝑧)
)
= 𝐹2 (s, q) , (3.19)

which is equivalent to 𝑃(𝜎, 𝜑) ≥ 𝑃(s, q). So far, we have shown that for every 𝜎 =M(𝜓), withM ∈ LOCC,
there exists an s(M(𝜓) ) ∈ Prob↓ (𝑑) such that s(M(𝜓) ) ≻ p and 𝑃(𝜎, 𝜑) ≥ 𝑃(s(M(𝜓) ) , q), thus

𝑃(𝜓 → 𝜑) = inf
M∈LOCC

𝑃 (M (𝜓) , 𝜑)

≥ inf
M∈LOCC

𝑃

(
s(M(𝜓) ) , q

)
≥ min

r≻p
𝑃 (r, q)

= 𝑃★ (𝜓 → 𝜑) .

(3.20)

Eq. (3.14) and Eq. (3.20) imply that 𝑃(𝜓 → 𝜑) = 𝑃★ (𝜓 → 𝜑), and this concludes the proof. □

3.1.2 Properties of the Trace Star Conversion Distance

In this Subsection, we present properties of the star conversion distance based on the trace distance. We
begin by proving that the trace star conversion distance is topologically equivalent to the standard conversion
distance defined via the trace distance.

Lemma 3.1.5: Topological equivalence of the conversion distances 𝑇 and 𝑇★

Let 𝜓, 𝜑 ∈ PURE(𝐴𝐵). Then

1
2
[𝑇★(𝜓 → 𝜑)]2 ≤ 𝑇 (𝜓 → 𝜑) ≤

√︁
2𝑇★(𝜓 → 𝜑). (3.21)

Proof. First, we observe that the trace distance and the purified distance are equivalent [95], i.e., for all
𝜌, 𝜎 ∈ 𝔔 (𝐴𝐵):

𝑇 (𝜌, 𝜎) ≤ 𝑃(𝜌, 𝜎) ≤
√︁

2𝑇 (𝜌, 𝜎). (3.22)
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Then, thanks to Theorem 3.1.4, we obtain

𝑇 (𝜓 → 𝜑) = inf
N∈LOCC

𝑇 (N (𝜓), 𝜑)

≤ inf
N∈LOCC

𝑃(N (𝜓), 𝜑)

= 𝑃(𝜓 → 𝜑) = 𝑃★(𝜓 → 𝜑)

= min
r≻p

𝑃(r, q)

≤ min
r≻p

√︁
2𝑇 (r, q)

=
√︁

2𝑇★(𝜓 → 𝜑),

(3.23)

Analogously,
𝑇★(𝜓 → 𝜑) = min

r≻p
𝑇 (r, q)

≤ min
r≻p

𝑃(r, q)

= 𝑃★(𝜓 → 𝜑)

= 𝑃(𝜓 → 𝜑)

= inf
N∈LOCC

𝑃(N (𝜓), 𝜑)

≤ inf
N∈LOCC

√︁
2𝑇 (N (𝜓), 𝜑)

=
√︁

2𝑇 (𝜓 → 𝜑).

(3.24)

□

This proves that 𝑇★ (𝜓 → 𝜑) is topologically equivalent to 𝑇 (𝜓 → 𝜑).
The next theorem is the key result of this part about conversion distances. It provides a closed-form

expression for the trace star conversion distance, and it shows that any non-separable state is more valuable
than any separable state for approximating a non-separable state.

Theorem 3.1.6: Closed-form expression for 𝑇★

Let 𝜓, 𝜑 ∈ PURE(𝐴𝐵) and let p, q ∈ Prob↓ ( |𝐴|) be their corresponding Schmidt coefficients. Then,

𝑇★(𝜓 → 𝜑) = max
𝑘∈[SR(𝜓) ]

{
∥p∥ (𝑘 ) − ∥q∥ (𝑘 )

}
. (3.25)

If 𝜉 ∈ PURE(𝐴𝐵) is separable and 𝜓, 𝜑 are not, then

𝑇★(𝜓 → 𝜑) < 𝑇★(𝜉 → 𝜑). (3.26)

Proof. Let 𝜀 ∈ [0, 1] and 𝔅𝜀
q =

{
q′ : 1

2 ∥q − q′∥1 ≤ 𝜀
}
. As shown in Ref. [111], there exist probability

vectors q̄(𝜀) ∈ 𝔅𝜀
q called steepest 𝜀-approximations of q such that q̄(𝜀) ≻ q′ for all q′ ∈ 𝔅𝜀

q . Moreover, these
steepest 𝜀-approximations can be constructed explicitly: If 1

2 ∥q − e1∥1 ≤ 𝜀, then q̄(𝜀) = e1, otherwise let
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𝑘 𝜀 ∈ [𝑑] be the index satisfying

𝑘𝜀∑︁
𝑥=1

𝑞𝑥 ≤ 1 − 𝜀 and
𝑘𝜀+1∑︁
𝑥=1

𝑞𝑥 > 1 − 𝜀. (3.27)

The components of q̄(𝜀) are then given by

𝑞
(𝜀)
𝑥 =



𝑞1 + 𝜀 if 𝑥 = 1,

𝑞𝑥 if 𝑥 ∈ { 2, . . . , 𝑘 𝜀 } ,

1 − 𝜀 −∑𝑘𝜀
𝑥=1 𝑞𝑥 if 𝑥 = 𝑘 𝜀 + 1,

0 otherwise.

(3.28)

We now show that
min
r≻p

{
1
2
∥q − r∥1

}
= min

{
𝜀 ∈ [0, 1] : q̄(𝜀) ≻ p

}
. (3.29)

First, we notice that if r★ is an optimizer of minr≻p
{ 1

2 ∥q − r∥1
}

and 𝜀 = 1
2 ∥q − r★∥1, then r★ ∈ 𝔅 𝜀̃

q and
therefore q̄( 𝜀̃) ≻ r★. By transitivity, we also have q̄( 𝜀̃) ≻ p, which implies that

min
{
𝜀 ∈ [0, 1] : q̄(𝜀) ≻ p

}
≤ 𝜀 = min

r≻p

{
1
2
∥q − r∥1

}
. (3.30)

For the reverse inequality, let 𝜀★ be the optimizer of min
{
𝜀 ∈ [0, 1] : q̄(𝜀) ≻ p

}
. By definition, q̄(𝜀★) ≻ p

and 1
2


q − q̄(𝜀★)




1 ≤ 𝜀★, thus

min
r≻p

{
1
2
∥q − r∥1

}
≤ 𝜀★ = min

{
𝜀 ∈ [0, 1] : q̄(𝜀) ≻ p

}
. (3.31)

This shows that
𝑇★(𝜓 → 𝜑) = min

r∈Prob↓ (𝑑)

{
1
2
∥q − r∥1 : r ≻ p

}
= min

{
𝜀 ∈ [0, 1] : q̄(𝜀) ≻ p

}
.

(3.32)

We observe that


q̄(𝜀)

(𝑘 ) = min

{
1, ∥q∥ (𝑘 ) + 𝜀

}
, thus the condition q̄𝜀 ≻ p is equivalent to

∥p∥ (𝑘 ) ≤ min
{

1, ∥q∥ (𝑘 ) + 𝜀
}
, ∀𝑘 ∈ [𝑑] . (3.33)

This expression is further simplified by noticing that p is a probability vector, and therefore ∥p∥ (𝑘 ) ≤ 1 for all
𝑘 ∈ [𝑑]. Consequently,

q̄𝜀 ≻ p ⇔ ∥p∥ (𝑘 ) ≤ ∥q∥ (𝑘 ) + 𝜀, ∀𝑘 ∈ [𝑑]

⇔ max
𝑘∈[𝑑 ]

{
∥p∥ (𝑘 ) − ∥q∥ (𝑘 )

}
≤ 𝜀. (3.34)

In combination with the minimization in Eq. (3.32) follows that

𝑇★(𝜓 → 𝜑) = max
𝑘∈[𝑑 ]

{
∥p∥ (𝑘 ) − ∥q∥ (𝑘 )

}
. (3.35)

To conclude the proof of the first part of the theorem, we observe that for 𝑘 ≥ SR(𝜓𝐴𝐵), ∥p∥ (𝑘 ) = 1 and
∥q∥ (𝑘 ) is non-decreasing with 𝑘 . Thus, we can restrict the maximization to 𝑘 ≤ SR(𝜓𝐴𝐵).
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For the second part, we notice that according to Eq. (3.32),

𝑇★(𝜉 → 𝜑) = min
r∈Prob↓ (𝑑)

{
1
2
∥q − r∥1 : r ≻ e1

}
=

1
2
∥q − e1∥1

= 1 − 𝑞1.

(3.36)

Furthermore, from e1 ≻ p and the transitivity of the majorization-relation, it follows that

𝑇★(𝜓 → 𝜑) = min
r∈Prob↓ (𝑑)

{
1
2
∥q − r∥1 : r ≻ p

}
≤ min

r∈Prob↓ (𝑑)

{
1
2
∥q − r∥1 : r ≻ e1

}
= 𝑇★(𝜉 → 𝜑).

(3.37)

To rule out equality, suppose that 𝑇★(𝜓 → 𝜑) = max𝑘∈[𝑑 ]
{
∥p∥ (𝑘 ) − ∥q∥ (𝑘 )

}
= 1− 𝑞1, and denote with

𝑘★ an index that achieves this maximum. Then

∥p∥ (𝑘★) = 1 + ∥q∥ (𝑘★) − 𝑞1. (3.38)

From this expression follows that ∥p∥ (𝑘★) ≤ 1 only if either q = e1 or if 𝑘★ = 1, and therefore p = e1. These
conditions are in contrast with the assumption that 𝜓 and 𝜑 are not separable. As a consequence, equality in
Eq. (3.37) is unachievable, which proves the second part of the theorem. □

Next, we show that the star conversion distance satisfies a triangle inequality. Let𝜓, 𝜑, and 𝜒 ∈ PURE(𝐴𝐵)
and let p, q, and r be their Schmidt coefficients. With the help of Eq. (3.35), this implies that

𝑇★(𝜓 → 𝜒) = max
𝑛∈[𝑑 ]

(∥p∥ (𝑛) − ∥r∥ (𝑛) )

= max
𝑛∈[𝑑 ]

(∥p∥ (𝑛) − ∥q∥ (𝑛) + ∥q∥ (𝑛) − ∥r∥ (𝑛) )

≤ max
𝑛∈[𝑑 ]

(∥p∥ (𝑛) − ∥q∥ (𝑛) ) + max
𝑛∈[𝑑 ]

(∥q∥ (𝑛) − ∥r∥ (𝑛) )

= 𝑇★(𝜓 → 𝜑) + 𝑇★(𝜑→ 𝜒).

(3.39)

Lastly, we generalize the definition of the conversion distance to initial and target systems of different
dimensions. We notice that an equivalent definition of 𝑃★ and 𝑇★ is:

𝑇★(𝜓 → 𝜑) = min
N∈LOCC

N(𝜓) ∈PURE(𝐴𝐵)

𝑇 (N (𝜓), 𝜑),

𝑃★(𝜓 → 𝜑) = min
N∈LOCC

N(𝜓) ∈PURE(𝐴𝐵)

𝑃(N (𝜓), 𝜑).
(3.40)

This definition can be easily generalized to encompass systems of different dimensions. Let 𝜓 ∈ 𝔔 (𝐴𝐵) and
𝜑 ∈ 𝔔 (𝐴′𝐵′), where |𝐴| = |𝐵| = 𝑑 and |𝐴′ | = |𝐵′ | = 𝑑′. Then,

𝑇★(𝜓 → 𝜑) = min
N∈LOCC(𝐴𝐵→𝐴′𝐵′ )
N(𝜓) ∈PURE(𝐴′𝐵′ )

𝑇 (N (𝜓), 𝜑),

𝑃★(𝜓 → 𝜑) = min
N∈LOCC(𝐴𝐵→𝐴′𝐵′ )
N(𝜓) ∈PURE(𝐴′𝐵′ )

𝑃(N (𝜓), 𝜑).
(3.41)
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Now, let 𝐷 denote either the trace or the purified distance. Let both 𝑑 = max { 𝑑, 𝑑′ },
��𝐴̄�� = 𝑑 =

��𝐵̄�� and
letU𝐴𝐵→𝐴̄𝐵̄ andV𝐴′𝐵′→𝐴̄𝐵̄ be the tensor product of two local isometries. Since 𝐷 is invariant under local
isometries, then

𝐷 (N (𝜓), 𝜑) = 𝐷 (V ◦ N(𝜓),V(𝜑))

= 𝐷 (V ◦ N ◦U†(U(𝜓)),V(𝜑)).
(3.42)

Moreover, since U𝐴𝐵→𝐴̄𝐵̄ and V𝐴′𝐵′→𝐴̄𝐵̄ are in LOCC, V ◦ N ◦ U† ∈ LOCC ⇔ N ∈ LOCC, and
V◦N(𝜓) ∈ PURE( 𝐴̄𝐵̄) ⇔ N(𝜓) ∈ PURE(𝐴′𝐵′). Let us denote N̄ = V◦N ◦U†, 𝜓̄ = U(𝜓), 𝜑̄ = V(𝜑).
We can write the trace and purified conversion distances as follows:

𝐷★(𝜓 → 𝜑) = min
N∈LOCC(𝐴𝐵→𝐴′𝐵′ )
N(𝜓) ∈PURE(𝐴′𝐵′ )

𝐷 (N (𝜓), 𝜑)

= min
N∈LOCC(𝐴𝐵→𝐴′𝐵′ )
N(𝜓) ∈PURE(𝐴′𝐵′ )

𝐷 (V ◦ N ◦U†(U(𝜓)),V(𝜑))

= min
N̄∈LOCC( 𝐴̄𝐵̄→𝐴̄𝐵̄)
N̄ ( 𝜓̄) ∈PURE( 𝐴̄𝐵̄)

𝐷 (N̄ (𝜓̄), 𝜑̄)

= min
r≻p̄

𝐷 (r, q̄),

(3.43)

where p̄ and q̄ are the Schmidt coefficients of 𝜓̄ and 𝜑̄, respectively. Since 𝜓̄ is locally isometric to 𝜓, the
non-zero entries of p̄ are the Schmidt coefficients of 𝜓. Analogously, the non-zero entries of q̄ coincide
with the Schmidt coefficients of 𝜑. Therefore, the star conversion distances between systems of different
dimensions are:

𝑇★(𝜓 → 𝜑) = min
r≻p̄

𝑇 (r, q̄),

𝑃★(𝜓 → 𝜑) = min
r≻p̄

𝑃(r, q̄),
(3.44)

where p̄, q̄ ∈ Prob(𝑑) are probability vectors whose non-zero entries are the non-zero Schmidt coefficients of
𝜓 and 𝜑, respectively.

3.2 Entanglement Embezzlement

It is impossible to create additional entanglement with LOCC alone [84, 122, 124, 132]: If 𝜌 ∈ 𝔔 (𝐴′𝐵′) is
an entangled state, this implies that there cannot exist a 𝜓 ∈ PURE(𝐴𝐵) and a channel N ∈ LOCC(𝐴𝐵→
𝐴𝐵𝐴′𝐵′) such that N(𝜓) = 𝜓 ⊗ 𝜌, because this would increase the total amount of entanglement between
systems 𝐴𝐴′ and 𝐵𝐵′ with respect to any additive entanglement measure. It might, however, be possible to
approximate 𝜓 ⊗ 𝜌 in the sense that 𝑇 (𝜓 → 𝜓 ⊗ 𝜌) ≤ 𝜀 for a small 𝜀. In this case, it is hard to distinguish
𝜓 ⊗ 𝜌 from the approximation. By keeping the systems 𝐴′𝐵′, one would thus embezzle entanglement from
the owner of 𝜓 - and if one would be able to make 𝜀 arbitrarily small, it would be impossible to detect.

In fact, in Ref. [52], van Dam and Hayden showed that it is possible to embezzle any bipartite state
𝜎 ∈ 𝔔 (𝐴′𝐵′) arbitrarily well from a family of pure states

{
𝜒𝐴𝐵
𝑛

}
𝑛∈N in the sense that lim𝑛→∞ 𝑇 (𝜒𝑛 →

𝜒𝑛 ⊗ 𝜎) = 0. This implies that an arbitrarily good approximation of any 𝜎 can be embezzled from 𝜒𝑛 whilst
changing 𝜒𝑛 arbitrarily little, as long as 𝑛 is large enough. This motivates the following definition.
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Definition 3.2.1: Universal embezzling family

A family of pure bipartite states { 𝜒𝑛 }𝑛∈N is called a universal embezzling family if lim𝑛→∞ 𝑇 (𝜒𝑛 →
𝜒𝑛 ⊗ 𝜎) = 0 for every bipartite finite dimensional state 𝜎.

This definition is very similar to the one provided in Refs. [52, 53]. The main difference is that these
works only consider protocols using local operations (LO), whereas this work also allows for classical
communication. The set of operations that we consider is, therefore, larger, and as a result, if a family of
states is not an embezzling family according to our definition, then it is not an embezzling family in the
sense of Refs. [52, 53]. Surprisingly, the original embezzling family proposed in Ref. [52] is unique in the
sense that we will specify later, even when we allow for classical communication. Another difference with
Refs. [52, 53] is that in those works, the fidelity was used to quantify the conversion error. Since the fidelity,
or more accurately 1 − 𝐹, and the trace distance are topologically equivalent, in the sense that there exist two
positive constants 𝐶, and 𝐷 such that 𝐶𝑇 (𝜌, 𝜎) ≤ 1 − 𝐹 (𝜌, 𝜎) ≤ 𝐷𝑇 (𝜌, 𝜎) for all states 𝜌𝐴, 𝜎𝐴 ∈ 𝔔 (𝐴)
and for all systems 𝐴, the choice of metric is irrelevant.

Evaluating whether a family of states is an embezzling family with the definition above is quite challenging.
However, we show in the following lemma that it is enough to evaluate the limit of star conversion distance
𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2), where Φ𝑚 is the maximally entangled state with 𝑚 Schmidt coefficients.

Lemma 3.2.2: Equivalent definitions of universal embezzling families (cf. Ref. [53, Lemma 2
(LO)])

Let { 𝜒𝑛 }𝑛∈N be a family of pure bipartite states. The following three statements are equivalent

1. { 𝜒𝑛 }𝑛∈N is a universal embezzling family.

2. lim𝑛→∞ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2) = 0.

3. lim𝑛→∞ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = 0 for every 𝑚 ≥ 2.

Proof. Clearly, 2. and 3. follow from 1. due to the definition of universal embezzling families and the
topological equivalence of 𝑇 and 𝑇★. Moreover, 3. follows from 2. because Φ

⊗⌈log2 𝑚⌉
2

LOCC−−−−→ Φ𝑚, and
therefore

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ
⊗⌈log2 𝑚⌉
2 )

≤ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ
⊗⌈log2 𝑚⌉−1
2 ) + 𝑇★(𝜒𝑛 ⊗ Φ

⊗⌈log2 𝑚⌉−1
2 → 𝜒𝑛 ⊗ Φ

⊗⌈log2 𝑚⌉
2 )

≤ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2) + 𝑇★(𝜒𝑛 ⊗ Φ2 → 𝜒𝑛 ⊗ Φ⊗2
2 ) + . . .

+ 𝑇★(𝜒𝑛 ⊗ Φ
⊗⌈log2 𝑚⌉−1
2 → 𝜒𝑛 ⊗ Φ

⊗⌈log2 𝑚⌉
2 )

≤ ⌈log2 𝑚⌉𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2).

(3.45)

By taking the limit 𝑛→∞ on both sides, we obtain the desired result. To conclude, we note that 3. implies
1., since for all 𝜎𝐴𝐵, Φ |𝐴|

LOCC−−−−→ 𝜎𝐴𝐵. □
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It is also important to note that technically, one could have required that lim inf𝑛→∞ 𝑇 (𝜒𝑛 → 𝜒𝑛 ⊗𝜎) = 0,
since this would also allow to embezzle any state arbitrarily well. However, since one can always choose a
subfamily, we decided to keep the definition in line with Ref. [53]. In the following, we find an equivalent
characterization of embezzling families based on the closed formula for the star conversion distance derived
in Theorem 3.1.6. To achieve that, first, we write an explicit expression for 𝑇★(𝜒→ 𝜒 ⊗ Φ𝑚), for all 𝑚 ∈ N.

Lemma 3.2.3: An explicit expression for 𝑇★(𝜒→ 𝜒 ⊗ Φ𝑚)

Let p ∈ Prob↓ (𝑑) be the Schmidt coefficients of 𝜒. Then

𝑇★(𝜒→ 𝜒 ⊗ Φ𝑚) = max
𝑘∈[SR(𝜒) ]

{
∥p∥ (𝑘 ) − ∥p∥ (𝑎𝑘 ) −

𝑏𝑘

𝑚
𝑝𝑎𝑘+1

}
, (3.46)

where 𝑎𝑘 = ⌊𝑘/𝑚⌋, ⌊·⌋ denotes the floor, and 𝑏𝑘 = 𝑘 − 𝑎𝑘𝑚.

Proof. The Schmidt coefficients of the input and target states are

p ⊗ e1 = (𝑝1, . . . , 𝑝𝑑 , 0, . . . , 0︸   ︷︷   ︸
𝑑 · (𝑚−1) times

),

p ⊗ u(𝑚) =
1
𝑚
(𝑝1, . . . , 𝑝1︸      ︷︷      ︸

𝑚 times

, . . . , 𝑝𝑑 , . . . , 𝑝𝑑︸       ︷︷       ︸
𝑚 times

),
(3.47)

where u(𝑚) = (1/𝑚, . . . , 1/𝑚). It is straightforward to see that

∥p ⊗ e1∥ (𝑘 ) =

∥p∥ (𝑘 ) if 𝑘 ∈ [𝑑],

1 if 𝑑 < 𝑘 ≤ 𝑑 · 𝑚,
(3.48)

and by writing 𝑘 = 𝑎𝑘𝑚 + 𝑏𝑘 , where 𝑎𝑘 = ⌊𝑘/𝑚⌋,


p ⊗ u(𝑚)




(𝑘 )

=

𝑎𝑘∑︁
𝑥=1

𝑝𝑥 + 𝑏𝑘
𝑝𝑎𝑘+1

𝑚
= ∥p∥ (𝑎𝑘 ) + 𝑏𝑘

𝑝𝑎𝑘+1

𝑚
. (3.49)

Using the closed formula for the star conversion distance given in Theorem 3.1.6, we obtain

𝑇★(𝜒→ 𝜒 ⊗ Φ𝑚) = max
𝑘∈[SR(𝜒) ]

{
∥p∥ (𝑘 ) − ∥p∥ (𝑎𝑘 ) −

𝑏𝑘

𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
. (3.50)

□

As promised, here we derive a necessary and sufficient condition for embezzling families based on the
star conversion distance.
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Theorem 3.2.4: Characterization of universal embezzling families

A family of pure bipartite states { 𝜒𝑛 }𝑛∈N with corresponding Schmidt coefficients
{

p(𝑛)
}
𝑛∈N is a

universal embezzling family if and only if

lim
𝑛→∞

max
𝑙∈[𝐴𝑛 ]

{ 


p(𝑛)



(2𝑙−1)

−



p(𝑛)




(𝑙−1)

}
= 0, (3.51)

where 𝐴𝑛 = ⌈SR(𝜒𝑛)/2⌉.

Proof. Due to Lemma 3.2.2 and Eq. (3.46), { 𝜒𝑛 }𝑛∈N is a universal embezzling family if and only if

0 = lim
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2)

= lim
𝑛→∞

max
𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘

2
𝑝
(𝑛)
𝑎𝑘+1

}
,

(3.52)

where 𝑎𝑘 = ⌊𝑘/2⌋ and 𝑘 = 2𝑎𝑘 + 𝑏𝑘 . First, we prove the necessary condition. Let { 𝜒𝑛 }𝑛∈N be a universal
embezzling family. We observe that

max
𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘

2
𝑝
(𝑛)
𝑎𝑘+1

}
≥




p(𝑛)



(1)
−




p(𝑛)



(𝑎1 )
− 𝑏1

2
𝑝
(𝑛)
𝑎1+1

= 𝑝
(𝑛)
1 − 0 − 1

2
𝑝
(𝑛)
1 > 0.

(3.53)

Taking the limit for 𝑛→ ∞ in the expression above, we obtain lim𝑛→∞ 𝑝
(𝑛)
1 = 0. Since 𝑝 (𝑛)1 is the largest

Schmidt coefficient, 𝑝 (𝑛)
𝑎𝑘+1 converges to zero too. Since 0 ≤ 𝑏𝑘

2 ≤
1
2 ,

lim
𝑛→∞

𝑏𝑘

2
𝑝
(𝑛)
𝑎𝑘+1 = 0 (3.54)

and thus
0 = lim

𝑛→∞
max

𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘

2
𝑝
(𝑛)
𝑎𝑘+1

}
= lim

𝑛→∞
max

𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )

}
≥ lim

𝑛→∞
max

𝑙∈[⌈SR(𝜒𝑛 )/2⌉ ]

{ 


p(𝑛)



(2𝑙−1)

−



p(𝑛)




(𝑙−1)

}
≥ 0.

(3.55)

For the sufficient condition, we observe that

0 = lim
𝑛→∞

max
𝑙∈[𝐴𝑛 ]

{ 


p(𝑛)



(2𝑙−1)

−



p(𝑛)




(𝑙−1)

}
≥ lim

𝑛→∞
𝑝
(𝑛)
1 , (3.56)

which implies that lim𝑛→∞ 𝑝
(𝑛)
1 = 0. Furthermore,

lim
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2) = lim
𝑛→∞

max
𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘

2
𝑝
(𝑛)
𝑎𝑘+1

}
≤ lim

𝑛→∞
max

𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )

} (3.57)
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At this point, we have a closer look at

max
𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )

}
. (3.58)

If 𝑘 is even, then 𝑎𝑘 = 𝑘/2 = 𝑎𝑘+1, and thus


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
≤




p(𝑛)



(𝑘+1)

−



p(𝑛)




(𝑎𝑘+1 )
. (3.59)

If SR(𝜒𝑛) is odd, we can thus, without loss of generality, restrict the maximization to run over odd
𝑘 ∈ [SR(𝜒𝑛)]. If SR(𝜒𝑛) is even, we must additionally consider 𝑘 = SR(𝜒𝑛). Assume that this is the case:
It then holds that�����


p(𝑛)


(SR(𝜒𝑛 ) )

−



p(𝑛)




(SR(𝜒𝑛 )/2)
−

(


p(𝑛)



(SR(𝜒𝑛 )−1)

−



p(𝑛)


(

SR(𝜒𝑛 )
2 −1

) )�����
=

���𝑝 (𝑛)SR(𝜒𝑛 ) − 𝑝
(𝑛)
SR(𝜒𝑛 )/2

���
≤ 𝑝 (𝑛)1 ,

(3.60)

which vanishes in the limit 𝑛→∞. As a consequence,

lim
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ2) ≤ lim
𝑛→∞

max
𝑘∈[SR(𝜒𝑛 ) ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )

}
= lim

𝑛→∞
max

𝑘∈[SR(𝜒𝑛 ) ],𝑘 odd

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )

}
= lim

𝑛→∞
max

𝑙∈⌈SR(𝜒𝑛 )/2⌉

{ 


p(𝑛)



(2𝑙−1)

−



p(𝑛)




(𝑙−1)

}
= 0.

(3.61)

Eq. (3.61) shows that { 𝜒𝑛 }𝑛∈N is an embezzling family and concludes the proof. □

An important and easy-to-check necessary condition for a universal embezzling family is given in the
following Corollary.

Corollary 3.2.5: Necessary condition for universal embezzling family (cf. Ref. [53, Lemma 3
(LO)])

If a family of pure bipartite states { 𝜒𝑛 }𝑛∈N is a universal embezzling family, then lim𝑛→∞ 𝑝
(𝑛)
1 = 0,

where p(𝑛) ∈ Prob↓ (𝑑𝑛) are the Schmidt coefficients of 𝜒𝑛.

3.2.1 Regular Embezzling Families of States

Often, families of states are defined in terms of a positive, monotonic, and continuous function. This motivates
the following definition (compare to Ref. [53]).
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Definition 3.2.6: Regular family

A family of states { 𝜒𝑛 }𝑛∈N is a regular family if there exists a monotonic function 𝑓 : N→ (0,∞)
such that

|𝜒𝑛⟩ =
1
√
𝐹𝑛

𝑛∑︁
𝑥=1

√︁
𝑓 (𝑥) |𝑥𝑥⟩ for all 𝑛 ∈ N, (3.62)

where 𝐹𝑛 =
∑𝑛

𝑥=1 𝑓 (𝑥).

Note that if { 𝜒𝑛 }𝑛∈N is a regular family, then there exists a sequence
{
𝑛 𝑗

}
𝑗∈N such that the family{

𝜒𝑛 𝑗

}
𝑗∈N is a universal embezzling family if and only if lim inf𝑛→∞ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = 0. However,

according to our definition, the family
{
𝜒𝑛 𝑗

}
𝑗∈N is then no longer regular, unless 𝑛 𝑗 = 𝑗 for all 𝑗 ∈ N.

For the following proofs, it is beneficial to extend 𝑓 to a monotonic continuous function on [1,∞). This
can often be done trivially by simply extending the domain of 𝑓 . An example is the van Dam and Hayden
family where 𝑓 (𝑥) = 𝑥−1. Otherwise, we can extend 𝑓 by connecting two consecutive points with straight
lines. If the function 𝑓 is multiplied by a constant factor, this does not change the corresponding family of
states. Therefore, from now on, we assume for simplicity that 𝑓 (1) = 1.

Let { 𝜒𝑛 }𝑛∈N be a regular family of states, and let 𝑓 be the function associated with it. We define the
non-increasing functions 𝑓𝑛, 𝑛 ∈ N, by

𝑓𝑛 (𝑥) =

𝑓 (𝑥) if 𝑓 is non-increasing,
𝑓 (𝑛+1−𝑥 )

𝑓 (𝑛) if 𝑓 is non-decreasing.
(3.63)

By our extension of 𝑓 , 𝑓𝑛 is also naturally extended to a continuous function 𝑔(𝑥, 𝑦) such that 𝑔(𝑥, 𝑛) = 𝑓𝑛 (𝑥)
via the definition

𝑔(𝑥, 𝑦) =

𝑓 (𝑥) if 𝑓 is non-increasing,
𝑓 (𝑦+1−𝑥 )

𝑓 (𝑦) if 𝑓 is non-decreasing.
(3.64)

The (by definition non-increasing) Schmidt coefficients of 𝜒𝑛 are therefore given by

𝑝
(𝑛)
𝑥 =

𝑓𝑛 (𝑥)
𝐹𝑛

. (3.65)

Since 𝑝 (𝑛)1 = 1
𝐹𝑛

, we can restate Corollary 3.2.5 for regular families.

Corollary 3.2.7: Necessary condition for regular universal embezzling family (cf. Ref. [53,
Lemma 3 (LO)])

If { 𝜒𝑛 }𝑛∈N is a regular universal embezzling family, then lim𝑛→∞ 𝐹𝑛 = +∞, where 𝐹𝑛 is defined in
Definition 3.2.6.

In the following proposition, we present bounds on the limit of the conversion distance𝑇★(𝜒𝑛 → 𝜒𝑛⊗Φ𝑚)
in terms of the function 𝑔(𝑥, 𝑦) introduced in Eq. (3.64), which will be of use later.
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Proposition 3.2.8: Upper and lower bounds for 𝑇★ in the limit 𝑛→∞

Let { 𝜒𝑛 }𝑛∈N be a regular family of states, 𝑓 be the function associated with it, and 𝑔 be defined as in
Eq. (3.64). If lim𝑛→∞ 𝐹𝑛 = ∞, then

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≥ lim inf
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥
, (3.66)

and

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ lim sup
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥
. (3.67)

If lim𝑦→∞
max1≤𝑎≤𝑦/𝑚{

∫ 𝑎𝑚

𝑎
𝑔 (𝑥,𝑦) d𝑥 }∫ 𝑦

1 𝑔 (𝑥,𝑦) d𝑥
exists, this implies that

lim
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥
. (3.68)

Proof. For better readability, we divide the proof into steps and use the notation 𝐺 (𝑥, 𝑦) =
∫ 𝑥

1 𝑔(𝑡, 𝑦) d𝑡.
Step 1: Starting from Eq. (3.46), we find

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚)

= lim inf
𝑛→∞

max
𝑘∈[𝑛]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max
𝑘∈[𝑛]

{


p(𝑛)



(𝑎𝑘𝑚)

+
𝑘∑︁

𝑥=𝑎𝑘𝑚+1
𝑝
(𝑛)
𝑥 −




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max
𝑘∈[𝑛]

{


p(𝑛)



(𝑎𝑘𝑚)

−



p(𝑛)




(𝑎𝑘 )
+

∑𝑎𝑘𝑚+𝑏𝑘

𝑥=𝑎𝑘𝑚+1 𝑓𝑛 (𝑥) −
𝑏𝑘

𝑚
𝑓𝑛 (𝑎𝑘 + 1)

𝐹𝑛

}
(3.69)

Now we observe that the last contribution in the expression above vanishes because by construction 𝑓𝑛 (𝑥) ≤ 1
and

0 ≤
∑𝑎𝑘𝑚+𝑏𝑘

𝑥=𝑎𝑘𝑚+1 𝑓𝑛 (𝑥)
𝐹𝑛

≤ 𝑚

𝐹𝑛
,

0 ≤
𝑏𝑘

𝑚
𝑓𝑛 (𝑎𝑘 + 1)
𝐹𝑛

≤ 1
𝐹𝑛
.

(3.70)

Moreover, by assumption, the right-hand sides converge to zero in the limit 𝑛→∞, and this ensures that the
limit inferior is additive. As a result,

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim inf
𝑛→∞

max
𝑎∈{ 0,...,⌊𝑛/𝑚⌋ }

{ 


p(𝑛)



(𝑎𝑚)
−




p(𝑛)



(𝑎)

}
= lim inf

𝑛→∞
max

𝑎∈[⌊𝑛/𝑚⌋ ]

{ 


p(𝑛)



(𝑎𝑚)
−




p(𝑛)



(𝑎)

}
,

(3.71)

where we used that


p(𝑛)

(0) = 0.
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Step 2: We start with finding bounds for
∑𝑛

𝑥=1 𝑓𝑛 (𝑥) −
∫ 𝑛

1 𝑓𝑛 (𝑥) d𝑥. To this end we observe that since
𝑓𝑛 (𝑥) is by construction non-increasing,∫ 𝑛

1
𝑓𝑛 (𝑥) d𝑥 ≤

∫ 𝑛

1
𝑓𝑛 (𝑥) d𝑥 + 𝑓𝑛 (𝑛) ≤

𝑛∑︁
𝑥=1

𝑓𝑛 (𝑥) ≤ 𝑓𝑛 (1) +
∫ 𝑛

1
𝑓𝑛 (𝑥) d𝑥. (3.72)

By subtracting
∫ 𝑛

1 𝑓𝑛 (𝑥) d𝑥 from all terms, the desired bounds follow:

0 ≤
𝑛∑︁

𝑥=1
𝑓𝑛 (𝑥) −

∫ 𝑛

1
𝑓𝑛 (𝑥) d𝑥 ≤ 𝑓𝑛 (1) = 1. (3.73)

Dividing by 𝐹𝑛 =
∑𝑛

𝑥=1 𝑓𝑛 (𝑥) and taking the limit 𝑛 → ∞, we obtain lim𝑛→∞ 1 −
∫ 𝑛

1 𝑓𝑛 (𝑥 ) d𝑥∑𝑛
𝑥=1 𝑓𝑛 (𝑥 ) = 0. Since

𝑓𝑛 (𝑥) = 𝑔(𝑥, 𝑛), the limit can be rewritten as lim𝑛→∞
𝐺 (𝑛,𝑛)

𝐹𝑛
= 1.

Step 3: In this step, we want to show that

lim inf
𝑛→∞

max
𝑎∈[⌊𝑛/𝑚⌋ ]

{ 


p(𝑛)



(𝑎𝑚)
−




p(𝑛)



(𝑎)

}
= lim inf

𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∑𝑎𝑚

𝑥=𝑎+1 𝑓𝑛 (𝑥)
}

𝐹𝑛

= lim inf
𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}∫ 𝑛

1 𝑓𝑛 (𝑥) d𝑥
.

(3.74)

Analogously to the previous step, one can obtain the following bounds for
∑𝑎𝑚

𝑥=𝑎+1 𝑓𝑛 (𝑥 )
𝐹𝑛

:∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
𝐹𝑛

≤
∑𝑎𝑚

𝑥=𝑎+1 𝑓𝑛 (𝑥)
𝐹𝑛

≤
1 +

∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
𝐹𝑛

, (3.75)

and after taking the maximum over 𝑎 ∈ [⌊𝑛/𝑚⌋] and the limit inferior the bounds become

lim inf
𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}

𝐹𝑛
≤ lim inf

𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∑𝑎𝑚

𝑥=𝑎+1 𝑓𝑛 (𝑥)
}

𝐹𝑛

≤ lim inf
𝑛→∞

1 +max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}

𝐹𝑛
.

(3.76)

We can rewrite the last expression as

lim inf
𝑛→∞

(
1
𝐹𝑛
+

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}

𝐹𝑛

)
= lim inf

𝑛→∞

(
1
𝐹𝑛

)
+ lim inf

𝑛→∞

(
max𝑎∈[⌊𝑛/𝑚⌋ ]

{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}

𝐹𝑛

)
= lim inf

𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}

𝐹𝑛
.

(3.77)

By combining Eq. (3.76) with Eq. (3.77), one obtains

lim inf
𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∑𝑎𝑚

𝑥=𝑎+1 𝑓𝑛 (𝑥)
}

𝐹𝑛
= lim inf

𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ]
{ ∫ 𝑎𝑚

𝑎+1 𝑓𝑛 (𝑥) d𝑥
}

𝐹𝑛
. (3.78)
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This is equivalent to

lim inf
𝑛→∞

max
𝑎∈[⌊𝑛/𝑚⌋ ]

{ 


p(𝑛)



(𝑎𝑚)
−




p(𝑛)



(𝑎)

}
= lim inf

𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ] { 𝐺 (𝑎𝑚, 𝑛) − 𝐺 (𝑎 + 1, 𝑛) }
𝐺 (𝑛, 𝑛) , (3.79)

where we replaced 𝐹𝑛 with 𝐺 (𝑛, 𝑛), which we can do according to step 2.
Step 4: Let 𝑐𝑛 be the value that maximizes max1≤𝑎≤𝑛/𝑚 { 𝐺 (𝑎𝑚, 𝑛) − 𝐺 (𝑎 + 1, 𝑛) } and let 𝑐′𝑛 be the

natural number satisfying 𝑐′𝑛 ≤ 𝑐𝑛 < 𝑐′𝑛 + 1. This implies

𝐺 (𝑐𝑛𝑚, 𝑛) − 𝐺 (𝑐𝑛 + 1, 𝑛) =
∫ 𝑐𝑛𝑚

𝑐𝑛+1
𝑔(𝑡, 𝑛) d𝑡

≤
∫ 𝑐′𝑛𝑚

𝑐′𝑛+1
𝑔(𝑡, 𝑛) d𝑡 +

∫ (𝑐′𝑛+1)𝑚

𝑐′𝑛𝑚
𝑔(𝑡, 𝑛) d𝑡

≤
∫ 𝑐′𝑛𝑚

𝑐′𝑛+1
𝑔(𝑡, 𝑛) d𝑡 + 𝑚.

(3.80)

Dividing by 𝐺 (𝑛, 𝑛), taking the limit inferior, and arguing as in the previous step, we obtain

lim inf
𝑛→∞

max1≤𝑎≤𝑛/𝑚 { 𝐺 (𝑎𝑚, 𝑛) − 𝐺 (𝑎 + 1, 𝑛) }
𝐺 (𝑛, 𝑛)

= lim inf
𝑛→∞

𝐺 (𝑐𝑛𝑚, 𝑛) − 𝐺 (𝑐𝑛 + 1, 𝑛)
𝐺 (𝑛, 𝑛)

≤ lim inf
𝑛→∞

𝐺 (𝑐′𝑛𝑚, 𝑛) − 𝐺 (𝑐′𝑛 + 1, 𝑛) + 𝑚
𝐺 (𝑛, 𝑛)

= lim inf
𝑛→∞

𝐺 (𝑐′𝑛𝑚, 𝑛) − 𝐺 (𝑐′𝑛 + 1, 𝑛)
𝐺 (𝑛, 𝑛)

≤ lim inf
𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ] { 𝐺 (𝑎𝑚, 𝑛) − 𝐺 (𝑎 + 1, 𝑛) }
𝐺 (𝑛, 𝑛) .

(3.81)

The reverse inequality follows from the fact that we maximize over a larger set. This proves that

lim inf
𝑛→∞

max𝑎∈[⌊𝑛/𝑚⌋ ] { 𝐺 (𝑎𝑚, 𝑛) − 𝐺 (𝑎 + 1, 𝑛) }
𝐺 (𝑛, 𝑛)

= lim inf
𝑛→∞

max1≤𝑎≤𝑛/𝑚 { 𝐺 (𝑎𝑚, 𝑛) − 𝐺 (𝑎 + 1, 𝑛) }
𝐺 (𝑛, 𝑛) .

(3.82)

Step 5: Combining the results of the previous steps, and in particular Eq. (3.71), Eq. (3.79), and Eq. (3.82),
we have proven that

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim inf
𝑛→∞

max1≤𝑎≤𝑛/𝑚
{ ∫ 𝑎𝑚

𝑎+1 𝑔(𝑥, 𝑛) d𝑥
}∫ 𝑛

1 𝑔(𝑥, 𝑛) d𝑥
. (3.83)

In the above equation, we can replace
∫ 𝑎𝑚

𝑎+1 𝑔(𝑥, 𝑦) d𝑥 with
∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥 because the difference of the two

integrals is finite and divided by a diverging term. Thus

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim inf
𝑛→∞

max1≤𝑎≤𝑛/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑛

1 𝑔(𝑥, 𝑦) d𝑥
. (3.84)
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The expression inside the lim inf on the right-hand side of Eq. (3.84) is a function of 𝑛 ∈ N \ { 1 } and we
call it 𝑀 (𝑛),

𝑀 (𝑛) =
max1≤𝑎≤𝑛/𝑚

{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑛) d𝑥

}∫ 𝑛

1 𝑔(𝑥, 𝑛) d𝑥
. (3.85)

We extend this function to real numbers 𝑦 > 1 as follows:

𝑀 (𝑦) =
max1≤𝑎≤𝑦/𝑚

{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥
. (3.86)

Since the natural numbers are a subset of the real numbers,

lim inf
𝑛→∞

𝑀 (𝑛) ≥ lim inf
𝑦→∞

𝑀 (𝑦), (3.87)

which proves Eq. (3.66). Furthermore, Steps 1-4 can be repeated with the same arguments for the lim sup,
and they imply

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim sup
𝑛→∞

𝑀 (𝑛) ≤ lim sup
𝑦→∞

𝑀 (𝑦). (3.88)

This proves Eq. (3.67).
In the following, we assume that lim𝑦→∞ 𝑀 (𝑦) exists. This implies

lim
𝑦→∞

𝑀 (𝑦) = lim inf
𝑦→∞

𝑀 (𝑦) = lim sup
𝑦→∞

𝑀 (𝑦). (3.89)

From Eq. (3.87), Eq. (3.88), and Eq. (3.89) we obtain

lim
𝑦→∞

𝑀 (𝑦) ≤ lim inf
𝑛→∞

𝑀 (𝑛) ≤ lim sup
𝑛→∞

𝑀 (𝑛) ≤ lim
𝑦→∞

𝑀 (𝑦). (3.90)

Therefore, lim𝑛→∞ 𝑀 (𝑛) exists and is equal to lim𝑦→∞ 𝑀 (𝑦). From Eq. (3.84) and Eq. (3.88) we derive

lim
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim
𝑛→∞

𝑀 (𝑛) = lim
𝑦→∞

𝑀 (𝑦). (3.91)

This proves Eq. (3.68) and concludes the proof.
□

Corollary 3.2.7 combined with Proposition 3.2.8 leads to the following characterization of embezzling
families.

Corollary 3.2.9: Necessary and sufficient conditions for regular universal embezzling families

Let { 𝜒𝑛 }𝑛∈N be a regular family of states, 𝑓 be the function associated with it, and 𝑔 be defined as in
Eq. (3.64). If

lim
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥
(3.92)

exists, then the family of states { 𝜒𝑛 }𝑛∈N is an universal embezzling family if and only if lim𝑛→∞ 𝐹𝑛 =

∞ and

lim
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥
= 0. (3.93)
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In addition, thanks to Proposition 3.2.8, the task of determining if a family of states is a universal
embezzling family is converted into an optimization problem. It is enough to find the maximum of the
differentiable function 𝐺𝑦 (𝑎) =

∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥 on 1 ≤ 𝑎 ≤ 𝑦/𝑚, which is easily done with the help of its

derivative
𝑚𝑔(𝑎𝑚, 𝑦) − 𝑔(𝑎, 𝑦), 1 ≤ 𝑎 ≤ 𝑦/𝑚. (3.94)

3.2.2 Generalization of the van Dam and Hayden Family

The universal embezzling family { 𝜒𝑛 }𝑛∈N introduced by van Dam and Hayden consists of the states

|𝜒𝑛⟩ =
1
√
𝐻𝑛

𝑛∑︁
𝑥=1

√︁
𝑥−1 |𝑥𝑥⟩ , (3.95)

where 𝐻𝑛 =
∑𝑛

𝑥=1 𝑥
−1 is the 𝑛-th harmonic number. We generalize this family of states as follows: For every

𝛼 ∈ R, we introduce the family
{
𝜒
(𝛼)
𝑛

}
𝑛∈N

, where���𝜒 (𝛼)𝑛

〉
=

1√︃
𝐻
(−𝛼)
𝑛

𝑛∑︁
𝑥=1

√
𝑥𝛼 |𝑥𝑥⟩ (3.96)

and 𝐻 (−𝛼)𝑛 =
∑𝑛

𝑥=1 𝑥
𝛼 is the 𝑛-th generalized harmonic number. Note that the families of states

{
𝜒
(𝛼)
𝑛

}
𝑛∈N

are regular families of states, and the van Dam and Hayden family is recovered for 𝛼 = −1. The corresponding
Schmidt coefficients, as per our convention, arranged in non-increasing order, are

p(𝑛 |𝛼) =


1

𝐻
(−𝛼)
𝑛

(1, 2𝛼, . . . , 𝑛𝛼) if 𝛼 ≤ 0,
1

𝐻
(−𝛼)
𝑛

(𝑛𝛼, . . . , 2𝛼, 1) if 𝛼 > 0.
(3.97)

In the remaining part of this Subsection, we show that the family of states
{
𝜒
(𝛼)
𝑛

}
𝑛∈N

is a universal
embezzling family if and only if 𝛼 = −1 and derive bounds on the star conversion distance. For a visual
representation of the results of this Subsection see Figure 3.1.

Case 𝛼 < −1. For 𝛼 < −1, lim𝑛→∞ 𝐻
(−𝛼)
𝑛 is finite, thus the regular family of states

{
𝜒𝛼
𝑛

}
𝑛∈N is not a

universal embezzling family (see Corollary 3.2.7). The largest Schmidt coefficient provides a lower bound on
the star conversion distance: Using Eq. (3.35), we obtain

𝑇★(𝜒 (𝛼)𝑛 → 𝜒
(𝛼)
𝑛 ⊗ Φ𝑚) = max

𝑘∈[𝑛]

{


p(𝑛 |𝛼)



(𝑘 )
−




p(𝑛 |𝛼)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛 |𝛼)
𝑎𝑘+1

}
≥ 𝑝 (𝑛 |𝛼)1

(
1 − 1

𝑚

)
=

1
𝐻
(−𝛼)
𝑛

(
1 − 1

𝑚

)
,

(3.98)

where the inequality follows from choosing 𝑘 = 1. By taking the limit, we obtain

lim inf
𝑛→∞

𝑇★(𝜒 (𝛼)𝑛 → 𝜒
(𝛼)
𝑛 ⊗ Φ𝑚) ≥ lim inf

𝑛→∞
1

𝐻
(−𝛼)
𝑛

(
1 − 1

𝑚

)
=

1
𝜁 (−𝛼)

(
1 − 1

𝑚

)
, (3.99)
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where 𝜁 (−𝛼) = ∑∞
𝑥=1 𝑥

𝛼 is the Riemann Zeta function. To obtain an upper bound, we observe that, since
𝛼 < −1,

(𝑎+1)𝑚∑︁
𝑥=𝑎+1

𝑥𝛼 ≤ (𝑎 + 1)𝛼 +
∫ (𝑎+1)𝑚

𝑎+1
𝑥𝛼 d𝑥 = (𝑎 + 1)𝛼 + (𝑎 + 1)𝛼+1

𝛼 + 1

(
𝑚𝛼+1 − 1

)
. (3.100)

The right-hand side is decreasing in 𝑎, and thus

max
𝑘∈[𝑛]

{


p(𝑛 |𝛼)



(𝑘 )
−




p(𝑛 |𝛼)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛 |𝛼)
𝑎𝑘+1

}
≤ 1
𝐻
(−𝛼)
𝑛

max
𝑘∈[𝑛]

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑥𝛼

}
≤ 1
𝐻
(−𝛼)
𝑛

max
𝑎∈{0,...,⌊𝑛/𝑚⌋ }

{ (𝑎+1)𝑚∑︁
𝑥=𝑎+1

𝑥𝛼

}
≤ 1
𝐻
(−𝛼)
𝑛

max
𝑎∈{0,...,⌊𝑛/𝑚⌋ }

{
(𝑎 + 1)𝛼 + (𝑎 + 1)𝛼+1

𝛼 + 1

(
𝑚𝛼+1 − 1

) }
=

1
𝐻
(−𝛼)
𝑛

(
1 + 𝑚

𝛼+1 − 1
𝛼 + 1

)
.

(3.101)

Taking the limit 𝑛→∞, and considering that the conversion distance is by definition smaller than one, we
obtain

lim sup
𝑛→∞

𝑇★(𝜒 (𝛼)𝑛 → 𝜒
(𝛼)
𝑛 ⊗ Φ𝑚) ≤ min

{
1,

1
𝜁 (−𝛼)

(
1 + 𝑚

𝛼+1 − 1
𝛼 + 1

) }
. (3.102)

Case 𝛼 = −1. This is the van Dam and Hayden family. Analogously to the previous case, we observe that

(𝑎+1)𝑚∑︁
𝑥=𝑎+1

𝑥−1 ≤ (𝑎 + 1)−1 +
∫ (𝑎+1)𝑚

𝑎+1
𝑥−1 d𝑥

= (𝑎 + 1)−1 + ln𝑚

≤ 1 + ln𝑚.

(3.103)

Since 𝐻 (1)𝑛 = 𝐻𝑛 diverges, by following the same steps, we have

lim
𝑛→∞

𝑇★(𝜒 (−1)
𝑛 → 𝜒

(−1)
𝑛 ⊗ Φ𝑚) ≤ lim

𝑛→∞
1 + ln𝑚
𝐻𝑛

= 0. (3.104)

Thus, the limit for the conversion distance is zero, as expected for the van Dam and Hayden family.

Case −1 < 𝛼 < 0. In this scenario 𝐻 (−𝛼)𝑛 diverges when 𝑛→∞, and we can use the results of Section 3.2.1.
Here 𝑔(𝑥, 𝑦) = 𝑥𝛼, and the derivative with respect to 𝑎 of the function

∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥 is

𝑚𝑔(𝑎𝑚, 𝑦) − 𝑔(𝑎, 𝑦) = 𝑎𝛼 (𝑚𝛼+1 − 1), (3.105)

which is positive in the domain 1 ≤ 𝑎 ≤ 𝑦/𝑚. This implies that the function
∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥 is non-decreasing

and the maximum
max

1≤𝑎≤𝑦/𝑚

{ ∫ 𝑎𝑚

𝑎

𝑔(𝑥, 𝑦) d𝑥
}

(3.106)
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is obtained for 𝑎 = 𝑦/𝑚. Due to Proposition 3.2.8,

lim
𝑛→∞

𝑇★(𝜒 (𝛼)𝑛 → 𝜒
(𝛼)
𝑛 ⊗ Φ𝑚) = lim

𝑦→∞

∫ 𝑦

𝑦/𝑚 𝑥
𝛼 d𝑥∫ 𝑦

1 𝑥𝛼 d𝑥
= 1 − 1

𝑚𝛼+1 . (3.107)

Case 𝛼 = 0. Here we have
𝑝
(𝑛)
𝑥 =

1
𝑛
, (p(𝑛) ⊗ u(𝑚) )𝑥 =

1
𝑛𝑚

. (3.108)

We can compute the star conversion distance directly using Eq. (3.35) and obtain

𝑇★(𝜒 (0)𝑛 → 𝜒
(0)
𝑛 ⊗ Φ𝑚) = max

𝑘∈[𝑛]

{
𝑘

𝑛
− 𝑘

𝑛𝑚

}
= 1 − 1

𝑚
. (3.109)

Case 𝛼 > 0. Also here 𝐻 (−𝛼)𝑛 diverges for 𝑛→∞ and we can use the results of Section 3.2.1. The function
𝑔(𝑥, 𝑦) is defined as 𝑔(𝑥, 𝑦) = (𝑦 + 1 − 𝑥)𝛼/𝑦𝛼, because 𝑥𝛼 is increasing. From this follows

𝑚𝑔(𝑎𝑚, 𝑦) − 𝑔(𝑎, 𝑦) ≥ 0⇔ 𝑚(𝑦 + 1 − 𝑎𝑚)𝛼 ≥ (𝑦 + 1 − 𝑎)𝛼

⇔ 𝑎 ≤
(𝑦 + 1)

(
𝑚

1
𝛼 − 1

)
𝑚1+ 1

𝛼 − 1
:= 𝑎max.

(3.110)

Since 𝑎max increases linearly with 𝑦 and 𝑎max ≤ 𝑦

𝑚
is equivalent to 𝑦 ≥ 𝑚(𝑚1/𝛼−1)

𝑚−1 , for large enough 𝑦, the
value 𝑎max belongs to the interval [1, 𝑦/𝑚] and is a global maximum. Substituting 𝑎max into Proposition 3.2.8,
we obtain

lim
𝑛→∞

𝑇★(𝜒 (𝛼)𝑛 → 𝜒
(𝛼)
𝑛 ⊗ Φ𝑚) = lim

𝑦→∞

∫ 𝑎max𝑚

𝑎max

(𝑦+1−𝑥 )𝛼
𝑦𝛼 d𝑥∫ 𝑦

1
(𝑦+1−𝑥 )𝛼

𝑦𝛼 d𝑥

= (𝑚 − 1)
(
𝑚 − 1

𝑚1+ 1
𝛼 − 1

)𝛼
.

(3.111)

This completes the study of regular families of states defined by 𝑓 (𝑥) = 𝑥𝛼. The star conversion distance
vanishes only for 𝛼 = −1. Thus, the only universal embezzling family of this form is the one introduced by
van Dam and Hayden. Furthermore, exact values for the limit of the star conversion distance for 𝛼 ≥ −1 and
lower and upper bounds for 𝛼 < −1 were provided.

3.2.3 Uniqueness of the van Dam and Hayden Embezzling Family

In this Subsection, we provide further results on the uniqueness of the van Dam and Hayden embezzling
family. Given a regular family of states { 𝜒𝑛 }𝑛∈N, the asymptotic behaviour of the function 𝑓 associated with
it is relevant to determine whether { 𝜒𝑛 }𝑛∈N is a universal embezzling family or not (e.g., see Corollary 3.2.7).
We thus use the notations little-𝜔 and little-𝑜 (see, e.g., Ref. [168]) to describe asymptotic relations between
two functions 𝑔, ℎ : [1,∞) → (0,∞),

ℎ ∈ 𝜔(𝑔) ⇔ lim
𝑥→∞

ℎ(𝑥)
𝑔(𝑥) = +∞ , ℎ ∈ 𝑜(𝑔) ⇔ lim

𝑥→∞
ℎ(𝑥)
𝑔(𝑥) = 0. (3.112)

Before we state the results about the uniqueness of the van Dam and Hayden embezzling family, we prove
the following Lemma, which is a direct consequence of Theorem 2 in Ref. [169], which we restate here to
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Figure 3.1: The family of states
{
𝜒𝛼
𝑛

}
𝑛∈N is an embezzling family if and only if 𝛼 = −1. This can be seen in

the above plot showing the analytically derived exact value of lim𝑛→∞ 𝑇★(𝜒𝛼
𝑛 → 𝜒𝛼

𝑛 ⊗ Φ2) for 𝛼 ≥ −1 and
lower and upper bounds for 𝛼 < −1.

improve readability: Let 𝜇 be a measure on the real line R, and let 𝑓𝑖 , 𝑔𝑖 (𝑖 = 1, 2) be four Borel-measurable
functions: R → R such that 𝑓2 ≥ 0 and 𝑔2 ≥ 0, and

∫ �� 𝑓𝑖𝑔 𝑗 �� d𝜇 < ∞ (𝑖, 𝑗 = 1, 2). If 𝑓1/ 𝑓2 and 𝑔1/𝑔2 are
monotonic in the same direction, then∫

𝑓1𝑔1 d𝜇
∫

𝑓2𝑔2 d𝜇 ≥
∫

𝑓1𝑔2 d𝜇
∫

𝑓2𝑔1 d𝜇. (3.113)

Lemma 3.2.10: An inequality about integrals of continuous functions with non-increasing ratio

Let 𝑓 , 𝑔 be continuous, positive functions on [𝑎, 𝑏] such that 𝑓 (𝑥)/𝑔(𝑥) is a non-decreasing function
on [𝑎, 𝑏]. Then, for every 𝑥1 such that 𝑎 < 𝑥1 < 𝑏,∫ 𝑏

𝑎

𝑓 (𝑥) d𝑥
∫ 𝑥1

𝑎

𝑔(𝑥) d𝑥 ≥
∫ 𝑥1

𝑎

𝑓 (𝑥) d𝑥
∫ 𝑏

𝑎

𝑔(𝑥) d𝑥. (3.114)

Proof. Let ℎ̃(𝑥) = 1 and ℎ(𝑥) = 𝜒[𝑎,𝑥1 ] (𝑥), where 𝜒𝑆 (𝑥) is the characteristic function of the set 𝑆.
Furthermore, let

ℎ𝑘 (𝑥) =


1 if 𝑎 ≤ 𝑥 ≤ 𝑥1,

𝑒−𝑘 (𝑥−𝑥1 ) if 𝑥1 < 𝑥 ≤ 𝑏.
(3.115)

The sequence of functions { ℎ𝑘 }𝑘∈N converges to ℎ(𝑥) and satisfies 0 ≤ ℎ𝑘 (𝑥) ≤ 1. Due to the dominated
convergence theorem (see, e.g., Ref. [170]), we have

lim
𝑘→∞

∫ 𝑏

𝑎

𝑓 (𝑥)ℎ𝑘 (𝑥) d𝑥 =
∫ 𝑥1

𝑎

𝑓 (𝑥) d𝑥. (3.116)

The same result holds for 𝑔.
Since both 𝑓 (𝑥)/𝑔(𝑥) and ℎ̃(𝑥)/ℎ𝑘 (𝑥) are non-decreasing, we can apply Theorem 2 of Ref. [169] to find∫ 𝑏

𝑎

𝑓 (𝑥) ℎ̃(𝑥) d𝑥
∫ 𝑏

𝑎

𝑔(𝑥)ℎ𝑘 (𝑥) d𝑥 ≥
∫ 𝑏

𝑎

𝑓 (𝑥)ℎ𝑘 (𝑥) d𝑥
∫ 𝑏

𝑎

𝑔(𝑥) ℎ̃(𝑥) d𝑥. (3.117)

48



3. Approximate LOCC Conversion and Entanglement Embezzlement

After taking the limit 𝑘 →∞ on both sides, we obtain∫ 𝑏

𝑎

𝑓 (𝑥) d𝑥
∫ 𝑥1

𝑎

𝑔(𝑥) d𝑥 ≥
∫ 𝑥1

𝑎

𝑓 (𝑥) d𝑥
∫ 𝑏

𝑎

𝑔(𝑥) d𝑥, (3.118)

which finishes the proof. □

With this Lemma at hand, we are ready to present the promised results concerning the uniqueness of the
van Dam and Hayden embezzling family.

Theorem 3.2.11: Necessary and sufficient conditions for regular universal embezzling families

Let 𝑓 be a positive non-increasing function such that 𝑓 (𝑥)/𝑥𝛼 is asymptotically monotonic for all
𝛼 ∈ R and let { 𝜒𝑛 }𝑛∈N be the regular family of states associated to it (see Definition 3.2.6). Then
{ 𝜒𝑛 }𝑛∈N is a universal embezzling family if and only if 𝑓 ∈ 𝜔(𝑥−1−𝜀) ∩ 𝑜(𝑥−1+𝜀) ∀𝜀 > 0 and∑∞

𝑥=1 𝑓 (𝑥) = ∞. Furthermore, if 𝑓 ∉ 𝜔(𝑥−1−𝜀) ∩ 𝑜(𝑥−1+𝜀) for at least one 𝜀 > 0, then
{
𝜒𝑛 𝑗

}
𝑗∈N,

where
{
𝑛 𝑗

}
𝑗∈N is any sequence of natural numbers, is not a universal embezzling family.

Proof. Before we start, we notice that if lim 𝑗→∞ 𝑛 𝑗 = 𝐽 < ∞, then lim 𝑗→∞ 𝐹𝑛 𝑗
=

∑𝐽
𝑥=1 𝑓 (𝑥) < ∞, which

implies that the family of states
{
𝜒𝑛 𝑗

}
𝑗∈N is not an embezzling family (see Corollary 3.2.7). In this proof

we will thus assume, w.l.o.g., that lim 𝑗→∞ 𝑛 𝑗 = ∞.
Necessary condition — Let { 𝜒𝑛 }𝑛∈N be a universal embezzling family with the corresponding function

𝑓 satisfying the assumptions above. We already proved in Corollary 3.2.7 that if { 𝜒𝑛 }𝑛∈N is a universal
embezzling family, then

∑∞
𝑥=1 𝑓 (𝑥) = +∞. To show the remainder, let

𝑅 =

{
𝛼 ∈ R

���� lim
𝑥→∞

𝑓 (𝑥)
𝑥𝛼

= 0
}
, 𝐿 =

{
𝛼 ∈ R

���� lim
𝑥→∞

𝑓 (𝑥)
𝑥𝛼

= +∞
}
. (3.119)

Since lim𝑥→∞ 𝑓 (𝑥)/𝑥𝛼 = 0 for 𝛼 > 0, we have that 𝑅 ≠ ∅. Now we prove, by contradiction, that 𝐿 ≠ ∅ as
well. Let us assume that 𝐿 is empty. This implies that lim𝑥→∞ 𝑓 (𝑥)/𝑥𝛼 = 𝑙𝛼 < ∞ for all 𝛼. If there exists an
𝛼 such that 𝑙𝛼 ≠ 0, then lim𝑥→∞ 𝑓 (𝑥)/𝑥𝛼−1 = 𝑙𝛼 (lim𝑥→∞ 𝑥) = +∞. Thus, 𝛼 − 1 ∈ 𝐿, and 𝐿 ≠ ∅, leading to
the desired contradiction. If instead lim𝑥→∞ 𝑓 (𝑥)/𝑥𝛼 = 0 for all 𝛼, then lim𝑥→∞ 𝑓 (𝑥)/𝑥−2 = 0. This implies
that 𝑓 (𝑥)/𝑥−2 converges monotonically to zero for large 𝑥, i.e., there exists an 𝑁 such that 𝑓 (𝑥) < 𝑥−2 for
𝑥 > 𝑁 . Thus,

∑∞
𝑥=𝑁 𝑓 (𝑥) < ∑∞

𝑥=𝑁 𝑥
−2 < ∞. According to Corollary 3.2.7, this contradicts the hypothesis

that the family under consideration is universally embezzling. We have therefore shown that 𝐿 ≠ ∅ ≠ 𝑅.
The next step is to prove that inf 𝑅 = sup 𝐿. From the definition of 𝑅 and 𝐿, it follows that inf 𝑅 ≥ sup 𝐿.

Let us assume that inf 𝑅 > sup 𝐿, i.e., that there exists an 𝛼 ∈ R such that sup 𝐿 < 𝛼 < inf 𝑅. Since
𝛼 ∉ 𝐿 ∪ 𝑅, there exists a positive real number 𝑙 such that lim𝑥→∞ 𝑓 (𝑥)/𝑥𝛼 = 𝑙. Now pick 𝛼1 such that
sup 𝐿 < 𝛼1 < 𝛼 < inf 𝑅. We observe that lim𝑥→∞ 𝑓 (𝑥)/𝑥𝛼1 = 𝑙 (lim𝑥→∞ 𝑥𝛼/𝑥𝛼1) = +∞, thus 𝛼1 ∈ 𝐿. This
is in contradiction to the choice 𝛼1 > sup 𝐿. We therefore showed that sup 𝐿 = inf 𝑅.

So far, we have shown that if { 𝜒𝑛 } is a universal embezzling family satisfying our assumptions, then
there exists a unique 𝛼 such that 𝑓 (𝑥) ∈ 𝑜(𝑥𝛼+𝜀) ∩ 𝜔(𝑥𝛼−𝜀) for every 𝜀 > 0. What is left to show is that
if 𝛼 ≠ −1, then the family of states corresponding to 𝑓 cannot be universally embezzling. From the above
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discussion, we know that { 𝛼 > 0 } ⊆ 𝑅, thus we can focus on 𝛼 ≤ 0 and split our discussion into two
scenarios, 𝛼 < −1 and −1 < 𝛼 ≤ 0.

If 𝛼 < −1, then there exists an 𝜀 > 0 such that 𝛼 + 𝜀 < −1. Since 𝑓 ∈ 𝑜(𝑥𝛼+𝜀) and 𝑓 (𝑥)/𝑥𝛼+𝜀

converges monotonically to zero for large 𝑥, there exists an 𝑁 such that 𝑓 (𝑥) < 𝑥𝛼+𝜀 for 𝑥 > 𝑁 . This implies
that

∑∞
𝑥=𝑁 𝑓 (𝑥) < ∑∞

𝑥=𝑁 𝑥
𝛼+𝜀 < ∞ and therefore

∑∞
𝑥=1 𝑓 (𝑥) < ∞, which, according to Corollary 3.2.7,

contradicts the hypothesis that { 𝜒𝑛 } is a universal embezzling family. Let
{
𝑛 𝑗

}
𝑗∈N be any sequence of

natural number such that lim 𝑗→∞ 𝑛 𝑗 = ∞. Then lim 𝑗→∞
∑𝑛 𝑗

𝑥=1 𝑓 (𝑥) =
∑∞

𝑥=1 𝑓 (𝑥) < ∞. This implies, again
due to Corollary 3.2.7, that

{
𝜒𝑛 𝑗

}
𝑗∈N is not a universal embezzling family.

If −1 < 𝛼 ≤ 0, then there exists an 𝜀 > 0 such that 𝛼 − 𝜀 > −1. We notice that 𝑓 (𝑥)/𝑥𝛼−𝜀 diverges
to infinity for large 𝑥, because 𝑓 ∈ 𝜔(𝑥𝛼−𝜀). This implies that there exists an 𝑁 such that 𝑓 (𝑥) ≥ 𝑥𝛼−𝜀

for 𝑥 > 𝑁 and therefore
∑∞

𝑥=𝑁 𝑓 (𝑥) ≥ ∑∞
𝑥=𝑁 𝑥

𝛼−𝜀 = ∞, which allows us to use the results of Section 3.2.1.
Since 𝑓 (𝑥)/𝑥𝛼−𝜀 is non-decreasing for 𝑥 > 𝑁 , for all 𝑦 such that 𝑦/𝑚 > 𝑁 , we can use Lemma 3.2.10 to
obtain ∫ 𝑦

𝑁

𝑓 (𝑥) d𝑥
∫ 𝑦/𝑚

𝑁

𝑥𝛼−𝜀 d𝑥 ≥
∫ 𝑦/𝑚

𝑁

𝑓 (𝑥) d𝑥
∫ 𝑦

𝑁

𝑥𝛼−𝜀 d𝑥. (3.120)

This implies that
(𝑦/𝑚)𝛼−𝜀+1 − 𝑁𝛼−𝜀+1

(𝑦)𝛼−𝜀+1 − 𝑁𝛼−𝜀+1 ≥
∫ 𝑦/𝑚
𝑁

𝑓 (𝑥) d𝑥∫ 𝑦

𝑁
𝑓 (𝑥) d𝑥

. (3.121)

Next we introduce 𝛿 := 𝛼 − 𝜀 + 1 > 0 and take on both sides the limit inferior 𝑦 →∞, leading to

1
𝑚 𝛿

= lim inf
𝑦→∞

(𝑦/𝑚)𝛼−𝜀+1 − 𝑁𝛼−𝜀+1

(𝑦)𝛼−𝜀+1 − 𝑁𝛼−𝜀+1

≥ lim inf
𝑦→∞

∫ 𝑦/𝑚
𝑁

𝑓 (𝑥) d𝑥∫ 𝑦

𝑁
𝑓 (𝑥) d𝑥

= lim inf
𝑦→∞

∫ 𝑦/𝑚
1 𝑓 (𝑥) d𝑥∫ 𝑦

1 𝑓 (𝑥) d𝑥
,

(3.122)

where in the last equality, we used that
∫ 𝑁

1 𝑓 (𝑥) d𝑥 is finite, whilst
∫ ∞
𝑁
𝑓 (𝑥) d𝑥 diverges. As the last step, we

observe that according to Proposition 3.2.8,

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≥ lim inf
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

≥ lim inf
𝑦→∞

∫ 𝑦

𝑦/𝑚 𝑓 (𝑥) d𝑥∫ 𝑦

1 𝑓 (𝑥) d𝑥

≥ 1 − 1
𝑚 𝛿

> 0.

(3.123)

Using the comment after Definition 3.2.6, we obtain that for −1 < 𝛼 ≤ 0, there are no sequences
{
𝑛 𝑗

}
𝑗∈N

such that
{
𝜒𝑛 𝑗

}
𝑗∈N is a universal embezzling family, contradicting the hypothesis. Once we combine the

results for 𝛼 < −1 and −1 < 𝛼 ≤ 0, we have that if { 𝜒𝑛 } is a universal embezzling family satisfying our
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assumptions, 𝑓 (𝑥) ∈ 𝑜(𝑥−1+𝜀)∩𝜔(𝑥−1−𝜀) for all 𝜀 > 0. We have also shown that if 𝑓 ∉ 𝑜(𝑥−1+𝜀)∩𝜔(𝑥−1−𝜀)
for at least one 𝜀 > 0, then there are no sequences

{
𝑛 𝑗

}
𝑗∈N such that the family

{
𝜒𝑛 𝑗

}
𝑗∈N is a universal

embezzling family. This concludes the first part of the proof.
Sufficient condition — Let 𝑓 be a function satisfying our assumptions. Since 𝑓 (𝑥)/𝑥−1 is asymptotically

monotonic by assumption, lim𝑥→∞ 𝑓 (𝑥)/𝑥−1 exists in [0,+∞]. A priori, it can be either 0, 0 < 𝑙 ∈ R, or
+∞. If lim𝑥→∞ 𝑓 (𝑥)/𝑥−1 = 𝑙 > 0, then by definition of the limit, for any 𝑙 > 𝜀 > 0 there exists an 𝑁 such
that

��� 𝑓 (𝑥 )
𝑥−1 − 𝑙

��� < 𝜀 for all 𝑥 > 𝑁 . This is equivalent to (𝑙 − 𝜀)𝑥−1 < 𝑓 (𝑥) < (𝑙 + 𝜀)𝑥−1 for all 𝑥 > 𝑁 . Since∑∞
𝑥=𝑁 𝑓 (𝑥) ≥ (𝑙 − 𝜀)∑∞𝑥=𝑁 𝑥−1 = +∞, we can compute the star conversion distance using Proposition 3.2.8,

and find
lim
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚)

= lim
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

≤ lim
𝑦→∞

max1≤𝑎<𝑁

{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}
+max𝑁≤𝑎≤𝑦/𝑚

{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

= lim
𝑦→∞

max𝑁≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

≤ lim
𝑦→∞

max𝑁≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

𝑁
𝑓 (𝑥) d𝑥

≤ 𝑙 + 𝜀
𝑙 − 𝜀 lim

𝑦→∞

max𝑁≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑥−1 d𝑥

}∫ 𝑦

𝑁
𝑥−1 d𝑥

=
𝑙 + 𝜀
𝑙 − 𝜀 lim

𝑦→∞
log𝑚

log 𝑦 − log 𝑁
= 0.

(3.124)

Thus if lim𝑥→∞ 𝑓 (𝑥)/𝑥−1 = 𝑙 ≠ 0, then { 𝜒𝑛 } is a universal embezzling family.
Suppose now lim𝑥→∞ 𝑓 (𝑥)/𝑥−1 = 0. Since 𝑓 (𝑥)/𝑥−1 is non-increasing for large 𝑥, there exists an

𝑁̃ such that 𝑓 (𝑥) < 𝑥−1 for all 𝑥 > 𝑁̃ . For any fixed 𝜀 > 0, by hypothesis, lim𝑥→∞ 𝑓 (𝑥)/𝑥−1−𝜀 = +∞.
Furthermore, since by assumption

∫ ∞
1 𝑓 (𝑥) d𝑥 = ∞, while

∫ ∞
1 𝑥−1−𝜀 d𝑥 < ∞, there exists an 𝑁̃𝜀 , such

that
∫ 𝑦

1 𝑓 (𝑥) d𝑥 ≥
∫ 𝑦

1 𝑥−1−𝜀 d𝑥 for 𝑦 > 𝑁̃𝜀 . Let 𝑁𝜀 = max
{
𝑁̃, 𝑁̃𝜀

}
. Using again Proposition 3.2.8 and

performing the same steps as in Eq. (3.124), we obtain

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ lim sup
𝑦→∞

max𝑁𝜀≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

≤ lim sup
𝑦→∞

max𝑁𝜀≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑥−1 d𝑥

}∫ 𝑦

1 𝑥−1−𝜀 d𝑥

= log𝑚 lim
𝑦→∞

𝜀

1 − 𝑦−𝜀

= 𝜀 log𝑚.

(3.125)
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Since this is true for all 𝜀 > 0,

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ lim
𝜀→0

𝜀 log𝑚 = 0. (3.126)

This implies that lim𝑛→∞ 𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = 0, i.e., {𝜒𝑛} is a universal embezzling family.
Let us now consider the case lim𝑥→∞ 𝑓 (𝑥)/𝑥−1 = ∞. From this immediately follows that

∑∞
𝑥=1 𝑓 (𝑥) = +∞,

so we can use the results of Section 3.2.1. Furthermore, there exists an 𝑁 such that 𝑓 (𝑥)/𝑥−1 is non-decreasing
for 𝑥 ≥ 𝑁 . We write 𝑓 (𝑥) = 𝑥−1ℎ(𝑥) and thus ℎ(𝑥) is non-decreasing for 𝑥 ≥ 𝑁 . Computing the derivative
of

∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥 for 𝑎 ≥ 𝑁 , we find

d
∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

d𝑎
= 𝑚 𝑓 (𝑎𝑚) − 𝑓 (𝑎) = ℎ(𝑎𝑚) − ℎ(𝑎)

𝑎
≥ 0. (3.127)

Thus, max𝑁≤𝑎≤𝑦/𝑚
∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥 =

∫ 𝑦

𝑦/𝑚 𝑓 (𝑥) d𝑥 and, by following the same steps as in Eq. (3.124), we
obtain

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ lim sup
𝑦→∞

max𝑁≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

= lim sup
𝑦→∞

∫ 𝑦

𝑦/𝑚 𝑓 (𝑥) d𝑥∫ 𝑦

1 𝑓 (𝑥) d𝑥
.

(3.128)

Let us fix 𝜀 > 0. Since 𝑓 (𝑥)/𝑥−1+𝜀 is non-increasing for 𝑥 > 𝑁𝜀 by hypothesis, 𝑥−1+𝜀/ 𝑓 (𝑥) is non-decreasing
for 𝑥 > 𝑁𝜀 . By applying Lemma 3.2.10 (for 𝑦 large enough), we obtain∫ 𝑦

𝑁𝜀

𝑥−1+𝜀 d𝑥
∫ 𝑦/𝑚

𝑁𝜀

𝑓 (𝑥) d𝑥 ≥
∫ 𝑦/𝑚

𝑁𝜀

𝑥−1+𝜀 d𝑥
∫ 𝑦

𝑁𝜀

𝑓 (𝑥) d𝑥. (3.129)

From this follows that ∫ 𝑦/𝑚
𝑁𝜀

𝑓 (𝑥) d𝑥∫ 𝑦

𝑁𝜀
𝑓 (𝑥) d𝑥

≥ (𝑦/𝑚)
𝜀 − 𝑁 𝜀

𝜀

𝑦𝜀 − 𝑁 𝜀
𝜀

. (3.130)

Taking the lim sup on both sides, and adding the finite contributions
∫ 𝑁𝜀

1 𝑓 (𝑥) d𝑥 to the diverging integrals∫ 𝑦/𝑚
𝑁𝜀

𝑓 (𝑥) d𝑥 and
∫ 𝑦

𝑁𝜀
𝑓 (𝑥) d𝑥, we obtain

lim sup
𝑦→∞

∫ 𝑦/𝑚
1 𝑓 (𝑥) d𝑥∫ 𝑦

1 𝑓 (𝑥) d𝑥
≥ 1
𝑚𝜀

. (3.131)

Combining Eq. (3.128) and Eq. (3.131) we get

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ 1 − lim sup
𝑦→∞

∫ 𝑦/𝑚
1 𝑓 (𝑥) d𝑥∫ 𝑦

1 𝑓 (𝑥) d𝑥
≤ 1 − 1

𝑚𝜀
. (3.132)

This is true for all 𝜀 > 0, thus taking the limit 𝜀 → 0 we obtain the desired result

lim sup
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≤ lim
𝜀→0

1 − 1
𝑚𝜀

= 0. (3.133)

This concludes the proof of the sufficient condition. □
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The above result on the uniqueness of the van Dam and Hayden family can be expressed as follows: Any
regular family of states { 𝜒𝑛 }𝑛∈N satisfying the conditions of Theorem 3.2.11 is a universal embezzling
family if and only if 𝑓 , the function associated to { 𝜒𝑛 }𝑛∈N, is asymptotically close to 𝑥−1, the function
associated to the van Dam and Hayden family, where asymptotically close means 𝑓 ∈ 𝜔(𝑥−1−𝜀) ∩ 𝑜(𝑥−1+𝜀)
for all 𝜀 > 0. For examples of such embezzling families, one can see Ref. [53]. All the families introduced in
that work satisfy the conditions in Theorem 3.2.11. To the best of our knowledge, there are no embezzling
families in literature that do not satisfy the conditions in Theorem 3.2.11.

The assumption that 𝑓 (𝑥)/𝑥𝛼 is asymptotically monotonic for every 𝛼 ∈ R is crucial for our proof
and does not follow from the monotonicity of 𝑓 . There are functions that are non-increasing but oscillate
asymptotically when multiplied by powers of 𝑥. An example is the function

𝑓 (𝑥) = 1 + (1 + sin ln ln 𝑥) ln 𝑥
𝑥

, (3.134)

which is non-increasing, but 𝑥 𝑓 (𝑥) oscillates between 1 and ∞. Theorem 3.2.11 does not provide any
information about families of states associated with such functions, and it cannot be used to determine whether
such families are universally embezzling or not.

Next, we prove two related propositions concerning regular families of states associated with non-
decreasing functions.

Proposition 3.2.12: Sufficient conditions for regular universal embezzling families - I

Let 𝑓 be a positive non-decreasing function such that 𝑓 (𝑥)/𝑥𝛼 is asymptotically non-increasing for at
least one 𝛼 > 0. Then the regular family of states { 𝜒𝑛 }𝑛∈N associated to 𝑓 (see Definition 3.2.6) is
not a universal embezzling family. Furthermore, there are no sequences

{
𝑛 𝑗

}
𝑗∈N such that

{
𝜒𝑛 𝑗

}
𝑗∈N

is a universal embezzling family.

Proof. Since 𝑓 (𝑥) is non-decreasing and
∑∞

𝑥=1 𝑓 (𝑥) diverges, we can use Proposition 3.2.8 and Lemma 3.2.10,
to obtain

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≥ lim inf
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑎𝑚

𝑎
𝑔(𝑥, 𝑦) d𝑥

}∫ 𝑦

1 𝑔(𝑥, 𝑦) d𝑥

= lim inf
𝑦→∞

max1≤𝑎≤𝑦/𝑚
{ ∫ 𝑦−𝑎+1

𝑦−𝑎𝑚+1 𝑓 (𝑥) d𝑥
}∫ 𝑦

1 𝑓 (𝑥) d𝑥

≥ lim inf
𝑦→∞

{ ∫ 𝑦 (1−1/𝑚)+1
1 𝑓 (𝑥) d𝑥

}∫ 𝑦

1 𝑓 (𝑥) d𝑥

≥ lim inf
𝑦→∞

{ ∫ 𝑦 (1−1/𝑚)+1
1 𝑥𝛼 d𝑥

}∫ 𝑦

1 𝑥𝛼 d𝑥

=

(
1 − 1

𝑚

)𝛼+1
.

(3.135)
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The last inequality is based on Lemma 3.2.10 and is derived as in the previous cases. Using the comment
after Definition 3.2.6, we obtain that { 𝜒𝑛 }𝑛∈N is not a universal embezzling family. Furthermore, there are
no sequences

{
𝑛 𝑗

}
𝑗∈N such that

{
𝜒𝑛 𝑗

}
𝑗∈N is a universal embezzling family. □

Proposition 3.2.13: Sufficient conditions for regular universal embezzling families - II

Let 𝑓 be a positive non-decreasing function such that 𝑓 (𝑥)/𝑒𝑘𝑥 is asymptotically non-decreasing for
at least one 𝑘 > 0. Then, the regular family of states { 𝜒𝑛 }𝑛∈N associated with 𝑓 is not a universal
embezzling family. Furthermore, there are no sequences

{
𝑛 𝑗

}
𝑗∈N such that

{
𝜒𝑛 𝑗

}
𝑗∈N is a universal

embezzling family.

Proof. From Eq. (3.46) follows that

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) ≥
(
1 − 1

𝑚

)
lim inf
𝑛→∞

𝑝
(𝑛)
1

=

(
1 − 1

𝑚

)
lim inf
𝑛→∞

𝑓 (𝑛)∑𝑛
𝑥=1 𝑓 (𝑥)

=

(
1 − 1

𝑚

)
lim inf
𝑦→∞

𝑓 (𝑦)∫ 𝑦

1 𝑓 (𝑥) d𝑥

≥
(
1 − 1

𝑚

)
lim inf
𝑦→∞

∫ 𝑦

𝑦−1 𝑓 (𝑥) d𝑥∫ 𝑦

1 𝑓 (𝑥) d𝑥

≥
(
1 − 1

𝑚

)
lim inf
𝑦→∞

∫ 𝑦

𝑦−1 𝑒
𝑘𝑥 d𝑥∫ 𝑦

1 𝑒𝑘𝑥 d𝑥

=

(
1 − 1

𝑚

)
(1 − 𝑒−𝑘).

(3.136)

Also, here, the last inequality is due to Lemma 3.2.10, and the family of states is not a universal embezzling
family. Furthermore, there are no sequences

{
𝑛 𝑗

}
𝑗∈N such that

{
𝜒𝑛 𝑗

}
𝑗∈N is a universal embezzling

family. □

3.2.4 Asymptotically Regular Families

In the definition of universal embezzling families, Definition 3.2.1, and in all the results about embezzlement,
only the asymptotic behaviour of a family of states { 𝜒𝑛 }𝑛∈N is relevant. This motivates the following
definition, which is a generalization of regular families.
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Definition 3.2.14: Asymptotically regular family

A family of states { 𝜒𝑛 }𝑛∈N is called asymptotically regular if there exists an asymptotically monotonic
function 𝑓 : N→ (0,∞) such that

|𝜒𝑛⟩ =
1
√
𝐹𝑛

𝑛∑︁
𝑥=1

√︁
𝑓 (𝑥) |𝑥𝑥⟩ for all 𝑛 ∈ N, (3.137)

where 𝐹𝑛 =
∑𝑛

𝑥=1 𝑓 (𝑥).

We next demonstrate that our results also hold for asymptotically regular families. To this end, we start
with the following theorem.

Theorem 3.2.15: Regular versus asymptotically regular embezzling families

Let { 𝜒𝑛 }𝑛∈N be an asymptotically regular family and let 𝑓 be the function associated to it (see
Definition 3.2.14). Then one can construct a function 𝑓 that satisfies

1. 𝑓 corresponds to a regular family { 𝜒̃𝑛 }𝑛∈N (see Definition 3.2.6),

2. lim𝑥→∞ 𝑓 (𝑥)/ 𝑓 (𝑥) = 1,

3. { 𝜒̃𝑛 }𝑛∈N is a universal embezzling family if and only if { 𝜒𝑛 }𝑛∈N is a universal embezzling
family,

4. { 𝜒̃𝑛 }𝑛∈N contains a universal embezzling subfamily if and only if { 𝜒𝑛 }𝑛∈N contains a universal
embezzling subfamily.

Proof. Since 𝑓 is by assumption asymptotically monotonic, lim𝑥→∞ 𝑓 (𝑥) exists in the extended domain
[0,∞]. We first study the case lim𝑥→∞ 𝑓 (𝑥) = 𝑙, with 0 < 𝑙 ∈ R. In this case, we choose 𝑓 (𝑥) = 𝑙, which
corresponds to a regular family. Moreover, from the definition of 𝑓 follows that lim𝑥→∞ 𝑓 (𝑥)/ 𝑓 (𝑥) = 1. We
also notice that for every 0 < 𝜀 < 𝑙, there exists an 𝑁 such that 𝑙 − 𝜀 < 𝑓 (𝑥) < 𝑙 + 𝜀 for all 𝑥 ≥ 𝑁 . This
implies that

∑∞
𝑥=1 𝑓 (𝑥) ≥

∑∞
𝑥=𝑁 𝑓 (𝑥) ≥ ∑∞

𝑥=𝑁 (𝑙 − 𝜀) = ∞. Similarly,
∑∞

𝑥=1 𝑓 (𝑥) =
∑∞

𝑥=1 𝑙 = ∞. Since
lim𝑛→∞ 𝐹−1

𝑛 = lim𝑛→∞ 𝐹̃−1
𝑛 = 0, we obtain that lim𝑛→∞ 𝑝

(𝑛)
1 = 0 (where p(𝑛) are the Schmidt coefficients

of 𝜒𝑛), and therefore, according to Eq. (3.46),

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = lim inf
𝑛→∞

max
𝑘∈[𝑛]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max

𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑝
(𝑛)
𝑥 −

𝑏𝑘

𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max

𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑝
(𝑛)
𝑥

}
,

(3.138)

where 𝑎𝑘 = ⌊𝑘/𝑚⌋ and 𝑏𝑘 = 𝑘 − 𝑚𝑎𝑘 . The Schmidt coefficients are, by definition, non-increasing, i.e.,
obtained by reordering { 𝑓 (𝑥)/𝐹𝑛 }𝑥∈N. Since there are at most 𝑁 natural numbers 𝑥 that do not satisfy the
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condition 𝑙 − 𝜀 < 𝑓 (𝑥) < 𝑙 + 𝜀, there are at most 𝑁 Schmidt coefficients that do not satisfy 𝑙−𝜀
𝐹𝑛

< 𝑝
(𝑛)
𝑥 < 𝑙+𝜀

𝐹𝑛
.

We call the set of indices corresponding to these Schmidt coefficients 𝐴 (thus |𝐴| ≤ 𝑁) and observe that for
any 𝑎, 𝑏 ∈ { 𝑁, . . . , 𝑛 } such that 𝑎 ≤ 𝑏,

𝑏∑︁
𝑥=𝑎

𝑝
(𝑛)
𝑥 =

∑︁
𝑥∈{ 𝑎,...,𝑏 }\𝐴

𝑝
(𝑛)
𝑥 +

∑︁
𝑥∈{ 𝑎,...,𝑏 }∩𝐴

𝑝
(𝑛)
𝑥

=
∑︁

𝑥∈{ 𝑎,...,𝑏 }\𝐴
𝑝
(𝑛)
𝑥 +

∑︁
𝑥∈{ 𝑎,...,𝑏 }∩𝐴

𝑙

𝐹𝑛
+

∑︁
𝑥∈{ 𝑎,...,𝑏 }∩𝐴

(
𝑝
(𝑛)
𝑥 −

𝑙

𝐹𝑛

)
.

(3.139)

This implies that

𝑏∑︁
𝑥=𝑎

(𝑙 − 𝜀)
𝐹𝑛

+
∑︁

𝑥∈{ 𝑎,...,𝑏 }∩𝐴

(
𝑝
(𝑛)
𝑥 −

𝑙

𝐹𝑛

)
<

𝑏∑︁
𝑥=𝑎

𝑝
(𝑛)
𝑥

<

𝑏∑︁
𝑥=𝑎

(𝑙 + 𝜀)
𝐹𝑛

+
∑︁

𝑥∈{ 𝑎,...,𝑏 }∩𝐴

(
𝑝
(𝑛)
𝑥 −

𝑙

𝐹𝑛

)
,

(3.140)

and therefore

lim inf
𝑛→∞

max
𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1

𝑙 − 𝜀
𝐹𝑛

}
≤ lim inf

𝑛→∞
max

𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑝
(𝑛)
𝑥

}
≤ lim inf

𝑛→∞
max

𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1

𝑙 + 𝜀
𝐹𝑛

}
,

(3.141)

which implies

(𝑙 − 𝜀) lim inf
𝑛→∞

𝑛 − ⌊𝑛/𝑚⌋
𝐹𝑛

≤ lim inf
𝑛→∞

max
𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑝
(𝑛)
𝑥

}
≤ (𝑙 + 𝜀) lim inf

𝑛→∞
𝑛 − ⌊𝑛/𝑚⌋

𝐹𝑛
.

(3.142)

Observing that
∑𝑁

𝑥=1 𝑓 (𝑥) + (𝑙 − 𝜀) (𝑛 − 𝑁) < 𝐹𝑛 <
∑𝑁

𝑥=1 𝑓 (𝑥) + (𝑙 + 𝜀) (𝑛 − 𝑁), we obtain

𝑙 − 𝜀
𝑙 + 𝜀

(
1 − 1

𝑚

)
≤ lim inf

𝑛→∞
max

𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑝
(𝑛)
𝑥

}
≤ 𝑙 + 𝜀
𝑙 − 𝜀

(
1 − 1

𝑚

)
. (3.143)

Since Eq. (3.143) holds for every 𝜀 > 0, we conclude that

lim inf
𝑛→∞

max
𝑘∈{ 𝑁,...,𝑛 }

{
𝑘∑︁

𝑥=𝑎𝑘+1
𝑝
(𝑛)
𝑥

}
= 1 − 1

𝑚
. (3.144)

Inserting this result into Eq. (3.138), we have

lim inf
𝑥→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚) = 1 − 1
𝑚
. (3.145)
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The function 𝑓 is a rescaling of 𝑓 (𝑥) = 𝑥0, which we already studied in Section 3.2.2. This implies that the
family { 𝜒̃𝑛 }𝑛∈N is equal to the family

{
𝜒
(0)
𝑛

}
𝑛∈N

and

lim inf
𝑥→∞

𝑇★( 𝜒̃𝑛 → 𝜒̃𝑛 ⊗ Φ𝑚) = lim inf
𝑥→∞

𝑇★(𝜒 (0)𝑛 → 𝜒
(0)
𝑛 ⊗ Φ𝑚)

= 1 − 1
𝑚

= lim inf
𝑥→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚).

(3.146)

This proves that neither 𝑓 nor 𝑓 corresponds to families with universally embezzling subfamilies (and are
therefore also not universally embezzling themselves).

We now consider the case lim𝑥→∞ 𝑓 (𝑥) = 0; thus 𝑓 is asymptotically non-increasing. Let 𝑁 be such that
𝑓 is non-increasing on (𝑁,∞) and let 𝑎 = min𝑥∈{ 1,...,𝑁 } 𝑓 (𝑥). Since 𝑓 is positive, 𝑎 > 0. Let 𝑀 > 𝑁 be
such that 𝑓 (𝑥) < 𝑎 for every 𝑥 ≥ 𝑀 (such 𝑀 exists because lim𝑥→∞ 𝑓 (𝑥) = 0). In this case, we define 𝑓 as

𝑓 (𝑥) =

𝑓 (𝑀) if 𝑥 ≤ 𝑀,

𝑓 (𝑥) if 𝑥 > 𝑀.
(3.147)

Clearly, the family { 𝜒̃𝑛 }𝑛∈N associated to it is regular and lim𝑥→∞ 𝑓 (𝑥)/ 𝑓 (𝑥) = 1. Furthermore, the ordered
Schmidt coefficients satisfy for all 𝑥 ≥ 𝑀

𝑝
(𝑛)
𝑥 =

𝑓 (𝑥)
𝐹𝑛

=
𝑓 (𝑥)
𝐹𝑛

= 𝑝
(𝑛)
𝑥

𝐹̃𝑛

𝐹𝑛
. (3.148)

If 𝐹𝑛 converges, 𝐹̃𝑛 converges too and by Corollary 3.2.5 neither { 𝜒𝑛 }𝑛∈N nor { 𝜒̃𝑛 }𝑛∈N are universal
embezzling families (and do not contain universal embezzling subfamilies). If instead 𝐹𝑛 diverges, so does
𝐹̃𝑛 and

lim
𝑛→∞

𝐹̃𝑛

𝐹𝑛
= lim

𝑛→∞

∑𝑛
𝑥=1 𝑓 (𝑥)∑𝑛
𝑥=1 𝑓 (𝑥)

= lim
𝑛→∞

∑𝑛
𝑥=𝑀 𝑓 (𝑥)∑𝑛
𝑥=𝑀 𝑓 (𝑥) = 1. (3.149)

Using Eq. (3.46) and Eq. (3.148), we obtain

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚)

= lim inf
𝑛→∞

max
𝑘∈[𝑛]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max

𝑘∈{ 𝑚𝑀,...,𝑛 }

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
𝐹̃𝑛

𝐹𝑛
max

𝑘∈{ 𝑚𝑀,...,𝑛 }

{


p̃(𝑛)



(𝑘 )
−




p̃(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max
𝑘∈[𝑛]

{


p̃(𝑛)



(𝑘 )
−




p̃(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
𝑇★( 𝜒̃𝑛 → 𝜒̃𝑛 ⊗ Φ𝑚),

(3.150)

where again 𝑎𝑘 = ⌊𝑘/𝑚⌋ and 𝑏𝑘 = 𝑘 − 𝑚𝑎𝑘 . In this case as well, we therefore proved that { 𝜒𝑛 }𝑛∈N is a
universal embezzling family if and only if { 𝜒̃𝑛 }𝑛∈N is a universal embezzling family (and the same holds for
subfamilies).
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Lastly, we consider the case when lim𝑥→∞ 𝑓 (𝑥) = ∞, and 𝑓 is asymptotically non-decreasing. Analogously
to the previous case, let 𝑁 be such that 𝑓 is non-decreasing for 𝑥 ∈ (𝑁,∞). Let 𝑎 be the maximum of 𝑓 (𝑥)
for 𝑥 ∈ { 1, . . . , 𝑁 }, and let 𝑀 > 𝑁 be such that 𝑓 (𝑥) > 𝑎 for 𝑥 ≥ 𝑀 . Also here, we define 𝑓 via

𝑓 =


𝑓 (𝑀) if 𝑥 ≤ 𝑀,

𝑓 (𝑥) if 𝑥 > 𝑀.
(3.151)

The family of states { 𝜒̃𝑛 }𝑛∈N is regular, lim𝑥→∞ 𝑓 (𝑥)/ 𝑓 (𝑥) = 1, and lim𝑥→∞ 𝐹̃𝑛/𝐹𝑛 = 1. The Schmidt
coefficients associated to 𝜒𝑛 and 𝜒̃𝑛 are related by

𝑝
(𝑛)
𝑥 =

𝑓 (𝑛 + 1 − 𝑥)
𝐹𝑛

=
𝑓 (𝑛 + 1 − 𝑥)

𝐹𝑛
= 𝑝

(𝑛)
𝑥

𝐹̃𝑛

𝐹𝑛
∀𝑥 ≤ 𝑛 − 𝑀. (3.152)

Using Eq. (3.46) again and the relation between Schmidt coefficients derived in Eq. (3.152) we obtain

lim inf
𝑛→∞

𝑇★(𝜒𝑛 → 𝜒𝑛 ⊗ Φ𝑚)

= lim inf
𝑛→∞

max
𝑘∈[𝑛]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max

𝑘∈[𝑛−𝑀 ]

{


p(𝑛)



(𝑘 )
−




p(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
𝐹̃𝑛

𝐹𝑛
max

𝑘∈[𝑛−𝑀 ]

{


p̃(𝑛)



(𝑘 )
−




p̃(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
max
𝑘∈[𝑛]

{


p̃(𝑛)



(𝑘 )
−




p̃(𝑛)



(𝑎𝑘 )
− 𝑏𝑘
𝑚
𝑝
(𝑛)
𝑎𝑘+1

}
= lim inf

𝑛→∞
𝑇★( 𝜒̃𝑛 → 𝜒̃𝑛 ⊗ Φ𝑚).

(3.153)

This proves the theorem. □

Thanks to Theorem 3.2.15, Theorem 3.2.11 also holds for asymptotically regular families.

Corollary 3.2.16: Necessary and sufficient conditions for asymptotically regular universal em-
bezzling families

Let 𝑓 be a positive asymptotically non-increasing function such that 𝑓 (𝑥)/𝑥𝛼 is asymptotically
monotonic for all 𝛼 ∈ R and let { 𝜒𝑛 }𝑛∈N be the asymptotically regular family of states associated
to 𝑓 (see Definition 3.2.14). Then { 𝜒𝑛 }𝑛∈N is a universal embezzling family if and only if
𝑓 ∈ 𝜔(𝑥−1−𝜀)∩𝑜(𝑥−1+𝜀) for all 𝜀 > 0 and

∑∞
𝑥=1 𝑓 (𝑥) = ∞. Furthermore, if 𝑓 ∉ 𝜔(𝑥−1−𝜀)∩𝑜(𝑥−1+𝜀)

for at least one 𝜀 > 0, then
{
𝜒𝑛 𝑗

}
𝑗∈N, where

{
𝑛 𝑗

}
𝑗∈N is any sequence of natural numbers, is not a

universal embezzling family.

Proof. Combine Theorem 3.2.15 and Theorem 3.2.11. □

For the same reasons, Proposition 3.2.12 and Proposition 3.2.13 also hold for asymptotically regular
families.
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Corollary 3.2.17: Sufficient conditions for asymptotically regular universal embezzling families -
I

Let 𝑓 be a positive asymptotically non-decreasing function such that 𝑓 (𝑥)/𝑥𝛼 is asymptotically
non-increasing for at least one 𝛼 > 0. Then, the asymptotically regular family of states { 𝜒𝑛 }𝑛∈N
associated with 𝑓 is not a universal embezzling family. Furthermore, there are no sequences

{
𝑛 𝑗

}
𝑗∈N

such that
{
𝜒𝑛 𝑗

}
𝑗∈N is a universal embezzling family.

Corollary 3.2.18: Sufficient conditions for asymptotically regular universal embezzling families -
II

Let 𝑓 be a positive asymptotically non-decreasing function such that 𝑓 (𝑥)/𝑒𝑘𝑥 is asymptotically
non-decreasing for at least one 𝑘 > 0. Then, the asymptotically regular family of states { 𝜒𝑛 }𝑛∈N
associated with 𝑓 is not a universal embezzling family. Furthermore, there are no sequences

{
𝑛 𝑗

}
𝑗∈N

such that
{
𝜒𝑛 𝑗

}
𝑗∈N is a universal embezzling family.

59



Chapter 4

Cooling and Heating in the Resource Theory
of Thermodynamics

In Section 2.3, we presented the resource theory of thermodynamics or athermality [33–35, 107, 171–188].
This is an operational approach to quantum thermodynamics based on the partition of channels and states into
free and resourceful. As a reminder, in the case of thermodynamics, states in equilibrium with a given large
bath (or environment) are free, while states out of thermal equilibrium are resources. Thermal operations
consist of 1) tensoring with a thermal state, 2) performing an energy-preserving evolution, and 3) discarding
subsystems. As explained in Section 2.3, free operations are the closure of thermal operations. The interest
in quantum thermodynamics is more than a futile intellectual exercise. There is a growing interest in heat
engines operating in the quantum regime motivated by the promise that quantum engines may grant an
advantage over classical ones [189–196]. Moreover, quantum thermodynamics is also important from a
foundational perspective since it has applications ranging from the small scales of biochemistry to the large
scales of black hole physics [197–200].

Using the framework of quantum resource theories, in this Chapter, we derive important results about two
of the most notable thermodynamic tasks: cooling and heating. The first question that we have to answer
is what it means to cool and heat a quantum system 𝐴 [201]. One approach is that we convert the system
from a state at equilibrium with a bath at a temperature 𝑇 (which we assume to be the temperature of the
environment) to a state corresponding to the equilibrium with another bath at temperature 𝑇 . Following
this approach, we derive expressions for the highest and lowest temperature to which a system 𝐴 can be
heated and cooled using a given resource and only closed thermal operations. These expressions can be easily
computed analytically when |𝐴| = 2 and numerically in all other cases. Another common interpretation
of cooling that is independent of a notion of temperature is to increase the overlap with 𝐴’s ground state,
which is considered, for example, in algorithmic heat bath cooling [192, 202–205]. Once again, we find the
maximum overlap that can be achieved using a resource and closed thermal operations. Importantly, when
cooling qubits, the two interpretations are equivalent and reduce to increasing the population of the ground
state. Similarly, heating a qubit reduces to increasing the population of its higher energy level. The last result
that we present in Section 4.1 is that the ability to cool and heat qubits fully characterizes the convertibility
between quasi-classical states, i.e., states that do not exhibit coherence between different energy eigenstates.
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Indeed, a state 𝜌𝑅 can be converted into a quasi-classical state 𝜎𝑆 with closed thermal operations if and only
if 𝜌𝑅 heats and cools qubits to higher and lower temperatures than 𝜎𝑆 does.

In Section 4.2, we change perspective. Instead of asking to what temperatures a qubit can be heated and
cooled, we determine, given a desired temperature 𝑇 , which qubits, identified by the energy gap between
the ground and the excited state, can be heated and cooled to such a temperature using a given resource and
closed thermal operation. Furthermore, we show again that the ability to cool and heat qubits is critical
for characterizing state conversion. Indeed, a state 𝜌𝑅 can be converted into a quasi-classical state 𝜎𝑆 with
closed thermal operations if and only if, for any target temperature 𝑇 , 𝜌𝑅 can cool or heat to the temperature
𝑇 at least as many different qubits as 𝜎𝑆 .

4.1 Cooling and Heating

Two central tasks in classical thermodynamics are cooling and heating. In this Section, we study cooling
and heating in the context of quantum thermodynamics. First, there is the system that we want to heat and
cool, which we denote with the letter 𝐴. The Hamiltonian of the system 𝐴, 𝐻𝐴, is not completely degenerate;
otherwise, cooling and heating would be trivial. Indeed, if the Hamiltonian had only one energy level, no
transformation would change the population of that single energy level. We assume that 𝐴 is initially at
equilibrium with the environment. As discussed in Section 2.3, this state is the Gibbs state

𝛾𝐴 =
𝑒−𝛽𝐻

𝐴

Tr𝐴[𝑒−𝛽𝐻𝐴]
, (4.1)

where 𝛽 = 1
𝑘𝐵𝑇

is the inverse temperature of the environment. Second, we need to characterize what it means
to cool and heat system 𝐴. From the zeroth law of thermodynamics, we have a notion of temperature as
equivalence classes of states at equilibrium. As such, we can say that the system has been cooled or heated to
a temperature 𝑇 if the new system is at equilibrium with a bath at temperature 𝑇 . But this new state is nothing
else than the Gibbs state

𝛾̃𝐴 =
𝑒−𝛽𝐻

𝐴

Tr𝐴[𝑒−𝛽𝐻𝐴]
, (4.2)

where 𝛽 = 1
𝑘𝐵𝑇̃

. Moreover, note that, in Section 2.3, we have shown that if we consider 𝛾𝐴 and 𝛾̃𝐴 as
statistical ensembles, then 𝑇 and 𝑇 are the temperatures of the ensembles, respectively. Therefore, we can
describe the cooling and heating of a system 𝐴 as a process that converts the state 𝛾𝐴 into the state 𝛾̃𝐴. Third,
we use a system 𝑅, with Hamiltonian 𝐻𝑅, in a state 𝜌𝑅 as the resources for the cooling and heating. Lastly,
we assume that only closed thermal operations can be used in the heating and cooling protocols. Therefore,
the question becomes: Can the state 𝜌𝑅 be used to convert the state 𝛾𝐴 into the state 𝛾̃𝐴 using only CTO?
That is, is the conversion

(𝜌𝑅 ⊗ 𝛾𝐴, 𝛾𝑅 ⊗ 𝛾𝐴) 𝐶𝑇𝑂−−−−→ (𝛾𝑅 ⊗ 𝛾̃𝐴, 𝛾𝑅 ⊗ 𝛾𝐴) (4.3)

possible? Observe that we have assumed that the final state of system 𝑅 is 𝛾𝑅. This assumption can be made
without loss of generality because if it is possible to convert 𝜌𝑅 ⊗ 𝛾𝐴 to 𝜎𝑅 ⊗ 𝛾̃𝐴, then it is also possible to
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convert 𝜌𝑅 ⊗ 𝛾𝐴 into 𝛾𝑅 ⊗ 𝛾̃𝐴. Indeed, remember that sequential and parallel composition of free operations
are free, and so are partial traces and preparing a system at equilibrium with the environment. Therefore:

(𝜌𝑅 ⊗ 𝛾𝐴, 𝛾𝑅 ⊗ 𝛾𝐴) 𝐶𝑇𝑂−−−−→ (𝜎𝑅 ⊗ 𝛾̃𝐴, 𝛾𝑅 ⊗ 𝛾𝐴) Tr𝑅−−−→ (𝛾̃𝐴, 𝛾𝐴)
𝛾𝑅⊗
−−−→ (𝛾𝑅 ⊗ 𝛾̃𝐴, 𝛾𝑅 ⊗ 𝛾𝐴). (4.4)

With a similar reasoning, we can simplify Eq. (4.3):

(𝜌𝑅 ⊗ 𝛾𝐴, 𝛾𝑅 ⊗ 𝛾𝐴) (𝛾𝑅 ⊗ 𝛾̃𝐴, 𝛾𝑅 ⊗ 𝛾𝐴)CTO

(𝜌𝑅, 𝛾𝑅) (𝛾̃𝐴, 𝛾𝐴)CTO
Tr𝐴 ⊗𝛾𝐴 Tr𝑅 𝛾𝑅⊗

(4.5)

Eq. (4.5) shows that the conversion problem in Eq. (4.3) is equivalent to:

(𝜌𝑅, 𝛾𝑅) 𝐶𝑇𝑂−−−−→ (𝛾̃𝐴, 𝛾𝐴). (4.6)

As explained in Section 2.3, there is a nice characterization for the conversion problem in the resource
theory of athermality only for quasi-classical states. In our case, 𝛾̃𝐴 is quasi-classical, but no assumption
has been made about 𝜌𝑅. However, for every 𝜌𝑅, the quasi-classical state P𝑅→𝑅 (𝜌𝑅) is equivalent to 𝜌𝑅 in
cooling and heating, where P𝑅→𝑅 is the pinching or twirling channel

P𝑅→𝑅 (·) =
∑︁
𝑥

Π𝑅
𝑥 (·)Π𝑅

𝑥 , (4.7)

and Π𝑅
𝑥 are the projectors onto the eigenspaces of 𝐻𝑅.

Lemma 4.1.1: Equivalence of quasi-classical and non quasi-classical states in CTO conversions
with quasi-classical output

Assume (𝜎𝐴, 𝛾𝐴) is quasi-classical. Then

(𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝐴, 𝛾𝐴) ⇔ (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅) CTO−−−→ (𝜎𝐴, 𝛾𝐴). (4.8)

Proof. Remember that the pinching channel is a free operation [98]. We first assume that (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅) CTO−−−→
(𝜎𝐴, 𝛾𝐴) holds, i.e., there exists anM𝑅→𝐴 ∈ CTO(𝑅 → 𝐴) such that

M𝑅→𝐴(P𝑅→𝑅 (𝜌𝑅)) = 𝜎𝐴. (4.9)

Due to Proposition 2.3.2, N𝑅→𝐴 :=M𝑅→𝐴 ◦ P𝑅→𝑅 ∈ CTO(𝑅 → 𝑅). Moreover, N𝑅→𝐴(𝜌𝑅) = 𝜎𝐴, i.e.,
(𝜌𝐵, 𝛾𝐵) CTO−−−→ (𝜎𝐴, 𝛾𝐴).

For the reverse, assume that (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝐴, 𝛾𝐴), i.e., that there exists a sequence of thermal
operationsM𝑅→𝐴

𝑛 ∈ TO(𝑅 → 𝐴) such that

M𝑅→𝐴(𝜌𝑅) := lim
𝑛→∞
M𝑅→𝐴

𝑛 (𝜌𝑅) = 𝜎𝐴. (4.10)
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Now, every thermal operation is covariant in the sense that [176]

P𝐴→𝐴 ◦M𝑅→𝐴
𝑛 =M𝑅→𝐴

𝑛 ◦ P𝑅→𝑅, (4.11)

and since the set of covariant operations is closed, alsoM𝑅→𝐴 is covariant. Therefore

𝜎𝐴 = P𝐴→𝐴(𝜎𝐴) = P𝐴→𝐴 ◦M𝑅→𝐴(𝜌𝑅) =M𝑅→𝐴 ◦ P𝑅→𝑅 (𝜌𝑅), (4.12)

and (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅) CTO−−−→ (𝜎𝐴, 𝛾𝐴). □

This Lemma significantly simplifies our treatment of cooling and heating because we can use the
quasi-classical state P𝑅→𝑅 (𝜌𝑅) and all the results about relative majorization and Lorenz curves presented
in Section 2.3.

Now, we want to find the highest and lowest (inverse) temperature to which 𝜌𝑅 can heat and cool 𝛾𝐴:

𝛽min = min
{
𝛽 | (𝜌𝑅, 𝛾𝑅) 𝐶𝑇𝑂−−−−→ (𝛾̃𝐴(𝛽), 𝛾𝐴)

}
𝛽max = max

{
𝛽 | (𝜌𝑅, 𝛾𝑅) 𝐶𝑇𝑂−−−−→ (𝛾̃𝐴(𝛽), 𝛾𝐴)

}
.

(4.13)

Observe that we wrote 𝛾̃𝐴(𝛽) to make the dependency on 𝛽 explicit. Thanks to Lemma 4.1.1, we can rewrite
the equations above as:

𝛽min = min
{
𝛽 | (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅) 𝐶𝑇𝑂−−−−→ (𝛾̃𝐴(𝛽), 𝛾𝐴)

}
𝛽max = max

{
𝛽 | (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅) 𝐶𝑇𝑂−−−−→ (𝛾̃𝐴(𝛽), 𝛾𝐴)

}
.

(4.14)

As detailed in Section 2.3, it is possible to associate a pair of probability vectors with each quasi-classical
state. Let (r𝑅, g𝑅) be the vectors associated with (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅), and let (g̃𝐴(𝛽), g𝐴) be the probability
vectors associated with (𝛾̃𝐴(𝛽), 𝛾𝐴). Hence, thanks to Theorem 2.3.4, we can define 𝛽max and 𝛽min, as

𝛽min = min
{
𝛽 | (r𝑅, g𝑅) ≻ (g̃𝐴(𝛽), g𝐴)

}
𝛽max = max

{
𝛽 | (r𝑅, g𝑅) ≻ (g̃𝐴(𝛽), g𝐴)

}
,

(4.15)

or in terms of Lorenz curves, as

𝛽min = min
{
𝛽 | 𝛼 (r𝑅 ,g𝑅 ) (𝑦) ≥ 𝛼 (g̃𝐴 (𝛽) ,g𝐴) (𝑦),∀𝑦 ∈ [0, 1]

}
𝛽max = max

{
𝛽 | 𝛼 (r𝑅 ,g𝑅 ) (𝑦) ≥ 𝛼 (g̃𝐴 (𝛽) ,g𝐴) (𝑦),∀𝑦 ∈ [0, 1]

}
.

(4.16)

Now, the task is to determine how the Lorenz curve of (g̃𝐴(𝛽), g𝐴) changes with 𝛽. Let
{
|𝑖⟩𝐴

}
𝑖

be an
orthonormal basis for 𝐴 such that 𝐻𝐴 =

∑
𝑖 ℎ𝑖 |𝑖⟩⟨𝑖 |𝐴, and ℎ |𝐴| ≥ · · · ≥ ℎ1. In this basis,

𝛾𝐴 =
∑︁
𝑖

𝑔𝐴𝑖 |𝑖⟩⟨𝑖 |𝐴, and 𝛾̃𝐴
𝑖 =

∑︁
𝑖

𝑔̃𝐴𝑖 |𝑖⟩⟨𝑖 |𝐴, (4.17)

where

𝑔𝐴𝑖 =
𝑒−𝛽ℎ𝑖

𝑍 (𝛽) , and 𝑔̃𝐴𝑖 =
𝑒−𝛽ℎ𝑖

𝑍 (𝛽)
, (4.18)
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and 𝑍 (𝜆) = ∑
𝑖 𝑒
−𝜆ℎ𝑖 . To construct the Lorenz curves, we first have to order

{
𝑔̃𝐴
𝑖
/𝑔𝐴

𝑖

}
in non-increasing

order. Observe that
𝑔̃𝐴
𝑖

𝑔𝐴
𝑖

=
𝑍 (𝛽)
𝑍 (𝛽) 𝑒

−(𝛽−𝛽)ℎ𝑖 . (4.19)

In the case of cooling 𝛽 ≥ 𝛽, and therefore, 𝑔̃𝐴
𝑖

𝑔𝐴
𝑖

decreases with 𝑖, and in the case of heating 𝛽 ≤ 𝛽 and therefore
𝑔̃𝐴
𝑖

𝑔𝐴
𝑖

increases with 𝑖. We treat the two cases separately. We start with cooling because the set
{
𝑔̃𝐴
𝑖
/𝑔𝐴

𝑖

}
is

already ordered properly. In this case, the 𝑥 and 𝑦 values of the 𝑘-th elbow of the Lorenz curve are obtained
by summing the first 𝑘 entries of g̃𝐴 and g𝐴, respectively:

(𝑥 (g̃
𝐴,g𝐴)

𝑘
, 𝑦
(g̃𝐴,g𝐴)
𝑘

) =
(

g̃𝐴




(𝑘 ) ,



g𝐴



(𝑘 )

)
. (4.20)

The 𝑦 value of these elbows does not vary with 𝛽; therefore, when 𝛽 changes, the elbows can only move
horizontally. For the 𝑥 value, observe that for 𝑘 < |𝐴|,

g̃𝐴(𝛽)




(𝑘 ) =

∑𝑘
𝑖=1 𝑒

−𝛽ℎ𝑖∑ |𝐴|
𝑖=1 𝑒

−𝛽ℎ𝑖
, (4.21)

which increases with 𝛽. Therefore, the more 𝐴 is cooled, the more the elbows move to the right. We do not
need to consider 𝑘 = |𝐴| because, in that case, the elbow is (1, 1). With this geometric intuition, we can
compute 𝛽max by finding how much we can move the elbows of 𝛼 (g̃𝐴 (𝛽) ,g𝐴) while keeping the Lorenz curve
on the left of 𝛼 (r𝑅 ,g𝑅 ) . Thanks to the concavity of 𝛼 ( ·, · ) , it is enough to check if all the elbows of 𝛼 (g̃𝐴 (𝛽) ,g𝐴)

are on the left of 𝛼 (r𝑅 ,g𝑅 ) [119]. That is

𝛽max = max
{
𝛽 | 𝛼 (r𝑅 ,g𝑅 ) (𝑦) ≥ 𝛼 (g̃𝐴 (𝛽) ,g𝐴) (𝑦),∀𝑦 ∈ [0, 1]

}
(4.22)

is equivalent to

𝛽max = max
{
𝛽 |



g̃𝐴(𝛽)



(𝑘 ) ≤ 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
, ∀𝑘 ∈ [|𝐴| − 1]

}
. (4.23)

Since


g̃(𝛽)

(𝑘 ) increases with 𝛽, there exists at least one 𝑘 for which

g̃𝐴(𝛽max)




(𝑘 ) = 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
. (4.24)

To compute 𝛽max, we can first solve


g̃𝐴(𝛽)




(𝑘 ) = 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
for each 𝑘 . Then, 𝛽max must be one of

the 𝛽𝑘 , and specifically, it must be the smallest, because if there exists a 𝛽𝑘 < 𝛽max, then

g̃𝐴(𝛽max)



(𝑘 ) >



g̃𝐴(𝛽)



(𝑘 ) = 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
, (4.25)

which contradicts, Eq. (4.23). Therefore,

𝛽max = min
𝑘∈[ |𝐴|−1]

{
𝛽𝑘 |



g̃𝐴(𝛽𝑘)



(𝑘 ) = 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

) }
(4.26)

What is left to show is whether 𝛽𝑘 exists and is unique. First, observe that


g̃𝐴




(𝑘 ) = 1 −∑𝑛

𝑖=𝑘+1 𝑒
−𝛽ℎ𝑖 is

strictly increasing with 𝛽. Therefore if a solution for


g̃𝐴(𝛽)




(𝑘 ) = 𝛼 (r

𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
exists, it is unique.
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Then, notice that lim𝛽→∞


g̃𝐴




(𝑘 ) = 1. This means that in the case of cooling, where 𝛽 ≥ 𝛽,



g̃𝐴



(𝑘 ) can

assume any value between


g𝐴




(𝑘 ) (included) and 1 (excluded). From the geometry of Lorenz curves, it

immediately follows that


g𝐴




(𝑘 ) ≤ 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
≤ 1. Adding this to what we know about



g̃𝐴



(𝑘 ) , we

deduce that 

g̃𝐴(𝛽)



(𝑘 ) = 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
(4.27)

has a unique solution if


g𝐴




(𝑘 ) ≤ 𝛼

(r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
< 1, and no solution if 𝛼 (r𝑅 ,g𝑅 )

(

g𝐴



(𝑘 )

)
= 1. With

a slight abuse, we say that 𝛽𝑘 = +∞ is a solution of Eq. (4.27) in this last case. Given that


g̃𝐴(𝛽)




(𝑘 ) is

strictly monotonic, finding a numerical solution is rather easy, once the value of 𝛼 (r𝑅 ,g𝑅 )
(

g𝐴




(𝑘 )

)
is known.

Since we know how to draw the lower Lorenz curve associated with a pair of vectors, we can easily
compute the value of 𝛼 (r𝑅 ,g𝑅 )

(

g𝐴



(𝑘 )

)
. Recall that 𝛼 (r𝑅 ,g𝑅 ) is obtained by connecting the elbows{

(𝑥 (r
𝑅 ,g𝑅 )

𝑘
, 𝑦
(r𝑅 ,g𝑅 )
𝑘

)
}
𝑘

with straight lines. For 𝑦 (r
𝑅 ,g𝑅 )

𝑘
≤ 𝑦 < 𝑦 (r

𝑅 ,g𝑅 )
𝑘+1 , it thus holds that

𝛼 (r
𝑅 ,g𝑅 ) (𝑦) = 𝑥 (r

𝑅 ,g𝑅 )
𝑘

+
𝑥
(r𝑅 ,g𝑅 )
𝑘+1 − 𝑥 (r

𝑅 ,g𝑅 )
𝑘

𝑦
(r𝑅 ,g𝑅 )
𝑘+1 − 𝑦 (r

𝑅 ,g𝑅 )
𝑘

(
𝑦 − 𝑦 (r

𝑅 ,g𝑅 )
𝑘

)
, (4.28)

since this describes the straight line through the two points (𝑥 (r
𝑅 ,g𝑅 )

𝑘
, 𝑦
(r𝑅 ,g𝑅 )
𝑘

) and (𝑥 (r
𝑅 ,g𝑅 )

𝑘+1 , 𝑦
(r𝑅 ,g𝑅 )
𝑘+1 ). By

choosing 𝑙𝑘 such that 𝑦 (r
𝑅 ,g𝑅 )

𝑙𝑘
≤



g𝐴



(𝑘 ) < 𝑦

(r𝑅 ,g𝑅 )
𝑙𝑘+1 , it thus holds that

𝛼(r𝑅 ,g𝑅) (


g𝐴




(𝑘 ) ) = 𝑥

(r𝑅 ,g𝑅 )
𝑙𝑘

+
𝑥
(r𝑅 ,g𝑅 )
𝑙𝑘+1 − 𝑥 (r

𝑅 ,g𝑅 )
𝑙𝑘

𝑦
(r𝑅 ,g𝑅 )
𝑙𝑘+1 − 𝑦 (r

𝑅 ,g𝑅 )
𝑙𝑘

(

g𝐴



(𝑘 ) − 𝑦

(r𝑅 ,g𝑅 )
𝑙𝑘

)
, (4.29)

This shows that the 𝛼 (r𝑅 ,g𝑅 ) (


g𝐴




(𝑘 ) ) can be directly calculated once the initial resource and 𝛾𝐴 are specified.

We can summarize these findings with the following Theorem.

Theorem 4.1.2: Cooling in the resource theory of athermality

Let 𝐴 and 𝑅 be quantum systems with Hamiltonians 𝐻𝐴 and 𝐻𝑅, respectively. Let 𝜌𝑅 ∈ 𝔔 (𝑅) and
let 𝛽 be the temperature of the environment. The maximal 𝛽 to which one can cool the system 𝐴,
initially at equilibrium with the environment, using only CTO and the resource (𝜌𝑅, 𝛾𝑅) is

𝛽max = min
𝑘∈[ |𝐴|−1]

{
𝛽𝑘 |



g̃𝐴(𝛽𝑘)



(𝑘 ) = 𝛼

(r𝑅 ,g𝑅) (


g𝐴




(𝑘 ) )

}
, (4.30)

where (r𝑅, g𝑅) are the vectors associated with (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅), and (g̃𝐴(𝛽), g𝐴) the vectors
associated with (𝛾̃𝐴(𝛽), 𝛾𝐴).

For qubits, there is only one equation to solve, which can be solved analytically. Let 𝐸 > 0 denote the
energy gap between the ground and excited level of the qubit. Then,

𝛼(r𝑅 ,g𝑅) (


g𝐴




(1) ) =



g̃𝐴(𝛽max)



(1) =

1
1 − 𝑒−𝛽max𝐸

. (4.31)
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0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(a) 𝛽 = 1

0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(b) 𝛽1 ∼ 7.59

0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(c) 𝛽2 ∼ 9.41

0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(d) 𝛽3 ∼ 15.92

Figure 4.1: Geometric visualization of the proof for the value of 𝛽max. To reproduce these graphs, fix 𝛽 = 1.
The eigenvalues of 𝐻𝐴 are { 0, 0.1, 0.2, 0.25 }, and the eigenvalues of 𝐻𝑅 are { 0, 0.1, 0.2 }. The 𝑥 values of
the elbows of (r𝑅, g𝑅) are { 0.7, 0.9, 1 }. The 𝑦 values are obtained by 𝐻𝑅 and 𝛽 without any reordering. To
find 𝛽max, the starting point is to find the Lorenz curves associated with (r𝑅, g𝑅) and (g̃𝐴, g𝐴) when 𝛽 = 𝛽

(Figure a). The elbows of (g̃𝐴, g𝐴) move horizontally when 𝛽 increases. Starting with the first elbow, we
want to find the 𝑥 value in the Lorenz associated with (r𝑅, g𝑅) corresponding to the 𝑦 value of the first elbow
of the Lorenz curve associated with (g̃𝐴, g𝐴). From the 𝑥 value, one can deduce the temperature 𝛽1 and draw
the Lorenz curve based on (g̃𝐴(𝛽1), g𝐴). (Figure b). Similarly, one can draw the Lorenz curves associated
with the temperatures at which the second and third elbow of (g̃𝐴, g𝐴) intersect the Lorenz curve of (r𝑅, g𝑅).
CTO-conversion is possible if and only if the Lorenz curve of (g̃𝐴, g𝐴) is completely on the left of the Lorenz
curve of (r𝑅, g𝑅). This happens only for the smallest of the 𝛽𝑘 . Therefore, 𝛽max ∼ 7.59.
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From the equation above, it immediately follows that

𝛽max =
1
𝐸

ln

(
𝛼(r𝑅 ,g𝑅) (𝑔𝐴1 )

1 − 𝛼(r𝑅 ,g𝑅) (𝑔𝐴1 )

)
, (4.32)

where 𝑔𝐴1 = 1
1−𝑒−𝛽𝐸 and 𝛼(r𝑅 ,g𝑅) (𝑔𝐴1 ) can be computed as in Eq. (4.29).

We now turn our attention to the heating process, in which 𝛽 ≤ 𝛽. As the reader may recall, in this case,
the entries of

{
𝑔̃𝐴
𝑖

𝑔𝐴
𝑖

}
are in non-decreasing order. Therefore, the 𝑥 and 𝑦 values of the 𝑘-th elbow of the

Lorenz curve are obtained by summing the last 𝑘 entries of g̃𝐴 and g𝐴, respectively:

(𝑥 (g̃
𝐴,g𝐴)

𝑘
, 𝑦
(g̃𝐴,g𝐴)
𝑘

) = ©­«
|𝐴|∑︁

𝑖= |𝐴|−𝑘+1
𝑔̃𝐴𝑖 ,

|𝐴|∑︁
𝑖= |𝐴|−𝑘+1

𝑔𝐴𝑖
ª®¬ =

©­«
|𝐴|∑︁

𝑖= |𝐴|−𝑘+1
𝑔̃𝐴𝑖 , 1 −



g𝐴



(𝑘 )

ª®¬ . (4.33)

where we understand that ∥g∥ (0) = 0. Note that we do not replace
∑𝑛

𝑗=𝑛−𝑘+1 𝑔̃ 𝑗 with 1 −


g̃𝐴




(𝑛−𝑘 ) because

they differ for negative 𝛽, which we allow. Negative 𝛽 are associated with population inversion. That is, when
𝛽 > 0, the low energy levels have higher population than the high energy levels. When 𝛽 goes to zero, all
the levels have the same population. When 𝛽 < 0, the population of high energy levels is higher than the
population of low energy levels. With positive 𝛽, the probability 𝑔̃𝐴

𝑖
decreases with 𝑖; the higher the energy

eigenvalue, the lower the probability. Instead, with negative 𝛽, the probability increases. In these scenarios,
we talk of population inversion [206, 207]. With the same considerations done in the case of cooling leading
to Eq. (4.23), 𝛽min can be expressed as

𝛽min = min
 𝛽 |

|𝐴|∑︁
𝑖= |𝐴|−𝑘+1

𝑔̃𝐴𝑖 ≤ 𝛼 (r
𝑅 ,g𝑅 )

(
1 −



g𝐴



(𝑘 )

)
, ∀𝑘 ∈ [|𝐴| − 1]

 . (4.34)

Once again, we observe that the 𝑦 coordinate of the elbows is constant, while the 𝑥 coordinate increases when
𝛽 decreases:

𝑥
(g̃𝐴,g𝐴)
𝑘

=

|𝐴|∑︁
𝑖= |𝐴|−𝑘+1

𝑔̃𝐴𝑖 . (4.35)

This means that the more the system is heated, the more the elbows move to the right (note that the elbows
in the case of heating are different from the elbows in the case of cooling). Therefore, 𝛽min has to satisfy∑ |𝐴|

𝑖= |𝐴|−𝑘+1 𝑔̃
𝐴
𝑖
(𝛽min) = 𝛼 (r

𝑅 ,g𝑅 )
(
1 −



g𝐴



(𝑘 )

)
for at least one 𝑘 . As in the case of cooling, we can solve all

the k equations
|𝐴|∑︁

𝑖= |𝐴|−𝑘+1
𝑔̃𝐴𝑖 = 𝛼 (r

𝑅 ,g𝑅 )
(
1 −



g𝐴



(𝑘 )

)
. (4.36)

If the solution exists, it is unique, and we denote it with 𝛽𝑘 ; if not, we say that 𝛽𝑘 = −∞. In this case, since∑ |𝐴|
𝑖= |𝐴|−𝑘+1 𝑔̃

𝐴
𝑖

increases when 𝛽 decreases, 𝛽min must be smallest 𝛽𝑘 . We can summarize the results about
heating with the following theorem.
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0 1
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(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(a) 𝛽 = 1

0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(b) 𝛽1 ∼ −6.08

0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(c) 𝛽2 ∼ −7.35

0 1
0

1
(r𝑅, g𝑅)
(g̃𝐴, g𝐴)

(d) 𝛽3 ∼ −13.83

Figure 4.2: Geometric visualization of the proof for the value of 𝛽min. These graphs have been created using
the same values as in Figure 4.1. To find 𝛽min, the starting point is to find the Lorenz curves associated
with (r𝑅, g𝑅) and (g̃𝐴, g𝐴) when 𝛽 = 𝛽 (Figure a). Observe that the elbows of (g̃𝐴, g𝐴) are the reflection of
the elbows in Figure 4.1a through (1/2, 1/2). The elbows of (g̃𝐴, g𝐴) move horizontally when 𝛽 decreases.
Starting with the first elbow, we want to find the 𝑥 value in the Lorenz curve associated with (r𝑅, g𝑅)
corresponding to the 𝑦 value of the first elbow of the Lorenz curve associated with (g̃𝐴, g𝐴). From the 𝑥 value,
one can deduce the temperature 𝛽1 and draw the Lorenz curve based on (g̃𝐴(𝛽1), g𝐴). (Figure b). Similarly,
one can draw the Lorenz curves associated with the temperatures at which the second and third elbow of
(g̃𝐴, g𝐴) intersect the Lorenz curve of (r𝑅, g𝑅). CTO-conversion is possible if and only if the Lorenz curve
of (g̃𝐴, g𝐴) is completely on the left of the Lorenz curve of (r𝑅, g𝑅). This happens only for the highest of the
𝛽𝑘 . Therefore, 𝛽min ∼ −6.08.
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Theorem 4.1.3: Heating in the resource theory of athermality

Let 𝐴 and 𝑅 be quantum systems with Hamiltonians 𝐻𝐴 and 𝐻𝑅, respectively. Let 𝜌𝑅 ∈ 𝔔 (𝑅) and let
𝛽 be the temperature of the environment. The minimal 𝛽 to which one can heat the system 𝐴, initially
at equilibrium with the environment, using only CTO and the resource (𝜌𝑅, 𝛾𝑅) is

𝛽min = max
𝑘∈[ |𝐴|−1]

 𝛽𝑘 |
|𝐴|∑︁

𝑖= |𝐴|−𝑘+1
𝑔̃𝐴𝑖 (𝛽𝑘) = 𝛼 (r

𝑅 ,g𝑅 )
(
1 −



g𝐴



(𝑘 )

)  , (4.37)

where (r𝑅, g𝑅) are the vectors associated with (P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅), and (g̃𝐴(𝛽), g𝐴) the vectors
associated with (𝛾̃𝐴(𝛽), 𝛾𝐴).

We can find an analytical solution for qubits, as we did in the case of cooling. The only non-trivial
equation is

𝛼 (r
𝑅 ,g𝑅 )

(
1 − 𝑔𝐴1

)
= 𝑔̃𝐴𝑖 =

𝑒−𝛽min𝐸

1 + 𝑒−𝛽min𝐸
, (4.38)

from which, one gets,

𝛽min =
1
𝐸

ln

(
1 − 𝛼 (r𝑅 ,g𝑅 )

(
1 − 𝑔𝐴1

)
𝛼 (r𝑅 ,g𝑅 )

(
1 − 𝑔𝐴1

) )
. (4.39)

4.1.1 A Different Notion of Cooling

Another common interpretation of cooling that is independent of a notion of temperature is to increase the
overlap with 𝐴’s ground state, which is considered, for example, in algorithmic heat bath cooling [192, 202–
205]. The idea is to use a resource (𝜌𝑅, 𝛾𝑅) to take system 𝐴 out of equilibrium to a state that has a greater
overlap with the ground states, that is, if Π𝐴 is the projector over the (possibly degenerate) ground state of the
Hamiltonian, we want to convert 𝛾𝐴 to a state 𝜏𝐴 such that Tr𝐴[Π𝐴, 𝜏𝐴] ≥ Tr𝐴[Π𝐴𝛾𝐴]. We denote with
𝑂max the maximal overlap achieve given access (𝜌𝑅, 𝛾𝑅) and CTO:

𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = max{Tr𝐴
[
Π𝐴𝜏𝐴

]
: (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜏𝐴, 𝛾𝐴)}. (4.40)

With the following Proposition, we find a closed-form expression for 𝑂max.

Proposition 4.1.4: Maximal ground state overlap

With r𝑅, g𝑅, g𝐴 denoting the probability vectors corresponding to P𝛾𝑅 (𝜌𝑅), 𝛾𝑅, 𝛾𝐴, respectively,

𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 𝛼 (r𝑅 ,g𝑅 ) (Tr[Π𝐴𝛾𝐴]). (4.41)

Proof. Let 𝜏𝐴★ be an optimizer of this optimization problem. Since Tr𝐴
[
Π𝐴𝜏𝐴★

]
= Tr

[
Π𝐴P𝐴→𝐴(𝜏𝐴★ )

]
, we

can restrict ourselves to quasi-classical target states and therefore assume without loss of generality that
(𝜌𝑅, 𝛾𝑅) is quasi-classical too (see Lemma 4.1.1). Assuming that the ground state has degeneracy 𝑑, this
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implies that there exists an orthonormal basis {|𝑖⟩} of 𝐴 such that

𝜏𝐴★ =

𝐴∑︁
𝑖=1

𝑡𝐴𝑖 |𝑖⟩⟨𝑖 |, (4.42)

𝐻𝐴 =

𝐴∑︁
𝑖=1

ℎ𝐴𝑖 |𝑖⟩⟨𝑖 | : ℎ1 = ... = ℎ𝑑 < ℎ𝑑+1 ≤ ... ≤ ℎ |𝐴|

and thus 𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = ∑𝑑
𝑖=1 𝑡

𝐴
𝑖

. Next, we notice that we can further restrict ourselves to the case
𝑡𝐴1 = 𝑡𝐴2 = ... = 𝑡𝐴

𝑑
: Any unitary acting non-trivially only on the support of Π𝐴 is a thermal operation. By

applying such unitary transformations uniformly at random (which is in CTO, since CTO is convex, see
Ref. [175, App. C], Ref. [208, Prop. 4], and Ref. [98, Thm. II.1]), for 𝑖 ∈ 1, ..., 𝑑, we map 𝑡𝐴

𝑖
to

∑𝑑
𝑖=1 𝑡

𝐴
𝑖
/𝑑.

Obviously, this does not change 𝑂max.
For the moment, assume 𝑂max < 1 and let

t𝐴̃ =
1

1 − 𝑑𝑡𝐴1

©­­­­­­«
𝑡𝐴
𝑑+1
𝑡𝐴
𝑑+2
...

𝑡𝐴|𝐴|

ª®®®®®®¬
, g𝐴̃ =

1
1 − 𝑑𝑔𝐴1

©­­­­­­«
𝑔𝐴
𝑑+1
𝑔𝐴
𝑑+2
...

𝑔𝐴|𝐴|

ª®®®®®®¬
, (4.43)

which by construction are valid probability vectors. Since (t𝐴̃, g𝐴̃) ≻ (g𝐴̃, g𝐴̃), by definition, there exists a
column stochastic matrix 𝐸̃ such that 𝐸̃t𝐴̃ = g𝐴̃ and 𝐸̃g𝐴̃ = g𝐴̃. Then

𝐸 =

(
𝐼𝑑 0
0 𝐸̃

)
, (4.44)

where 𝐼𝑑 is the identity matrix of dimension 𝑑, is column stochastic too, and, with 𝜆 =
1−𝑑𝑡𝐴1
1−𝑑𝑔𝐴

1
,

𝐸g𝐴 =𝐸

©­­­­­­«
𝑔𝐴1
...

𝑔𝐴
𝑑

(1 − 𝑑𝑔𝐴1 )g
𝐴̃

ª®®®®®®¬
= g𝐴, (4.45)

𝐸t𝐴 =𝐸

©­­­­­­«
𝑡𝐴1
...

𝑡𝐴
𝑑

(1 − 𝑑𝑡𝐴1 )t
𝐴̃

ª®®®®®®¬
=

©­­­­­­«
𝑡𝐴1
...

𝑡𝐴
𝑑

(1 − 𝑑𝑡𝐴1 )g
𝐴̃

ª®®®®®®¬
=

©­­­­­­­­­­­­­­«

𝑡𝐴1
...

𝑡𝐴
𝑑

𝜆𝑔𝐴
𝑑+1

𝜆𝑔𝐴
𝑑+2
...

𝜆𝑔𝐴|𝐴|

ª®®®®®®®®®®®®®®¬
=: t̃𝐴(𝑡𝐴1 ), (4.46)

where we used in the notation that 𝑡𝐴1 = 𝑡𝐴2 = ... = 𝑡𝐴
𝑑

. This implies that (t𝐴, g𝐴) ≻ (t̃𝐴(𝑡𝐴1 ), g
𝐴). Moreover,

𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 𝑑𝑡𝐴1 , and thus we can and will restrict our considerations to targets of the form t̃𝐴(𝑡𝐴1 ),
which also includes the special case 𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 1 again.
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Since

(r𝑅, g𝑅) ≻ (g𝐴, g𝐴), (4.47)

we find that 𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 𝑑𝑡𝐴1 ≥ 𝑑𝑔
𝐴
1 . We thus have that 𝑡𝐴

𝑖
/𝑔𝐴

𝑖
is ordered non-increasingly for an

ideal t̃𝐴, which implies that(
𝑥
( t̃𝐴,g𝐴)
𝑘

, 𝑦
( t̃𝐴,g𝐴)
𝑘

)
=

©­«𝑡𝐴1 min{𝑘, 𝑑} + 𝜆
𝑘∑︁

𝑗=𝑑+1
𝑔𝐴𝑗 ,

𝑘∑︁
𝑗=1
𝑔𝐴𝑗

ª®¬ . (4.48)

Now, we remember that between quasi-classical states, we can use relative majorization to characterize
CTO conversion. Thus 𝑂max can be written as

𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 𝑑max
{
𝑡𝐴1 : (r𝑅, g𝑅) ≻ (t̃𝐴(𝑡𝐴1 )

𝐴, g𝐴)
}
, (4.49)

or equivalently as

𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 𝑑max
{
𝑡𝐴1 : 𝛼 (r

𝑅 ,g𝑅 ) (𝑦) ≥ 𝛼 ( t̃𝐴 (𝑡𝐴1 )𝐴,g𝐴) (𝑦),∀𝑦 ∈ [0, 1]
}
. (4.50)

The Lorenz curve 𝛼 ( t̃𝐴 (𝑡𝐴1 )𝐴,g𝐴) is very easy to draw. Looking at the points in Eq. (4.48), one notices that
𝛼 (t̃

𝐴 (𝑡𝐴1 )
𝐴,g𝐴) is composed of two segments. The first connects (0, 0) with (𝑑𝑡𝐴1 , 𝑑𝑔

𝐴
1 ). The second connects

the latter point with (1, 1). The largest possible 𝑑𝑡𝐴1 is the one associated with the Lorenz curve that has the
elbow (𝑑𝑡𝐴1 , 𝑑𝑔

𝐴
1 ) on the Lorenz curve 𝛼 (r𝑅 ,g𝑅 ) (𝑦). That is, 𝛼 (r𝑅 ,g𝑅 ) (𝑑𝑔𝐴1 ) = 𝑑𝑡

𝐴
1 , which gives

𝑂max(𝜌𝑅, 𝛾𝑅, 𝛾𝐴) = 𝛼 (r𝑅 ,g𝑅 ) (Tr[Π𝐴𝛾𝐴]). (4.51)

□

Note that this Proposition provides a closed-form expression for arbitrary dimensions of 𝐴 and not only
for qubits. Moreover, it is straightforward to see that for qubits, the two interpretations of cooling coincide.

4.1.2 Cooling Qubits with Qubits

In Ref. [2], we derived an analytical expression for the maximal 𝛽 to which a qubit can be cooled using
another resource. Orr [4], under the supervision of C. M. Scandolo and me, found the GPO that achieves the
optimal qubit cooling using another qubit as a resource.

Let (r𝑅, g𝑅) denote the probability vectors associated with the qubit resource, and let g𝐴 denote the
probability vector associated with the Gibbs state of the qubit that gets cooled. As shown in Figure 4.3, we
can split the derivation of the GPO that achieves the optimal cooling in two scenarios: 0 ≤ 𝑔𝐴1 < 𝑦𝑅 and
𝑦𝑅 ≤ 𝑔𝐴1 < 1, where (𝑥𝑅, 𝑦𝑅) is the only non-trivial elbow of the Lorenz curve associated with (r𝑅, g𝑅).

Case 0 < 𝑔𝐴1 < 𝑦𝑅.

In this case, the point (𝑔̃𝐴1 , 𝑔
𝐴
1 ) lies on the line connecting (0, 0) and (𝑥𝑅, 𝑦𝑅), therefore

𝑔̃𝐴1 =
𝑥𝑅

𝑦𝑅
𝑔𝐴1 . (4.52)
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0 1
0

1

(𝑔𝐴1 , 𝑔
𝐴
1 )

(𝑥𝑅, 𝑦𝑅)
(𝑔̃𝐴1 , 𝑔

𝐴
1 )

(r𝑅, g𝑅)
(g𝐴, g𝐴)
(g̃𝐴, g𝐴)

(a) 0 < 𝑔𝐴1 < 𝑦𝑅

0 1
0

1

(𝑔𝐴1 , 𝑔
𝐴
1 )

(𝑥𝑅, 𝑦𝑅)

(𝑔̃𝐴1 , 𝑔
𝐴
1 )

(r𝑅, g𝑅)
(g𝐴, g𝐴)
(g̃𝐴, g𝐴)

(b) 𝑦𝑅 ≤ 𝑔𝐴1 < 1

Figure 4.3: Cooling of (g𝐴, g𝐴) with the resource (r𝑅, g𝑅). The elbow of (r𝑅, g𝑅) is denoted with (𝑥𝑅, 𝑦𝑅).
The elbow of (g𝐴, g𝐴) is (𝑔𝐴1 , 𝑔

𝐴
1 ), as detailed below Eq. (4.19). The point (g̃𝐴

1 , 𝑔
𝐴
1 ) can either be on the first

or the second segment of the Lorenz curve associated with (r𝑅, g𝑅). It is on the first segment if 0 < 𝑔𝐴1 < 𝑦𝑅

(see Figure a), and on the second segment if 𝑦𝑅 ≤ 𝑔𝐴1 < 1 (see Figure b).

Since (r𝑅, g𝑅) ≻ (g̃𝐴, g𝐴), there exists a stochastic matrix 𝑆 such that 𝑆r𝑅 = g̃𝐴 and 𝑆g𝑅 = g𝐴. We
denote the entries of 𝑆 as

𝑆 =

(
𝑎 𝑏

1 − 𝑎 1 − 𝑏

)
, (4.53)

where 0 ≤ 𝑎, 𝑏 ≤ 1. The relative majorization conditions can be written as(
𝑎 𝑏

1 − 𝑎 1 − 𝑏

) (
𝑥𝑅

1 − 𝑥𝑅

)
=

(
𝑔̃𝐴1

1 − 𝑔̃𝐴1

)
,

(
𝑎 𝑏

1 − 𝑎 1 − 𝑏

) (
𝑦𝑅

1 − 𝑦𝑅

)
=

(
𝑔𝐴1

1 − 𝑔𝐴1

)
. (4.54)

The conditions originating from the second line of 𝑆 depend linearly on the conditions from the first line. We
can rewrite Eq. (4.54) as the system of equations

𝑎𝑥𝑅 + 𝑏(1 − 𝑥𝑅) = 𝑥𝑅

𝑦𝑅
𝑔𝐴1 ,

𝑎𝑦𝑅 + 𝑏(1 − 𝑦𝑅) = 𝑔𝐴1 .
(4.55)

The solution of this system is 𝑎 =
𝑔𝐴

1
𝑦𝑅

, 𝑏 = 0. Thus,

𝑆 =
©­«

𝑔𝐴
1

𝑦𝑅
0

1 − 𝑔𝐴
1

𝑦𝑅
1
ª®¬ . (4.56)

Let S𝑅→𝐴 denote a GPO associated with 𝑆. Since

𝑆

(
1
0

)
=

©­«
𝑔𝐴

1
𝑦𝑅

1 − 𝑔𝐴
1

𝑦𝑅

ª®¬ , and 𝑆

(
0
1

)
=

(
0
1

)
, (4.57)
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the action of S𝑅→𝐴 on quasi-classical states is completely determined by

S𝑅→𝐴
(
|0⟩⟨0|𝑅

)
=
𝑔𝐴1
𝑦𝑅
|0⟩⟨0|𝐴 +

(
1 −

𝑔𝐴1
𝑦𝑅

)
|1⟩⟨1|𝐴, and

S𝑅→𝐴
(
|1⟩⟨1|𝑅

)
= |1⟩⟨1|𝐴.

(4.58)

A channel that satisfies the conditions above is the channel with Kraus operators 𝐾1 = |1⟩𝐴⟨1|𝑅, 𝐾2 =√︂
𝑔𝐴

1
𝑦𝑅
|0⟩𝐴⟨0|𝑅, and 𝐾3 =

√︂
1 − 𝑔𝐴

1
𝑦𝑅
|1⟩𝐴⟨0|𝑅 (note that { 𝐾𝑖 }𝑖 are indeed Kraus operators because they

satisfy the condition
∑

𝑖 𝐾
†
𝑖
𝐾𝑖 = 1𝑅).

Case 𝑦𝑅 ≤ 𝑔𝐴1 < 1.

Here we follow the same steps as the previous case. The main difference is that the point (g̃𝐴
1 , 𝑔

𝐴
1 ) lies on the

line connecting (𝑥𝑅, 𝑦𝑅) and (1, 1), therefore

𝑔̃𝐴1 =
(1 − 𝑥𝑅)𝑔𝐴1 − 𝑦

𝑅 + 𝑥𝑅

1 − 𝑦𝑅 . (4.59)

The entries of the stochastic matrix 𝑆 are the solutions of the following system of equations
𝑎𝑥𝑅 + 𝑏(1 − 𝑥𝑅) = (1−𝑥𝑅 )𝑔𝐴

1 −𝑦
𝑅+𝑥𝑅

1−𝑦𝑅 ,

𝑎𝑦𝑅 + 𝑏(1 − 𝑦𝑅) = 𝑔𝐴1 .
(4.60)

That is, 𝑎 = 1, 𝑏 =
𝑔𝐴

1 −𝑦
𝑅

1−𝑦𝑅 . Thus,

𝑆 =
©­«
1 𝑔𝐴

1 −𝑦
𝑅

1−𝑦𝑅

0 1−𝑔𝐴
1

1−𝑦𝑅

ª®¬ . (4.61)

The action of the GPO S𝑅→𝐴 associated with 𝑆 on quasi-classical states is completely determined by

S𝑅→𝐴
(
|0⟩⟨0|𝑅

)
= |0⟩⟨0|𝐴, and

S𝑅→𝐴
(
|1⟩⟨1|𝑅

)
=
𝑔𝐴1 − 𝑦

𝑅

1 − 𝑦𝑅 |0⟩⟨0|
𝐴 +

1 − 𝑔𝐴1
1 − 𝑦𝑅 |1⟩⟨1|

𝐴.

(4.62)

In this case, a channel that satisfies the conditions above is the channel with Kraus operators 𝐾1 = |0⟩𝐴⟨0|𝑅,

𝐾2 =

√︂
𝑔𝐴

1 −𝑦𝑅
1−𝑦𝑅 |0⟩

𝐴⟨1|𝑅, and 𝐾3 =

√︂
1−𝑔𝐴

1
1−𝑦𝑅 |1⟩

𝐴⟨1|𝑅 (note that { 𝐾𝑖 }𝑖 satisfy the condition
∑

𝑖 𝐾
†
𝑖
𝐾𝑖 = 1𝑅).

4.1.3 State Transformations From Cooling and Heating

Let us consider two resources, (𝜌𝑅, 𝛾𝑅) and (𝜎𝑆 , 𝛾𝑆), and let us denote with 𝛽max(𝜌, 𝛾; 𝛽, 𝐸) the maximal
inverse temperature to which the resource (𝜌, 𝛾) can cool a qubit with energy gap 𝐸 , initially at equilibrium
with a bath at temperature 𝛽. If (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆) we can use (𝜌𝑅, 𝛾𝑅) to reach every 𝛽 that we can
reach with (𝜎𝑆 , 𝛾𝑆) by first converting (𝜌𝑅, 𝛾𝑅) to (𝜎𝑆 , 𝛾𝑆) and then using (𝜎𝑆 , 𝛾𝑆) to reach 𝛽 (since CTO
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is closed under concatenation, see Proposition 2.3.2). Therefore, 𝛽max(𝜌𝑅, 𝛾𝑅; 𝛽, 𝐸) ≥ 𝛽max(𝜎𝑆 , 𝛾𝑆; 𝛽, 𝐸).
Therefore, the function

𝐶𝐸
𝛽 (𝜌, 𝛾) ≔ 𝛽max(𝜌, 𝛾; 𝛽, 𝐸) − 𝛽 (4.63)

satisfies the condition of Definition 2.1.7 and is a resource measure. Similarly,

𝐻𝐸
𝛽 (𝜌, 𝛾) ≔ 𝛽 − 𝛽min(𝜌, 𝛾; 𝛽, 𝐸) (4.64)

is a resource measure as well. Interestingly, they are a complete family of resource measures for quasi-classical
states under CTO [26, 64, 67–69, 109, 139, 174, 209–212], in the sense that, if they hold for any fixed 𝛽 and
every 𝐸 > 0, then (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆).

Theorem 4.1.5: A complete set of resource measures

Let (𝜎𝑆 , 𝛾𝑆) be quasi-classical. The following statements are equivalent:

1. (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆).

2. For any fixed 𝛽 > 0 and for all 𝐸 ∈ (0,∞), it holds that

𝐶𝐸
𝛽 (𝜌𝑅, 𝛾𝑅) ≥ 𝐶𝐸

𝛽 (𝜎𝑆 , 𝛾𝑆),

𝐻𝐸
𝛽 (𝜌𝑅, 𝛾𝑅) ≥ 𝐻𝐸

𝛽 (𝜎𝑆 , 𝛾𝑆).
(4.65)

Proof. First, we remember that according to Lem. 4.1.1, we can, without loss of generality, assume that
(𝜌𝑅, 𝛾𝑅) is quasi-classical too, since both (𝜎𝑆 , 𝛾𝑆) and the Gibbs qubit states that we are considering
are quasi-classical. As before, let thus r𝑅, g𝑅, s𝑆 , g𝑆 denote the probability vectors corresponding to
P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅, 𝜎𝑆 , 𝛾𝑆 , respectively, and we can reduce our analysis to relative majorization.

We first note that 2 follows from 1 due to the monotonicity of 𝐶𝐸
𝛽

and 𝐻𝐸
𝛽

, as explained above the
Theorem.

Let us next assume that 2 holds and note that this is equivalent to

𝛽max(𝜌𝑅, 𝛾𝑅; 𝛽, 𝐸) ≥𝛽max(𝜎𝑆 , 𝛾𝑆; 𝛽, 𝐸) (4.66)

𝛽min(𝜌𝑅, 𝛾𝑅; 𝛽, 𝐸) ≤𝛽min(𝜎𝑆 , 𝛾𝑆; 𝛽, 𝐸) (4.67)

for the (by assumption) fixed 𝛽 and all 𝐸 ∈ (0,∞). According to Eq. (4.20), when cooling a qubit, the
non-trivial elbow of the lower boundary of its testing region is given by

(𝑔̃𝐴1 , 𝑔
𝐴
1 ). (4.68)

We first consider a fixed energy gap 𝐸 , i.e., a fixed 𝑔𝐴1 = 𝑔𝐴1 (𝛽, 𝐸), and remember that how far we can cool
the qubit using (𝜌𝑅, 𝛾𝑅) is determined by the largest 𝑔̃𝐴1 such that the elbow in Eq. (4.68) is still inside the
testing region corresponding to (r𝑅, g𝑅): Using the argument that led to Eq. (4.32), we have that

𝛼 (r
𝑅 ,g𝑅 ) (𝑔𝐴1 (𝛽, 𝐸)) = 𝑔̃

𝐴
1 (𝛽max(𝜌𝑅, 𝛾𝑅; 𝛽, 𝐸), 𝐸). (4.69)
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If for a given 𝐸 , with (𝜌𝑅, 𝛾𝑅) we can cool the qubit more than with (𝜎𝑆 , 𝛾𝑆), we thus find

𝛼 (r
𝑅 ,g𝑅 ) (𝑔𝐴1 ) = 𝑔̃

𝐴
1 (𝛽max(𝜌𝑅, 𝛾𝑅; 𝛽, 𝐸), 𝐸) ≥ 𝑔̃𝐴1 (𝛽max(𝜎𝑆 , 𝛾𝑆; 𝛽, 𝐸), 𝐸) = 𝛼 (s𝑆 ,g𝑆 ) (𝑔𝐴1 ), (4.70)

since 𝑔̃1 increases if 𝛽 increases (we suppressed the dependence of 𝑔𝐴1 on 𝛽 and 𝐸 for readability). We now
note that by varying the energy gap 𝐸 between zero and infinity, we vary 𝑔𝐴1 (𝛽, 𝐸) between 1 and 1/2.

Next, we consider heating: According to Eq. (4.33), the non-trivial elbow is given by

(𝑔̃𝐴2 , 𝑔
𝐴
2 ). (4.71)

With fixed 𝐸 and analogous arguments, we then find that

𝛼 (r
𝑅 ,g𝑅 ) (𝑔𝐴2 ) = 𝑔̃

𝐴
2 (𝛽min(𝜌𝑅, 𝛾𝑅; 𝛽, 𝐸), 𝐸) ≥ 𝑔̃𝐴2 (𝛽min(𝜎𝑆 , 𝛾𝑆; 𝛽, 𝐸), 𝐸) = 𝛼 (s𝑆 ,g𝑆 ) (𝑔𝐴2 ), (4.72)

where we remember that we allowed for population inversions. This time, by varying 𝐸 between zero and
infinity, we vary 𝑔𝐴2 (𝛽, 𝐸) between 0 and 1/2.

Combining the heating and cooling cases, we have shown that

𝛼 (r
𝑅 ,g𝑅 ) (𝑦) ≥ 𝛼 (s𝑆 ,g𝑆 ) (𝑦) (4.73)

for 𝑦 between 0 and 1. This implies relative majorization and, therefore, convertibility under CTO, i.e., we
have shown that 1 follows from 2.

□

The above Theorem shows that the performance in two of the most elementary thermodynamic tasks,
namely cooling and heating of the simplest systems, i.e., qubits, fully determines the convertibility between
and thus the relative value of quasi-classical athermality states. For a fixed (𝜌𝑅, 𝛾𝑅), (𝜎𝑆 , 𝛾𝑆), one only
needs |𝑆 | − 1 monotones, corresponding to the |𝑆 | − 1 non-trivial elbows of 𝛼 (s𝑆 ,g𝑆 ) . To show this, we start
with the assumption that there is no 𝑘 ∈ [|𝑆 | − 1] such that 𝑦 (s

𝑆 ,g𝑆 )
𝑘

= 1
2 : Let (𝜎𝑆 , 𝛾𝑆) be quasi-classical,

𝛽 > 0 fixed, we define the set of indices associated with cooling and heating, respectively, as

S𝑐 :=
{
𝑘 ∈ [|𝑆 | − 1] : 𝑦 (s

𝑆 ,g𝑆 )
𝑘

>
1
2

}
,

Sℎ :=
{
𝑘 ∈ [|𝑆 | − 1] : 𝑦 (s

𝑆 ,g𝑆 )
𝑘

<
1
2

}
(4.74)

and define the |𝑆 | − 1 energies

𝐸𝑘 =


1
𝛽

ln 𝑦
(s𝑆 ,g𝑆 )
𝑘

1−𝑦 (s
𝑆 ,g𝑆 )

𝑘

if 𝑘 ∈ S𝑐,

1
𝛽

ln 1−𝑦 (s
𝑆 ,g𝑆 )

𝑘

𝑦
(s𝑆 ,g𝑆 )
𝑘

if 𝑘 ∈ Sℎ .
(4.75)

By definition, 𝐸𝑘 > 0. We will now show that (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆) iff

𝐶
𝐸𝑘

𝛽
(𝜌𝑅, 𝛾𝑅) ≥ 𝐶𝐸𝑘

𝛽
(𝜎𝑆 , 𝛾𝑆) for 𝑘 ∈ S𝑐,

𝐻
𝐸𝑘

𝛽
(𝜌𝑅, 𝛾𝑅) ≥ 𝐻𝐸𝑘

𝛽
(𝜎𝑆 , 𝛾𝑆) for 𝑘 ∈ Sℎ . (4.76)
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The forward direction follows directly from Theorem 4.1.5. For the reverse, assume that Eqs. (4.76) hold.
According to Eq. (4.70), this implies that for 𝑘 ∈ S𝑐,

𝛼(r𝑅, g𝑅) (𝑦 (s
𝑆 ,g𝑆 )

𝑘
) = 𝛼 (r𝑅 ,g𝑅 ) (𝑔𝐴1 (𝛽, 𝐸𝑘)) ≥ 𝛼 (s

𝑆 ,g𝑆 ) (𝑔𝐴1 (𝛽, 𝐸𝑘)) = 𝛼 (s
𝑆 ,g𝑆 ) (𝑦 (s

𝑆 ,g𝑆 )
𝑘

) = 𝑥 (s
𝑆 ,g𝑆 )

𝑘
. (4.77)

Moreover, according to Eq. (4.72), it implies that

𝛼 (r
𝑅 ,g𝑅 ) (𝑦 (s

𝑆 ,g𝑆 )
𝑘

) = 𝛼 (r𝑅 ,g𝑅 ) (𝑔𝐴2 (𝛽, 𝐸𝑘)) ≥𝛼 (s
𝑆 ,g𝑆 ) (𝑔𝐴2 (𝛽, 𝐸𝑘)) = 𝛼 (s

𝑆 ,g𝑆 ) (𝑦 (s
𝑆 ,g𝑆 )

𝑘
) = 𝑥 (s

𝑆 ,g𝑆 )
𝑘

(4.78)

for 𝑘 ∈ Sℎ. In summary, we have thus shown that

𝛼 (r
𝑅 ,g𝑅 ) (𝑦 (s

𝑆 ,g𝑆 )
𝑘

) ≥ 𝑥 (s
𝑆 ,g𝑆 )

𝑘
∀𝑘 ∈ |𝑆 | − 1. (4.79)

This implies relative majorization and, therefore, convertibility under CTO, which finishes our proof. If there
exists a 𝑘 ∈ [|𝑆 | − 1] such that 𝑦★

𝑘
(s𝑆 , g𝑆) = 1

2 , we can apply the above criteria to check convertibility to states
arbitrarily close to the target state. Since CTO allows for an arbitrarily small error anyway, this is sufficient.

To check convertibility to a single quasi-classical target state, using |𝑆 | − 1 monotones is thus sufficient.
However, which monotones we must choose depends on the specific target state (via the energies 𝐸𝑘 given in
Eq. (4.75)). For different target states, we thus need different monotones, and it is easy to see that a complete
set of monotones that allows to check convertibility to an arbitrary quasi-classical target state necessarily
includes all 𝐸 ∈ (0,∞). This is not surprising since it has been shown recently that at least in the limit of
infinite temperature, there cannot exist a finite complete set of monotones [139].

4.2 Alternative Characterization of State Transformations

So far, we answered the question of how much we can cool or heat specific qubits. However, in many
applications, we want to reach a specific target inverse temperature 𝛽. A dual question of interest is, therefore,
which qubits (characterized by their energy gap 𝐸) we can cool or heat to this 𝛽 given a resource (𝜌𝑅, 𝛾𝑅)
and background inverse temperature 𝛽 > 0 [107, 213]. In other words, we want to find the set 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽)
of all energy gaps 𝐸 for which we can achieve the desired transformation. Since we still investigate the
heating and cooling of qubits, i.e., are concerned with quasi-classical target states, due to Lemma 4.1.1, we
can again assume without loss of generality that (𝜌𝑅, 𝛾𝑅), i.e., the initial resource, is quasi-classical too and
reduce our analysis to relative majorization. To this end, let r𝑅, g𝑅 be the probability vectors corresponding
to P(𝜌𝑅), 𝛾𝑅 respectively.

Now let 𝐴 be a qubit with energy gap 𝐸 . Its Gibbs state corresponding to the inverse background
temperature 𝛽 is denoted by 𝛾𝐴 and corresponds to the probability vector

g𝐴 =

(
𝑔𝐴1

1 − 𝑔𝐴1

)
, 𝑔𝐴1 =

1
1 + 𝑒−𝛽𝐸 . (4.80)

Cooling or heating the qubit 𝐴 means that we want to create the athermality state (𝛾̃𝐴, 𝛾𝐴), where 𝛾̃ is the
Gibbs state corresponding to the target inverse temperature 𝛽, i.e.,

g̃𝐴 =

(
𝑔̃𝐴1

1 − 𝑔̃𝐴1

)
, 𝑔̃𝐴1 =

1
1 + 𝑒−𝛽𝐸

. (4.81)
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According to Eq. (4.20), when cooling the qubit (𝛽 > 𝛽), the non-trivial elbow of the lower boundary of
its testing region is given by

(𝑔̃𝐴1 , 𝑔
𝐴
1 ) (4.82)

and when heating (see Eq. (4.33), 𝛽 < 𝛽) by

(𝑔̃𝐴2 , 𝑔
𝐴
2 ). (4.83)

Remembering that the background temperature is assumed to be finite and non-negative, i.e., 𝛽 > 0,
which is physically well motivated, we introduce 𝑤 := 𝑤(𝐸) := 𝑒−𝛽𝐸 , where 0 < 𝑤 ≤ 1, since without loss of
generality, we only consider non-negative energy gaps. With 𝑎 = 𝛽/𝛽, this allows us to rewrite the elbows as

(𝑔̃𝐴1 , 𝑔
𝐴
1 ) =

(
1

1 + 𝑒−𝛽𝐸
𝛽

𝛽

,
1

1 + 𝑒−𝛽𝐸

)
=

(
1

1 + 𝑤𝑎
,

1
1 + 𝑤

)
,

(𝑔̃𝐴2 , 𝑔
𝐴
2 ) =

(
𝑤𝑎

1 + 𝑤𝑎
,

𝑤

1 + 𝑤

)
. (4.84)

In summary, the elbows of (𝛾̃𝐴, 𝛾𝐴) lie on the curve

𝐹𝑎 (𝑤) =

(

1
1+𝑤𝑎 ,

1
1+𝑤

)
for 𝑎 > 1,(

𝑤𝑎

1+𝑤𝑎 ,
𝑤

1+𝑤

)
for 𝑎 < 1.

(4.85)

Note that the case 𝑎 = 1 is trivial since it corresponds to leaving the qubit in its initial equilibrium state,
which is, of course, always possible, independent of 𝐸 .

If 𝐸 = 0, then 𝑤 = 1, and 𝐹𝑎 (1) =
(

1
2 ,

1
2

)
. If instead 𝐸 →∞, then 𝑤 → 0+, and

lim
𝑤→0+

𝐹𝑎 (𝑤) =



(1, 1) for 𝑎 > 1,

(0, 0) for 0 < 𝑎 < 1,(
1
2 , 0

)
for 𝑎 = 0,

(1, 0) for 𝑎 < 0.

(4.86)

For all fixed 𝑎 ≠ 1, the continuous curves describing the position of the elbows in terms of 𝐸 thus start at
(

1
2 ,

1
2

)
(corresponding to 𝐸 = 0) and go towards the boundary of the square with corners (0, 0), (0, 1), (1, 1), (1, 0)
for 𝐸 →∞ (see Figure 4.4).

From Figure 4.4, it is plausible that for 𝑎 > 0, 𝑎 ≠ 1, there exist (quasi-classical) athermality states
(𝜌𝑅, 𝛾𝑅) with lower boundaries of their associated testing regions that cross the curve 𝐹𝑎 (𝑤) in multiple
points. Since 𝐹𝑎 (𝑤) determines the position of the qubit’s elbow in terms of 𝐸 and 𝛽, this will imply the
following proposition.

Proposition 4.2.1: Energy gaps in cooling and heating

For every 𝛽, 𝛽 > 0, 𝛽 ≠ 𝛽 there exist initial resources (𝜌𝑅, 𝛾𝑅) such that 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) is not an
interval, i.e., there exist 𝐸1 < 𝐸2 < 𝐸3 such that 𝐸1, 𝐸3 ∈ 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) and 𝐸2 ∉ 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽).
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0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

Figure 4.4: The curves 𝐹𝑎 (𝑤) for various choices of 𝑎 ≠ 1. Independent of 𝑎, 𝐹𝑎 (1) = ( 12 ,
1
2 ). Curves

corresponding to 𝑎 > 0 and, therefore, finite positive target temperatures are dotted. The curves on the top
right correspond to cooling, and for 𝑎 → 1+, (vanishing cooling), we approach a straight line from ( 12 ,

1
2 ) to

(0, 1). The curves in the lower left correspond to heating, and for 𝑎 → 1− (vanishing heating), we approach
a straight line from ( 12 ,

1
2 ) to (0, 0). The special case 𝑎 = 0, drawn as a solid straight line, corresponds to

heating to infinite temperature. Negative 𝑎 corresponding to population inversions in the target state are
dashed. For 𝑎 → ±∞, we approach vertical lines at 𝑥 = 1.

Proof. First, we consider the case 0 < 𝑎 < 1. Let 𝑓𝑎 (𝑥) be the affine function that passes through (1, 1)
and is tangent to 𝐹𝑎 (𝑤). As seen in Figure 4.4, this function always exists. Denoting by (𝑥0, 𝑓𝑎 (𝑥0)) the
tangent point, clearly 0 < 𝑥0, 𝑓𝑎 (𝑥0) < 1

2 and 𝑓𝑎 (0) < 0. Let now 𝑓𝑎 (𝑥) be the affine function passing through
(1, 1) and (0, 𝑓𝑎 (0)/2). By construction, this function crosses 𝐹𝑎 (𝑤) in two points, and we denote the
corresponding 𝑥-values by 𝑥2 < 𝑥3. Furthermore, 𝑓𝑎 (𝑥) crosses the 𝑥-axis at 𝑥4 < 𝑥2. With 𝑥1 = (𝑥2 − 𝑥4)/2,
the qubit athermality state with corresponding elbow (𝑥1, 𝑓𝑎 (𝑥1)) satisfies our claims. Moreover, it can be
shown that for this elbow, there is a third crossing for an 𝑥 < 𝑥1 (see Figure 4.5). Even if it is not obvious
from Figure 4.4, this third intersection always exists (even for 𝑎 arbitrarily close to 1) because the function
𝐹𝑎 (𝑤) is flat close to the origin. Indeed, by setting 𝑥 = 𝑤𝑎

1+𝑤𝑎 , we can give the 𝑦 values of the curve 𝐹𝑎 (𝑤) as
a function of the 𝑥 values,

𝐹̃𝑎 (𝑥) =
𝑥1/𝑎

(1 − 𝑥)1/𝑎 + 𝑥1/𝑎 . (4.87)

Then

𝐹̃′𝑎 (𝑥) =
1
𝑎

1
(1 − 𝑥)1/𝑎 + 𝑥1/𝑎

(
𝑥1/𝑎−1 − 𝑥1/𝑎 𝑥

1/𝑎−1 − (1 − 𝑥)1/𝑎−1

(1 − 𝑥)1/𝑎 + 𝑥1/𝑎

)
(4.88)

and (remember 0 < 𝑎 < 1)

lim
𝑥→0+

𝐹̃′𝑎 (𝑥) = 0, (4.89)

from which follows the claim. Notice that this also implies that for 𝐸 →∞, heating to any non-trivial target
temperature becomes impossible.
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𝑦

Figure 4.5: The lower boundary of the curve associated with a qubit athermality state (𝜌𝑅, 𝛾𝑅) (blue) which
intersects 𝐹1/2(𝑤) (black, solid) three times.

With this construction, we created a resource with only one elbow. This can either be interpreted as a qubit
or as a resource with all the elbows lying on two segments. However, for a generic system 𝑅 with dimension
|𝑅 | > 2, it is also possible to construct additional intersections: Starting as in the qubit case, one determines
(𝑥1, 𝑓𝑎 (𝑥1)) and then considers the affine function that goes through that point and is tangent to 𝐹𝑎 (𝑤) at a
point 𝑥 < 𝑥1. Analogously, one can then construct another elbow, leading to additional intersections. From
the maximal number of elbows being |𝑅 | − 1 follows the maximal possible number of intersections.

We now turn to the case of 𝑎 > 1. An analogous construction is possible, now starting with the affine
function that passes through (0, 0) and is tangent to 𝐹𝑎 (𝑤). □

Proposition 4.2.1 may seem surprising since, naively, one might assume that if one can, e.g., heat a qubit
with energy gap 𝐸3 to 𝛽, one should be able to heat a qubit with energy gap 𝐸2 < 𝐸3 to 𝛽 too. However, the
change of the expectation value of the energy of a qubit with energy gap 𝐸 when cooling/heating it from 𝛽 to
𝛽 is given by

Δ ⟨𝐻 (𝐸)⟩ =
(
𝑒−𝛽𝐸

1 + 𝑒−𝛽𝐸
− 𝑒−𝛽𝐸

1 + 𝑒−𝛽𝐸

)
𝐸, (4.90)

which, as shown in Figure 4.6, is not a monotonic function of 𝐸 . This provides an intuition for Proposition 4.2.1:
If the initial resource cannot provide/absorb enough energy, heating/cooling to a given 𝛽 is impossible. Even
if in Figure 4.6, there are no energy restrictions if 𝐸 → ∞, heating becomes impossible for 𝐸 → ∞, as
discussed in the proof of Proposition 4.2.1. Indeed, it is well known that in the quantum regime, many second
laws exist [174], i.e., (free) energy considerations alone are not sufficient to determine if a transformation is
possible or not.

We conclude this Section by showing that the ability to cool and heat qubits to fixed temperatures again
fully characterizes the conversions between quasi-classical states.
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Figure 4.6: The change of the expectation value of the energy Δ ⟨𝐻 (𝐸)⟩ of a qubit when cooling it from
𝛽 = 1 to 𝛽 = 2 against its energy gap 𝐸 .

Theorem 4.2.2: A generalized resoure measure for quasi-classical states under CTO

Let (𝜎𝑆 , 𝛾𝑆) be quasi-classical. Then (𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆) if and only if

𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) ⊇ 𝔈𝛽 (𝜎𝑆 , 𝛾𝑆; 𝛽) (4.91)

for any fixed 𝛽 > 0 and all 𝛽 ∈ (−∞,∞).

Proof. One direction is again trivial. If

(𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆) (4.92)

and

(𝜎𝑆 , 𝛾𝑆) CTO−−−→ (𝛾̃𝐴, 𝛾𝐴) (4.93)

then also

(𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝛾̃𝐴, 𝛾𝐴), (4.94)

since CTO is closed under concatenation. Thus 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) ⊇ 𝔈𝛽 (𝜎𝑆 , 𝛾𝑆; 𝛽). Moreover, due to
Lemma 4.1.1, we can again assume without loss of generality that (𝜌𝑅, 𝛾𝑅) is quasi-classical too, and identify
r𝑅, g𝑅, s𝑆 , g𝑆 with P𝑅→𝑅 (𝜌𝑅), 𝛾𝑅, 𝜎𝑆 , 𝛾𝑆 , respectively.

Assume now that 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) ⊇ 𝔈𝛽 (𝜎𝑆 , 𝛾𝑆; 𝛽) for a fixed 𝛽 > 0 and all 𝛽 ∈ (−∞,∞) and remember
that

(𝜌𝑅, 𝛾𝑅) CTO−−−→ (𝜎𝑆 , 𝛾𝑆) (4.95)

if and only if (r𝑅, g𝑅) ≻ (s𝑆 , g𝑆), i.e., if the testing region associated with (r𝑅, g𝑅) contains the testing
region associated with (s𝑆 , g𝑆). Now suppose that the testing region associated with (s𝑆 , g𝑆) is not contained
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in the testing region associated with (r𝑅, g𝑅), i.e., that there exists at least one point (𝑥0, 𝑦0) outside the
testing region corresponding to (r𝑅, g𝑅) and inside the testing region corresponding to (s𝑆 , g𝑆).

Using the notation introduced previously, we then choose 𝑎0, 𝑤0 such that (𝑥0, 𝑦0) = 𝐹𝑎0 (𝑤0). For
𝑦0 ∉ {0, 1/2} and 𝑥0 ≠ 1, such a pair always exists, see Figure 4.4. If 𝑦0 ∈ {0, 1/2} or 𝑥0 = 1, by continuity
of the boundaries of the testing regions, there always exists a point (𝑥′0, 𝑦

′
0) close to (𝑥0, 𝑦0) that also satisfies

that it is outside of the testing region corresponding to (r𝑅, g𝑅) and inside the testing region corresponding to
(s𝑆 , g𝑆) such that 𝑦′0 ∉ {0, 1/2} and 𝑥′0 ≠ 1 and we use that point for our argument instead.

With 𝐸0 such that 𝑤0 = 𝑒−𝛽𝐸0 and 𝛽0 such that 𝑎0 = 𝛽0/𝛽, we then find that 𝐸0 ∉ 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽0) and
𝐸0 ∈ 𝔈𝛽 (𝜎𝑆 , 𝛾𝑆; 𝛽0). This is clearly a contradiction to the assumption that 𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) ⊇ 𝔈𝛽 (𝜎𝑆 , 𝛾𝑆; 𝛽)
for all 𝛽 ∈ (−∞,∞). □

Whilst the 𝔈𝛽 represent sets and are therefore no resource measures in the strict sense, the equation
𝔈𝛽 (𝜌𝑅, 𝛾𝑅; 𝛽) ⊇ 𝔈𝛽 (𝜎𝑆 , 𝛾𝑆; 𝛽) can be seen as a generalized resource measure [214–216] that implies an
operational order, namely that (𝜌𝑅, 𝛾𝑅) can be used to cool/heat more qubits to the desired target inverse
temperature 𝛽 than (𝜎𝑆 , 𝛾𝑆).
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Chapter 5

Choi-Defined Resource Theories

In Chapter 3 and Chapter 4, we focused on two specific resource theories and derived results that are valid
only within those theories. However, one of the advantages of having a common framework is that it allows
one to expand the focus and find properties that are common to many resource theories. This is our goal for
this Chapter. We start with the observation that the resource theories of separable and non-positive partial
transpose entanglement [54–64], magic states [36–40], imaginarity [41–43], and non-negativity of quantum
amplitudes [217] share two interesting properties:

1. A channel is free if and only if its Choi matrix (properly renormalized) is a free state,

2. Free operations coincide with the set of completely resource-non-generating operations.

We call resource theories that exhibit the first property Choi-defined resource theories (CDRTs), and we will
show that property 2 is a necessary condition for property 1. Being a CDRT is a valuable property: Every
problem associated with free quantum channels can be converted into a problem involving free states. This
leads to computational convenience, especially in convex resource theories, where many problems can be
stated as conic optimization problems over the cone generated by the free states.

Given the advantages of CDRTs, one wonders when it is possible to construct such resource theories
from a given set of free states. In this Chapter, we answer this question by providing necessary and
sufficient conditions for the set of free states. Moreover, since the free operations in a CDRT are all and
only the completely resource-non-generating operation, this result provides a constructive definition of
CRNG operations and generalizes what has already been observed in the resource theories of magic states,
imaginarity, NPT, SEP, and non-negativity of quantum amplitudes. Next, we introduce resource measures, a
complete family of monotones, and conversion distances in CDRTs, which can all be computed with conic
linear programs (CLP) [83, 218] whenever the set of free states is convex and closed, or even with semidefinite
programs (SDP) [219].

5.1 The Choi Isomorphism

In this Section, we present the mathematical tool that is at the base of this Chapter: The Choi isomorphism [220].
This is an isomorphism between operators in 𝔏(𝐴 → 𝐵) and bipartite matrices in 𝔏(𝐵𝐴′), where 𝐴′ is a

82



5. Choi-Defined Resource Theories

copy of 𝐴. The bipartite matrix 𝑀𝐵:𝐴′ associated with the mapM𝐴→𝐵 is called Choi matrix ofM𝐴→𝐵 and
it is defined as

𝑀𝐵:𝐴′ =M𝐴→𝐵 ⊗ I𝐴′ (Φ𝐴𝐴′), (5.1)

where I𝐴 is the identity channel, Φ𝐴𝐴′ =
∑

𝑥,𝑦 |𝑥⟩⟨𝑦 |𝐴 ⊗ |𝑥⟩⟨𝑦 |𝐴
′ is the unnormalized Choi state on 𝐴𝐴′,

and
{
|𝑥⟩𝐴

}
is an orthonormal basis for 𝐴. Here, we use the notation ‘:’ to keep track of input and

output. Moreover, 𝑀𝐵:𝐴′ is positive semidefinite if and only ifM𝐴→𝐵 is completely positive-preserving and
Tr𝐵 𝑀𝐵:𝐴′ = 1𝐴′ if and onlyM𝐴→𝐵 is trace preserving [66, 221]. From 𝑀𝐵:𝐴′ , one reconstructs the action
of the quantum channelM𝐴→𝐵 on a state 𝜌𝐴 with the inverse Choi isomorphism:

M𝐴→𝐵 (𝜌𝐴) = Tr𝐴′𝐴[(𝑀𝐵:𝐴′ ⊗ 𝜌𝐴) (1𝐵 ⊗ Φ𝐴′𝐴)]

= Tr𝐴[𝑀𝐵:𝐴(1𝐵 ⊗ (𝜌𝐴)𝑇 )] .
(5.2)

Note that here, one needs to know which system is the input of the original channel and which is the output.
If such information is missing, a matrix 𝑀𝐵𝐴 could be associated with different linear maps, as shown in
Subsection 5.1.2.

Observe that, if we divide the Choi matrix 𝑀𝐵:𝐴′ of the channelM𝐴→𝐵 by the dimension 𝑑𝐴 of 𝐴, we
obtain a quantum state 𝜇𝐵:𝐴′ such that

Tr𝐵 𝜇𝐵:𝐴′ =
1
𝑑𝐴
1𝐴′ . (5.3)

Consequently, a bipartite state is the renormalized Choi matrix of a quantum channel if it satisfies the condition
in Eq. (5.3).

We point out that, Eq. (5.1), the choice of tensoringM𝐴→𝐵 with the identity channel on the right is
arbitrary. One can tensor on the left and define the Choi matrix of a channelM𝐴→𝐵 as:

𝑀𝐴′:𝐵 = (I𝐴′ ⊗M𝐴→𝐵) (Φ𝐴′𝐴). (5.4)

In this Thesis, we choose Eq. (5.1) as the definition of the Choi matrix of the channel M𝐴→𝐵, but the
treatment can be adapted to the other definition with minimal effort.

5.1.1 The Link Product and Swap Tensor Product

A very useful operation between Choi matrices is the link product, defined as

𝑁𝐶:𝐵′ ∗ 𝑀𝐵:𝐴′ = Tr𝐵′𝐵 [(𝑁𝐶𝐵′ ⊗ 𝑀𝐵𝐴′) (1𝐶 ⊗ Φ𝐵′𝐵 ⊗ 1𝐴)] . (5.5)

Indeed, if 𝑀𝐵:𝐴′ and 𝑁𝐶:𝐵′ are the Choi matrices of the quantum channelsM𝐴→𝐵 and N𝐵→𝐶 , respectively,
then the matrix𝑇𝐶:𝐴′ = 𝑁

𝐶:𝐵′∗𝑀𝐵:𝐴′ is the Choi matrix of the quantum channelT𝐴→𝐶 = N𝐵→𝐶◦M𝐴→𝐵 [66].
It is worth noticing that ifM𝐴→𝐵 is a preparation channel, i.e., 𝐴 = C andMC→𝐵 (1) = 𝜌𝐵, then 𝑀𝐵:C′ = 𝜌𝐵

and 𝑁𝐶:𝐵′ ∗ 𝑀𝐵:C′ = N𝐵→𝐶 (𝜌𝐵).
The link product is the operation between Choi matrices associated with the sequential composition of

channels. Now, we focus on parallel composition. LetM𝐴→𝐵 and N𝐶→𝐷 be quantum channels, and let
𝑀𝐵:𝐴′ and 𝑁𝐷:𝐶′ be the Choi matrices associated with them. Let T𝐴𝐶→𝐵𝐷 =M𝐴→𝐵 ⊗ N𝐶→𝐷 . The Choi
matrix of the tensor product of channels is often either overlooked or claimed to be equal to 𝑀𝐵:𝐴′ ⊗ 𝑁𝐷:𝐶′ .
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The latter approach has its merits if the order of the systems is not relevant. However, when it is crucial to
keep track of input and output systems, like in this work, we expect the Choi matrix of T𝐴𝐶→𝐵𝐷 to be a
matrix 𝑇𝐵𝐷:𝐴′𝐶′ which is not equal to 𝑀𝐵:𝐴′ ⊗ 𝑁𝐷:𝐶′ because the order of the systems is not the same. We
define here an operation ⊠, which we call swap tensor product, that takes care of the order of systems:

𝑀𝐵:𝐴′ ⊠ 𝑁𝐷:𝐶′ := (I𝐵 ⊗ S𝐴′𝐷→𝐷𝐴′ ⊗ I𝐶
′) (𝑀𝐵:𝐴′ ⊗ 𝑁𝐷:𝐶′). (5.6)

We show now that 𝑀𝐵:𝐴′ ⊠ 𝑁𝐷:𝐶′ is the Choi matrix 𝑇𝐵𝐷:𝐴′𝐶′ of T𝐴𝐶→𝐵𝐷 =M𝐴→𝐵 ⊗ N𝐶→𝐷 .

𝑇𝐵𝐷:𝐴′𝐶′ = (T𝐴𝐶→𝐵𝐷 ⊗ I𝐴′𝐶′) (Φ𝐴𝐶𝐴′𝐶′)

= [(M𝐴→𝐵 ⊗ N𝐶→𝐷 ⊗ I𝐴′𝐶′) ◦ (I𝐴 ⊗ S𝐴′𝐶→𝐶𝐴′ ⊗ I𝐶
′)] (Φ𝐴𝐴′ ⊗ Φ𝐶𝐶′)

= [(I𝐵 ⊗ S𝐴′𝐷→𝐷𝐴′ ⊗ I𝐶
′) ◦ (M𝐴→𝐵 ⊗ I𝐴′ ⊗ N𝐶→𝐷 ⊗ I𝐶′)] (Φ𝐴𝐴′ ⊗ Φ𝐶𝐶′)

= (I𝐵 ⊗ S𝐴′𝐷→𝐷𝐴′ ⊗ I𝐶
′) (𝑀𝐵:𝐴′ ⊗ 𝑁𝐷:𝐶′)

= 𝑀𝐵:𝐴′ ⊠ 𝑁𝐷:𝐶′ .

(5.7)

5.1.2 Ambiguity of the Choi Matrix

In this Section, we demonstrate that one must be cautious when dealing with Choi matrices, as multiple linear
maps can have the same Choi matrix. This is the key motivation for using rigorous formalism and notation
for Choi matrices. Consider the matrix

𝑀 =
1
5

©­­­­­«
1 2 0 0
2 4 0 0
0 0 4 −2
0 0 −2 1

ª®®®®®¬
. (5.8)

It is Hermitian and positive semidefinite. Therefore, it could be the Choi matrix of a quantum map (CP
linear operator) [66]. However, if we have no information about the bipartition of such a matrix, we can find
different quantum maps with 𝑀 as their Choi matrix. 𝑀 could be the Choi matrix of the quantum map that
prepares the supernormalized state 𝑀 . Another easy choice is to consider 𝑀 as the Choi matrix of the effect
𝑀𝑇 , which acts on a 4 × 4 matrix 𝑁 as Tr(𝑀𝑇𝑁).

The last choice is to consider 𝑀 as the Choi matrix of a quantum map from a two-dimensional system to
a two-dimensional system. In this case, there is some ambiguity as well. Let 𝐴 and 𝐵 be two-dimensional
complex Hilbert spaces. We observe that we can write 𝑀 as a linear combination of elementary tensors in
𝐴 ⊗ 𝐵:

𝑀𝐴𝐵 =
1
5
|0⟩⟨0|𝐴 ⊗

(
1 2
2 4

)
𝐵

+ 1
5
|1⟩⟨1|𝐴 ⊗

(
4 −2
−2 1

)
𝐵

. (5.9)

As detailed in Eq. (5.1) and Eq. (5.4), there are two conventions for the definition of the Choi matrix, i.e.,
𝑀𝐴:𝐵 = (M𝐵′→𝐴 ⊗ I𝐵) (Φ𝐵′𝐵) and 𝑀𝐴:𝐵 = (I𝐴 ⊗ M𝐴′→𝐵) (Φ𝐴𝐴′) (we relabelled the systems to match
with 𝑀𝐴𝐵). Unsurprisingly, using different conventions, one finds different quantum maps associated with
𝑀𝐴𝐵. If we consider the former, which is the one that we use in this Thesis, we obtain the map that acts on
|0⟩⟨0|𝐵′ as

M𝐵′→𝐴( |0⟩⟨0|𝐵′) = 1
5

(
1 0
0 4

)𝐴
. (5.10)
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While with the latter, |0⟩⟨0|𝐴′ is mapped into

M𝐴′→𝐵 ( |0⟩⟨0|𝐴′) = 1
5

(
1 2
2 4

)𝐵
. (5.11)

Sometimes, if we know that a Choi matrix is the Choi matrix of a quantum channel, we can resolve
this ambiguity. Indeed, the trace of the Choi matrix of a quantum channel is equal to the dimension of the
input system. Therefore, since Tr𝑀 = 2, we can rule out the first two quantum maps associated with 𝑀 , so
we must have the qubit-to-qubit map because it satisfies this condition. Another thing to consider is that if
𝑀𝐴𝐵 is the Choi matrix of a quantum channel, then the marginal on the input system is the identity matrix.
Consequently, we can check if either Tr𝐴𝑀𝐴𝐵 = 1𝐵 or Tr𝐵 𝑀𝐴𝐵 = 1𝐴 to solve the ambiguity. We obtain

Tr𝐴𝑀 =
1
5

(
1 2
2 4

)𝐵
+ 1

5

(
4 −2
−2 1

)𝐵
=

(
1 0
0 1

)𝐵
,

Tr𝐵 𝑀 = |0⟩⟨0|𝐴 + |1⟩⟨1|𝐴 =

(
1 0
0 1

)𝐴
.

(5.12)

This test is inconclusive for 𝑀 since both marginals are the identity matrix. Therefore, even if we know that
we have the Choi matrix of a quantum channel, we still have the ambiguity about the convention used to
compute it.

This indicates that a significant amount of information is required to reconstruct a quantum channel from
its Choi matrix. It is not enough to know just the entries of a Choi matrix; one needs to know the dimensions
of the input and output systems and their order in the Choi matrix. While the dimensions of the systems can
always be deduced when dealing with quantum channels, the same cannot be said for the order of the systems.
If one is fortunate, one can deduce it by computing partial traces. However, this is not always the case, as
demonstrated for 𝑀 .

We point out that if we consider a renormalized Choi matrix instead of working with a Choi matrix, we
lose even the information about the dimension of the input system because all renormalized Choi matrices
have trace one. For example, let 𝜇𝐴𝐵𝐶 be a normalized quantum state such that Tr𝐴 𝜇𝐴𝐵𝐶 = 1

𝑑𝐵𝑑𝐶
1𝐵𝐶 , then

also Tr𝐴𝐵 𝜇𝐴𝐵𝐶 = 1
𝑑𝐶
1𝐶 , which implies that both

M𝐵𝐶→𝐴(𝜌𝐵𝐶) =

Tr𝐵𝐶𝐵′𝐶′ [(𝑑𝐵𝑑𝐶𝜇𝐴𝐵𝐶 ⊗ 𝜌𝐵′𝐶′) (1𝐴 ⊗ Φ𝐵𝐶𝐵′𝐶′)],
(5.13)

and
M𝐶→𝐴𝐵 (𝜌𝐶) = Tr𝐶𝐶′ [(𝑑𝐶𝜇𝐴𝐵𝐶 ⊗ 𝜌𝐶′) (1𝐴𝐵 ⊗ Φ𝐶𝐶′)] (5.14)

are quantum channels associated with 𝜇𝐴𝐵𝐶 .

5.2 Definition and Properties of Choi-Defined Resource Theories

Remember that a resource theory provides a partition of all quantum channels into free and resourceful ones
with the following properties (see Section 2.1):

85



5. Choi-Defined Resource Theories

1. the identity channel is free,

2. the swap channel is free,

3. discarding a system is free,

4. sequential composition of free channels is free,

5. parallel composition of free channels is free.

Moreover, a state is free if it can be prepared with free operations. If one applies a free channel to a free state,
one obtains a free state, meaning that obtaining a resource from free objects is impossible. This is sometimes
called the golden rule of resource theories [84]. Consequently, every set of free states satisfies the following
properties: It is closed under tensor product, partial tracing, and system swapping.

Figure 5.1: Sequential composition of operations. A source emits a quantum system, e.g., a photon (coloured
in red). A first operationM is performed on this quantum system and produces a new quantum system as
output. A second operation N is performed on the new quantum system. The overall operation done on the
first (red) quantum system is the sequential composition ofM and N , denoted with N ◦M. The sequential
composition is translated into the link product when dealing with Choi matrices.

Remark 5.2.1

One of the constraints of the resource theory of bipartite entanglement is that the two physically
separated agents cannot exchange quantum systems. This may appear to conflict with the condition that
the swap channel is a free operation. However, in this scenario, the systems in question are bipartite
systems [85], i.e., 𝑆1 := 𝐴1𝐵1 and 𝑆2 := 𝐴2𝐵2. The physical separation is, as usual, between systems
labelled with 𝐴 and systems labelled with 𝐵. The swap channel only swaps the order of the two
bipartite systems 𝑆1 and 𝑆2, i.e., 𝐴1𝐵1𝐴2𝐵2 ↔ 𝐴2𝐵2𝐴1𝐵1. If we organize the systems according to
the physical separation, the action of the swap channel is (𝐴1𝐴2) (𝐵1𝐵2) → (𝐴2𝐴1) (𝐵2𝐵1). Therefore,
the two agents are locally exchanging the order of their own quantum systems, and there is no exchange
of quantum systems between them.
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As noted at the beginning of this Chapter, the resource theories of magic states, imaginarity, SEP, and
NPT share an interesting property: A channel is free if and only if its renormalized Choi matrix is a free state.
Now, we generalize such resource theories by introducing the construction of Choi-defined operations and
Choi-defined resource theories.

Definition 5.2.2: Choi-defined operations

The Choi-defined (CD) operations associated with a set of free states are all and only the quantum
channels such that their renormalized Choi matrix is a free state.

With this definition, we are ready to define the Choi-defined resource theories.

Definition 5.2.3: Choi-defined resource theory

A quantum resource theory is a Choi-defined resource theory (CDRT) if its free operations coincide
with the Choi-defined operations associated with its set of free states.

Not all quantum resource theories are CDRTs. For example, in the resource theory of athermality [33, 34],
there is only one free state in 𝔉(𝐵𝐴′) but many free operations in 𝔉(𝐴 → 𝐵). Therefore, there is no
one-to-one correspondence between free states and free channels. A more interesting example is the resource
theory of entanglement. In this case, the free states are the separable states, but the construction of CD
operations produces all separable operations, which are a larger set than LOCC [222, 223]. As a result, the
resource theory of LOCC entanglement is not a CDRT.

It is a natural question to characterize when, given a set of free states, the construction of a CDRT
is allowed. In every well-defined resource theory, the identity is a free operation. As a consequence, its
renormalized Choi state 1

𝑑𝐴
Φ𝐴𝐴′ is free in every CDRT.
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Remark 5.2.4

The renormalized Choi state is not the maximally entangled state in the resource theories of
entanglement, SEP entanglement, or NPT entanglement. Indeed, in these resource theories, each
system is a pair of physical systems [85], i.e., 𝑆 := 𝐴𝐵, and 𝑆′ := 𝐴′𝐵′, and the spatial separation is
between systems 𝐴𝐴′ and 𝐵𝐵′. Let

{
|𝑎⟩𝐴

}
and

{
|𝑏⟩𝐵

}
be orthogonal bases for 𝐴 and 𝐵, respectively,

then
1
𝑑𝑆

Φ𝑆𝑆′ =
1

𝑑𝐴𝑑𝐵

∑︁
𝑎,𝑏,𝑎̃,𝑏̃

|𝑎𝑏⟩⟨𝑎̃𝑏̃ |𝐴𝐵 ⊗ |𝑎𝑏⟩⟨𝑎̃𝑏̃ |𝐴′𝐵′ . (5.15)

If the systems are reorganized according to the spatial separation, the renormalized Choi state becomes

1
𝑑𝐴𝑑𝐵

∑︁
𝑎,𝑎̃

|𝑎𝑎⟩⟨𝑎̃𝑎̃ |𝐴𝐴′ ⊗
∑︁
𝑏,𝑏̃

|𝑏𝑏⟩⟨𝑏̃𝑏̃ |𝐵𝐵′

=
1
𝑑𝐴

Φ𝐴𝐴′ ⊗ 1
𝑑𝐵

Φ𝐵𝐵′ .

(5.16)

This shows that the state 1
𝑑𝑆
Φ𝑆𝑆′ is separable with respect to the spatial separation between 𝐴𝐴′

and 𝐵𝐵′. Therefore, it is free in the resource theories mentioned above, so it is not the maximally
entangled state on (𝐴𝐴′) (𝐵𝐵′).

When we require that resource theories be closed under the sequential composition of free channels
(Figure 5.1), we find a less trivial condition for the set of free states. In Ref. [66, 221], the authors introduced
an operation between bipartite matrices called link product, defined as

𝑁𝐶:𝐵′ ∗ 𝑀𝐵:𝐴′

= Tr𝐵𝐵′ [(𝑁𝐶:𝐵′ ⊗ 𝑀𝐵:𝐴′) (1𝐶 ⊗ Φ𝐵′𝐵 ⊗ 1𝐴′)]

= Tr𝐵 [(𝑁𝐶:𝐵 ⊗ 1𝐴′) (1𝐶 ⊗ (𝑀𝐵:𝐴)𝑇𝐵)],

(5.17)

where ·𝑇𝐵 is the partial transpose on system 𝐵. This operation translates the sequential composition of
channels into an operation between Choi matrices. Thanks to the link product, we can restate the golden rule
of resource theories as a condition on the set of free states. That is, the condition thatM𝐴→𝐵 (𝜌𝐴) be free
wheneverM𝐴→𝐵 and 𝜌𝐴 are free becomes that 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴 be a free state if 𝜌𝐴 and 𝜇𝐵:𝐴′ are free states
and 𝜇𝐵:𝐴′ is the renormalized Choi matrix of a quantum channel.

We now state our first main result.

Theorem 5.2.5: Necessary and sufficient conditions for CDRTs construction

It is possible to construct a CDRT associated with a set of free states if and only if for all systems 𝐴
and 𝐵

1. the state 1
𝑑𝐴

Φ𝐴𝐴′ is free,

2. if 𝜌𝐴 and 𝜇𝐵:𝐴′ are free states, and 𝜇𝐵:𝐴′ is the renormalized Choi matrix of a quantum channel,
then 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴 is a free state.

88



5. Choi-Defined Resource Theories

Proof. First, we prove the necessary conditions. Assume that the free states and the free operations form a
well-defined CDRT.

1. The identity channel is a free operation in every resource theory. Its Choi matrix is (I𝐴⊗I𝐴′) (Φ𝐴𝐴′) =
Φ𝐴𝐴′ , therefore the renormalized Choi matrix 1

𝑑𝐴
Φ𝐴𝐴′ is a free state.

2. LetM𝐴→𝐵 be the CD operation associated with 𝜇𝐵:𝐴′ . Then, by Definition 5.2.3,M𝐴→𝐵 is free.
Therefore, 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴 =M𝐴→𝐵 (𝜌𝐴) is free, because bothM𝐴→𝐵 and 𝜌𝐴 are free.

We now prove that conditions 1 and 2 are sufficient for a well-defined resource theory when the free operations
are the Choi-defined operations. Recall that we assume that the set of free states under consideration is
compatible with a minimal resource theory, i.e., closed under tensor product, partial tracing, and system
swapping. Now, we demonstrate that the five conditions for a resource theory listed in Section 2.1 are satisfied.

1. The identity channel is free. Indeed, since 1
𝑑𝐴

Φ𝐴𝐴′ is free for all 𝐴, then the CD operation associated
with it, the identity channel on 𝐴, is free.

2. The swap channel is free. Indeed, from condition 1, one has that 1
𝑑𝐴𝑑𝐵

Φ𝐴𝐵𝐴′𝐵′ is a free state.
Since the set of free states is closed under system swapping, one obtains that 1

𝑑𝐴𝑑𝐵
Φ𝐵𝐴:𝐴′𝐵′ :=

1
𝑑𝐴𝑑𝐵
(S𝐴𝐵→𝐵𝐴 ⊗ I𝐴′𝐵′) (Φ𝐴𝐵𝐴′𝐵′) is free too. This state is, by definition, the renormalized Choi

matrix of the swap channel, which is, therefore, free.

3. Discarding a system is free. Indeed, since 1
𝑑𝐴

Φ𝐴𝐴′ is free for all 𝐴 and the set of free states is closed
under partial tracing, then (Tr𝐴 ⊗I𝐴′) ( 1

𝑑𝐴
Φ𝐴𝐴′) = 1

𝑑𝐴
1𝐴 is free. Once again, this is, by definition, the

Choi matrix of the discarding channel on 𝐴, which is therefore free.

4. Parallel composition of free channels is free. Indeed, let M𝐴→𝐵 and N𝐶→𝐷 be free channels,
and let 𝜇𝐵𝐴′ and 𝜈𝐷𝐶′ be their renormalized Choi matrices, respectively. The state 𝜏𝐵𝐷𝐴′𝐶′ =

(I𝐵 ⊗ S𝐴′𝐷→𝐷𝐴′ ⊗ I𝐶
′) (𝜇𝐵𝐴′ ⊗ 𝜈𝐷𝐶′), where S𝐴′𝐷→𝐷𝐴′ is the swap channel, is free because the set

of free states is closed under tensor product and system swapping. As shown in Appendix 5.1.1, the
CD operation associated with 𝜏𝐵𝐷𝐴′𝐶′ isM𝐴→𝐵 ⊗ N𝐶→𝐷 , which is therefore free. This proves that
the parallel composition of channels is free.

5. Sequential composition of free channels is free. LetM𝐴→𝐵 and N𝐵→𝐶 be free channels, let 𝜇𝐵:𝐴′

and 𝜈𝐶:𝐵′ be their renormalized Choi matrices. These Choi matrices are free states. We point out
that condition 2 does not immediately imply that 𝑑𝐵𝜈𝐶:𝐵′ ∗ 𝜇𝐵:𝐴′ is free. Indeed, condition 2 only
applies when the system of the second state in the link product matches the second system in the
bipartition of the first state. In the case of the link product between 𝜈𝐶:𝐵′ and 𝜇𝐵:𝐴′ , 𝐵𝐴′ is not
a copy of 𝐵′. Here, we want to construct a free state 𝜈̃𝐶𝐴′:𝐵′𝐴 such that 𝑑𝐵𝑑𝐴𝜈̃𝐶𝐴′:𝐵′𝐴 ∗ 𝜇𝐵𝐴′ is
the renormalized Choi matrix of N𝐵→𝐶 ◦ M𝐴→𝐵. If such construction is possible, then we can
apply condition 2 of the Theorem and the definition of Choi defined resource theories to deduce
that N𝐵→𝐶 ◦M𝐴→𝐵 is free. Let 𝜈̃𝐶𝐴′:𝐴𝐵′ be the renormalized Choi matrix of N𝐵→𝐶 ⊗ I𝐴′ , that is
𝜈̃𝐶𝐴′:𝐵′𝐴 = (I𝐶 ⊗ S𝐵′𝐴′→𝐴′𝐵′ ⊗ I𝐴) (𝜈𝐶:𝐵′ ⊗ 1

𝑑𝐴
Φ𝐴′:𝐴). Such a state satisfies the conditions above:
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• It is free. Indeed, both 𝜈𝐶𝐵′ and 1
𝑑𝐴

Φ𝐴′𝐴 are free, and the set of free states is closed under tensor
product and system swapping.

• 𝑑𝐵𝑑𝐴𝜈̃𝐶𝐴′:𝐵′𝐴 ∗ 𝜇𝐵𝐴′ is the renormalized Choi matrix of N𝐵→𝐶 ◦M𝐴→𝐵:

𝑑𝐵𝑑𝐴𝜈̃𝐶𝐴′:𝐵′𝐴 ∗ 𝜇𝐵𝐴′ = (𝑁𝐵→𝐶 ⊗ I𝐴′) (𝜇𝐵𝐴′)

=
1
𝑑𝐴
(𝑁𝐵→𝐶 ⊗ I𝐴′) ◦ (M𝐴→𝐵 ⊗ I𝐴′) (Φ𝐴𝐴′)

=
1
𝑑𝐴

[(
N𝐵→𝐶 ◦M𝐴→𝐵

)
⊗ I𝐴′

]
(Φ𝐴𝐴′).

(5.18)

□

We observe that point 3 of the proof of the sufficient conditions implies the following Corollary.

Corollary 5.2.6: Maximally mixed state

In every CDRT, the maximally mixed state is free.

An interesting common property of the examples of CDRTs presented in the introduction is that their
free operations coincide with the CRNG operations [39, 40, 43, 55, 56, 64]. As we show in the following
Theorem, this is a general feature of every CDRT.

Theorem 5.2.7: CRNG operations

In every CDRT, free operations coincide with CRNG operations.

Proof. In every resource theory, free operations are CRNG (see, e.g., Ref. [84]). Suppose M𝐴→𝐵 is a
CRNG operation. SinceM𝐴→𝐵 is CRNG and 1

𝑑𝐴
Φ𝐴𝐴′ is free as a consequence of Theorem 5.2.5, then

(M𝐴→𝐵 ⊗ I𝐴′) ( 1
𝑑𝐴

Φ𝐴𝐴′) is a free state. This state is the renormalized Choi matrix ofM𝐴→𝐵. Therefore, it
follows from Definition 5.2.3 thatM𝐴→𝐵 is a CD operation. □

Notably, this Theorem provides an easy construction for CRNG operations when the set of free states
satisfies the conditions of Theorem 5.2.5. Two examples of resource theories that are not CDRTs, and for
which Theorem 5.2.7 does not hold, are the resource theory of athermality [224] and the resource theory of
𝑘-unextendibility [225]. In athermality, the CRNG operations are the Gibbs-preserving operations, but their
renormalized Choi matrices are not free states. In 𝑘-unextendibility, an attempt to construct a CDRT from
𝑘-extendible states was made in Ref. [226], but the resulting operations were not resource-non-generating.
Indeed, 𝑘-extendible states do not satisfy condition 1 of Theorem 5.2.5.

In the next Subsection, we present resource theories that satisfy the conditions of Theorem 5.2.5. We
start with the resource theory of asymmetry, where, to the best of our knowledge, there is no explicit result
yet in this direction [44, 45].
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5. Choi-Defined Resource Theories

5.2.1 Examples of CDRTs

Resource Theories of Asymmetry

In the resource theory of asymmetry [44], two parties have access to the same quantum systems but do
not share a reference frame. The relation between reference frames is described by an element 𝑔 of a
compact group 𝐺 determined by the symmetries of the problem. Free states are those that the two parties
are certain to describe in the same way, that is, 𝐺-invariant states. In other words, as state 𝜌𝐴 is free if
U𝐴

𝑔 (𝜌𝐴) = 𝑈𝐴
𝑔 𝜌

𝐴(𝑈𝐴
𝑔 )† = 𝜌𝐴 for all 𝑔 ∈ 𝐺, where𝑈𝐴

𝑔 is the unitary representation of 𝑔 ∈ 𝐺 on the Hilbert
spaceH𝐴. Note that the unitary representation on the product spaceH𝐴 ⊗H𝐵 is𝑈𝐴𝐵

𝑔 = 𝑈𝐴
𝑔 ⊗𝑈𝐵

𝑔 . Similarly,
a channelM𝐴→𝐵 is free if it is 𝐺-covariant, that is,U𝐵

𝑔 ◦M𝐴→𝐵 ◦ (U𝐴
𝑔 )−1 =M𝐴→𝐵 for all 𝑔 ∈ 𝐺.

Theorem 5.2.8: CDRTs of asymmetry

A resource theory of asymmetry is a CDRT if and only if the renormalized Choi state is free.

Proof. Necessity is trivial because of Theorem 5.2.5. For sufficiency, we have only to show that the set of
free states is closed under the link product whenever the Choi state is free. To this end, let 𝜇𝐵𝐴′ and 𝜌𝐴 be
free states such that 𝑑𝐴′ Tr𝐵 𝜇𝐵𝐴′ = 1𝐴′ . Then,

U𝐵
𝑔 (𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴) = U𝐵

𝑔 (𝑑𝐴 Tr𝐴′𝐴[(𝜇𝐵𝐴′ ⊗ 𝜌𝐴) (1𝐵 ⊗ Φ𝐴′𝐴)])

= U𝐵
𝑔 (𝑑𝐴 Tr𝐴′𝐴{[(U𝐵𝐴′𝐴

𝑔 )−1(𝜇𝐵𝐴′ ⊗ 𝜌𝐴)] (1𝐵 ⊗ Φ𝐴′𝐴)})

= U𝐵
𝑔 (𝑑𝐴 Tr𝐴′𝐴{[((U𝐵

𝑔 )−1 ⊗ (U𝐴′𝐴
𝑔 )−1) (𝜇𝐵𝐴′ ⊗ 𝜌𝐴)]

(1𝐵 ⊗ Φ𝐴′𝐴)})

= 𝑑𝐴 Tr𝐴′𝐴{[I𝐵 ⊗ (U𝐴′𝐴
𝑔 )−1(𝜇𝐵𝐴′ ⊗ 𝜌𝐴)] (1𝐵 ⊗ Φ𝐴′𝐴)}

= 𝑑𝐴 Tr𝐴′𝐴{(𝜇𝐵𝐴′ ⊗ 𝜌𝐴) [1𝐵 ⊗ U𝐴′𝐴
𝑔 (Φ𝐴′𝐴)]}

= 𝑑𝐴 Tr𝐴′𝐴[(𝜇𝐵𝐴′ ⊗ 𝜌𝐴) (1𝐵 ⊗ Φ𝐴′𝐴)]

= 𝑑𝐴𝜇
𝐵:𝐴′ ∗ 𝜌𝐴.

(5.19)

□

In addition, the Choi state is 𝐺-invariant if and only if all the unitary representations are real in the Choi
basis. To prove this, it is easier to work with the Choi vector |𝜙⟩𝐴𝐴′ = ∑

𝑗 | 𝑗 𝑗⟩𝐴𝐴
′
rather than with the Choi
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matrix Φ𝐴𝐴′ = |𝜙⟩⟨𝜙|𝐴𝐴′ . Indeed, for all matrices 𝑀𝐴, we have

(𝑀𝐴 ⊗ 1𝐴′) |𝜙⟩𝐴𝐴′ = (𝑀𝐴 ⊗ 1𝐴′)
∑︁
𝑗

| 𝑗 𝑗⟩𝐴𝐴′

=
∑︁
𝑗 ,𝑘,𝑙

𝑀𝑘,𝑙 ( |𝑘⟩⟨𝑙 |𝐴 ⊗ 1𝐴′) | 𝑗 𝑗⟩𝐴𝐴′

=
∑︁
𝑗 ,𝑘

𝑀𝑘, 𝑗 |𝑘 𝑗⟩𝐴𝐴′

=
∑︁
𝑗 ,𝑘,𝑙

𝑀 𝑙, 𝑗 (1𝐴 ⊗ | 𝑗⟩⟨𝑙 |𝐴′) |𝑘𝑘⟩𝐴𝐴′

= (1𝐴 ⊗ 𝑀𝑇
𝐴′)

∑︁
𝑘

|𝑘𝑘⟩𝐴𝐴′

= (1𝐴 ⊗ 𝑀𝑇
𝐴′) |𝜙⟩

𝐴𝐴′ .

(5.20)

It is straightforward to see that if𝑈𝐴
𝑔 is real for every 𝑔 ∈ 𝐺, then (𝑈𝑔⊗𝑈𝑔) |𝜙⟩𝐴𝐴

′
= (1𝐴⊗𝑈𝐴

𝑔 (𝑈𝐴
𝑔 )𝑇 ) |𝜙⟩𝐴𝐴

′
=

|𝜙⟩𝐴𝐴′ and therefore Φ𝐴𝐴′ is 𝐺-invariant. If instead we assume that |𝜙⟩𝐴𝐴′ is 𝐺-invariant, then for all 𝑔 ∈ 𝐺

|𝜙⟩𝐴𝐴′ = (𝑈𝐴
𝑔 ⊗ 𝑈𝐴′

𝑔 ) |𝜙⟩𝐴𝐴
′

= (1𝐴 ⊗ 𝑈𝐴′
𝑔 (𝑈𝐴′

𝑔 )𝑇 ) |𝜙⟩𝐴𝐴
′
.

(5.21)

As a consequence,
| 𝑗⟩𝐴′ = (⟨ 𝑗 |𝐴 ⊗ 1𝐴′) |𝜙⟩𝐴𝐴′

= (⟨ 𝑗 |𝐴 ⊗ 𝑈𝐴′
𝑔 (𝑈𝐴′

𝑔 )𝑇 ) |𝜙⟩𝐴𝐴
′

= 𝑈𝐴′
𝑔 (𝑈𝐴′

𝑔 )𝑇 | 𝑗⟩𝐴
′

(5.22)

for all elements of the Choi basis. This proves that𝑈𝐴′
𝑔 (𝑈𝐴′

𝑔 )𝑇 = 1𝐴′ , and therefore the representation is real
in the Choi basis.

These results are similar to those presented in the Supplementary Information of Ref. [227] about
completely symmetry-preserving operations. This similarity is not surprising because CD and CRNG
operations coincide in CDRTs as a consequence of Theorem 5.2.7. In the context of asymmetry, an example
of a CDRT is the resource theory of parity generated by the group Z2 [44].

Resource Theory of Magic States

The resource theory of magic states [36–40, 228] or non-stabilizer quantum computation is based on the
Gottesman-Knill theorem [21], which states that quantum circuits composed of Clifford group gates, measure-
ments of Pauli group operators and classically conditioned Clifford group operations acting on a finite number, 𝑛,
of qubits initially in their ground states can be efficiently simulated classically. As a reminder, the Pauli group on
𝑛 qubits, P𝑛, is the group generated by the tensor products of the single-qubit Pauli matrices

{
12, 𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧

}
,

up to overall phases { ±1,±𝑖 }. For example, P1 =
{
±12,±𝑖12,±𝜎𝑥 ,±𝑖𝜎𝑥 ,±𝜎𝑦 ,±𝑖𝜎𝑦 ,±𝜎𝑧 ,±𝑖𝜎𝑧

}
. The

Clifford group on 𝑛 qubits is the set of unitary transformations that normalize P𝑛, that is, the set containing
all the unitary transformations𝑈 such that𝑈P𝑛𝑈† = P𝑛. The operations listed in this paragraph are called
stabilizer operations. The free states in the resource theory of magic are the states that can be prepared with a
circuit composed solely of stabilizer operations.
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We prove now that the set of magic states satisfies the conditions of Theorem 5.2.5. For the first condition,
we denote the number of qubits in 𝐴 with 𝑛 and the elements of the computational basis with |𝑥1 . . . 𝑥𝑛⟩, where
𝑥 𝑗 = 0, 1. The normalized Choi state |𝜙⟩ = 1

2𝑛/2
∑

𝑥1...𝑥𝑛 |𝑥1 . . . 𝑥𝑛⟩ |𝑥1′ . . . 𝑥𝑛′⟩ is obtained by preparing the 𝑛
entangled states 1√

2

∑
𝑥 𝑗

��𝑥 𝑗𝑥 𝑗′〉 and by swapping the order of the systems. The 𝑗-th 2-qubit entangled state can
be obtained with a Hadamard and a CNOT gate acting on

��0 𝑗0 𝑗′
〉
, and the swap channels can be decomposed

into three CNOT gates (see, e.g., Ref. [11]). All these operations are stabilizer operations; therefore, the
renormalized Choi state 1

𝑑𝐴
Φ𝐴𝐴′ is a stabilizer state. This proves that condition 1 of Theorem 5.2.5 is satisfied.

We now consider the closure under the link product of the set of stabilizer states. Let 𝜇𝐵𝐴′ and 𝜌𝐴 be free
states such that 𝑑𝐴′ Tr𝐵 𝜇𝐵𝐴′ = 1𝐴′ , where 𝐴 is a 𝑛-qubit system and 𝐵 is a 𝑚-qubit system. This implies that
there exists a protocol to create 𝜇𝐵𝐴′ ⊗ 𝜌𝐴 for free. By Eq. (5.2.5), the state 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴 is obtained by a
protocol with postselection:

1. Prepare 𝜇𝐵𝐴′ ⊗ 𝜌𝐴.

2. Perform a measurement in the Bell basis for each of the pairs of qubits in 𝐴′𝐴

3. Postselect on the measurement outcome associated with 1
𝑑𝐴

Φ𝐴′𝐴. After the postselection, the system 𝐵

is in the state 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴, as requested.

Each of the steps of this protocol is a free operation. Indeed, the measurement in the Bell basis can be
converted into a measurement in the computational basis by adding Hadamard and CNOT gates, which are
stabilizer operations. Therefore the state 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴 is free, as requested by Theorem 5.2.5. The set of
stabilizer states satisfies all the conditions of Theorem 5.2.5, and the CDRT constructed from it is the resource
theory of magic states [40].

Resource Theory of Imaginarity

We now focus on the resource theory of imaginarity [41–43, 228]. This resource theory aims to evaluate the
role of imaginarity in quantum mechanics. A state is free if its density matrix, expressed with respect to a
fixed basis, is real. States with density matrices containing non-real numbers are resources. The Choi state

1
𝑑𝐴

Φ𝐴𝐴′ relative to the fixed basis has only real coefficients and, therefore, is free. This proves condition 1
of Theorem 5.2.5. Condition 2 follows trivially because it can be expressed using only multiplications and
traces of real matrices, from which it is possible to obtain only real matrices. This proves that it is possible to
construct a CDRT from the set of real matrices, and it coincides with the resource theory of imaginarity,
where the free operations are all the CRNG operations [43].

Resource Theory of Separable Entanglement

In the theory of entanglement [23, 27, 122, 124, 125, 229], systems are bipartite systems, and free states are
separable states. We have already shown in Remark 5.2.4 that the Choi state is separable and, therefore,
free. We now prove that the separable states are closed under the link product. To align with the convention
used in entanglement-related resource theories, we denote the first pair of systems with 𝑆1 := 𝐴1𝐵1 and the
second with 𝑆2 := 𝐴2𝐵2. Let 𝜇𝑆2𝑆

′
1 be a separable state, i.e., there exists density matrices 𝜇𝐴2𝐴

′
1

𝑗
and 𝜇̃𝐵2𝐵

′
1

𝑗
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such that 𝜇𝐴2𝐴
′
1𝐵2𝐵

′
1 =

∑
𝑗 𝑝 𝑗𝜇

𝐴2𝐴
′
1

𝑗
⊗ 𝜇̃ 𝑗

𝐵2𝐵
′
1
, where 𝑝 𝑗 ≥ 0 and

∑
𝑗 𝑝 𝑗 = 1. Moreover, let 𝜇𝑆2𝑆

′
1 be such that

𝑑𝑆′1
Tr𝑆2 𝜇

𝑆2𝑆
′
1 = 1𝑆′ . Let 𝜌𝑆1 =

∑
𝑘 𝑞𝑘𝜌

𝐴1
𝑘
⊗ 𝜌̃𝐵1

𝑘
, where 𝑞𝑘 ≥ 0 and

∑
𝑘 𝑞𝑘 = 1, be another separable state.

Then
𝜇𝑆2:𝑆′1 ∗ 𝜌𝑆1 = Tr(𝐴1𝐵1 ) [𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) (1(𝐴2𝐵2 ) ⊗ (𝜌 (𝐴1𝐵1 ) )𝑇 )]

=
∑︁
𝑗 ,𝑘

𝑝 𝑗𝑞𝑘𝜎
𝐴2
𝑗 ,𝑘
⊗ 𝜎̃𝐵2

𝑗 ,𝑘
.

(5.23)

where 𝜎𝐴2
𝑗 ,𝑘

:= Tr𝐴1{𝜇
𝐴2𝐴1
𝑗
[1𝐴2 ⊗ (𝜌𝐴1

𝑘
)𝑇 ]}, and 𝜎̃𝐵2

𝑗 ,𝑘
:= Tr𝐵1{𝜇̃

𝐵2𝐵1
𝑗
[1𝐵2 ⊗ ( 𝜌̃𝐵1

𝑘
)𝑇 ]}. This proves that

𝑑𝑆1𝜇
𝑆2𝑆

′
1 ∗𝜌𝑆1 is a separable state whenever 𝜇𝑆2𝑆

′
1 and 𝜌𝑆1 are separable, therefore condition 2 of Theorem 5.2.5

is satisfied. This implies that it is possible to construct a CDRT from the set of separable states, which
coincides with SEP [55, 56].

Resource Theory of NPT Entanglement

Looking again at the resource theory of entanglement, one notices that all separable states have positive
partial transpose [57, 58]. One can thus consider the bipartite states with positive partial transpose to be free
states. This set is strictly larger than the set of separable states due to bound entanglement [59], which is
of great relevance in quantum information [57–63]. Since the set of PPT states contains separable states, it
automatically satisfies condition 1 of Theorem 5.2.5. Let 𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) ′ and 𝜌 (𝐴1𝐵1 ) be free states such that
𝑑 (𝐴1𝐵1 ) ′ Tr(𝐴2,𝐵2 ) 𝜇

(𝐴2𝐵2 ) (𝐴1𝐵1 ) ′ = 1(𝐴1𝐵1 ) ′ . We write (𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) ′ ∗ 𝜌 (𝐴1𝐵1 ) )𝑇𝐵2 as

(𝜇 (𝐴2𝐵2 ):(𝐴1𝐵1 ) ′ ∗ 𝜌 (𝐴1𝐵1 ) )𝑇𝐵2

= Tr𝐴1𝐵1 ((𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) )𝑇𝐵2 (1(𝐴2𝐵2 ) ⊗ (𝜌 (𝐴1𝐵1 ) )𝑇 ))

= Tr𝐴1𝐵1 [(𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) )𝑇𝐵2𝐵1 (1(𝐴2𝐵2 ) ⊗ (𝜌 (𝐴1𝐵1 ) )𝑇𝐴1 )] .

(5.24)

Since 𝜌 (𝐴1𝐵1 ) has positive partial transpose, there exists and eigenbasis
{ ��𝜑 𝑗

〉 (𝐴1𝐵1 )
}

and positive eigenvalues

𝜆 𝑗 such that (𝜌 (𝐴1𝐵1 ) )𝑇𝐴1 =
∑

𝑗 𝜆 𝑗 |𝜑 𝑗⟩⟨𝜑 𝑗 | (𝐴1𝐵1 ) . This implies that, for all |𝜓⟩ (𝐴2𝐵2 ) ,〈
𝜓 (𝐴2𝐵2 )

��� (𝜇 (𝐴2𝐵2 ):(𝐴1𝐵1 ) ′ ∗ 𝜌 (𝐴1𝐵1 ) )𝑇𝐵2

���𝜓 (𝐴2𝐵2 )
〉
=∑︁

𝑗

𝜆 𝑗

〈
𝜓 (𝐴2𝐵2 ) ⊗ 𝜑 (𝐴1𝐵1 )

𝑗

��� (𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) )𝑇𝐵2𝐵1

���𝜓 (𝐴2𝐵2 ) ⊗ 𝜑 (𝐴1𝐵1 )
𝑗

〉
≥ 0,

(5.25)

where the last inequality follows from the fact that (𝜇 (𝐴2𝐵2 ) (𝐴1𝐵1 ) )𝑇𝐵2𝐵1 ≥ 0, as it is free, and 𝜆𝑖 > 0. This
proves that 𝑑𝐴(𝜇 (𝐴2𝐵2 ):(𝐴1𝐵1 ) ′ ∗ 𝜌 (𝐴1𝐵1 ) )𝑇𝐵2 ≥ 0, and that the set of states with positive partial transpose
is closed under link product. In this case, as well, we have shown that the set of free states satisfies the
conditions of Theorem 5.2.5. The CDRT constructed coincides with the theory of NPT [60–63].

Resource Theory of Non-Negativity of Quantum Amplitudes

In the resource theory of non-negativity of quantum amplitudes [217], there is a fixed orthonormal basis{
| 𝑗⟩𝐴

}
for every system 𝐴. For consistency, the orthonormal basis on composite systems 𝐴𝐵 is

{
| 𝑗 𝑘⟩𝐴𝐵

}
,

where
{
| 𝑗⟩𝐴

}
and

{
|𝑘⟩𝐵

}
are the fixed orthonormal basis for systems 𝐴 and 𝐵, respectively. In the resource
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theory of non-negativity of quantum amplitudes, a normalized pure state |𝜓⟩𝐴 is free if and only if, up to
a global phase, it is a positive linear combination of elements of the fixed basis, i.e., if and only if there
exists 𝜃 such that |𝜓⟩𝐴 = 𝑒𝑖 𝜃

∑
𝑗 𝑎 𝑗 | 𝑗⟩𝐴, 𝑎 𝑗 ≥ 0 for all 𝑗 , and

∑
𝑗 𝑎

2
𝑗
= 1. If |𝜓⟩𝐴 satisfies this condition we

write |𝜓⟩𝐴 ≥ 0. From this definition, it immediately follows that 1√
𝑑𝐴

∑
𝑗 | 𝑗 𝑗⟩𝐴𝐴

′
is a free pure state. In other

words, the renormalized Choi state 1
𝑑𝐴

Φ𝐴𝐴′ is free.
A mixed state is free, if it is a convex combination of free pure states, i.e., 𝜌𝐴 is free if and only if

𝜌𝐴 =
∑

𝛼 𝑝𝛼 |𝜓𝛼⟩⟨𝜓𝛼 |𝐴, where |𝜓𝛼⟩𝐴 ≥ 0, 𝑝𝛼 ≥ 0 for all 𝑗 , and
∑

𝛼 𝑝𝛼 = 1. Note that a free mixed state
expressed in the orthonormal basis has the form∑︁

𝛼,𝑘,𝑙

𝑝𝛼𝑎
𝛼
𝑘 𝑎

𝛼
𝑙 |𝑘⟩⟨𝑙 |

𝐴, (5.26)

where 𝑝𝛼 ≥ 0, 𝑎𝛼
𝑗
≥ 0, and

∑
𝛼 𝑝𝛼 =

∑
𝑗 (𝑎𝛼𝑗 )2 = 1.

To show that the set of free states satisfies the conditions of Theorem 5.2.5, we need to show that 𝑑𝐴𝜇𝐵:𝐴′ ∗
𝜌𝐴 is free whenever 𝜇𝐵:𝐴′ and 𝜌𝐴 are free and 𝑑𝐴 Tr𝐵 𝜇𝐵𝐴 = 1𝐴. Let 𝜇𝐵𝐴 =

∑
𝛼, 𝑗,𝑘,𝑙,𝑚 𝑝𝛼𝑎

𝛼
𝑗,𝑘
𝑎𝛼
𝑙,𝑚
| 𝑗 𝑘⟩⟨𝑙𝑚 |𝐵𝐴,

with 𝑝𝛼 ≥ 0, 𝑎𝛼
𝑗,𝑘
≥ 0,

∑
𝛼 𝑝𝛼 =

∑
𝑗 ,𝑘 (𝑎𝛼𝑗,𝑘)

2 = 1, and let 𝜌𝐴 =
∑

𝛽,𝑥,𝑦 𝑞𝛽𝑏
𝛽
𝑥𝑏

𝛽
𝑦 |𝑥⟩⟨𝑦 |𝐴, with 𝑞𝛽 ≥ 0, 𝑏𝛽𝑥 ≥ 0

and
∑

𝛽 𝑞𝛽 =
∑

𝑥 (𝑏
𝛽
𝑥 )2 = 1. Then,

𝑑𝐴𝜇
𝐵:𝐴′ ∗ 𝜌𝐴 = 𝑑𝐴 Tr𝐴[𝜇𝐵𝐴(1𝐵 ⊗ (𝜌𝐴)𝑇 )]

= 𝑑𝐴

∑︁
𝛼,𝛽, 𝑗,𝑘,𝑙,𝑚,𝑥,𝑦

Tr𝐴[𝑝𝛼𝑎𝛼𝑗,𝑘𝑎
𝛼
𝑙,𝑚 | 𝑗 𝑘⟩⟨𝑙𝑚 |

𝐵𝐴

(1𝐵 ⊗ 𝑞𝛽𝑏𝛽𝑥𝑏𝛽𝑦 |𝑥⟩⟨𝑦 |𝐴)]

= 𝑑𝐴

∑︁
𝛼,𝛽, 𝑗,𝑘,𝑙,𝑚

𝑝𝛼𝑎
𝛼
𝑗,𝑘𝑎

𝛼
𝑙,𝑚𝑞𝛽𝑏

𝛽

𝑘
𝑏
𝛽
𝑚 | 𝑗⟩⟨𝑙 |𝐵

= 𝑑𝐴

∑︁
𝛼,𝛽, 𝑗,𝑙

𝑝𝛼𝑞𝛽

(∑︁
𝑘

𝑎𝛼𝑗,𝑘𝑏
𝛽

𝑘

) (∑︁
𝑚

𝑎𝛼𝑙,𝑚𝑏
𝛽
𝑚

)
| 𝑗⟩⟨𝑙 |𝐵.

(5.27)

This expression suggests the definition of the coefficients

𝑟𝛼,𝛽 := 𝑑𝐴𝑝𝛼𝑞𝛽 ,

𝑐
𝛼,𝛽

𝑗
:=

∑︁
𝑘

𝑎𝛼𝑗,𝑘𝑏
𝛽

𝑘
.

(5.28)

With such coefficients, the expression above becomes

𝑑𝐴𝜇
𝐵:𝐴′ ∗ 𝜌𝐴 =

∑︁
𝛼,𝛽, 𝑗,𝑙

𝑟𝛼,𝛽𝑐
𝛼,𝛽

𝑗
𝑐
𝛼,𝛽

𝑙
| 𝑗⟩⟨𝑙 |𝐵. (5.29)

However, these coefficients do not satisfy the desired conditions
∑

𝛼,𝛽 𝑟𝛼,𝛽 =
∑

𝑗 (𝑐
𝛼,𝛽

𝑗
)2 = 1. If one defines

the renormalized coefficients
𝑠𝛼,𝛽 := 𝑟𝛼,𝛽

∑︁
𝑘

(𝑐𝛼,𝛽
𝑘
)2,

𝑑
𝛼,𝛽

𝑗
:=

𝑐
𝛼,𝛽

𝑗√︃∑
𝑘 (𝑐

𝛼,𝛽

𝑘
)2
,

(5.30)
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it immediately follows that

𝑑𝐴𝜇
𝐵:𝐴′ ∗ 𝜌𝐴 =

∑︁
𝛼,𝛽, 𝑗,𝑙

𝑟𝛼,𝛽𝑐
𝛼,𝛽

𝑗
𝑐
𝛼,𝛽

𝑙
| 𝑗⟩⟨𝑙 |𝐵

=
∑︁

𝛼,𝛽, 𝑗,𝑙

𝑠𝛼,𝛽𝑑
𝛼,𝛽

𝑗
𝑑
𝛼,𝛽

𝑙
| 𝑗⟩⟨𝑙 |𝐵,

(5.31)

and ∑︁
𝑗

(𝑑𝛼,𝛽
𝑗
)2 = 1. (5.32)

What is left to show is that
∑

𝛼,𝛽 𝑠𝛼,𝛽 = 1. To this end, notice that 𝑑𝐴 Tr𝐵 𝜇𝐵𝐴 = 1𝐴 implies

𝛿𝑘,𝑙 =
〈
𝑘
�� 𝑑𝐴 Tr𝐵 𝜇𝐵𝐴

�� 𝑙〉
𝐴

=
∑︁
𝑗

𝑑𝐴
〈
𝑗 𝑘

�� 𝜇𝐵𝐴
�� 𝑗 𝑙〉

𝐵𝐴

=
∑︁
𝑗

𝑑𝐴 ⟨ 𝑗 𝑘 |
( ∑︁
𝛼,𝑥,𝑦,𝑤,𝑧

𝑝𝛼𝑎
𝛼
𝑥,𝑦𝑎

𝛼
𝑤,𝑧 |𝑥𝑦⟩⟨𝑤𝑧 |𝐵𝐴

)
| 𝑗 𝑙⟩𝐵𝐴

=
∑︁
𝛼, 𝑗

𝑑𝐴𝑝𝛼𝑎
𝛼
𝑗,𝑘𝑎

𝛼
𝑗,𝑙 .

(5.33)

Therefore ∑︁
𝛼,𝛽

𝑠𝛼,𝛽 =
∑︁
𝛼,𝛽

𝑟𝛼,𝛽

∑︁
𝑗

𝑐
𝛼,𝛽

𝑗
𝑐
𝛼,𝛽

𝑗

=
∑︁
𝛼,𝛽

𝑑𝐴𝑝𝛼𝑞𝛽

∑︁
𝑗 ,𝑘,𝑙

𝑎𝛼𝑗,𝑘𝑏
𝛽

𝑘
𝑎𝛼𝑗,𝑙𝑏

𝛽

𝑙

=
∑︁
𝛽,𝑘,𝑙

𝑞𝛽𝑏
𝛽

𝑘
𝑏
𝛽

𝑙

∑︁
𝛼, 𝑗

𝑑𝐴𝑝𝛼𝑎
𝛼
𝑗,𝑘𝑎

𝛼
𝑗,𝑙

=
∑︁
𝛽,𝑘,𝑙

𝑞𝛽𝑏
𝛽

𝑘
𝑏
𝛽

𝑙
𝛿𝑘,𝑙

=
∑︁
𝛽

𝑞𝛽

∑︁
𝑘

𝑏
𝛽

𝑘
𝑏
𝛽

𝑘

=
∑︁
𝛽

𝑞𝛽

= 1.

(5.34)

The state 𝑑𝐴𝜇𝐵:𝐴′ ∗ 𝜌𝐴 can be written as a convex sum of positive pure vectors and is therefore free. The
CDRT generated from this set of pure states is the resource theory of non-negativity of quantum amplitudes.

5.3 Optimization Problems in CDRTs

In CDRTs, every optimization problem over the set of free channels can be converted into an optimization
problem over the set of free states. That is,

max
M𝐴→𝐵∈𝔉(𝐴→𝐵)

𝑓 (M𝐴→𝐵) (5.35)
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becomes
max

𝜇𝐵𝐴′ ∈𝔉(𝐵𝐴′ ) ,
𝑑𝐴′ Tr𝐵 𝜇𝐵𝐴′=1𝐴′

𝑓 (𝜇𝐵𝐴′). (5.36)

Here, 𝑓 is a function from the set of quantum channels to the R, 𝔉(𝐴→ 𝐵) and 𝔉(𝐵𝐴′) are the sets of free
channels from 𝐴 to 𝐵 and free states on 𝐵𝐴′ and 𝑓 is the composition of 𝑓 with the inverse Choi isomorphism
defined in Eq. (5.2). It satisfies 𝑓 (𝜇𝐵𝐴′) = 𝑓 (M𝐴→𝐵) whenever 𝜇𝐵𝐴′ is the renormalized Choi matrix
ofM𝐴→𝐵. Moreover, if the set of free states is convex and 𝑓 is linear, the optimization problem can be
expressed as a CLP (see Subsection 5.3.3 for details) or even as an SDP.

If one has a set of free states that does not satisfy the conditions of Theorem 5.2.5, one can still consider
the CRNG operations. However, in this case, there is no universal way of expressing the constraints in
optimization problems as a single constraint in terms of free states.

In the following Subsections, we will introduce several quantities that can be computed with optimization
problems like the one in Eq. (5.36) and the conic linear programs to solve them.

5.3.1 Quantifying Resources in CDRTs

CDRTs are constructed from a given set of free states that satisfies the conditions of Theorem 5.2.5.
Consequently, they inherit all the resource measures that depend only on the set of free states. Examples
of such resource measures are robustness, generalized robustness, and all the measures based on quantum
divergences (see Ref. [84] for a review). Among these, the max-relative entropy [230] is particularly
interesting in the context of CDRTs. It is defined as

𝐷max(𝜌𝐴∥𝜎𝐴) = log min
{
𝜆 | 𝜌𝐴 ≤ 𝜆𝜎𝐴

}
, (5.37)

when supp 𝜌𝐴 ⊆ supp𝜎𝐴 and +∞ otherwise. The resource measure based on the max-relative entropy is

𝐷
𝔉
max(𝜌𝐴) = inf

𝜔𝐴∈𝔉(𝐴)
𝐷max(𝜌𝐴∥𝜔𝐴). (5.38)

The extensions of these quantities to quantum channels are [231, 232]

𝐷max(M𝐴→𝐵∥N 𝐴→𝐵) =

sup
𝜌𝑅𝐴

𝐷max(I𝑅 ⊗M𝐴→𝐵 (𝜌𝑅𝐴)∥I𝑅 ⊗ N 𝐴→𝐵 (𝜌𝑅𝐴)),

𝐷
𝔉
max(M𝐴→𝐵) = inf

N𝐴→𝐵∈𝔉(𝐴→𝐵)
𝐷max(M𝐴→𝐵∥N 𝐴→𝐵).

(5.39)

Notably, the max-relative entropy for quantum channels satisfies [233]

𝐷max(M𝐴→𝐵∥N 𝐴→𝐵) = 𝐷max(𝜇𝐵𝐴′ ∥𝜈𝐵𝐴′), (5.40)

where 𝜇𝐵𝐴′ and 𝜈𝐵𝐴′ are the renormalized Choi matrices ofM𝐴→𝐵 and N 𝐴→𝐵, respectively. In a CDRT,
this property is particularly relevant because it allows us to write the optimization problem for 𝐷𝔉

max(M𝐴→𝐵)
as

𝐷
𝔉
max(M𝐴→𝐵) = inf

𝜔𝐵𝐴′ ∈𝔉(𝐵𝐴′ ) ,
𝑑𝐴′ Tr𝐵 𝜔𝐵𝐴′=1𝐴′

𝐷max(𝜇𝐵𝐴′ ∥𝜔𝐵𝐴′). (5.41)
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Notice that, in every CDRT, 𝐷𝔉
max is finite for both states and channels because the set of free states always

contains a full rank state, see Corollary 5.2.6. The same is not true for all resource theories.
As a direct consequence of the results in Ref. [233], the resource measures based on the max-relative

entropy satisfy the following inequality.

Proposition 5.3.1: Inequality for the max-relative entropy of states and channels

For all states 𝜌𝐴 and channelsM𝐴→𝐵

𝐷
𝔉
max(M𝐴→𝐵 (𝜌𝐴)) ≤ 𝐷𝔉

max(𝜌𝐴) + 𝐷𝔉
max(M𝐴→𝐵). (5.42)

Proof. We copy Eq. (52) and Eq. (85) of Ref. [233], adapted to our notation, which will be useful for the
next step. Eq. (52) is the definition of 𝐷𝐴

max:

𝐷𝐴
max(M𝐴→𝐵∥N 𝐴→𝐵) ≔

sup
𝜌𝑅𝐴,𝜎𝑅𝐴

[𝐷max(I𝑅 ⊗M𝐴→𝐵 (𝜌𝑅𝐴)∥I𝑅 ⊗ N 𝐴→𝐵 (𝜎𝑅𝐴))

− 𝐷max(𝜌𝑅𝐴∥𝜎𝑅𝐴)] .

(5.43)

Eq. (85) shows the relationship between 𝐷𝐴
max and 𝐷max:

𝐷𝐴
max(M𝐴→𝐵∥N 𝐴→𝐵) = 𝐷max(M𝐴→𝐵∥N 𝐴→𝐵). (5.44)

These equations imply that:

𝐷max(M𝐴→𝐵∥N 𝐴→𝐵) = sup
𝜌𝑅𝐴,𝜎𝑅𝐴

[𝐷max(I𝑅 ⊗M𝐴→𝐵 (𝜌𝑅𝐴)∥I𝑅 ⊗ N 𝐴→𝐵 (𝜎𝑅𝐴)) − 𝐷max(𝜌𝑅𝐴∥𝜎𝑅𝐴)]

≥ 𝐷max(I𝑅 ⊗M𝐴→𝐵 (𝜏𝑅 ⊗ 𝜌𝐴)∥I𝑅 ⊗ N 𝐴→𝐵 (𝜏𝑅 ⊗ 𝜔𝐴)) − 𝐷max(𝜏𝑅 ⊗ 𝜌𝐴∥𝜏𝑅 ⊗ 𝜔𝐴)

= 𝐷max(𝜏𝑅 ⊗M𝐴→𝐵 (𝜌𝐴)∥𝜏𝑅 ⊗ N 𝐴→𝐵 (𝜔𝐴)) − 𝐷max(𝜏𝑅 ⊗ 𝜌𝐴∥𝜏𝑅 ⊗ 𝜔𝐴)

= 𝐷max(M𝐴→𝐵 (𝜌𝐴)∥N 𝐴→𝐵 (𝜔𝐴)) − 𝐷max(𝜌𝐴∥𝜔𝐴),
(5.45)

where the last equality follows from the additivity of the max-relative entropy, and 𝜌𝐴, 𝜔𝐴, and 𝜏𝑅 are
arbitrary quantum states. As a consequence, for every quantum state 𝜌𝐴 and 𝜔𝐴 and every channelM𝐴→𝐵

and N 𝐴→𝐵, the following holds

𝐷max(M𝐴→𝐵∥N 𝐴→𝐵) + 𝐷max(𝜌𝐴∥𝜔𝐴)

≥ 𝐷max(M𝐴→𝐵 (𝜌𝐴)∥N 𝐴→𝐵 (𝜔𝐴)).
(5.46)

By taking the infimum on both sides over all free channels N 𝐴→𝐵 and free states 𝜔𝐴, one obtains:

inf
N𝐴→𝐵∈𝔉(𝐴→𝐵)

𝐷max(M𝐴→𝐵∥N 𝐴→𝐵)

+ inf
𝜔𝐴∈𝔉(𝐴)

𝐷max(𝜌𝐴∥𝜔𝐴) ≥

inf
N𝐴→𝐵∈𝔉(𝐴→𝐵) ,

𝜔𝐴∈𝔉(𝐴)

𝐷max(M𝐴→𝐵 (𝜌𝐴)∥N 𝐴→𝐵 (𝜔𝐴)),
(5.47)
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where the infimum on the left-hand side splits because 𝐷max(M𝐴→𝐵∥N 𝐴→𝐵) does not depend on 𝜔𝐴 and
𝐷max(𝜌𝐴∥𝜔𝐴) does not depend on N 𝐴→𝐵. Moreover, since both N 𝐴→𝐵 and 𝜔𝐴 are free, then N 𝐴→𝐵 (𝜔𝐴)
is free as well, and therefore

inf
N𝐴→𝐵∈𝔉(𝐴→𝐵) ,

𝜔𝐴∈𝔉(𝐴)

𝐷max(M𝐴→𝐵 (𝜌𝐴)∥N 𝐴→𝐵 (𝜔𝐴))

≥ inf
𝜔𝐵∈𝔉(𝐵)

𝐷max(M𝐴→𝐵 (𝜌𝐴)∥𝜔𝐵).
(5.48)

Eq. (5.47) and Eq. (5.48) imply

inf
N𝐴→𝐵∈𝔉(𝐴→𝐵)

𝐷max(M𝐴→𝐵∥N 𝐴→𝐵)+

inf
𝜔𝐴∈𝔉(𝐴)

𝐷max(𝜌𝐴∥𝜔𝐴) ≥ inf
𝜔𝐵∈𝔉(𝐵)

𝐷max(M𝐴→𝐵 (𝜌𝐴)∥𝜔𝐵).
(5.49)

This is equivalent to
𝐷

𝔉
max(M𝐴→𝐵) + 𝐷𝔉

max(𝜌𝐴) ≥ 𝐷𝔉
max(M𝐴→𝐵 (𝜌𝐴)). (5.50)

□

Since in a CDRT 𝐷𝔉
max is always finite and computable with a CLP, this inequality, valid for all resource

theories, is particularly meaningful in the context of CDRTs. When we interpret 𝐷𝔉 as the value of a resource,
it implies that the value of the output of a quantum operation applied to a quantum state is always less than
the sum of the values of the operation and the input state. Equivalently, for every 𝜌𝐴, 𝜎𝐵, andM𝐴→𝐵 such
that 𝜎𝐵 =M𝐴→𝐵 (𝜌), the cost of preparing 𝜎𝐵 is always less or equal than the cost of preparing 𝜌𝐴 and then
converting it to 𝜎𝐵 with the channelM𝐴→𝐵. An inequality similar to the one in Eq. (5.42) based on the
quantum relative entropy and its regularization was derived in Ref. [234].

5.3.2 Resource Conversion in CDRTs

The formalism of CDRTs provides significant insights into all quantities connected with resource conversion
or manipulation via free operations. Indeed, at the core of every resource theory, there is a preorder of
resources defined as 𝜌𝐴 ≻𝔉 𝜎𝐵 if there exists a free channelM𝐴→𝐵 such that 𝜎𝐵 = M𝐴→𝐵 (𝜌𝐴). In a
CDRT, this condition is equivalent to requiring the existence of free states 𝜇𝐵𝐴, such that Tr𝐵 𝜇𝐵𝐴 = 1

𝑑𝐴
1𝐴

and 𝜎𝐵 = 𝑑𝐴𝜇
𝐵:𝐴′ ∗ 𝜌𝐴.

Consequently, many quantities or results involving free channels can be redefined in terms of the link
product of free states. A first example is the complete family of monotones defined in Ref. [68] for convex
and closed resource theories, which in the case of a convex and closed CDRT can be expressed as

𝑓𝜏𝐵 (𝜌𝐴) = max
𝜔𝐵𝐴∈𝔉(𝐵𝐴) ,

𝑑𝐴 Tr𝐵 𝜔𝐵𝐴=1𝐴

Tr𝐵𝐴[𝜔𝐵𝐴(𝜏𝐵 ⊗ (𝜌𝐴)𝑇 )] . (5.51)

Being a complete family of monotones, it satisfies 𝑓𝜏𝐵 (𝜌𝐴) ≥ 𝑓𝜏𝐵 (𝜎𝐵) for all density matrices 𝜏𝐵 if and only
if 𝜌𝐴 can be converted to 𝜎𝐵 with a free operation.

99



5. Choi-Defined Resource Theories

As a second example, we present conversion distances in CDRTs (see Section 2.1). These distances
estimate how close to a target state an initial state can be converted using only free operations. In a CDRT,
they satisfy

𝐷 (𝜌𝐴→ 𝜎𝐵) = inf
M𝐴→𝐵∈𝔉(𝐴→𝐵)

𝐷 (𝜎𝐵,M𝐴→𝐵 (𝜌𝐴))

= inf
𝜇𝐵𝐴′ ∈𝔉(𝐵𝐴′ ) ,

𝑑𝐴′ Tr𝐵 𝜇𝐵𝐴′=1𝐴′

𝐷 (𝜎𝐵, 𝑑𝐴𝜇
𝐵:𝐴′ ∗ 𝜌𝐴), (5.52)

where 𝐷 (·, ·) is a function on quantum states that satisfies the data processing inequality [84].

5.3.3 Conic Linear Programs and Semidefinite Programs

At the beginning of this Section, we have shown that in a CDRT, an optimization problem over free channels
can be expressed as an optimization problem over free states. That is,

max
M𝐴→𝐵∈𝔉(𝐴→𝐵)

𝑓 (M𝐴→𝐵) (5.53)

becomes
max

𝜇𝐵𝐴′ ∈𝔉(𝐵𝐴′ ) ,
𝑑𝐴′ Tr𝐵 𝜇𝐵𝐴′=1𝐴′

𝑓 (𝜇𝐵𝐴′). (5.54)

As a reminder, 𝑓 is a function from the set of quantum channels to the R, 𝔉(𝐴→ 𝐵) and 𝔉(𝐵𝐴′) are the sets
of free channels from 𝐴 to 𝐵 and free states on 𝐵𝐴′ and 𝑓 is the composition of 𝑓 with the inverse Choi
isomorphism defined in Eq. (5.2). It satisfies 𝑓 (𝜇𝐵𝐴′) = 𝑓 (M𝐴→𝐵) whenever 𝜇𝐵:𝐴′ is the renormalized
Choi matrix ofM𝐴→𝐵. As in the case of the max-relative entropy (Section 5.3.1), it is often possible to find
simpler expressions for 𝑓 that do not rely on the inverse Choi isomorphism.

If the set of free states is convex and 𝑓 is linear, the optimization problem can be expressed as a conic
linear program (CLP) or even as a semidefinite program (SDP). Sometimes, these optimization problems
are hard to solve when the dimension of the systems involved is large, for example, in the case of separable
entanglement [235, 236]. However, they are still useful for systems of low dimensions.

Here, we present the techniques used to write CLPs and provide some examples. In this Thesis, we use
the notation presented in Ref. [83], which is particularly useful in quantum information. In our setting, a
primal conic linear program is an optimization problem that can be expressed as

Find 𝛼 := inf Tr[𝑋𝐻1]

subject to N(𝑋) − 𝐻2 ∈ 𝔎2

𝑋 ∈ 𝔎1

(5.55)

where 𝔎1 is a closed convex cone in 𝑉1, a subspace of the Hermitian matrix on a Hilbert spaceH1. Similarly,
𝔎2 ⊆ 𝑉2 ⊆ Herm(H2). Moreover, N : 𝑉1 → 𝑉2 is a linear map, and 𝐻1 ∈ 𝑉1, 𝐻2 ∈ 𝑉2. We say that 𝑋 ∈ 𝔎1

is a feasible solution if N(𝑋) − 𝐻2 ∈ 𝔎2. If no feasible solution exists, then 𝛼 is set to +∞. A feasible
solution is optimal if Tr[𝑋𝐻1] = 𝛼.
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The dual of the conic linear program in Eq. (5.55) is

Find 𝛽 := sup Tr[𝑌𝐻2]

subject to 𝐻1 − N†(𝑌 ) ∈ 𝔎∗1
𝑌 ∈ 𝔎∗2,

(5.56)

where 𝔎∗ is the dual cone of 𝔎, and N† is the adjoint of N . As in the case above, 𝑌 ∈ 𝔎∗2 is a dual feasible
solution if 𝐻1 − N†(𝑌 ) ∈ 𝔎∗1. If no dual feasible solution exists, then 𝛽 = −∞. A dual feasible solution is
optimal if Tr[𝑌𝐻2] = 𝛽. The dual CLP is often relevant because it provides a lower bound for the primal
CLP, that is, 𝛼 ≥ 𝛽. This relation is called weak duality. Strong duality happens if 𝛼 = 𝛽.

In this Subsection, 𝑉1 ⊆ Herm(H1) will always be the vector space spanned by block-diagonal Hermitian
matrices, where the dimensions of the blocks are fixed. We will denote such matrices as 𝑋 = (𝑋1, . . . , 𝑋𝑛).
Each of the matrices 𝑋𝑖 is a Hermitian matrix on an orthogonal subspace 𝐴𝑖 of H1. As a consequence,
𝑉1 � ⊕𝑛𝑖=1 Herm(𝐴𝑖). An analogous statement holds for 𝑉2.

CLPs for a Complete Family of Monotones in CDRTs

We start with the complete family of monotones 𝑓𝜏𝐵 (𝜌𝐴) = max 𝜔𝐵𝐴∈𝔉(𝐵𝐴) ,
𝑑𝐴 Tr𝐵 𝜔𝐵𝐴=1𝐴

Tr𝐵𝐴[𝜔𝐵𝐴(𝜏𝐵 ⊗ (𝜌𝐴)𝑇 )],

where 𝜏𝐵 and 𝜌𝐴 are density matrices. To compute one of such monotones with a conic linear program, the
first step is to define the cone generated by the free states.

𝔎1 =
{
(𝜆, 𝜆𝜔𝐵𝐴) | 𝜆 ≥ 0, 𝜔𝐵𝐴 ∈ 𝔉(𝐵𝐴)

}
⊆ 𝑉1 � R ⊕ Herm(𝐵𝐴). (5.57)

The conditions 𝜔𝐵𝐴 ∈ 𝔉(𝐵𝐴) and 𝑑𝐴 Tr𝐵 𝜔𝐵𝐴 = 1𝐴 are equivalent to (𝜆, 𝜆𝜔𝐵𝐴) ∈ 𝔎1 and 𝑑𝐴 Tr𝐵 𝜆𝜔𝐵𝐴 −
𝜆1𝐴 = 0. The last condition is implemented in a CLP by defining N[(𝑥, 𝑋𝐵𝐴)] = 𝑑𝐴 Tr𝐵 𝑋𝐵𝐴 − 𝑥1𝐴,
𝐻2 = 0, and 𝔎2 =

{
0𝐴

}
⊆ 𝑉2 = Herm(𝐴). The conic linear program is

Find − 𝑓𝜏𝐵 (𝜌𝐴) := min Tr[(𝑥, 𝑋𝐵𝐴) (0,−𝜏𝐵 ⊗ 𝜌𝑇𝐴)]

subject to N[(𝑥, 𝑋𝐵𝐴)] = 𝑑𝐴 Tr𝐵 𝑋𝐵𝐴 − 𝑥1𝐴 = 0𝐴

(𝑥, 𝑋𝐵𝐴) ∈ 𝔎1.

(5.58)

Now, we turn our attention to the dual of the CLP above. Since 𝐻2 = 0𝐴, then 𝛽 (the result of the dual
CLP) is 0 if a dual feasible solution exists or −∞ if no dual feasible solution exists. In the former case,
− 𝑓𝜏𝐵 (𝜌𝐴) = 𝛼 ≥ 𝛽 = 0, and this would imply that 𝑓𝜏𝐵 (𝜌𝐴) = 0 because 𝑓𝜏𝐵 (𝜌𝐴) is positive by definition.
Interestingly, in every CDRT, we can exclude this case because 1

𝑑𝐴𝑑𝐵
1𝐵𝐴 is free, and therefore

𝑓𝜏𝐵 (𝜌𝐴) = max
𝜔𝐵𝐴∈𝔉(𝐵𝐴) ,

𝑑𝐴 Tr𝐵 𝜔𝐵𝐴=1𝐴

Tr𝐵𝐴[𝜔𝐵𝐴(𝜏𝐵 ⊗ (𝜌𝐴)𝑇 )] ≥
1

𝑑𝐴𝑑𝐵
Tr𝐵𝐴[𝜏𝐵 ⊗ (𝜌𝐴)𝑇 ] =

1
𝑑𝐵𝑑𝐴

(5.59)

This implies that in every CDRT 𝛽 = −∞, and weak duality does not provide a meaningful bound for
𝑓𝜏𝐵 (𝜌𝐴). However, writing the dual of the CLP in Eq. (5.58) is still useful. The first step is to characterize
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the dual cones of 𝔎1 and 𝔎2:

𝔎∗1 =
{
(𝑥, 𝑋𝐵𝐴) ∈ 𝑉1 |

〈
(𝑥, 𝑋𝐵𝐴)

�� (𝜆, 𝜆𝜔𝐵𝐴)
〉
𝐻𝑆
≥ 0, ∀𝜆 ≥ 0, ∀𝜔𝐵𝐴 ∈ 𝔉𝐵𝐴

}
=

{
(𝑥, 𝑋𝐵𝐴) ∈ 𝑉1 |

〈
(𝑥, 𝑋𝐵𝐴)

�� (1, 𝜔𝐵𝐴)
〉
𝐻𝑆
≥ 0, ∀𝜔𝐵𝐴 ∈ 𝔉𝐵𝐴

}
,

𝔎∗2 =
{
𝑋𝐴 ∈ 𝑉2 |

〈
𝑋𝐴

�� 0𝐴
〉
𝐻𝑆
≥ 0

}
= 𝑉2,

(5.60)

where ⟨· | ·⟩𝐻𝑆 is the Hilbert-Schmidt inner product defined as ⟨𝑋 |𝑌⟩𝐻𝑆 = Tr[𝑋†𝑌 ], i.e.,〈
(𝑥, 𝑋𝐵𝐴)

�� (𝑦,𝑌𝐵𝐴)
〉
𝐻𝑆

= 𝑥𝑦 + Tr𝐵𝐴[𝑋𝐵𝐴𝑌𝐵𝐴] . (5.61)

N† : 𝑉2 → 𝑉1 is the unique map that satisfies〈
(𝑥, 𝑋𝐵𝐴)

��N†(𝑋𝐴)
〉
𝐻𝑆

=
〈
N[(𝑥, 𝑋𝐵𝐴)]

�� 𝑋𝐴
〉
𝐻𝑆

(5.62)

for all (𝑥, 𝑋𝐵𝐴) ∈ 𝑉1 � R ⊕ Herm(𝐵𝐴) and 𝑋𝐴 ∈ 𝑉2 = Herm(𝐴). We denote the components of N† with
N†1 and N†2 , that is, N†(𝑋𝐴) = (N†1 (𝑋

𝐴),N†2 (𝑋
𝐴)). To find the expression of N†, we evaluate Eq. (5.62)

for each member of the basis
{
(1, 0𝐵𝐴)

}
∪

{
(0, 𝜂𝑘

𝐵
⊗ 𝜂 𝑗

𝐴
)
}

of 𝑉1, where
{
𝜂
𝑗

𝐴

}
and

{
𝜂𝑘
𝐵

}
are orthonormal

bases for Herm(𝐴) and Herm(𝐵), respectively. Moreover, we denote with [𝑁†2 (𝑋
𝐴)]𝑘 𝑗 , the components of

𝑁
†
2 (𝑋

𝐴) in the
{
𝜂𝑘
𝐵
⊗ 𝜂 𝑗

𝐴

}
basis, that is N†2 (𝑋

𝐴) = ∑
𝑗 ,𝑘 [𝑁†2 (𝑋

𝐴)]𝑘 𝑗𝜂𝑘
𝐵
⊗ 𝜂 𝑗

𝐴
. Similarly, we denote with

𝑋𝐴
𝑗

the components of 𝑋𝐴 in the
{
𝜂
𝑗

𝐴

}
basis.

N†1 (𝑋
𝐴) =

〈
(1, 0𝐵𝐴)

��� (N†1 (𝑋𝐴),N†2 (𝑋
𝐴))

〉
𝐻𝑆

=
〈
(1, 0𝐵𝐴)

��N†(𝑋𝐴)
〉
𝐻𝑆

=
〈
N[(1, 0𝐵𝐴)]

�� 𝑋𝐴
〉
𝐻𝑆

= −
〈
1𝐴

�� 𝑋𝐴
〉
𝐻𝑆

= −Tr𝐴 𝑋𝐴,

[𝑁†2 (𝑋
𝐴)]𝑘 𝑗 =

〈
(0, 𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴
)
��� (N†1 (𝑋𝐴),N†2 (𝑋

𝐴))
〉
𝐻𝑆

=

〈
(0, 𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴
)
���N†(𝑋𝐴)

〉
𝐻𝑆

=

〈
N[(0, 𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴
)]

��� 𝑋𝐴
〉
𝐻𝑆

=

〈
𝑑𝐴𝜂

𝑗

𝐴
Tr𝐵 𝜂𝑘𝐵

��� 𝑋𝐴
〉
𝐻𝑆

= 𝑑𝐴𝑋
𝐴
𝑗 Tr𝐵 𝜂𝑘𝐵.

(5.63)

Therefore,

N†2 (𝑋
𝐴) =

∑︁
𝑗 ,𝑘

[𝑁†2 (𝑋
𝐴)]𝑘 𝑗𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴
= 𝑑𝐴

∑︁
𝑖

(Tr𝐵 𝜂𝑘𝐵)𝜂𝑘𝐵 ⊗
∑︁
𝑗

𝑋𝐴
𝑗 𝜂

𝑗

𝐴
= 𝑑𝐴1

𝐵 ⊗ 𝑋𝐴, (5.64)

where
∑

𝑖 (Tr𝐵 𝜂𝑘𝐵)𝜂𝑘𝐵 = 1𝐵 because Tr𝐵 (𝜂𝑘𝐵1𝐵) are the components of 1𝐵 in the
{
𝜂𝑘
𝐵

}
basis.

Now, we can write the dual CLP as

Find 𝛽 := max 0

subject to 𝐻1 − N†(𝑋𝐴) = (0,−𝜏𝐵 ⊗ (𝜌𝐴)𝑇 ) − (−Tr𝐴 𝑋𝐴, 𝑑𝐴1
𝐵 ⊗ 𝑋𝐴) ∈ 𝔎∗1

𝑋𝐴 ∈ Herm(𝐴),

(5.65)
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where 𝔎∗1 =
{
(𝑥, 𝑋𝐵𝐴) ∈ 𝑉1 |

〈
(𝑥, 𝑋𝐵𝐴)

�� (1, 𝜔𝐵𝐴)
〉
𝐻𝑆
≥ 0, ∀𝜔𝐵𝐴 ∈ 𝔉𝐵𝐴

}
(see Eq. (5.60)). The condition

𝐻1 − N†(𝑋𝐴) ∈ 𝔎∗1 is equivalent to:

Tr𝐴 𝑋𝐴 − Tr𝐵𝐴[(𝜏𝐵 ⊗ (𝜌𝐴)𝑇 )𝜔𝐵𝐴] + 𝑑𝐴 Tr𝐵𝐴[(1𝐵 ⊗ 𝑋𝐴)𝜔𝐵𝐴] ≥ 0, ∀𝜔𝐵𝐴 ∈ 𝔉(𝐵𝐴). (5.66)

It is worth checking that no dual feasible solution exists for any CDRT. Indeed, in a CDRT,𝜔𝐵𝐴 = 1
𝑑𝐴𝑑𝐵

1𝐵𝐴 ∈
𝔉(𝐴), and for all 𝑋𝐴 we have that

Tr𝐴 𝑋𝐴 − Tr𝐵𝐴[(𝜏𝐵 ⊗ (𝜌𝐴)𝑇 )𝜔𝐵𝐴] + 𝑑𝐴 Tr𝐵𝐴[(1𝐵 ⊗ 𝑋𝐴)𝜔𝐵𝐴]

= Tr𝐴 𝑋𝐴 − 1
𝑑𝐴𝑑𝐵

Tr𝐵𝐴[𝜏𝐵 ⊗ (𝜌𝐴)𝑇 ] −
1
𝑑𝐵

Tr𝐵𝐴[1𝐵 ⊗ 𝑋𝐴]

= − 1
𝑑𝐵𝑑𝐴

.

(5.67)

Therefore, 𝐻1 − N†(𝑋𝐴) ∉ 𝔎∗1 for all 𝑋𝐴 ∈ Herm(𝐴), and no dual feasible solution exists.

CLPs for the Max-Relative Entropy of a State

With the same techniques used in the previous case, we write the conic linear program to compute 𝐷𝔉
max(𝜌𝐴).

First, we notice that
2𝐷

𝔉
max (𝜌𝐴) = min

𝜔𝐴∈𝔉(𝐴)
𝜌𝐴≤𝜆𝜔𝐴

𝜆 = min
𝜔𝐴∈𝔉(𝐴)
𝜆𝜔𝐴−𝜌𝐴≥0

𝜆. (5.68)

Second, we define the cone

𝔎1 =
{
(𝜆, 𝜆𝜔𝐴) | 𝜆 ≥ 0, 𝜔𝐴 ∈ 𝔉(𝐴)

}
⊆ 𝑉1 � R ⊕ Herm(𝐴), (5.69)

and the cone 𝔎2 as the cone of positive semidefinite matrices on 𝐴, i.e., 𝔎2 = Pos(𝐴) ⊆ 𝑉2 = Herm(𝐴).
Lastly, N[(𝑥, 𝑋𝐴)] = 𝑋𝐴 and 𝐻2 = 𝜌𝐴. The conic linear program for the max relative entropy is

Find 2𝐷
𝔉
max (𝜌𝐴) := inf Tr[(1, 0𝐴) (𝑥, 𝑋𝐴)] = inf 𝑥

subject to N[(𝑥, 𝑋𝐴)] − 𝐻2 = 𝑋𝐴 − 𝜌𝐴 ≥ 0,

(𝑥, 𝑋𝐴) ∈ 𝔎1.

(5.70)

As before, to write the dual CLP, we start with the dual cones:

𝔎∗1 =
{
(𝑥, 𝑋𝐴) ∈ 𝑉1 |

〈
(𝑥, 𝑋𝐴)

�� (1, 𝜔𝐴)
〉
𝐻𝑆
≥ 0, ∀𝜔𝐴 ∈ 𝔉(𝐴)

}
,

𝔎∗2 = (Pos(𝐴))∗ = Pos(𝐴).
(5.71)
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The components of the adjoint map are

N†1 (𝑋
𝐴) =

〈
(1, 0𝐴)

��� (N†1 (𝑋𝐴),N†2 (𝑋
𝐴))

〉
𝐻𝑆

=
〈
(1, 0𝐴)

��N†(𝑋𝐴)
〉
𝐻𝑆

=
〈
N[(1, 0𝐴)]

�� 𝑋𝐴
〉
𝐻𝑆

= −
〈
0𝐴

�� 𝑋𝐴
〉
𝐻𝑆

= 0,

[𝑁†2 (𝑋
𝐴)] 𝑗 =

〈
(0, 𝜂 𝑗

𝐴
)
��� (N†1 (𝑋𝐴),N†2 (𝑋

𝐴))
〉
𝐻𝑆

=

〈
(0, 𝜂 𝑗

𝐴
)
���N†(𝑋𝐴)

〉
𝐻𝑆

=

〈
N[(0, 𝜂 𝑗

𝐴
)]

��� 𝑋𝐴
〉
𝐻𝑆

=

〈
𝜂
𝑗

𝐴

��� 𝑋𝐴
〉
𝐻𝑆

= 𝑋𝐴
𝑗 ,

(5.72)

where, as before,
{
𝜂
𝑗

𝐴

}
is an orthonormal basis for Herm(𝐴). Thus, N†(𝑋𝐴) = (0, 𝑋𝐴). The dual CLP is

Find 𝛽 := sup Tr[𝑋𝐴𝜌𝐴]

subject to 𝐻1 − N†(𝑋𝐴) = (1,−𝑋𝐴) ∈ 𝔎∗1
𝑋𝐴 ≥ 0,

(5.73)

where 𝔎∗1 =
{
(𝑥, 𝑋𝐴) ∈ 𝑉1 |

〈
(𝑥, 𝑋𝐴)

�� (1, 𝜔𝐴)
〉
𝐻𝑆
≥ 0, ∀𝜔𝐴 ∈ 𝔉(𝐴)

}
(see Eq. (5.71)). The condition

(1,−𝑋𝐴) ∈ 𝔎∗1 is equivalent to Tr𝐴[𝑋𝐴𝜔𝐴] ≤ 1 for all 𝜔𝐴 ∈ 𝔉(𝐴). In this case, a feasible solution exists:
The zero matrix 0𝐴 is a feasible solution.

CLPs for the Max-Relative Entropy of a Channel in CDRTs

Here, we compute the CLP for
2𝐷

𝔉
max (M𝐴→𝐵 ) = min

𝜔𝐵𝐴′ ∈𝔉(𝐵𝐴′ ) ,
𝑑𝐴′ Tr𝐵 𝜔𝐵𝐴′=1𝐴′ ,

𝜇𝐵𝐴′≤𝜆𝜔𝐵𝐴′

𝜆, (5.74)

where 𝜇𝐵:𝐴′ is the renormalized Choi matrix ofM𝐴→𝐵. Once again, we define

𝔎1 =
{
(𝜆, 𝜆𝜔𝐵𝐴′) | 𝜆 ≥ 0, 𝜔𝐵𝐴′ ∈ 𝔉(𝐵𝐴′)

}
⊆ 𝑉1 � R ⊕ Herm(𝐵𝐴′). (5.75)

The linear transformation N : R ⊕ Herm(𝐵𝐴′) → Herm(𝐵𝐴′) ⊕ Herm(𝐴′) is defined as the map that sends
(𝑥, 𝑋𝐵𝐴′) into (𝑋𝐵𝐴′ , 𝑑𝐴′ Tr𝐵 𝑋𝐵𝐴′ − 𝑥1𝐴′). Moreover, we define 𝐻2 = (𝜇𝐵𝐴′ , 0𝐴′), and

𝔎2 =
{
(𝑋𝐵𝐴′ , 0𝐴′) | 𝑋𝐵𝐴′ ≥ 0

}
⊆ 𝑉2 � Herm(𝐵𝐴′) ⊕ Herm(𝐴′). (5.76)
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The conic linear program is

Find 2𝐷
𝔉
max (M𝐴→𝐵 ) := inf Tr[(1, 0𝐵𝐴′) (𝑥, 𝑋𝐵𝐴′)] = inf 𝑥

subject to N[(𝑥, 𝑋𝐵𝐴′)] − 𝐻2 = (𝑋𝐵𝐴′ − 𝜇𝐵𝐴′ , 𝑑𝐴′ Tr𝐵 𝑋𝐵𝐴′ − 𝑥1𝐴′) ∈ 𝔎2,

(𝑥, 𝑋𝐵𝐴′) ∈ 𝔎1.

(5.77)

To write the dual CLP, we first need the dual cones:

𝔎∗1 =

{
(𝑥, 𝑋𝐵𝐴′) ∈ 𝑉1 |

〈
(𝑥

��� 𝑋𝐵𝐴′)
��� (1, 𝜔𝐵𝐴′)

〉
𝐻𝑆
≥ 0, ∀𝜔𝐵𝐴′ ∈ 𝔉(𝐵𝐴′)

}
,

𝔎∗2 =

{
(𝑋𝐵𝐴′ , 𝑌 𝐴′) ∈ 𝑉2 |

〈
(𝑋𝐵𝐴′ , 𝑌 𝐴′)

��� (𝑍𝐵𝐴′ , 0𝐴′)
〉
𝐻𝑆
≥ 0, ∀𝑍𝐵𝐴′ ≥ 0

}
=

{
(𝑋𝐵𝐴′ , 𝑌 𝐴′) ∈ 𝑉2 | 𝑋𝐵𝐴′ ≥ 0

}
.

(5.78)

’
With the techniques introduced in the previous subsections, we compute the components of N†.

N†1 [(𝑋
𝐵𝐴′ , 𝑌 𝐴′)] =

〈
(1, 0𝐵𝐴′)

��� (N†1 [(𝑋𝐵𝐴′ , 𝑌 𝐴′)],N†2 [(𝑋
𝐵𝐴′ , 𝑌 𝐴′)])

〉
𝐻𝑆

=
〈
(1, 0𝐵𝐴′)

���N† [(𝑋𝐵𝐴′ , 𝑌 𝐴′)]
〉
𝐻𝑆

=
〈
N[(1, 0𝐵𝐴′)]

��� (𝑋𝐵𝐴′ , 𝑌 𝐴′)
〉
𝐻𝑆

= −
〈
(0𝐵𝐴′ ,1𝐴′)

��� (𝑋𝐵𝐴′ , 𝑌 𝐴′)
〉
𝐻𝑆

= −Tr𝐴′ 𝑌 𝐴′ ,

{𝑁†2 [(𝑋
𝐵𝐴′ , 𝑌 𝐴′)]}𝑘 𝑗 =

〈
(0, 𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴′)
��� (N†1 [(𝑋𝐵𝐴′ , 𝑌 𝐴′)],N†2 [(𝑋

𝐵𝐴′ , 𝑌 𝐴′)])
〉
𝐻𝑆

=

〈
(0, 𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴′)
���N† [(𝑋𝐵𝐴′ , 𝑌 𝐴′)]

〉
𝐻𝑆

=

〈
N[(0, 𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴′)]
��� (𝑋𝐵𝐴′ , 𝑌 𝐴′)

〉
𝐻𝑆

=

〈
(𝜂𝑘𝐵 ⊗ 𝜂

𝑗

𝐴
, 𝑑𝐴′ (Tr𝐵 𝜂𝑘𝐵)𝜂

𝑗

𝐴′)
��� (𝑋𝐵𝐴′ , 𝑌 𝐴′)

〉
𝐻𝑆

= 𝑋𝐵𝐴′
𝑘 𝑗 + 𝑑𝐴′𝑌

𝐴′
𝑗 (Tr𝐵 𝜂𝑘𝐵).

(5.79)

Thus, 𝑁† [(𝑋𝐵𝐴′ , 𝑌 𝐴′)] = (−Tr𝐴′ 𝑌 𝐴′ , 𝑋𝐵𝐴′ + 𝑑𝐴′1𝐵 ⊗ 𝑌 𝐴′). The dual linear program is

Find 𝛽 := sup Tr[(𝑋𝐵𝐴′ , 𝑌 𝐴′) (𝜇𝐵𝐴′ , 0𝐴′)] = Tr𝐵𝐴′ [𝑋𝐵𝐴′𝜇𝐵𝐴′]

subject to 𝐻1 − N† [(𝑋𝐵𝐴′ , 𝑌 𝐴′)] = (1, 0𝐵𝐴′) − (−Tr𝐴′ 𝑌 𝐴′ , 𝑋𝐵𝐴′ + 𝑑𝐴′1𝐵 ⊗ 𝑌 𝐴′) ∈ 𝔎∗1
𝑋𝐵𝐴′ ≥ 0, 𝑌 𝐴′ ∈ Herm(𝐴′),

(5.80)

where 𝔎∗1 =
{
(𝑥, 𝑋𝐵𝐴′) ∈ 𝑉1 |

〈
(𝑥

�� 𝑋𝐵𝐴′)
�� (1, 𝜔𝐵𝐴′)

〉
𝐻𝑆
≥ 0, ∀𝜔𝐵𝐴′ ∈ 𝔉(𝐵𝐴′)

}
(see Eq. (5.78)). The

condition (1 + Tr𝐴′ 𝑌 𝐴′ ,−𝑋𝐵𝐴′ − 𝑑𝐴′1𝐵 ⊗ 𝑌 𝐴′) ∈ 𝔎∗1 is equivalent to Tr𝐵𝐴′ [𝑋𝐵𝐴′𝜔𝐵𝐴′] + 𝑑𝐴′ Tr𝐵𝐴′ [(1𝐵 ⊗
𝑌 𝐴′)𝜔𝐵𝐴′] ≤ 1 + Tr𝐴′ 𝑌 𝐴′ for all 𝜔𝐵𝐴′ ∈ 𝔉(𝐵𝐴′). It is straightforward to see that (0𝐵𝐴′ , 0𝐴′) is a dual
feasible solution.
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5.4 A Diagrammatic Proof of Theorem 5.2.5

String diagrams have been frequently used in quantum information [85, 237–242], and they provide a useful
representation of the Choi isomorphism, from which many of its properties follow naturally. Indeed, we
first proved all our results diagrammatically, and later, we converted the diagrammatic proofs into algebraic
ones. In this Section, we introduce the string diagram formalism and provide a diagrammatic proof of
Theorem 5.2.5.

5.4.1 A Diagrammatic Approach to Quantum Information

Quantum information processes can be described using string diagrams [85, 237–242]. These diagrams are
not only a graphical representation of quantum processes but can also be used for rigorous proofs. Indeed,
one can associate an algebraic expression with every diagram and a diagram with every algebraic expression.
Moreover, diagrams can be manipulated as algebraic expressions.

The fundamental component of string diagrams is the diagrammatic symbol for quantum channels. A
channelM𝐴→𝐵 is represented in a diagram as a box:

M𝐴 𝐵

.

This symbol represents the channel acting on an input quantum system 𝐴 and producing an output quantum
system 𝐵. When a channel has 𝑛 input systems and 𝑚 output systems it is represented with 𝑛 input wires and
𝑚 output wires. There are two special types of channels. The first is the preparation channel, which has no
quantum input, represented with no wire, and outputs a state 𝜌𝐴. The symbol for this channel is

𝜌
𝐴

.

Since there is a one-to-one correspondence between preparation channels and quantum states, we say that this
is the symbol for the state 𝜌𝐴. With a slight abuse of notation, we will use this symbol to represent positive
semidefinite matrices, too. However, these two cases can easily be distinguished because we denote states
with lowercase Greek letters, e.g., 𝜌, and matrices with capital Latin letters, e.g., 𝑀 .

The second special type of channel is associated with positive operator-valued measurements, or POVMs
(see, e.g., Ref. [11] for details). There is no quantum output in this case, so the channel is represented without
the output wire. When 𝐸𝐴 is an element of a POVM on 𝐴, also known as effect, i.e., 0 ≤ 𝐸 ≤ 1𝐴, we
represent it with the symbol

𝐸
𝐴

.

From these building blocks, one can construct more complex diagrams by connecting a symbol’s output
wire with another’s input wire. For example, by connecting two channels in sequence, one obtains

M N𝐴 𝐶𝐵
= N𝐵→𝐶 ◦M𝐴→𝐵 . (5.81)
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The special case when the first channel is a state is represented as

𝜌 M𝐴 𝐵
=M𝐴→𝐵 (𝜌𝐴) . (5.82)

On the other hand, an element of a POVM 𝐸𝐴 maps a quantum state 𝜌𝐴 into Tr𝐴(𝐸𝐴𝜌𝐴), i.e., the
probability of 𝐸𝐴 occurring on 𝜌𝐴, and this is the algebraic expression associated with the diagram below

𝜌 𝐸
𝐴

= Tr𝐴(𝐸𝐴𝜌𝐴). (5.83)

More generally, an effect 𝐸𝐴 could act on only a part of a state 𝜌𝐴𝐵: In this case, the diagram and the
associated algebraic expression are

𝜌
𝐸

𝐴

𝐵
= Tr𝐴[𝜌𝐴𝐵 (𝐸𝐴 ⊗ 1𝐵)] . (5.84)

Therefore, every time an effect is composed with another diagram, the algebraic expression associated with it
contains the trace over the common systems.

The expression above allows us to introduce one of the benefits of string diagrams. The diagram in
Eq. (5.84) shows only one output wire. Therefore, it can be simplified and written as the diagram of a
(possibly unnormalized) state:

𝜌
𝐸

𝐴

𝐵
= Tr𝐴[𝜌𝐴𝐵 (𝐸𝐴 ⊗ 1𝐵)] 𝐵

. (5.85)

The tensor product of states, channels, and effects, also known as parallel composition, is represented by
writing one symbol below the other, e.g.,

M𝐴 𝐵

N𝐶 𝐷
=M𝐴→𝐵 ⊗ N𝐶→𝐷 . (5.86)

It is useful to denote two common channels with special diagrams. The identity channel I𝐴 on 𝐴, and
the swap channel S𝐴𝐵→𝐵𝐴 from 𝐴𝐵 to 𝐵𝐴 are represented as

𝐴 = I𝐴 ,
𝐴

𝐵

𝐵

𝐴

= S𝐴𝐵→𝐵𝐴. (5.87)

The choice of these symbols is intuitive in that they convey that nothing is done on system 𝐴 in the former
case and that the systems 𝐴 and 𝐵 are swapped in the latter case.

Of particular interest is the symbol for the Choi state Φ𝐴𝐴′ =
∑

𝑥,𝑦 |𝑥𝑥⟩⟨𝑦𝑦 |𝐴𝐴
′ , where { |𝑥⟩ }𝐴 is a fixed

orthonormal basis for 𝐴 and 𝐴′ is a copy of 𝐴:
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𝐴

𝐴′ .

It is particularly useful in proofs to differentiate 𝐴 and 𝐴′: This ensures that all the systems are properly
accounted for. However, 𝐴′ being a copy of 𝐴, we will use either Φ𝐴𝐴′ or Φ𝐴′𝐴 depending on the need.
In case of a bipartite system 𝐴𝐵, the Choi state is

∑
𝑎,𝑏,𝑎′ ,𝑏′ |𝑎𝑏𝑎𝑏⟩⟨𝑎′𝑏′𝑎′𝑏′ |𝐴𝐵𝐴′𝐵′ , where

{
|𝑎⟩𝐴

}
and{

|𝑏⟩𝐵
}

are orthonormal basis for 𝐴 and 𝐵, respectively. This state can be rewritten as

Φ𝐴𝐵𝐴′𝐵′ =
∑︁

𝑎,𝑏,𝑎′𝑏′
|𝑎𝑏𝑎𝑏⟩⟨𝑎′𝑏′𝑎′𝑏′ |𝐴𝐵𝐴′𝐵′

=
∑︁

𝑎,𝑏,𝑎′ ,𝑏′
|𝑎⟩⟨𝑎′ |𝐴 ⊗ |𝑏⟩⟨𝑏′ |𝐵 ⊗ |𝑎⟩⟨𝑎′ |𝐴′ ⊗ |𝑏⟩⟨𝑏′ |𝐵′

=
∑︁

𝑎,𝑏,𝑎′ ,𝑏′
(I𝐴 ⊗ S𝐴′𝐵→𝐵𝐴′ ⊗ I𝐵′) ( |𝑎⟩⟨𝑎′ |𝐴 ⊗ |𝑎⟩⟨𝑎′ |𝐴′ ⊗ |𝑏⟩⟨𝑏′ |𝐵 ⊗ |𝑏⟩⟨𝑏′ |𝐵′)

= (I𝐴 ⊗ S𝐴′𝐵→𝐵𝐴′ ⊗ I𝐵′) (Φ𝐴𝐴′ ⊗ Φ𝐵𝐵′).

(5.88)

This is easily represented diagrammatically as

𝐴𝐵

𝐴′𝐵′

=

𝐴

𝐵′

𝐴′

𝐵

=

𝐴

𝐵

𝐴′

𝐵′

. (5.89)

To understand the choice of the symbol associated with the Choi state, we need first to introduce the Choi
effect Φ𝐴𝐴′ , which has the same matrix as the Choi state and acts on a state 𝜌𝐴 as Tr𝐴[Φ𝐴𝐴′ (𝜌𝐴 ⊗ 1𝐴′)].
The action on a state 𝜌𝐴′ is analogous. The symbol for the Choi effect is

𝐴

𝐴′

.

Two useful identities involving the Choi state and effect are (see, e.g., Refs [85, 237–242])

𝐴

𝐴′

𝐴

= 𝐴 =

𝐴

𝐴′

𝐴

. (5.90)

These identities are called snake identities [243] and motivate the choice of the symbol for the Choi state and
effect. Indeed, by connecting a Choi state to a Choi effect, one obtains a plain wire, i.e., the identity channel.
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To prove the snake identities, we use a test state 𝜌𝐴 and, to track all systems properly, we change the system in
the output wire to 𝐴′′. That is, we prove

𝜌
𝐴

𝐴′

𝐴′′

= 𝜌
𝐴′′ =

𝜌
𝐴

𝐴′

𝐴′′

. (5.91)

We start with the diagram on the left

Tr𝐴𝐴′ [(Φ𝐴𝐴′ ⊗ 1𝐴′′) (𝜌𝐴 ⊗ Φ𝐴′𝐴′′)] =
∑︁

𝑥,𝑦,𝑎,𝑏

Tr𝐴𝐴′ [( |𝑥𝑥⟩⟨𝑦𝑦 |𝐴𝐴
′ ⊗ 1𝐴′′) (𝜌𝐴 ⊗ |𝑎𝑎⟩⟨𝑏𝑏 |𝐴′𝐴′′)]

=
∑︁

𝑥,𝑦,𝑎,𝑏

⟨𝑦𝑦 | (𝜌⊗ | 𝑎⟩⟨𝑏 | ) | 𝑥𝑥⟩𝐴𝐴′ |𝑎⟩⟨𝑏 |𝐴′′

=
∑︁

𝑥,𝑦,𝑎,𝑏

𝛿𝑏,𝑥𝛿𝑎,𝑦 ⟨𝑦 | 𝜌 | 𝑥⟩𝐴 |𝑎⟩⟨𝑏 |𝐴
′′

=
∑︁
𝑎,𝑏

⟨𝑎 | 𝜌 | 𝑏⟩𝐴 |𝑎⟩⟨𝑏 |𝐴
′′

= 𝜌𝐴
′′

(5.92)

The proof of the right identity is analogous. This is an example of the simplicity of the diagrammatic
approach in comparison to the algebraic expression. In many of the upcoming proofs, instead of writing
multiple lines of algebraic simplifications, we will simply ‘yank’ a wire [244, 245]. It is important to notice
again that this simplification does not reduce the rigour of a proof; it is equivalent to an algebraic proof.

Other useful diagrammatic identities involving the Choi state are the following. If we apply an element
𝐸 =

∑
𝑎,𝑏 𝐸𝑎,𝑏 |𝑎⟩⟨𝑏 |𝐴 of a POVM to one end of the Choi state, we obtain

Tr𝐴[Φ𝐴𝐴′ (𝐸𝐴 ⊗ 1𝐴′)] =
∑︁

𝑥,𝑦,𝑎,𝑏

𝐸𝑎,𝑏 Tr𝐴[|𝑥𝑥⟩⟨𝑦𝑦 |𝐴𝐴
′ ( |𝑎⟩⟨𝑏 |𝐴 ⊗ 1𝐴′)]

=
∑︁

𝑥,𝑦,𝑎,𝑏

𝐸𝑎,𝑏 ⟨𝑦 | ( | 𝑎⟩⟨𝑏 | ) | 𝑥⟩𝐴 |𝑥⟩⟨𝑦 |𝐴
′

=
∑︁
𝑎,𝑏

𝐸𝑎,𝑏 |𝑏⟩⟨𝑎 |𝐴
′
= 𝐸𝑇

𝐴′ .

(5.93)

Therefore, the Choi state maps an element 𝐸 of a POVM into the unnormalized state 𝐸𝑇 . This is represented
diagrammatically as

𝐸
𝐴

𝐴′

= 𝐸𝑇
𝐴′

=

𝐸
𝐴

𝐴′

. (5.94)
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With a similar proof, one obtains

𝜌
𝐴

𝐴′

= 𝜌𝑇
𝐴′

=

𝜌
𝐴

𝐴′

. (5.95)

5.4.2 The Choi Isomorphism

The Choi isomorphism maps quantum channels (or, more generally, linear operators that act on matrices) to
bipartite matrices. Diagrammatically, there is an intuitive way to map a channel (one input and one output
wire) into a bipartite matrix (two output wires): To transform an input wire into an output wire is enough to
bend it in a way that its free end is directed towards the right, as depicted below.

M𝐴 𝐵 Choi−−−→
M𝐴 𝐵

𝐴′

= 𝑀

𝐵

𝐴′ . (5.96)

These diagrams coincide with the definition of Choi isomorphism that we gave in Section 5.1, i.e., the Choi
matrix 𝑀𝐵:𝐴′ associated with a channelM𝐴→𝐵 is defined as

𝑀𝐵:𝐴′ = (M𝐴→𝐵 ⊗ I𝐴′) (Φ𝐴𝐴′) . (5.97)

Note that we decided to bend the input wire below the channel. Similarly, one could have chosen to
bend the input wire above the channel, producing a different but still well-defined Choi matrix 𝑀𝐴:𝐵 =

(I𝐴 ⊗M𝐴′→𝐵) (Φ𝐴𝐴′). Throughout this Thesis, we always use the convention that a Choi matrix is defined
as in Eq. (5.97), i.e., by bending the wire below.

The Choi matrix of a quantum channel is Hermitian, positive semidefinite, and the marginal on the
input system is the identity matrix, i.e., Tr𝐵 𝑀𝐵:𝐴′ = 1𝐴′ [66]. Therefore, a Choi matrix is not a quantum
state, as its trace is not 1. However, one can easily define a quantum state as the renormalized Choi matrix
𝜇𝐵:𝐴′ = 1

𝑑𝐴
𝑀𝐵:𝐴′ . Diagrammatically, one obtains

𝜇

𝐵

𝐴′
=

1
𝑑𝐴

𝑀

𝐵

𝐴′ =
1
𝑑𝐴

M𝐴 𝐵

𝐴′

. (5.98)

One of the advantages of using string diagrams to approach the Choi isomorphism is that the definition of
the inverse Choi isomorphism becomes straightforward. Indeed, one can undo the Choi isomorphism by
bending the second wire back and using the snake identities in Eq. (5.90)
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M𝐴 𝐵

𝐴′

Choi inverse−−−−−−−−−→

M𝐴 𝐵

𝐴′

𝐴

= M𝐴 𝐵
.

(5.99)
Therefore, the inverse Choi isomorphism transforms a Choi matrix 𝑀𝐵:𝐴′ in the channelM𝐴→𝐵 defined

as

𝑀

𝐵

𝐴′
Choi inverse−−−−−−−−−→ M𝐴 𝐵

= 𝑀

𝐵

𝐴′

𝐴

. (5.100)

With this definition, one quickly obtains the formula for the action of the channelM𝐴→𝐵 on a state 𝜌𝐴

M𝐴→𝐵 (𝜌𝐴) = 𝜌 M𝐴 𝐵
=

𝑀

𝜌

𝐵

𝐴′

𝐴

= 𝑀

𝜌𝑇

𝐵

𝐴′ , (5.101)

These diagrams correspond to the algebraic expressions for the inverse Choi map commonly used in literature:

M𝐴→𝐵 (𝜌𝐴) = Tr𝐴′𝐴[(𝑀𝐵:𝐴′ ⊗ 𝜌𝐴) (1𝐵 ⊗ Φ𝐴′𝐴)] = Tr𝐴′ [𝑀𝐵:𝐴′ (1𝐵 ⊗ 𝜌𝑇𝐴′)] . (5.102)

Thanks to the identities in Eq. (5.90), it is straightforward to see that the Choi map is indeed an
isomorphism. In addition, diagrammatically, one immediately notices that the Choi matrix of a state 𝜌𝐴 is the
state itself since there is no input wire to bend, and the Choi matrix of an effect is the transpose of the matrix
of the effect, see Eq. (5.94).

5.4.3 The Link Product

Once the Choi isomorphism is well-defined, the natural step is translating operations between channels into
operations between Choi matrices. Once again, we approach this problem with string diagrams. Then, we
show that the operation that naturally arises with this approach is the algebraic operation between Choi
matrices, known as link product.

Let us consider two channelsM𝐴→𝐵 and N𝐵→𝐶 . We call the channel resulting from their sequential
composition T𝐴→𝐶 = N𝐵→𝐶 ◦M𝐴→𝐵. Diagrammatically,

T𝐴 𝐶
= M N𝐴 𝐵 𝐶

. (5.103)
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The Choi matrix 𝑇𝐶:𝐴′ of T𝐴→𝐶 is defined as

T𝐴 𝐶

𝐴′

= 𝑇

𝐶

𝐴′ . (5.104)

From Eq. (5.103) we have that

𝑇

𝐶

𝐴′ =
M N 𝐶𝐵

𝐴′

=
M N 𝐶𝐵

𝐴′

= 𝑀

N𝐵

𝐴′

𝐶

.

(5.105)

So far, we have been able to express the Choi matrix of T𝐴→𝐶 in terms of the Choi matrix ofM𝐴→𝐵. To
replace N𝐵→𝐶 with its Choi matrix, we insert one of the identities in Eq. (5.90) between 𝑀𝐵:𝐴′ and N𝐵→𝐶 :

𝑇

𝐶

𝐴′ = 𝑀

N𝐵

𝐴′

𝐶

=

𝑀

𝐵′
N𝐵 𝐶

𝐵

𝐴′

=

𝑁

𝐶

𝐵′

𝑀

𝐵

𝐴′

.

(5.106)

The algebraic expression associated with this diagram is

𝑇𝐶:𝐴′ = Tr𝐵𝐵′ [(𝑁𝐶:𝐵′ ⊗ 𝑀𝐵:𝐴′) (1𝐶 ⊗ Φ𝐵′𝐵 ⊗ 1𝐴′)] . (5.107)
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This operation is known as link product, and it is denoted with 𝑁𝐶:𝐵′ ∗ 𝑀𝐵:𝐴′ [66]. The name ‘link’ product
is well-motivated from a diagrammatic point of view because this operation links the Choi matrices 𝑁𝐶:𝐵′

and 𝑀𝐵:𝐴′ . Indeed, diagrammatically, it is represented as a ‘bridge’ that links two bipartite matrices without
any wire crossing, i.e., the second system of the first matrix is linked to the first system of the second matrix.

Eq. (5.106) shows that the link product of the Choi matrices of two channels is the Choi matrix of the
sequential composition of these channels. Moreover, the link product of Choi matrices of channels always
produces the Choi matrix of a channel, that is, a positive semidefinite matrix with the identity as marginal on
the input state [66].

As a final note, in Eq. (5.101) and Eq. (5.102), we expressed the action of a channelM𝐴→𝐵 on a state 𝜌
in terms of its Choi matrix 𝑀𝐵:𝐴′ . That expression is nothing but the link product 𝑀𝐵:𝐴′ ∗ 𝜌𝐴, where 𝜌𝐴 is
seen as the bipartite Choi matrix on 𝐴 and the trivial system, corresponding to the Hilbert space C, associated
with the channel that prepares 𝜌𝐴.

M𝐴→𝐵 (𝜌𝐴) = 𝜌 M𝐴 𝐵
=

𝑀

𝜌

𝐵

𝐴′

𝐴

= 𝑀𝐵:𝐴′ ∗ 𝜌𝐴. (5.108)

5.4.4 The Swap Tensor Product

As seen in the previous subsection, the sequential composition of channels is translated into the link product
of Choi matrices. Parallel composition of channels is often overlooked or translated into the tensor product
of Choi matrices [66, 221]. However, one needs to be careful with the order of the systems, as we show
here. We start with two channels,M𝐴→𝐵 and N𝐶→𝐷 , and analogously to what we did before, we define
T𝐴𝐶→𝐵𝐷 =M𝐴→𝐵 ⊗ N𝐶→𝐷 . Diagrammatically, we have

T

𝐴

𝐶

𝐵

𝐷
=

M𝐴 𝐵

N𝐶 𝐷
. (5.109)
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As before, we compute the Choi matrix 𝑇𝐵𝐷:𝐴′𝐶′ of T𝐴𝐶→𝐵𝐷 with string diagrams:

𝑇

𝐵𝐷

𝐴′𝐶′ =

T

𝐴

𝐶

𝐵

𝐷

𝐴′

𝐶′

=

M

N

𝐴 𝐵

𝐶 𝐷

𝐴′

𝐶′

=

M

N

𝐴 𝐵

𝐴′

𝐶 𝐷

𝐶′
𝐴′

𝐷

=

𝑀

𝑁

𝐵

𝐴′

𝐷

𝐶′

.

(5.110)

The diagrammatic approach indicates that the tensor product of channels is not associated with the tensor
product of Choi matrices, but with the swap tensor product that we introduced in Subsection 5.1.1:

𝑇𝐵𝐷:𝐴′𝐶′ = 𝑀𝐵:𝐴′ ⊠ 𝑁𝐷:𝐶′ = (I𝐵 ⊗ S𝐴′𝐷→𝐷𝐴′ ⊗ I𝐶′) (𝑀𝐵:𝐴′ ⊗ 𝑁𝐷:𝐶′). (5.111)

As in the case of the link product, the Choi matrix of the tensor product of channels is the swap tensor
product of the Choi matrices by construction, and every time we take the swap tensor product of two Choi
matrices, of quantum channels, we obtain the Choi matrix of a quantum channel, that is, a positive semidefinite
matrix such that its marginal on the input systems is the identity matrix. This follows directly from the
equalities in Eq. (5.110).

5.4.5 Choi-Defined Resource Theories

As a reminder, the CD operations associated with a set of free states are all and only the quantum channels
such that their renormalized Choi matrix is a free state. CD operations are easily constructed from free
states with the inverse Choi map, i.e., if 𝜇𝐵:𝐴′ is a free state and a renormalized Choi matrix, which means
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Tr𝐵 𝜇𝐵:𝐴′ = 1
𝑑𝐴
1𝐴′ , then the channelM𝐴→𝐵 defined as

M𝐴 𝐵
=

𝜇𝑑𝐴

𝐵

𝐴

(5.112)

is a CD operation.
A quantum resource theory is a CDRT if its free operations coincide with the Choi-defined operations

associated with its set of free states. This diagrammatically means that,

M𝐴 𝐵
is free if and only if 𝜇

𝐵

𝐴′
=

1
𝑑𝐴

M𝐴 𝐵

𝐴′

is free. (5.113)

We are now ready to prove the main result of this work diagrammatically.

Theorem 5.4.1: Necessary and sufficient conditions for CDRTs construction

It is possible to construct a CDRT associated with a set of free states if and only if for all systems 𝐴, 𝐵

1. 1
𝑑𝐴

𝐴

𝐴′

is free,

2. if 𝜌
𝐴 and 𝜇

𝐵

𝐴′
are free states, and

𝜇𝑑𝐴

𝐵

𝐴

is

a quantum channel, then 𝑑𝐴
𝜇

𝜌

𝐵

𝐴′

𝐴

is a free state.

Proof. We prove first the necessary conditions. We assume that the free states and the free operations form a
well-defined Choi-defined resource theory.

1. 𝐴 is a free operation in every resource theory. Therefore, in a CDRT, 1
𝑑𝐴

𝐴

𝐴′

is free as

well, see Eq. (5.113).
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2. If 𝜌
𝐴 and 𝜇

𝐵

𝐴′
are free states, then

𝜇𝑑𝐴

𝐵

𝐴

is a free

quantum channel (from Eq. (5.113)), and
𝜇𝑑𝐴

𝜌

𝐵

𝐴

is a free state (it

is the output of a free channel applied to a free state).

We prove now that conditions 1 and 2 are sufficient to have a well-defined resource theory when the free
operations are the Choi-defined operations. Recall that we assume that the set of free states under consideration
is compatible with a minimal resource theory, i.e., closed under tensor product, partial tracing, and system
swapping. Now, we demonstrate that the five conditions for a resource theory listed in Section 2.1 are satisfied.

1. The identity channel is free. Indeed, since 1
𝑑𝐴

𝐴

𝐴′

is free for all 𝐴, then

𝐴

𝐴′

𝐴

=

𝐴 is a free operation (Eq. (5.112) and Eq. (5.90)).

2. The swap channel is free. Indeed, from condition 1, one has that 1
𝑑𝐴𝑑𝐵

𝐴

𝐵

𝐴′

𝐵′

is a free state.

Since the set of free states is closed under system swapping, one obtains that 1
𝑑𝐴𝑑𝐵

𝐴

𝐵

𝐴′

𝐵′

is free too. From Eq. (5.112) and Eq. (5.90), it immediately follows that the CD operation associated

with this state is
𝐴

𝐵

𝐵

𝐴

.

3. Discarding a system is free. Once again, 1
𝑑𝐴

𝐴

𝐴′

is free for all 𝐴, and since the set of free

116



5. Choi-Defined Resource Theories

operations is closed under partial tracing, then 1
𝑑𝐴

𝐴

𝐴′

1
is free as well. As above, from

Eq. (5.112) and Eq. (5.90), one obtains that the CD operation associated with this state is 1
𝐴

,
that is, the discarding channel.

4. Sequential composition of free channels is free. Let M𝐴 𝐵
and N𝐵 𝐶

be free

channels. Since the free operations are the CD operations, the states 1
𝑑𝐴

M𝐴 𝐵

𝐴′

and

1
𝑑𝐵

N𝐵 𝐶

𝐵′

are free. From condition 1 and the closure of the set of free states under

tensor product and system swapping, it follows that the state 1
𝑑𝐴𝑑𝐵

N𝐵 𝐶

𝐵′
𝐴′

𝐴

is free as

well. Condition 2 implies that the state

𝑑𝐴𝑑𝐵
1

𝑑𝐴𝑑𝐵

1
𝑑𝐴

N𝐵 𝐶

𝐵′
𝐴′

𝐴

𝐴′

M𝐴 𝐵

=
1
𝑑𝐴

M N 𝐶

𝐴′

(5.114)
is free. The equality above follows from multiple uses of Eq. (5.90). The CD operation associated with

the state in Eq. (5.114) is M N𝐴 𝐵 𝐶
.

5. Parallel composition of free channels is free. Let M𝐴 𝐵
and N𝐶 𝐷

be free

channels. Since the free operations are the CD operations, the states 1
𝑑𝐴

M𝐴 𝐵

𝐴′

and
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1
𝑑𝐶

N𝐶 𝐷

𝐶′

are free. Since the set of free states is closed under tensor product and

system swapping, the state 1
𝑑𝐴𝑑𝐶

M𝐴 𝐵

𝐶′

N

𝐷

𝐴′

is free as well. Eq. (5.110) implies that the

CD operation associated with this state is
M𝐴 𝐵

N𝐶 𝐷
.

□
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Chapter 6

Higher-Order Quantum Maps

The focus of the works presented so far in this Thesis has been on resource theories of states. At the core of
these resource theories is the conversion of states using free channels. Considering that states and channels
provide a complete description of quantum systems and their evolution, one may think that there is no need to
push the framework of quantum resource theories further. On the other hand, there are tasks that, although
they have a resource-theoretical flavour, do not fit within the framework presented so far. For example, the
quantum teleportation protocol [16] can be interpreted as a simulation of the identity channel using the
maximally entangled state. In other words, using only LOCC, a static resource, the maximally entangled state
is converted into a dynamical resource, the identity channel. This kind of problem sounds very similar to
what we are used to for static resource theories. Indeed, Gour and Scandolo [64, 67] propose the resource
theory of dynamical entanglement, where the key problem is the conversion of channels (of which states
are a special case) using free superchannels [65]. This idea of shifting from static resources to dynamic
ones [68] was quickly applied to other resource theories, such as coherence [69], and magic [70], and ideas
from static resource theories, such as distillation [71] and reversibility [72] were transposed to resource
theories of channels.

In these dynamical resource theories, the key ingredients are superchannels, first formalized by Chiribella
et al. [65, 66]. As a quantum channel from system 𝐴 to system 𝐵 can be axiomatically defined as a linear
operator that maps every possible quantum state of 𝐴 to a valid quantum state of 𝐵, a quantum superchannel
from operators 𝐴→ 𝐵 (from system 𝐴 to system 𝐵) to operators 𝐶 → 𝐷 is a linear operator that maps every
possible quantum channel 𝐴→ 𝐵 to a valid channel 𝐶 → 𝐷. This definition points towards a hierarchy of
maps: there are quantum states, quantum channels (i.e., maps that preserve quantum states), and quantum
superchannels (i.e., maps that preserve quantum channels). However, one can push this concept even further
and have higher-order quantum maps, such as quantum networks [66, 221, 246]. Once again, one may ask
what the benefit of going beyond quantum superchannels is. It turns out that new and exciting properties
emerge when we consider higher orders. Indeed, superchannels can be decomposed into circuits of channels
with memory, adding nothing significantly new. However, the same is not true for maps of higher order,
which are, therefore, genuinely different from quantum channels. One example of such a map is the quantum
switch [73], which maps two channelsM and N into a channel that acts as the superposition ofM ◦ N
and N ◦M. The quantum switch was the first example of a map with indefinite causal order [247]. As
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such, it opened the path to numerous results about causality in quantum mechanics [248–254], some of
which were investigated with the framework of quantum resource theories [255, 256]. Moreover, maps with
indefinite causal order provide an advantage in communication [74], computation [75–78], and channel
discrimination [79]. Other research areas, such as the theory of non-Markovian quantum processes [257–260],
were stimulated as well by this attempt to go beyond channels and superchannels to a theory of higher-order
quantum maps.

With the flourishing of applications for higher-order quantum maps, Bisio and Perinotti [80] proposed a
theoretical framework to describe all higher-order maps. At the core of their work, there is what they call
type system, a way of labelling maps of any order. For example, a state of the system 𝐴 is labelled with 𝐴,
a channel from the system 𝐴 to the system 𝐵 is labelled with (𝐴 → 𝐵), etc. Assisted by this type system,
they use the Choi isomorphism to reduce any quantum map to a matrix, and they characterize some of the
properties of these Choi matrices of quantum maps. However, the collapse of any quantum map to matrices
makes it challenging to work with this framework and almost impossible to provide a clear definition of the
parallel composition of maps. The work presented in this Chapter starts with the definition of types given
by Bisio and Perinotti [80] but diverges immediately after with a double goal. First, we aim to describe
higher-order quantum maps without reducing them to matrices. Second, we seek a framework that naturally
incorporates the evaluation of a map at an input, as well as sequential and parallel composition. We divide
this Chapter into three sections. We start with a description of our type system, inspired by that of Bisio
and Perinotti [80] but enriched with new operations and concepts. In the second Section, we characterize
the spaces of linear maps associated with a given type, for example, the spaces that generalize the spaces of
Hermitian-preserving and completely positive-preserving channels. Moreover, we present the operations
between maps mentioned above, with a focus on parallel composition, which is the less trivial one. In the
third Section, we introduce the Choi isomorphism as an operation that reduces the order of a map in the
hierarchy of higher-order quantum maps rather than as a way of transforming a higher-order map into a
matrix. Among the most interesting results of this Section is the fact that the Choi isomorphism preserves
the generalizations of Hermitian-preserving operations and completely positive-preserving operations, and
therefore, it can be used to reduce the order of a map while keeping some of its properties.

6.1 Types

The overall goal of this Chapter is to give a unified description of quantum maps of every order, and in this
Section, we start with the basics. If one wants to define a function, the first step is to state the domain and
co-domain. Usually, one writes 𝑓 : 𝑋 → 𝑌 to say that 𝑓 has 𝑋 as domain and 𝑌 as co-domain. In this Section,
we will introduce an analogous way to label functions based on type theory. A quantum state that acts on a
Hilbert space 𝐴 is usually denoted as 𝜌𝐴. Therefore, one could label it with 𝐴. A quantum channel that maps
operators on 𝐴 to operators on 𝐵 is denoted withM𝐴→𝐵. Therefore, we could associate the label 𝐴→ 𝐵

with it. A superchannel that maps channels to channels would be labelled with (𝐴→ 𝐵) → (𝐶 → 𝐷), and
so on.

We build all these possible labels, which we call types, with a bottom-up approach. At the lowest level of
this theory of types, there is the alphabet of symbols. The reader should consider these symbols as labels for
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all the possible physical systems of the theory that are not the composition of two or more other systems.

Definition 6.1.1: Alphabet

An alphabet A is a non-empty set of symbols.

We usually denote the symbols in A with capital letters, e.g., 𝐴, 𝐵, 𝐶. From the symbols in an
alphabet, one can construct strings. A string is a finite sequence of elements of A (repetitions are
allowed). We denote with A𝑛 the set of all strings of length 𝑛 ≥ 0. For example, if A = { 𝐴, 𝐵, 𝐶 }, then
A2 = { 𝐴𝐴, 𝐴𝐵, 𝐴𝐶, 𝐵𝐴, 𝐵𝐵, 𝐵𝐶,𝐶𝐴,𝐶𝐵,𝐶𝐶 }. In this example, if 𝐴 and 𝐵 are labels for two distinct
physical systems, then 𝐴𝐵 is the label for the composite system. The setA0, which includes all the sequences
of 0 symbols, is of special interest. Following the convention used in formal languages (e.g., Ref. [261]), we
say that A0 contains only one element, the empty string, which we denote with 𝐼 (we assume that 𝐼 ∉ A,
otherwise, one can choose as symbol for the empty string any symbol not in the alphabet). Continuing with
the parallelism to quantum mechanics, one should think of the empty string as the trivial quantum system.
We are ready to define the set of all strings of finite length formed by symbols in A.

Definition 6.1.2: Elementary types

The set of elementary types of an alphabetA, denoted with EleTypesA , is the set of all finite sequences
of elements of A. That is,

EleTypesA =
⋃
𝑛≥0
A𝑛. (6.1)

As usually done for strings, we introduce an operation ‘|’: EleTypesA × EleTypesA → EleTypesA
defined as follows. Let 𝐸, 𝐺 ∈ EleTypesA , which means 𝐸 = 𝑒1 . . . 𝑒𝑚, 𝐺 = 𝑔1 . . . 𝑔𝑛, for some 𝑒𝑖 , 𝑔 𝑗 ∈ A
and 𝑚, 𝑛 ≥ 0. Then 𝐸 |𝐺 = 𝑒1 . . . 𝑒𝑚𝑔1 . . . 𝑔𝑚. This operation is usually called concatenation. Later, we will
see an extension of this operation, which we will name ‘type product’. For elementary types, we will use both
concatenation and product. Moreover, we will drop the symbol ‘|’ whenever there is no ambiguity, e.g., we
will write 𝐸𝐺 instead of 𝐸 |𝐺.

We introduced the product of elementary types here to give further insights into the role of the empty
string. Indeed, concatenating any type 𝐸 with the empty string gives 𝐸: 𝐸𝐼 = 𝐸 = 𝐼𝐸 . This is what we
expect from the trivial quantum system. Considering the composition of a quantum system 𝐸 and the trivial
system, the resulting system is 𝐸 . Because of this analogy, we will often refer to 𝐼 as the trivial type.

So far, we have only introduced elementary types equivalent to quantum systems. We want to define the
equivalent of quantum channels, superchannels, etc. What we want is a set that contains expressions that can
be used to label maps, such as (𝐴→ 𝐵) or ((𝐴→ 𝐵) → (𝐶 → 𝐷)), but does not contain expressions like
) ( or 𝐴→). This is achieved with the following definition.
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Definition 6.1.3: Types

The set of TypesA of an alphabet A is the set of strings of symbols in A ∪ { (, ),→, 𝐼 } recursively
defined as follows:

• Each element 𝐸 ∈ EleTypesA is an element of TypesA .

• If 𝑥, 𝑦 ∈ TypesA , then (𝑥 → 𝑦) ∈ TypesA , where (𝑥 → 𝑦) is the concatenation of ‘(’ with the
symbols of 𝑥, followed by the concatenation with ‘→’, the symbols in 𝑦, and ‘)’.

An element 𝑧 ∈ TypesA is either an elementary type or the concatenation of an open round bracket,
another type 𝑥, an arrow, another type 𝑦, and a closed round bracket. Both 𝑥 and 𝑦 are, in turn, either
elementary or a concatenation of symbols, as described above. Since a string is a finite sequence of symbols,
this recursion ends, and what is left is a concatenation of elementary types with elements of { (, ),→ }. For
example, consider the string 𝑧 = ((𝐴 → 𝐵) → 𝐶). We want to check if it is a type. Clearly 𝑧 = (𝑥 → 𝑦),
with 𝑥 = (𝐴 → 𝐵) and 𝑦 = 𝐶. Here, 𝑦 is an elementary type, while 𝑥 is not. From this, we deduce that 𝑦
is a type, while we still do not know if 𝑥 is a type. However, we observe that 𝑥 = (𝐴→ 𝐵), where both 𝐴
and 𝐵 are elementary types (and thus types). By Definition 6.1.2, 𝑥 is a type. Since 𝑥 and 𝑦 are types and
𝑧 = (𝑥 → 𝑦), then 𝑧 is also a type. On the other hand, let 𝑧 =) (𝐴→). In this case, 𝑧 is not elementary, and
the first symbol is not (, therefore 𝑧 ∉ TypesA .

Definition 6.1.3 allows for the recursive construction of types. We assume that any type can be obtained
only with a finite number of recursive steps. We do not study the case of types obtained with infinite recursion.

Our goal was to construct a set of strings that can be used to label quantum maps. If 𝑧 ∈ EleTypesA ,
then 𝑧 is the label for a quantum system, if 𝑧 ∈ TypesA \ EleTypesA , then 𝑧 = (𝑥 → 𝑦) is the label from a
map that has ‘the maps of type 𝑥’ as domain and ‘the maps of type 𝑦’ as co-domain. We will formalize this
intuition in the next Section. For example, the type associated with a channel is (𝐴→ 𝐵) because it sends
operators on 𝐴 to operators on 𝐵. The type for a superchannel is ((𝐴→ 𝐵) → (𝐶 → 𝐷)) because it maps
channels of type (𝐴→ 𝐵) to channels of type (𝐶 → 𝐷).

6.1.1 Trees

So far, types are very abstract objects. In this Section, we introduce a graphical representation of types that
will be beneficial for understanding and deriving many properties of types. Each type in TypesA can be
graphically represented as a full binary tree with leaves labelled by elements of EleTypesA . Here, we adapt
the definition from Ref. [262] to our scenario.
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Definition 6.1.4: Full binary tree (cf. [262], Sec. 5.3, Def. 5)

The set of full binary trees with leaves labelled by elements of EleTypesA , denoted with TreesA , is
defined recursively by these steps:

• There is a full binary tree for each 𝐸 ∈ EleTypesA consisting only of a single vertex labelled
with 𝐸 .

• If 𝑇1 and 𝑇2 are full binary trees, then the tree 𝑇1 • 𝑇2, consisting of a root, an edge connecting
the root with the root of 𝑇1 on the left, and another edge connecting the root with the root of 𝑇2

on the right, is a full binary tree.

A full binary tree labelled by elements in EleTypesA is a tree such that every node has exactly zero or
two children. If a node has zero children, we say that it is a leaf and it is labelled by an element of EleTypesA .
If a node has no parent, it is the tree’s root. Each full binary tree has a single root.

Graphically, we represent the full binary tree associated with an elementary type 𝐸 as

𝐸 .

If 𝑇1 and 𝑇2 are the trees associated with the elementary types 𝐸 and 𝐺, then the tree 𝑇1 • 𝑇2 is

𝐸 𝐺 .

With these elements, one can recursively construct all the full binary trees labelled by elements of EleTypesA .
The reader may have noticed that the definitions of TypesA and TreesA are very similar. Indeed, the two

sets are isomorphic, as we will show now. To do so, we show that there exists an invertible map from TypesA
to TreesA . We define ΛA : TypesA → TreesA recursively as follows:

• If 𝐸 ∈ EleTypesA , then ΛA (𝐸) is the full binary tree associated with the elementary type 𝐸 .

• If 𝑧 ∈ TypesA \ EleTypesA , then 𝑧 = (𝑥 → 𝑦) for some 𝑥 ∈ TypesA and 𝑦 ∈ TypesA and ΛA (𝑧) =
ΛA (𝑥) • ΛA (𝑦).

We denote our candidate for the inverse of ΛA with Λ−1
A (a hopeful abuse of notation), and we define it

recursively as follows:

• If 𝑇 ∈ TreesA is the tree associated with an elementary type 𝐸 , then Λ−1
A (𝑇) = 𝐸 .

• If 𝑇 = 𝑇1 • 𝑇2, then Λ−1
A (𝑇1 • 𝑇2) = (Λ−1

A (𝑇1) → Λ−1
A (𝑇2)).

To prove that Λ−1
A is both the left and the right inverse of ΛA , we use a technique called structural

induction (see Ref. [262]). In the base step, one has to show that the result holds for elements in the base
step of the definition of a set (in our case, for elementary types). In the recursive step, one proves that if the
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ΛA (𝐴) ΛA ((𝐵→ 𝐶))

(a)

𝐴

ΛA (𝐵) ΛA (𝐶)

(b)

𝐴

𝐵 𝐶

(c)

Figure 6.1: Construction of the tree associated with (𝐴→ (𝐵→ 𝐶)).
The tree associated with (𝐴→ (𝐵→ 𝐶)) is the tree that has ΛA (𝐴) as left subtree and ΛA ((𝐵→ 𝐶)) as right

subtree, represented in Figure a. Then we observe that ΛA (𝐴) is the node labelled with 𝐴, while the tree
ΛA ((𝐵→ 𝐶)) has ΛA (𝐵) as left subtree, and ΛA (𝐶) as right subtree. This step is represented in Figure b. Lastly, we
observe that ΛA (𝐵) and ΛA (𝐶) are the trees with only one node labelled with 𝐵 and 𝐶, respectively. This concludes

the construction of the tree associated with (𝐴→ (𝐵→ 𝐶)), shown in Figure c.

statement is true for each element used to construct a new element in the recursive step of the definition, then
the result holds for the new element as well.

Theorem 6.1.5: Types and trees isomorphism

TypesA and TreesA are isomorphic and ΛA is an isomorphism.

Proof. We start by showing that Λ−1
A ◦ ΛA (𝑧) = 𝑧 for each 𝑧 ∈ TypesA . Basic step: Let 𝐸 ∈ EleTypesA ,

then ΛA (𝐸) is the tree associated with the elementary type 𝐸 . Therefore Λ−1
A ◦ ΛA (𝐸) = 𝐸 by definition of

Λ−1
A . Recursive step: Let 𝑧 = (𝑥 → 𝑦) for some 𝑥, 𝑦 ∈ TypesA . We observe that ΛA (𝑧) = ΛA (𝑥) • ΛA (𝑦).

By definition of Λ−1
A , we obtain that Λ−1

A ◦ΛA (𝑧) = (Λ
−1
A ◦ΛA (𝑥) → Λ−1

A ◦ΛA (𝑦)). However, by induction
hypothesis, Λ−1

A ◦ ΛA (𝑥) = 𝑥 and Λ−1
A ◦ ΛA (𝑦) = 𝑦. Therefore, Λ−1

A ◦ ΛA (𝑧) = (𝑥 → 𝑦) = 𝑧.
The proof of ΛA ◦ Λ−1

A (𝑧) = 𝑧 for each 𝑧 ∈ TypesA is analogous. □

With this theorem, we have validated the intuition that we can use trees to represent types graphically. We
point out that there are many isomorphisms between types and trees. For example, we could have defined
a map Λ̃A with a recursive step such that Λ̃A ((𝑥 → 𝑦)) = Λ̃A (𝑦) • Λ̃A (𝑥). The difference between ΛA

and Λ̃A is that the leaves of ΛA (𝑧) are filled with the elementary types that appear in 𝑧 from left to right,
while the leaves of Λ̃A (𝑧) are filled from right to left. Throughout this Thesis, we will always use ΛA as the
isomorphism from types to trees. That is, ΛA (𝑥) is the tree associated with type 𝑥, and Λ−1

A (𝑇) is the type
associated with the tree 𝑇 .

Thanks to Theorem 6.1.5, we can define the following objects associated with types.
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Definition 6.1.6: Order and structure of a type

The order of a type 𝑥 ∈ TypesA , denoted with ord(𝑥), is the maximum number of distinct edges
(traversed only once) connecting the root of the tree associated with 𝑥 with a leaf. The structure of a
type 𝑥 ∈ TypesA , denoted with struct(𝑥), is the full unlabelled binary tree obtained by removing all
labels from the tree associated with 𝑥.

The order of a type corresponds to the depth of the associated tree; we will use the word depth when
referring to trees and order when referring to types. With an abuse of language, we often write the structure
of a tree 𝑇 ∈ TreesA when we mean the structure of the type associated with the tree 𝑇 .

The order of a type represents the order in the map hierarchy. For example, a state 𝜌𝐴 is associated with
the type 𝐴, a type or order zero. A channel,M𝐴→𝐵, is associated with the type (𝐴→ 𝐵), which is a type of
order one. A superchannel Θ(𝐴→𝐵)→(𝐶→𝐷) is associated with a type of order two, and so on. Therefore, the
order is increased by one at every step in the hierarchy. We formalize this idea with the following Lemma.

Lemma 6.1.7: Properties of the order of a type

If 𝐸 ∈ EleTypesA , then ord(𝐸) = 0. If 𝑧 = (𝑥 → 𝑦) ∈ TypesA , then ord(𝑧) =

max { ord(𝑥), ord(𝑦) } + 1.

Proof. Let 𝐸 ∈ EleTypesA , then the tree associated with 𝐸 consists of a single node, both the root and the
only leaf of the tree. Therefore, no edges connect the root to the leaf, and ord(𝐸) = 0. Let 𝑧 = (𝑥 → 𝑦) for
some 𝑥, 𝑦 ∈ TypesA . By definition, the tree associated with 𝑧 has a root connected on the left with an edge to
the tree associated with 𝑥 and connected on the right with an edge to the tree associated with 𝑦. Therefore, the
longest path from root to leaf on the left subtree is 1 + ord(𝑥), while the longest path from root to a leaf on
the right subtree is 1 + ord(𝑦). Overall, the longest path from root to leaf is max { ord(𝑥), ord(𝑦) } + 1. □

The order of a type will be a powerful tool for inductive proofs. In the base step, we will show that a
statement is true for types of order zero, that is, for elementary types. In the inductive step, we will assume
that a statement is true for types of order 𝑛 (or up to order 𝑛) and prove that it is true for types of order 𝑛 + 1.

6.1.2 Composition of Types

The goal of our type system is to label maps. If we have two maps, there are various ways to compose them.
Let us consider the case of quantum channels as a reference. IfM𝐴→𝐵 andN𝐵→𝐶 are two quantum channels,
then one can compose them sequentially to obtain the channel T 𝐴→𝐶 = N𝐵→𝐶 ◦M𝐴→𝐵. In our type system,
if one sequentially composes a map of type (𝑥 → 𝑦) with a map of type (𝑦 → 𝑧), one obtains a map of type
(𝑥 → 𝑧). Moreover, one can apply the channelM𝐴→𝐵 to the state 𝜌𝐴 and obtain the state 𝜎𝐵 =M𝐴→𝐵 (𝜌𝐴).
Once again, this is easily translated into the type system. If one applies a map of type (𝑥 → 𝑦) to a map
of type 𝑥, one obtains a map of type 𝑦. Lastly, if one composes in parallel the channelM𝐴→𝐵 with the
channel N𝐶→𝐷 , one obtains the channel T 𝐴𝐶→𝐵𝐷 =M𝐴→𝐵 ⊗ N𝐶→𝐷 . If we try to translate this into the
type language, we would say that if one composes in parallel a map of type (𝑎 → 𝑏) with a map of type
(𝑐 → 𝑑), one obtains a map of type (𝑎𝑐 → 𝑏𝑑). However, there are some problems with this translation.
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First, observe that 𝑎𝑐 and 𝑏𝑑 are not well-defined types. Indeed, so far, we have not given any meaning to
writing two types next to each other (unless they are elementary). Second, this is not the operation that we
always want. For example, when one composes in parallel a channelM𝐴→𝐵 with a state 𝜌𝐶 , what they
usually mean is that they composeM𝐴→𝐵 with the channel that prepares 𝜌𝐶 . Therefore, the resulting map is
of type (𝐴→ 𝐵𝐶). Diagrammatically [85, 237–242]:

M𝐴 𝐵

𝜌
𝐶

= M ⊗ 𝜌
𝐵

𝐶
𝐴 . (6.2)

Similarly if we composed in parallel a superchannel of type ((𝐴→ 𝐵) → (𝐶 → 𝐷)) with a channel of
type (𝐸 → 𝐹) we would expect as outcome a superchannel of type ((𝐴→ 𝐵) → (𝐶𝐸 → 𝐷𝐹)) [263]:

𝐴 𝐵 𝐷𝐶

𝐸 𝐹

= 𝐴 𝐵

𝐷

𝐹

𝐶

𝐸

. (6.3)

In all these examples, the type of lower order ends up on the right of the type associated with the parallel
composition of two maps. This motivates the following definition.

Definition 6.1.8: Product of types

For 𝑥, 𝑦 ∈ TypesA , the product of 𝑥 and 𝑦, denoted with 𝑥 |𝑦, is defined inductively as follows.

• If max { ord(𝑥), ord(𝑦) } = 0, then 𝑥 = 𝐸 , 𝑦 = 𝐺 for some 𝐸, 𝐺 ∈ EleTypesA and 𝑥 |𝑦 = 𝐸 |𝐺,
where 𝐸 |𝐺 is the concatenation of elementary type introduced below Definition 6.1.2.

• If max { ord(𝑥), ord(𝑦) } > 0 and

– ord(𝑥) = ord(𝑦), then 𝑥 = (𝑎 → 𝑏), 𝑦 = (𝑐 → 𝑑) and 𝑥 |𝑦 = (𝑎 |𝑐 → 𝑏 |𝑑), where
𝑎, 𝑏, 𝑐, 𝑑 ∈ TypesA .

– ord(𝑥) > ord(𝑦), then 𝑥 = (𝑎 → 𝑏) and 𝑥 |𝑦 = (𝑎 → 𝑏 |𝑦), where 𝑎, 𝑏 ∈ TypesA .

– ord(𝑥) < ord(𝑦), then 𝑦 = (𝑐→ 𝑑) and 𝑥 |𝑦 = (𝑐→ 𝑥 |𝑑), where 𝑐, 𝑑 ∈ TypesA .

This definition covers both the case of the parallel composition of a channel with a channel, where we
expect the inputs of both channels to be on the left and the outputs on the right of the type associated with
parallel composition, and the composition of a channel with a state, or a channel with a superchannel, where
we expect the type of the map of lower order to be on the right.
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Note that we have the following relation between the order of the product of two types and the order of
the two types.

Lemma 6.1.9: Order of product of types

Let 𝑥, 𝑦 ∈ TypesA , the ord(𝑥 |𝑦) = max { ord(𝑥), ord(𝑦) }.

Proof. We prove this statement by induction on max { ord(𝑥), ord(𝑦) }. If max { ord(𝑥), ord(𝑦) } = 0, then the
two types are elementary and their product is an elementary type. Now, assume that max { ord(𝑥), ord(𝑦) } =
𝑛 + 1 > 0, and assume that the statement holds for all types up to order 𝑛. In this case, we have two split the
proof in the three cases of Definition 6.1.8, and we use the same notation, that is, if ord(𝑥) > 0, we write
𝑥 = (𝑎 → 𝑏) and if ord(𝑦) > 0, we write 𝑦 = (𝑐→ 𝑑).

• If ord(𝑥) = ord(𝑦), then ord(𝑎), ord(𝑏) ≤ 𝑛 and at least one of them is equal to 𝑛 (see Lemma 6.1.7).
Similarly, ord(𝑐), ord(𝑑) ≤ 𝑛. The induction hypothesis implies that ord(𝑎 |𝑐), ord(𝑏 |𝑑) ≤ 𝑛 and at
least one is of order 𝑛. Therefore, the order of 𝑥 |𝑦 = (𝑎 |𝑐→ 𝑏 |𝑑) is of order 𝑛 + 1.

• If 𝑛+1 = ord(𝑥) > ord(𝑦), then ord(𝑎), ord(𝑏) ≤ 𝑛 and at least one of them is of order 𝑛. By induction
hypothesis, ord(𝑎), ord(𝑏 |𝑦) ≤ 𝑛 and at least one of them is of order 𝑛. Therefore, 𝑥 |𝑦 = (𝑎 → 𝑏 |𝑦) is
of order 𝑛 + 1.

• If 𝑛 + 1 = ord(𝑦) > ord(𝑥), then ord(𝑐), ord(𝑑) ≤ 𝑛 and at least one of them is of order 𝑛. As before,
this implies that 𝑥 |𝑦 = (𝑐→ 𝑥 |𝑑) is of order 𝑛 + 1.

□

The isomorphism between types and trees induces an operation on trees that is compatible with the
product of types and is defined as 𝑇1 |𝑇2 = ΛA (Λ−1

A (𝑇1) |Λ−1
A (𝑇2)). By definition ΛA (𝑥 |𝑦) = ΛA (𝑥) |ΛA (𝑦)

and Λ−1(𝑇1 |𝑇2) = Λ−1
A (𝑇1) |Λ−1

A (𝑇2). Moreover, we can explicitly write the action of ‘|’ as follows.

• If 𝑇1 and 𝑇2 are trees of depth zero, then they are associated with 𝐸, 𝐺 ∈ EleTypesA , and 𝑇1 |𝑇2 =

ΛA (𝐸 |𝐺) is the three associated with the elementary type 𝐸 |𝐺.

• If 𝑇1 and 𝑇2 are the trees of equal depth strictly greater than zero, then 𝑇1 = 𝑇𝐿
1 •𝑇

𝑅
1 and 𝑇2 = 𝑇𝐿

2 •𝑇
𝑅
2 ,

where the 𝐿 and 𝑅 superscripts denote the left and right subtree. By definition of ΛA , Λ−1
A , and ‘|’, one

obtains
𝑇1 |𝑇2 = ΛA (Λ−1

A (𝑇1) |Λ−1
A (𝑇2))

= ΛA (Λ−1
A (𝑇

𝐿
1 • 𝑇

𝑅
1 ) |Λ

−1
A (𝑇

𝐿
2 • 𝑇

𝑅
2 ))

= ΛA ((Λ−1
A (𝑇

𝐿
1 ) → Λ−1

A (𝑇
𝑅
1 )) | (Λ

−1
A (𝑇

𝐿
2 ) → Λ−1

A (𝑇
𝑅
2 )))

= ΛA ((Λ−1
A (𝑇

𝐿
1 ) |Λ

−1
A (𝑇

𝐿
2 )) → (Λ

−1
A (𝑇

𝑅
1 ) |Λ

−1
A (𝑇

𝑅
2 )))

= ΛA (Λ−1
A (𝑇

𝐿
1 |𝑇

𝐿
2 ) → Λ−1

A (𝑇
𝑅
1 |𝑇

𝑅
2 ))

= (ΛA ◦ Λ−1
A (𝑇

𝐿
1 |𝑇

𝐿
2 )) • (ΛA ◦ Λ

−1
A (𝑇

𝑅
1 |𝑇

𝑅
2 ))

= (𝑇𝐿
1 |𝑇

𝐿
2 ) • (𝑇

𝑅
1 |𝑇

𝑅
2 )

(6.4)
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𝐴

𝐵 𝐶 𝐷 𝐸

𝐹

(a)

𝐷 𝐸
𝐴

( )
𝐵 𝐶

𝐹

)(
(b)

𝐷 𝐵

𝐴 𝐸

( )
𝐶 𝐹

( )
(c)

𝐷 𝐴𝐸 𝐵 𝐶𝐹

(d)

Figure 6.2: Product of the trees associated with (𝐴→ (𝐵→ 𝐶)) and ((𝐷 → 𝐸) → 𝐹).
Both trees have depth two. Therefore, the resulting tree has as the left subtree the product of the left subtrees of the two
initial trees, and as the right subtree the product of the right subtrees (Figure a to Figure b). Both products are between a
tree of depth zero and a tree of depth one. In this case, the tree with depth zero falls on the right of the tree of depth one
(Figure b to Figure c). Lastly, the product of trees of order zero is simply a tree of order zero in which the labels are

concatenated (Figure c to Figure d).

That is, 𝑇1 |𝑇2 is the tree that has as the left subtree the product of the left subtree of 𝑇1 with the left
subtree of 𝑇2 and has as the right subtree the product of the right subtree of 𝑇1 with the right subtree of
𝑇2.

• If 𝑇1 and 𝑇2 are trees such that the depth of 𝑇1 is strictly greater than the depth of 𝑇2, then 𝑇1 |𝑇2 =

𝑇𝐿
1 • (𝑇

𝑅
1 |𝑇2). That is, 𝑇1 |𝑇2 is the tree that has as left subtree the left subtree of 𝑇1 and as right subtree

the product of the right subtree of 𝑇1 with 𝑇2 (same proof as above).

• If 𝑇1 and 𝑇2 are trees such that the depth of 𝑇1 is strictly smaller than the depth of 𝑇2, then 𝑇1 |𝑇2 =

𝑇𝐿
2 • (𝑇1 |𝑇𝑅

2 ). That is, 𝑇1 |𝑇2 is the tree that has as left subtree the left subtree of 𝑇2, and as right subtree
the product of 𝑇1 with the right subtree of 𝑇2 (same proof as above).

In the following, we will drop the symbol ‘|’ whenever there is no ambiguity. We will write 𝑥𝑦 to denote
𝑥 |𝑦 and 𝑇1𝑇2 to denote 𝑇1 |𝑇2.

As we have discussed, the product of two types associated with channels gives a type associated with
a channel. This is a special case of a more general property regarding the product of types with the same
structure.

Lemma 6.1.10: Product of types with the same structure

Let 𝑥, 𝑦 ∈ TypesA such that struct(𝑥) = struct(𝑦). Then, struct(𝑥𝑦) = struct(𝑥) and each leaf of
ΛA (𝑥𝑦) is labelled with the concatenation of the elementary types that label the corresponding leaves
of ΛA (𝑥) and ΛA (𝑦).
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𝐴

𝐵 𝐶

𝐷

𝐸 𝐹

(a)

𝐴𝐷

𝐵𝐸 𝐶𝐹

(b)

Figure 6.3: Product of types with the same structure.
The product of two types with the same structure can be easily computed with trees. It is enough to copy the structure

of the types and fill the leaves with concatenation of the labels in the corresponding positions in the two factors
(Figure a to Figure b).

Proof. We prove it by induction on the order of 𝑥, which is equal to the order of 𝑦. If ord(𝑥) = ord(𝑦) = 0, then
𝑥𝑦 is just the concatenation of elementary types and struct(𝑥𝑦) = struct(𝑥). If ord(𝑥) = ord(𝑦) = 𝑛 + 1 > 0,
then ΛA (𝑥𝑦) is by construction 𝑇𝐿

𝑥 𝑇
𝐿
𝑦 • 𝑇𝑅

𝑥 𝑇
𝑅
𝑦 , where 𝑇𝐿

𝑥 is the left subtree of ΛA (𝑥), and 𝑇𝐿
𝑦 , 𝑇𝑅

𝑥 , and 𝑇𝑅
𝑦

are defined analogously. Since 𝑥 and 𝑦 have the same structure, their left subtrees have the same structure.
Therefore, 𝑇𝐿

𝑥 𝑇
𝐿
𝑦 has the same structure as 𝑇𝐿

𝑥 by induction hypothesis (we assume that the statement is true
for all types up to order 𝑛). Analogously, 𝑇𝑅

𝑥 𝑇
𝑅
𝑦 has the same structure as 𝑇𝑅

𝑥 . Since 𝑥 and 𝑥𝑦 have the same
left and right subtree structures, they have the same structure. Moreover, by induction hypothesis, the labels
of the leaves in the left subtree are the concatenation of the corresponding leaves in the left subtrees of 𝑥 and 𝑦.
The same argument holds for the right subtree. Therefore, the labels in the leaves of 𝑥𝑦 are the concatenation
of the labels in the corresponding positions in the trees associated with 𝑥 and 𝑦. □

6.1.3 Properties of the Product of Types

In this Section, we will list properties of the product of types. We start by proving that the product of types
has a unit, the empty string 𝐼.

Lemma 6.1.11: Unit of product of types

The empty string 𝐼 is the unit of the product of types, i.e., 𝐼𝑥 = 𝑥 = 𝑥𝐼 for all 𝑥 ∈ TypesA .

Proof. We prove this result by induction on the order of 𝑥. Let ord(𝑥) = 0, i.e., 𝑥 = 𝐸 , where 𝐸 ∈ EleTypesA .
The concatenation of 𝐸 with the empty string 𝐼 gives 𝐸 . Assume now that ord(𝑥) > 0, therefore 𝑥 = (𝑎 → 𝑏),
where ord(𝑏) < ord(𝑥). Since ord(𝐼) = 0, 𝑥𝐼 = (𝑎 → 𝑏𝐼) and by induction hypothesis 𝑏𝐼 = 𝑏 = 𝐼𝑏.
Therefore 𝑥𝐼 = (𝑎 → 𝑏) = 𝑥. Similarly 𝐼𝑥 = (𝑎 → 𝐼𝑏) = (𝑎 → 𝑏) = 𝑥. □

Once again, this matches the intuition from quantum information that composing a map of type 𝑥 in
parallel with the trivial system 𝐼 gives a map of type 𝑥.

Now, we want to prove that the product of types is associative. To achieve this result, we first prove the
following three lemmas. The goal of these lemmas is to provide abstract expressions for the product of two
and three types that allow for an inductive proof. That is, we want to write the products 𝑥𝑦, (𝑥𝑦)𝑧, and 𝑥(𝑦𝑧)
in terms of products of types of lower order.
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Lemma 6.1.12: Abstract expression for the product of two types

Let 𝑥, 𝑦 ∈ TypesA such that max { ord(𝑥), ord(𝑦) } > 0. If ord(𝑥) > 0, let 𝑎, 𝑏 be types such that
𝑥 = (𝑎 → 𝑏). Similarly, if ord(𝑦) > 0, let 𝑐, 𝑑 be types such that 𝑦 = (𝑐→ 𝑑). Then 𝑥𝑦 = (𝛼𝛾 → 𝛽𝛿),
where

𝛼 =


𝐼 if ord(𝑥) < ord(𝑦),

𝑎 if ord(𝑥) ≥ ord(𝑦).
𝛽 =


𝑥 if ord(𝑥) < ord(𝑦),

𝑏 if ord(𝑥) ≥ ord(𝑦).

𝛾 =


𝑐 if ord(𝑥) ≤ ord(𝑦),

𝐼 if ord(𝑥) > ord(𝑦).
𝛿 =


𝑑 if ord(𝑥) ≤ ord(𝑦),

𝑦 if ord(𝑥) > ord(𝑦).

(6.5)

Proof. The proof follows from the definition of the product of types and of the empty string:

𝑥𝑦 =


(𝑎𝑐→ 𝑏𝑑) if ord(𝑥) = ord(𝑦),

(𝑎 → 𝑏𝑦) if ord(𝑥) > ord(𝑦),

(𝑐→ 𝑥𝑑) if ord(𝑥) < ord(𝑦).

=


(𝑎𝑐→ 𝑏𝑑) if ord(𝑥) = ord(𝑦),

(𝑎𝐼 → 𝑏𝑦) if ord(𝑥) > ord(𝑦),

(𝐼𝑐→ 𝑥𝑑) if ord(𝑥) < ord(𝑦).

(6.6)

The expressions for 𝛼, 𝛽, 𝛾, and 𝛿 follow from matching them with the types in the corresponding positions
in the last equation. □

Lemma 6.1.13: Abstract expression for the product (𝑥𝑦)𝑧

Let 𝑥, 𝑦, 𝑧 ∈ TypesA be such that max { ord(𝑥), ord(𝑦), ord(𝑧) } = 𝑁 > 0. Let 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 be types
such that 𝑥 = (𝑎 → 𝑏) when ord(𝑥) > 0, 𝑦 = (𝑐 → 𝑑) when ord(𝑦) > 0, and 𝑧 = (𝑒 → 𝑓 ) when
ord(𝑧) > 0. Then, (𝑥𝑦)𝑧 = ((𝛼𝛾)𝜖 → (𝛽𝛿)𝜙), where

𝛼 =


𝐼 if ord(𝑥) < 𝑁,

𝑎 if ord(𝑥) = 𝑁.
𝛽 =


𝑥 if ord(𝑥) < 𝑁,

𝑏 if ord(𝑥) = 𝑁.

𝛾 =


𝐼 if ord(𝑦) < 𝑁,

𝑐 if ord(𝑦) = 𝑁.
𝛿 =


𝑦 if ord(𝑦) < 𝑁,

𝑑 if ord(𝑦) = 𝑁.

𝜖 =


𝐼 if ord(𝑧) < 𝑁,

𝑒 if ord(𝑧) = 𝑁.
𝜙 =


𝑧 if ord(𝑧) < 𝑁,

𝑓 if ord(𝑧) = 𝑁.

(6.7)

Proof. To prove this lemma we start with the expression for 𝑥𝑦 derived in Lemma 6.1.12, and then we
compute (𝑥𝑦)𝑧 splitting it into the cases ord(𝑥𝑦) = ord(𝑧), ord(𝑥𝑦) > ord(𝑧) and ord(𝑥𝑦) < ord(𝑧) as in
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Definition 6.1.8.

(𝑥𝑦)𝑧 =



((𝑎𝑐)𝑒 → (𝑏𝑑) 𝑓 ) if ord(𝑧) = ord(𝑥𝑦) and ord(𝑥) = ord(𝑦),

((𝑎𝐼)𝑒 → (𝑏𝑦) 𝑓 ) if ord(𝑧) = ord(𝑥𝑦) and ord(𝑥) > ord(𝑦),

((𝐼𝑐)𝑒 → (𝑥𝑑) 𝑓 ) if ord(𝑧) = ord(𝑥𝑦) and ord(𝑥) < ord(𝑦),

((𝐼 𝐼)𝑒 → (𝑥𝑦) 𝑓 ) if ord(𝑧) > ord(𝑥𝑦),

((𝑎𝑐)𝐼 → (𝑏𝑑)𝑧) if ord(𝑧) < ord(𝑥𝑦) and ord(𝑥) = ord(𝑦),

((𝑎𝐼)𝐼 → (𝑏𝑦)𝑧) if ord(𝑧) < ord(𝑥𝑦) and ord(𝑥) > ord(𝑦),

((𝐼𝑐)𝐼 → (𝑥𝑑)𝑧) if ord(𝑧) < ord(𝑥𝑦) and ord(𝑥) < ord(𝑦).

(6.8)

From this equation, one obtains the expressions for 𝛼, 𝛽, . . . . For example, ord(𝑥) < 𝑁 only in the third,
fourth, and last expressions. In these cases, the first symbol is 𝐼. In all the other cases, the first symbol is 𝑎.
This proves

𝛼 =


𝐼 if ord(𝑥) < 𝑁,

𝑎 if ord(𝑥) = 𝑁.
(6.9)

□

Lemma 6.1.14: Abstract expression for the product 𝑥(𝑦𝑧)

Let 𝑥, 𝑦, 𝑧 ∈ TypesA be such that max { ord(𝑥), ord(𝑦), ord(𝑧) } = 𝑁 > 0. Let 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 be types
such that 𝑥 = (𝑎 → 𝑏) when ord(𝑥) > 0, 𝑦 = (𝑐 → 𝑑) when ord(𝑦) > 0, and 𝑧 = (𝑒 → 𝑓 ) when
ord(𝑧) > 0. Then, 𝑥(𝑦𝑧) = (𝛼(𝛾𝜖) → 𝛽(𝛿𝜙)), where

𝛼 =


𝐼 if ord(𝑥) < 𝑁,

𝑎 if ord(𝑥) = 𝑁.
𝛽 =


𝑥 if ord(𝑥) < 𝑁,

𝑏 if ord(𝑥) = 𝑁.

𝛾 =


𝐼 if ord(𝑦) < 𝑁,

𝑐 if ord(𝑦) = 𝑁.
𝛿 =


𝑦 if ord(𝑦) < 𝑁,

𝑑 if ord(𝑦) = 𝑁.

𝜖 =


𝐼 if ord(𝑧) < 𝑁,

𝑒 if ord(𝑧) = 𝑁.
𝜙 =


𝑧 if ord(𝑧) < 𝑁,

𝑓 if ord(𝑧) = 𝑁.

(6.10)

Proof. Here, we first derive the expression for 𝑦𝑧 when ord(𝑦𝑧) > 0:

𝑦𝑧 =


(𝑐𝑒 → 𝑑𝑓 ) if ord(𝑦) = ord(𝑧),

(𝑐𝐼 → 𝑑𝑧) if ord(𝑦) > ord(𝑧),

(𝐼𝑒 → 𝑦 𝑓 ) if ord(𝑦) < ord(𝑧).

(6.11)

Then we compute 𝑥(𝑦𝑧) splitting it into the cases ord(𝑥) = ord(𝑦𝑧), ord(𝑥) > ord(𝑦𝑧) and ord(𝑥) < ord(𝑦𝑧)
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as in Definition 6.1.8.

(𝑥𝑦)𝑧 =



(𝑎(𝑐𝑒) → 𝑏(𝑑𝑓 )) if ord(𝑥) = ord(𝑦𝑧) and ord(𝑦) = ord(𝑧),

(𝑎(𝑐𝐼) → 𝑏(𝑑𝑧)) if ord(𝑥) = ord(𝑦𝑧) and ord(𝑦) > ord(𝑧),

(𝑎(𝐼𝑒) → 𝑏(𝑦 𝑓 )) if ord(𝑥) = ord(𝑦𝑧) and ord(𝑦) < ord(𝑧),

(𝑎(𝐼 𝐼) → 𝑏(𝑦𝑧)) if ord(𝑥) > ord(𝑦𝑧),

(𝐼 (𝑐𝑒) → 𝑥(𝑑𝑓 )) if ord(𝑥) < ord(𝑦𝑧) and ord(𝑦) = ord(𝑧),

(𝐼 (𝑐𝐼) → 𝑥(𝑑𝑧)) if ord(𝑥) < ord(𝑦𝑧) and ord(𝑦) > ord(𝑧),

(𝐼 (𝐼𝑒) → 𝑥(𝑦 𝑓 )) if ord(𝑥) < ord(𝑦𝑧) and ord(𝑦) < ord(𝑧).

(6.12)

Here, we observe that ord(𝑥) < 𝑁 only in the last three expressions. In these cases, the first symbol is 𝐼. In
all the other cases, the first symbol is 𝑎. This proves

𝛼 =


𝐼 if ord(𝑥) < 𝑁,

𝑎 if ord(𝑥) = 𝑁.
(6.13)

Similarly, one finds the expressions for 𝛽, 𝛾, . . . □

The expressions for 𝛼, 𝛽, . . . , in Lemma 6.1.13 and in Lemma 6.1.14 are the same. This is what we need
to prove associativity.

Theorem 6.1.15: Associativity of the product of types

The product of types is associative. That is, for all 𝑥, 𝑦, 𝑧 ∈ TypesA ,

(𝑥𝑦)𝑧 = 𝑥(𝑦𝑧). (6.14)

Proof. We prove this theorem by induction on max { ord(𝑥), ord(𝑦), ord(𝑧) }. If max { ord(𝑥), ord(𝑦), ord(𝑧) } =
0 then all types are elementary. (𝐸𝐺)𝐹 and 𝐸 (𝐺𝐹) are the sequence of symbols in 𝐸 , followed by the
symbols in 𝐺 and the symbols in 𝐹. Therefore (𝐸𝐺)𝐹 = 𝐸 (𝐺𝐹). Let us assume now that 𝑛 > 0. Then,
(𝑥𝑦)𝑧 = ((𝛼𝛾)𝜖 → (𝛽𝛿)𝜙) by Lemma 6.1.13. Since, ord(𝛼), ord(𝛽), · · · < max { ord(𝑥), ord(𝑦), ord(𝑧) }
we can use the induction hypothesis and we obtain

(𝑥𝑦)𝑧 = ((𝛼𝛾)𝜖 → (𝛽𝛿)𝜙) = (𝛼(𝛾𝜖) → 𝛽(𝛿𝜙)). (6.15)

We conclude by noticing that the last expression is 𝑥(𝑦𝑧), as proven in Lemma 6.1.14. □

Note that the set of types equipped with the product ‘|’ is a monoid. Indeed, ‘|’ is an associative binary
operation on TypesA and 𝐼 ∈ TypesA is the identity element of ‘|’.

6.1.4 Trivialization of Types

In the product of two types, the structure of the types plays a crucial role: It completely determines the
structure of the product type. However, as we have discussed, the structure of a type is not a type; it is just an
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𝐴

𝐵 𝐶

(a) Tree associated with 𝑥 = (𝐴 →
(𝐵→ 𝐶))

(b) struct(𝑥)

𝐼

𝐼 𝐼

(c) Tree associated with triv(𝑥)

Figure 6.4: Structure and trivialization of a type.
In Figure a, the tree associated with the type 𝑥 = (𝐴→ (𝐵→ 𝐶)) is represented. In Figure b, the structure of 𝑥 is

represented, which is obtained by removing all the labels from the tree associated with 𝑥. In Figure c, the tree
associated with triv(𝑥) is represented. This tree is obtained by labelling the leaves of struct(𝑥) with the trivial type 𝐼.

unlabelled tree. Here, we introduce for every type 𝑥 a type that has the same structure as 𝑥 but carries no
information about the elementary types that appear in 𝑥.

Definition 6.1.16: Trivialization

The trivialization of a type 𝑥 ∈ TypesA , denoted with triv(𝑥), is the type associated with the tree
obtained from ΛA (𝑥) by replacing all the leaves’ labels with the empty string 𝐼.

With an abuse of language, we will sometimes write the trivialization of a tree 𝑇 when we mean the
trivialization of the type associated with 𝑇 . In addition, we will refer to types obtained with this process as
trivialized types.

One immediately deduces the following properties from the definition of triv(𝑥).

Lemma 6.1.17: Properties of triv(𝑥)

The following expressions are true for every 𝑥 ∈ TypesA .

• struct(triv(𝑥)) = struct(𝑥).

• ord(triv(𝑥)) = ord(𝑥).

• If 𝑥 = (𝑎 → 𝑏), then triv(𝑥) = (triv(𝑎) → triv(𝑏)).

• triv(triv(𝑥)) = triv(𝑥) (Idempotence).

In addition, the trivialization of a type has the following properties when in the product with another type.
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Lemma 6.1.18: Product of trivialized types

The following expressions are true for all 𝑥, 𝑦 ∈ TypesA .

• triv(𝑥)𝑥 = 𝑥 (Absorption).

• triv(𝑦)𝑥 = 𝑥 triv(𝑦) (Centrality).

• triv(𝑥𝑦) = triv(𝑥) triv(𝑦) (Distributivity).

Proof. Absorption follows from Lemma 6.1.10 and the definition of triv(𝑥). Indeed, triv(𝑥) and 𝑥 have the
same structure. Therefore, their product is a type with the same structure in which all the elementary types are
the concatenation of the corresponding elementary types in triv(𝑥) and 𝑥. Since all the elementary types in
triv(𝑥) are empty strings, the elementary types appearing in triv(𝑥)𝑥 are the elementary types of 𝑥. Therefore,
triv(𝑥)𝑥 = 𝑥.

We prove centrality by induction on ord(𝑥𝑦). If ord(𝑥𝑦) = 0, then both 𝑥 and 𝑦 are elementary, triv(𝑦) = 𝐼,
and we have shown in Lemma 6.1.11 that 𝐼 is the unit of the product, therefore triv(𝑦)𝑥 = 𝑥 = 𝑥 triv(𝑦).
Now, we assume that ord(𝑥𝑦) > 0 and that the centrality holds for all types up to order ord(𝑥𝑦) − 1. Let
𝑎, 𝑏, 𝑐, 𝑑 ∈ TypesA be such that 𝑥 = (𝑎 → 𝑏) when ord(𝑥) > 0 and 𝑦 = (𝑐 → 𝑑) when ord(𝑦) > 0. From
the definition of the product of types and the centrality of trivialized types of order lower than ord(𝑥𝑦), we
have that

triv(𝑦)𝑥 =


(triv(𝑐)𝑎 → triv(𝑑)𝑏) if ord(𝑥) = ord(𝑦),

(𝑎 → triv(𝑦)𝑏) if ord(𝑥) > ord(𝑦),

(triv(𝑐) → triv(𝑑)𝑥) if ord(𝑥) < ord(𝑦).

=


(𝑎 triv(𝑐) → 𝑏 triv(𝑑)) if ord(𝑥) = ord(𝑦),

(𝑎 → 𝑏 triv(𝑦)) if ord(𝑥) > ord(𝑦),

(triv(𝑐) → 𝑥 triv(𝑑)) if ord(𝑥) < ord(𝑦).

= 𝑥 triv(𝑦).

(6.16)

We also prove distributivity by induction on ord(𝑥𝑦). If ord(𝑥𝑦) = 0, then 𝑥, 𝑦, and 𝑥𝑦 are elementary
types. Therefore, triv(𝑥) triv(𝑦) = 𝐼 𝐼 = 𝐼 = triv(𝑥𝑦). Now, we assume that ord(𝑥𝑦) > 0 and that distributivity
holds for the product of types up to ord(𝑥𝑦) − 1. As before, let 𝑎, 𝑏, 𝑐, 𝑑 ∈ TypesA be such that 𝑥 = (𝑎 → 𝑏)
when ord(𝑥) > 0 and 𝑦 = (𝑐→ 𝑑) when ord(𝑦) > 0. Then,

triv(𝑥𝑦) =


triv((𝑎𝑐→ 𝑏𝑑)) if ord(𝑥) = ord(𝑦),

triv((𝑎 → 𝑏𝑦)) if ord(𝑥) > ord(𝑦),

triv((𝑐→ 𝑥𝑑)) if ord(𝑥) < ord(𝑦).

(6.17)
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Using Lemma 6.1.17 we can write triv((𝛼→ 𝛽)) as (triv(𝛼) → triv(𝛽)) and we obtain
(triv(𝑎𝑐) → triv(𝑏𝑑)) if ord(𝑥) = ord(𝑦),

(triv(𝑎) → triv(𝑏𝑦)) if ord(𝑥) > ord(𝑦),

(triv(𝑐) → triv(𝑥𝑑)) if ord(𝑥) < ord(𝑦).

(6.18)

Now, we can use distributivity for the types of order lower than ord(𝑥𝑦) together with ord(𝑥) = ord(triv(𝑥))
to get 

(triv(𝑎) triv(𝑐) → triv(𝑏) triv(𝑑)) if ord(triv(𝑥)) = ord(triv(𝑦)),

(triv(𝑎) → triv(𝑏) triv(𝑦)) if ord(triv(𝑥)) > ord(triv(𝑦)),

(triv(𝑐) → triv(𝑥) triv(𝑑)) if ord(triv(𝑥)) < ord(triv(𝑦)).

(6.19)

This expression is the definition of the product of triv(𝑥) = (triv(𝑎) → triv(𝑏)) with triv(𝑦) = (triv(𝑐) →
triv(𝑑)). This concludes the proof. □

Same useful identities based on the results of Lemma 6.1.17 and Lemma 6.1.18 are

triv(𝑥) triv(𝑥) = triv(𝑥) (6.20)

triv(𝑥𝑦) = triv(𝑦𝑥) (6.21)

triv(𝑥 triv(𝑦)) = triv(𝑥𝑦) (6.22)

6.1.5 Promotion of Types

In this subsection, we present how to add to a type 𝑥 the structure of another type 𝑦. More than being
interesting per se, the content of this subsection will be beneficial when we define the ‘tensor product’ of
maps of different types.

Definition 6.1.19: Type Promotion

Let 𝑥, 𝑦 ∈ TypesA . The promotion of 𝑥 with respect to 𝑦, denoted with 𝑥𝑦 is defined as

𝑥𝑦 = 𝑥 triv(𝑦). (6.23)

Moreover, 𝑥 is the principal type, and 𝑦 the subordinate type of 𝑥𝑦 .

For example, if one promotes the elementary type 𝐴 with the type 𝐵→ 𝐶, one obtains 𝐴| triv(𝐵→ 𝐶) =
𝐴| (𝐼 → 𝐼) = 𝐼 → 𝐴. That is, if one promotes a type associated with a state 𝜌𝐴 with a type associated with a
channel, one obtains the type of the channel that prepares 𝜌𝐴.

The following Lemma lists useful identities involving the promotion of a type.
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Lemma 6.1.20: Properties of the promotion of a type

Let 𝑥, 𝑦, 𝑧 ∈ TypesA . The following statements are true.

1. 𝑥𝑥 = 𝑥𝐼 = 𝑥.

2. 𝑥 (𝑦𝑧 ) = (𝑥𝑦)𝑧 = 𝑥𝑦𝑧 .

3. 𝑥𝑧𝑦 = 𝑥(𝑦𝑧) = (𝑥𝑦)𝑧 = 𝑥𝑧𝑦𝑧 .

4. 𝑥𝑦𝑧 = 𝑥𝑧𝑦 .

5. 𝑥𝑦𝑦 = 𝑥𝑦 .

Proof. For the first property, note that 𝑥𝑥 = 𝑥 triv(𝑥) = 𝑥 by idempotence. Moreover, 𝑥𝐼 = 𝑥 triv(𝐼) = 𝑥𝐼 = 𝑥
because the empty string is the unit of the product.

For the second property, observe that

𝑥𝑦𝑧 = 𝑥𝑦 triv(𝑧) = 𝑥 triv(𝑦 triv(𝑧)) = 𝑥 triv(𝑦) triv(𝑧). (6.24)

From this, if we associate on the left, we obtain the second expression of the equality. If instead we associate
on the right and use distributivity of triv, we get the last expression in the equality.

For the third property, observe that
𝑥𝑧𝑦 = 𝑥 triv(𝑧)𝑦. (6.25)

Using the centrality of triv(𝑧) one obtains 𝑥𝑦 triv(𝑧). If we associate on the right, we get 𝑥𝑦𝑧; on the left, we
get (𝑥𝑦)𝑧 . Lastly, observe that triv(𝑧) = triv(𝑧) triv(𝑧). Therefore,

𝑥 triv(𝑧)𝑦 = 𝑥 triv(𝑧)𝑦 triv(𝑧) = 𝑥𝑧𝑦𝑧 . (6.26)

For the fourth property, we use Eq. (6.21): 𝑥𝑦𝑧 = 𝑥 triv(𝑦𝑧) = 𝑥 triv(𝑧𝑦) = 𝑥𝑧𝑦 .
Lastly, from distributivity and Eq. (6.20), we get 𝑥𝑦𝑦 = 𝑥 triv(𝑦𝑦) = 𝑥 triv(𝑦) triv(𝑦) = 𝑥 triv(𝑦) = 𝑥𝑦 . □

This Lemma allows us to drop brackets when dealing with products of type extensions. Moreover, the
order of the subordinate types does not affect the promotion of the principal type.

Thanks to the promotion of types, we can write the product 𝑥𝑦 in terms of a promotion of 𝑥 and a
promotion of 𝑦 with the same structure as 𝑥𝑦.

Corollary 6.1.21: Product of promotion of types

Let 𝑥, 𝑦 ∈ TypesA , the following statements are true.

1. 𝑥𝑦 = 𝑥𝑦𝑦𝑥 .

2. triv(𝑥𝑦) = triv(𝑦𝑥) = triv(𝑥𝑦) = triv(𝑦𝑥).

3. struct(𝑥𝑦) = struct(𝑦𝑥) = struct(𝑥𝑦).
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Proof. From the previous Lemma, we have that

𝑥𝑦𝑦𝑥 = (𝑥𝑦𝑥)𝑦 = 𝑥𝑦𝑥𝑦 = 𝑥𝑦. (6.27)

This proves the first property.
Using distributivity, idempotence, centrality, and absorption, we get

triv(𝑥𝑦) = triv(𝑥 triv(𝑦)) = triv(𝑥) triv(𝑦) = triv(𝑥𝑦)

triv(𝑦𝑥) = triv(𝑦 triv(𝑥)) = triv(𝑦) triv(𝑥) = triv(𝑥) triv(𝑦) = triv(𝑥𝑦).
(6.28)

Together with Eq. (6.21), this proves the second property. The last property simply follows from observing
that struct(triv(𝑧)) = struct(𝑧) for all 𝑧 ∈ TypesA (Lemma 6.1.17). □

Sometimes, promoting a type with another type leaves the first type unchanged. In a sense, the principal
type already contains the structure of the subordinate type.

Definition 6.1.22: Inclusion of types

Let 𝑥, 𝑦 ∈ TypesA , we say that 𝑦 includes the structure of 𝑥 (or the structure of 𝑥 is included in 𝑦), and
we write 𝑥 ≺ 𝑦 if 𝑦𝑥 = 𝑦.

This relation is a preorder of types.

Lemma 6.1.23: Preorder of types

The inclusion of types is a preorder. That is,

• 𝑥 ≺ 𝑥,

• 𝑥 ≺ 𝑦 and 𝑦 ≺ 𝑧 imply 𝑥 ≺ 𝑧.

Proof. The first condition follows from 𝑥𝑥 = 𝑥 (see Lemma 6.1.20).
To prove the second condition, observe that 𝑧𝑥 = (𝑧𝑦)𝑥 because 𝑦 ≺ 𝑧. By Lemma 6.1.20, this is equal to

𝑧𝑦𝑥 . Since 𝑥 ≺ 𝑦, we have that 𝑧𝑦𝑥 = 𝑧𝑦 . Lastly, we use again 𝑦 ≺ 𝑧 to get 𝑧𝑦 = 𝑧. This proves 𝑧 = 𝑧𝑥 . □

As one would expect, if 𝑥 ≺ 𝑦, and 𝑥 is a trivialized type, i.e., triv(𝑥) = 𝑥, then the product 𝑥𝑦 is equal
to 𝑦. Indeed, 𝑦 already contains the structure of 𝑥, and all the elementary types that appear in 𝑥 are empty
strings; therefore, they do not contribute to the elementary types of 𝑥𝑦. Interestingly, the converse holds as
well. If 𝑥𝑦 = 𝑦, 𝑥 must be a trivialized type and 𝑥 ≺ 𝑦.

Proposition 6.1.24: Trivial types and preorder of types

Let 𝑥, 𝑦 ∈ TypesA . The following are equivalent:

1. 𝑥𝑦 = 𝑦.

2. 𝑥 ≺ 𝑦 and triv(𝑥) = 𝑥.

137



6. Higher-Order Quantum Maps

Proof. We start with 2⇒1:
𝑥𝑦 = triv(𝑥)𝑦 = 𝑦 triv(𝑥) = 𝑦𝑥 = 𝑦. (6.29)

The first inequality follows from 𝑥 = triv(𝑥), the second from the centrality of triv(𝑥), the third is the
promotion definition, and the last follows from 𝑥 ≺ 𝑦.

Now, we prove 1⇒2. First, observe that

𝑦 = 𝑥𝑦 = triv(𝑥)𝑥𝑦 = triv(𝑥)𝑦 = 𝑦 triv(𝑥) = 𝑦𝑥 . (6.30)

The first equality comes from 1, the second from absorption, the third from 1 again, the fourth from centrality,
and the last is the definition of the promotion of types. Therefore, 𝑥 ≺ 𝑦.

Second, we want to prove by contradiction that triv(𝑥) = 𝑥. Let us assume that a leaf in the tree associated
with 𝑥 is labelled by the elementary type 𝐸 ≠ 𝐼. Thus, there is a leaf in 𝑥𝑦 labelled by 𝐸 . The type 𝑥𝑦
has the same structure as 𝑦𝑥 = 𝑦. Let us denote with 𝐺 the elementary type associated with the leaf in 𝑦
corresponding to the leaf labelled by 𝐸 in 𝑥𝑦 . Now, 𝑥𝑦 = 𝑥𝑦𝑦𝑥 and 𝑥𝑦 have the same structure as 𝑥𝑦 and 𝑦𝑥
(by Corollary 6.1.21). Therefore, the leaf of 𝑥𝑦 corresponding to the leaf labelled with 𝐸 in 𝑥𝑦 and 𝐺 in
𝑦𝑥 = 𝑦 is labelled by 𝐸𝐺 (Lemma 6.1.10). However, 𝐸𝐺 ≠ 𝐺, because 𝐸 is a non-empty string; thus, the
number of symbols in 𝐸𝐺 is strictly greater than that in 𝐺. This contradicts 𝑥𝑦 = 𝑦. □

We conclude this Section by noticing that the promotion of 𝐼 with the type 𝑥 is equal to triv(𝑥). Indeed,
by definition 𝐼𝑥 = 𝐼 triv(𝑥) = triv(𝑥). We will often write 𝐼𝑥 instead of triv(𝑥) in the following.

6.2 Higher-Order Linear Maps

In the previous Section, we introduced types with the promise of using them as labels for maps. In this
Section, we formalize what we mean by a map of type 𝑥 ∈ TypesA . As we have done multiple times
so far and will do again throughout this Chapter, we will follow a bottom-up approach. We begin with
symbols in the alphabet, then move on to elementary types, and finally discuss non-elementary types. We
associate with every symbol 𝐴 ∈ A a complex, finite-dimensional Hilbert spaceH𝐴 with dimension strictly
greater than 1. As in the previous chapters, we denote the dimension of H𝐴 with |H𝐴|. Each of these
Hilbert spaces comes equipped with an inner product, denoted with (·, ·)H𝐴

, which is linear in the first
component. We associate with every elementary type 𝐸 = 𝐸1 . . . 𝐸𝑛, where 𝐸𝑖 ∈ A, the finite dimensional
complex Hilbert spaceH𝐸1 ⊗ · · · ⊗ H𝐸𝑛

. We denote with (·, ·)H𝐸
the inner product defined on elementary

tensors as (𝑢1 ⊗ · · · ⊗ 𝑢𝑛, 𝑣1 ⊗ · · · ⊗ 𝑣𝑛)H𝐸
= (𝑢1, 𝑣1)H𝐸1

. . . (𝑢𝑛, 𝑣𝑛)H𝐸𝑛
, and extended by linearity in the

first component and conjugate linearity in the second to all pairs of vectors in H𝐸 . The elementary type
𝐸 = 𝐼 is not included in the definition above, and we associate with it the Hilbert space C. Note that, with
this definition, we have associated non-trivial quantum systems that cannot be decomposed into smaller
subsystems with symbols of A, all quantum systems, composite or not, with elementary types, and we have
reserved the empty string 𝐼 for the trivial quantum system. Following a convention common in quantum
information, we will identifyH𝐸 ⊗ C and C ⊗ H𝐸 withH𝐸 . We are now ready to define a map associated
with a type 𝑥 ∈ TypesA .
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Definition 6.2.1: Vector space of maps of type 𝑥

The set of linear maps associated with type 𝑥, denoted with 𝐿 (𝑥) is recursively defined as follows:

• If 𝑥 = 𝐸 ∈ EleTypesA , then 𝐿 (𝑥) = 𝔏(𝐸).

• If 𝑥 = (𝑎 → 𝑏), where 𝑎, 𝑏 ∈ TypesA , then 𝐿 (𝑥) = 𝔏(𝐿 (𝑎), 𝐿 (𝑏)).

As a reminder, we denote with 𝔏(𝐸) the set of linear endomorphisms onH𝐸 and with 𝔏(𝑋,𝑌 ) the set
of linear maps from 𝑋 to 𝑌 . Once again, we follow a standard convention in quantum information, and we
identify 𝐿 (𝐼), which is formally the set of endomorphisms on C, with C, to which it is only isomorphic.

It is straightforward to see that each 𝐿 (𝑥) is a complex vector space. It is true for elementary types, and
the set of all linear maps from one complex vector space to another is a complex vector space.

Lemma 6.2.2: Dimension of 𝐿 (𝑥)

Let 𝑥 ∈ TypesA , then |𝐿 (𝑥) | = ∏
𝑖

��H𝐸𝑖

��2, where { 𝐸𝑖 } are the elementary types labelling the leaves
of the tree associated with 𝑥.

Proof. We prove it by induction on the order of 𝑥. If ord(𝑥) = 0, then 𝑥 = 𝐸 ∈ EleTypesA and 𝐿 (𝑥) is the
space of endomorphisms on H𝐸 , which has dimension |H𝐸 |2. If ord(𝑥) > 0, then 𝑥 = (𝑎 → 𝑏), where
𝑎, 𝑏 ∈ TypesA , and 𝐿 (𝑥) has dimension |𝐿 (𝑎) | |𝐿 (𝑏) |. By induction hypothesis, |𝐿 (𝑎) | = ∏

𝑖

��H𝐸𝑖

��2 and
|𝐿 (𝑏) | = ∏

𝑗

��H𝐺 𝑗

��2, where { 𝐸𝑖 } are the labels of the leaves of the tree associated with 𝑎, and
{
𝐺 𝑗

}
are

the labels of the leaves of the tree associated with 𝑏. Therefore,

|𝐿 (𝑥) | =
∏
𝑖

��H𝐸𝑖

��2 ∏
𝑗

��H𝐺 𝑗

��2 . (6.31)

Since the tree associated with 𝑥 has leaves labelled by { 𝐸𝑖 } ∪
{
𝐺 𝑗

}
, the statement is true for types of order

greater than zero, and this concludes the proof. □

We use the subscript ·𝑥 to denote that a linear map is in 𝐿 (𝑥); that is, we write Γ𝑥 to denote a linear map
in 𝐿 (𝑥). We will consistently use capital Greek letters for maps to avoid confusion with types, denoted mostly
with lowercase and uppercase Latin letters, and abstract expressions of types, denoted with lowercase Greek
letters (as in Lemma 6.1.12). The most immediate benefit of labelling a map with a type is that it makes it
obvious if two maps can be composed and how.

• Sequential composition: If Γ𝑎→𝑏 ∈ 𝐿 (𝑎 → 𝑏) and Δ𝑏→𝑐 ∈ 𝐿 (𝑏 → 𝑐), then Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 is the map
in 𝐿 (𝑎 → 𝑐) obtained as sequential composition of Δ𝑏→𝑐 and Γ𝑎→𝑏.

• Evaluation: If Γ𝑎→𝑏 ∈ 𝐿 (𝑎 → 𝑏) and 𝑢𝑎 ∈ 𝐿 (𝑎), then Γ𝑎→𝑏 (𝑢𝑎) is the map in 𝐿 (𝑏) obtained by
evaluating Γ𝑎→𝑏 at 𝑢𝑎. This notation quickly produces a large number of brackets, making most
expressions unreadable. We decided to introduce a different notation to improve readability. We will
write Γ𝑎→𝑏@𝑢𝑎, which one can read as ‘evaluated at’ or simply as ‘at’, as an alternative to Γ𝑎→𝑏 (𝑢𝑎).
We will use both notations, depending on the situation. Note that here, we used the lowercase Latin
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letter 𝑢 to denote a map and not an uppercase Greek letter. We will do so every time a map is used
solely as an input for another map. We will use letters usually associated with vectors, like 𝑢, 𝑣, 𝑤, to
give the idea that the linear operator Γ𝑎→𝑏 is evaluated at the vector 𝑢𝑎.

Now that we have well-defined vector spaces and notations for the composition of maps, we recursively
define the inner product between two maps. That makes 𝐿 (𝑥) a Hilbert space for all 𝑥 ∈ TypesA . As usual,
we give a recursive definition, which is a translation of the Hilbert-Schmidt inner product to our notation.

Definition 6.2.3: Inner product

For every 𝑥 ∈ TypesA , the inner product (·, ·)𝑥 is recursively defined as follows.

• If 𝑥 = 𝐸 ∈ EleTypesA : (Γ𝐸 ,Δ𝐸)𝐸 =
∑

𝑖 (Γ𝐸𝑢𝑖 ,Δ𝐸𝑢𝑖)H𝐸
, where

{
𝑢𝑖

} |H𝐸 |
𝑖=1 is an orthonormal

basis ofH𝐸 .

• If 𝑥 = (𝑎 → 𝑏), where 𝑎, 𝑏 ∈ TypesA : (Γ𝑥 ,Δ𝑥)𝑥 =
∑

𝑖 (Γ𝑎→𝑏 (𝑢𝑎
𝑖
),Δ𝑎→𝑏 (𝑢𝑎

𝑖
))𝑏, where{

𝑢𝑎
𝑖

} |𝐿 (𝑎) |
𝑖=1 is an orthonormal basis of 𝐿 (𝑎).

Note that the Gram-Schmidt construction guarantees the existence of an orthonormal basis for 𝐿 (𝑎) in the
recursive definition of the inner product. Indeed, 𝐿 (𝑎) is a vector space, ord(𝑎) < ord(𝑥), and the recursive
definition guarantees the existence of the inner product (·, ·)𝑎. With that, one can construct an orthonormal
basis for 𝐿 (𝑎) starting from any basis of 𝐿 (𝑎) using the Gram-Schmidt algorithm. Moreover, (Γ𝑥 ,Δ𝑥)𝑥
satisfies all the conditions of an inner product because it is the Hilbert-Schmidt inner product of the operators
Γ𝑥 ,Δ𝑥 ∈ 𝔏(𝐿 (𝑎), 𝐿 (𝑏)), and 𝐿 (𝑎) and 𝐿 (𝑏) are Hilbert spaces by recursive construction.

When Hilbert spaces and quantum mechanics are involved, the reader expects to see bras and kets. We
define them as follows.

Definition 6.2.4: Bra and ket

Let 𝑥 ∈ TypesA , and Γ𝑥 ∈ 𝐿 (𝑥)

• |Γ𝑥⟩𝐼→𝑥 ∈ 𝐿 (𝐼 → 𝑥) is the linear map defined as |Γ𝑥⟩𝐼→𝑥 @1 = Γ𝑥 .

• ⟨Γ𝑥 |𝑥→𝐼 ∈ 𝐿 (𝑥 → 𝐼) is the dual of Γ𝑥 , that is the unique map that satisfies ⟨Γ𝑥 |𝑥→𝐼 @Δ𝑥 =

(Δ𝑥 , Γ𝑥)𝑥 for all Δ𝑥 ∈ 𝐿 (𝑥).

The Riesz representation theorem guarantees the existence and uniqueness of the dual. Following the
physicist convention, we drop the symbol ‘◦’ when dealing with kets and bras:

• ⟨Γ𝑥 | Δ𝑥⟩𝐼→𝐼 ≔ ⟨Γ𝑥 |𝑥→𝐼 ◦ |Δ𝑥⟩𝐼→𝑥 ∈ 𝐿 (𝐼 → 𝐼),

• |Δ𝑦⟩⟨Γ𝑥 |𝑥→𝑦 ≔ |Δ𝑦⟩𝐼→𝑦 ◦ ⟨Γ𝑥 |𝑥→𝐼 ∈ 𝐿 (𝑥 → 𝑦).

This implies that the relation between the bra-ket of two functions and the inner product is not the one
physicists are used to, but (Δ𝑥 , Γ𝑥)𝑥 = ⟨Γ𝑥 | Δ𝑥⟩𝐼→𝐼 @1.

After the inner product, the bra, and the ket, we introduce the notation for the adjoint.

140



6. Higher-Order Quantum Maps

Definition 6.2.5: Adjoint

Let 𝑥 ∈ TypesA and let Γ𝑥 ∈ 𝐿 (𝑥). The adjoint of Γ𝑥 is defined as follows.

• If 𝑥 = 𝐸 ∈ EleTypesA , (Γ†)𝐸 ∈ 𝐿 (𝐸) is the unique linear operator such that (𝑢, (Γ†)𝐸 (𝑣))H𝐸
=

(Γ𝐸 (𝑢), 𝑣)H𝐸
for all 𝑢, 𝑣 ∈ H𝐸 .

• If 𝑥 = (𝑎 → 𝑏), (Γ†)𝑏→𝑎 ∈ 𝐿 (𝑏 → 𝑎) is the unique linear operator such that
(𝑢𝑎, (Γ†)𝑏→𝑎 (𝑣𝑏))𝑎 = (Γ𝑎→𝑏 (𝑢𝑎), 𝑣𝑏)𝑏 for all 𝑢𝑎 ∈ 𝐿 (𝑎), 𝑣𝑏 ∈ 𝐿 (𝑏).

We conclude this first part about linear maps associated with a type 𝑥 and the corresponding notations
with a proposition that shows how functions can move in and out of kets and bras.

Lemma 6.2.6: Properties of ket and bra

Let 𝑥, 𝑦 ∈ TypesA , Γ𝑥 ∈ 𝐿 (𝑥), and Δ𝑥→𝑦 ∈ 𝐿 (𝑥 → 𝑦). Then,

1. |Δ𝑥→𝑦@Γ𝑥⟩𝐼→𝑦 = Δ𝑥→𝑦 ◦ |Γ𝑥⟩𝐼→𝑥 ,

2. ⟨Δ𝑥→𝑦@Γ𝑥 |𝑦→𝐼 = ⟨Γ𝑥 |𝑥→𝐼 ◦ (Δ†)𝑦→𝑥 .

Proof. We start with the first statement. If we evaluate the left-hand side at 1, we obtain

|Δ𝑥→𝑦@Γ𝑥⟩𝐼→𝑦 @1 = Δ𝑥→𝑦@Γ𝑥 . (6.32)

For the right-hand side, we get

Δ𝑥→𝑦 ◦ |Γ𝑥⟩𝐼→𝑥 @1 = Δ𝑥→𝑦@[|Γ𝑥⟩𝐼→𝑥 @1] = Δ𝑥→𝑦@Γ𝑥 . (6.33)

Since the two functions coincide when evaluated at 1, they coincide on every element of 𝐿 (1) by linearity,
and therefore, they are equal.

We now prove the second statement. Let Θ𝑦 ∈ 𝐿 (𝑦).

⟨Δ𝑥→𝑦@Γ𝑥 |𝑦→𝐼 @Θ𝑦 = (Θ𝑦 ,Δ𝑥→𝑦@Γ𝑥)𝑦 , (6.34)

and,
⟨Γ𝑥 |𝑥→𝐼 ◦ (Δ†)𝑦→𝑥@Θ𝑦 = ⟨Γ𝑥 |𝑥→𝐼 @[(Δ†)𝑦→𝑥@Θ𝑦]

((Δ†)𝑦→𝑥@Θ𝑦 , Γ𝑥)𝑥
= (Θ𝑦 ,Δ𝑥→𝑦@Γ𝑥)𝑦 .

(6.35)

□

6.2.1 Product of Maps associated with different types

So far, we have seen two ways of composing maps associated with different types: sequential composition
and evaluation. However, there is a third kind of composition that we have not yet investigated: parallel
composition. As we discussed when we introduced the product of two types, parallel composition does not
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always match the tensor product. If 𝑓 ∈ 𝔏(𝑋,𝑌 ) and 𝑔 ∈ 𝔏(𝑊, 𝑍), the tensor product 𝑓 ⊗ 𝑔 is the linear
map in 𝔏(𝑋 ⊗𝑊,𝑌 ⊗ 𝑍) defined on elementary tensors as 𝑓 ⊗ 𝑔(𝑢 ⊗ 𝑣) = 𝑓 (𝑢) ⊗ 𝑔(𝑣) for all 𝑢 ∈ 𝑋 , 𝑣 ∈ 𝑊 .
However, we have seen thatM𝐴→𝐵 ⊗ 𝜌𝐶 is commonly used to denote the tensor product ofM𝐴→𝐵 with the
preparation channel RC→𝐶 (1) = 𝜌𝐶 , and not the map in 𝔏(𝔏(𝐴) ⊗ H𝐶 ,𝔏(𝐵) ⊗ H𝐶).

We introduced the product of types to correctly compute the type associated with the parallel composition
of two maps. That is, if Γ𝑥 ∈ 𝐿 (𝑥) and Δ𝑦 ∈ 𝐿 (𝑦), we expect the parallel composition of these maps to be in
𝐿 (𝑥𝑦). Following what was done for the product of types, we begin to define the parallel composition of
two maps from the case in which the types associated with the maps have the same structure. Remember
that, if struct(𝑥) = struct(𝑦) and ord(𝑥) = 0, then both types are elementary, 𝑥 = 𝐸 and 𝑦 = 𝐹. In this case,
the parallel composition is Γ𝐸 ⊗ Δ𝐹 , which satisfies the condition of being in 𝐿 (𝐸𝐹). If ord(𝑥) > 0, then
𝑥 = (𝑎 → 𝑏), 𝑦 = (𝑐 → 𝑑) and 𝑥𝑦 = (𝑎𝑐 → 𝑏𝑑). The tensor product Γ𝑎→𝑏 ⊗ Δ𝑐→𝑑 is by definition a
map in 𝔏(𝐿 (𝑎) ⊗ 𝐿 (𝑐), 𝐿 (𝑏) ⊗ 𝐿 (𝑏)). In the following lemma, we show that 𝐿 (𝑎) ⊗ 𝐿 (𝑐) = 𝐿 (𝑎𝑐) and
𝐿 (𝑏) ⊗ 𝐿 (𝑑) = 𝐿 (𝑏𝑑). With that result, Γ𝑥 ⊗ Δ𝑦 ∈ 𝔏(𝐿 (𝑎𝑐), 𝐿 (𝑏𝑑)) = 𝐿 (𝑥𝑦), as wanted.

Lemma 6.2.7: Product of maps associated with types with the same structure

Let 𝑥, 𝑦 ∈ TypesA be such that struct(𝑥) = struct(𝑦). Then, 𝐿 (𝑥𝑦) = 𝐿 (𝑥) ⊗ 𝐿 (𝑦), where

𝐿 (𝑥) ⊗ 𝐿 (𝑦) = Span { Γ𝑥 ⊗ Δ𝑦 | Γ𝑥 ∈ 𝐿 (𝑥),Δ𝑦 ∈ 𝐿 (𝑦) } . (6.36)

Proof. We prove it by induction of ord(𝑥) = ord(𝑦). Base step: 𝑥 = 𝐸 , and 𝑦 = 𝐺, and 𝐸, 𝐺 ∈ EleTypesA .
Then,

𝐿 (𝐸𝐺) = 𝔏(H𝐸𝐺) = 𝔏(H𝐸 ⊗ H𝐺) = 𝔏(H𝐸) ⊗ 𝔏(H𝐺). (6.37)

The first inequality follows from the definition of 𝐿 (𝐸𝐺), the second from the definition ofH𝐸𝐺 , and the last
from the canonical identification

𝔏(H1 ⊗ H2,H3 ⊗ H4) = 𝔏(H1,H3) ⊗ 𝔏(H2,H4), (6.38)

whereH𝑖 is a finite dimensional Hilbert spaces for 1 ≤ 𝑖 ≤ 4. Since 𝔏(H𝐸) = 𝐿 (𝐸) and 𝔏(H𝐺) = 𝐿 (𝐺),
the statement holds for elementary types.

Inductive step: Let 𝑥 = (𝑎 → 𝑏), 𝑦 = (𝑐 → 𝑑). Since struct(𝑥) = struct(𝑦), then struct(𝑎) = struct(𝑐)
and struct(𝑏) = struct(𝑑). Then, using the induction hypothesis and Eq. (6.38), we obtain

𝐿 (𝑥𝑦) = 𝐿 (𝑎𝑐→ 𝑏𝑑)

= 𝔏(𝐿 (𝑎𝑐), 𝐿 (𝑏𝑑))

= 𝔏(𝐿 (𝑎) ⊗ 𝐿 (𝑐), 𝐿 (𝑏) ⊗ 𝐿 (𝑑))

= 𝔏(𝐿 (𝑎), 𝐿 (𝑏)) ⊗ 𝔏(𝐿 (𝑐), 𝐿 (𝑑))

= 𝐿 (𝑥) ⊗ 𝐿 (𝑦).

(6.39)

This concludes the proof. □

Therefore, if two types have the same structure, the parallel composition of maps associated with them is
computed with the tensor product. Now, we turn our attention to types with different structures. We notice
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that even if 𝑥 and 𝑦 are types with different structures, we can construct types 𝑥𝑦 and 𝑦𝑥 , which have the same
structure by construction and satisfy 𝑥𝑦𝑦𝑥 = 𝑥𝑦. Thus, if we can ‘promote’ a map Γ𝑥 to a map Γ𝑥𝑦 and a map
Δ𝑦 to a map Δ𝑦𝑥 , then we can define the parallel composition of Γ𝑥 and Δ𝑦𝑥 as Γ𝑥𝑦 ⊗ Δ𝑦𝑥 and we have a way
of computing it. This is usually done when the parallel composition ofM𝐴→𝐵 and 𝜌𝐶 is computed. Indeed,
first one promotes 𝜌𝐶 to the channel that prepares 𝜌𝐶 , which with our notation is

��𝜌𝐶〉𝐼→𝐶 . This map has
type 𝐼 → 𝐶, which has the same structure as 𝐴→ 𝐵, the type associated withM𝐴→𝐵. Second, one defines
the parallel composition asM𝐴→𝐵 ⊗

��𝜌𝐶〉𝐼→𝐶 , which is a map of type 𝐴→ 𝐵𝐶, as expected.
Before giving the formal definition of ‘promotion’, we provide an intuitive explanation for it. The

goal is to promote a map Γ𝑥 ∈ 𝐿 (𝑥) to its natural counterpart Γ𝑥𝑦 ∈ 𝐿 (𝑥𝑦), in the same way that a state
𝜌𝐶 is promoted to the channel that prepares 𝜌𝐶 . We start with the simplest case, as usual. Suppose that
𝑥, 𝑦 ∈ EleTypesA . Then, the structure of 𝑥 is equal to the structure of 𝑦 and, therefore, 𝑥 = 𝑥𝑦 . This implies
that the promoted map Γ𝑥𝑦 is equal to the initial map Γ𝑥 . If we call 𝜂𝑥→𝑥𝑦 the promotion map, then, in the
case 𝑥, 𝑦 ∈ EleTypesA , we have 𝜂𝑥→𝑥𝑦 = id𝑥→𝑥 , the identity map in 𝐿 (𝑥 → 𝑥), i.e., id𝑥→𝑥 (Γ𝑥) = Γ𝑥 for all
Γ𝑥 ∈ 𝐿 (𝑥). In addition, we can introduce a ‘demotion’ map 𝜂𝑥𝑦→𝑥 that reverses the action of the promotion
map. In this case, 𝜂𝑥𝑦→𝑥 = id𝑥→𝑥 .

The next step in the recursive definition is to assume that ord(𝑥𝑦) > 0, and we split the definition
into three cases: ord(𝑥) = ord(𝑦), ord(𝑥) > ord(𝑦), and ord(𝑥) < ord(𝑦), matching the three cases in the
definition of the product of types. Whenever ord(𝑥) > 0, we have that 𝑥 = (𝑎 → 𝑏), for some 𝑎, 𝑏 ∈ TypesA ,
and similarly, whenever ord(𝑦) > 0, we have that 𝑦 = (𝑐 → 𝑑) for some 𝑐, 𝑑 ∈ TypesA . We start with
the case ord(𝑥) = ord(𝑦) > 0. We want to promote a map Γ𝑥 of type 𝑥 = (𝑎 → 𝑏), to a map of type
𝑥𝑦 = (𝑎𝑐 → 𝑏𝑑). Thanks to the recursive definition, we can assume that all the promotion and demotion
maps of lower orders are well-defined. We observe that if we pre-compose Γ𝑎→𝑏 with the demotion map
𝜂𝑎𝑐→𝑎 we obtain Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎 ∈ 𝐿 (𝑎𝑐 → 𝑏). Similarly, if we post-compose the resulting map with the
promotion map 𝜂𝑏→𝑏𝑑 , we obtain 𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎 ∈ 𝐿 (𝑎𝑐 → 𝑏𝑑), as desired. With the same logic,
one obtains the demotion of Δ𝑥𝑦 is 𝜂𝑏𝑑→𝑏 ◦ Δ𝑎𝑐→𝑏𝑑 ◦ 𝜂𝑎→𝑎𝑐 . That is, if ord(𝑥) = ord(𝑦), the promotion
𝜂𝑥→𝑥𝑦 and demotion 𝜂𝑥𝑦→𝑥 are completely defined in terms of the promotions and demotions of the left and
right subtrees of 𝑥 and 𝑥𝑦 .

This is very similar to what happens in the case ord(𝑥) > ord(𝑦). Indeed 𝑥𝑦 = (𝑎 → 𝑏𝑦), and
therefore Γ𝑥 is promoted to 𝜂𝑏→𝑏𝑦 ◦ Γ𝑎→𝑏. With the same logic, Δ𝑥𝑦 ∈ 𝐿 (𝑎 → 𝑏𝑦) is reduced to
𝜂𝑏𝑦→𝑏 ◦ Δ𝑎→𝑏𝑦 ∈ 𝐿 (𝑎 → 𝑏).

So far, the promotion and demotion operators are either the identity or are recursively defined in terms
of lower-order promotion and demotion operators. The case ord(𝑥) < ord(𝑦) is the crucial case. We have
already seen an example of this case when we promoted the state 𝜌𝐶 to the preparation channel 1 → 𝜌𝐶 .
As already discussed, the preparation channel is

��𝜌𝐶〉𝐼→𝐶 ∈ 𝐿 (𝐼 → 𝐶). This is the key idea behind the
definition of the promotion operator in the case ord(𝑥) < ord(𝑦). Let 𝑦 = (𝑐 → 𝑑), then 𝑥𝑦 = (𝐼𝑐 → 𝑥𝑑).
We start with a function Γ𝑥 ∈ 𝐿 (𝑥). If we evaluate 𝜂𝑥→𝑥𝑑 at Γ𝑥 we obtain 𝜂𝑥→𝑥𝑑 (Γ𝑥) ∈ 𝐿 (𝑥𝑑). Now, we
want to promote it to a map of higher order using the ket operator: |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ∈ 𝐿 (𝐼 → 𝑥𝑑). We
have almost obtained the desired map in 𝐿 (𝐼𝑐 → 𝑥𝑑). What is left to do is pre-compose with 𝜂𝐼𝑐→𝐼 and we
obtain |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ∈ 𝐿 (𝐼𝑐 → 𝑥𝑑). Lastly, if one starts with Δ𝑥𝑦 , the demotion to a map in
𝐿 (𝑥) is obtained as follows. First, pre-compose with 𝜂𝐼→𝐼𝑐 to obtain Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐 ∈ 𝐿 (𝐼 → 𝑥𝑑). If we
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evaluate this map at 1, the result is a map of type 𝑥𝑑: Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐@1 ∈ 𝐿 (𝑥𝑑). Therefore, the only thing
left to do is to reduce the resulting map to 𝑥: 𝜂𝑥𝑑→𝑥 [Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐@1] ∈ 𝐿 (𝑥).

In conclusion, the promotion and demotion maps are recursive pre- and post-compositions of identities,
ket promotions, or evaluations at 1. Below, we formalize the definition of promotion and demotion maps.

Definition 6.2.8: Promotion and demotion maps

Let 𝑥, 𝑦 ∈ TypesA . Let 𝑥 = (𝑎 → 𝑏) if ord(𝑥) > 0 and let 𝑦 = (𝑐→ 𝑑) if ord(𝑦 > 0). Let Γ𝑥 ∈ 𝐿 (𝑥),
Δ𝑥𝑦 ∈ 𝐿 (𝑥𝑦). The promotion map 𝜂𝑥→𝑥𝑦 and demotion map 𝜂𝑥𝑦→𝑥 are recursively defined as follows.

• If ord(𝑥𝑦) = 0, then 𝑥𝑦 = 𝑥 and 𝜂𝑥→𝑥𝑦 = 𝜂𝑥𝑦→𝑥 = id𝑥→𝑥 .

• If ord(𝑥𝑦) > 0 and

– ord(𝑥) = ord(𝑦): 𝑥𝑦 = (𝑎𝑐 → 𝑏𝑑) and

𝜂𝑥→𝑥𝑦 (Γ𝑥) = 𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎 ∈ 𝐿 (𝑥𝑦),

𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) = 𝜂𝑏𝑑→𝑏 ◦ Δ𝑎𝑐→𝑏𝑑 ◦ 𝜂𝑎→𝑎𝑐 ∈ 𝐿 (𝑥).
(6.40)

– ord(𝑥) < ord(𝑦): 𝑥𝑦 = (𝐼𝑐 → 𝑥𝑑), and

𝜂𝑥→𝑥𝑦 (Γ𝑥) = |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ∈ 𝐿 (𝑥𝑦),

𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) = 𝜂𝑥𝑑→𝑥 [Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐 (1)] ∈ 𝐿 (𝑥).
(6.41)

– ord(𝑥) > ord(𝑦): 𝑥𝑦 = (𝑎 → 𝑏𝑦), and

𝜂𝑥→𝑥𝑦 (Γ𝑥) = 𝜂𝑏→𝑏𝑦 ◦ Γ𝑎→𝑏 ∈ 𝐿 (𝑥𝑦),

𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) = 𝜂𝑏𝑦→𝑏 ◦ Δ𝑎→𝑏𝑦 ∈ 𝐿 (𝑥).
(6.42)

We have introduced the demotion map as a map that reverses the action of a promotion. Unsurprisingly,
the demotion map is the inverse of the corresponding promotion map and vice versa, as we prove in the
following Proposition.

Proposition 6.2.9: 𝜂𝑥→𝑥𝑦 is invertible

For all 𝑥, 𝑦 ∈ TypesA , (𝜂𝑥→𝑥𝑦 )−1 = 𝜂𝑥𝑦→𝑥 .

Proof. We prove it by induction on ord(𝑥𝑦). The base case is trivially true, and so are the cases ord(𝑥) = ord(𝑦)
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and ord(𝑥) > ord(𝑦) in the induction step. What is left to prove is the case ord(𝑥) < ord(𝑦).

𝜂𝑥𝑦→𝑥 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥) = 𝜂𝑥𝑦→𝑥 [|𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ]

= 𝜂𝑥𝑑→𝑑 [|𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ◦ 𝜂𝐼→𝐼𝑐@1]

= 𝜂𝑥𝑑→𝑑 [|𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 @1]

= 𝜂𝑥𝑑→𝑑 [𝜂𝑥→𝑥𝑑 (Γ𝑥)]

= Γ𝑥 ,

(6.43)

were we have used the induction hypotheses (𝜂𝑥→𝑥𝑑 )−1 = 𝜂𝑥𝑑→𝑥 and (𝜂𝐼→𝐼𝑐 )−1 = 𝜂𝐼𝑐→𝐼 . Similarly,

𝜂𝑥→𝑥𝑦 ◦ 𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) = 𝜂𝑥→𝑥𝑦 {𝜂𝑥𝑑→𝑥 [Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐 (1)]}

=
��𝜂𝑥→𝑥𝑑 {𝜂𝑥𝑑→𝑥 [Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐@1]}

〉𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼

=
��Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐@1

〉𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼

= Δ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼→𝐼𝑐 ◦ 𝜂𝐼𝑐→𝐼

= Δ𝐼𝑐→𝑥𝑑 .

(6.44)

In this proof, we have used the fact that for all Θ𝐼→𝑧 ∈ 𝐿 (𝐼 → 𝑧),
��Θ𝐼→𝑧@1

〉𝐼→𝑧
= Θ𝐼→𝑧 . Indeed,��Θ𝐼→𝑧@1

〉𝐼→𝑧 is the linear map that maps 1 ∈ 𝐿 (𝐼) to Θ𝐼→𝑧 (1) ∈ 𝐿 (𝑧), and this coincide with the action of
Θ𝐼→𝑧 . □

The last remark of this proof will be helpful in other points. Therefore, we highlight it in the following
Corollary.

Corollary 6.2.10: Ket and evaluation at 1

For all 𝑥 ∈ TypesA and Γ𝐼→𝑥 ∈ 𝐿 (𝐼 → 𝑥),��Γ𝐼→𝑥@1
〉𝐼→𝑥

= Γ𝐼→𝑥 . (6.45)

Promotion maps are the ‘natural’ way of promoting a map Γ𝑥 ∈ 𝐿 (𝑥) to a map Γ𝑥𝑦 ∈ 𝐿 (𝑥𝑦). If 𝑥𝑦 = 𝑥,
we expect that the ‘natural’ promotion is the identity. That is, Γ𝑥 is mapped to itself. Indeed, this is not only
what happens but also the only case in which the promotion map is the identity.

Lemma 6.2.11: Promotion and demotion maps and preorder of types

The following are equivalent:

1. 𝑦 ≺ 𝑥.

2. 𝜂𝑥→𝑥𝑦 = id𝑥→𝑥 .

Proof. 1⇒2: If 𝑦 ≺ 𝑥, the 𝑥𝑦 = 𝑥. By induction on ord(𝑥), we get that if ord(𝑥) = 0, then 𝜂𝑥→𝑥𝑦 = id𝑥→𝑥

by definition. For the case ord(𝑥) > 0, we notice that ord(𝑦) ≤ ord(𝑥). Indeed, ord(𝑥) = ord(𝑥𝑦) =
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max { ord(𝑥), ord(𝑦) } ≥ ord(𝑦). Therefore, 𝜂𝑥→𝑥𝑦 consists of pre- and post-composition with promotion
and demotion maps of lower orders, which by induction hypothesis are all identity maps. This proves 1⇒2.

2⇒1: If 𝜂𝑥→𝑥𝑦 = id𝑥→𝑥 ∈ 𝐿 (𝑥 → 𝑥), then 𝑥𝑦 = 𝑥, and therefore 𝑦 ≺ 𝑥. □

The definition of promotion and reduction functions gives the idea that 𝜂𝑥→𝑥𝑦 depends on the type 𝑦
with which 𝑥 is promoted. However, this is not exactly true. More than depending on the type 𝑦 itself, the
promotion function depends on the target type 𝑥𝑦 , that is, if 𝑥𝑦 = 𝑥𝑧 , then 𝜂𝑥→𝑥𝑦 = 𝜂𝑥→𝑥𝑧 . To prove that, we
first show that promoting a function Γ𝑥 with a type 𝑥𝑦 is the same as promoting Γ𝑥 with just 𝑦.

Lemma 6.2.12: Promotion of a type with itself

Let 𝑥, 𝑦 ∈ TypesA , then 𝜂𝑥→𝑥𝑥𝑦 = 𝜂𝑥→𝑥𝑦 .

Proof. We prove it by induction on ord(𝑥𝑦). The base step is trivial. For the induction step, assume that
ord(𝑥𝑦) > 0, and ord(𝑥) = ord(𝑥𝑦). Let 𝑥 = (𝑎 → 𝑏) and 𝑥𝑦 = 𝛼𝛾 → 𝛽𝛿 (Lemma 6.1.12). By definition,

𝜂𝑥→𝑥𝑥𝑦 ( 𝑓 𝑥) = 𝜂𝑏𝛽𝛿→𝑏 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎→𝑎𝛼𝛾 . (6.46)

Now, we separate the case ord(𝑥) = ord(𝑥𝑦) into ord(𝑥) = ord(𝑦) and ord(𝑥) > ord(𝑦). In the first, 𝛼 = 𝑎,
𝛽 = 𝑏, 𝛾 = 𝑐 and 𝛿 = 𝑑, where 𝑐, 𝑑 ∈ TypesA are such that 𝑦 = (𝑐 → 𝑑). Therefore,

𝜂𝑥→𝑥𝑥𝑦 ( 𝑓 𝑥) = 𝜂𝑏→𝑏𝛽𝛿 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼𝛾→𝑎

= 𝜂𝑏→𝑏𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑎𝑐→𝑎

= 𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎

= 𝜂𝑥→𝑥𝑦 (Γ𝑥),

(6.47)

where we have used the induction hypothesis and the definition of 𝜂𝑥→𝑥𝑦 . In the case ord(𝑥) > ord(𝑦), then
𝛼 = 𝑎, 𝛽 = 𝑏, 𝛾 = 𝐼, 𝛿 = 𝑦, and therefore

𝜂𝑥→𝑥𝑥𝑦 (Γ𝑥) = 𝜂𝑏→𝑏𝛽𝛿 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼𝛾→𝑎

= 𝜂𝑏→𝑏 ◦ Γ𝑎→𝑏𝑏𝑦 ◦ 𝜂𝑎𝑎𝐼→𝑎

= 𝜂𝑏→𝑏𝑦 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝐼→𝑎

= 𝜂𝑏→𝑏𝑦 ◦ Γ𝑎→𝑏

= 𝜂𝑥→𝑥𝑦 (Γ𝑥).

(6.48)

Here, we have used Lemma 6.2.11 in addition to the induction hypothesis and the definition of 𝜂𝑥→𝑥𝑦 .
The case ord(𝑥𝑦) > ord(𝑥) is logically equivalent to the case ord(𝑦) > ord(𝑥) and we get

𝜂𝑥→𝑥𝑥𝑦 (Γ𝑥) = |𝜂𝑥→𝑥𝛽𝛿 (Γ𝑥)⟩𝐼→𝑥𝛿 ◦ 𝜂𝐼𝛼𝛾→𝐼

= |𝜂𝑥→𝑥𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝐼𝑐→𝐼

= |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼

= 𝜂𝑥→𝑥𝑦 (Γ𝑥).

(6.49)

□
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With this Lemma, the desired result 𝜂𝑥→𝑥𝑧 = 𝜂𝑥→𝑥𝑦 when 𝑥𝑧 = 𝑥𝑦 follows immediately.

Proposition 6.2.13: Dependencies of promotion maps

Let 𝑥, 𝑦, 𝑧 ∈ TypesA be such that 𝑥𝑦 = 𝑥𝑧 . Then, 𝜂𝑥→𝑥𝑦 = 𝜂𝑥→𝑥𝑧 .

Proof. By the previous Lemma, 𝜂𝑥→𝑥𝑦 = 𝜂𝑥→𝑥𝑥𝑦 , and 𝜂𝑥→𝑥𝑧 = 𝜂𝑥→𝑥𝑥𝑧 . However, 𝑥𝑧 = 𝑥𝑦 implies
triv(𝑥𝑧) = triv(𝑥𝑦), and therefore, 𝜂𝑥→𝑥𝑥𝑧 = 𝜂𝑥→𝑥𝑥𝑧 , from which 𝜂𝑥→𝑥𝑦 = 𝜂𝑥→𝑥𝑧 follows. □

We have spent some pages discussing the fundamental properties of promotion functions. However, let
us not forget our goal. We aim to develop a method for computing the parallel composition of operators
associated with different types. Since we know that if two types have the same structure, then parallel
composition is computed with the tensor product, we introduced promotion functions as a way to give maps
associated with different types the same structure. Let Γ𝑥 ∈ 𝐿 (𝑥) and Δ𝑦 ∈ 𝐿 (𝑦). Then, the types associated
with 𝜂𝑥→𝑥𝑦 (Γ𝑥) and 𝜂𝑦→𝑦𝑥 (Δ𝑦) have the same structure and the parallel composition of Γ𝑥 and Δ𝑦 can be
computed as 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦). We refer to this operation as the square tensor product.

Definition 6.2.14: Square product

Let 𝑥, 𝑦 ∈ TypesA . The map associated with the parallel composition of Γ𝑥 ∈ 𝐿 (𝑥) with Δ𝑦 ∈ 𝐿 (𝑦)
is Γ𝑥 ⊠ Δ𝑦 ≔ 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦) ∈ 𝐿 (𝑥𝑦).

The fact that Γ𝑥 ⊠ Δ𝑦 ∈ 𝐿 (𝑥𝑦) follows from Lemma 6.2.7 and the fact that 𝑥𝑦 and 𝑦𝑥 have the same
structure together with 𝑥𝑦𝑦𝑥 = 𝑥𝑦. Moreover, this definition includes the case we have already presented
regarding types with the same structure. Indeed, if struct(𝑥) = struct(𝑦), then 𝑥𝑦 = 𝑥 and 𝑦𝑥 = 𝑦 and
promotion functions are identities (Lemma 6.2.11).

We have already discussed that elementary tensors Γ𝑥 ⊠ Δ𝑦 are in 𝐿 (𝑥𝑦). We show now that every
element of 𝐿 (𝑥𝑦) can be written as a linear combination of elements of elementary tensors.

Proposition 6.2.15: Product space

Let 𝑥, 𝑦 ∈ TypesA . Then, 𝐿 (𝑥𝑦) = 𝐿 (𝑥) ⊠ 𝐿 (𝑦), where

𝐿 (𝑥) ⊠ 𝐿 (𝑦) ≔ Span { Γ𝑥 ⊠ Δ𝑦 | Γ𝑥 ∈ 𝐿 (𝑥),Δ𝑦 ∈ 𝐿 (𝑦) } . (6.50)

Proof. The proof is quite straightforward and based on Lemma 6.2.7 and the fact that 𝜂𝑥→𝑥𝑦 are bijections.

𝐿 (𝑥𝑦) = 𝐿 (𝑥𝑦𝑦𝑥)

= 𝐿 (𝑥𝑦) ⊗ 𝐿 (𝑦𝑥)

= Span
{
Γ𝑥𝑦 ⊗ Δ𝑦𝑥 | Γ𝑥𝑦 ∈ 𝐿 (𝑥𝑦),Δ𝑦𝑥 ∈ 𝐿 (𝑦𝑥)

}
= Span { 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦) | Γ𝑥 ∈ 𝐿 (𝑥),Δ𝑦 ∈ 𝐿 (𝑦) }

= Span { Γ𝑥 ⊠ Δ𝑦 | Γ𝑥 ∈ 𝐿 (𝑥),Δ𝑦 ∈ 𝐿 (𝑦) }

= 𝐿 (𝑥) ⊠ 𝐿 (𝑦).

(6.51)

□
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6.2.2 Properties of Promotion and Demotion Maps

In this subsection, we will present many properties of the promotion operators. Most of these properties, rather
than being relevant on their own, will be helpful at a later stage to prove results about the parallel composition
of functions and the Choi isomorphism. The reader who has little time may decide to rush through the results
without reading the proofs or even skip this subsection. To such a reader, we say that promotion functions
behave as one would expect them to. If the reader thinks that it is reasonable that a promotion function has a
property, then it is very likely that it does. Indeed, many of the properties presented in this Section were
found in this way. We asked ourselves: What are the properties that the most ‘natural’ promotion operator
should have? Does our promotion operator have such a property? With such an introduction, we do not want
to suggest that there is no value in reading this subsection. First, even if most properties are expected, it is far
from trivial to show that our promotion functions satisfy them. Second, reading the proofs will make the
reader more familiar with the formalism for types, which will simplify the understanding of many proofs later
on.

We start by asking ourselves what happens if one promotes a product type, e.g., 𝜂𝑥𝑦→𝑥𝑦𝑧 . It is reasonable
to expect that one could split it into a promotion on 𝑥 and a promotion on 𝑦. A first guess would be
𝜂𝑥𝑦→𝑥𝑦𝑧 = 𝜂𝑥→𝑥𝑧 ⊠ 𝜂𝑦→𝑦𝑧 . However, this map may not be in 𝐿 (𝑥𝑦 → 𝑥𝑦𝑧) as we need. Indeed, if
ord(𝑥) > ord(𝑦𝑧), then (𝑥 → 𝑥𝑧) | (𝑦 → 𝑦𝑧) = (𝑥 → 𝑥𝑧 | (𝑦 → 𝑦𝑧)). To address this, we will employ a
strategy that will quickly become the standard for achieving the results in this Chapter: we utilize the promoted
types 𝑥𝑦 and 𝑦𝑥 . In this case, 𝜂𝑥𝑦→𝑥𝑦𝑧 ⊠ 𝜂𝑦𝑥→𝑦𝑥𝑧 ∈ 𝐿 (𝑥𝑦 → 𝑥𝑦𝑧). In the following lemma, we prove that
𝜂𝑥𝑦→𝑥𝑦𝑧 splits into a promotion on 𝑥𝑦 and a promotion on 𝑦𝑥 .

Proposition 6.2.16: Promotion of product types

Let 𝑥, 𝑦, 𝑧 ∈ TypesA . Then, 𝜂𝑥𝑦→𝑥𝑦𝑧 = 𝜂𝑥𝑦→𝑥𝑦𝑧 ⊠ 𝜂𝑦𝑥→𝑦𝑥𝑧 , and 𝜂𝑥𝑦𝑧→𝑥𝑦 = 𝜂𝑥𝑦𝑧→𝑥𝑦 ⊠ 𝜂𝑦𝑥𝑧→𝑦𝑥 .

Proof. Throughout this proof, whenever ord(𝑥) > 0, we denote with 𝑎 and 𝑏 the types such that 𝑥 = (𝑎 → 𝑏).
Similarly, we have 𝑦 = (𝑐→ 𝑑), when ord(𝑦) > 0 and 𝑧 = (𝑒 → 𝑓 ) when ord(𝑧) > 0. Moreover, we prove
each statement by induction on ord(𝑥𝑦𝑧).

Observe that struct(𝑥𝑦 → 𝑥𝑦𝑧) = struct(𝑦𝑥 → 𝑦𝑥𝑧), therefore 𝜂𝑥𝑦→𝑥𝑦𝑧 ⊠ 𝜂𝑦𝑥→𝑦𝑥𝑧 = 𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑥→𝑦𝑥𝑧

and we can use all the properties of the tensor product.
Base step: All types are elementary; therefore, all the promotion functions are identities, and id𝑥𝑦→𝑥𝑦 =

id𝑥→𝑥 ⊗ id𝑦→𝑦 . Induction step: The promotion 𝜂𝑥𝑦→𝑥𝑦𝑧 acts on elements of 𝐿 (𝑥𝑦) = 𝐿 (𝑥𝑦𝑦𝑧) = 𝐿 (𝑥𝑦) ⊗
𝐿 (𝑦𝑥). Therefore, we can investigate the action on elementary tensors Γ𝑥𝑦 ⊗ Δ𝑦𝑥 . We split the proof into the
following cases:
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• ord(𝑥) = ord(𝑦) = ord(𝑧): The action on elementary tensors is

𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ⊗ Δ𝑦𝑥 ) = 𝜂𝑏𝑑→𝑏𝑑 𝑓 ◦ (Γ𝑎𝑐→𝑏𝑑 ⊗ Δ𝑐𝑎→𝑑𝑏 ) ◦ 𝜂𝑎𝑐𝑒→𝑎𝑐

I.H. = (𝜂𝑏𝑑→𝑏𝑑 𝑓 ⊗ 𝜂𝑑𝑏→𝑑𝑏 𝑓 ) ◦ (Γ𝑎𝑐→𝑏𝑑 ⊗ Δ𝑐𝑎→𝑑𝑏 )

◦ (𝜂𝑎𝑐𝑒→𝑎𝑐 ⊗ 𝜂𝑐𝑎𝑒→𝑐𝑎 )

= (𝜂𝑏𝑑→𝑏𝑑 𝑓 ◦ Γ𝑎𝑐→𝑏𝑑 ◦ 𝜂𝑎𝑐𝑒→𝑎𝑐 )⊗

(𝜂𝑑𝑏→𝑑𝑏 𝑓 ◦ Δ𝑐𝑎→𝑑𝑏 ◦ 𝜂𝑐𝑎𝑒→𝑐𝑎 )

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ) ⊗ 𝜂𝑦𝑥→𝑥𝑦𝑧 (Δ𝑦𝑧 )

= (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑧→𝑦𝑥𝑧 ) (Γ𝑥𝑦 ⊗ Δ𝑦𝑧 ).

(6.52)

• ord(𝑥) < ord(𝑦) = ord(𝑧):

𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ⊗ Δ𝑦𝑥 ) = 𝜂𝑥𝑑→𝑥𝑑 𝑓 ◦ (Γ𝐼𝑐→𝑥𝑑 ⊗ Δ𝑐𝐼→𝑑𝑥 ) ◦ 𝜂𝑐𝐼𝑒→𝑐𝐼

I.H. = (𝜂𝑥𝑑→𝑥𝑑 𝑓 ⊗ 𝜂𝑑𝑥→𝑑𝑥 𝑓 ) ◦ (Γ𝐼𝑐→𝑥𝑑 ⊗ Δ𝑐𝐼→𝑑𝑥 )

◦ (𝜂𝐼𝑐𝑒→𝐼𝑐 ⊗ 𝜂𝑐𝐼𝑒→𝑐𝐼 )

= (𝜂𝑥𝑑→𝑥𝑑 𝑓 ◦ Γ𝐼𝑐→𝑥𝑑 ◦ 𝜂𝐼𝑐𝑒→𝐼𝑐 )⊗

(𝜂𝑑𝑥→𝑑𝑥 𝑓 ◦ Δ𝑐𝐼→𝑑𝑥 ◦ 𝜂𝑐𝐼𝑒→𝑐𝐼 )

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ) ⊗ 𝜂𝑦𝑥→𝑥𝑦𝑧 (Δ𝑦𝑧 )

= (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑧→𝑦𝑥𝑧 ) (Γ𝑥𝑦 ⊗ Δ𝑦𝑧 ).

(6.53)

• ord(𝑦) < ord(𝑥) = ord(𝑧): Analogous to the previous case.

• ord(𝑥𝑦) < ord(𝑧):

𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ⊗ Δ𝑦𝑥 ) = |𝜂𝑥𝑦→𝑥𝑦 𝑓 (Γ𝑥𝑦 ⊗ Δ𝑦𝑥 )⟩𝐼→𝑥𝑦 𝑓 ◦ 𝜂𝐼𝑒→𝐼

I.H. = |𝜂𝑥𝑦→𝑥𝑦 𝑓 (Γ𝑥𝑦 ) ⊗ 𝜂𝑦𝑥→𝑦𝑥 𝑓 (Δ𝑥𝑦 )⟩𝐼→𝑥𝑦 𝑓 ◦ 𝜂𝐼 𝐼𝑒→𝐼 𝐼

I.H. = (|𝜂𝑥𝑦→𝑥𝑦 𝑓 (Γ𝑥𝑦 )⟩𝐼→𝑥𝑦 𝑓 ⊗ |𝜂𝑦𝑥→𝑦𝑥 𝑓 (Δ𝑥𝑦 )⟩𝐼→𝑦𝑥 𝑓 )

◦ (𝜂𝐼𝑒→𝐼 ⊗ 𝜂𝐼𝑒→𝐼 )

= (|𝜂𝑥𝑦→𝑥𝑦 𝑓 (Γ𝑥𝑦 )⟩𝐼→𝑥𝑦 𝑓 ◦ 𝜂𝐼𝑒→𝐼 )⊗

(|𝜂𝑦𝑥→𝑦𝑥 𝑓 (Δ𝑥𝑦 )⟩𝐼→𝑦𝑥 𝑓 ◦ 𝜂𝐼𝑒→𝐼 )

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ) ⊗ 𝜂𝑦𝑥→𝑥𝑦𝑧 (Δ𝑦𝑧 )

= (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑧→𝑦𝑥𝑧 ) (Γ𝑥𝑦 ⊗ Δ𝑦𝑧 ).

(6.54)

Here we have used the fact that for any𝛼, 𝛽 ∈ TypesA and functionsΘ𝛼𝛽 ,Ξ𝛽𝛼 we have
��Θ𝛼𝛽 ⊗ Ξ𝛽𝛼

〉𝐼→𝛼𝛽
=

|Θ𝛼𝛽 ⟩𝐼→𝛼𝛽 ⊗
��Ξ𝛽𝛼

〉𝐼→𝛼𝛽 . Indeed,��Θ𝛼𝛽 ⊗ Ξ𝛽𝛼
〉𝐼→𝛼𝛽 (1) = Θ𝛼𝛽 ⊗ Ξ𝛽𝛼 , (6.55)

and
|Θ𝛼𝛽 ⟩𝐼→𝛼𝛽 ⊗

��Ξ𝛽𝛼
〉𝐼→𝛼𝛽 (1) = |Θ𝛼𝛽 ⟩𝐼→𝛼𝛽 ⊗

��Ξ𝐼→𝛽𝛼
〉𝛼𝛽 (1 ⊗ 1)

= |Θ𝛼𝛽 ⟩𝐼→𝛼𝛽 (1) ⊗
��Ξ𝛽𝛼

〉𝐼→𝛼𝛽 (1)

= Θ𝛼𝛽 ⊗ Ξ𝛽𝛼 .

(6.56)
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Therefore, the two functions coincide.

• ord(𝑥𝑦) > ord(𝑧): From Lemma 6.1.12 we have that there exists 𝛼, 𝛽, 𝛾, 𝛿 ∈ TypesA such that
𝑥𝑦𝑦𝑥 = (𝛼𝛾 → 𝛽𝛿). From the definition of 𝛼, 𝛽, 𝛾, and 𝛿 immediately follows that 𝑥𝑦 = (𝛼𝛾 → 𝛽𝛿)
and 𝑦𝑥 = (𝛾𝛼 → 𝛿𝛽). Therefore,

𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ⊗ Δ𝑦𝑥 ) = 𝜂𝛽𝛿→𝛽𝛿𝑧 ◦ (Γ𝛼𝛾→𝛽𝛿 ⊗ Δ𝛾𝛼→𝛿𝛽 )

I.H. = (𝜂𝛽𝛿→𝛽𝛿𝑧 ⊗ 𝜂𝛿𝛽→𝛿𝛽𝑧 ) ◦ (Γ𝛼𝛾→𝛽𝛿 ⊗ Δ𝛾𝛼→𝛿𝛽 )

= (𝜂𝛽𝛿→𝛽𝛿𝑧 ◦ Γ𝛼𝛾→𝛽𝛿 ) ⊗ (𝜂𝛿𝛽→𝛿𝛽𝑧 ◦ Δ𝛾𝛼→𝛿𝛽 )

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥𝑦 ) ⊗ 𝜂𝑦𝑥→𝑥𝑦𝑧 (Δ𝑦𝑧 )

= (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑧→𝑦𝑥𝑧 ) (Γ𝑥𝑦 ⊗ Δ𝑦𝑧 ).

(6.57)

Since 𝜂𝑥𝑦→𝑥𝑦𝑧 = 𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑥→𝑦𝑥𝑧 for elementary tensors, the same is true for any element of 𝐿 (𝑥𝑦) by
linearity.

Lastly, notice that 𝜂𝑥𝑦𝑧→𝑥𝑦 is the inverse of 𝜂𝑥𝑦→𝑥𝑦𝑧 and 𝜂𝑦𝑥𝑧→𝑦𝑥 is the inverse of 𝜂𝑦𝑥→𝑦𝑥𝑧 . Since
(𝜂𝑥𝑦𝑧→𝑥𝑦 ⊗ 𝜂𝑦𝑥𝑧→𝑦𝑥 ) ◦ (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑥→𝑦𝑥𝑧 ) = id𝑥𝑦→𝑥𝑦 , and, similarly, (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑥→𝑦𝑥𝑧 ) ◦ (𝜂𝑥𝑦𝑧→𝑥𝑦 ⊗
𝜂𝑦𝑥𝑧→𝑦𝑥 ) = id𝑥𝑦𝑧→𝑥𝑦𝑧 , then (𝜂𝑥𝑦𝑧→𝑥𝑦⊗𝜂𝑦𝑥𝑧→𝑦𝑥 ) is the inverse of 𝜂𝑥𝑦→𝑥𝑦𝑧 , and therefore 𝜂𝑥𝑦𝑧→𝑥𝑦⊠𝜂𝑦𝑥𝑧→𝑦𝑥 =

𝜂𝑥𝑦𝑧→𝑥𝑦 . □

For the next property, we ask ourselves what happens when we apply two promotions in sequence, that is,
first, we promote 𝑥 to 𝑥𝑦 , and then, 𝑥𝑦 to 𝑥𝑦𝑧 . It is reasonable to expect that such a composition is equivalent
to promoting 𝑥 with 𝑦𝑧 directly. This is indeed the case.

Proposition 6.2.17: Sequence of promotions

Let 𝑥, 𝑦, 𝑧 ∈ TypesA . Then, 𝜂𝑥𝑦→𝑥𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑦 = 𝜂𝑥→𝑥𝑦𝑧 , and 𝜂𝑥𝑦→𝑥 ◦ 𝜂𝑥𝑦𝑧→𝑥𝑦 = 𝜂𝑥𝑦𝑧→𝑥 .

Proof. As usual, whenever ord(𝑥) > 0, we write 𝑥 = (𝑎 → 𝑏). Similarly, we have 𝑦 = (𝑐 → 𝑑), when
ord(𝑦) > 0 and 𝑧 = (𝑒 → 𝑓 ) when ord(𝑧) > 0. Moreover, we prove each statement by induction on ord(𝑥𝑦𝑧).

Base step: Trivial, all maps are identities. Induction step: We must split the proof in different cases. We
first compare ord(𝑥) with ord(𝑦𝑧), and then, for each case, we split the proof again by comparing ord(𝑦) with
ord(𝑧). Moreover, Let 𝛾, 𝛿, 𝜖, 𝜙 be types such that 𝑦𝑧 = (𝛾𝜖 → 𝛿𝜙) as in Lemma 6.1.12.

• ord(𝑥) = ord(𝑦𝑧):

– ord(𝑦) = ord(𝑧):

𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = 𝜂𝑏→𝑏𝛿𝜙 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛾𝜖→𝑎

= 𝜂𝑏→𝑏𝑑 𝑓 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐𝑒→𝑎

I.H. = 𝜂𝑏𝑑→𝑏𝑑 𝑓 ◦ 𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎 ◦ 𝜂𝑎𝑐𝑒→𝑎𝑐

= 𝜂𝑏𝑑→𝑏𝑑 𝑓 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥) ◦ 𝜂𝑎𝑐𝑒→𝑎𝑐

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑦 (Γ𝑥)).

(6.58)
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– ord(𝑦) < ord(𝑧):
𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = 𝜂𝑏→𝑏𝛿𝜙 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛾𝜖→𝑎

= 𝜂𝑏→𝑏𝑦 𝑓 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑒→𝑎

I.H. = 𝜂𝑏𝑦→𝑏𝑦 𝑓 ◦ 𝜂𝑏→𝑏𝑦 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑒→𝑎

= 𝜂𝑏𝑦→𝑏𝑑 𝑓 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥) ◦ 𝜂𝑎𝑒→𝑎

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑦 (Γ𝑥)).

(6.59)

– ord(𝑦) > ord(𝑧):
𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = 𝜂𝑏→𝑏𝛿𝜙 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛾𝜖→𝑎

= 𝜂𝑏→𝑏𝑑𝑧 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎

I.H. = 𝜂𝑏𝑑→𝑏𝑑𝑧 ◦ 𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎

= 𝜂𝑏𝑑→𝑏𝑑𝑧 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥)

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑦 (Γ𝑥)).

(6.60)

• ord(𝑥) < ord(𝑦𝑧) (Here we use Lemma 6.2.6 to move promotion functions in and out of the ket):

– ord(𝑦) = ord(𝑧):

𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = |𝜂𝑥→𝑥𝛿𝜙 (Γ𝑥)⟩𝐼→𝑥𝛿𝜙 ◦ 𝜂𝐼𝛾𝜖→𝐼

= |𝜂𝑥→𝑥𝑑 𝑓 (Γ𝑥)⟩𝐼→𝑥𝛿𝜙 ◦ 𝜂𝐼𝑐𝑒→𝐼

I.H. = |𝜂𝑥𝑑→𝑥𝑑 𝑓 ◦ 𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 𝑓 ◦ 𝜂𝐼𝑐→𝐼 ◦ 𝜂𝐼𝑐𝑒→𝐼𝑐

= 𝜂𝑥𝑑→𝑥𝑑 𝑓 ◦ |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ◦ 𝜂𝐼𝑐𝑒→𝐼𝑐

= 𝜂𝑥𝑑→𝑥𝑑 𝑓 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥) ◦ 𝜂𝐼𝑐𝑒→𝐼𝑐

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑦 (Γ𝑥))

(6.61)

– ord(𝑦) < ord(𝑧):

𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = |𝜂𝑥→𝑥𝛿𝜙 (Γ𝑥)⟩𝐼→𝑥𝛿𝜙 ◦ 𝜂𝐼𝛾𝜖→𝐼

= |𝜂𝑥→𝑥𝑦 𝑓 (Γ𝑥)⟩𝐼→𝑥𝑦 𝑓 ◦ 𝜂𝐼𝑒→𝐼

I.H. = |𝜂𝑥𝑦→𝑥𝑦 𝑓 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥)⟩𝐼→𝑥𝑦 𝑓 ◦ 𝜂𝐼𝑒→𝐼

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑦 (Γ𝑥))

(6.62)

– ord(𝑦) > ord(𝑧):

𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = |𝜂𝑥→𝑥𝛿𝜙 (Γ𝑥)⟩𝐼→𝑥𝛿𝜙 ◦ 𝜂𝐼𝛾𝜖→𝐼

= |𝜂𝑥→𝑥𝑑𝑧 (Γ𝑥)⟩𝐼→𝑥𝑑𝑧 ◦ 𝜂𝐼𝑐→𝐼

I.H. = |𝜂𝑥𝑑→𝑥𝑑𝑧 ◦ 𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑𝑧 ◦ 𝜂𝐼𝑐→𝐼

= 𝜂𝑥𝑑→𝑥𝑑𝑧 ◦ |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼

= 𝜂𝑥𝑑→𝑥𝑑𝑧 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥)

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑦 (Γ𝑥))

(6.63)
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• ord(𝑥) > ord(𝑦𝑧)
𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) = 𝜂𝑏→𝑏𝑦𝑧 ◦ Γ𝑎→𝑏

I.H. = 𝜂𝑏𝑦→𝑏𝑦𝑧 ◦ 𝜂𝑏→𝑏𝑦Γ𝑎→𝑏

= 𝜂𝑏𝑦→𝑏𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥)

= 𝜂𝑥𝑦→𝑥𝑦𝑧 (𝜂𝑥→𝑥𝑧 (Γ𝑥))

(6.64)

To conclude the proof, just notice that 𝜂𝑥𝑦→𝑥 is the inverse of 𝜂𝑥→𝑥𝑦 and 𝜂𝑥𝑦𝑧→𝑥𝑦 is the inverse of
𝜂𝑥𝑦→𝑥𝑦𝑧 . As a consequence 𝜂𝑥𝑦→𝑥 ◦𝜂𝑥𝑦𝑧→𝑥𝑦 is the inverse of 𝜂𝑥𝑦→𝑥𝑦𝑧 ◦𝜂𝑥→𝑥𝑦 . The latter is equal to 𝜂𝑥→𝑥𝑦𝑧 ,
therefore, 𝜂𝑥𝑦→𝑥 ◦ 𝜂𝑥𝑦𝑧→𝑥𝑦 is the inverse of 𝜂𝑥→𝑥𝑦𝑧 and thus 𝜂𝑥𝑦→𝑥 ◦ 𝜂𝑥𝑦𝑧→𝑥𝑦 = 𝜂𝑥𝑦𝑧→𝑥 . □

From this proposition, one of the most important properties of the promotion functions concerning the
tensor product follows. Consider Γ𝑥 ⊠ Δ𝑦 . This is by definition equal to 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦). Assume
now that 𝑧 ∈ TypesA is such that 𝑧 ≺ 𝑦. The product 𝜂𝑥→𝑥𝑧 (Γ𝑥) ⊠Δ𝑦 is by definition 𝜂𝑥𝑧→𝑥𝑦𝑧 ◦𝜂𝑥→𝑥𝑧 (Γ𝑥) ⊠
𝜂𝑦→𝑦𝑥𝑧 (Δ𝑦) = 𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) ⊠ 𝜂𝑦→𝑦𝑥𝑧 (Δ𝑦). However, since 𝑧 ≺ 𝑦, we have that 𝑦𝑥𝑧 = 𝑦𝑧 and 𝑥𝑦𝑧 = 𝑥𝑦 .
Therefore, 𝜂𝑥→𝑥𝑧 (Γ𝑥) ⊠ Δ𝑦 = 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦) = Γ𝑥 ⊠ Δ𝑦 . The same reasoning applies to the
promotion on the right-hand side with a type 𝑧 ≺ 𝑥. This implies that we can promote a side of an elementary
product with any type as long as it precedes the type of the other side. This is the content of the following
corollary.

Corollary 6.2.18: Partial promotion

Let 𝑥, 𝑦, 𝑧 ∈ TypesA be such that 𝑧 ≺ 𝑦 and let Γ𝑥 ∈ 𝐿 (𝑥), and Δ𝑦 ∈ 𝐿 (𝑦). Then, Γ𝑥 ⊠ Δ𝑦 =

𝜂𝑥→𝑥𝑧 (Γ𝑥) ⊠ Δ𝑦 and Δ𝑦 ⊠ Γ𝑥 = Δ𝑦 ⊠ 𝜂𝑥→𝑥𝑧 (Γ𝑥).

Another way of stating the same result is the principle of partial demotion. Let 𝑥, 𝑥, 𝑦, 𝑧 be such that 𝑧 ≺ 𝑦
and 𝑥 = 𝑥𝑧 , then the previous Corollary implies 𝜂 𝑥̃𝑧→𝑥̃ (Γ 𝑥̃𝑧 ) ⊠ Δ𝑦 = 𝜂 𝑥̃→𝑥̃𝑧 ◦ 𝜂 𝑥̃𝑧→𝑥̃ (Γ 𝑥̃𝑧 ) ⊠ Δ𝑦 = Γ𝑥 ⊠ Δ𝑦 .

Corollary 6.2.19: Partial demotion

Let 𝑥, 𝑥, 𝑦, 𝑧 ∈ TypesA be such that 𝑧 ≺ 𝑦 and 𝑥 = 𝑥𝑧 . Let Γ𝑥 ∈ 𝐿 (𝑥), and Δ𝑦 ∈ 𝐿 (𝑦). Then,
Γ𝑥 ⊠ Δ𝑦 = 𝜂 𝑥̃𝑧→𝑥̃ (Γ𝑥) ⊠ Δ𝑦 and Δ𝑦 ⊠ Γ𝑥 = Δ𝑦 ⊠ 𝜂 𝑥̃𝑧→𝑥̃ (Γ𝑥).

The third easy consequence of Proposition 6.2.17 is a simplification of the promotion of the product of
types (Proposition 6.2.16) in the case of types of equal order.

Lemma 6.2.20: Promotion of types of the same order and parallel composition with the identity

Let 𝑥, 𝑦, 𝑧 ∈ TypesA , such that ord(𝑥𝑦) = ord(𝑧). Then,

• 𝜂𝑥→𝑥𝑦 ⊠ id𝑧→𝑧 = 𝜂𝑥𝑧→𝑥𝑧𝑦 = id𝑥→𝑥 ⊠𝜂𝑧→𝑧𝑦 ,

• 𝜂𝑥𝑦→𝑥 ⊠ id𝑧→𝑧 = 𝜂𝑥𝑧𝑦→𝑥𝑧 = id𝑥→𝑥 ⊠𝜂𝑧𝑦→𝑧 .
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Proof. By definition of the product of maps of different types, we have that

𝜂𝑥→𝑥𝑦 ⊠ id𝑧→𝑧 = 𝜂 (𝑥→𝑥𝑦 )→(𝑥→𝑥𝑦 ) ( 𝑧→𝑧) (𝜂𝑥→𝑥𝑦 ) ⊗ 𝜂 (𝑧→𝑧)→(𝑧→𝑧)𝑥→𝑥𝑦 (id𝑧→𝑧)

= (𝜂𝑥𝑦→𝑥𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑦 ◦ 𝜂𝑥𝑧→𝑥) ⊗ (𝜂𝑧→𝑧𝑥𝑦 ◦ id𝑧→𝑧 ◦𝜂𝑧𝑥→𝑧)

= (𝜂𝑥𝑦→𝑥𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑦 ◦ 𝜂𝑥𝑧→𝑥) ⊗ (𝜂𝑧→𝑧𝑥𝑦 ◦ 𝜂𝑧𝑥→𝑧)

Proposition 6.2.17 = (𝜂𝑥→𝑥𝑦𝑧 ◦ 𝜂𝑥𝑧→𝑥) ⊗ (𝜂𝑧→𝑧𝑥𝑦 ◦ 𝜂𝑧𝑥→𝑧)

Proposition 6.2.17 = (𝜂𝑥𝑧→𝑥𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑧 ◦ 𝜂𝑥𝑧→𝑥) ⊗ (𝜂𝑧𝑥→𝑧𝑥𝑦 ◦ 𝜂𝑧→𝑧𝑥 ◦ 𝜂𝑧𝑥→𝑧)

= 𝜂𝑥𝑧→𝑥𝑦𝑧 ⊗ 𝜂𝑧𝑥→𝑧𝑥𝑦

= 𝜂𝑥𝑧→𝑥𝑦𝑧 ⊠ 𝜂𝑧𝑥→𝑧𝑥𝑦

Proposition 6.2.16 = 𝜂𝑥𝑧→𝑥𝑧𝑦 .

(6.65)

The proof of the second equality is identical.
For the demotion map, we have

𝜂𝑥𝑧𝑦→𝑥𝑧 = (𝜂𝑥𝑧→𝑥𝑧𝑧 )−1

= (𝜂𝑥→𝑥𝑦 ⊠ id𝑧→𝑧)−1

= [(𝜂𝑥𝑦→𝑥𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑦 ◦ 𝜂𝑥𝑧→𝑥) ⊗ (𝜂𝑧→𝑧𝑥𝑦 ◦ id𝑧→𝑧 ◦𝜂𝑧𝑥→𝑧)]−1

= (𝜂𝑥→𝑥𝑧 ◦ 𝜂𝑥𝑦→𝑥 ◦ 𝜂𝑥𝑦𝑧→𝑥𝑦 ) ⊗ (𝜂𝑧→𝑧𝑥 ◦ id𝑧→𝑧 ◦𝜂𝑧→𝑧𝑥𝑦 )

= 𝜂𝑥𝑦→𝑥 ⊠ id𝑧→𝑧 .

(6.66)

Again, the proof of the second equality is identical. □

We have multiple times expressed the idea that the promotion function is the most ‘natural’ way to
promote an operator. In a sense, it is the closest thing to an identity function, considering that the input and
output spaces are not isomorphic. In the following Lemma, we see a justification for this intuition.

Lemma 6.2.21: Parallel composition with identity

Let 𝑥, 𝑦, 𝑧 ∈ TypesA such that ord(𝑥𝑦) = ord(𝑧), and let Γ𝑥→𝑦 ∈ 𝐿 (𝑥 → 𝑦). Then, Γ𝑥→𝑦 ⊠ 𝜂𝑧→𝑧𝑦 =

Γ𝑥→𝑦 ⊠ id𝑧→𝑧 = Γ𝑥→𝑦 ⊠ 𝜂𝑧𝑥→𝑧 .

Proof.
Γ𝑥→𝑦 ⊠ 𝜂𝑧→𝑧𝑦 = (𝜂𝑦→𝑦𝑧𝑦 ◦ Γ𝑥→𝑦 ◦ 𝜂𝑧𝑥→𝑧) ⊗ (𝜂𝑧𝑦→𝑧𝑦 ◦ 𝜂𝑧→𝑧𝑦 ◦ 𝜂𝑧𝑥→𝑧)

Lemma 6.2.12 = (𝜂𝑦→𝑦𝑧 ◦ Γ𝑥→𝑦 ◦ 𝜂𝑧𝑥→𝑧) ⊗ (𝜂𝑧𝑦→𝑧𝑦 ◦ 𝜂𝑧→𝑧𝑦 ◦ 𝜂𝑧𝑥→𝑧)

Lemma 6.2.11 = (𝜂𝑦→𝑦𝑧 ◦ Γ𝑥→𝑦 ◦ 𝜂𝑧𝑥→𝑧) ⊗ (𝜂𝑧→𝑧𝑦 ◦ 𝜂𝑧𝑥→𝑧)

= (𝜂𝑦→𝑦𝑧 ◦ Γ𝑥→𝑦 ◦ 𝜂𝑧𝑥→𝑧) ⊗ (𝜂𝑧→𝑧𝑦 ◦ id𝑧→𝑧 ◦𝜂𝑧𝑥→𝑧)

= Γ𝑥→𝑦 ⊠ id𝑧→𝑧 .

(6.67)

The same steps can be used to prove the equality of the demotion function. □

An analogous statement is valid for the case in which the promotion operator, the demotion operator, and
the identity are on the left.
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Next on the list of desirable properties of the promotion functions is unitarity. Indeed, we are working
with Hilbert spaces, and the inner product plays an important role. Therefore, it is reasonable for a ‘natural’
promotion function to preserve the inner product.

Theorem 6.2.22: Promotion maps are unitary

Let 𝑥, 𝑦 ∈ TypesA . Then, (𝜂𝑥→𝑥𝑦 ) is unitary.

Proof. To prove the statement, we show that 𝜂𝑥→𝑥𝑦 preserves the inner product. We begin by proving that |·⟩
is unitary. Note that { 1 } is a orthonormal basis of 𝐿 (1), thus, by definition, of the inner product

( |Γ𝑥⟩𝐼→𝑥
, |Δ𝑥⟩𝐼→𝑥)𝐼→𝑥 = (|Γ𝑥⟩𝐼→𝑥 (1), |Δ𝑥⟩𝐼→𝑥 (1))𝑥
(Γ𝑥 ,Δ𝑥)𝑥 .

(6.68)

This shows that |·⟩ preserves the inner product, and therefore it is unitary.
We are now ready to prove that 𝜂𝑥→𝑥𝑦 is unitary, and we do so by induction. If ord(𝑥𝑦) = 0, then the

promotion function is the identity map, which is unitary. Let ord(𝑥𝑦) > 0 and assume that the statement is
true for all types up to order ord(𝑥𝑦) − 1.

• If ord(𝑥) = ord(𝑦), then 𝑥 = (𝑎 → 𝑏), 𝑦 = (𝑐→ 𝑑), and

(𝜂𝑥→𝑥𝑦 (Γ𝑥), 𝜂𝑦→𝑦𝑥 (Δ𝑥))𝑥𝑦 = (𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎, 𝜂𝑏→𝑏𝑑 ◦ Δ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎). (6.69)

By the induction hypothesis, 𝜂𝑏→𝑏𝑑 is unitary; therefore, when we move it from the left to the right-hand
side of the inner product, it becomes 𝜂𝑏𝑑→𝑏, and it cancels out with the other 𝜂𝑏→𝑏𝑑 . With that, the
inner product above becomes (Γ𝑎→𝑏 ◦𝜂𝑎𝑐→𝑎,Δ𝑎→𝑏 ◦𝜂𝑎𝑐→𝑎) (𝑎𝑐 → 𝑏). Let

{
𝑢
𝑎𝑐
𝑖

}
𝑖
be a orthonormal

basis of 𝐿 (𝑎𝑐). Observe that, since 𝜂𝑎𝑐→𝑎 is unitary by induction hypothesis,
{
𝑢𝑎
𝑖
= 𝜂𝑎𝑐→𝑎 (𝑢𝑎𝑐

𝑖
)
}
𝑖
is

a basis of 𝐿 (𝑎). Therefore,

(Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎,Δ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎) (𝑎𝑐 → 𝑏)

=
∑︁
𝑖

(Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎 (𝑢𝑎𝑐
𝑖
),Δ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎 (𝑢𝑎𝑖𝑐 ))𝑏

=
∑︁
𝑖

(Γ𝑎→𝑏 (𝑢𝑎𝑖 ),Δ𝑎→𝑏 (𝑢𝑎𝑖 ))𝑏

= (Γ𝑎→𝑏,Δ𝑎→𝑏) (𝑥).

(6.70)

This shows that 𝜂𝑥→𝑥𝑦 preserves the inner product and therefore is unitary.

• ord(𝑥) > ord(𝑦) and ord(𝑥) < ord(𝑦): In the proof of the previous case, what we have shown is that
pre-composition and post-composition with a unitary function preserve the inner product. Indeed,
we did not use any property of the promotion and demotion maps of lower order, except the fact
that they were unitary. Since in the cases ord(𝑥) > ord(𝑦) and ord(𝑥) < ord(𝑦), 𝜂𝑥→𝑥𝑦 can be again
decomposed as pre- and post-composition with unitary functions, such as lower order promotion and
demotion functions and kets, it preserves the inner product as well.
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□

An immediate corollary of the previous theorem is that the inner product splits for elementary tensors.

Corollary 6.2.23: Inner product of elementary tensors

Let 𝑥, 𝑦 ∈ TypesA , and let Γ𝑥 , Γ′𝑥 ∈ 𝐿 (𝑥), Δ𝑦 ,Δ′𝑦 ∈ TypesA . Then, (Γ𝑥 ⊠ Δ𝑦 , Γ′𝑥 ⊠ Δ′𝑦)𝑥𝑦 =

(Γ𝑥 , Γ′𝑥)𝑥 (Δ𝑦 ,Δ′𝑦)𝑦 .

Proof. This is a direct consequence of Theorem 6.2.22 and the fact that the inner product splits in the case of
the tensor product.

(Γ𝑥 ⊠ Δ𝑦 , Γ′𝑥 ⊠ Δ′𝑦)𝑥𝑦 = (𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦), 𝜂𝑥→𝑥𝑦 (Γ′𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ′𝑦))𝑥𝑦
= (𝜂𝑥→𝑥𝑦 (Γ𝑥), 𝜂𝑥→𝑥𝑦 (Γ′𝑥))𝑥𝑦 (𝜂𝑦→𝑦𝑥 (Δ𝑦)𝜂𝑦→𝑦𝑥 (Δ′𝑦))𝑦𝑥
= (Γ𝑥 , Γ′𝑥)𝑥 (Δ𝑦 ,Δ′𝑦)𝑦 .

(6.71)

□

We conclude this Section by noting that the ket function is a special case of the promotion function.

Lemma 6.2.24: Ket vs promotion

Let 𝑥 ∈ TypesA . Then |·⟩𝐼→𝑥 = 𝜂𝑥→(𝐼→𝑥 ) (·).

Proof. By definition of promotion function and Lemma 6.2.11:

𝜂𝑥→(𝐼→𝑥 ) (·) = 𝜂𝑥→𝑥𝑥 ◦ |·⟩𝐼→𝑥 ◦ 𝜂𝐼→𝐼

= id𝑥→𝑥 ◦ |·⟩𝐼→𝑥 ◦ id𝐼→𝐼

= |·⟩𝐼→𝑥 .

(6.72)

□

6.2.3 Properties of the Square Product

In this subsection, we will present the properties of the square product. As the reader can imagine, the
properties of the square tensor product mimic the properties of the standard tensor product: It is associative,
bilinear, and a unit exists. These results, while relevant, are not the key results of this subsection. We will
show what happens when one can sequentially compose or evaluate elementary square tensors, and these
results will be fundamental in all subsequent proofs.

We begin by showing that ⊠ is associative.

Proposition 6.2.25: Associativity of ⊠

Let 𝑥, 𝑦, 𝑧 ∈ TypesA and let Γ𝑥 ∈ 𝐿 (𝑥),Δ𝑦 ∈ 𝐿 (𝑦),Θ𝑧 ∈ 𝐿 (𝑧). Then (Γ𝑥⊠Δ𝑦)⊠Θ𝑧 = Γ𝑥⊠ (Δ𝑦⊠Θ𝑧).
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Proof.

(Γ𝑥 ⊠ Δ𝑦) ⊠ Θ𝑧 = 𝜂𝑥𝑦→𝑥𝑦𝑧 (Γ𝑥 ⊠ Δ𝑦) ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧)

= 𝜂𝑥𝑦→𝑥𝑦𝑧 [𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦)] ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧)

Proposition 6.2.16 = (𝜂𝑥𝑦→𝑥𝑦𝑧 ⊗ 𝜂𝑦𝑥→𝑦𝑥𝑧 ) [𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦)] ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧)

= [𝜂𝑥𝑦→𝑥𝑦𝑧 ◦ 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦𝑥→𝑦𝑥𝑧 ◦ 𝜂𝑦→𝑦𝑥 (Δ𝑦)] ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧)

Proposition 6.2.17 = [𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥𝑧 (Δ𝑦)] ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧)

= 𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥𝑧 (Δ𝑦) ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧)

(6.73)

With the same steps, one obtains

Γ𝑥 ⊠ (Δ𝑦 ⊠ Θ𝑧) = 𝜂𝑥→𝑥𝑦𝑧 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥𝑧 (Δ𝑦) ⊗ 𝜂𝑧→𝑧𝑥𝑦 (Θ𝑧). (6.74)

This concludes the proof. □

We continue by showing that 1 is the unit for ⊠, as 1 is the unit of ⊗.

Proposition 6.2.26: Unit of ⊠

Let 𝑥 ∈ TypesA and Γ𝑥 ∈ 𝐿 (𝑥). Then, 1 ⊠ 𝑀 = 𝑀 = 𝑀 ⊠ 1.

Proof. We prove it by induction on ord(𝑥). In the base step, 𝑥 is elementary, and 1 ⊠ 𝑀 = 1 ⊗ 𝑀 = 𝑀 =

𝑀 ⊗ 1 = 𝑀 ⊠ 1.
Inductive step: Let 𝑥 = (𝑎 → 𝑏) and let 𝑢𝑎 ∈ 𝐿 (𝑎).

(1 ⊠ Γ𝑥) (𝑢𝑎) = (𝜂𝐼→𝐼𝑥 (1) ⊗ 𝜂𝑥→𝑥𝐼 (Γ𝑥)) (𝑢𝑎)

I.H. = (𝜂𝐼→𝐼𝑥 (1) ⊗ 𝜂𝑥→𝑥𝐼 (Γ𝑥)) (1 ⊠ 𝑢𝑎)

= (𝜂𝐼→𝐼𝑏 ◦ |1⟩𝐼→𝐼 ◦ 𝜂𝐼𝑎→𝐼 ) ⊗ Γ𝑥) (𝜂𝐼→𝐼𝑎 (1) ⊗ 𝑢𝑎)

= 𝜂𝐼→𝐼𝑏 ◦ |1⟩𝐼→𝐼 ◦ 𝜂𝐼𝑎→𝐼 ◦ 𝜂𝐼→𝐼𝑎 (1) ⊗ Γ𝑎→𝑏 (𝑢𝑎)

= 𝜂𝐼→𝐼𝑏 (1) ⊗ Γ𝑎→𝑏 (𝑢𝑎)

= 1 ⊠ Γ𝑎→𝑏 (𝑢𝑎)

I.H = Γ𝑎→𝑏 (𝑢𝑎).

(6.75)

The proof of Γ𝑥 = Γ𝑥 ⊠ 1 is identical. □

With the properties above, we are ready to prove what happens when elementary tensors are evaluated at
an input. Consider Γ𝑥 ⊠ Δ𝑦 ∈ 𝐿 (𝑥𝑦). The first question that we should ask ourselves is what the input of
such a function is. If ord(𝑥𝑦) = 0, then both types are elementary, and Γ𝑥 ⊠ Δ𝑦 is a function associated with
a type of order 0. This means that in our type system, there is no map of a lower order that we can consider as
input. Therefore, we will restrict our analysis to the case of ord(𝑥𝑦) > 0. As usual, if ord(𝑥) > 0, we write
𝑥 = (𝑎 → 𝑏) and if ord(𝑦) > 0 we write 𝑦 = (𝑐→ 𝑑). With this notation,

Γ𝑥 ⊠ Δ𝑦 ∈ 𝐿 (𝑥𝑦) =


𝐿 (𝑎𝑐→ 𝑏𝑑) if ord(𝑥) = ord(𝑦),

𝐿 (𝑎 → 𝑏𝑦) if ord(𝑥) > ord(𝑦),

𝐿 (𝑐→ 𝑥𝑑) if ord(𝑥) < ord(𝑦).

(6.76)
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Therefore, the input of Γ𝑥⊠Δ𝑦 depends on the relative order of 𝑥 and 𝑦. This tells us that the first thing to check
when writing an expression that includes the evaluation of an elementary tensor Γ𝑥⊠Δ𝑦 at its input is if the type
of the input matches the left type of 𝑥𝑦. For example, if ord(𝑥) = ord(𝑦), we want the type of the input to be 𝑎𝑐,
and it is reasonable to expect that Γ𝑎→𝑏 ⊠Δ𝑐→𝑑@𝑢𝑎 ⊠ 𝑣𝑐 = Γ𝑎→𝑏 (𝑢𝑎) ⊠Δ𝑐→𝑑 (𝑣𝑐). Similarly, if ord(𝑥) > 0,
then the type of the input must be 𝑎, and it is reasonable to expect Γ𝑎→𝑏 ⊠ Δ𝑦@𝑢𝑎 = Γ𝑎→𝑏 (𝑢𝑎) ⊠ Δ𝑦 .
Lastly, if ord(𝑥) < ord(𝑦), the type of the input map must be 𝑐, and it is reasonable to expect that
Γ𝑥 ⊠Δ𝑐→𝑑@𝑣𝑐 = Γ𝑥 ⊠Δ𝑐→𝑑 (𝑣𝑐). The following theorem states that when the types match, these reasonable
expectations are met.

Theorem 6.2.27: Evaluation of elementary tensors

Let 𝑥, 𝑦 ∈ TypesA be such that ord(𝑥𝑦) > 0, and let Γ𝑥 ∈ 𝐿 (𝑥), Δ𝑦 ∈ 𝐿 (𝑦). Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ TypesA
be such that 𝑥 = (𝑎 → 𝑏) if ord(𝑥) > 0 and 𝑦 = (𝑐→ 𝑑) if ord(𝑦) > 0.

• If ord(𝑥) = ord(𝑦), then Γ𝑎→𝑏 ⊠ Δ𝑐→𝑑@𝑢𝑎 ⊠ 𝑣𝑐 = Γ𝑎→𝑏 (𝑢𝑎) ⊠ Γ𝑐→𝑑 (𝑣𝑐) for all 𝑢𝑎 ∈ 𝐿 (𝑎)
and 𝑣𝑐 ∈ 𝐿 (𝑐).

• If ord(𝑥) < ord(𝑦), then Γ𝑥 ⊠ Δ𝑐→𝑑@𝑣𝑐 = Γ𝑥 ⊠ Δ𝑐→𝑑 (𝑣𝑐) for all 𝑣𝑐 ∈ 𝐿 (𝑐).

• If ord(𝑥) > ord(𝑦), then Γ𝑎→𝑏 ⊠ Δ𝑦@𝑢𝑎 = Γ𝑎→𝑏 (𝑢𝑎) ⊠ Δ𝑦 for all 𝑢𝑎 ∈ 𝐿 (𝑎).

Proof. We start with the case ord(𝑥) = ord(𝑦). The proof follows from the definition of the product of maps.

Γ𝑎→𝑏 ⊠ Δ𝑐→𝑑@𝑢𝑎 ⊠ 𝑣𝑐 = (𝜂𝑏→𝑏𝑑 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐→𝑎) ⊗ (𝜂𝑑→𝑑𝑏 ◦ Δ𝑐→𝑑 ◦ 𝜂𝑐𝑎→𝑐)

@𝜂𝑎→𝑎𝑐 (𝑢𝑎) ⊗ 𝜂𝑐→𝑐𝑎 (𝑣𝑐)

= 𝜂𝑏→𝑏𝑑 (Γ𝑎→𝑏 (𝑢𝑎)) ⊗ 𝜂𝑑→𝑑𝑏 (Δ𝑐→𝑑 (𝑣𝑐))

= Γ𝑎→𝑏 (𝑢𝑎) ⊠ Δ𝑐→𝑑 (𝑣𝑐).

(6.77)

In the case ord(𝑥) < ord(𝑦), we use the definition of the product of maps and Proposition 6.2.26.

Γ𝑥 ⊠ Δ𝑐→𝑑@𝑣𝑐 = Γ𝑥 ⊠ Δ𝑐→𝑑@1 ⊠ 𝑣𝑐

= |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ⊗ 𝜂𝑑→𝑑𝑥 ◦ Δ𝑐→𝑑

@𝜂𝐼→𝐼𝑐 (1) ⊗ 𝜂𝑐→𝑐𝐼 (𝑣𝑐)

= |𝜂𝑥→𝑥𝑑 (Γ𝑥)⟩𝐼→𝑥𝑑 (1) ⊗ 𝜂𝑑→𝑑𝑥 ◦ Δ𝑐→𝑑 (𝑣𝑐)

= 𝜂𝑥→𝑥𝑑 (Γ𝑥) ⊗ 𝜂𝑑→𝑑𝑥 (Δ𝑐→𝑑 (𝑣𝑐))

= Γ𝑥 ⊠ Δ𝑐→𝑑 (𝑣𝑐).

(6.78)

The proof of the case ord(𝑥) > ord(𝑦) is identical. □

Together with Proposition 6.2.16, Lemma 6.2.24, and Corollary 6.2.23, the theorem above implies the
following corollary.
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Corollary 6.2.28: Product of ket and bra

Let 𝑥, 𝑦 ∈ TypesA , and let Γ𝑥 ∈ 𝐿 (𝑥), Γ𝑦 ∈ 𝐿 (𝑦). Then,

1. |Γ𝑥 ⊠ Δ𝑦⟩𝐼→𝑥𝑦 = |Γ𝑥⟩𝐼→𝑥 ⊠ |Δ𝑦⟩𝐼→𝑦 ,

2. ⟨Γ𝑥 ⊠ Δ𝑦 |𝑥𝑦→𝐼 = ⟨Γ𝑥 |𝑥→𝐼 ⊠ ⟨Δ𝑦 |𝑦→𝐼 .

Proof. The first statement is a trivial consequence of Proposition 6.2.16 and Lemma 6.2.24. To prove the
second statement, it is enough to show that the two functions coincide on elementary tensors 𝑢𝑥 ⊠ 𝑣𝑦 ∈ 𝐿 (𝑥𝑦):

⟨Γ𝑥 ⊠ Δ𝑦 |𝑥𝑦→𝐼 @𝑢𝑥 ⊠ 𝑢𝑦 = (𝑢𝑥 ⊠ 𝑣𝑦 , Γ𝑥 ⊠ Δ𝑦)𝑥𝑦
Corollary 6.2.23 = (𝑢𝑥 , |Γ𝑥)𝑥 (𝑣𝑦 ,Δ𝑦)𝑦

= ⟨Γ𝑥 |𝑥→𝐼 (𝑢𝑥) ⊠ ⟨Δ𝑦 |𝑦→𝐼 (𝑢𝑦)

Theorem 6.2.27 = ⟨Γ𝑥 |𝑥→𝐼 ⊠ ⟨Δ𝑦 |𝑦→𝐼 @𝑢𝑥 ⊠ 𝑣𝑦 .

(6.79)

□

The next result that we want to show is what happens when we take the square product of two sequential
compositions. That is, consider the function

(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒). (6.80)

Similarly to what happens for the tensor product, we would expect that the map above is equal to

(Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 ) ◦ (Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒). (6.81)

However, there are three problems with this expectation. First, there is no guarantee that the output type
of Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒 is equal to the input type of Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 . If that is not the case, then the expression in
Eq. (6.81) has no meaning. Second, the input type of the expression in Eq. (6.80) may not be equal to the
input type of the expression in Eq. (6.81). Again, if this is not the case, the two expressions cannot be equal.
Third, the output type of the expression in Eq. (6.80) may not be equal to the output type of the expression in
Eq. (6.81). Once more, if the two types are different, then the two expressions cannot be equal.

As a consequence, before checking if two expressions are equal, we should check if the types are consistent.
In our case, the consistency conditions are

1. output type of Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒 equals input type of Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 ,

2. input type of (Δ𝑏→𝑐 ◦Γ𝑎→𝑏)⊠ (Ξ𝑒→ 𝑓 ◦Θ𝑑→𝑒) equals input type of (Δ𝑏→𝑐 ⊠Ξ𝑒→ 𝑓 ) ◦ (Γ𝑎→𝑏 ⊠Θ𝑑→𝑒),

3. output type of (Δ𝑏→𝑐◦Γ𝑎→𝑏)⊠ (Ξ𝑒→ 𝑓 ◦Θ𝑑→𝑒) equals output type of (Δ𝑏→𝑐⊠Ξ𝑒→ 𝑓 ) ◦ (Γ𝑎→𝑏⊠Θ𝑑→𝑒).

To simplify these requirements, we promote every operator appearing on one side of the tensor product
with the type of the operator appearing on the other side. For example, in the case Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒 we define

Γ̃𝛼→𝛽 = 𝜂 (𝑎→𝑏)→(𝑎→𝑏)𝑑→𝑒 (Γ𝑎→𝑏),

Θ̃𝛿→𝜖 = 𝜂 (𝑑→𝑒)→(𝑑→𝑒) (𝑎→𝑏) (Θ𝑑→𝑒),
(6.82)
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where 𝛼, 𝛽, 𝛿, 𝜖 are abstract types that describe the left and right types of Γ̃ and Δ̃. These types will vary
depending on the relative orders of 𝑎, 𝑏, 𝑑, 𝑒. Note that, Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒 = Γ̃𝛼→𝛽 ⊗ Θ̃𝛿→𝜖 ∈ 𝐿 (𝛼𝛿 → 𝛽𝜖),
because 𝛼→ 𝛽 has the same structure of 𝛿→ 𝜖 , Similarly, we define

Δ̃𝛽′→𝛾 = 𝜂 (𝑏→𝑐)→(𝑏→𝑐) (𝑒→ 𝑓 ) (Δ𝑏→𝑐),

Ξ̃𝜖 ′→𝜙 = 𝜂 (𝑒→ 𝑓 )→(𝑒→ 𝑓 ) (𝑏→𝑐) (Ξ𝑒→ 𝑓 ),�(Δ ◦ Γ)𝛼′→𝛾′

= 𝜂 (𝑎→𝑐)→(𝑎→𝑐) (𝑑→ 𝑓 ) (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏),�(Ξ ◦ Θ) 𝛿′→𝜙′

= 𝜂 (𝑑→ 𝑓 )→(𝑑→ 𝑓 )𝑎→𝑐 (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒).

(6.83)

With this notation,
Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 = Δ̃𝛽′→𝛾 ⊗ Ξ̃𝜖 ′→𝜙 ∈ 𝐿 (𝛽′𝜖 ′ → 𝛾𝜙), (6.84)

and
(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒) = �(Δ ◦ Γ)𝛼′→𝛾′

⊗ �(Ξ ◦ Θ) 𝛿′→𝜙′

∈ 𝐿 (𝛼′𝛿′ → 𝛾′𝜙′).
(6.85)

We can rewrite the consistency conditions, as conditions on 𝛼, 𝛽 . . . :

1. 𝛽𝜖 = 𝛽′𝜖 ′,

2. 𝛼𝛿 = 𝛼′𝛿′,

3. 𝛾𝜙 = 𝛾′𝜙′.

Therefore, the expressions in Eq. (6.80) and Eq. (6.81) can be equal only if the consistency conditions
above are satisfied. We are going to show that if the conditions are satisfied, then the two expressions are
equal, as it was reasonable to expect. Before doing that, we need to show that we can drop the ‘prime’
symbol. The proof is quite long and, in some instances, repetitive. However, it is very instructive to read it to
understand the power and robustness of the type formalism.

Lemma 6.2.29: Preliminary results for Theorem 6.2.30

Let 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ TypesA ,and let 𝛼, 𝛽 ∈ TypesA be such that (𝛼→ 𝛽) = (𝑎 → 𝑏) (𝑑→𝑒) . Similarly,
let (𝛽′ → 𝛾) = (𝑏 → 𝑐) (𝑒→ 𝑓 ) , (𝛿 → 𝜖) = (𝑑 → 𝑒)𝑎→𝑏, and (𝜖 ′ → 𝜙) = (𝑒 → 𝑓 ) (𝑏→𝑐) .
Furthermore, let (𝛼′ → 𝛾′) = (𝑎 → 𝑐) (𝑑→ 𝑓 ) , and (𝛿′ → 𝜙′) = (𝑑 → 𝑓 ) (𝑎→𝑐) . If 𝛽𝜖 = 𝛽′𝜖 ′,
𝛼𝛿 = 𝛼′𝛿′, and 𝛾𝜙 = 𝛾′𝜙′, then 𝛽′ = 𝛽, 𝜖 ′ = 𝜖 , 𝛼 = 𝛼′, 𝛿 = 𝛿′, 𝛾 = 𝛾′, and 𝜙 = 𝜙′.

Proof. In the first part of this lemma, we compute all the types introduced in the statement of this lemma.

(𝛼→ 𝛽) = (𝑎 → 𝑏) (𝑑→𝑒) =


(𝐼𝑑 → (𝑎 → 𝑏)𝑒) if ord(𝑎𝑏) < ord(𝑑𝑒),

(𝑎𝑑 → 𝑏𝑒) if ord(𝑎𝑏) = ord(𝑑𝑒),

(𝑎 → 𝑏 (𝑑→𝑒) ) if ord(𝑎𝑏) > ord(𝑑𝑒).

(6.86)
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In all the cases above, the type on the left of the main arrow is 𝛼, and the type on the right is 𝛽. Similarly, we
compute all the other types.

(𝛽′ → 𝛾) = (𝑏 → 𝑐) (𝑒→ 𝑓 ) =


(𝐼𝑒 → (𝑏 → 𝑐) 𝑓 ) if ord(𝑏𝑐) < ord(𝑒 𝑓 ),

(𝑏𝑒 → 𝑐 𝑓 ) if ord(𝑏𝑐) = ord(𝑒 𝑓 ),

(𝑏 → 𝑐 (𝑒→ 𝑓 ) ) if ord(𝑏𝑐) > ord(𝑒 𝑓 ).

(6.87)

(𝛿→ 𝜖) = (𝑑 → 𝑒) (𝑎→𝑏) =


(𝐼𝑎 → (𝑑 → 𝑒)𝑏) if ord(𝑑𝑒) < ord(𝑎𝑏),

(𝑑𝑎 → 𝑒𝑏) if ord(𝑑𝑒) = ord(𝑎𝑏),

(𝑑 → 𝑒 (𝑎→𝑏) ) if ord(𝑑𝑒) > ord(𝑎𝑏).

(6.88)

(𝜖 ′ → 𝜙) = (𝑒 → 𝑓 ) (𝑏→𝑐) =


(𝐼𝑏 → (𝑒 → 𝑓 )𝑐) if ord(𝑒 𝑓 ) < ord(𝑏𝑐),

(𝑒𝑏 → 𝑓𝑐) if ord(𝑒 𝑓 ) = ord(𝑏𝑐),

(𝑒 → 𝑓(𝑏→𝑐) ) if ord(𝑒 𝑓 ) > ord(𝑏𝑐).

(6.89)

(𝛼′ → 𝛾′) = (𝑎 → 𝑐) (𝑑→ 𝑓 ) =


(𝐼𝑑 → (𝑎 → 𝑐) 𝑓 ) if ord(𝑎𝑐) < ord(𝑑𝑓 ),

(𝑎𝑑 → 𝑐 𝑓 ) if ord(𝑎𝑐) = ord(𝑑𝑓 ),

(𝑎 → 𝑐 (𝑑→ 𝑓 ) ) if ord(𝑎𝑐) > ord(𝑑𝑓 ).

(6.90)

(𝛿′ → 𝜙′) = (𝑑 → 𝑓 ) (𝑎→𝑐) =


(𝐼𝑎 → (𝑑 → 𝑓 )𝑐) if ord(𝑑𝑓 ) < ord(𝑎𝑐),

(𝑑𝑎 → 𝑓𝑐) if ord(𝑑𝑓 ) = ord(𝑎𝑐),

(𝑑 → 𝑓(𝑎→𝑐) ) if ord(𝑑𝑓 ) > ord(𝑎𝑐).

(6.91)

Let us assume that 𝛽𝜖 = 𝛽′𝜖 ′. From Eq. (6.86) and Eq.(6.88), we obtain

𝛽𝜖 =


(𝑎 → 𝑏)𝑒𝑒 (𝑎→𝑏) if ord(𝑎𝑏) < ord(𝑑𝑒),

𝑏𝑒𝑒𝑏 if ord(𝑎𝑏) = ord(𝑑𝑒),

𝑏 (𝑑→𝑒) (𝑑 → 𝑒)𝑏 if ord(𝑎𝑏) > ord(𝑑𝑒).

(6.92)

We use Eq. (6.87) and Eq. (6.89) to compute 𝛽′𝜖 ′

𝛽′𝜖 ′ =


𝐼𝑒𝑒 if ord(𝑏𝑐) < ord(𝑒 𝑓 ),

𝑏𝑒𝑒𝑏 if ord(𝑏𝑐) = ord(𝑒 𝑓 ),

𝑏𝐼𝑏 if ord(𝑏𝑐) > ord(𝑒 𝑓 ).

(6.93)

We have nine possible cases to consider, depending on the relative orders of ord(𝑎𝑏), ord(𝑑𝑒), ord(𝑒 𝑓 ), and
ord(𝑏𝑐). With the assumption 𝛽𝜖 = 𝛽′𝜖 ′, the cases are:

• 𝐼𝑒𝑒 = (𝑎 → 𝑏)𝑒𝑒𝑎→𝑏, which becomes 𝑒 = (𝑎 → 𝑏)𝑒. Thanks to Proposition 6.1.24, we know that this
implies (𝑎 → 𝑏) ≺ 𝑒 and (𝑎 → 𝑏) = 𝐼 (𝑎→𝑏) . As a consequence, 𝑒 (𝑎→𝑏) = 𝑒, by definition of type
inclusion, thus 𝜖 = 𝜖 ′. Moreover, (𝑎 → 𝑏)𝑒 = 𝐼𝑒 (𝑎→𝑏) = 𝐼𝑒𝑎→𝑏

= 𝐼𝑒 (Lemma 6.1.20), which implies
𝛽 = 𝛽′.
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• 𝐼𝑒𝑒 = 𝑏𝑒𝑒𝑏, which becomes 𝑒 = 𝑏𝑒. With the same arguments of the previous case, one gets 𝑏 = 𝐼𝑏 and
𝑏 ≺ 𝑒, which in turn implies 𝛽 = 𝛽′ and 𝜖 = 𝜖 ′ (replace (𝑎 → 𝑏) with 𝑏 everywhere in the argument).

• 𝐼𝑒𝑒 = 𝑏 (𝑑→𝑒) (𝑑 → 𝑒)𝑏, which becomes 𝑒 = 𝑏(𝑑 → 𝑒). Observe that this case is impossible because
the type ord(𝑏(𝑑 → 𝑒)) > ord(𝑒), and therefore the two types can never be equal.

• 𝑏𝑒𝑒𝑏 = (𝑎 → 𝑏)𝑒𝑒𝑎→𝑏, which becomes 𝑏𝑒 = (𝑎 → 𝑏)𝑒. With the same argument used in
Proposition 6.1.24, one gets 𝑎 = 𝐼𝑎. Indeed, if the tree associated with 𝑎 has one leaf not labelled by
the empty string, then such a label would appear in the tree associated with (𝑎 → 𝑏)𝑒 in addition to all
the labels associated with 𝑏 and 𝑒. However, the tree associated with 𝑏𝑒 only contains the labels from
𝑏 and 𝑒; therefore, the types (𝑎 → 𝑏)𝑒 and 𝑏𝑒 would not be equal.

𝑏𝑒 = 𝑏𝑏𝑒 = 𝑏 (𝐼𝑎→𝑏)𝑒

= (𝑏𝐼𝑎→𝑏)𝑒 = (𝐼𝑎 → 𝑏)𝑒
= (𝑎 → 𝑏)𝑒

𝑒𝑏 = 𝑒𝑏𝑒 = 𝑒 (𝐼𝑎→𝑏)𝑒

= (𝑒𝑒) (𝐼𝑎→𝑏) = 𝑒 (𝐼𝑎→𝑏)

= 𝑒 (𝑎→𝑏)

(6.94)

This proves that 𝛽 = 𝛽′ and 𝜖 = 𝜖 ′.

• 𝑏𝑒𝑒𝑏 = 𝑏𝑒𝑒𝑏: Trivial.

• 𝑏𝑒𝑒𝑏 = 𝑏𝑑→𝑒 (𝑑 → 𝑒)𝑏. With the same argument of the case 𝑏𝑒𝑒𝑏 = (𝑎 → 𝑏)𝑒𝑒𝑎→𝑏, one proves that
𝑑 = 𝐼𝑑 , and 𝑏𝑒 = 𝑏𝑑→𝑒 and 𝑒𝑏 = (𝑑 → 𝑒)𝑏.

• 𝑏𝐼𝑏 = (𝑎 → 𝑏)𝑒 (𝑎→𝑏) , which becomes 𝑏 = (𝑎 → 𝑏)𝑒. As in the case 𝐼𝑒𝑒 = 𝑏 (𝑑→𝑒) (𝑑 → 𝑒)𝑏, the
order of types is different, and therefore this scenario can never happen.

• 𝑏𝐼𝑏 = 𝑏𝑒𝑒𝑏: Same proof of the case 𝐼𝑒𝑒 = 𝑏𝑒𝑒𝑏.

• 𝑏𝐼𝑏 = 𝑏 (𝑑→𝑒) (𝑑 → 𝑒)𝑏: Same proof of the case 𝐼𝑒𝑒 = (𝑎 → 𝑏)𝑒𝑒 (𝑎→𝑏) .

We covered all possible cases and showed that 𝛽 = 𝛽′ and 𝜖 = 𝜖 ′.
Now, we turn our attention to the second statement. We compute 𝛼𝛿 using Eq. (6.86) and Eq. (6.88).

𝛼𝛿 =


𝐼𝑑𝑑 if ord(𝑎𝑏) < ord(𝑑𝑒),

𝑎𝑑𝑑𝑎 if ord(𝑎𝑏) = ord(𝑑𝑒),

𝑎𝐼𝑎 if ord(𝑎𝑏) > ord(𝑑𝑒).

(6.95)

We compute 𝛼′𝛿′ using Eq. (6.90) and Eq. (6.91).

𝛼′𝛿′ =


𝐼𝑑𝑑 if ord(𝑎𝑐) < ord(𝑑𝑓 ),

𝑎𝑑𝑑𝑎 if ord(𝑎𝑐) = ord(𝑑𝑓 ),

𝑎𝐼𝑎 if ord(𝑎𝑐) > ord(𝑑𝑓 ).

(6.96)

In this case, the possible distinct cases are as follows:
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• 𝐼𝑑𝑑 = 𝐼𝑑𝑑: Trivial.

• 𝐼𝑑𝑑 = 𝑎𝑑𝑑𝑎: Same proof of 𝐼𝑒𝑒 = 𝑏𝑒𝑒𝑏.

• 𝐼𝑑𝑑 = 𝑎𝐼𝑎, which becomes 𝑑 = 𝑎. Note that, this happens when ord(𝑎𝑏) < ord(𝑑𝑒) and ord(𝑎𝑐) >
ord(𝑑𝑓 ), or when ord(𝑎𝑏) > ord(𝑑𝑒) and ord(𝑎𝑐) < ord(𝑑𝑓 ). The first scenario, corresponds to the
cases 𝐼𝑒𝑒 = (𝑎 → 𝑏)𝑒𝑒𝑎→𝑏, 𝑏𝑒𝑒𝑏 = (𝑎 → 𝑏)𝑒𝑒𝑎→𝑏, and 𝑏𝐼𝑏 = (𝑎 → 𝑏)𝑒 (𝑎→𝑏) of the proof for
𝛽 = 𝛽′ and 𝜖 = 𝜖 ′. In all these cases, whenever the equality of types is possible, it implies 𝑎 = 𝐼𝑎.
Therefore, 𝐼𝑑 = 𝐼𝑎 = 𝑎, and 𝑑 = 𝑎 = 𝐼𝑎, which prove 𝛼 = 𝛼′ and 𝛿 = 𝛿′. The second scenario
corresponds to the cases 𝐼𝑒𝑒 = 𝑏 (𝑑→𝑒) (𝑑 → 𝑒)𝑏, 𝑏𝑒𝑒𝑏 = 𝑏𝑑→𝑒 (𝑑 → 𝑒)𝑏, and 𝑏𝐼𝑏 = 𝑏 (𝑑→𝑒) (𝑑 → 𝑒)𝑏.
As before, in all these cases 𝑑 = 𝐼𝑑 , and therefore 𝑑 = 𝐼𝑑 = 𝐼𝑎, and 𝐼𝑑 = 𝑑 = 𝑎.

• 𝑎𝑑𝑑𝑎 = 𝑎𝑑𝑑𝑎: Trivial.

• 𝑎𝑑𝑑𝑎 = 𝑎𝐼𝑎: Same proof of the case 𝑏𝐼𝑏 = 𝑏𝑒𝑒𝑏.

• 𝑎𝐼𝑎 = 𝑎𝐼𝑎: Trivial.

This proves 𝛼 = 𝛼′ and 𝛿 = 𝛿′.
Lastly, we compute 𝛾𝜙 using Eq. (6.87) and Eq. (6.89).

𝛾𝜙 =


(𝑏 → 𝑐) 𝑓 𝑓(𝑏→𝑐) if ord(𝑏𝑐) < ord(𝑒 𝑓 ),

𝑐 𝑓 𝑓𝑐 if ord(𝑏𝑐) = ord(𝑒 𝑓 ),

𝑐 (𝑒→ 𝑓 ) (𝑒 → 𝑓 )𝑐 if ord(𝑏𝑐) > ord(𝑒 𝑓 ).

(6.97)

We compute 𝛾′𝜙′ using Eq. (6.90) and Eq. (6.91).

𝛾′𝜙′ =


(𝑎 → 𝑐) 𝑓 𝑓(𝑎→𝑐) if ord(𝑎𝑐) < ord(𝑑𝑓 ),

𝑐 𝑓 𝑓𝑐 if ord(𝑎𝑐) = ord(𝑑𝑓 ),

𝑐 (𝑑→ 𝑓 ) (𝑑 → 𝑓 )𝑐 if ord(𝑎𝑐) > ord(𝑑𝑓 ).

(6.98)

The possible cases are the following.

• (𝑏 → 𝑐) 𝑓 𝑓(𝑏→𝑐) = (𝑎 → 𝑐) 𝑓 𝑓𝑎→𝑐, which becomes (𝑏 → 𝑐) 𝑓 = (𝑎 → 𝑐) 𝑓 . In this case,
ord(𝑏𝑐) < ord(𝑒 𝑓 ), which corresponds to the first three cases of the proof for 𝛽 = 𝛽′, 𝜖 = 𝜖 ′, and in
those cases 𝑏 = 𝐼𝑏. This also implies that 𝑎 = 𝐼𝑎, otherwise the tree associated with (𝑎 → 𝑐) 𝑓 would
have labels that are different from those in the tree associated with (𝐼𝑏 → 𝑐) 𝑓 , which contradicts our
hypothesis.

(𝑏 → 𝑐) 𝑓 = (𝐼𝑏 → 𝑐) 𝑓 = 𝑐 (𝐼𝑏→𝑐) 𝑓

= 𝑐 (𝐼𝑎→𝑐) 𝑓 = (𝐼𝑎 → 𝑐) 𝑓
= (𝑎 → 𝑐) 𝑓 ,

𝑓(𝑏→𝑐) = 𝑓(𝑏→𝑐) 𝑓 = 𝑓(𝑎→𝑐) 𝑓

= 𝑓(𝑎→𝑐) .

(6.99)

This proves 𝛾 = 𝛾′ and 𝜙 = 𝜙′.
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• (𝑏 → 𝑐) 𝑓 𝑓(𝑏→𝑐) = 𝑐 𝑓 𝑓𝑐: Same proof of 𝑏𝑒𝑒𝑏 = (𝑎 → 𝑏)𝑒𝑒 (𝑎→𝑏) .

• (𝑏 → 𝑐) 𝑓 𝑓(𝑏→𝑐) = 𝑐 (𝑑→ 𝑓 ) (𝑑 → 𝑓 )𝑐: As in the case (𝑏 → 𝑐) 𝑓 𝑓(𝑏→𝑐) = (𝑎 → 𝑐) 𝑓 𝑓𝑎→𝑐, we have
𝑏 = 𝐼𝑏, which implies 𝑑 = 𝐼𝑑 .

(𝑏 → 𝑐) 𝑓 = (𝐼𝑏 → 𝑐) 𝑓 = 𝑐 (𝐼𝑏→𝑐) 𝑓 = 𝑐𝑐 (𝑑→ 𝑓 )

= 𝑐 (𝑑→ 𝑓 ) ,

𝑓(𝑏→𝑐) = 𝑓(𝑏→𝑐) 𝑓 = 𝑓𝑐 (𝑑→ 𝑓 ) = 𝑓(𝐼𝑑→ 𝑓 )𝑐 = (𝐼𝑑 → 𝑓 )𝑐
= (𝑑 → 𝑓 )𝑐 .

(6.100)

• 𝑐 𝑓 𝑓𝑐 = (𝑎 → 𝑐) 𝑓 𝑓(𝑎→𝑐) : Same proof of 𝑏𝑒𝑒𝑏 = (𝑎 → 𝑏)𝑒𝑒𝑎→𝑏.

• 𝑐 𝑓 𝑓𝑐 = 𝑐 𝑓 𝑓𝑐: Trivial.

• 𝑐 𝑓 𝑓𝑐 = 𝑐𝑑→ 𝑓 (𝑑 → 𝑓 )𝑐: Same proof of 𝑏𝑒𝑒𝑏 = 𝑏𝑑→𝑒 (𝑑 → 𝑒)𝑏.

• 𝑐 (𝑒→ 𝑓 ) (𝑒 → 𝑓 )𝑐 = (𝑎 → 𝑐) 𝑓 𝑓(𝑎→𝑐) . In this case, ord(𝑏𝑐) > ord(𝑒 𝑓 ), which corresponds to the last
three cases of the proof for 𝛽 = 𝛽′ and 𝜖 = 𝜖 ′. All those cases 𝑒 = 𝐼𝑒. As discussed multiple times, this
implies 𝑎 = 𝐼𝑎. From this point on, the proof is the same as the case (𝑏 → 𝑐) 𝑓 𝑓(𝑏→𝑐) = 𝑐 (𝑑→ 𝑓 ) (𝑑 →
𝑓 )𝑐.

• 𝑐 (𝑒→ 𝑓 ) (𝑒 → 𝑓 )𝑐 = 𝑐 𝑓 𝑓𝑐: Same proof of the case 𝑏𝑒𝑒𝑏 = 𝑏𝑑→𝑒 (𝑑 → 𝑒)𝑏.

• 𝑐 (𝑒→ 𝑓 ) (𝑒 → 𝑓 )𝑐 = 𝑐 (𝑑→ 𝑓 ) (𝑑 → 𝑓 )𝑐. Once again, 𝑒 = 𝐼𝑒, which implies 𝑑 = 𝐼𝑑 .

𝑐 (𝑒→ 𝑓 ) = 𝑐𝑐 (𝑒→ 𝑓 ) = 𝑐𝑐 (𝑑→ 𝑓 )

= 𝑐𝑑→ 𝑓 ,

(𝑒 → 𝑓 )𝑐 = (𝐼𝑒 → 𝑓 )𝑐 = 𝑓(𝐼𝑒→ 𝑓 )𝑐 = 𝑓𝑐 (𝐼𝑒→ 𝑓 )

= 𝑓𝑐 (𝐼𝑑→ 𝑓 ) = 𝑓(𝐼𝑑→ 𝑓 )𝑐 = (𝐼𝑑 → 𝑓 )𝑐

= (𝑑 → 𝑓 )𝑐 .

(6.101)

This concludes the proof. □

We are now ready to prove that Eq. (6.80) and Eq. (6.81) whenever the types involved satisfy the
consistency conditions.

Theorem 6.2.30: Sequential composition and elementary tensors

Let 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ TypesA , and let Γ𝑎→𝑏 ∈ 𝐿 (𝑎 → 𝑏), Δ𝑏→𝑐 ∈ 𝐿 (𝑏 → 𝑐), Θ𝑑→𝑒 ∈ 𝐿 (𝑑 → 𝑒),
and Ξ𝑒→ 𝑓 ∈ 𝐿 (𝑒 → 𝑓 ). If (Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 ) is composable with (Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒) and the type of
(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒) is equal to the type of (Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 ) ◦ (Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒), that is,
if the hypotheses of Lemma 6.2.29 are true, then,

(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒) = (Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 ) ◦ (Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒). (6.102)
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Proof. Let 𝛼, 𝛽, 𝛾, 𝛿, 𝜖 , and 𝜙 be defined as in Lemma 6.2.29. We define

Γ̃𝛼→𝛽 = 𝜂 (𝑎→𝑏)→(𝑎→𝑏)𝑑→𝑒 (Γ𝑎→𝑏),

Θ̃𝛿→𝜖 = 𝜂 (𝑑→𝑒)→(𝑑→𝑒) (𝑎→𝑏) (Θ𝑑→𝑒),

Δ̃𝛽→𝛾 = 𝜂 (𝑏→𝑐)→(𝑏→𝑐) (𝑒→ 𝑓 ) (Δ𝑏→𝑐),

Ξ̃𝜖→𝜙 = 𝜂 (𝑒→ 𝑓 )→(𝑒→ 𝑓 ) (𝑏→𝑐) (Ξ𝑒→ 𝑓 ),�(Δ ◦ Γ)𝛼→𝛾
= 𝜂 (𝑎→𝑐)→(𝑎→𝑐) (𝑑→ 𝑓 ) (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏),�(Ξ ◦ Θ) 𝛿→𝜙
= 𝜂 (𝑑→ 𝑓 )→(𝑑→ 𝑓 )𝑎→𝑐 (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒).

(6.103)

Note that these definitions are the same as Eq. (6.82) and Eq. (6.83), considering that we can drop the ‘prime’
symbol as a consequence of Lemma 6.2.29. As before, we have that

(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒) = �(Δ ◦ Γ)𝛼→𝛾
⊗ �(Ξ ◦ Θ) 𝛿→𝜙

,

Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 = Δ̃𝛽→𝛾 ⊗ Ξ̃𝜖→𝜙,

Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒 = Γ̃𝛼→𝛽 ⊗ Θ̃𝛿→𝜖 .

(6.104)

Moreover, note that by definition struct(𝛼) = struct(𝛿), struct(𝛽) = struct(𝜖), and struct(𝛾) = struct(𝜙). To
show that Eq. (6.102) holds, it is enough to show that it holds for elementary products 𝑢𝛼 ⊠ 𝑣 𝛿 . The left-hand
side gives

(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ (Ξ𝑒→ 𝑓 ◦ Θ𝑑→𝑒)@𝑢𝛼 ⊠ 𝑣 𝛿

= �(Δ ◦ Γ)𝛼→𝛾
⊗ �(Ξ ◦ Θ) 𝛿→𝜙

@𝑢𝛼 ⊗ 𝑣 𝛿

= (�(Δ ◦ Γ)𝛼→𝛾
@𝑢𝛼) ⊗ (�(Ξ ◦ Θ) 𝛿→𝜙

@𝑣 𝛿).

(6.105)

The right-hand side gives

(Δ𝑏→𝑐 ⊠ Ξ𝑒→ 𝑓 ) ◦ (Γ𝑎→𝑏 ⊠ Θ𝑑→𝑒)@𝑢𝛼 ⊠ 𝑣 𝛿

= (Δ̃𝛽→𝛾 ⊗ Ξ̃𝜖→𝜙) ◦ (Γ̃𝛼→𝛽 ⊗ Θ̃𝛿→𝜖 )@𝑢𝛼 ⊗ 𝑣 𝛿

= Δ̃𝛽→𝛾 ◦ Γ̃𝛼→𝛽 (𝑢𝛼) ⊗ Ξ̃𝜖→𝜙 ◦ Θ̃𝛿→𝜖 (𝑣 𝛿).

(6.106)

Therefore, it suffices to show that �(Δ ◦ Γ)𝛼→𝛾
= Δ̃𝛽→𝛾 ◦ Γ̃𝛼→𝛽 and �(Ξ ◦ Θ) 𝛿→𝜙

= Ξ̃𝜖→𝜙 ◦ Θ̃𝛿→𝜖 . We
prove the former; the proof of the latter is identical.

We start with showing that Γ̃𝛼→𝛽 = 𝜂 (𝑎→𝑏)→(𝑎→𝑏)𝛼→𝛽 (Γ𝑎→𝑏). Indeed, (𝑎 → 𝑏)𝑑→𝑒 = (𝑎 →
𝑏) (𝑎→𝑏) (𝑑→𝑒) = (𝑎 → 𝑏) (𝑎→𝑏) (𝑑→𝑒) = (𝑎 → 𝑏)𝛼→𝛽. Therefore, Γ̃𝛼→𝛽 = 𝜂 (𝑎→𝑏)→(𝑎→𝑏) (𝑑→𝑒) (Γ𝑎→𝑏) =
𝜂 (𝑎→𝑏)→(𝑎→𝑏) (𝛼→𝛽) (Γ𝑎→𝑏). Similarly, Δ̃𝛽→𝛾 = 𝜂 (𝑏→𝑐)→(𝑏→𝑐)𝛽→𝛾 and �(Δ ◦ Γ)𝛼→𝛾

= 𝜂 (𝑎→𝑐)→(𝑎→𝑐)𝛼→𝛾 (Δ𝑏→𝑐◦
Γ𝑎→𝑏).

Therefore, since ord(𝑎𝑏) ≤ ord(𝛼𝛽) we have,

Γ̃𝛼→𝛽 =


𝜂𝑏→𝑏𝛽 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎 if ord(𝑎𝑏) = ord(𝛼𝛽)

𝜂 (𝑎→𝑏)→(𝑎→𝑏)𝛽 ◦
��Γ𝑎→𝑏

〉𝐼→(𝑎→𝑏) ◦ 𝜂𝐼𝛼→𝐼 if ord(𝑎𝑏) < ord(𝛼𝛽)
(6.107)

Observe that, ord(𝑎𝑏) < ord(𝛼𝛽) if and only if ord(𝑎𝑏) < ord(𝑑𝑒). Tracing this scenario back to the
corresponding scenarios in the proof of Lemma 6.2.29 (see discussion for the case 𝐼𝑑𝑑 = 𝑎𝑛𝐼𝑎), we have that
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𝑎 = 𝐼𝑎, and therefore (𝑎 → 𝑏) = 𝑏𝑎→𝑏. This implies that

𝜂 (𝑎→𝑏)→(𝑎→𝑏)𝛽 ◦
��Γ𝑎→𝑏

〉𝐼→(𝑎→𝑏) ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑏𝑎→𝑏→𝑏(𝑎→𝑏)𝛽 ◦
��Γ𝑏𝑎→𝑏

〉𝐼→𝑏(𝑎→𝑏) ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑏𝑎→𝑏→𝑏(𝑎→𝑏)𝛽 ◦ 𝜂𝑏→𝑏𝑎→𝑏 ◦ 𝜂𝑏𝑎→𝑏→𝑏 ◦
��Γ𝑏𝑎→𝑏

〉𝐼→𝑏(𝑎→𝑏) ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑏→𝑏(𝑎→𝑏)𝛽 ◦
��𝜂𝑏𝑎→𝑏→𝑏 (Γ𝑏𝑎→𝑏 )

〉𝐼→𝑏 ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑏→𝑏𝛽 ◦
��𝜂𝑏𝑎→𝑏→𝑏 (Γ𝑏𝑎→𝑏 )

〉𝐼→𝑏 ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑏→𝑏𝛽 ◦
��Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 (1)

〉𝐼→𝑏 ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼 .

(6.108)

Therefore,

Γ̃𝛼→𝛽 =


𝜂𝑏→𝑏𝛽 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎 if ord(𝑎𝑏) = ord(𝛼𝛽)

𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼 if ord(𝑎𝑏) < ord(𝛼𝛽)
(6.109)

The expression for Δ̃𝛽→𝛾 is

Δ̃𝛽→𝛾 =


𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 if ord(𝑏𝑐) = ord(𝛽𝛾)

𝜂 (𝑏→𝑐)→(𝑏→𝑐)𝛾 ◦
��Δ𝑏→𝑐

〉𝐼→(𝑏→𝑐) ◦ 𝜂𝐼𝛽→𝐼 if ord(𝑏𝑐) < ord(𝛽𝛾)
(6.110)

Here, the proof of Lemma 6.2.29, implies that 𝑏 = 𝐼𝑏 and 𝛽 = 𝐼𝛽 if ord(𝑏𝑐) < ord(𝛽𝛾) (equivalent to
ord(𝑏𝑐) < ord(𝑒 𝑓 ) which corresponds to the first three cases of the proof 𝛽 = 𝛽′ and 𝜖 = 𝜖 ′). Just by
changing the letters in Eq. (6.108), one obtains

𝜂 (𝑏→𝑐)→(𝑏→𝑐)𝛾 ◦
��Δ𝑏→𝑐

〉𝐼→(𝑏→𝑐) ◦ 𝜂𝐼𝛽→𝐼 = 𝜂𝑐→𝑐𝛾 ◦ Δ𝐼𝑏→𝑐 ◦ 𝜂𝐼→𝐼𝑏 ◦ 𝜂𝐼𝛽→𝐼 . (6.111)

Moreover, in the three cases relevant to the scenario, one is impossible, in another case, 𝑏 ≺ 𝛽 (follows
straightforwardly from 𝑏 ≺ 𝑒 and 𝛽 = 𝐼𝑒), and similarly, in the last (𝑎 → 𝑏) ≺ 𝛽. Note that, in this last case
we have that 𝛽𝑏 = 𝛽(𝑎→𝑏)𝑏 = 𝛽 triv(𝑎 → 𝑏) triv(𝑏) = 𝛽 triv(𝑎 → 𝑏) = 𝛽𝑎→𝑏 = 𝛽, therefore 𝑏 ≺ 𝛽 in all the
possible scenarios.

Now, considering that 𝛽 = 𝐼𝛽 , 𝑏 = 𝐼𝑏 and 𝑏 ≺ 𝛽, we get

𝜂 (𝑏→𝑐)→(𝑏→𝑐)𝛾 ◦
��Δ𝑏→𝑐

〉𝐼→(𝑏→𝑐) ◦ 𝜂𝐼𝛽→𝐼

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝐼𝑏→𝑐 ◦ 𝜂𝐼𝑏𝛽→𝐼𝑏 ◦ 𝜂𝐼𝑏→𝐼𝑏𝛽 ◦ 𝜂𝐼→𝐼𝑏 ◦ 𝜂𝐼𝛽→𝐼

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝐼𝑏→𝑐 ◦ 𝜂𝐼𝑏𝛽→𝐼𝑏 ◦ 𝜂𝐼→𝐼𝑏𝛽 ◦ 𝜂𝐼𝑏𝛽→𝐼

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝐼𝑏→𝑐 ◦ 𝜂𝐼𝑏𝛽→𝐼𝑏

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 .

(6.112)

Thus,
Δ̃𝛽→𝛾 = 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 (6.113)

regardless of the relative order of types.
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6. Higher-Order Quantum Maps

Lastly, one obtains

�Δ ◦ Γ𝛼→𝛾
=


𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎 if ord(𝑎𝑐) = ord(𝛼𝛾)

𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼 if ord(𝑎𝑐) < ord(𝛼𝛾)
(6.114)

by noticing that in the case ord(𝑎𝑐) < ord(𝛼𝛾) one gets 𝐼𝑎 = 𝑎 and following all the steps of Eq. (6.108).
This leaves us with four different cases.

• ord(𝑎𝑏) = ord(𝛼𝛽) and ord(𝑎𝑐) = ord(𝛼𝛾):�(Δ ◦ Γ)𝛼→𝛾
= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= Δ̃𝛽→𝛾 ◦ Γ̃𝛼→𝛽

(6.115)

• ord(𝑎𝑏) < ord(𝛼𝛽) and ord(𝑎𝑐) < ord(𝛼𝛾):�(Δ ◦ Γ)𝛼→𝛾
= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼

= Δ̃𝛽→𝛾 ◦ Γ̃𝛼→𝛽 .

(6.116)

• ord(𝑎𝑏) < ord(𝛼𝛽) and ord(𝑎𝑐) = ord(𝛼𝛾): We have already discussed that if ord(𝑎𝑏) < ord(𝛼𝛽)
then 𝑎 = 𝐼𝑎. Moreover, from Eq. (6.95) and the first three cases of the proof of 𝛼 = 𝛼′, 𝛿 = 𝛿′ in
Lemma 6.2.29, it immediately follows that 𝑎 ≺ 𝛼. With that, we have:�(Δ ◦ Γ)𝛼→𝛾

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= Δ̃𝛽→𝛾 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= Δ̃𝛽→𝛾 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼𝑎𝛼→𝐼𝑎

= Δ̃𝛽→𝛾 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝑎→𝐼 ◦ 𝜂𝐼𝑎𝛼→𝐼𝑎

= Δ̃𝛽→𝛾 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝑎𝛼→𝐼

= Δ̃𝛽→𝛾 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼

= Δ̃𝛽→𝛾 ◦ Γ̃𝛼→𝛽 .

(6.117)

• ord(𝑎𝑏) = ord(𝛼𝛽) and ord(𝑎𝑐) < ord(𝛼𝛾): In this case too, 𝑎 = 𝐼𝑎 and 𝑎 ≺ 𝛼 (equivalent to
the previous case, compare Eq. (6.95) and Eq. (6.96)). Therefore, using the same tricks to prove
𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼 = 𝜂𝑎𝛼→𝑎, one obtains�(Δ ◦ Γ)𝛼→𝛾

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝐼𝑎→𝑏 ◦ 𝜂𝐼→𝐼𝑎 ◦ 𝜂𝐼𝛼→𝐼

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= 𝜂𝑐→𝑐𝛾 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏𝛽→𝑏 ◦ 𝜂𝑏→𝑏𝛽 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝛼→𝑎

= Δ̃𝛽→𝛾 ◦ Γ̃𝛼→𝛽 .

(6.118)
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6. Higher-Order Quantum Maps

All the cases have been considered; thus, the proof is completed. □

Next, we show that analogously to the tensor product, the square product is bilinear.

Proposition 6.2.31: Bilinearity

The product ⊠ is bilinear.

Proof. Observe that for every 𝑥, 𝑦 ∈ TypesA and Γ𝑥 ∈ 𝐿 (𝑥), Δ𝑦 ∈ 𝐿 (𝑦) we have that Γ𝑥 ⊠ Δ𝑦 =

𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊗ 𝜂𝑦→𝑦𝑥 (Δ𝑦). Since the promotion functions are linear and ⊗ is bilinear, it immediately follows
that ⊠ is bilinear. □

We conclude this Section with two handy properties of the square product. The first is that the promotion
of a function, 𝜂𝑥→𝑥𝑦 (Γ𝑥), can be expressed as the square product of the function with the promotion of 1.

Lemma 6.2.32: Parallel composition with promotions of 1

Let 𝑥, 𝑦 ∈ TypesA , and let Γ𝑥 ∈ 𝐿 (𝑥). Then, 𝜂𝑥→𝑥𝑦 (Γ𝑥) = Γ𝑥 ⊠ 𝜂𝐼→𝐼𝑦 (1).

Proof.
𝜂𝑥→𝑥𝑦 (Γ𝑥) = 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊠ 1

= 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊠ 𝜂𝐼→𝐼𝑥𝑦 (1)

= Γ𝑥 ⊠ 𝜂𝐼𝑦→𝐼𝑥𝑦 ◦ 𝜂𝐼→𝐼𝑦 (1)

= Γ𝑥 ⊠ 𝜂𝐼→𝐼𝑦 (1).

(6.119)

□

The second is that in the case of functions from or to the trivial space 𝐿 (𝐼), one can switch the tensor
product with sequential composition.

Lemma 6.2.33: Parallel composition of maps from with 𝐼 as input or output

Let 𝑎, 𝑏 ∈ TypesA be such that ord(𝑎) = ord(𝑏). Let Γ𝑎→𝐼 ∈ 𝐿 (𝑎 → 𝐼), and Δ𝐼→𝑏 ∈ 𝐿 (𝐼 → 𝑏).
Then, Γ𝑎→𝐼 ⊠ Δ𝐼→𝑏 = Δ𝐼→𝑏 ◦ Γ𝑎→𝐼 = Δ𝐼→𝑏 ⊠ Γ𝑎→𝐼 .

Proof. All three maps have type (𝑎 → 𝑏). We show that their action coincide for every 𝑢𝑎 ∈ 𝐿 (𝑎):

Δ𝐼→𝑏 ◦ Γ𝑎→𝐼 (𝑢𝑎) = Δ𝐼→𝑏 (Γ𝑎→𝐼 (𝑢𝑎)) = Δ𝐼→𝑏 (1)Γ𝑎→𝐼 (𝑢𝑎),

(Δ𝐼→𝑏 ⊠ Γ𝑎→𝐼 ) (𝑢𝑎) = (Δ𝐼→𝑏 ⊠ Γ𝑎→𝐼 ) (1 ⊠ 𝑢𝑎)

= Δ𝐼→𝑏 (1) ⊠ Γ𝑎→𝐼 (𝑢𝑎) = Δ𝐼→𝑏 (1)Γ𝑎→𝐼 (𝑢𝑎),

(Γ𝑎→𝐼 ⊠ Δ𝐼→𝑏) (𝑢𝑎) = (Γ𝑎→𝐼 ⊠ Δ𝐼→𝑏) (𝑢𝑎 ⊠ 1)

= Γ𝑎→𝐼 (𝑢𝑎) ⊠ Δ𝐼→𝑏 (1) = Δ𝐼→𝑏 (1)Γ𝑎→𝐼 (𝑢𝑎).

(6.120)

□
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6.2.4 Swap Operators

An important operator in product spaces is the swap operator, that is, the operator that swaps the order of
elements in an elementary tensor: 𝑢 ⊗ 𝑣 → 𝑣 ⊗ 𝑢. In this subsection, we present the maps that play the same
role in the case of the square product.

Definition 6.2.34: Swap operators

Let 𝑥, 𝑦 ∈ TypesA . Then, 𝜎𝑥𝑦→𝑦𝑥 is the map defined on elementary tensor 𝑢𝑥 ⊠ 𝑣𝑦 ∈ 𝐿 (𝑥𝑦) as
𝜎𝑥𝑦→𝑦𝑥 (𝑢𝑥 ⊠ 𝑣𝑦) = 𝑣𝑦 ⊠ 𝑢𝑥 and extended by linearity to all elements in 𝐿 (𝑥𝑦).

We first observe that this map is well-defined. Let
{
𝑢𝑥
𝑖
⊠ 𝑣𝑦𝛼

}
𝑖,𝛼

and
{
𝑢̃𝑥
𝑖
⊠ 𝑣̃𝑦𝛼

}
𝑖,𝛼

be two basis for
𝐿 (𝑥𝑦). Let𝑈𝑖 𝑗 and 𝑉𝛼𝛽 be the matrices for the change of basis. That is, 𝑢̃𝑥

𝑖
=

∑
𝑗 𝑈𝑖 𝑗𝑢

𝑥
𝑗

and 𝑣̃𝑦𝛼 =
∑

𝛽 𝑉𝛼𝛽𝑣
𝑦

𝛽
.

Let Γ𝑥𝑦 =
∑

𝑖𝛼 𝐺𝑖𝛼𝑢
𝑥
𝑖
⊠ 𝑣𝑦𝛼 =

∑
𝑖𝛼 𝐺̃𝑖𝛼𝑢̃

𝑥
𝑖
⊠ 𝑣̃𝑦𝛼. Observe that∑︁

𝑖𝛼

𝐺̃𝑖𝛼𝑢̃
𝑥
𝑖 ⊠ 𝑣̃𝑦𝛼 =

∑︁
𝑖𝛼 𝑗𝛽

𝐺̃𝑖𝛼𝑈𝑖 𝑗𝑢
𝑥
𝑗 ⊠𝑉𝛼𝛽𝑣

𝑦

𝛽

=
∑︁
𝑗𝛽

(
∑︁
𝑖𝛼

𝐺̃𝑖𝛼𝑈𝑖 𝑗𝑉𝛼𝛽)𝑢𝑥𝑗 ⊠ 𝑣
𝑦

𝛽
.

(6.121)

Therefore, 𝐺 𝑗𝛽 =
∑

𝑖𝛼 𝐺̃𝑖𝛼𝑈𝑖 𝑗𝑉𝛼𝛽. If we compute the output of the swap map for the two different
decompositions of Γ𝑥𝑦 , we obtain,

𝜎𝑥,𝑦 (
∑︁
𝑖𝛼

𝐺̃𝑖𝛼𝑢̃
𝑥
𝑖 ⊠ 𝑣̃𝑦𝛼) =

∑︁
𝑖𝛼

𝐺̃𝑖𝛼𝑣̃
𝑦
𝛼 ⊠ 𝑢̃𝑥𝑖

𝜎𝑥,𝑦 (
∑︁
𝑖𝛼

𝐺𝑖𝛼𝑢
𝑥
𝑖 ⊠ 𝑣𝑦𝛼) =

∑︁
𝑖𝛼

𝐺𝑖𝛼𝑣
𝑦
𝛼 ⊠ 𝑢𝑥𝑖

=
∑︁
𝑖𝛼

∑︁
𝑗𝛽

𝐺̃ 𝑗𝛽𝑈 𝑗𝑖𝑉𝛽𝛼𝑣
𝑦
𝛼 ⊠ 𝑢𝑥𝑖

=
∑︁
𝑗𝛽

𝐺̃ 𝑗𝛽

∑︁
𝛼

𝑉𝛽𝛼𝑣
𝑦
𝛼 ⊠

∑︁
𝑖

𝑈 𝑗𝑖𝑢
𝑥
𝑖

=
∑︁
𝑗𝛽

𝐺̃ 𝑗𝛽 𝑣̃
𝑦

𝛽
⊠ 𝑢̃𝑥𝑗 .

(6.122)

In both cases, the outputs are the same; therefore, 𝜎𝑥𝑦→𝑦𝑥 is well defined.
It follows immediately from the definition of the swap operators that swapping twice an elementary tensor

is the same as doing nothing.

Proposition 6.2.35: Inverse of swap operators

Let 𝑥, 𝑦 ∈ TypesA . Then, 𝜎𝑦𝑥→𝑥𝑦 is the inverse of 𝜎𝑥𝑦→𝑦𝑥 .

Since we prove most of our results by induction, it is helpful to have a recursive definition of the swap
operator. This is the content of the following Lemma.
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Lemma 6.2.36: Inductive definition of the swap operator

Let 𝑥, 𝑦 ∈ TypesA be such that ord(𝑥𝑦) > 0, let 𝑥 = (𝑎 → 𝑏) whenever ord(𝑥) > 0, 𝑦 = (𝑐 → 𝑑)
whenever ord(𝑦) > 0, and let Γ𝑥𝑦 ∈ 𝐿 (𝑥𝑦).

1. If ord(𝑥) = ord(𝑦), then 𝜎𝑥𝑦→𝑦𝑥 (Γ𝑥𝑦) = 𝜎𝑏𝑑→𝑑𝑏 ◦ Γ𝑎𝑐→𝑏𝑑 ◦ 𝜎𝑐𝑎→𝑎𝑐.

2. If ord(𝑥) < ord(𝑦), then 𝜎𝑥𝑦→𝑦𝑥 (Γ𝑥𝑦) = 𝜎𝑥𝑑→𝑑𝑥 ◦ Γ𝑐→𝑥𝑑 .

3. If ord(𝑥) > ord(𝑦), then 𝜎𝑥𝑦→𝑦𝑥 (Γ𝑥𝑦) = 𝜎𝑏𝑦→𝑦𝑏 ◦ Γ𝑎→𝑏𝑦 .

Proof. For the proof, it is enough to show that the expressions above coincide on the elementary tensor
Γ𝑥 ⊠ Δ𝑦 ∈ 𝐿 (𝑥𝑦). If so, then the two functions are the same by linearity.

1. Let 𝑣𝑐 ⊠ 𝑢𝑎 ∈ 𝐿 (𝑐𝑎).

𝜎𝑥𝑦→𝑦𝑥 (Γ𝑥 ⊠ Δ𝑦)@𝑣𝑐 ⊠ 𝑢𝑎 = Δ𝑐→𝑑 ⊠ Γ𝑎→𝑏@𝑣𝑐 ⊠ 𝑢𝑎

= Δ𝑐→𝑑 (𝑣𝑐) ⊠ Γ𝑎→𝑏 (𝑢𝑎).
(6.123)

Similarly,
𝜎𝑏𝑑→𝑑𝑏 ◦ (Γ𝑥 ⊠ Δ𝑦) ◦ 𝜎𝑐𝑎→𝑎𝑐@𝑣𝑐 ⊠ 𝑢𝑎

= 𝜎𝑏𝑑→𝑑𝑏 ◦ (Γ𝑎→𝑏 ⊠ Δ𝑐→𝑑)@𝑢𝑎 ⊠ 𝑣𝑐

= 𝜎𝑏𝑑→𝑑𝑏@(Γ𝑎→𝑏 (𝑢𝑎) ⊠ Δ𝑐→𝑑 (𝑣𝑐))

= Δ𝑐→𝑑 (𝑣𝑐) ⊠ Γ𝑎→𝑏 (𝑢𝑎).

(6.124)

2. Let 𝑣𝑐 ∈ 𝐿 (𝑐).
𝜎𝑥𝑦→𝑦𝑥 (Γ𝑥 ⊠ Δ𝑦)@𝑣𝑐 = Δ𝑐→𝑑 ⊠ Γ𝑥@𝑣𝑐

= Δ𝑐→𝑑 (𝑣𝑐) ⊠ Γ𝑥 .
(6.125)

Similarly,
𝜎𝑥𝑑→𝑑𝑥 ◦ (Γ𝑥 ⊠ Δ𝑦)@𝑣𝑐 = 𝜎𝑥𝑑→𝑑𝑥 (Γ𝑥 ⊠ Δ𝑐→𝑑 (𝑣𝑐))

= Δ𝑐→𝑑 (𝑣𝑐) ⊠ Γ𝑥 .
(6.126)

3. Analogous to the previous case.

□

From the Lemma above, one deduces the following equalities for the swap of elementary tensors.
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Corollary 6.2.37

Let 𝑥, 𝑦TypesA be such that ord(𝑥𝑦) > 0, let 𝑥 = (𝑎 → 𝑏) whenever ord(𝑥) > 0, 𝑦 = (𝑐 → 𝑑)
whenever ord(𝑦) > 0, and let Γ𝑥 ∈ 𝐿 (𝑥), Δ𝑦 ∈ 𝐿 (𝑦).

1. If ord(𝑥) = ord(𝑦), then 𝜎𝑏𝑑→𝑑𝑏 ◦ Γ𝑥 ⊠ Δ𝑦 = Δ𝑦 ⊠ Γ𝑥 ◦ 𝜎𝑎𝑐→𝑐𝑎.

2. If ord(𝑥) < ord(𝑦), then 𝜎𝑥𝑑→𝑑𝑥 ◦ Γ𝑥 ⊠ Δ𝑦 = Δ𝑦 ⊠ Γ𝑥 .

3. If ord(𝑥) > ord(𝑦), then 𝜎𝑏𝑦→𝑦𝑏 ◦ Γ𝑥 ⊠ Δ𝑦 = Δ𝑦 ⊠ Γ𝑥 .

Moreover, the three cases of Lemma 6.2.36 can be merged into a single abstract expression.

Corollary 6.2.38

Let 𝑥, 𝑦TypesA be such that ord(𝑥𝑦) > 0, let 𝑥 = (𝑎 → 𝑏) whenever ord(𝑥) > 0, 𝑦 = (𝑐 → 𝑑)
whenever ord(𝑦) > 0, and let Γ𝑥𝑦 ∈ 𝐿 (𝑥𝑦). Then, 𝜎𝑥𝑦→𝑦𝑥 = 𝜎𝛽𝛿→𝛿𝛽 ◦ Γ𝛼𝛾→𝛽𝛿 ◦ 𝜎𝛾𝛼→𝛼𝛾 , where

𝛼 =


𝑎 if ord(𝑥) ≥ ord(𝑦)

𝐼 if ord(𝑥) < ord(𝑦)
𝛽 =


𝑏 if ord(𝑥) ≥ ord(𝑦)

𝑥 if ord(𝑥) < ord(𝑦)

𝛾 =


𝑐 if ord(𝑥) ≤ ord(𝑦)

𝐼 if ord(𝑥) > ord(𝑦)
𝛿 =


𝑑 if ord(𝑥) ≤ ord(𝑦)

𝑦 if ord(𝑥) > ord(𝑦)

(6.127)

Proof. The only thing to show is that for any type 𝑧, 𝜎𝑧𝐼→𝐼𝑧 = id𝑧→𝑧 = 𝜎𝐼𝑧→𝑧𝐼 . This is trivial: 𝜎𝑧𝐼→𝐼𝑧 (1 ⊠

𝑢𝑧) = 𝑢𝑧 ⊠1 = 𝑢𝑧 = 1⊠𝑢𝑧 for all 𝑢𝑧 ∈ 𝐿 (𝑧). This shows that id𝑧→𝑧 = 𝜎𝐼𝑧→𝑧𝐼 . The proof of 𝜎𝑧𝐼→𝐼𝑧 = id𝑧→𝑧

is analogous. With this property at hand, one can precompose the functions in the second and third case of
Lemma 6.2.36 with the proper swap operator and obtain the desired result. □

6.2.5 Hermitian Preserving Maps

In this and the following Subsection, we describe two essential subsets of 𝐿 (𝑥), which are the generalizations
of the set of Hermitian-preserving channels and completely positive-preserving channels. These two subsets
are very relevant in quantum mechanics. Indeed, quantum states are Hermitian and positive semidefinite.
Quantum channels are Hermitian-preserving and completely positive-preserving. Quantum superchannels
preserve Hermitian-preserving maps and completely preserve completely positive-preserving maps. This
kind of pattern is well-suited for a recursive definition, which is the bread and butter of our type system. In
this Subsection, we focus on the generalization of Hermitian-preserving, while in the following Subsection,
we focus on the generalization of completely positive-preserving.
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Definition 6.2.39: Hermitian preserving

Let 𝑥 ∈ TypesA . The set of Hermitian-preserving maps of type 𝑥, denoted as 𝐻 (𝑥) is

• The set of Hermitian maps on the Hilbert spaceH𝐸 , if 𝑥 = 𝐸 ∈ EleTypesA .

• The set 𝐻 (𝑥) =
{
Γ𝑎→𝑏 | Γ𝑎→𝑏 (𝑢𝑎) ∈ 𝐻 (𝑏),∀𝑢𝑎 ∈ 𝐻 (𝑎)

}
, if 𝑥 = (𝑎 → 𝑏), and 𝑎, 𝑏 ∈

TypesA .

From the definition, it follows that 𝐻 (𝑥) is a real vector space for all 𝑥 ∈ TypesA . Indeed, this is the case
for elementary types, and the recursive structure of the definition guarantees that 𝐻 (𝑥) is a real vector space
if both 𝐻 (𝑎) and 𝐻 (𝑏) are, when 𝑥 = (𝑎 → 𝑏). Moreover, by induction, one shows that the (real) dimension
of 𝐻 (𝑥) is simply the product of the square of the elementary types labelling the leaves of the tree associated
with 𝑥. That is |𝐻 (𝑥) | = ∏

𝑖 |𝐸𝑖 |2 (compare with Lemma 6.2.2).
Of more interest is the fact that the complex inner product defined on 𝐿 (𝑥) becomes a real inner product

on 𝐻 (𝑥), as in the case of the Hilbert-Schmidt inner product of Hermitian matrices.

Proposition 6.2.40: Inner product on 𝐻 (𝑥)

Let 𝑥 ∈ TypesA , and let Γ𝑥 ,Δ𝑥 ∈ 𝐻 (𝑥), then (Γ𝑥 ,Δ𝑥)𝑥 ∈ R, where (·, ·)𝑥 is the inner product defined
in Definition 6.2.3. Moreover, there is an orthonormal basis of 𝐿 (𝑥) that is a basis of 𝐻 (𝑥).

Proof. This is the first instance of an inductive proof where it is easier to prove two statements simultaneously
because we can use the inductive hypothesis of both statements in the inductive step. We proceed by induction
on the order of types, as usual. The statements are true for elementary types. These are well-known results
about Hermitian matrices. For the inductive step, let 𝑥 ∈ TypesA be a type such that ord(𝑥) > 0, and let
us assume that the statements are true for all types up to order ord(𝑥) − 1. Let 𝑎, 𝑏 ∈ TypesA be such that
𝑥 = (𝑎 → 𝑏), and let

{
𝑢𝑎
𝑖

}
𝑖

be the orthonormal basis of 𝐿 (𝑎) with elements in 𝐻 (𝑎). Starting with the
definition of the inner product, we have

(Γ𝑥 ,Δ𝑥)𝑥 =
∑︁
𝑖

(Δ𝑥 (𝑢𝑎𝑖 ), Γ𝑥 (𝑢𝑎𝑖 ))𝑏 . (6.128)

Now, since Γ𝑥 ,Δ𝑥 ∈ 𝐻 (𝑥) and 𝑢𝑎
𝑖
∈ 𝐻 (𝑎) for all 𝑖, we have thatΔ𝑥 (𝑢𝑎

𝑖
), Γ𝑥 (𝑢𝑎

𝑖
) ∈ 𝐻 (𝑏) for all 𝑖. By inductive

hypothesis, we obtain (Δ𝑥 (𝑢𝑎
𝑖
), Γ𝑥 (𝑢𝑎

𝑖
))𝑏 ∈ R for all 𝑖, from which immediately follows (Γ𝑥 ,Δ𝑥)𝑥 ∈ R.

We now prove that there exists an orthonormal basis for 𝐿 (𝑥) that is contained in 𝐻 (𝑥). Let
{
𝑢𝑎
𝑖

}
𝑖

and
{
𝑣𝑏
𝑗

}
𝑗

be the basis for 𝐿 (𝑎) and 𝐿 (𝑏) that are also basis for 𝐻 (𝑎) and 𝐻 (𝑏), respectively. Then,{ ���𝑣𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑎
𝑖

��𝑎→𝐼

}
𝑖, 𝑗

is an orthonormal basis for 𝐿 (𝑥). We show that
���𝑣𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑎
𝑖

��𝑎→𝐼 ∈ 𝐻 (𝑥) for all

𝑖, 𝑗 . Let 𝑢𝑎 ∈ 𝐻 (𝑎), then���𝑣𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑎𝑖

��𝑎→𝐼 @𝑢𝑎 =

���𝑣𝑏𝑗 〉𝐼→𝑏

@(𝑢𝑎, 𝑢𝑎𝑖 )𝑎 = 𝑣𝑏𝑗 (𝑢𝑎, 𝑢𝑎𝑖 )𝑎 . (6.129)

By inductive hypothesis, (𝑢𝑎, 𝑢𝑎
𝑖
)𝑎 ∈ R, which implies 𝑣𝑏

𝑗
(𝑢𝑎, 𝑢𝑎

𝑖
)𝑎 ∈ 𝐻 (𝑏). This is true for all 𝑢𝑎 ∈ 𝐻 (𝑎),

therefore
���𝑣𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑎
𝑖

��𝑎→𝐼 ∈ 𝐻 (𝑥) for all 𝑖, 𝑗 . Since the elements of
{ ���𝑣𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑎
𝑖

��𝑎→𝐼

}
𝑖, 𝑗

are linearly
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independent in the complex field, they are linearly independent in the real field. Moreover, since the
(complex) dimension of 𝐿 (𝑥) is equal to the (real) dimension of 𝐻 (𝑥), there are enough elements in{ ���𝑣𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑎
𝑖

��𝑎→𝐼

}
𝑖, 𝑗

to span 𝐻 (𝑥).
□

In other words, this Proposition shows that 𝐻 (𝑥) is a real Hilbert space with (·, ·)𝑥 as the inner product.
Next on the list is to understand what happens when a 𝐻-preserving map Γ𝑥 ∈ 𝐻 (𝑥) is promoted to a

map Γ𝑥𝑦 . In the next Proposition, we show that, as one would expect, promotion and demotion maps are
𝐻-preserving, which means that the promoted map Γ𝑥𝑦 is in 𝐻 (𝑥𝑦).

Proposition 6.2.41: Promotion and demotion maps are 𝐻-preserving

Let 𝑥, 𝑦 ∈ TypesA . Then, 𝜂𝑥→𝑥𝑦 ∈ 𝐻 (𝑥 → 𝑥𝑦) and 𝜂𝑥𝑦→𝑥 ∈ 𝐻 (𝑥𝑦 → 𝑥).

Proof. In the base step, the promotion and demotion maps are identities; therefore, they are 𝐻-preserving.
For the inductive step, it is enough to show that the ket map is 𝐻-preserving. Indeed, promotion and demotion
maps are the sequential composition of promotion and demotion of lower order with the ket function, and
the sequential composition of 𝐻-preserving maps is 𝐻-preserving. Now, for arbitrary 𝑥, |·⟩𝐼→𝑥 maps a map
Γ𝑥 to the map |Γ𝑥⟩𝐼→𝑥 ∈ 𝐿 (𝐼 → 𝑥) defined as |Γ𝑥⟩𝐼→𝑥 (1) = Γ(𝑥). Now, assume that Γ𝑥 ∈ 𝐻 (𝑥). We
have to prove that |Γ𝑥⟩𝐼→𝑥 ∈ 𝐻 (𝐼 → 𝑥). Note that 𝐻 (𝐼) = R. Let 𝑎 ∈ R, then |Γ𝑥⟩𝐼→𝑥 (𝑎) = 𝑎Γ𝑥 . Since
𝐻 (𝑥) is a real vector space, 𝑎Γ𝑥 ∈ 𝐻 (𝑥), and therefore |Γ𝑥⟩𝐼→𝑥 ∈ 𝐻 (𝐼 → 𝑥). This shows that |·⟩𝐼→𝑥 is
𝐻-preserving. □

Since the promotion and demotion maps are one the inverse of the other and 𝜂𝑥→𝑥𝑦 (𝐻 (𝑥)) ⊆ 𝐻 (𝑥𝑦) and
𝜂𝑥𝑦→𝑥 (𝐻 (𝑥𝑦)) ⊆ 𝐻 (𝑥), we have that 𝐻𝑥 and 𝐻 (𝑥𝑦) are isomorphic.

Corollary 6.2.42: Isomorphism of 𝐻 (𝑥) and 𝐻 (𝑥𝑦)

Let 𝑥, 𝑦 ∈ TypesA . Then, 𝐻 (𝑥) is isomorphic to 𝐻 (𝑥𝑦).

We have discussed promotion and demotion operators, and it is trivial that the sequential composition
of 𝐻-preserving functions is 𝐻-preserving. What is left to discuss is the square product of 𝐻-preserving
functions. With the next Theorem, we show that the product of 𝐻-preserving functions is 𝐻-preserving.

Theorem 6.2.43: Product of 𝐻-preserving maps

Let 𝑥, 𝑦 ∈ TypesA , and let 𝐻 (𝑥) ⊠ 𝐻 (𝑦) ≔ Span { Γ𝑥 ⊠ Δ𝑦 | Γ𝑥 ∈ 𝐻 (𝑥),Δ𝑦 ∈ 𝐻 (𝑦) }. Then,
𝐻 (𝑥𝑦) = 𝐻 (𝑥) ⊠ 𝐻 (𝑦).

Proof. We prove it by induction on ord(𝑥𝑦). If ord(𝑥𝑦) = 0, then both 𝑥 = 𝐸 and 𝑦 = 𝐺 are elementary
types, and the tensor product of the space of Hermitian matrices on a Hilbert space 𝐸 with the space of
Hermitian matrices on 𝐺 is the vector space of Hermitian matrices on 𝐸𝐺. We assume now that ord(𝑥𝑦) > 0
and that the statement is true for all types up to order ord(𝑥𝑦) − 1. We first show that 𝐻 (𝑥) ⊠ 𝐻 (𝑦) ⊆ 𝐻 (𝑥𝑦).

172



6. Higher-Order Quantum Maps

By definition, if
{
Γ𝑥
𝑖

}
𝑖

and
{
Δ
𝑦

𝑗

}
𝑗

are bases for 𝐻 (𝑥) and 𝐻 (𝑦), respectively, then
{
Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗

}
𝑖, 𝑗

is a basis

for 𝐻 (𝑥) ⊠ 𝐻 (𝑦). We show that Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗
∈ 𝐻 (𝑥𝑦) for arbitrary 𝑖, 𝑗 . We split the proof into three cases.

• ord(𝑥) = ord(𝑦), and 𝑥 = (𝑎 → 𝑏), 𝑦 = (𝑐 → 𝑑). Then, Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗
∈ 𝐻 (𝑎𝑐 → 𝑏𝑑). By induction

hypothesis, any element of 𝐻 (𝑎𝑐) can be written as a linear combination of elementary tensors
𝑢𝑎 ⊠ 𝑣𝑏, with 𝑢𝑎 ∈ 𝐻 (𝑎) and 𝑣𝑐 ∈ 𝐻 (𝑐). The action of Γ𝑥

𝑖
⊠ Δ

𝑦

𝑗
on elementary tensors gives

Γ𝑥
𝑖
(𝑢𝑎) ⊠ Δ

𝑦

𝑗
(𝑣𝑐) ∈ 𝐻 (𝑏) ⊠ 𝐻 (𝑑) = 𝐻 (𝑏𝑑), where the last equality follows by induction hypothesis.

Therefore, by linearity, Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗
@𝐻𝑎𝑐 ⊆ 𝐻 (𝑏𝑑). This proves, that Γ𝑥

𝑖
⊠ Δ

𝑦

𝑗
∈ 𝐻 (𝑥𝑦).

• ord(𝑥) > ord(𝑦), and 𝑥 = (𝑎 → 𝑏). Then, Γ𝑥
𝑖
⊠Δ𝑦

𝑗
∈ 𝐻 (𝑎 → 𝑏𝑦). Let 𝑢𝑎 ∈ 𝐻 (𝑎). By Theorem 6.2.27,

we have that Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗
@𝑢𝑎 = Γ𝑥

𝑖
(𝑢𝑎) ⊠ Δ

𝑦

𝑗
∈ 𝐻 (𝑏) ⊠ 𝐻 (𝑦) = 𝐻 (𝑏𝑦). As in the previous case, this

implies that Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗
∈ 𝐻 (𝑥𝑦).

• ord(𝑥) < ord(𝑦): Symmetric to the previous case.

We have shown that a basis of 𝐻 (𝑥) ⊠ 𝐻 (𝑦) is contained in 𝐻 (𝑥𝑦). Since these two real vector spaces have
the same dimension,

{
Γ𝑥
𝑖
⊠ Δ

𝑦

𝑗

}
𝑖, 𝑗

is a basis of 𝐻 (𝑥𝑦), and therefore the two vector spaces are equal. □

Thanks to this Theorem, it is easy to see that, as in the case of quantum channels, there is no need to
require that a map is completely Hermitian-preserving.

Corollary 6.2.44: Completely 𝐻-preserving maps

Let 𝑥 ∈ TypesA . Then Γ𝑥 ∈ 𝐻 (𝑥) if and only if Γ𝑥 ⊠ id𝑦→𝑦 ∈ 𝐻 (𝑥(𝑦 → 𝑦)) for all 𝑦 ∈ TypesA .

Proof. Necessity follows from Theorem 6.2.43. For sufficiency, we choose 𝑦 = 𝐼𝑥 . Since Γ𝑥 ⊠ id𝐼𝑥→𝐼𝑥 ∈
𝐻 (𝐼𝑥 → 𝑥) and 𝜂𝐼→𝐼𝑥 (1) ∈ 𝐻 (𝐼𝑥) because promotion functions are 𝐻-preserving, we have that Γ𝑥 ⊠

id𝐼𝑥→𝐼𝑥 @𝜂𝐼→𝐼𝑥 (1) ∈ 𝐻 (𝑥). Observe that Γ𝑥 ⊠ id𝐼→𝐼 @𝜂𝐼→𝐼𝑥 (1) = Γ𝑥 ⊠ 𝜂𝐼→𝐼𝑥 (1) = Γ𝑥 ⊠ 1 = Γ𝑥 , which
implies Γ𝑥 ∈ 𝐻 (𝑥). □

6.2.6 Positive-Preserving Maps

In this subsection, we show how to extend the notion of completely positive-preserving channels to maps of
arbitrary type 𝑥. The key point is that a map is completely positive-preserving if it is positive-preserving when
tensored with an identity of the same order. For example, channels are tensored with the identity channel.

Definition 6.2.45: Completely positive-preserving maps

Let 𝑥 ∈ TypesA . The set 𝐾 (𝑥) of completely positive-preserving maps of type 𝑥 is defined as

• if 𝑥 = 𝐸 ∈ EleTypesA , 𝐾 (𝑥) is the set of positive semi-definite matrices onH𝐸 ,

• if 𝑥 = (𝑎 → 𝑏), then 𝐾 (𝑥) is the set of all Γ𝑥 ∈ 𝐻 (𝑥) such that Γ𝑥 ⊠ id𝑦→𝑦 (𝐻 (𝑎𝑦)) ⊆ 𝐻 (𝑏𝑦),
for all types 𝑦 such that ord(𝑦) = ord(𝑥) − 1.
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Note that this definition ensures that the order type of 𝑦 → 𝑦 is the same as the order of 𝑥. Moreover, if
𝑥 = (𝐴→ 𝐵), the set 𝐾 (𝑥) coincides with CP(𝐴→ 𝐵), the set of completely positive-preserving operators
from 𝐴 to 𝐵.

After we define a space, we usually study its geometry. For example, 𝐿 (𝑥) is a complex Hilbert space,
and 𝐻 (𝑥) is a real Hilbert space. 𝐾 (𝑥) is a closed, convex, and pointed cone, where pointed means that
𝐾 (𝑥) ∩ −𝐾 (𝑥) = { 0𝑥 }, and 0𝑥 is the map sending all inputs to the zero vector of the output space.

Proposition 6.2.46: Geometry of 𝐾 (𝑥)

Let 𝑥 ∈ TypesA , then 𝐾 (𝑥) is a convex, closed, and pointed cone.

Proof. Base step: The set of positive semidefinite matrices is a convex, closed, and pointed cone.
Inductive step: Let ord(𝑥) > 0 and assume for all types 𝑧 up to order ord(𝑥) − 1, 𝐾 (𝑧) is a convex, closed,

and pointed cone. Let 𝑎, 𝑏 ∈ TypesA be such that 𝑥 = (𝑎 → 𝑏).

1. 𝐾 (𝑥) is a convex cone: Let
{
Γ𝑥
𝑖

}
𝑖
be a finite sets of maps in 𝐾 (𝑥), and let 𝛼𝑖 ∈ R+. Let 𝑦 ∈ TypesA

such that ord(𝑦) = ord(𝑥) − 1, and let 𝑢𝑎𝑦 ∈ 𝐾 (𝑎𝑦). Then,∑︁
𝑖

𝛼𝑖Γ
𝑥
𝑖 ⊠ id𝑦→𝑦 @𝑢𝑎𝑦 =

∑︁
𝑖

𝛼𝑖 (Γ𝑥
𝑖 ⊠ id𝑦→𝑦 @𝑢𝑎𝑦), (6.130)

and each Γ𝑥
𝑖
⊠ id𝑦→𝑦 @𝑢𝑎𝑦 ∈ 𝐾 (𝑏𝑦). Since 𝐻 (𝑏𝑦) is a convex cone we have that

∑
𝑖 𝛼𝑖 (Γ𝑥

𝑖
⊠

id𝑦→𝑦 @𝑢𝑎𝑦) ∈ 𝐾 (𝑏𝑦). This is true for all 𝑦 ∈ TypesA such that ord(𝑦) = ord(𝑥) − 1 and all
𝑢𝑎𝑦 ∈ 𝐾 (𝑎𝑦). Therefore,

∑
𝑖 𝛼𝑖 (Γ𝑥

𝑖
⊠ id𝑦→𝑦) ∈ 𝐾 (𝑥).

2. 𝐾 (𝑥) is closed: Let
{
Γ𝑥
𝑖

}
𝑖

be a sequence of maps in 𝐾 (𝑥) converging in the norm induced by the
inner product (·, ·)𝑥 to Γ𝑥 . That is, lim𝑖→∞



Γ𝑥 − Γ𝑥
𝑖




𝑥
= 0. We want to show that Γ𝑥 ∈ 𝐾 (𝑥). Let

𝑦 ∈ TypesA be such that ord(𝑦) = ord(𝑥) − 1 and let 𝑢𝑎𝑦 ∈ 𝐾 (𝑎𝑦). First, we show that Γ𝑥 ⊠ id𝑦→𝑦 is
equal to lim𝑖→∞(Γ𝑥

𝑖
⊠ id𝑦→𝑦). Indeed,

lim
𝑖→∞



Γ𝑖
𝑥 ⊠ id𝑦→𝑦 −Γ𝑥 ⊠ id𝑦→𝑦




𝑥 (𝑦→𝑦) = lim

𝑖→∞



(Γ𝑖
𝑥 − Γ𝑥) ⊠ id𝑦→𝑦




𝑥 (𝑦→𝑦)

Corollary 6.2.23 = lim
𝑖→∞



(Γ𝑖
𝑥 − Γ𝑥)




𝑥
∥id𝑦→𝑦 ∥𝑦→𝑦

= 0.

(6.131)

This implies that

Γ𝑥 ⊠ id𝑦→𝑦 @𝑢𝑎𝑦 = lim
𝑖→∞
(Γ𝑥

𝑖 ⊠ id𝑦→𝑦)@𝑢𝑎𝑦 = lim
𝑖→∞

Γ𝑥
𝑖 ⊠ id𝑦→𝑦 @𝑢𝑎𝑦 . (6.132)

Since Γ𝑥
𝑖
⊠ id𝑦→𝑦 @𝑢𝑎𝑦 ∈ 𝐾 (𝑏𝑦) for all 𝑖 and 𝐾 (𝑏𝑦) is closed by induction hypothesis, we have that

Γ𝑥 ⊠ id𝑦→𝑦 @𝑢𝑎𝑦 = lim𝑖→∞(Γ𝑥
𝑖
⊠ id𝑦→𝑦 @𝑢𝑎𝑦) ∈ 𝐾 (𝑏𝑦). This, in turn, implies that Γ𝑥 ∈ 𝐾 (𝑥).

3. 𝐾 (𝑥) is pointed: Let Γ𝑥 ∈ 𝐾 (𝑥) ∩−𝐾 (𝑥). Then for any 𝑦 ∈ TypesA such that ord(𝑦) = ord(𝑥) −1, and
any 𝑢𝑎𝑦 we have that Γ𝑥 ⊠ id𝑦→𝑦 (𝑢𝑎𝑦) ∈ 𝐾 (𝑏𝑦) and −Γ𝑥 ⊠ id𝑦→𝑦 (𝑢𝑎𝑦) ∈ 𝐾 (𝑏𝑦). However, 𝐾 (𝑏𝑦) is
pointed by induction hypothesis, therefore Γ𝑥 ⊠ id𝑦→𝑦 (𝑢𝑎𝑦) = 0𝑏𝑦 . This is true for all 𝑢𝑎𝑦 , therefore
Γ𝑥 = 0𝑥 .
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□

At this point, we would turn our attention to promotion and demotion maps, with the hope that they are
𝐾-preserving. That is, we would like to show that if Γ𝑥 ∈ 𝐾 (𝑥) then its promotion 𝜂𝑥→𝑥𝑦 (Γ𝑥) is in 𝐾 (𝑥𝑦).
However, if one tries to prove this result, one would notice that many properties of the square product are
needed. In particular, one needs the square product of maps in 𝐾 to be in 𝐾 . Therefore, we must prove the
result for the promotion function in conjunction with the result for the square product. While doing so, we
also prove that |·⟩ is 𝐾-preserving, that a function in 𝐾 is 𝐾-preserving, and that the swap operators are in 𝐾 .

Theorem 6.2.47: Properties of 𝐾

Let 𝑥, 𝑦 ∈ TypesA .

1. If Γ𝑥 ∈ 𝐾 (𝑥), then 𝜂𝑥→𝑥𝑦 (Γ𝑥) ∈ 𝐾 (𝑥𝑦). Similarly, if Δ𝑥𝑦 ∈ 𝐾 (𝑥𝑦), then 𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) ∈ 𝐾 (𝑥)

2. If Γ𝑥 ∈ 𝐾 (𝑥) and Δ𝑦 ∈ 𝐾 (𝑦), then Γ𝑥 ⊠ Δ𝑦 ∈ 𝐾 (𝑥𝑦).

3. If Γ𝑥 ∈ 𝐾 (𝑥), then |Γ𝑥⟩𝐼→𝑥 ∈ 𝐾 (𝐼 → 𝑥). Similarly, if Θ𝐼→𝑥 ∈ 𝐾 (𝐼 → 𝑥), then Θ𝐼→𝑥 (1) ∈
𝐾 (𝑥).

4. If Γ𝑥 ∈ 𝐾 (𝑥), 𝑥 = (𝑎 → 𝑏) and 𝑢𝑎 ∈ 𝐾 (𝑎), then Γ𝑥 (𝑢𝑎) ∈ 𝐾 (𝑏).

5. 𝜎𝑥𝑦→𝑦𝑥 ∈ 𝐾 (𝑥𝑦 → 𝑦𝑥).

Proof. We prove it by induction on ord(𝑥𝑦). Base step: Let 𝑥 = 𝐸 ∈ EleTypesA , 𝑦 = 𝐹 ∈ EleTypesA .

1. 𝜂𝐸→𝐸𝐹 = 𝜂𝐸𝐹→𝐸 = id𝐸→𝐸 , which is obviously 𝐾-preserving.

2. Since Γ𝐸 ,Δ𝐹 ≥ 0, then Γ𝐸 ⊗ Δ𝐹 ≥ 0.

3. Let Γ𝐸 ≥ 0. For any 𝐺 ∈ EleTypesA , and 𝑢𝐺 ∈ 𝐾 (𝐺),

(
��Γ𝐸

〉𝐼→𝐸
⊠ id𝐺→𝐺) (𝑢𝐺) = (

��Γ𝐸
〉𝐼→𝐸

⊠ id𝐺→𝐺) (1 ⊠ 𝑢𝐺)

=
��Γ𝐸

〉𝐼→𝐸 (1) ⊠ id𝐺→𝐺 (𝑢𝐺)

= Γ𝐸 ⊠ 𝑢𝐺 ,

(6.133)

which, as we have just shown in point 2, is in 𝐾 (𝐸𝐺). This shows that
��Γ𝐸

〉𝐼→𝐸 ∈ 𝐾 (𝐼 → 𝐸).

If we assume that Θ𝐼→𝐸 ∈ 𝐾 (𝐼 → 𝐸), then Θ𝐼→𝐸 ⊠ id𝐼→𝐼 is 𝐾-preserving. In particular, since
1 ⊠ 1 ∈ 𝐾 (𝐼 ⊠ 𝐼), we have that

Θ𝐼→𝐸 ⊠ id𝐼→𝐼 (1 ⊠ 𝐼) = Θ𝐼→𝐸 (1) ⊠ id𝐼→𝐼 (1)

= Θ𝐼→𝐸 (1) ⊠ 1

= Θ𝐼→𝐸 (1).

(6.134)

Since Θ𝐼→𝐸 ⊠ id𝐼→𝐼 is 𝐾-preserving, then Θ𝐼→𝐸 (1) ∈ 𝐾 (𝐸).
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4. Not compatible with the base case.

5. 𝜎𝐸𝐺→𝐺𝐸 is simply the swap channel, which is completely positive-preserving. Therefore 𝜎𝐸𝐺→𝐺𝐸 ⊠

id𝐹→𝐹 is 𝐾-preserving for any 𝐹, and thus, 𝜎𝐸𝐺→𝐺𝐸 ∈ 𝐾 (𝐸𝐺 → 𝐺𝐸).

Inductive step: Here we assume that ord(𝑥𝑦) > 0 and that the properties 1-5 are true for all types up to
order ord(𝑥𝑦) − 1. This implies that we can use any of the properties 1-5 for types of order up to ord(𝑥𝑦) − 1
in the proof of the inductive step. Moreover, we can use a proven statement at order ord(𝑥𝑦) to prove a
subsequent statement at order ord(𝑥𝑦). Note that this does not result in a circular proof if we are careful and
only use proven statements. In the following, we write 𝑥 = (𝑎 → 𝑏) whenever ord(𝑥) > 0, 𝑦 = (𝑐 → 𝑑)
whenever ord(𝑦) > 0, and 𝑧 = (𝑒 → 𝑓 ), whenever ord(𝑧) > 0.

1. Promotion and demotion functions are 𝐾-preserving:

• ord(𝑥) = ord(𝑦):

𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊠ id𝑧→𝑧 = 𝜂𝑥𝑦→𝑥𝑦 (𝑧→𝑧) (𝜂𝑥→𝑥𝑥𝑦 (Γ𝑥)) ⊠ id𝑧→𝑧

Proposition 6.2.17 = (𝜂𝑏→𝑏𝑑𝑧 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑐𝑧→𝑎) ⊠ id𝑧→𝑧

Theorem 6.2.30 = (𝜂𝑏→𝑏𝑑𝑧 ⊠ id𝑧→𝑧) ◦ (Γ𝑥 ⊠ id𝑧→𝑧) ◦ (𝜂𝑎𝑐𝑧→𝑎 ⊠ id𝑧→𝑧)

Lemma 6.2.20 = 𝜂𝑏𝑧→𝑏𝑧𝑑 ◦ (Γ𝑥 ⊠ id𝑧→𝑧) ◦ 𝜂𝑎𝑧𝑐→𝑎𝑧 .

(6.135)

By the induction hypothesis, the promotion and demotion functions appearing in the last line of
the equation above are 𝐾-preserving, and so is Γ𝑥 ⊠ id𝑧→𝑧 because Γ𝑥 ∈ 𝐾 (𝑥). The concatenation
of 𝐾-preserving functions is 𝐾-preserving, and therefore, 𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊠ id𝑧→𝑧 is 𝐾-preserving for
any 𝑧 such that ord(𝑧) = ord(𝑥𝑦) − 1. This implies that 𝜂𝑥→𝑥𝑦 (Γ𝑥) ∈ 𝐾 (𝑥𝑦) for any Γ𝑥 ∈ 𝐾 (𝑥),
and this shows that 𝜂𝑥→𝑥𝑦 is 𝐾-preserving.

The proof of 𝜂𝑥𝑦→𝑦 being 𝐾-preserving follows exactly the same steps: 𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) ⊠ id𝑧→𝑧 can
be written as a concatenation of 𝐾-preserving function, which implies that 𝜂𝑥𝑦→𝑥 (Δ𝑥𝑦 ) ∈ 𝐾 (𝑥)
and that 𝜂𝑥→𝑥𝑦 is 𝐾-preserving.

• ord(𝑥) < ord(𝑦):

𝜂𝑥→𝑥𝑦 (Γ𝑥) ⊠ id𝑧→𝑧 = 𝜂𝑥𝑦→𝑥𝑦 (𝑧→𝑧) (𝜂𝑥→𝑥𝑥𝑦 (Γ𝑥)) ⊠ id𝑧→𝑧

= (𝜂𝑥𝑑→𝑥𝑑𝑧 |𝜂𝑥→𝑥𝑑 (Γ𝑎)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 ◦ 𝜂𝐼𝑧𝑐→𝐼𝑐 ) ⊠ id𝑧→𝑧

Lemma 6.2.6 = |𝜂𝑥→𝑥𝑑𝑧 (Γ𝑥)⟩𝐼→𝑥𝑑𝑧 ◦ 𝜂𝐼𝑐𝑧→𝐼 .

(6.136)

Note that, since ord(𝑥𝑑𝑧) < ord(𝑥𝑦) we can use the inductive hypothesis about |·⟩𝐼→𝑥𝑑𝑧 being
𝐾-preserving. Therefore, we can conclude that 𝜂𝑥→𝑥𝑦 is 𝐾-preserving with the same argument
used in the previous case. Similarly, we can prove that 𝜂𝑥𝑦→𝑥 is 𝐾-preserving using the inductive
hypothesis for the evaluation at 1.

• ord(𝑥) > ord(𝑦): the proof is analogous to the case ord(𝑥) = ord(𝑦) but simpler.
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2. Completely positive-preserving maps are closed under the tensor product. Let 𝑧 ∈ TypesA such that
ord(𝑧) = ord(𝑥𝑦) − 1. We want to show that Γ𝑥 ⊠ Δ𝑦 ⊠ id𝑧→𝑧 is 𝐾-preserving. To this end, we write
Γ𝑥 ⊠ Δ𝑦 ⊠ id𝑧→𝑧 as a sequential composition of 𝐾-preserving maps. First, note that

Γ𝑥 ⊠ Δ𝑦 ⊠ id𝑧→𝑧 = 𝜂𝑥𝑦→𝑥𝑦𝑧→𝑧 (Γ𝑥 ⊠ Δ𝑦) ⊠ id𝑧→𝑧

= 𝜂𝑥→𝑥𝑦 (𝑧→𝑧) (Γ𝑥) ⊠ 𝜂𝑦→𝑦𝑥 (𝑧→𝑧) (Δ𝑦) ⊠ id𝑧→𝑧 .
(6.137)

Since ord(𝑥𝑦(𝑧 → 𝑧)) = ord(𝑥𝑦), we can use the already proven fact that promotion maps of order
ord(𝑥𝑦) are 𝐾-preserving. Therefore, Γ̃𝑥𝑦 (𝑧→𝑧) ∈ 𝐾 (𝑥𝑦 (𝑧→𝑧) ) and Δ̃𝑦𝑥 (𝑧→𝑧) ∈ 𝐾 (𝑦𝑥 (𝑧→𝑧) ). For
simplicity, let 𝛼 be the type associated with the left subtree of 𝑥𝑦 (𝑧→𝑧) and 𝛽 the type associated
with the right subtree. That is 𝛼 → 𝛽 = 𝑥𝑦 (𝑧→𝑧) . Similarly, let 𝛾 → 𝛿 = 𝑦𝑥 (𝑧→𝑧) . It is
important to notice that ord(𝛼) = ord(𝛽) = ord(𝛾) = ord(𝛿) = ord(𝑥𝑦) − 1. So far, we have that
Γ𝑥 ⊠ Δ𝑦 ⊠ id𝑧→𝑧 = Γ̃𝛼→𝛽 ⊠ Δ̃𝛾→𝛿 ⊠ id𝑧→𝑧 . Using Theorem 6.2.30 and the recursive definition of
swap operators in Lemma 6.2.36 we get:

Γ̃𝛼→𝛽 ⊠ Δ̃𝛾→𝛿 ⊠ id𝑧→𝑧 = (id𝛽→𝛽 ⊠Δ̃𝛾→𝛿 ⊠ id𝑧→𝑧)

◦ (Γ̃𝛼→𝛽 ⊠ id𝛾→𝛾 ⊠ id𝑧→𝑧)

= (𝜎 (𝛾𝛽→𝛿𝛽)→(𝛽𝛾→𝛽𝛿 ) (Δ̃𝛾→𝛿 ⊠ id𝛽→𝛽) ⊠ id𝑧→𝑧)

◦ (Γ̃𝛼→𝛽 ⊠ id𝛾→𝛾 ⊠ id𝑧→𝑧)

= [(𝜎𝛿𝛽→𝛽𝛿 ◦ (Δ̃𝛾→𝛿 ⊠ id𝛽→𝛽) ◦ 𝜎𝛽𝛾→𝛾𝛽) ⊠ id𝑧→𝑧]

◦ (Γ̃𝛼→𝛽 ⊠ id𝛾→𝛾 ⊠ id𝑧→𝑧)

= (𝜎𝛿𝛽→𝛽𝛿 ⊠ id𝑧→𝑧) ◦ (Δ̃𝛾→𝛿 ⊠ id𝛽𝑧→𝛽𝑧)

◦ (𝜎𝛽𝛾→𝛾𝛽 ⊠ id𝑧→𝑧) ◦ (Γ̃𝛼→𝛽 ⊠ id𝛾𝑧→𝛾𝑧).

(6.138)

We have already discussed that Γ̃𝛼→𝛽 ∈ 𝐾 (𝛼 → 𝛽) and Δ̃𝛾→𝛿 ∈ 𝐾 (𝛾 → 𝛿). Therefore, (Δ̃𝛾→𝛿 ⊠

id𝛽𝑧→𝛽𝑧) and (Γ̃𝛼→𝛽 ⊠ id𝛾𝑧→𝛾𝑧) are 𝐾-preserving, since ord(𝛾𝑧) = ord(𝛼 → 𝛽) − 1 and ord(𝛽𝑧) =
ord(𝛾 → 𝛿) −1. Moreover, by induction hypothesis 𝜎 𝛿𝛽→𝛽𝛿 ∈ 𝐾 (𝛿𝛽→ 𝛽𝛿) and 𝜎𝛽𝛾→𝛾𝛽 ∈ 𝐾 (𝛽𝛾 →
𝛾𝛽). Again, this implies that when tensored with identity maps of the same order, as in the equation
above, they are 𝐾-preserving. Since, the sequential composition of 𝐾-preserving maps is, by definition,
𝐾-preserving, then Γ̃𝛼→𝛽 ⊠ Δ̃𝛾→𝛿 ⊠ id𝑧→𝑧 is 𝐾-preserving. Thus, Γ𝑥 ⊠ Δ𝑦 ⊠ id𝑧→𝑧 is 𝐾 preserving
for any 𝑧 ∈ TypesA such that ord(𝑧) = ord(𝑥𝑦) − 1, and therefore Γ𝑥 ⊠ Δ𝑦 ∈ 𝐾 (𝑥𝑦).

3. Ket and evaluation at 1 are 𝐾-preserving. We want to show that |Γ𝑥⟩𝐼→𝑥 ⊠ id𝑧→𝑧 is 𝐾-preserving
when Γ𝑥 ∈ 𝐾 (𝑥) and ord(𝑧) = ord(𝐼 → 𝑥) − 1 = ord(𝑥). Let 𝑢𝑧 ∈ 𝐾 (𝑧). Then,

|Γ𝑥⟩𝐼→𝑥 ⊠ id𝑧→𝑧 @𝑢𝑧 = |Γ𝑥⟩𝐼→𝑥 ⊠ id𝑧→𝑧 @1 ⊠ 𝑢𝑧

= |Γ𝑥⟩𝐼→𝑥 (1) ⊠ id𝑧→𝑧 (𝑢𝑧)

= Γ𝑥 ⊠ 𝑢𝑧 .

(6.139)

Since ord(𝑥𝑧) = ord(𝑥) ≤ ord(𝑥𝑦), we can use either the inductive hypothesis for property 2 or the
proof in the inductive step of property 2 to conclude that Γ𝑥 ⊠𝑢𝑧 ∈ 𝐾 (𝑥𝑧). Therefore, |Γ𝑥⟩𝐼→𝑥 ⊠ id𝑧→𝑧

is 𝐾-preserving, and |Γ𝑥⟩𝐼→𝑥 ∈ 𝐾 (𝐼 → 𝑥).
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Let us assume that Θ𝐼→𝑥 ∈ 𝐾 (𝐼 → 𝑥). We want to show that Θ𝐼→𝑥 (1) ∈ 𝐾 (𝑥). We know that
Θ𝐼→𝑥 ⊠ id𝐼𝑥→𝐼𝑥 is 𝐾-preserving. Since 1 ∈ 𝐾 (𝐼), then using property 1 we have that 𝜂𝐼→𝐼𝑥 (1) ∈ 𝐾 (𝐼𝑥).
Therefore, Θ𝐼→𝑥 ⊠ id𝐼𝑥→𝐼𝑥 @𝜂𝐼→𝐼𝑥 (1) ∈ 𝐾 (𝑥). Note that

Θ𝐼→𝑥 ⊠ id𝐼𝑥→𝐼𝑥 @𝜂𝐼→𝐼𝑥 (1) = Θ𝐼→𝑥 ⊠ id𝐼𝑥→𝐼𝑥 21 ⊠ 𝜂𝐼→𝐼𝑥 (1)

= Θ𝐼→𝑥 (1) ⊠ id𝐼𝑥→𝐼𝑥 (𝜂𝐼→𝐼𝑥 (1))

= Θ𝐼→𝑥 (1) ⊠ 𝜂𝐼→𝐼𝑥 (1)

Lemma-6.2.21 = Θ𝐼→𝑥 (1) ⊠ id𝐼→𝐼 (1)

= Θ𝐼→𝑥 (1) ⊠ 1

= Θ𝐼→𝑥 (1).

(6.140)

This implies that Θ𝐼→𝑥 (1) ∈ 𝐾 (𝑥).

4. Let 𝑧 be a type such that 𝑧 = 𝐼𝑧 and ord(𝑧) = ord(𝑥) − 1. We want to show that Γ𝑎→𝑏 (𝑢𝑎) =
𝜂𝑏𝑧→𝑏 ◦ (Γ𝑥 ⊠ id𝐼𝑧→𝐼𝑧 ) ◦ 𝜂𝑎→𝑎𝑧@𝑢𝑎 for all 𝑢𝑎.

𝜂𝑏𝑧→𝑏 ◦ (Γ𝑥 ⊠ id𝐼𝑧→𝐼𝑧 ) ◦ 𝜂𝑎→𝑎𝑧@𝑢𝑎 = 𝜂𝑏𝑧→𝑏 ◦ (Γ𝑥 ⊠ id𝐼𝑧→𝐼𝑧 )@𝜂𝑎→𝑎𝑧 (𝑢𝑎)

Lemma 6.2.32 = 𝜂𝑏𝑧→𝑏 ◦ (Γ𝑥 ⊠ id𝐼𝑧→𝐼𝑧 )@𝑢𝑎 ⊠ 𝜂𝐼→𝐼𝑧 (1)

= 𝜂𝑏𝑧→𝑏@(Γ𝑥 (𝑢𝑎) ⊠ 𝜂𝐼→𝐼𝑧 (1))

Lemma 6.2.32 = 𝜂𝑏𝑧→𝑏@(𝜂𝑏→𝑏𝑧 (Γ𝑥 (𝑢𝑎)))

= Γ𝑥 (𝑢𝑎).

(6.141)

We have proven that the promotion function are 𝐾-preserving, and so is Γ𝑥⊠ id𝐼𝑧→𝐼𝑧 because Γ𝑥 ∈ 𝐾 (𝑥).
Since Γ𝑥 is equal to the composition of 𝐾-preserving functions, it is 𝐾-preserving.

5. We want to show that 𝜎𝑥𝑦→𝑦𝑥 ∈ 𝐾 (𝑥). That is, we want to show that for every 𝑧 ∈ TypesA such that
ord(𝑧) = ord(𝑥𝑦), 𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑧→𝑧 is 𝐾-preserving. To achieve that, we first prove

𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑧→𝑧 (Γ𝑥𝑦𝑧) = (𝜎𝛽 𝑓 𝛿 𝑓→𝛿 𝑓 𝛽 𝑓 ⊠ id 𝑓𝛽𝛿→ 𝑓𝛽𝛿 ) ◦ Γ𝛼𝛾𝑒→𝛽𝛿 𝑓

◦ (𝜎𝛾𝑒𝛼𝑒→𝛼𝑒𝛾𝑒 ⊠ id𝑒𝛼𝛾→𝑒𝛼𝛾 )
(6.142)

for every Γ𝑥𝑦𝑧 ∈ 𝐿 (𝑥𝑦𝑧), where 𝛼, 𝛽, 𝛾, and 𝛿 are defined as in Corollary 6.2.38. Let 𝑢𝑥 ∈ 𝐿 (𝑥),
𝑣𝑦 ∈ 𝐿 (𝑦), and 𝑤𝑧 ∈ 𝐿 (𝑧). Let 𝑢̃𝛼𝑒→𝛽 𝑓 = 𝜂𝑥→𝑥𝑧 (𝑢𝑥) and let 𝑣̃𝛾𝑒→𝛿 𝑓 = 𝜂𝑦→𝑦𝑧 (𝑣𝑦) and 𝑤𝑒𝛼𝛾→ 𝑓𝛽𝛿 =
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𝜂𝑧→𝑧𝑥𝑦 (𝑤𝑧). Then, using Theorem 6.2.30, we get

(𝜎𝛽 𝑓 𝛿 𝑓→𝛿 𝑓 𝛽 𝑓 ⊠ id 𝑓𝛽𝛿→ 𝑓𝛽𝛿 ) ◦ (𝑢𝑥 ⊠ 𝑣𝑦 ⊠ 𝑤𝑧) ◦ (𝜎𝛾𝑒𝛼𝑒→𝛼𝑒𝛾𝑒 ⊠ id𝑒𝛼𝛾→𝑒𝛼𝛾 )

= (𝜎𝛽 𝑓 𝛿 𝑓→𝛿 𝑓 𝛽 𝑓 ⊠ id 𝑓𝛽𝛿→ 𝑓𝛽𝛿 ) ◦ (𝑢̃𝛼𝑒→𝛽 𝑓 ⊠ 𝑣̃𝛾𝑒→𝛿 𝑓 ⊠ 𝑤̃𝑒𝛼𝛾→ 𝑓𝛽𝛿 )

◦ (𝜎𝛾𝑒𝛼𝑒→𝛼𝑒𝛾𝑒 ⊠ id𝑒𝛼𝛾→𝑒𝛼𝛾 )

= (𝜎𝛽 𝑓 𝛿 𝑓→𝛿 𝑓 𝛽 𝑓 ◦ (𝑢̃𝛼𝑒→𝛾 𝑓 ⊠ 𝑣̃𝛾𝑒→𝛿 𝑓 ) ◦ 𝜎𝛾𝑒𝛼𝑒→𝛼𝑒𝛾𝑒 )

⊠ (id 𝑓𝛽𝛿→ 𝑓𝛽𝛿 ◦𝑤̃𝑒𝛼𝛾→ 𝑓𝛽𝛿 ◦ id𝑒𝛼𝛾→𝑒𝛼𝛾 )

= 𝜎𝑥𝑧𝑦𝑧→𝑦𝑧 𝑥𝑧 (𝑢̃𝑥𝑧 ⊠ 𝑣̃𝑦𝑧 ) ⊠ 𝑤̃𝑧𝑥𝑦

= 𝑣̃𝑦𝑧 ⊠ 𝑢̃𝑥𝑧 ⊠ 𝑤̃𝑧𝑥𝑦

= 𝑣𝑦 ⊠ 𝑢𝑥 ⊠ 𝑤𝑧

= (𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑧→𝑧) (𝑢𝑥 ⊠ 𝑣𝑦 ⊠ 𝑤𝑧).

(6.143)

By linearity,
(𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑧→𝑧) (Γ𝑥𝑦𝑧) = (𝜎𝛽 𝑓 𝛿 𝑓→𝛿 𝑓 𝛽 𝑓 ⊠ id 𝑓𝛽𝛿→ 𝑓𝛽𝛿 ) ◦ Γ𝑥𝑦𝑧

◦ (𝜎𝛾𝑒𝛼𝑒→𝛼𝑒𝛾𝑒 ⊠ id𝑒𝛼𝛾→𝑒𝛼𝛾 ).
(6.144)

By inductive hypothesis, the swap operators appearing on the right-hand side of Eq. (6.144) are in
𝐾, and therefore, they are 𝐾-preserving when tensored with an identity of the same order, as in
our case. Moreover, if Γ𝑥𝑦𝑧 ∈ 𝐾 (𝑥𝑦𝑧), then as a consequence of property 4, Γ𝑥𝑦𝑧 is 𝐾-preserving.
Since sequential composition of 𝐾-preserving maps is 𝐾-preserving, we have that 𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑧→𝑧 is
𝐾-preserving for all 𝑧 ∈ TypesA such that ord(𝑧) = ord(𝑥𝑦), and therefore 𝜎𝑥𝑦→𝑦𝑥 ∈ 𝐾 (𝑥𝑦 → 𝑦𝑥).

□

Combining the fact that promotion maps are 𝐾-preserving with Lemma 6.2.20, one immediately obtains
that the promotion maps are in 𝐾 .

Corollary 6.2.48: Promotion maps are in 𝐾

Let 𝑥, 𝑦 ∈ TypesA . Then 𝜂𝑥→𝑥𝑦 ∈ 𝐾 (𝑥 → 𝑥𝑦) and 𝜂𝑥𝑦→𝑥 ∈ 𝐾 (𝑥𝑦 → 𝑥).

We have discussed promotion functions and parallel composition. We turn our attention to sequential
composition. As in the case of quantum channels, we will prove that the sequential composition of maps in 𝐾
is in 𝐾 . Note that this is far less trivial than stating that the sequential composition of 𝐾-preserving maps is
𝐾-preserving because for a map to be in 𝐾, it has to be 𝐾-preserving when tensored with identities of the
proper order.

Lemma 6.2.49: Sequential composition of 𝐾-maps

Let 𝑥 = (𝑎 → 𝑏), 𝑦 = (𝑏 → 𝑐) ∈ TypesA , and let Γ𝑎→𝑏 ∈ 𝐾 (𝑥), Δ𝑏→𝑐 ∈ 𝐾 (𝑦). Then,
Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ∈ 𝐾 (𝑎 → 𝑐).

Proof. We prove it by induction. In the base case, ord(𝑥) = ord(𝑦) = 1. Let 𝑎 = 𝐴 ∈ EleTypesA ,
𝑏 = 𝐵 ∈ EleTypesA and 𝑐 = 𝐶 ∈ EleTypesA . Then, 𝐾 (𝐴 → 𝐵) is CP(𝐴 → 𝐵), the set of completely
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positive-preserving maps from 𝐿 (𝐴) to 𝐿 (𝐵), and 𝐾 (𝐵→ 𝐶) is CP(𝐵→ 𝐶). The fact that the sequential
composition of completely positive-preserving maps is completely positive-preserving is a well-known result
in quantum information.

Inductive step: Let ord(𝑥𝑦) > 1. We want to prove that (Δ𝑏→𝑐 · 𝑀𝑎→𝑏) ⊠ id𝑧→𝑧 is 𝐾-preserving for all
𝑧 = (𝑒 → 𝑓 ) ∈ TypesA such that ord(𝑧) = ord(𝑎𝑐).

• If ord(𝑥) > ord(𝑦), then ord(𝑎) > ord(𝑏𝑐). Therefore, ord(𝑧) = ord(𝑎). Now, we present a long chain
of equalities to show that (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ id𝑧→𝑧 can be written as a sequence of function from which
it is easier to deduce that it is 𝐾-preserving. Let 𝑢𝑎 ⊠ 𝑣𝑧 ∈ 𝐿 (𝑎𝑧). Using properties of promotion and
demotion functions, together with Theorem 6.2.27 and Theorem 6.2.30 we have:

id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 ) ◦ (Γ𝑎→𝑏 ⊠ id𝑧→𝑧 @𝑢𝑎 ⊠ 𝑣𝑧)

= id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 ) ◦ (Γ𝑎→𝑏 (𝑢𝑎) ⊠ 𝑣𝑧)

= id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 )◦

((
��𝜂𝑏→𝑏 𝑓 [Γ𝑎→𝑏 (𝑢𝑎)]

〉𝐼→𝑏 𝑓 ◦ 𝜂𝐼𝑒→𝐼 ) ⊠ 𝑣𝑧)

= id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@(
��𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 (𝑢𝑎)

〉𝐼→𝑐 𝑓 ◦ 𝜂𝐼𝑒→𝐼 ) ⊠ (𝜂 𝑓→ 𝑓𝑏𝑐 ◦ 𝑣𝑧)

= id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@𝜂𝑐→𝑐𝑧 (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 (𝑢𝑎)) ⊠ 𝜂𝑧→𝑧𝑏𝑐 (𝑣𝑧)

= id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@𝜂𝑐→𝑐𝑧 (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 (𝑢𝑎)) ⊠ 𝜂𝑧→𝑧𝑏 (𝑣𝑧)

= 𝜂𝑐→𝑐𝑧 (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 (𝑢𝑎)) ⊠ 𝑣𝑧

= [Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 (𝑢𝑎)] ⊠ 𝑣𝑧

= (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ id𝑧→𝑧 @𝑢𝑎 ⊠ 𝑣𝑧 .

(6.145)

Therefore, for every 𝑤𝑎𝑧 ∈ 𝐾 (𝑎𝑧), we have

(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ id𝑧→𝑧 @𝑤𝑎𝑧 =

id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 ) ◦ (Γ𝑎→𝑏 ⊠ id𝑧→𝑧 @𝑤𝑎𝑧).
(6.146)

Now, observe that, since Γ𝑎→𝑏 ∈ 𝐾 (𝑎 → 𝑏), we have that Γ𝑎→𝑏 ⊠ id𝑧→𝑧 @𝑤𝑎𝑧 ∈ 𝐾 (𝑏𝑧). By
induction hypothesis, 𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏 is in 𝐾 (𝑏 𝑓 → 𝑐 𝑓 ), and, using Theorem 6.2.47 we get
((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 ) ∈ 𝐾 (𝑏 𝑓 → 𝑐 𝑓𝑏). Note that ord(𝑏 𝑓 → 𝑐 𝑓𝑏) ≤ ord(𝑥) − 1
and ord(𝑏𝑧) = ord(𝑥) − 1. Therefore, we can use the inductive hypothesis again, to obtain that
((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 ) ◦ (Γ𝑎→𝑏 ⊠ id𝑧→𝑧 @𝑤𝑎𝑧) ∈ 𝐾 (𝑒 → 𝑐 𝑓𝑏) = 𝐾 (𝑐𝑧𝑏). Lastly,
since the identity and the promotion function are in 𝐾 and therefore 𝐾-preserving, we have that
id𝑐𝑧→𝑐𝑧 ⊠𝜂𝑧𝑏→𝑧@((𝜂𝑐→𝑐 𝑓 ◦ Δ𝑏→𝑐 ◦ 𝜂𝑏 𝑓→𝑏) ⊠ 𝜂 𝑓→ 𝑓𝑏𝑐 ) ◦ (Γ𝑎→𝑏 ⊠ id𝑧→𝑧 @𝑢𝑎 ⊠ 𝑣𝑧) ∈ 𝐾 (𝑐𝑧). This
shows that (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ id𝑧→𝑧 is 𝐾-preserving, and therefore Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ∈ 𝐾 (𝑎 → 𝑐).

• If ord(𝑥) < ord(𝑦), then ord(𝑐) > ord(𝑎), ord(𝑏) and ord(𝑧) = ord(𝑐). Once again, we use a long
chain of equalities to write Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ⊠ id𝑧→𝑧 as a sequence of functions and deduce that it is

180



6. Higher-Order Quantum Maps

𝐾-preserving. Let 𝑢𝑎 ⊠ 𝑣𝑧 ∈ 𝐿 (𝑎𝑧).

Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑎→𝑧@((𝜂𝑏→𝑏 𝑓 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎 𝑓→𝑎) ⊠ 𝜂 𝑓→ 𝑓𝑎𝑏 ) ◦ (𝑢𝑎 ⊠ 𝑣𝑧)

= Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑎→𝑧@((𝜂𝑏→𝑏 𝑓 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎 𝑓→𝑎) ⊠ 𝜂 𝑓→ 𝑓𝑎𝑏 )◦

(|𝜂𝑎→𝑎 𝑓 (𝑢𝑎)⟩𝐼→𝑎 𝑓 ◦ 𝜂𝐼𝑒→𝐼 ⊠ 𝑣𝑧)

= Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑎→𝑧@(
��𝜂𝑏→𝑏 𝑓 ◦ Γ𝑎→𝑏 (𝑢𝑎)

〉𝐼→𝑏 𝑓 ◦ 𝜂𝐼𝑒→𝐼 ) ⊠ (𝜂 𝑓→ 𝑓𝑎𝑏 ◦ 𝑣𝑧)

= Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑎→𝑧@𝜂𝑏→𝑏𝑧 (Γ𝑎→𝑏 (𝑢𝑎)) ⊠ 𝜂𝑧→𝑧𝑎𝑏 (𝑣𝑧)

= Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑎→𝑧@Γ𝑎→𝑏 (𝑢𝑎) ⊠ 𝜂𝑧→𝑧𝑎 (𝑣𝑧)

= Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 (𝑢𝑎) ⊠ 𝑣𝑧

= (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ⊠ id𝑧→𝑧)@𝑢𝑎 ⊠ 𝑣𝑧 .

(6.147)

With an analogous argument to the one used before, one concludes that Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑎→𝑧@((𝜂𝑏→𝑏 𝑓 ◦
Γ𝑎→𝑏 ◦ 𝜂𝑎 𝑓→𝑎) ⊠ 𝜂 𝑓→ 𝑓𝑎𝑏 ) ◦ 𝑤𝑎𝑧 ∈ 𝐾 (𝑐𝑧) whenever 𝑤𝑎𝑧 ∈ 𝐾 (𝑎𝑧). Therefore Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ⊠ id𝑧→𝑧

is 𝐾-preserving and Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ∈ 𝐾 (𝑎 → 𝑐).

• If ord(𝑥) = ord(𝑦), then ord(𝑏) > ord(𝑎𝑐) or (non-exclusive) ord(𝑎) = ord(𝑐). Since, ord(𝑧) =
ord(𝑎𝑐), we have that ord(𝑧𝑏) = ord(𝑎𝑏𝑐) = ord(𝑥) − 1 = ord(𝑦 − 1). Therefore,

(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ id𝑧→𝑧 = (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ◦ (𝜂𝑧𝑏→𝑧 ◦ 𝜂𝑧→𝑧𝑏 )

= (Δ𝑏→𝑐 ⊠ 𝜂𝑧𝑏→𝑧) ◦ (Γ𝑎→𝑏 ◦ 𝜂𝑧→𝑧𝑏 ).
(6.148)

By Theorem 6.2.47, both functions enclosed between round brackets are 𝐾-preserving, and therefore
(Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) ⊠ id𝑧→𝑧 is 𝐾-preserving and Δ𝑏→𝑐 ◦ Γ𝑎→𝑏 ∈ 𝐾 (𝑎 → 𝑐).

□

6.3 The Choi Isomorphism

In this last Section, we extend the Choi isomorphism from the case of channels and states to the case of maps
of order 𝑛 + 1 and maps of order 𝑛. In the literature, various approaches to the Choi isomorphism beyond
channels and states have been explored. For example, in Ref. [264], the Choi isomorphism is extended to
superchannels, and different options are presented. However, from a linear algebra perspective, the Choi
isomorphism presents no ambiguity. If one has a linear map 𝑓 : 𝑋 → 𝑌 , where 𝑋 and𝑌 are finite-dimensional
Hilbert spaces, then the Choi isomorphism is defined following these steps.

1. Fix an orthonormal basis
{
𝑢𝑖

}
𝑖
of 𝑋 .

2. Define the Choi state Φ in 𝑋 ⊗ 𝑋 as Φ =
∑

𝑖 𝑢
𝑖 ⊗ 𝑢𝑖 .

3. The Choi isomorphism maps 𝑓 in 𝔏(𝑋,𝑌 ), into 𝑓 ⊗ id𝑌→𝑌 (Φ) = ∑
𝑖 𝑓 (𝑢𝑖) ⊗ 𝑢𝑖 ∈ 𝑌 ⊗ 𝑋 .

Each of the following three subsections will be dedicated to one of the steps above, and we will adapt this
very high-level definition of the Choi isomorphism to our type system. After that, we will derive properties of
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the Choi isomorphism. The most remarkable property is that the Choi isomorphism is 𝐾-preserving. This
generalizes the well-known results for channels and states [66]. Lastly, we will conclude this Section by
generalizing the link product.

6.3.1 Orthonormal Bases

As detailed above, the first step to define the Choi isomorphism is to fix an orthonormal basis. Here, our goal
is to fix bases for all spaces 𝐿 (𝑥), with 𝑥 ∈ TypesA . As usual, we will start from the smallest components,
the elements of the alphabet. For all Hilbert spaces H𝐴, where 𝐴 ∈ A, we fix an orthonormal basis{
𝑢𝐴
𝑖

}
𝑖
. The orthonormal basis ofH𝐸 , associated with an elementary type 𝐸 = 𝐴1 . . . 𝐴𝑛, with 𝐴𝑖 ∈ A, is{

𝑢
𝐴1
𝑖1
⊗ · · · ⊗ 𝑢𝐴𝑛

𝑖𝑛

}
𝑖1,...,𝑖𝑛

, where
{
𝑢
𝐴 𝑗

𝑖 𝑗

}
𝑖 𝑗

is the orthonormal basis of 𝐴 𝑗 . Lastly, we provide the following

recursive definition for the orthonormal basis of 𝐿 (𝑥).

Definition 6.3.1: Fixed orthonormal basis

Let 𝑥 ∈ TypesA .

• If 𝑥 = 𝐸 ∈ EleTypesA , and
{
𝑢𝐸
𝑗

}
is the orthonormal basis ofH𝐸 , then

{
𝑢𝐸
𝑗
(𝑢𝐸

𝑖
)†

}
𝑖, 𝑗

, is the
orthonormal basis of 𝐿 (𝐸).

• If 𝑥 = (𝑎 → 𝑏) and
{
𝑢𝑎
𝑖

}
𝑖

and 𝑣𝑏
𝑗

are the orthonormal bases of 𝐿 (𝑎) and 𝐿 (𝑏), then{ ��� 𝑣𝑏𝑗 ⟩⟨𝑢𝑎𝑖 |𝑎→𝑏
}
𝑖, 𝑗

, is the orthonormal basis of 𝐿 (𝑥).

Since promotion and demotion functions play a key role in the formalism for types, a natural question is
what the promotion of an element of a fixed orthonormal basis is. When we introduced promotion functions,
we stressed the concept that they represent the most natural isomorphism between a space 𝐿 (𝑥) and the space
of promoted functions 𝐿 (𝑥𝑦). Therefore, it comes as no surprise that promotion and demotion maps preserve
the fixed orthonormal bases.

Proposition 6.3.2: Promotion preserves orthonormal bases

Let 𝑥, 𝑦 ∈ TypesA , then 𝜂𝑥→𝑥𝑦 maps the fixed orthonormal basis of 𝐿 (𝑥) to the fixed orthonormal
basis of 𝐿 (𝑥𝑦)

Proof. 𝐿 (𝑥) and 𝐿 (𝑥𝑦) have the same dimension and 𝜂𝑥→𝑥𝑦 is an isomorphism. It is enough to show that for
every 𝑢𝑥 in the basis of 𝐿 (𝑥), 𝜂𝑥→𝑥𝑦 (𝑢𝑥) is an element of the basis of 𝐿 (𝑥𝑦). We prove it by induction on
ord(𝑥𝑦). If ord(𝑥𝑦) = 0, then 𝑥𝑦 = 𝑥, 𝐿 (𝑥) = 𝐿 (𝑥𝑦) and 𝜂𝑥→𝑥𝑦 = id𝑥→𝑥 . Therefore, each element of the
basis is mapped to itself.

Assume now ord(𝑥𝑦) > 0. As usual, we write 𝑥 = (𝑎 → 𝑏) whenever ord(𝑥) > 0 and 𝑦 = (𝑐 → 𝑑)
whenever ord(𝑦) > 0. Moreover, in the first case, 𝑢𝑥 = |𝑤𝑏⟩⟨𝑢𝑎 |𝑎→𝑏 for some 𝑣𝑎 in the fixed orthonormal
basis of 𝐿 (𝑎) and 𝑤𝑏 in the fixed orthonormal basis of 𝐿 (𝑏).
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• ord(𝑥) = ord(𝑦):
𝜂𝑥→𝑥𝑦 (𝑢𝑥) = 𝜂𝑏→𝑏𝑑 ◦

��𝑤𝑏
〉𝐼→𝑏 ◦ ⟨𝑣𝑎 |𝑎→𝐼 ◦ 𝜂𝑎𝑐→𝑎

=
��𝜂𝑏→𝑏𝑑 (𝑤𝑏)

〉𝐼→𝑏𝑑 ◦ ⟨𝜂𝑎→𝑎𝑐 (𝑣𝑎) |𝑎𝑐→𝐼
.

(6.149)

By induction hypothesis, 𝜂𝑏→𝑏𝑑 (𝑤𝑏) is an element of the orthonormal basis of 𝐿 (𝑏𝑑) and 𝜂𝑎→𝑎𝑐 (𝑣𝑎)
of 𝐿 (𝑎𝑐). Therefore, by definition, |𝜂𝑏→𝑏𝑑 (𝑤𝑏)⟩⟨𝜂𝑎→𝑎𝑐 (𝑣𝑎) |𝑎𝑐→𝑏𝑑 is an element of the orthonormal
basis of 𝐿 (𝑥𝑦).

• ord(𝑦) > ord(𝑥):
𝜂𝑥→𝑥𝑦 (𝑢𝑥) = |𝜂𝑥→𝑥𝑑 (𝑢𝑥)⟩𝐼→𝑥𝑑 ◦ 𝜂𝐼𝑐→𝐼 . (6.150)

By induction hypothesis 𝜂𝑥→𝑥𝑑 (𝑢𝑥) is an element of the fixed orthonormal basis of 𝐿 (𝑥𝑑). Moreover,
by induction hypothesis again, 𝜂𝐼𝑐→𝐼 maps the single element in the orthonormal basis of 𝐼𝑐, to the
single element in the orthonormal basis of 𝐼, that is, 𝜂𝐼𝑐→𝐼 = |1⟩𝐼→𝐼 ◦

〈
𝑣𝐼𝑐

��𝐼𝑐→𝐼 . However, |1⟩𝐼→𝐼 is
just the identity map on 𝐼, therefore 𝜂𝐼𝑐→𝐼 =

〈
𝑣𝐼𝑐

��𝐼𝑐→𝐼 . As a consequence, |𝜂𝑥→𝑥𝑑 (𝑢𝑥)⟩⟨𝑣𝐼𝑐 |𝐼𝑐→𝑥𝑑 is
an element of the orthonormal basis of 𝐿 (𝑥𝑦).

• ord(𝑥) > ord(𝑦):
𝜂𝑥→𝑥𝑦 (𝑢𝑥) = 𝜂𝑏→𝑏𝑦 ◦

��𝑤𝑏
〉𝐼→𝑏 ◦ ⟨𝑣𝑎 |𝑎→𝐼

=
��𝜂𝑏→𝑏𝑦 (𝑤𝑏)

〉𝐼→𝑏𝑦 ◦ ⟨𝑣𝑎 |𝑎→𝐼
.

(6.151)

As before, by induction hypothesis, 𝜂𝑏→𝑏𝑦 (𝑤𝑏) is an element of the orthonormal basis of 𝐿 (𝑥𝑏), and
therefore

��𝜂𝑏→𝑏𝑦 (𝑤𝑏)
〉𝐼→𝑏𝑦 ◦ ⟨𝑣𝑎 |𝑎→𝐼 is an element of the orthonormal basis of 𝐿 (𝑥𝑦).

□

With the results regarding promotion and demotion maps, we can turn our attention to the orthonormal
bases of product spaces. We show that the fixed orthonormal basis for a product space 𝐿 (𝑥𝑦) is composed of
elementary tensors of elements of the bases of the 𝐿 (𝑥) and 𝐿 (𝑦). Note that this is not a new construction:
𝑥𝑦 is a type, and therefore, the fixed orthonormal basis of 𝐿 (𝑥𝑦) is defined as in Definition 6.3.1.

Proposition 6.3.3: orthonormal basis of product space

Let 𝑥, 𝑦 ∈ TypesA , and let
{
𝑢𝑥
𝑖

}
𝑖
, and

{
𝑣
𝑦

𝑗

}
𝑗

be the fixed orthonormal bases of 𝐿 (𝑥) and 𝐿 (𝑦).

Then,
{
𝑢𝑥
𝑖
⊠ 𝑣𝑦

𝑗

}
𝑖, 𝑗

is the orthonormal basis of 𝐿 (𝑥𝑦).

Proof. The statement is true by definition for ord(𝑥𝑦) = 0. Let ord(𝑥𝑦) > 0. Then, according to Lemma 6.1.12,
we can write 𝑥𝑦 = (𝛼𝛾 → 𝛽𝛿). In addition, note that 𝑥𝑦 = (𝛼 → 𝛽), and 𝑦 = (𝛾 → 𝛿). By induction
hypothesis, the basis of 𝐿 (𝛼𝛾) is

{
𝑢𝛼
𝑙
⊠ 𝑣𝛾𝑚

}
𝑙,𝑚

and the basis of 𝐿 (𝛽𝛿) is
{
𝑢
𝛽
𝑝 ⊠ 𝑣 𝛿𝑞

}
𝑝𝑞

. By construction, the

basis of 𝐿 (𝑥𝑦) is
{ ��� 𝑢𝛽𝑝 ⊠ 𝑣 𝛿𝑞 ⟩⟨𝑢𝛼𝑙 ⊠ 𝑣𝛾𝑚 |𝛼𝛽→𝛾𝛿

}
𝑙,𝑚,𝑝,𝑞

=

{ ��� 𝑢𝛽𝑝⟩⟨𝑢𝛼𝑙 |𝛼→𝛾 ⊠ |𝑣 𝛿𝑞 ⟩⟨𝑣
𝛾
𝑚 |𝛽→𝛿

}
𝑙,𝑚,𝑝,𝑞

. We have

used Theorem 6.2.30 and Corollary 6.2.28 in the equality. Now, observe that each |𝑢𝛽𝑝⟩⟨𝑢𝛼𝑙 |
𝛼→𝛾 is an element of

the basis of 𝐿 (𝑥𝑦), therefore, by Proposition 6.3.2 it is equal to 𝜂𝑥→𝑥𝑦 (𝑢𝑥
𝑖
) for some 𝑖 and every element of the
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basis of 𝐿 (𝑥𝑦) is the image of a different element of the basis of 𝐿 (𝑥). Similarly, |𝑣 𝛿𝑞 ⟩⟨𝑣
𝛾
𝑚 |𝛽→𝛿 = 𝜂𝑦→𝑦𝑥 (𝑣𝑦

𝑗
)

for some 𝑗 . Therefore, the basis of 𝐿 (𝑥𝑦) is
{
𝜂𝑥→𝑥𝑦 (𝑢𝑥

𝑖
) ⊠ 𝜂𝑦→𝑦𝑥 (𝑣𝑥

𝑗
)
}
𝑖, 𝑗

=

{
𝑢𝑥
𝑖
⊠ 𝑣𝑦

𝑗

}
𝑖, 𝑗

. □

6.3.2 The Choi state

The second step for defining the Choi isomorphism, as detailed at the beginning of this Section, is to define
the Choi state. To simplify later proofs, we provide a recursive definition of the Choi state Φ𝑥𝑥 .

Definition 6.3.4: Choi state

Let 𝑥 ∈ TypesA . The Choi state Φ𝑥𝑥 is recursively defined as follows.

• If 𝑥 = 𝐸 ∈ EleTypesA , then Φ𝐸𝐸 =
∑

𝑖 𝑢
𝐸
𝑖
⊗ 𝑢𝐸

𝑖
, where

{
𝑢𝐸
𝑖

}
𝑖
is the fixed orthonormal basis

of 𝐿 (𝐸).

• If 𝑥 = (𝑎 → 𝑏), then Φ𝑥𝑥 = |Φ𝑏𝑏⟩⟨Φ𝑎𝑎 |𝑎𝑎→𝑏𝑏.

This definition looks quite different from what we stated at the beginning of this Section and from what
a reader would expect. Indeed, the Choi state is usually defined as the sum of the elements of the fixed
orthonormal basis of the Hilbert space tensored with their copies. We show in the following Proposition that
the two definitions are equivalent.

Proposition 6.3.5: Alternative definition of the Choi state

Let 𝑥 ∈ TypesA . Then, Φ𝑥𝑥 =
∑

𝑖 𝑢
𝑥
𝑖
⊗ 𝑢𝑥

𝑖
, where

{
𝑢𝑥
𝑖

}
𝑖
is the fixed orthonormal basis of 𝐿 (𝑥).

Proof. The base case is true by definition. For the inductive case, we have:

Φ𝑥𝑥 = |Φ𝑏𝑏⟩⟨Φ𝑎𝑎 |𝑎𝑎→𝑏𝑏

I.H. =
∑︁
𝑗 ,𝑘

|𝑢𝑏𝑗 ⊗ 𝑢𝑏𝑗 ⟩⟨𝑢𝑎𝑘 ⊗ 𝑢
𝑎
𝑘 |

𝑎𝑎→𝑏𝑏

=
∑︁
𝑗 ,𝑘

|𝑢𝑏𝑗 ⟩⟨𝑣𝑎𝑘 |
𝑎→𝑏 ⊗ |𝑢𝑏𝑗 ⟩⟨𝑣𝑎𝑘 |

𝑎→𝑏

=
∑︁
𝑖

𝑢𝑥𝑖 ⊗ 𝑢𝑥𝑖 ,

(6.152)

because |𝑢𝑏
𝑗
⟩⟨𝑣𝑎

𝑘
|𝑎→𝑏 is by definition an element of the orthonormal basis of 𝐿 (𝑥). □

As we have seen in Proposition 6.3.2, the promotion and demotion functions preserve the fixed orthonormal
bases. It is, therefore, a straightforward consequence of the Proposition above that they preserve the Choi
state as well.

Corollary 6.3.6: Promotion of the Choi state

Let 𝑥, 𝑦 ∈ TypesA . Then, 𝜂𝑥𝑥→𝑥𝑥𝑦 (Φ𝑥𝑥) = Φ𝑥𝑦 𝑥𝑦 .
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Proof. This follows from Proposition 6.2.16.

𝜂𝑥𝑥→𝑥𝑥𝑦 (Φ𝑥𝑥) = (𝜂𝑥→𝑥𝑦 ⊗ 𝜂𝑥→𝑥𝑦 ) (
∑︁
𝑖

𝑢𝑥𝑖 ⊗ 𝑢𝑥𝑖 )

=
∑︁
𝑖

𝜂𝑥→𝑥𝑦 (𝑢𝑥𝑖 ) ⊗ 𝜂𝑥→𝑥𝑦 (𝑢𝑥𝑖 )

Proposition 6.3.2 =
∑︁
𝑖

𝑢
𝑥𝑦

𝑖
⊗ 𝑢𝑥𝑦

𝑖

= Φ𝑥𝑦 𝑥𝑦 .

(6.153)

□

We conclude this subsection with an expression for the Choi state associated with a product of types.
This expression generalizes the one presented in Section 5.4 for bipartite systems, where we showed that
Φ𝐴𝐵𝐴′𝐵′ = (I𝐴⊗S𝐴′𝐵→𝐵𝐴′ ⊗I𝐵′) (Φ𝐴𝐴′ ⊗Φ𝐵𝐵′). The natural way to generalize this equation for a generic
product type 𝑥𝑦 is

Φ𝑥𝑦𝑥𝑦 = id𝑥𝑦→𝑥𝑦 ⊠𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑦𝑥→𝑦𝑥 @Φ𝑥𝑥 ⊠Φ𝑦𝑦 . (6.154)

Observe that we have used the identities on the promoted spaces 𝐿 (𝑥𝑦) and 𝐿 (𝑦𝑥) to ensure that
id𝑥𝑦→𝑥𝑦 ⊠𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑦𝑥→𝑦𝑥 ∈ 𝐿 (𝑥𝑥𝑦𝑦) → 𝐿 (𝑥𝑦𝑥𝑦). In the following Proposition, we prove that the
expression in Eq. (6.154) is indeed the Choi state of Φ𝑥𝑦𝑥𝑦 .

Proposition 6.3.7: Choi state of product of types

Let 𝑥, 𝑦 ∈ TypesA . Then,

Φ𝑥𝑦𝑥𝑦 = id𝑥𝑦→𝑥𝑦 ⊠𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑦𝑥→𝑦𝑥 @Φ𝑥𝑥 ⊠Φ𝑦𝑦 . (6.155)

Proof. We start from the right-hand side of the equation. First, we write Φ𝑥𝑥 ⊠Φ𝑦𝑦 as
∑

𝑖, 𝑗 𝑢
𝑥
𝑖
⊠ 𝑢𝑥

𝑖
⊠ 𝑢𝑦

𝑗
⊠ 𝑢𝑦

𝑗
.

This expression is equal to
∑

𝑖, 𝑗 𝑢
𝑥𝑦

𝑖
⊠ 𝑢𝑥

𝑖
⊠ 𝑢𝑦

𝑗
⊠ 𝑢𝑦𝑥

𝑗
, where we have promoted the first and the last elements

of the elementary tensors. Therefore,

id𝑥𝑦→𝑥𝑦 ⊠𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑦𝑥→𝑦𝑥 @Φ𝑥𝑥 ⊠Φ𝑦𝑦

=
∑︁
𝑖, 𝑗

id𝑥𝑦→𝑥𝑦 ⊠𝜎𝑥𝑦→𝑦𝑥 ⊠ id𝑦𝑥→𝑦𝑥 @𝑢
𝑥𝑦

𝑖
⊠ 𝑢𝑥𝑖 ⊠ 𝑢𝑦

𝑗
⊠ 𝑢𝑦𝑥

𝑗

=
∑︁
𝑖, 𝑗

𝑢
𝑥𝑦

𝑖
⊠ 𝑢𝑦

𝑗
⊠ 𝑢𝑥𝑖 ⊠ 𝑢𝑦𝑥

𝑗

=
∑︁
𝑖, 𝑗

𝑢𝑥𝑖 ⊠ 𝑢𝑦
𝑗
⊠ 𝑢𝑥𝑖 ⊠ 𝑢𝑦

𝑗
.

(6.156)

Now, note that 𝑢𝑥
𝑖
⊠ 𝑢𝑦

𝑗
is an element of the basis of 𝐿 (𝑥𝑦), therefore, by Proposition 6.3.5, one obtains∑

𝑖, 𝑗 𝑢
𝑥
𝑖
⊠ 𝑢𝑦

𝑗
⊠ 𝑢𝑥

𝑖
⊠ 𝑢𝑦

𝑗
= Φ𝑥𝑦𝑥𝑦 . □
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We conclude this Section by showing that as the Choi state Φ𝐴𝐴′ satisfies the ‘snake equations’ (see
Section 5.4), so does the Choi state Φ𝑥𝑥 for all types 𝑥. As a reminder, the snake equations are

𝐴

𝐴′

𝐴

= 𝐴 =

𝐴

𝐴′

𝐴

. (6.157)

To translate these into equations for Φ𝑥𝑥 , note that the application of the Choi effect sends any bipartite state
𝑀𝐴𝐴′ to Tr𝐴𝐴′ [Φ𝐴𝐴′𝑀𝐴𝐴′] = (𝑀𝐴𝐴′ ,Φ

𝐴𝐴′)𝐴𝐴′ =
〈
Φ𝐴𝐴′

��𝐴𝐴′ @𝑀𝐴𝐴′ . With this notation, the first equation
consists of sequentially composing

〈
Φ𝐴𝐴′

��𝐴𝐴′ ⊗ I𝐴 with I𝐴 ⊗
��Φ𝐴𝐴′

〉𝐴𝐴′ , where we have promoted the state
Φ𝐴𝐴′ to the preparation channel

��Φ𝐴𝐴′
〉𝐴𝐴′ . If one wants to write this expression for a generic type 𝑥, one gets

(⟨Φ𝑥𝑥 |𝑥𝑥→𝐼 ⊠ id𝑥→𝑥) ◦ (id𝑥→𝑥 ⊠ |Φ𝑥𝑥⟩𝐼→𝑥𝑥). (6.158)

In the following Lemma, we show that this and the expression corresponding to the other diagram in
Eq. (6.157) are equal to the identity.

Lemma 6.3.8: Snake equations

Let 𝑥 ∈ TypesA . Then,

(id𝑥→𝑥 ⊠ ⟨Φ𝑥𝑥 |𝑥𝑥→𝐼 ) ◦ (|Φ𝑥𝑥⟩𝐼→𝑥𝑥 ⊠ id𝑥→𝑥) = id𝑥→𝑥 ,

(⟨Φ𝑥𝑥 |𝑥𝑥→𝐼 ⊠ id𝑥→𝑥) ◦ (id𝑥→𝑥 ⊠ |Φ𝑥𝑥⟩𝐼→𝑥𝑥) = id𝑥→𝑥 .
(6.159)

Proof. Using Proposition 6.3.5 one gets:

(id𝑥→𝑥 ⊠ ⟨Φ𝑥𝑥 |𝑥𝑥→𝐼 ) ◦ (|Φ𝑥𝑥⟩𝐼→𝑥𝑥 ⊠ id𝑥→𝑥) =
∑︁
𝑖, 𝑗

(
��𝑢𝑥𝑖 〉𝐼→𝑥

⊠
〈
𝑢𝑥𝑗

��� 𝑢𝑥𝑖 〉𝐼→𝐼

) ⊠
〈
𝑢𝑥𝑗

���𝑥→𝐼

=
∑︁
𝑖

��𝑢𝑥𝑖 〉𝐼→𝑥
⊠

〈
𝑢𝑥𝑖

��𝑥→𝐼

Lemma 6.2.33 =
∑︁
𝑖

|𝑢𝑥𝑖 ⟩⟨𝑢𝑥𝑖 |𝑥→𝑥

= id𝑥→𝑥 .

(6.160)

The last equality is just the decomposition of the identity on an orthonormal basis. The proof of the second
equation in the Lemma is identical to the proof of the first. □

6.3.3 The Choi Map

We have extensively discussed the Choi isomorphism for channels in Chapter 5. The Choi matrix associated
with the channel M𝐴→𝐵 is (M𝐴→𝐵 ⊗ I𝐴′) (Φ𝐴𝐴′). In the language of types, we can say that the Choi
isomorphism maps a linear function in 𝐿 (𝑥), where 𝑥 = (𝐴 → 𝐵), into a function in 𝐿 (𝐵𝐴). Extending
this concept to a map Γ𝑥 associated with any type 𝑥 = (𝑎 → 𝑏), we would define the output of the Choi
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isomorphism as Γ𝑎→𝑏 ⊠ id𝑎→𝑎 @Φ𝑎𝑎. However, there is no guarantee that the input type of Γ𝑎→𝑏 ⊠ id𝑎→𝑎

matches the type of Φ𝑎𝑎. Indeed, (𝑎 → 𝑏) | (𝑎 → 𝑎) is either 𝑎𝑎 → 𝑏𝑎 or 𝑎 → 𝑏(𝑎 → 𝑎), depending on the
relative order of 𝑎 and 𝑏. To fix this, we use the identity on the promoted space 𝑎𝑏. This guarantees that
Γ𝑎→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 ∈ 𝐿 (𝑎𝑎𝑏 → 𝑏𝑎). To match the input type of this map, we use the promoted version of Φ𝑎𝑎,
that is, Φ𝑎𝑏𝑎𝑏 .

Definition 6.3.9: The Choi map

Let 𝑥 = (𝑎 → 𝑏) ∈ TypesA , and let Γ𝑥 ∈ 𝐿 (𝑥). The Choi map C𝑥→𝑏𝑎 is defined as

C𝑥→𝑏𝑎 (Γ𝑥) = Γ𝑎→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 @Φ𝑎𝑏𝑎𝑏 . (6.161)

It is handy to express the Choi map with respect to the fixed orthonormal basis. This will simplify many
proofs later on. Indeed, a standard strategy that we will use is to prove a statement for an element of the fixed
orthonormal basis and then extend it by linearity to all vectors in the space.

Lemma 6.3.10: Equivalent expression for the Choi map

Let 𝑥 = (𝑎 → 𝑏) ∈ TypesA . C𝑥→𝑏𝑎 (Γ𝑥) = ∑
𝑖 Γ

𝑎→𝑏 (𝑢𝑎
𝑖
)⊠𝑢𝑎

𝑖
, where

{
𝑢𝑎
𝑖

}
𝑖
is the fixed orthonormal

basis associated with 𝐿 (𝑎).

Proof. The proof is straightforward. It follows directly from the definition of the tensor product, promotion
and demotion functions, Theorem 6.2.27. First, we express the Choi state as a sum of elementary products of
elements of the orthonormal basis.

Γ𝑎→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 @Φ𝑎𝑏𝑎𝑏 =
∑︁
𝑖

Γ𝑎→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 @𝑢
𝑎𝑏
𝑖

⊠ 𝑢𝑎𝑏
𝑖
. (6.162)

Then, we observe that Γ𝑎→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 = 𝜂 (𝑎→𝑏)→(𝑎→𝑏) (𝑎→𝑎) (Γ𝑎→𝑏) ⊠ id𝑎𝑏→𝑎𝑏→𝑎𝑏→𝑎𝑏 , which we can
write as 𝜂𝑏→𝑏𝑎 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑏→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 . Therefore,

Γ𝑎→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 @Φ𝑎𝑏𝑎𝑏 =
∑︁
𝑖

𝜂𝑏→𝑏𝑎 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑏→𝑏 ⊠ id𝑎𝑏→𝑎𝑏 @𝑢
𝑎𝑏
𝑖

⊠ 𝑢𝑎𝑏
𝑖

Theorem 6.2.27 =
∑︁
𝑖

𝜂𝑏→𝑏𝑎 ◦ Γ𝑎→𝑏 ◦ 𝜂𝑎𝑏→𝑏 (𝑢𝑎𝑏
𝑖
) ⊠ id𝑎𝑏→𝑎𝑏 (𝑢𝑎𝑏

𝑖
)

=
∑︁
𝑖

𝜂𝑏→𝑏𝑎 ◦ Γ𝑎→𝑏 (𝑢𝑎𝑖 ) ⊠ 𝑢
𝑎𝑏
𝑖
.

(6.163)

Observe that 𝜂𝑏→𝑏𝑎◦Γ𝑎→𝑏 (𝑢𝑎
𝑖
)⊠𝑢𝑎𝑏

𝑖
= 𝜂𝑏→𝑏𝑎 (Γ𝑎→𝑏 (𝑢𝑎

𝑖
)⊠𝜂𝑎→𝑎𝑏 (𝑢𝑎

𝑖
) which is by definition Γ𝑎→𝑏 (𝑢𝑎

𝑖
)⊠𝑢𝑎

𝑖
.

This shows that C𝑥→𝑏𝑎 (Γ𝑥) = ∑
𝑖 Γ

𝑎→𝑏 (𝑢𝑎
𝑖
) ⊠ 𝑢𝑎

𝑖
. □

Defining the Choi map is only half of the process of defining the Choi isomorphism. We also need to
find the inverse map. We use the inverse map of the Choi isomorphism for channels as a guide. If 𝑀𝐵𝐴′ is a
bipartite matrix, the channelM𝐴→𝐵 associated with 𝑀𝐵𝐴′ acts on a state 𝜌𝐴 as

M𝐴→𝐵 (𝜌𝐴) = Tr𝐴′𝐴[(1𝐵 ⊗ Φ𝐴′𝐴) (𝑀𝐴′𝐴 ⊗ 𝜌𝐴)] . (6.164)
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It is not immediate to translate this expression into our type system because we do not have a notion of partial
tracing. However, it is immediate to show thatM𝐴→𝐵 (𝜌𝐴) = (I𝐵 ⊗

〈
Φ𝐴′𝐴

��) (𝑀𝐵𝐴′ ⊗ 𝜌𝐴). Indeed,
〈
Φ𝐴′𝐴

��
is the map that sends a matrix 𝑁𝐴′𝐴 to Tr𝐴′𝐴(Φ𝐴′𝐴𝑁𝐴′𝐴). Now, it is easier to rewrite this expression for
generic types 𝑎 and 𝑏, a function Γ𝑏𝑎 ∈ 𝐿 (𝑏𝑎), and a test vector 𝑢𝑎 ∈ 𝐿 (𝑎). A first attempt gives

id𝑏→𝑏 ⊠ ⟨Φ𝑎𝑎 |𝑎𝑎→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎 . (6.165)

However, there is no guarantee that the input of id𝑏→𝑏 ⊠ ⟨Φ𝑎𝑎 |𝑎𝑎→𝐼 is 𝑏𝑎𝑎, as we need. To fix this, we use
the standard method of promoting types.

id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎 . (6.166)

Now the input type of id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 is 𝑏𝑎𝑎 as we need. However, the output type is 𝑏𝑎, and not
𝑏 as we would like in analogy to the case of channels and states. Therefore, the last step is to reduce 𝑏𝑎 to 𝑏.

𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎) (6.167)

This is our candidate for the inverse of the Choi map.

Definition 6.3.11: Inverse Choi map

Let 𝑥 = (𝑎 → 𝑏) ∈ TypesA . The inverse Choi map IC𝑏𝑎→𝑥 is defined as follows. For every
Γ𝑏𝑎 ∈ 𝐿 (𝑏𝑎), IC𝑏𝑎→𝑥 (Γ𝑏𝑎) is the map in 𝐿 (𝑥) that acts on 𝑢𝑎 ∈ 𝐿 (𝑎) as

IC𝑏𝑎→𝑥 (Γ𝑏𝑎)@𝑢𝑎 = 𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎). (6.168)

In the following Theorem, we show that the map defined in Definition 6.3.11 is indeed the inverse of the
Choi map.

Theorem 6.3.12: The Choi isomorphism

Let 𝑥 = (𝑎 → 𝑏), then C𝑥→𝑏𝑎 is an isomorphism, and IC𝑏𝑎→𝑥 is the inverse of C𝑥→𝑏𝑎.

Proof. We show that IC𝑏𝑎→𝑥 is both left and right inverse of C𝑥→𝑏𝑎.
Let Γ𝑏𝑎 ∈ 𝐿 (𝑏𝑎). We want to show that C𝑥→𝑏𝑎 (IC𝑏𝑎→𝑥 (Γ𝑏𝑎)) = Γ𝑏𝑎. We start by writing the Choi

map in terms of the fixed orthonormal basis.

C𝑥→𝑏𝑎 (IC𝑏𝑎→𝑥 (Γ𝑏𝑎)) =
∑︁
𝑖

[IC𝑏𝑎→𝑥 (Γ𝑏𝑎)@𝑢𝑎𝑖 ] ⊠ 𝑢𝑎𝑖 . (6.169)

Now, we use the definition of IC𝑏𝑎→𝑥 to get∑︁
𝑖

[𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 )] ⊠ 𝑢𝑎𝑖 . (6.170)

By definition of the square product, we can promote the term on the left of ⊠ with 𝜂𝑏→𝑏𝑎 . However
𝜂𝑏→𝑏𝑎 ◦ 𝜂𝑏𝑎→𝑏 = id𝑏𝑎→𝑏𝑎 . Therefore, the expression above becomes∑︁

𝑖

(id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 . (6.171)
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Now, we observe that Γ𝑏𝑎 ⊠ 𝑢𝑎
𝑖
= Γ𝑏𝑎 ⊠ 𝑢𝑎𝑏

𝑖
, where 𝑢𝑎𝑏

𝑖
is the promotion of 𝑢𝑎

𝑖
. Moreover, thanks to

Corollary 6.2.28, we can write ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 as
∑

𝑗

〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

. Thus, Eq. (6.171) becomes,∑︁
𝑖, 𝑗

(id𝑏𝑎→𝑏𝑎 ⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

@Γ𝑏𝑎 ⊠ 𝑢𝑎𝑏
𝑖
) ⊠ 𝑢𝑎𝑖 . (6.172)

Theorem 6.2.27 allows us to split the action of the terms between round brackets and obtain

(id𝑏𝑎→𝑏𝑎 ⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

@Γ𝑏𝑎) ⊠ (
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

@ ⊠ 𝑢𝑎𝑏
𝑖
). (6.173)

Since
{
𝑢
𝑎𝑏
𝑖

}
𝑖

is an orthonormal basis, the term on the right is 𝛿𝑖, 𝑗 . As a consequence, we can write the
equation above as ∑︁

𝑖

(id𝑏𝑎→𝑏𝑎 ⊠
〈
𝑢
𝑎𝑏
𝑖

��𝑎𝑏→𝐼 @Γ𝑏𝑎) ⊠ 𝑢𝑎𝑖 . (6.174)

Now, we use the fact that 𝐿 (𝑏𝑎) = 𝐿 (𝑏𝑎) ⊠ 𝐿 (𝑎𝑏) to write Γ𝑏𝑎 as a linear combination of elementary tensors,
that is Γ𝑏𝑎 =

∑
𝑚,𝑛 𝐺𝑚,𝑛𝑢

𝑏𝑎
𝑚 ⊠ 𝑢𝑎𝑏𝑛 . With that, we obtain∑︁
𝑖,𝑚,𝑛

(id𝑏𝑎→𝑏𝑎 ⊠
〈
𝑢
𝑎𝑏
𝑖

��𝑎𝑏→𝐼 @𝐺𝑚,𝑛𝑢
𝑏𝑎
𝑚 ⊠ 𝑢𝑎𝑏𝑛 ) ⊠ 𝑢𝑎𝑖 . (6.175)

Once again, we split the action of the square product, and we observe that
〈
𝑢
𝑎𝑏
𝑖

��𝑎𝑏→𝐼 @𝑢
𝑎𝑏
𝑛 = 𝛿𝑖,𝑛. Therefore,

Eq. (6.171) becomes
∑

𝑚,𝑛 𝐺𝑚,𝑛𝑢
𝑏𝑎
𝑚 ⊠ 𝑢𝑎𝑛 = Γ𝑏𝑎. This shows C𝑥→𝑏𝑎 (IC𝑏𝑎→𝑥 (Γ𝑏𝑎)) = Γ𝑏𝑎.

Let now Γ𝑥 ∈ 𝐿 (𝑥), and let 𝑢𝑎
𝑘

be an element of the orthonormal basis of 𝐿 (𝑎). We want to show that
IC𝑏𝑎→𝑥 (C𝑥→𝑏𝑎 (Γ𝑥))@𝑢𝑎

𝑘
= Γ𝑥 (𝑢𝑎

𝑘
). Using the same concepts that we used in the proof of the previous

case, we get:

IC𝑏𝑎→𝑥 (C𝑥→𝑏𝑎 (Γ𝑥))@𝑢𝑎𝑘 = 𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @C𝑥→𝑏𝑎 (Γ𝑥) ⊠ 𝑢𝑎𝑘 )

=
∑︁
𝑖

𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑥 (𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 ⊠ 𝑢𝑎𝑘 )

=
∑︁
𝑖

𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @𝜂𝑏→𝑏𝑎 (Γ𝑥 (𝑢𝑎𝑖 )) ⊠ 𝑢
𝑎𝑏
𝑖

⊠ 𝑢𝑎𝑏
𝑘
)

=
∑︁
𝑖, 𝑗

𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

@𝜂𝑏→𝑏𝑎 (Γ𝑥 (𝑢𝑎𝑖 )) ⊠ 𝑢
𝑎𝑏
𝑖

⊠ 𝑢𝑎𝑏
𝑘
)

=
∑︁
𝑖, 𝑗

𝜂𝑏𝑎→𝑏 (𝜂𝑏→𝑏𝑎 (Γ𝑥 (𝑢𝑎𝑖 )) ⊠
〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

(𝑢𝑎𝑏
𝑖
) ⊠

〈
𝑢
𝑎𝑏
𝑗

���𝑎𝑏→𝐼

(𝑢𝑎𝑏
𝑘
))

= 𝜂𝑏𝑎→𝑏 (𝜂𝑏→𝑏𝑎 (Γ𝑥 (𝑢𝑎𝑘 )))

= Γ𝑥 (𝑢𝑎𝑘 ).

(6.176)

This is true for every element of the fixed orthonormal basis of 𝐿 (𝑎), and therefore, by linearity, we have that
IC𝑏𝑎→𝑥 (C𝑥→𝑏𝑎 (Γ𝑥))@𝑣𝑎 = Γ𝑥 (𝑣𝑎) for every 𝑣𝑎 ∈ 𝐿 (𝑎). This shows that Γ𝑥 = IC𝑏𝑎→𝑥 (C𝑥→𝑏𝑎 (Γ𝑥)).

□
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6.3.4 Properties of the Choi Isomorphism

In the previous Subsections, we were able to define the Choi isomorphism associated with any type
𝑥 = (𝑎 → 𝑏), generalizing the well-known isomorphism from maps in 𝔏(𝐴→ 𝐵). However, what makes the
Choi isomorphism so interesting is the easy translation of properties of a map in 𝔏(𝐴→ 𝐵) to properties of
the corresponding matrix on 𝐵𝐴. For example, a channelM𝐴→𝐵 is Hermitian-preserving if and only if its
Choi matrix 𝑀𝐵𝐴 is Hermitian and completely positive-preserving if its Choi matrix is positive semidefinite.
Here, we show that these properties are true for maps of type 𝑥 = (𝑎 → 𝑏), generalizing what happens in the
case of channels.

We begin by demonstrating that the Choi map preserves the inner product, and therefore it is unitary.

Proposition 6.3.13: The Choi map is unitary

Let 𝑥 ∈ 𝑡𝑦, Γ𝑥 ,Δ𝑥 ∈ 𝐿 (𝑥). Then, (Γ𝑥 ,Δ𝑥)𝑥 = (C𝑥→𝑏𝑎 (Γ𝑥), C𝑥→𝑏𝑎 (Δ𝑥))𝑏𝑎.

Proof. We write the inner product (C𝑥→𝑏𝑎 (Γ𝑥), C𝑥→𝑏𝑎 (Δ𝑥))𝑏𝑎 expanding the Choi isomorphism in terms
of the fixed orthonormal basis of 𝐿 (𝑏𝑎).

(C𝑥→𝑏𝑎 (Γ𝑥), C𝑥→𝑏𝑎 (Δ𝑥))𝑏𝑎 =
∑︁
𝑖, 𝑗

(Γ𝑥 (𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 ,Δ𝑥 (𝑢𝑎𝑗 ) ⊠ 𝑢𝑎𝑗 ). (6.177)

Using Corollary 6.2.23, we can split the inner product of the tensor space into the product of two inner
products. ∑︁

𝑖, 𝑗

(Γ𝑥 (𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 ,Δ𝑥 (𝑢𝑎𝑗 ) ⊠ 𝑢𝑎𝑗 ) =
∑︁
𝑖, 𝑗

(Γ𝑥 (𝑢𝑎𝑖 ),Δ𝑥 (𝑢𝑎𝑗 ))𝑏 (𝑢𝑎𝑖 , 𝑢𝑎𝑗 )𝑎 . (6.178)

The second inner product is 𝛿𝑖, 𝑗 . Therefore the expression above becomes
∑

𝑖 (Γ𝑥 (𝑢𝑎
𝑖
),Δ𝑥 (𝑢𝑎

𝑖
))𝑏. To conclude

the proof, we notice that this expression is the definition of the inner product (Γ𝑥 ,Δ𝑥)𝑥 . □

We are ready to prove the main Theorem of this subsection, the one where we show that a map Γ𝑥 , where
𝑥 = (𝑎 → 𝑏), is in 𝐾 (𝑥) if and only if C𝑥→𝑏𝑎 (Γ𝑥) ∈ 𝐾 (𝑏𝑎). Note that if 𝑥 = (𝐴→ 𝐵), this reduces to the
known results about channels. While proving these statements, we will prove the other four properties. This
simplifies the proof because it allows us to use more inductive hypotheses.

Theorem 6.3.14: The Choi isomorphism is 𝐾-preserving

Let 𝑥 ∈ TypesA .

1. 𝐻 (𝑥) has a basis composed of elements of 𝐾 (𝑥).

2. Φ𝑥𝑥 ∈ 𝐾 (𝑥𝑥).

3. If 𝑥 = (𝑎 → 𝑏), C𝑥→𝑏𝑎 and IC𝑏𝑎→𝑥 are 𝐾-preserving.

4. 𝐾 (𝑥) is self dual, i.e., 𝐾∗(𝑥) = 𝐾 (𝑥), where 𝐾∗ = { Γ𝑥 ∈ 𝐻 (𝑥) | (Δ𝑥 , Γ𝑥)𝑥 ≥ 0,∀Δ𝑥 ∈ 𝐾 (𝑥) }.

5. Γ𝑥 ∈ 𝐾 (𝑥) implies ⟨Γ𝑥 |𝑥→𝐼 ∈ 𝐾 (𝐼 → 𝑥).
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Proof. This is one of the cases in which we prove multiple statements at the same time by induction to be
able to use the inductive hypothesis for all the statements. Since there is no base case for statement 3, we
cannot use its inductive hypothesis. Moreover, we can use already proven statements to prove the subsequent
statement.

Base case: The base case for statements 1, 2 and 4 follows from properties of positive semidefinite matrices.
For statement 5, let 𝑥 = 𝐸 ∈ EleTypesA , and let 𝐹 ∈ EleTypesA , we have to show that ⟨Γ𝑥 |𝑥→𝐼 ⊠ id𝐹→𝐹 is
𝐾-preserving. Let Δ𝐸𝐹 ∈ 𝐾 (𝐸𝐹), that is, 𝐾𝐸𝐹 is a positive semidefinite matrix. Note that, for Θ𝐹 ∈ 𝐾 (𝐹)
we have

(Θ𝐹 , (
〈
Γ𝐸

��𝐸→𝐼
⊠ id𝐹→𝐹) (Δ𝐸𝐹))𝐹 = ((

��Γ𝐸
〉𝐼→𝐸

⊠ id𝐹→𝐹) (Θ𝐹),Δ𝐸𝐹)𝐸𝐹

= (Γ𝐸 ⊗ Θ𝐹 ,Δ𝐸𝐹)𝐸𝐹

≥ 0,

(6.179)

because the inner product of two positive semidefinite matrices is positive. By self duality, we have
(
〈
Γ𝐸

��𝐸→𝐼
⊠ id𝐹→𝐹) (Δ𝐸𝐹) ∈ 𝐾 (𝐹), and therefore

〈
Γ𝐸

��𝐸→𝐼
⊠ id𝐹→𝐹 is 𝐾-preserving.

Inductive step:

1. By induction hypothesis 1 there exists a basis of 𝐻 (𝑎) such that
{
𝑢𝑎
𝑖

}
𝑖
⊆ 𝐾 (𝑎) and similarly, a

basis of 𝐻 (𝑏) such that
{
𝑢𝑏
𝑗

}
𝑗
⊆ 𝐾 (𝑏). The set

{ ��� 𝑢𝑏𝑖 ⟩⟨𝑢𝑎𝑗 |𝑎→𝑏
}𝑖, 𝑗

is a basis of 𝐻 (𝑥). Moreover,��𝑢𝑏
𝑖

〉𝐼→𝑏 ∈ 𝐾 (𝐼 → 𝑏) because of Theorem 6.2.47 and
〈
𝑢𝑎
𝑖

��𝑎→𝐼 ∈ 𝐾 (𝑎 → 𝐼) by inductive hypothesis 5.
The sequential composition of maps in 𝐾 is in 𝐾 (Lemma 6.2.49) and therefore |𝑢𝑏

𝑖
⟩⟨𝑢𝑎

𝑗
|𝑎→𝑏 ∈ 𝐾 (𝑥).

2. By inductive hypothesis 2, Φ𝑎𝑎 ∈ 𝐾 (𝑎𝑎) and Φ𝑏𝑏 ∈ 𝐾 (𝑏𝑏). Therefore, by inductive hypothesis 5 and
Lemma 6.2.49 Φ𝑥𝑥 = |Φ𝑏𝑏⟩⟨Φ𝑎𝑎 |𝑥 ∈ 𝐾 (𝑥𝑥).

3. LetΓ𝑥 ∈ 𝐾 (𝑥). Thus, Γ𝑥⊠id𝑎𝑏→𝑎𝑏 is𝐾-preserving. Since by induction hypothesis 2Φ𝑎𝑏𝑎𝑏 ∈ 𝐾 (𝑎𝑏𝑎𝑏),
we have C𝑥→𝑏𝑎 (Γ𝑥) = Γ𝑥 ⊠ id𝑎𝑏→𝑎𝑏 @Φ𝑎𝑏𝑎𝑏 ∈ 𝐾 (𝑏𝑎). Now, let Γ𝑏𝑎 ∈ 𝐾 (𝑏𝑎). We have to show
that IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ⊠ id𝑦→𝑦 is 𝐾-preserving, where ord(𝑦) = ord(𝑎𝑏) = ord(𝑥 − 1). In the next
chain of equalities, we have the goal to write IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ⊠ id𝑦→𝑦 as the sequential composition of
𝐾-preserving functions. As usual, we use an element 𝑢𝑎

𝑖
⊠ 𝑢𝑦

𝑗
of the fixed orthonormal basis of 𝐿 (𝑎𝑦)

to prove that two functions are equal.

IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ⊠ id𝑦→𝑦 @𝑢𝑎𝑖 ⊠ 𝑢𝑦
𝑗
= [IC𝑏𝑎→𝑥 (Γ𝑏𝑎)@𝑢𝑎𝑖 ] ⊠ id𝑦→𝑦 (𝑢𝑦

𝑗
)

= [𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 )] ⊠ id𝑦→𝑦 (𝑢𝑦
𝑗
)

= [𝜂𝑏𝑎→𝑏 (id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 )] ⊠ 𝜂𝑦𝑎→𝑦 ◦ 𝜂𝑦→𝑦𝑎 (𝑢𝑦
𝑗
)

= (𝜂𝑏𝑎→𝑏 ⊠ 𝜂𝑦𝑎→𝑦)@[(id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 ) ⊠ 𝜂𝑦→𝑦𝑎 (𝑢𝑦
𝑗
)]

= 𝜂𝑏𝑦𝑎→𝑏𝑦@[(id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 ) ⊠ 𝜂𝑦→𝑦𝑎 (𝑢𝑦
𝑗
)]

= 𝜂𝑏𝑦𝑎→𝑏𝑦@[(id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 ) ⊠ 𝑢
𝑦

𝑗
]

= 𝜂𝑏𝑦𝑎→𝑏𝑦@(id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 ⊠ id𝑦→𝑦 @Γ𝑏𝑎 ⊠ 𝑢𝑎𝑖 ⊠ 𝑢𝑦
𝑗
).

(6.180)
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By linearity, we have that for every Δ𝑎𝑦 ∈ 𝐾 (𝑎𝑦)

IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ⊠ id𝑦→𝑦 @Δ𝑎𝑦

= 𝜂𝑏𝑦𝑎→𝑏𝑦@(id𝑏𝑎→𝑏𝑎 ⊠ ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 ⊠ id𝑦→𝑦 @Γ𝑏𝑎 ⊠ Δ𝑎𝑦).
(6.181)

We have shown that the product of maps in 𝐾 is in 𝐾. Moreover, promotion and identity maps are
𝐾-preserving and by induction hypothesis 2 and 5 so ⟨Φ𝑎𝑏𝑎𝑏 |𝑎𝑏𝑎𝑏→𝐼 is 𝐾-preserving as well. Therefore,
IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ⊠ id𝑦→𝑦 @Δ𝑎𝑦 ∈ 𝐾 (𝑏𝑦), which shows that IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ⊠ id𝑦→𝑦 is 𝐾-preserving
and thus IC𝑏𝑎→𝑥 (Γ𝑏𝑎) ∈ 𝐾 (𝑥).

4. Let Γ𝑥 ∈ 𝐾 (𝑥). By the proof of the previous point, Γ𝑥 ∈ 𝐾 (𝑥) if and only if C𝑥→𝑏𝑎 (Γ𝑥) ∈
𝐾 (𝑏𝑎). Now, using the inductive hypothesis 4, we have that C𝑥→𝑏𝑎 (Γ𝑥) ∈ 𝐾 (𝑏𝑎) if and only
if (Δ𝑏𝑎, C𝑥→𝑏𝑎 (Γ𝑥))𝑏𝑎 ≥ 0 for all Δ𝑏𝑎 ∈ 𝐾 (𝑏𝑎). Now, since the Choi map is an isomor-
phism between 𝐾 (𝑏𝑎) and 𝐾 (𝑥), as for the previous point, the above statement is equivalent to
(C𝑥→𝑏𝑎 (Δ𝑥), C𝑥→𝑏𝑎 (Γ𝑥))𝑏𝑎 ≥ 0 for all Δ𝑥 ∈ 𝐾 (𝑥). Lastly, since the Choi map is an isometry
(Proposition 6.3.13), the previous statement becomes (Δ𝑥 , Γ𝑥)𝑥 ≥ 0 for all Δ𝑥 ∈ 𝐾 (𝑥), which implies
Γ𝑥 ∈ 𝐾∗.

5. Let Γ𝑥 ∈ 𝐾 (𝑥), to show that ⟨Γ𝑥 |𝑥→𝐼 ∈ 𝐾 (𝑥 → 𝐼) we have to show that ⟨Γ𝑥 |𝑥→𝐼 ⊠ id𝑦→𝑦 is
𝐾-preserving for all 𝑦 ∈ TypesA such that ord(𝑦) = ord(𝑥). Let Δ𝑥𝑦 ∈ 𝐾 (𝑥𝑦), we have to show that
⟨Γ𝑥 |𝑥→𝐼 ⊠ id𝑦→𝑦 @Δ𝑥𝑦 ∈ 𝐾 (𝑦). Since, ord(𝑦) = ord(𝑥), 𝐾 (𝑦) is self dual and it is equivalent to show
that (Θ𝑦 , ⟨Γ𝑥 |𝑥→𝐼 ⊠ id𝑦→𝑦 @Δ𝑥𝑦)𝑦 ≥ 0 for all Θ𝑦 ∈ 𝐾 (𝑦).

(Θ𝑦 , (⟨Γ𝑥 |𝑥→𝐼 ⊠ id𝑦→𝑦) (Δ𝑥𝑦))𝑦 = ((|Γ𝑥⟩𝐼→𝑥 ⊠ id𝑦→𝑦) (Θ𝑦),Δ𝑥𝑦)𝑥𝑦
= (Γ𝑥 ⊗ Θ𝑦 ,Δ𝑥𝑦)𝑥𝑦
≥ 0,

(6.182)

because Γ𝑥 ⊗ Θ𝑦 ,Δ𝑥𝑦 ∈ 𝐾 (𝑥𝑦) and 𝐾 (𝑥𝑦) is self dual.

□

This long Theorem gave us much information about the geometry of the cone 𝐾. First, it says that it is
generating, that is, every element Γ𝑥 ∈ 𝐻 (𝑥) can be written as Γ𝑥 = Δ𝑥 −Θ𝑥 , with Δ𝑥 ,Θ𝑥 ∈ 𝐾 (𝑥). Moreover,
the cone is self-dual, which is quite a valuable property. For example, it becomes easier to write the dual
conic linear programs based on these cones.

An easy corollary of Theorem 6.3.14 is the fact that the Choi isomorphism is 𝐻-preserving as well.

Corollary 6.3.15: The Choi isomorphism is 𝐻-preserving

Let 𝑥 = (𝑎 → 𝑏) ∈ TypesA . Then, C𝑥→𝑏𝑎 and IC𝑏𝑎→𝑥 are 𝐻-preserving.

Proof. Let Γ𝑥 ∈ 𝐻 (𝑥). Since 𝐾 (𝑥) is generating, we can write Γ𝑥 = Δ𝑥 − Θ𝑥 , with Δ𝑥 ,Θ𝑥 ∈ 𝐾 (𝑥). By
linearity, C𝑥→𝑏𝑎 (Γ𝑥) = C𝑥→𝑏𝑎 (Δ𝑥) − C𝑥→𝑏𝑎 (Θ𝑥). Since the Choi isomorphism is 𝐾-preserving, both
C𝑥→𝑏𝑎 (Δ𝑥) and C𝑥→𝑏𝑎 (Θ𝑥) are in 𝐾 (𝑏𝑎) ⊆ 𝐻 (𝑏𝑎). This implies that C𝑥→𝑏𝑎 (Γ𝑥) is a real combination of
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elements of 𝐻 (𝑏𝑎), and therefore, it is in 𝐻 (𝑏𝑎). This proves that C𝑥→𝑏𝑎 is 𝐻-preserving. The proof that
IC𝑏𝑎→𝑥 is 𝐻-preserving is analogous. □

Note that if 𝑥 = (𝐴→ 𝐵), the above Lemma states that a channel is 𝐻-preserving if and only if its Choi
matrix is Hermitian, reproducing the known results for channels.

Thanks to the Choi isomorphism, one can reduce a map Γ𝑥 of order 𝑛 to a map of order 𝑛−1. This process
can be iterated until the map reaches order 0. We name the matrix obtained with such iteration ‘the Choi
matrix‘ of Γ𝑥 . Thanks to the results about the Choi isomorphism being both 𝐾-preserving and 𝐻-preserving,
one immediately concludes that a map is in 𝐾 if and only if its Choi matrix is positive semidefinite, and a
matrix is in 𝐻 if and only if its Choi matrix is Hermitian.

6.3.5 The Link Product

Now, we have a way of converting maps of type 𝑥 = (𝑎 → 𝑏) to maps of type 𝑏𝑎, which is of lower order.
A natural question is whether we can also convert operations between maps. For example, in the case of
channels, ifM𝐴→𝐵 and N𝐵→𝐶 are channels with Choi matrices 𝑀𝐵𝐴′ and 𝑁𝐶𝐵′ , then the Choi matrix of
N𝐵→𝐶 ◦M𝐴→𝐵 is 𝑁𝐶𝐵′ ∗𝑀𝐵𝐴′ = Tr𝐵𝐵′ [(1𝐶 ⊗Φ𝐵′𝐵 ⊗1𝐴′) (𝑁𝐶𝐵′ ⊗𝑀𝐵𝐴′)]. As we have discussed already
several times, to transform this into an equation for maps of arbitrary types, we can think of Tr𝐵𝐵′ [Φ𝐵′𝐵·] as
the action of

〈
Φ𝐵′𝐵

��𝐵′𝐵. A first attempt is to write the link product between two maps Γ𝑏𝑎 and Δ𝑐𝑏 as

id𝑐→𝑐 ⊠
〈
Φ𝑏𝑏

��𝑏𝑏→𝐼
⊠ id𝑎→𝑎 @Δ𝑐𝑏 ⊠ Γ𝑏𝑎 . (6.183)

The reader who is now familiar with the type system would immediately realize that the input type of
id𝑐→𝑐 ⊠

〈
Φ𝑏𝑏

��𝑏𝑏→𝐼
⊠ id𝑎→𝑎 may not be 𝑐𝑏𝑏𝑎, as is the type of Δ𝑐𝑏 ⊠ Γ𝑏𝑎. The standard quick fix is to

promote all the types:

id𝑐𝑏𝑎→𝑐𝑏𝑎 ⊠
〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼
⊠ id𝑎𝑏𝑐→𝑎𝑏𝑐 @Δ𝑐𝑏 ⊠ Γ𝑏𝑎 . (6.184)

The expression above fixes the issue of the input type but raises another issue. Now, the output type is 𝑐𝑏𝑎𝑏,
and not just 𝑐𝑎, as we would want in analogy to the link product of matrices. The solution is to use 𝜂𝑐𝑎𝑏→𝑐

and 𝜂𝑎𝑏𝑐→𝑎 instead of id𝑐𝑎𝑏→𝑐𝑎𝑏 and id𝑎𝑏𝑐→𝑎𝑏𝑐 . In this way, the extra 𝑏 is removed from the output type,
and the input type is still 𝑐𝑏𝑏𝑎. Therefore, our candidate for the link product is the following.

Definition 6.3.16: Link product

Let 𝑎, 𝑏, 𝑐 ∈ 𝑡𝑦, Γ𝑏𝑎 ∈ 𝐿 (𝑏𝑎), and Δ𝑐𝑏 ∈ 𝐿 (𝑐𝑏). The link product ‘∗’: 𝐿 (𝑐𝑏) × 𝐿 (𝑏𝑎) → 𝐿 (𝑐𝑎) is
defined as follows:

Δ𝑐𝑏 ∗ Γ𝑏𝑎 = 𝜂𝑐𝑏𝑎→𝑐 ⊠
〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼
⊠ 𝜂𝑎𝑏𝑐→𝑎@Δ𝑐𝑏 ⊠ Γ𝑏𝑎 . (6.185)

The link product defined above has the property that we were looking for. It is the operation that
corresponds to the sequential composition of maps.
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Theorem 6.3.17: Link product and sequential composition

Let 𝑥 = (𝑎 → 𝑏) ∈ TypesA , 𝑦 = (𝑏 → 𝑐) ∈ TypesA . Let Γ𝑥 ∈ 𝐿 (𝑥), Δ𝑦 ∈ 𝐿 (𝑦), Θ𝑏𝑎 ∈ 𝐿 (𝑏𝑎),
Ξ𝑐𝑏 ∈ 𝐿 (𝑐𝑏). Then,

1. C (𝑎→𝑐)→𝑐𝑎 (Δ𝑏→𝑐 ◦ Γ𝑎→𝑏) = C𝑦→𝑐𝑏 (Δ𝑦) ∗ C𝑥→𝑏𝑎 (Γ𝑎),

2. IC𝑐𝑎→(𝑎→𝑐) (Ξ𝑐𝑏 ∗ Θ𝑏𝑎) = IC𝑐𝑏→𝑦 (Ξ𝑐𝑏) ◦ IC𝑏𝑎→𝑥 (Θ𝑏𝑎).

Proof. First, we observe that the two properties are equivalent because C is an isomorphism. For
example, assume property 1 is true. To prove property 2, we notice that for every Ξ𝑐𝑏 there ex-
ists Δ𝑦 such that Ξ𝑐𝑏 = C𝑦→𝑐𝑏 (Δ𝑦). Similarly, Θ𝑏𝑎 = C𝑥→𝑏𝑎 (Γ𝑥). Therefore, IC𝑐𝑎→(𝑎→𝑐) (Ξ𝑐𝑏 ∗
Θ𝑏𝑎) = IC𝑐𝑎→(𝑎→𝑐) (C𝑦→𝑐𝑏 (Δ𝑦) ∗ C𝑥→𝑏𝑎 (Γ𝑥)). Now, using property 1, the last expression becomes
IC𝑐𝑎→(𝑎→𝑐) (C (𝑎→𝑐)→𝑐𝑎 (Δ𝑏→𝑐◦Γ𝑎→𝑏)), which is equal toΔ𝑏→𝑐◦Γ𝑎→𝑏 = IC𝑐𝑏→𝑦 (Ξ𝑐𝑏)◦IC𝑏𝑎→𝑥 (Θ𝑏𝑎).
Therefore, IC𝑐𝑎→(𝑎→𝑐) (Ξ𝑐𝑏 ∗ Θ𝑏𝑎) = IC𝑐𝑏→𝑦 (Ξ𝑐𝑏) ◦ IC𝑏𝑎→𝑥 (Θ𝑏𝑎). The proof of 2⇒ 1 is identical. It
is then enough to prove either of the two properties, and the other will follow. We choose to prove property 1.

We start from the right-hand side, and we expand the Choi map in terms of the orthonormal bases:

C𝑦→𝑐𝑏 (Δ𝑦) ∗ C𝑥→𝑏𝑎 (Γ𝑎) =
∑︁
𝑖, 𝑗

(Δ𝑦 (𝑢𝑏𝑗 ) ⊠ 𝑢𝑏𝑗 ) ∗ (Γ𝑥 (𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 ). (6.186)

Next, we rewrite the expression above using the definition of the link product.∑︁
𝑖, 𝑗

𝜂𝑐𝑏𝑎→𝑐 ⊠
〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼
⊠ 𝜂𝑎𝑏𝑐→𝑎@Δ𝑦 (𝑢𝑏𝑗 ) ⊠ 𝑢𝑏𝑗 ⊠ Γ𝑥 (𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 . (6.187)

Note that the definition of the square product gives Δ𝑦 (𝑢𝑏
𝑗
) ⊠ 𝑢𝑏

𝑗
⊠ Γ𝑥 (𝑢𝑎

𝑖
) ⊠ 𝑢𝑎

𝑖
= 𝜂𝑐→𝑐𝑏𝑎 (Δ𝑦 (𝑢𝑏

𝑗
)) ⊠

𝜂𝑏→𝑏𝑎𝑐 (𝑢𝑏
𝑗
) ⊠ 𝜂𝑏→𝑏𝑐𝑎 (Γ𝑥 (𝑢𝑎

𝑖
)) ⊠ 𝜂𝑎→𝑎𝑏𝑐 (𝑢𝑎

𝑖
). Using this and Theorem 6.2.27, Eq. (6.187) becomes∑︁

𝑖, 𝑗

[𝜂𝑐𝑏𝑎→𝑐@𝜂𝑐→𝑐𝑏𝑎 (Δ𝑦 (𝑢𝑏𝑗 ))] ⊠ [
〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼 @𝜂𝑏→𝑏𝑎𝑐 (𝑢𝑏𝑗 )

⊠ 𝜂𝑏→𝑏𝑐𝑎 (Γ𝑥 (𝑢𝑎𝑖 ))] ⊠ [𝜂𝑎𝑏𝑐→𝑎@𝜂𝑎→𝑎𝑏𝑐 (𝑢𝑎𝑖 )]

=
∑︁
𝑖, 𝑗

Δ𝑦 (𝑢𝑏𝑗 ) ⊠ [
〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼 @𝜂𝑏→𝑏𝑎𝑐 (𝑢𝑏𝑗 ) ⊠ 𝜂𝑏→𝑏𝑐𝑎 (Γ𝑥 (𝑢𝑎𝑖 ))] ⊠ 𝑢𝑎𝑖 .

(6.188)

Now, we focus on the term between square brackets. Observe that, Corollary (6.2.28) allows us to write〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼
=

∑
𝑘

〈
𝑢
𝑏𝑎𝑐

𝑘

���𝑏𝑎𝑐→𝐼

⊠
〈
𝑢
𝑏𝑎𝑐

𝑘

���𝑏𝑎𝑐→𝐼

. With Lemma 6.2.6, we can go one step further

and obtain
〈
Φ𝑏𝑎𝑐𝑏𝑎𝑐

��𝑏𝑎𝑐𝑏𝑎𝑐→𝐼
=

∑
𝑘 (

〈
𝑢𝑏
𝑘

��𝑏→𝐼 ◦ 𝜂𝑏𝑎𝑐→𝑏) ⊠ (
〈
𝑢𝑏
𝑘

��𝑏→𝐼 ◦ 𝜂𝑏𝑎𝑐→𝑏). Using this expression
and Theorem 6.2.27, the term inside square brackets in Eq. (6.188) is equal to

∑
𝑘 (

〈
𝑢𝑏
𝑘

��𝑏→𝐼 @𝑢𝑏
𝑗
) ⊠

(
〈
𝑢𝑏
𝑘

��𝑏→𝐼 @Γ𝑥 (𝑢𝑎
𝑖
)) =

〈
𝑢𝑏
𝑗

���𝑏→𝐼

@Γ𝑥 (𝑢𝑎
𝑖
). Observe that this is a number; therefore, by linearity of Δ𝑦 , we

can write the last expression Eq. (6.188) as∑︁
𝑖, 𝑗

[〈
𝑢𝑏𝑗

���𝑏→𝐼

@Γ𝑥 (𝑢𝑎𝑖 )
]
Δ𝑦 (𝑢𝑏𝑗 )) ⊠ 𝑢𝑎𝑖

=
∑︁
𝑖

Δ𝑦

(∑︁
𝑗

𝑢𝑏𝑗

[〈
𝑢𝑏𝑗

���𝑏→𝐼

@Γ𝑥 (𝑢𝑎𝑖 )
])

⊠ 𝑢𝑎𝑖 .

(6.189)
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The scalar multiplication of𝑢𝑏
𝑗
with the number

〈
𝑢𝑏
𝑗

���𝑏→𝐼

@Γ𝑥 (𝑢𝑎
𝑖
) can be rewritten as

���𝑢𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑏
𝑗

���𝑏→𝐼

@Γ𝑥 (𝑢𝑎
𝑖
).

Thus, the input of Δ𝑦 becomes∑︁
𝑗

𝑢𝑏𝑗

[〈
𝑢𝑏𝑗

���𝑏→𝐼

@Γ𝑥 (𝑢𝑎𝑖 )
]
=

∑︁
𝑗

���𝑢𝑏𝑗 〉𝐼→𝑏

◦
〈
𝑢𝑏𝑗

���𝑏→𝐼

@Γ𝑥

= id𝑏→𝑏 @Γ𝑥 (𝑢𝑎𝑖 )

= Γ𝑥 (𝑢𝑎𝑖 ).

(6.190)

Following the chain of equalities, we have shown that

C𝑦→𝑐𝑏 (Δ𝑦) ∗ C𝑥→𝑏𝑎 (Γ𝑎) =
∑︁
𝑖

Δ𝑦 (Γ𝑥 (𝑢𝑎𝑖 )) ⊠ 𝑢𝑎𝑖 =
∑︁
𝑖

Δ𝑦 ◦ Γ𝑥 (𝑢𝑎𝑖 ) ⊠ 𝑢𝑎𝑖 , (6.191)

and the right-hand side is by definition equal to C (𝑎→𝑐)→𝑐𝑎 (Δ𝑦 ◦ Γ𝑥). □
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Chapter 7

Conclusion and Future Directions

This Thesis investigates the properties of quantum resource theories. After a brief introduction to the
framework of quantum resource theories in Chapter 2, we focused on the resource theory of entanglement in
Chapter 3. The first important results concern conversion distances between pure states. With Definition 3.1.1,
we introduce a new conversion distance, 𝑇★, which we prove to be equivalent to the conversion distance based
on the trace distance, as defined in Definition 2.1.3. Most importantly, with Theorem 3.1.6, we derive a
closed-form expression for such distance. It is worth noticing that these results were possible thanks to the
characterization of pure-to-mixed state conversion in LOCC (Proposition 3.1.2), which extends the results
already known for pure-to-pure state LOCC-conversions, whether deterministic or probabilistic [26, 100].

With the closed formula for𝑇★, we were able to characterize universal embezzling families (Definition 3.2.1
and Refs. [52, 53]) in terms of a simple optimization problem stated in Theorem 3.2.4. Thanks to that, we
were able to determine that the embezzling family originally proposed by van Dam and Hayden [52] is unique
under reasonable assumptions, in the sense that any other embezzling family has to be similar to the van Dam
and Hayden family in the asymptotic limit. For specific families of states, we were also able to compute
their star conversion distance to maximally entangled states, which showed that these families are universally
embezzling if only if they are exactly the van Dam and Hayden family (see Figure 3.1). It is worth noting that
the original embezzling protocol proposed by van Dam and Hayden only requires local operations, while
we also allow for classical communication. However, classical communication does not appear to provide a
significant advantage; in both cases, embezzling families must be similar to the van Dam and Hayden families.
This suggests a direction for future work, namely, to determine whether LOCC embezzlement implies LO
embezzlement (the other direction is trivial) and, therefore, to investigate if classical communication is
relevant in entanglement embezzlement or not.

A different future direction involves extending the results about approximate conversion and entanglement
embezzlement to other resource theories that share some of the properties of entanglement theory. Indeed,
embezzlement has also been studied in other resource theories, including non-uniformity [265, 266],
coherence [47, 267–269], and athermality [33, 174, 265, 270, 271]. Fundamental limits for embezzlement
have been proved in Ref. [272]. All these resource theories are based on majorization (which was the crucial
tool in defining and finding a closed formula for 𝑇★) or relative majorization. It is worth noting that, so far,
research on entanglement embezzlement has focused solely on families composed of pure states. Another
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future research direction is the development of a more comprehensive theory of embezzlement that includes
families of mixed states.

The next set of results presented in this Thesis concerns the resource theory of quantum thermodynamics,
specifically the tasks of cooling and heating. The first step was to define what it means to cool and heat a
quantum system. We opted for a definition compatible with the zeroth law of thermodynamics. We interpret
cooling and heating as converting a system initially at equilibrium with a bath at temperature 𝑇 to the state
that would be at equilibrium with a bath at temperature 𝑇 . With this definition, we derived expressions for the
maximal and minimal temperatures to which a system can be heated and cooled, using the resourcefulness of a
given state out of thermal equilibrium with the bath and closed thermal operations (Theorems 4.1.2 and 4.1.3).
These quantities can be easily computed numerically for systems of any dimension and analytically for qubits.
Moreover, we showed that quasi-classical state convertibility is completely characterized by the ability to heat
and cool qubits. That is, a quasi-classical state can be converted into another with closed thermal operations
if and only if the first state cools and heats qubits to lower and higher temperatures than the second does.

Still, in the resource theory of thermodynamics, we approached cooling and heating from a different
perspective. Suppose that an agent wants to cool or a qubit, originally at a temperature 𝑇 to a temperature
𝑇 using another state out of thermal equilibrium. Which qubits, identified by their energy gap, can be
cooled or heated to the temperature 𝑇? We demonstrated that the ability to cool or heat more qubits to the
target temperature 𝑇 also characterizes quasi-classical conversion. That is, a quasi-classical resource can be
converted into another with closed thermal operations if and only if the first resource can cool or heat to
the target temperature 𝑇 at least as many different qubits as the second can. Note that all of these results
provide only fundamental bounds (similar to Landauer’s principle [273]), which are very far from what can be
achieved with current technologies, even though thermal machines in the quantum limit aiming to approach
these bounds are under active investigation [189–196].

To facilitate the experimental realization of optimal cooling and heating protocols, a future direction
of this work is to identify the thermal operation (or sequence of thermal operations) that achieves optimal
cooling or heating. Indeed, all the results of Chapter 4 only guarantee the existence of a closed thermal
operation that achieves optimal cooling or heating. However, they do not indicate what this operation is. A
first step in this direction was taken by Orr [4], who found the GPO that achieves the optimal cooling of a
qubit using another qubit as a resource. Another research direction is to extend these results to states that are
not quasi-classical. Unfortunately, this is a particularly challenging task because a characterization for state
conversion under closed thermal operation is still missing for states that are not quasi-classical.

In Chapter 5, we identified a key property of the resource theories of magic states, imaginarity, SEP,
NPT, and non-negativity of quantum amplitudes: a channel is free if and only if its suitably renormalized
Choi matrix is a free state. With that property in mind, we presented a new method for constructing a
resource theory from the set of free states based on the Choi isomorphism, and we derived which conditions
on the free states are necessary and sufficient for constructing a mathematically consistent Choi-defined
resource theory. Our interest is driven by the significant advantages that such a property guarantees. These
advantages stem from the fact that every question in Choi-defined resource theories can be naturally framed
as a question involving only free states, which often have a well-understood structure. Indeed, we introduce
several resource quantifiers that can all be computed with CLPs if the set of free states is convex and closed.
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Moreover, we demonstrated that in any CDRT, free operations coincide with CRNG operations. This provides
a new constructive way to define CRNG operations when the set of free states satisfies the conditions of
Theorem 5.2.5.

A natural future direction is to explore Choi-defined dynamical resource theories [68, 274, 275], i.e.,
resource theories for channels, where a superchannel [65, 264] is free if and only if its Choi matrix is the
Choi matrix of a free channel. Notably, this property has already been considered in the resource theories of
dynamical entanglement [64] and magic channels [70], leading to interesting results. The characterization
of Choi-defined dynamical resource theories is a particularly challenging problem because the techniques
employed in this work cannot be easily translated into superchannels. Indeed, there are some subtleties in the
definition of the Choi matrix of a superchannel. For example, in Ref. [264], several different Choi matrices are
constructed from the same superchannel, which differ in the order in which systems are considered. As in the
case presented in this article, an ordering of systems is mandatory if one wants to construct resource theories
from Choi matrices, as inputs and outputs play different roles, especially if we want such a construction to be
generalizable, without ambiguity, to even higher-order maps [80, 276].

Chapter 6 is the first step in the direction of higher-order Choi-defined resource theories. The goal of
this Chapter is to introduce a formalism to describe maps of any order and give a definition of the Choi
isomorphism that can be used for maps of any order. We reach the goal thanks to the type formalism [80]. We
proved several properties of types, with a focus on those relevant to the parallel and sequential composition of
higher-order maps. Then, we described the spaces of maps labelled with a given type and provided formulas
to compute the map associated with parallel and sequential composition of maps of any order. We then
characterized subspaces that are important for quantum theory, providing a generalization to higher-order
maps of Hermitian-preserving and completely positive-preserving maps. Lastly, we defined the Choi
isomorphism for higher-order maps, and we showed that it preserves Hermitian-preserving and completely
positive-preserving higher-order maps (a generalization of the well-known results for channels and states [66]).
Since the Choi isomorphism lowers the order of the map, one can use it to deduce properties of higher-order
maps from maps of lower order, such as matrices.

The next step is to investigate the generalization of trace-preserving maps, a concept associated with
determinism, to higher orders and determine how trace-preserving higher-order maps transform under the
Choi isomorphism. Another direction is to determine which higher-order quantum maps are physically
implementable, that is, maps that can be simulated with a sequence of channels with memories, known as
quantum networks [66, 221, 246]. In general, this is not a one-to-one correspondence. Therefore, one could
also ask the opposite question. That is, which higher-order quantum maps can one simulate with a given
quantum network? This research direction would provide new insights into maps that cannot be simulated
with a quantum circuit, such as the quantum switch [73–79].
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