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Traversable Wormholes and Regenesis

Abstract

In this dissertation we study a novel solution of traversable wormholes in the context of
AdS/CFT. This type of traversable wormhole is the first such solution that has been shown
to be embeddable in a UV complete theory of gravity. We discuss its property from points
of view of both semiclassical gravity and general chaotic system.

On gravity side, after turning on an interaction that couples the two boundaries of an
eternal BTZ black hole, in chapter 2 we find a quantum matter stress tensor with negative
average null energy, whose gravitational backreaction renders the Einstein-Rosen bridge
traversable. Such a traversable wormhole has an interesting interpretation in the context
of ER=EPR, which we suggest might be related to quantum teleportation. However, it
cannot be used to violate causality. We also discuss the implications for the energy and
holographic entropy in the dual CFT description.

The gravity solution of this traversable wormhole indicates that in holographic systems
signals generated by a source could reappear long after they have dissipated, with the need
of only performing some simple operations. In chapter 3, we argue the phenomenon, to
which we refer as “regenesis”, is universal in general quantum chaotic many-body systems,
and elucidate its underlying physics. The essential elements behind the phenomenon are:
(i) scrambling which in a chaotic system makes out-of-time-ordered correlation functions
(OTOCs) vanish at large times; (ii) the entanglement structure of the state of the system.
The latter aspect also implies that the regenesis phenomenon requires fine tuning of the
initial state. Compared to other manifestations of quantum chaos such as the initial growth
of OTOCs which deals with early times, and a random matrix-type energy spectrum
which reflects very large time behavior, regenesis concerns with intermediate times, of
order the scrambling time of a system. We also study the phenomenon in detail in general
two-dimensional conformal field theories in the large central charge limit, and highlight
some interesting features including a resonant enhancement of regenesis signals near the
scrambling time and their oscillations in coupling. Finally, we discuss gravity implications
of the phenomenon for systems with a gravity dual, arguing that there exist regimes for
which traversability of a wormhole is quantum in nature, i.e. cannot be associated with a
semi-classical spacetime causal structure.
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Chapter 1

Introduction and Summary

Interstellar travel is a long-time dream of human beings. In particular, in many science
fictions, like “Interstellar”, people in the future are imagined to master the ability to utilize
traversable wormholes in the universe to travel to some remote galaxies [57].

Nevertheless, as the authors in [58] pointed out that such configurations require “exotic
matter” that violates the null energy condition (NEC), which roughly means that the
matter should have negative rest mass. This is believed to be physically impossible in
classical theories. Fortunately, in quantum field theory, the null energy condition is false.
One example is Casimir effect, and another is free field theory in a squeezed state. However,
in many situations there are other no-go theorems that rule out traversable wormholes.

Violation of the averaged null energy condition (ANEC) is a prerequisite for all
traversable wormholes [58, 79, 80, 38]. It states that there must be infinite null geodesics
passing through the wormhole, with tangent vector k* and affine parameter A, along which

+00
/ T, k'K dA < 0. (1.1)
The physical picture is that by Raychaudhuri’s equation for null geodesic congruence, light
rays will defocus only when ANEC is violated. In that case, the light rays will focus when
entering one end of the wormhole and defocus when going out the other end.

There are reasonable arguments that the ANEC is always obeyed along infinite achronal
geodesics in various cases [32, 46, 47, 44, 82, 84, 24]. Here, “achronal” is a crucial condition
which means that any two points on the geodesics cannot be connected by another timelike
line, otherwise it is called chronal. It follows that in achronal spacetime, light ray goes
along fastest path. This is sufficient to rule out traversable wormholes joining two otherwise
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disconnected regions of spacetime [32]. On the other hand, for geometry like a cylinder, it
is chronal and one can easily see that Casimir energy violates ANEC.

In our solution of traversable wormhole, we start with an eternal AdS black hole [55],
whose Penrose diagram has two black holes connected by an Einstein-Rosen bridge (see
Fig. 2.1a). In this geometry, the two AdS boundaries are spacelike separated and the
Einstein-Rosen bridge is non-traversable. In particular, the geodesics on event horizon are
null and achronal. In our configuration, we will directly couple the two boundaries, and
signals from early times on the horizon can intersect it again at late times, exactly via the
coupling on the boundaries. The causal structure of the manifold is modified as a result that
the original horizon is no longer achronal. It turns out that we can choose the coupling to
generate some negative energy matter on future horizon and violate ANEC. This negative
energy is similar to the Casimir effect, since the interaction between the boundaries implies
that the radial direction is effectively a compact circle.

Another problematic aspect of traversable wormholes is that they have the potential
to lead to causal inconsistencies. For example, by applying a boost to one end of a
wormhole one could attempt to create a configuration with closed time-like curves [58]. The
direct interaction of the boundaries that we require implies that no such paradoxes may
arise. Indeed, the relative boost between two boundaries will change their relative time
identification, which is completely fixed in prior by our local coupling on them. Moreover,
our traversable wormhole will always be a longer path than going along boundary, which is
required by causality. This means that our traversable wormhole is not appropriate as a
shortcut for interstellar trip.

The geometry of eternal AdS black hole is dual to two identical CFTs living on each
boundary in a highly entangled state, thermofield double state (TFD):

1
TFD) = 7> e "/ ns) Ing) (12

where |np ) is the energy eigenstate with energy £, in each CFT. In either left or right
system, the state looks like a thermal density matrix with inverse temperature . In order
to study the effect of coupling, we will deform the system by turning on a relevant double
trace deformation [1]

58 = /dt d 'z h(t, 2)Og(t,z)O(~t, ), (1.3)

where O is a scalar operator of dimension less than d/2, dual to a scalar field ¢. This
connects the boundaries with the same physical time orientation, since the t coordinate
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runs in opposite directions in two wedges (see Fig. 2.1a). The small deformation h(t, x)
has support only after some turn-on time ¢y. By the AdS/CFT correspondence, we can be
certain that this relevant deformation corresponds to a consistent configuration in quantum
gravity. Because of this, the traversable wormhole we find is the first such solution that has
been shown to be embeddable in a UV complete theory of gravity. In Chapter 2, we show a
specific example in Schwarzschild BTZ black holes.

The process of a particle traveling through the wormhole can be described in three
steps. First, we shoot this particle to left black hole at some early time. Second, after the
particle falls into this black hole, we turn on the interaction between two boundaries around
to. This perturbation will produce some negative energy matter on the future horizons of
both black holes. Third, because these two black holes are connected via Einstein-Rosen
bridge, the particle will scatter with the negative energy matter and escape from the right
black hole. See the magenta curve in Fig. 2.4 as an illustration of the geodesics of the
traversing particle.

The traversable wormhole we found has an interesting interpretation in the context of
ER=EPR [53]. Maldacena and Susskind conjectured that any pair of entangled quantum
systems are connected by an Einstein-Rosen bridge (the non-traversable wormhole). Our
example thus provides a way to operationally verify a salient feature of ER=EPR that
observers from opposite sides of an entangled pair of systems may meet in the connected
interior. Since in [53] any such meeting is trapped behind the horizon, it is not obvious how
its occurrence could be confirmed by exterior or CF'T measurements. What we found is that
if, after the observers jump into their respective black holes, a boundary-boundary coupling
is activated, then the Einstein-Rosen can be rendered traversable, and the meeting inside
may be seen from the boundary. In other words, our traversable wormhole configuration
offers an efficient way to probe the region behind horizon.

Relations to quantum information

In the viewpoint of quantum information, we propose that the traversable wormhole is dual
to a dynamical description of quantum teleportation. We could image that the particle
passing through the traversable wormhole carries a qubit, @), and the whole traversing
process has a clear feature of transmission of quantum information from one part to

the other part in an entangled system (recall thermofield double state (1.2) is a highly
entangled state). The qubit, @, through the wormhole is that it appears to be sent “via the
entanglement”, rather than directly by the inter-boundary coupling. One obvious reason
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is that at the time the interaction is activated, () is in fact spacelike separated from the
boundary in the bulk picture, so in the bulk approximation ) and O are independent
quantum variables. From the CF'T perspective, this is because () has thermalized into the
left system before the O Opg interaction is turned on, so no quantum information about @)
appears to be accessible to the operator O. Of course, the boundary coupling is nevertheless
crucial for the existence of the traversable wormhole. In section 2.5, we show that the
operation in quantum teleportation could be written exactly as a coupling between two
systems. In [75], the authors constructed a protocol of teleportation sharing some similarity
with our traversable wormhole setting. However, the complexity of their operation is much
larger than our simple coupling. How to precisely construct the traversable wormhole as a
dynamical quantum teleportation remains as an open question.

Another possible interpretation of our result is to relate it to the recovery of information
described in [36]. Assuming that black hole evaporation is unitary and black hole itself is a
fast scrambler, it is in principle possible to eventually recover a qubit which falls into a black
hole, from a quantum computation acting on the Hawking radiation. Assume that you have
access to an auxiliary system maximally entangled with the black hole (for example the
auxiliary system could be all past Hawking radiation before Hawking-Page time collected
from the black hole and fully controlled by your quantum computer). The information
() sent into the black hole will be fast scrambled and it seems extremely hard to get it
back. However, it turns out that you only need a small (order unity) additional quantity
of Hawking radiation to reconstruct () using your quantum computer. In our system, the
coupling between the two systems could be heuristically understood as collecting a few
more Hawking quanta from one side and triggers the appropriate quantum computation on
the other side to make the qubit reappear again. In [86], the authors proposed an efficient
algorithm to reconstruct ). However, their algorithm requires a large number of Grover-like
iteration, whereas in our traversable wormhole we only need to apply a momentary coupling.
This simple “holographic algorithm” must reply on some special property of scrambling
evolution, which requires further investigation.

Regenesis in many-body chaotic systems

Before having a precise understanding in quantum information, it is very beneficial to
discus the boundary dual picture of traversable wormholes in a field theory setting. Based
on AdS/CFT, a black hole is dual to a dissipative system with finite temperature. When
we excite a signal in a dissipative system, it will decay away exponentially. However,

4
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the traversable wormhole picture seems to indicate that the signal could re-appear in the
other system if they are in a highly entangled state. In chapter 3, We studied this new
phenomenon which we call “regenesis”, where the signal can re-appear with the need of
only performing some simple operations. It looks quite mysterious how information will be
restored, although travelling through a traversable wormhole seems a very natural picture
in the bulk.

Consider two identical uncoupled quantum field theory systems, to which we will refer
as L, R systems, prepared in thermofield double state (1.2) at ¢ = 0. Consider at some time
t = —t, < 0 turning on an external source ¢% for some few-body Hermitian operator J# for
a short interval. In the R system there is an induced expectation value <J R(t)>, which will
dissipate after ¢® is turned off. But there is no response in the L system as by definition
[JE, JB] = 0. If we couple the two systems at t = 0 just like the (1.3) for some few-body
operator O(z), we surprisingly find that the signal reappears as the expectation value of left
operator (.J L(t)>g ! becomes nonzero if both ¢, t, are of order of scrambling time ¢,.> Such
phenomenon in AdS, is discussed in [52] using gravitational scattering amplitude. Note
that here O and J are generic few-body operators which do not need to have any common
degrees of freedom between them.

Indeed, this phenomenon, to which we refer as “regenesis,” is universal for generic
quantum chaotic systems. A general result we obtain is that in a generic chaotic system for
t,ts >t (i) <JL(t)>g is supported only for ¢ ~ t; when ¢ is nonzero; (ii) as a function of
ts, <JL(t = t,, f)>g has the following behavior

(TH(ts, ), ~ Clg) " (1, B),  t> L (1.4)

where C(g) is an O(1) constant depending on g. We thus find that the “input signal”
from the R system at t = —t, regroups at ¢t = ¢, in the L system long after it has dissipated!
From (i) we can infer that the signals which are input earlier in the R systems appear later
in the L system, so in fact what one finds is the time reversed form of the input signal.
The result (1.4) is insensitive to the specific form of L-R interaction (1.3). The behavior
for ty ~ t, is more complicated. To make a concrete example, in Chapter 3, we study

In Chapter 3 we use a different convention by replacing h in (1.3) by g, where subscript g means
expectation value with deformed Hamiltonian, and that the signal is generated in R system and transmitted
to L system.

?Scrambling time is defined here as the time scale when ([V/(¢), W (0)]?) between generic few-body oper-
ators V, W become O(1).
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the regenesis phenomenon in two-dimensional conformal field theories (CFT) in the large
central charge limit which is known to be chaotic [64].

The essential elements behind the regenesis behavior (1.4) are: (i) scrambling in
a chaotic system makes out-of-time-ordered correlation functions (OTOCs) vanish for
t > t, [68, 51], and (ii) the entanglement structure of (1.2) which strongly correlates an
operator inserted at (—t,¥) with an operator at (¢,Z). Compared to other manifestations
of quantum chaos such as the initial growth of OTOCs which deals with early times, and a
random matrix-type energy spectrum which reflects very large time behavior, the regenesis
phenomenon concerns with intermediate times, of order the scrambling time of a system.

The most mysterious aspect of regenesis phenomenon is that the signal will be
regrouped in L system after dissipation in R system. It sounds like a melodramatic story
in which a “cat” is brought back to life in L system long after her death in R system and
her body being scrambled into the environment. Indeed, there are two essential points
behind this story. First, regenesis requires an extremely fine tuning as we must require the
entanglement structure at the time when we turn on the coupling to be exactly thermofield
double state, and meanwhile the signal is generated at least t, ago. If the system is
macroscopic, the scrambling time ¢, could also be macroscopic, which makes the tuning
extremely hard. Second, as we shown in Section 3.2.4, at least for ¢,t, > t,, the signal
reappeared in L system is quantum in nature and its fluctuation cannot be suppressed
by any macroscopic measurement. This means that the regenesis effect does not hold for
macroscopic matter like a real cat in the regime of (1.4). Exactly due to its quantum
nature, we argue that (1.4) is an interference effect which does not have any semi-classical
spacetime structure interpretation. We would like to heuristically propose the existence of
“quantum traversable wormhole” to include this feature, though we do not have a precise
way to characterize it.



Chapter 2

Traversable Wormbholes via a Double
Trace Deformation

This thesis chapter originally appeared in the literature as
Gao, P., Jafferis, D.L. and Wall, A.C., 2017. Traversable wormholes via a double
trace deformation. Journal of High Energy Physics, 2017(12), p.151.

2.1 Introduction

Traversable wormholes have long been a source of fascination as a method of long distance
transportation [57]. However, such configurations require matter that violates the null
energy condition, which is believed to apply in physically reasonable classical theories. In
quantum field theory, the null energy condition is false, but in many situations there are
other no-go theorems that rule out traversable wormholes.

In this work we find that adding certain interactions that couple the two boundaries of
eternal AdS-Schwarzschild results in a quantum matter stress tensor with negative average
null energy, rendering the wormhole traversable after gravitational backreaction. The
coupling we turn on has the effect of modifying the boundary conditions of a scalar field in
the bulk, which changes the metric at 1-loop order.

Violation of the averaged null energy condition (ANEC) is a prerequisite for all
traversable wormholes [58, 79, 80, 38]. It states that there must be infinite null geodesics

7
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passing through the wormhole, with tangent vector k* and affine parameter A, along which

+oo
/ T, k'K dA < 0. (2.1)
The physical picture is that by Raychaudhuri’s equation for null geodesic congruence, light
rays will defocus only when ANEC is violated. In that case, the light rays that focus in one
end of the wormhole can defocus when going out the other end.

There are reasonable arguments that the ANEC is always obeyed along infinite
achronal geodesics [32, 46, 47, 44, 82].1 This is sufficient to rule out traversable wormholes
joining two otherwise disconnected regions of spacetime [32]. Furthermore, the generalized
second law (GSL) of causal horizons also rules out traversable wormholes connecting two
disconnected (asymptotically flat or AdS) regions, due to the fact that the future horizon
of a lightray crossing through the wormhole has divergent area at very early times, which
contradicts the increase of generalized entropy along the future horizon [84].

For small semiclassical perturbations to a stationary causal horizon, both the GSL
and the ANEC follow from lightfront quantization methods that are valid for free or
superrenormalizable field theories [83]. (There is also evidence that these results extend to
more general field theories [24, 40, 39, 45, 16]).

In our configuration, signals from early times on the horizon can intersect it again at
late times, by passing through the directly coupled boundaries. The causal structure of the
manifold is modified as a result, changing the commutation relations along null geodesics
through the wormhole and making them no longer achronal. For the same reason, a causal
horizon extending through the wormhole intersects itself, removing the piece with divergent
area. Hence the above impossibility results do not apply. The negative energy matter in our
configuration is similar to the Casimir effect, since the interaction between the boundaries
implies that the radial direction is effectively a compact circle.

Another problematic aspect of traversable wormholes is that they have the potential to
lead to causal inconsistencies. For example, by applying a boost to one end of a wormhole
one could attempt to create a configuration with closed time-like curves [58]. The direct
interaction of the boundaries that we require implies that no such paradoxes may arise (for
a more detailed discussion, see section 4).

The traversable wormhole we find is the first such solution that has been shown to

LA set of points is achronal if no two of the points can be connected by a timelike curve; otherwise it is
chronal.
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be embeddable in a UV complete theory of gravity. A phenomenological model of a static
BTZ wormhole that becomes traversable as a result of nonperturbative effects in a 1/c
expansion was proposed in [69] (¢ being the central charge), however it was not shown that
the metric obeys any field equations. A traversable wormhole solution of five dimensional
Einstein-Gauss-Bonnet gravity was found in [11, 77, 3], however that low energy effective
theory appears to lack a UV completion [18]. Another example was found [8] in a theory
with a conformally coupled scalar, in a regime in which the effective Newton’s constant
becomes negative. This suggests that this solution also cannot arise in a UV complete
model. The important fact that the boundary CFT dual of a traversable wormhole must
involve interactions between the two CFTs was noted in [69, 3].

The eternal black hole with two asymptotically AdS regions is the simplest setting to
investigate these questions [55]. We will deform the system by turning on a relevant double
trace deformation [1]

59 — / dt d*'a h(t, 2)On(t, 2)OL(—t, ), (2.2)

where O is a scalar operator of dimension less than d/2, dual to a scalar field ¢. This
connects the boundaries with the same time orientation, since the ¢ coordinate runs in
opposite directions in two wedges (see Fig. 2.1a). The small deformation h(t¢, z) has support
only after some turn-on time ¢y. By the AdS/CFT correspondence, we can be certain that
this relevant deformation corresponds to a consistent configuration in quantum gravity.

The eternal black hole has a Killing symmetry which is time-like outside the horizon.
Null rays along the horizon V' = 0 pass through the bifurcation surface of the Killing vector,
and asymptote to ¢ — —oo on the left boundary and ¢ — 400 on the right boundary (see
Fig. 2.1b). Denote the affine parameter along this ray as U. In the linearized analysis
around this solution, the throat will become marginally traversable if [ dU Ty < 0, where
the integral is over the whole U coordinate.

It is instructive to see explicitly in this case that a small spherically symmetric
perturbation of the stress tensor 7),, ~ O(€) results in a traversable wormhole exactly when
the ANEC is violated, by solving the linearized Einstein equation for h,, = dg,, ~ O(e).
Using Kruskal coordinates for the background metric, we find that at V' =0,

d—2

( 4 ) [((d — 3)7’;2 =+ (d — 1)672) (hUU + 6U<UhUU)) — 27",:28[2]h¢¢] = 87TGN TUU (23)
where ¢ is the azimuthal angle, r, is the horizon radius of the black hole and the
cosmological constant is A = —% < 0.
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Figure 2.1: (a) is the Penrose diagram and (b) shows the Kruskal coordinates of the eternal
black hole

Since the deformation of the Hamiltonian is small, after the scrambling time, the fields
ought to approach a stationary state with respect to an asymptotic Killing symmetry UoU.
Hence Typ must decay faster than U2, as does each term in LHS of (2.3) after imposing a
suitable gauge at past and future infinity. Therefore, if we integrate (2.3) over U the total
derivative terms drop out and we obtain

(d—-2)

87TGN/dUTUU = ((d - 3)7"]:2 + (d - 1)6_2) /dUhUU (24)

Linearized diffeomorphisms around the stationary black hole background act on A, but
when the AdS asymptotic conditions are imposed the quantity fj;o dU hyy is gauge
invariant. Note that the null ray originating on the past horizon is given in coordinates by

V(U) = —(2gur(0)) / AUhuy 2.5)

after including the perturbation to linear order, where gyv/(0) < 0 is the UV component of
the original metric on the V' = 0 slice. If the ANEC is violated, V(+00) < 0, and a light
ray from left boundary will hit the right boundary after finite time.

Note that if there existed any state in which the wormhole was traversable in the
system defined by the decoupled Hamiltonian, H; + Hpg, then it would contradict the
AdS/CFT duality. This is because in the decoupled system, no operator on the left can
influence the right, which implies that no signal can be transmitted between the boundaries
through the bulk.

At the linearized level, if one modifies the state as [tfd) — e*A|tfd) for small ¢, the
average null energy becomes ([ dUTyy) = ie([[ dUTyy, A]). If this were non-vanishing for

10
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any operator A, then by adjusting the sign of €, the throat could be made traversable. It is
easy to check that the expectation value of this commutator indeed vanishes.

In fact, |tfd) is invariant under Hr — Hp, which corresponds to the bulk Killing
symmetry ¢0; (note the directions are opposite in left and right wedges). On the horizon
V =0, one can show 0; = U0dy in Kruskal coordinates, which is just a dilation of the U
direction. Note that under the U — AU scaling, Ty — A\ 2Tyy and dU — A\dU, which
implies [Hg — Hy, [ dUTyy) = —i [ dUTyy. Therefore

(Hp—Hy) / dUTyo|td) = [Ha—Hy, / AU Ty |td)+ / AU Ty (Hu—Hy)|td) = —i / AU Ty |thd).
(2.6)

This implies that [ dUTyy [tfd) is either an eigenvector of Hr — Hj, with eigenvalue —1,
or identically zero. Since Hgr — Hp, is a Hermitian operator, whose eigenvalues must be real,
it follows that [ dUTyyltfd) = 0. In other words, Typ in the modified state along U > 0
will exactly cancel that along U < 0. Beyond the linearized level, one can show that the
backreaction always causes the throat to lengthen [53, 67], so that it cannot be traversed in
any state of the decoupled system, as expected.

We will consider a deformation of the Hamiltonian that turns on at some time ty in
(2.2).2 At the linearized level, this has the same effect as changing the state to the future
of ty. Now there is no reason for the above cancellation to occur since Ty along U < 0 is
unchanged. Therefore, one expects that generically by an appropriate choice of sign one
will render the Einstein-Rosen bridge traversable, as long as the deformation couples the
two boundaries.?

The simplest option in the large N limit is a double trace deformation. This has
the effect of modifying the boundary conditions for the dual scalar field, such that some
amplitude of a wave hitting one boundary will be transmitted to the opposite one. This does
not change the eternal black hole solution classically, but results in a quantum correction
to the matter stress tensor.

In order to be sure that the configuration is an allowed one, we choose the deformation
to be relevant. Then it will be a renormalizable deformation of the CFT, and the

2We do not consider the case of a time-independent interaction, in order to prevent the quantum state
from becoming non-regular on the past horizon.

3A deformation of only Hp has the same effect on the ANE as a change in the state, by bulk causality,
since the past causal cone of the deformation does not intersect the V' = 0 null sheet. This again agrees with
the fact that when the boundaries are decoupled, no traversable wormhole can exist.

11



CHAPTER 2. TRAVERSABLE WORMHOLES VIA A DOUBLE TRACE
DEFORMATION

dual geometry will not be modified by backreaction in an uncontrolled way at the AdS
boundaries. Also, heuristically, the effect of such a deformation coupling the two CFT’s
should be strong in the IR, which suggests that it renders the deep interior traversable.

Recall that the conformal weight of a scalar operator O; is given by A = g:l:, / (g)2 + M?,
where M is the mass of the bulk field, and the plus or minus sign depends on the choice
of asymptotic boundary conditions. In the case M? > 0, only the plus sign leads to
normalizable modes. However, unitarity in AdS space [15] allows a slightly tachyonic bulk
field: M? > —(%)2, in which modes of both signs are normalizable and we are free to
choose either one. To have a relevant deformation, we start with the alternative boundary

condition, associated with the minus sign.

A brief overview of this chapter is as follows. In section 2.2, we calculate the bulk
two-point function with the modified Hamiltonian at linear order in h. In section 2.3,
we use the point-splitting method to calculate Ty on the V' = 0 slice. Numerical result
shows that Ty is rendered negative by our boundary interaction. We find an analytic
expression for [ dUTyy, which is negative for all 0 < A < 1. In section 2.4 we calculate
the energy and entropy of the resulting CFT state, and describe their holographic bulk
duals. In section 2.5, we discuss the properties of this traversable wormhole and propose a
quantum teleportation interpretation in the ER=EPR context. The appendix is a detailed
calculation of [ dUTyy.

Throughout we use units where ¢ = h = 1.

2.2 Modified bulk two-point function

For simplicity, we consider the eternal BTZ black hole [6, 5] (for a review, see [19]), whose

metric is )

a2 =Ty C g 2 (2.7)
(2 r2—r? '
The inverse temperature of the BTZ black hole is determined by its horizon radius rj as
B = 27l?/r},. Here and below we set AdS length £ to 1. Without any deformation of the
Hamiltonian, the bulk free field two-point function in the BTZ background with =2 fall-off

was first derived by the mode sum method in [42].

In right wedge, it is

(or(@)er(r) = gog= (G + GG + G212 (2.

12
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where

/ 2 2\1/2(,2 _ ,.2\1/2

Gi= (% coshrp,Ap +1 — (r = 73) (27“ a)
" "

The bulk field operator ¢r(x) in the eternal black hole background can be understood as

a non-local CFT operator [61]. In particular, pr(z) can be expanded in terms of the right

~1/2
cosh 'r’hAt) . (2.9)

boundary dual operator as

ot 6) = / Qoo di (o (r)e™ MO0, 1 f2 (r)e im0 ) (2.10)

w>0

where f,,,(1)e” !¢ are bulk positive frequency normalizable modes approaching r—2

when r — oo and O, is the boundary annihilation operator defined by

O(t, ¢) — /dw dm (efithriqume + eiwtfim¢>0lm) ] (211>

Therefore, the bulk to boundary correlation function is given by

Ka(r,t,6) = (pr(t, . 6)0(0,0)) = lim ™ (pn(t, 7, 6)pn(0,1”,0),

A 2 ,2\1/2 -A
e (r*—ry) r
= — coshr,t + — coshr , 2.12
2A+1 1 ( - R h¢) (2.12)
where we used translation symmetry in ¢ and ¢ to move (¥, ¢’) to the boundary origin.
This expression is real only when (r, ¢, ¢) is space-like separated from the boundary origin.
For time-like separation, general analytic properties of Wightman functions imply that one
should change t to t — ie, which assigns a phase of e™*™® when t > 0 and of /™ when t < 0.

Now we consider the time dependent modified Hamiltonian of (2.2):
31(t) = - [ don(t.0)0n(t.6)0u(~t.0) (2.13)

. rt
where h(t,¢) = 0 when ¢t < t,. Using evolution operator U(t,ty) = Tt WHW) 5
interaction picture, the bulk two-point function is

<¢g(ta T, ¢)90g(t/v ’I“,, ¢/)> = <U_1(tv t0)¢§2<t7 r, ¢)U(t7 tO)U_l(t/7 tO)ng(t,’ r, ¢)U(t/7 t0)>
(2.14)
where superscripts H and I represent Heisenberg and interaction picture respectively. To
leading order in h, (2.14) is (suppressing r and ¢ coordinates and omitting I)

tl

Gu=—1 [ dtih(t:) (OL(~t)Or(ts) er(®len(t)) =i [ dtih(ts) (on(IOs(~)On(t). onl®)])

to to
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2—2'/ dtyh(ty) (or(t)OL(=t1)) ([Or(tr), pr(D)]) + (t < 1)

to

— /t At h(t)) Ka(t' +t1 —iB/2) [Ka(t —t, —i€) — Ka(t —ty +i€)] + (t <> 1)

to

_9sinrA / dth(b)Ka(t + 1 — B/ KAt — 1) + (< t) (2.15)

where in the second line we used large N factorization and causality, in that O commutes
with any ¢g, in the third line we used the KMS condition [34]

(Or(t)OL(t);q = (Or(O)OR(' +1i3/2)), 14 (2.16)
and in the last line K} is the retarded correlation function

(12 — r2)1/2 .
Ki(t,r,0) = |Ka(t,r,0)| 0(t) 6 (T—h cosh rpt — - coshrh¢) (2.17)
h h

One can also derive (2.15) using the bulk mode sum method with modified boundary
conditions. This approach would allow one to compute the stress tensor for finite A, not just
perturbatively. According to Lorentzian AdS/CFT, the double trace deformation [85, 10],
from the point of view of the right wedge, is equivalent to a source term h(t, »)Or(—t, ),
for Ogr(t), activating the initially frozen fall-off component of the bulk field. The same
applies to the left wedge. Therefore the asymptotic behavior of a global bulk mode ¢ living
in the entire eternal black hole should satisfy

o(r — oor) — ag(

t, @) + Br(t, @)r 22, Bi(t, ¢) = h(—t,¢)ar(~t, ) (2.18)
SO(T — OOL) — aL(ta gb)r_A + BL(@ ¢)T_Z+A> 5R(t> ¢) = h(t> ¢)aL(_t> ¢) (219)

where the subscript 1 is for right wedge and 2 is for left wedge.

The thermofield double state of the eternal black hole is the vacuum state in the
Kruskal patch [43]. This is analogous to the relation between the Minkowski vacuum and
the Rindler thermofield double state [78]. Choosing the appropriate global bulk modes
HEEM and applying the method of [43], we can construct ¢ as

o(x) = / dw dm(Hffgl)(x)bSJQ + Hf;n) (x)bf;ﬂ + h.c.) (2.20)
w>0

4This step is very tricky because at order h, the r—4

component is not constrained by the deformation.
The only requirement is that the modified two point function must be regular on horizon. We were able to

find a choice to reproduce (2.15) up to normalization.

14
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where bﬁ% are annihilation operators used to define the vacuum. We find the two-point
function in this vacuum is the same as (2.15) up to normalization. Since the calculation is
quite involved, we do not include it in this paper.

2.3 1-loop stress tensor

The stress tensor is given by variation of action with respect to g"”,

1 1
T = 0,0, — Eg;wgpa p@ao@ - EQ;WMQQDQ (2.21)

The 1-loop expectation value can be calculated by point splitting,
1 1
(T,,) = lim 0,0,G(z,2") — §guygp"8p8C',G(x, x') — §gm,M2G(x, ') (2.22)
z—az’

where G(x,2’) is 2-point function. In this formula, one must renormalize the stress tensor
by subtracting the coincident point singularities from the 2-point function, which are
given by the Hadamard conditions [62]. Since these are determined by the short distance
dynamics, this subtraction is unchanged when we modify the boundary conditions, and it
has no effect on the order h correction that we are interested in.

At leading order, as we reviewed in the Introduction, f dU'Tyy is zero on the horizon
V' = 0. Indeed, the leading order two point function in the BTZ black hole is (2.8) where ¢
has periodicity 27 and all A¢ + 27n images are summed. The only coincident point pole
comes from the n = 0 component. Summing over the other n components, one finds that
in Kruskal coordinates the leading order stress tensor Ty ~ O(V?) in the V' — 0 limit, so
that Ty = 0 along the horizon.

The subleading 2-point function is given by (2.15). Note that h(t, ¢) is dimensionful
and its dimension is 2 — 2A because in (2.13) O has dimension A°. Moreover, since h(t, ¢)
is a boundary CFT smearing function, it should not depend on any bulk length scale (e.g.
rn and ¢) explicitly but only on the inverse temperature 5. Let us assume that h(t, ¢) is
uniform over ¢:

h(t, ¢) = {Wﬂ/mz_m =t (2.23)

0 t <ty

5Here we implicitly defined the unit length angular coordinate & = ¢¢. Taking the limit r — oo in BTZ
metric (2.7), the boundary metric is flat dsf = —dt? + da?.
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where h is a dimensionless constant. In Kruskal coordinates

2rht__g L_l—UV
Vi, 14UV

e (2.24)

the change in the 2-point function is

o7\ 282 dU, 14+ UV A
G =Co < 3 ) " / 7, U 91) (U/U1 VU, — (1= UV)coshry(¢ — ¢1)>

1+U/VI A
U, vV, uv'. ¢ 2.25
X <U’U1—V’/U1+(1—U’V’)coshrh(gb’—gb1)> + U V.6 ¢) ( )

riA_Q sinAnw [ ox 2-24
2(287)2 B
coordinates in which the boundary is U;V; = —1. Note that this result applies to both the

black hole and black brane cases because the integration of ¢; over 0 to 27 and summing

where Cy = and we transformed the integral over t; to Kruskal

over n with modification ¢y — ¢ + 27n is equivalent to the integration of ¢; over the whole
real axis. Since we only focus on Ty component on the horizon V' = 0 and the derivative
on U and U’ in (2.22) has nothing to do with the value of V' and V', we can take both points
to the horizon first, namely V = V' = 0. Similarly, we can take ¢ = ¢’ first for simplicity.
Since h(ti, ¢1) is uniform in ¢y, 0, is still a Killing vector of the system and therefore G},
should not depends on ¢. Defining y = coshr,(¢; — ¢), on horizon we have

dU, 2dy ( U, >A( 1 )A / : :
hC/ +U < U)=FUU)+FU U
" Uo 1 \/y27—1 U—Uy Ul +y ( ) ( +E )
(2.26)

where Uy = e, The integral range of (2.26) is given by the step function in (2.17), which
ensures that U — Uyy > 0. Note that the integral in (2.26) is dimensionless. Since G}, has
dimension 1 (g has dimension 3 in 3-dimension spacetime), if we restore £ in (2.26), we
find the total length scale dependence of G, is £71.

Note that gyy = 0 in the original BTZ geometry. By (2.22), Typy on horizon is
TUU = lim 0U8U/(F(U, U,) + F(U/, U)) =2 lim 0U8U/F(U, U,) (227)
U'—=U U'—U

where we should note the dimension of Ty is the same as (), because U is dimensionless.
Since the integration ranges are only functions of U, we can take the U’ derivative before
evaluating the integral

U

dy
TUU = —4hACO lim GU/ dU1 Ul
U'—=U 1

1/y — U Uly U/U —|—y)A+1
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Defining a new variable x = U/yU;ll_l and integrating over x we get

_ ARAGT(m)T(1 - 4A) v Fi(gig A+ 15— A SRR Ul((ﬁrUlf]Ul))
U = 5 lim Oy dUq ATi2
VG -8 0%, Vs g gy 1 oo

(2.29)

where we used the integral representation of Appell hypergeometric function. The integral
over U is finite as long as A — 1/2 < 1, namely A < 3/2, because in the integrated region,
the only potentially divergent point is around U; — U from below since Fj is a complete
function when A < 3/2. In particular, when U; ~ U, F; — 1, which implies A < 3/2 is the
sufficient and necessary condition for integrability. Defining a new variable z = %fgg, the
domain of integration in (2.29) becomes 0 to 1 and therefore we can exchange the order of
Ov and [ dz. After differentiating w.r.t. U, and restoring the variable Uy, we get

2hAGT(L)T(1 - A)/ dULURA(fL 4 f2 + [3)
(U —Up)(

vu — ( ) U — Ul)A 1/2(1 + U2)A+1UA+1(U_|_ Ul)l/z
(2.30)
where
—2A(UU? + Uy) + 3UUU, + Uy + 2U, 1 3
= Fill—-A = 1+A -—A 2.31
fl 1—|—UU1 1( 727 + 72 ,u,v) ( 3)
2(1+ A — 2 — 2 1
1
Uo(U — U) 3 5
= Fi(l—-A - 1+A-—A 2.
U-U; U-U;
. . 2.34
“SUro YT U o (2:34)

Performing the final integral numerically, we plot the result in Fig. 2.2a.

In the figure, we see that the null energy is negative after we turn on the insertion
at Uy = 1 if we take positive h. Physically, this means the light-like ray V' = 0 becomes
time-like after Uy and a spaceship that enters early enough may escape the black hole!

One may note that when A < 1/2, Ty is finite but when A > 1/2, Ty is singular
near insertion time U,. However, this singularity is not essential because it is integrable, as
we will see later when we calculate [ dUTyy along the horizon V = 0. Indeed, the classical
solution of Einstein equations for a shockwave insertion in the bulk in Kruskal coordinates
contains a delta function, which is also an integrable singularity [67]. One might also worry
that the derivative of gyy and the Riemann curvature are singular at the turn-on and
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turn-off times, although Ty and f dUTyy are not. However, this is simply due to the fact
that we turned the insertion on and off as a step function. If this process were taken to be
smooth enough, there would be no singularity.

To see the late time behavior, we can use the z variable to rewrite (2.30) in the
large U limit. In this limit, f; dominates among all f;’s in (2.30). Using the identity
Fi(a;b,V;¢;2,0) = oFi(a, b; c; z) we obtain

vu — — 04 (2.35)

AhN2CoT(5)T(1 = A) /1 dz 222, F(1— A 1,3 — A, 52)
o ((

? 142
I‘(% _ A)U2A+2 z+ 6)2 + E)AJrl(l _ Z)A 1/2(1 + Z>1/2

where ¢ is a small number of order U~! and which implies that Ty becomes positive and
decays to zero at late times.

If we turn off the interaction at some finite time Uy, when U > Uy, we can safely pass
Oy into the U; integral, which leads to

uu — — ( )

4hAC() ( ) (1 A) /Uf U U12A+1F1( A, 5 A + 1 1 A, g_‘_gia U[(Jl+[é12))
Uo ' (U—Ul)AH/Q(U‘i‘U1)1/2UA+1(1+U12>A+1

(2.36)

In deriving (2.36), we used a property of the derivative of the Appell hypergeometric
function and equation (7a) in [66]. The numerical result is plotted in Fig. 2.2b.

In this figure, we see that after turning off the interaction, Tyy has a jump and
becomes positive at late times. In particular, when A > 1/2, Ty becomes divergent again
right after Uy. Fortunately, it is again an integrable divergence which should not cause any
physical problem. By the identity [63]:

b
Fulaib, i) = 30 02Em a5y 237)

= m!(¢)m
the late time behavior can be analyzed by taking the U — oo limit in (2.36):

4hA%Cy

Tyy ~ [J2A+2

U
logUlogFf — 04
0

Again, we find Ty becomes positive after some time and decays to zero. In both late time
analyses, Ty decays like U~2272, which validates the assumption that Uhyy and Ovhge
vanish when U — oo in (2.3).

In the above discussion, we see that at some finite time 77y becomes positive whether
or not we turn off the insertion, which might appear dangerous for the fate of the worm
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fTUU [TUU
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-0.03 — A=0.6
— A=0.8
-0.04 -0.04
(a) (b)

Figure 2.2: (a) shows the null energy along the horizon when the interaction is turned on
at U = Uy = 1 and never shut off, with our choice for the sign of the coupling h; (b) shows
the case where it is turned on at U = Uy = 1 and turned off at U = Uy = 2. In both cases,
h = 1. We see clearly in both (a) and (b) that Tyy becomes negative after turn-on; in (b)
Ty becomes positive after turn-off. Blue is for A = 0.1; yellow is for A = 0.2; green is for
A = 0.4; pink is for A = 0.6; purple is for A = 0.8

[ Tuy

—-0.005

-0.010

-0.015

-0.020

—-0.025

Figure 2.3: deTUU as a function of A; blue is for Uy = 1; yellow is for Uy = 2; green is
for Uy =1 and Uy = 2
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hole. The crucial diagnostic is the sign of the integral of Ty over the whole V' = 0 slice.
This is what determines whether a light ray on horizon eventually reaches the boundary at
spatial infinity.

It looks horrible to integrate U in (2.30) from Uy to infinity. Interestingly and
surprisingly, by some tricks, we can get a closed form for it (see Appendix 2.A):

Tyy = —
o dUTyy 248 (2A + DI(A)T(A + 1)2¢ (14 UZ)A+1/2

>0 hT(2A + 1)2 25+ A5 =AY+ A )
/ (2A+1) 2 2 2 1102 (2.38)
If we turn off the interaction at Uy, the integral is just the difference between f;: dUTyy
and f;; dUTyy. We plot the result as a function of A in Fig. 2.3.

In this figure, we see that for all A values from 0 to 1, the integral of Ty is always
negative, which demonstrates the existence of a traversable wormhole. Furthermore, the
earlier we turn on the insertion, the larger the effect is. In particular, even if Ty becomes
positive in late times, the wormhole still exists since the integral of Ty remains negative.
Note that A = 0 is a special case where [ dUTyy = 0. Indeed, the only A = 0 operator in
CFT is the identity and of course adding the product of identity operators to Hamiltonian
has no effect on the system.

2.4 Holographic Energy and Entropy

In this section we will consider the implications of a traversable wormhole for the holographic
entanglement entropy conjecture, which in this context relates the entanglement entropy
between the two boundary CFT’s to the area/entropy of certain extremal surfaces in the
bulk theory [65, 41, 9, 25, 23].

As a preliminary, we discuss the change of energy of the CFT state. Long after the
interaction is shut off, the system returns to thermal equilibrium. Thus the final horizon
area can be determined from the energy of the system, measured on the left or the right. It
is straightforward to check that, in our state, the energy decreases at linear order in h with
the sign choice that rendered the wormhole traversable:

After deforming the Hamiltonian (¢ > ), the state in Schrédinger picture is
|T(t)) = e U= (2 1) |tdf) . (2.39)
Expanding U (t, o) to leading order in h(t) given by (2.23), we find that the change in the

20



CHAPTER 2. TRAVERSABLE WORMHOLES VIA A DOUBLE TRACE
DEFORMATION

energy on the right is

SEp = i / Cdbh(ty) (6| [SH(L,). i 1)

to

t
_ / dtydoh(t) (tdf] 9,Ox(t1, $)OL (1, ) [tdf)

to

_ hr} 1 _ ! (2.40)
28+1¢3 £ \ (cosh 2ryt + cosh2mrn)®  (cosh 27t + cosh 27ryn)2 '

where in the second line we used the Heisenberg equation and in last line the boundary
two-point function is obtained by taking limit 7 — oo in (2.8) where ¢ has period 27, and
all of its images are summed over in the global BTZ black hole.® If the interaction shuts
off at ¢s, the energy obviously becomes constant for ¢ > ¢;, and ¢ in (2.40) is replaced by
ts. Therefore, the effect of the interaction with i > 0 is to reduce the energy. Note that if
there are any UV divergences in the energy they cannot appear at linear order in h, since
the interaction involves just one field in each CFT.

At least at first order in h, the entropy of entanglement Sgg between the left and right
boundaries should also be well-defined (and time dependent) even during the period of time
when the interaction is turned on, if one thinks of the state as evolving by the deformed
Hamiltonian in the original tensor product Hilbert space. By the first law of entanglement,
at linear order in h, the change in Sgg is equal to S0Hg, thus it also decreases until
the turn-off time ¢ after which it remains constant (as it must under decoupled unitary
evolution on the left and right).

The change in Sgg is O(1) ina 1/c ~ 1/N ~ Gy/Lags expansion.” At this order, in
the bulk interpretation Sgg has two parts, namely the small gravitational correction to the
area A/4Gy of the extremal surface, and the entanglement entropy of bulk fields Sy on
the spacelike slice from the extremal surface to the boundary slice at time t [25, 9].

In our situation, causality implies that the geometry near the bifurcation surface
is unaffected by the perturbation. Thus, at order h, the area of the quantum extremal
surface is unchanged from the original state. On the other hand, Sy has nonlocal aspects.
Therefore, the decrease of Spp at first order must be entirely due to a corresponding
decrease in Sy evaluated at the bifurcation surface.

6We consider global AdS here so that the total energy is finite.

"These are the correct scaling relations for 2 4 1 dimensional bulk. In other dimensions, the scaling with
G is the same, but the scaling with the number of species N may vary.
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However, after the time t,, on the boundary, the bifurcation surface (E; of Fig. 2.4)
is no longer spacelike to the AdS boundary, and one cannot define a bulk entanglement
wedge using the surface F;. This would render Sy, ill-defined. The resolution is to use the
quantum extremal surface.

More generally, it was proposed in [23] (and proven in [22]) that, at general orders in
1/N, one should consider the entropy outside the quantum extremal surface, obtained by
extremizing the total generalized entropy Sgen = A/4Gn + Spuk. When calculating the O(1)
piece of the entropy, these two prescriptions agree on the value of the entropy but [23, 21]
argued that the location of the quantum extremal surface is also physically important,
because it provides a natural boundary for how much of the bulk can be reconstructed
from the CF'T state on a single boundary. One useful constraint on the location quantum
extremal surface is the GSL, which states that S,e, is nondecreasing on any future horizon.

On a Cauchy slice prior to the time when the interaction is turned on, the geometry
and bulk quantum state are that of the Hartle-Hawking state. Thus the quantum (and
classical) extremal surface is located at the bifurcation surface of the original black hole (E;
of Fig. 2.4). On the other hand, after the interaction is over, the bulk quantum state of the
fields changes and thus the quantum extremal surface must move. By left-right symmetry
of the spacetime (together with the fact that the joint state of the entire system is pure
so that Sgg is the same on both sides) it can it can only move along the vertical axis of
symmetry of the spacetime. Also, the GSL implies that the new location must be on or
behind the causal horizon [23], because otherwise it lies on a future horizon whose Sge, is
generically increasing.

In fact, at first order in A, the GSL implies that the quantum extremal surface must
lie exactly at the point E, in Fig. 2.4, where the two future horizons intersect. For since
the GSL is true in every state [83], and saturated for the Hartle-Hawking state, it must
also be saturated for any first order perturbation to the Hartle-Hawking state [81]. But if
Sgen 18 stationary along two linearly independent normal directions of s, then it must be a
quantum extremal surface.

As noted above, the area and bulk entanglement entropies are identical for £y and Fj
at linear order in h (as long as they are well-defined). Any effects arising from differences
between E; and Es are suppressed by additional powers of h.

At second order in h, the GSL should no longer be saturated on the future horizon.
Hence Sy is increasing with time at F5, and the quantum extremal surface will instead
be located slightly above the point Es.
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We have not followed the evolution of the quantum extremal surface at intermediate
times, but it seems that it must gradually move upwards from FE; to its final location above
FE5. After the interaction is over the boundary evolution is unitary, and hence neither Sgg
nor the quantum extremal surface changes.

[23] argued that the quantum extremal surface should always be spacelike to its
corresponding CFT region. In a sense this continues to be true, since F} is spacelike to all
the boundary points prior to turning on the interaction, while Fs is spacelike to all the
points after the interaction is turned off. But neither one is spacelike to the entire boundary
for all time. For example, a unitary operator applied to the right boundary at sufficiently
early times might affect the value of Sgen(E2), and hence the right CFT entropy after the
interaction. But that does not contradict any of the properties of the right CF'T, since it
does not have unitary time evolution (independent of the left CFT) during the period of
the interaction.

Note that, if we assume that our holographic entropy prescription is correct when the
CFT’s are not coupled, it must necessarily also be correct when the CFT’s are coupled.
Before the interaction is turned on, we can simply consider the Hartle-Hawking spacetime
as if there were no interaction. Similarly, after the interaction is over, we can consider a
new spacetime which is dual to extrapolating the final state backwards in time, without
any interaction. Neither of these spacetimes corresponds to a traversable wormhole, but
they can be used for purposes of calculating Sgg before or after the interaction is turned
on. It is only when these two spacetimes are patched together, that they are seen to be a
traversable wormhole geometry.

2.5 Discussion

We have demonstrated that the Einstein-Rosen bridge of a BTZ black hole becomes slightly
traversable after the addition of a two-boundary coupling. (We expect that a similar effect
also occurs in D > 3 bulk spacetime dimensions, although it is harder to calculate the exact
form of the stress-tensor.)

From (2.38), we see that the integral [ dUTyy, giving the deviation of null rays from
the horizon, is proportional to h, which implies that the wormhole opens up by an amount
(in units where h = 1)

hG N
~ Rpp—2

AV (2.41)

where AV is the difference of V' coordinate between the future horizon and the first lightray
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\%
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Figure 2.4: The throat size is AV ~ h. The red thick interval on the boundary is the
duration of the deformation beginning at ¢, and ending at ;. The metric in the light yellow
region is unchanged and only that of the white region will have a nonzero backreaction
correction. The orange thick curve is the future event horizon and the grey thick curve is
the past event horizon. FEj is the original bifurcation surface. FEs is the location where the
right and left future horizons cross. The magenta curve is a null ray that passes through
wormbhole, deviating to right boundary.

which can get through the wormhole (see Fig. 2.4), and we assume that the black hole
radius rp,, the AdS length L 45, and the amount of time At the interaction is turned on for
are all of the same characteristic length scale R.

The wormbhole is only open for a small proper time in the interior region. This is
quite different from the usual static wormhole solutions which do not have event horizons
(e.g. [57]). Nevertheless, radial lightrays originating on the boundary at arbitrarily early
times will cross through the portal to the other side; in this sense the wormhole is open at
arbitrarily early boundary times on either side.

A (test) astronaut from one boundary can only go through the wormhole before it
closes, and she reaches the other boundary long after the boundary-boundary interaction
is turned on. One should note that since the coupling we add breaks the Killing symmetry
H; — Hpg, there is no way to boost her back to a time before she entered the worm hole.
Thus the way we glue the two boundaries fixes the relative time coordinate between them,
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excluding the possibility of having closed time-like curves [58]. Note that the traversable
throat size depends on the strength of the coupling and a signal transmitted through the
wormhole is only received at the other end after a very long time delay if the gravitational
effects of the coupling are small. Furthermore, the thermofield double state that we require
is an extremely fine tuned state, so it would be very difficult to prepare such a configuration
in which the astronaut could enter at early times from the left.

We have not yet considered the backreaction on the geometry coming from an actual
(non-test) astronaut traversing the wormhole throat. An object travelling at light speed
from left to right contributes to Ty but not to Ty, so at the level of linearized gravity it
will prevent objects from traversing in the other direction (i.e. from right to left) but it will
have no tendency to close the wormhole in the same direction that it is travelling. This
suggests that the objects can still traverse the wormhole even after taking into account
their own gravitational back-reaction.®

Another question concerns the interaction of the astronaut with the negative energy
pulse of radiation travelling in the other direction. In the frame of reference defined by
Kruskal coordinates, a quantum traversing the wormhole must be blueshifted up to a
frequency 1/AV while the pulse coming in the other direction has a frequency of order
1/R. Here we are assuming that the interaction is turned on for about one light-crossing
time R, and that there is no other time scale of relevance in the problem. Although an
incoming pulse with negative total energy is not allowed in classical scattering problems,
we will nevertheless attempt to build intuition by comparing the situation to a normal field
theory scattering problem. The center-of-mass energy scale of the collision is given by

RD—4
hGn

Vs ~ (2.42)

Since Gy ~ Lﬁ;fck, the center-of-mass energy is below the Planck scale in D = 3 (i.e. a
BTZ black hole with any extra dimensions compactified at the Planck scale) but not when
D > 3. However, even in higher dimensions we do not expect that full quantum gravity
effects will be important. We nevertheless expect that it is legitimate to use the eikonal

approximation, in which one solves for the propagation of each particle on the background

8Presumably there is some limit on how much information can get through, since the black hole on
the other side cannot radiate more energy than its initial mass, but determining the precise limit would
require going beyond the linearized regime. There might also be an interesting limit on the total amount of
information which can get through the wormhole, coming from the Bousso bound [13] (see [29] for a proof
in classical case) or its quantum generalization [14, 71].
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field generated by the other particle. This corresponds to resumming ladder Feynman
diagrams, whose amplitude scales with various powers of

GNS

-1

where b is the impact parameter, and we have used the fact that b ~ R (except for small tails
of the wavefunction). Non-eikonal Feynman diagrams should be suppressed by additional
powers of Gy relative to eikonal diagrams with the same s dependence [2]. Therefore we
can consistently consider scenarios in which only the eikonal scattering is relevant, in which
our calculation of the geometry shows that the wormhole is traversable if the particle is sent
in before a time At ~ RIn(R/hLplnc) prior to the interaction being turned on. However
if the particle is sent in more than %At prior to the interaction time, then the eikonal
approximation breaks down and there may be large back-reaction, invalidating our analysis.
When h ~ 1, these times are of order the scrambling time.

It is interesting to consider what would happen if the two black holes were in the same
component of space, rather than in different asymptotic regions. If the black holes were in
a suitably entangled state, they should be connected by an Einstein-Rosen bridge [53], with
the QFT state near the horizon close to the Hartle-Hawking state. The direct boundary
interaction could then be produced by propagation through the ambient spacetime—this
would be the same as the interaction we studied, except with a time delay. A similar
calculation would then lead to a traversable wormhole. The negative ANE could be
understood as coming from the Casimir effect associated to the cycle in space going from
one black hole to the other in the ambient space and then threading the wormhole. Of
course, the effect would be enhanced if the signals sent between the black holes were
directed and amplified (otherwise the Casimir energy would be extremely tiny if the black
holes were far apart). No causal paradoxes would arise because the traversability depends
on backreaction due to the existence of a casual path between the black holes in the ambient
spacetime.

Since any infinite null geodesic which makes it through a wormhole must be chronal
(as discussed in the Introduction), such wormholes do not enable one to travel faster than
light over long distances through space. Hence traversable wormholes are like getting a
bank loan: you can only get one if you are rich enough not to need it.

The traversable wormhole we found has an interesting interpretation in the context of
ER=EPR [53]. Maldacena and Susskind conjectured that any pair of entangled quantum
systems are connected by an Einstein-Rosen bridge (the non-traversable wormhole). The
crucial difference in our work is that we allow interaction between the entangled systems,
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which is assumed to be negligible in ER=EPR. What we have shown is that in this case the
Einstein-Rosen bridge can open to become a traversable wormhole.

Our example thus provides a way to operationally verify a salient feature of ER=EPR
that observers from opposite sides of an entangled pair of systems may meet in the connected
interior. Since in [53] any such meeting is trapped behind the horizon, it is not obvious
how its occurrence could be confirmed by exterior or CF'T measurements. What we found
is that if, after the observers jump into their respective black holes, a boundary-boundary
coupling is activated, then the Einstein-Rosen can be rendered traversable, and the meeting
inside may be seen from the boundary. This seems to suggest that the ER=EPR wormhole
connection was physically “real”. But since all measurements in the CFT description are
governed by the rules of linear quantum mechanics, it seems like any explicit operational
verification of the existence of the wormhole would also correspond to a linear quantum
measurement. It might be interesting to check the compatibility of these ideas with the
linearity of measurements made behind the horizon, discussed in [56].

What is the quantum information theory interpretation of such a traversable wormhole?
A curious feature of the transmission of a qubit, ), through the wormhole is that it appears
to be sent “via the entanglement”, rather than directly by the inter-boundary coupling.
(Note that the traversable portion of the wormhole is close to the bifurcation point, which
describes the subspaces of the left and right Hilbert spaces that are the most entangled in
the thermofield double state.) There are several ways to see that the quantum information
of @ is not simply being sent directly through the boundaries. First, the commutator of
@ (for example when it is first injected into the interior from the left boundary) with the
interaction Hamiltonian is extremely small near the thermofield double state. Furthermore,
at the time the interaction is activated, () is in fact spacelike separated from the boundary
in the bulk picture, so in the bulk approximation ) and O are independent quantum
variables. From the CF'T perspective, this is because () has thermalized into the left system
before the O Opg interaction is turned on, so no quantum information about () appears to
be accessible to the operator O. Of course, the boundary coupling is nevertheless crucial
for the existence of the traversable wormhole.

This situation is somewhat analogous to what occurs in quantum teleportation.
Entanglement alone cannot be used to transmit information, and no qubit, @), from the left
can traverse the bridge to the right if the left and right systems are dynamically decoupled.
However, if additional classical information is sent from the left to the right, a qubit can be
transmitted - this is referred to as quantum teleportation. Suppose Alice and Bob share a
maximally entangled pair of qubits, A and B. Alice can then transmit the qubit ) to Bob
by sending only the classical output of a measurement on the ()-A system. Depending on
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which of the 4 possible results are obtained, Bob will perform a given unitary operation on
the qubit B, which is guaranteed to turn it into the state Q).

Unlike the usual description of quantum teleportation, in our example it is essential
that the channel between the left CFT, A, and the right CFT, B, is a quantum one. For
example, if one projected onto eigenstates of the operator Oy, then the configuration would
simply look like a particular quantum state (the projection of [tfd)) evolving under the
decoupled Hamiltonians together with an action by a purely right unitary, which can never
lead to a traversable wormhole. This makes sense, because in the standard description
of quantum teleportation, the measurement performed by Alice is a projection onto an
eigenstate, which instantly results in the pattern of () being contained in the system B.
This would not be described by a physical motion through the wormhole in the bulk.
Teleportation in this sense has been discussed in the dual gravity language by [73, 60, 56].

However, in the exact, fully quantum description of the quantum teleportation protocol,
there is a particular dynamical process given by the unitary evolution V = 3, PiQAUZ-B
that governs the transmission of the “classical” information and the subsequent appropriate
transformation of a qubit in the B quantum system. Here PZ»QA are a complete mutually
exclusive set of projectors on the Q-A system that describe Alice’s measurement, and UP is
the unitary transformation performed by Bob given the data i. The classical information
transmitted from Alice to Bob was encoded by the index 1.

Treating V' as a time dependent interaction Hamiltonian can result in negative ANE
along the horizon if the original entanglement between A and B was well described by
a large Einstein-Rosen bridge, which will render the wormhole traversable. This is a
description in which the time scales and processes of decoherence and measurement by
Alice are resolved, and treated as physical dynamical evolution. In such a “microscopic”
description of quantum teleportation, the qubit () must physically evolve from the left
to the right. Of course in the limit that Alice’s measurement is essentially instantaneous
and classical, the traversable window will be very small (and not well described by a
semiclassical spacetime) - just enough to let the single qubit @) pass through. Therefore,
we propose that the gravitational dual description of quantum teleportation understood
as a dynamical process is that the qubit passes through the ER=EPR wormhole of the
entangled pair, A and B, which has been rendered traversable by the required interaction.

Another possible interpretation of our result is to relate it to the recovery of information
described in [36]. Assuming that black hole evaporation is unitary, it is in principle possible
to eventually recover a qubit which falls into a black hole, from a quantum computation
acting on the Hawking radiation. Assuming that you have access to an auxiliary system
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maximally entangled with the black hole, and that the black hole is an efficient scrambler
of information, it turns out that you only need a small (order unity) additional quantity
of Hawking radiation to reconstruct the qubit. In our system, the qubit may be identified
with the system that falls into the black hole from the left and gets scrambled, the auxiliary
entangled system is the CFT on the right, and the boundary interaction somehow triggers
the appropriate quantum computation to make the qubit reappear again, after a time of
order the scrambling time RIn(R/Lpanck).”
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2.A  [dUTyy

Using (2.28), the integrated null energy is

Up Uop U'—
where
G(U,U"; Up) / dU /Ul U (2.45)
0) v \/97_ (U = Uyy)2(U'U, + y)A+Y '
Note that
lim 9y G(U, U5 Uy) = QuG (U, U U) — 0P G(U, U Uy), (2.46)

where 8((]2 ) indicates a derivative with respect to the second variable. (2.44) becomes

/ dUTyy = —4hAC, <G(oo,oo;U0)—G(Uo,Uo;Uo)— / AU G(U, U UO)) (2.47)
Uo UO

9We thank Juan Maldacena for suggesting this interpretation.
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By (2.29), and changing to the z variable,

U A*l/?
U; 11 3 Uu,—U U, -U
. F A+ 12— A;
G(U’U’UO)OC/UO o=y rarorysa ey At N T A T v o))
_/1 (U = Up)z + )2 1/2
U= U033~ )2 12(1+ U((U — Up)z + Ug)AH
11 3 (U = Up)(z —1) (U = Up)(z—1)
Fi(= =, A+1;2 — A;
<hiGig A+ LG 2((U — Uy)z + Uy)’ ((U—Uo)z+U0)(1+U((U—U0)z+U0)))

(2.48)

which immediately implies G(Uyp, Up; Uy) = 0 given that A < 3/2. For the large U limit,
G(00, 00; Up), the prefactor of Fy above decays at least as fast as U~ and the F} part
becomes

11 3 1—2 113 2—1 2 \"? 11 3 1—2
F(Z-Z A4l Z—A - 2 0) = (=. = Z—A: — Z 2.2 A
g Athg—Aim5 =0 =2R(G 55— A5 ) (z—l—l) 215508 )

(2.49)
which leads to
1 2, \ /2 113 1—2
G U ~U2 | d 1 “AH2 R (= 2 S A 0 (2.50
(00, 00; L) /0 Z(z+1> (1-2) 215,55 AT ) 20 (250)

where in the last step we used the fact that the z integral is finite due to the property of
hypergeometric function:

1
— . f— ] / — —
A;0) =1, lu%z 2F1(2 5

[\DlP—‘
[\DI»—t
| W

2F1(5,

The integral of Ty is simplified to be

1 o0
"~ 4hAC, / dUTuu

/dU/ dU/ lim O dy up
vo  Ju N vsr T S —1 (U = Uy) AU + )AL

A 1 A+1
/dUl/dU/ (+)U _
Uo Uy w/y — U Uly UU1+y) +
A 1) Fl—AUm*?’U U,)~2
/ dUl/ dU + 1)I(5)I( ) (U + 2)
Uo U, A)U — Uy)A12UA(1 + UE)AF2
3 U-U, U-U

Fil— A S A5 A
B = A A+ 2 — A DA 07

2

) (2.52)
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For further simplification, we use (2.37) and define w = & +[U]1 to rewrite (2.52) as

1 o
~ 4hAC, / U Tyy
Z (A+1DTE)0(L = A)(1 = A)p(A +2),2m+1-4 /°° a U?
= m'F(% — A)(% — A)m - 1 (1 4+ U12>A+m+2

1 m— A+1/2<1_ >2A 1 3
w w
X d Fi(l—-A+ - A+
/0 w (1 o) o F ( migig m;w)

_ _ m+1—A oo 2
Z (A+ 1)l )F(l 3A)(l 3A)m(AJFQ)mQ / i, ZIA 2
” mIl'(5 — A)(5 — A)m ve (L4 UR)ATmT
(2 -A+m)(2A+1)° 3 1
2A+m+2r(3 +2A) L2+ A+ )2F1<2A+1’2A+1’§+2A’§)
Z (3)P(1 = ATRA+1)*(1 = A),,
mID(3 + 2A)T(A + 1)228+1

(UO )A+m+1/2

2(A+m+1/2)
_ DEra-Area+1y3 1 .
T 22842(A 4 D(E 4 2A)0(A + 1) (1 + D)A+122!

Xz(l—A)m(2+A)m( 1 >m2F1(1+A+m_1_§+A+m. 1

1

1 3
2F1( +A+m2+A+m; 2+A+m ~Uy?)

3 1
(281,28 + 155 + 24 5)

m!(2+ A), 1+ U? 2 1272 "1+ U?
(1= AT (2A +1)? 2P+ 4,5 - A5+ A 1+U2) (2.53)
_22A+2(A + %)I‘(A + 1)3 (1 + U02)A+1/2 .
where in fifth line we used [63]
Yy n.c—1 _ B8—1

/ i) 2Fi(a,by¢; ) d

0 (1 —zz)r Yy

y T T(L(B)T(c —a—b+B) yz

- F —a—b+Bic— b+ B;

(1—y2)PT(c—a+pB)I(c—b+p)° 2(B,pc—a—btfie—atfie +ﬁ’yz—1)
l[y,Rec,Re 3, Re(c —a—b+ B) > 0;|arg(l — yz)| < 7 (2.54)

in sixth line we used

00 .I‘Q b—2a+3 3 1 B
/b d:c(1+x2)a = 2a_32F1(a—— a;a—i;—b %) (2.55)

and in last step we used [63]

i (C/Lc)']z<[;>k o Fy(a+ kb c+ ki ) = o Fy(a,b + Vs ¢; 7) (2.56)
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Fi2A+1,2A 4+ 1; = +2A;=) = 2 2.
2124+ 1,28 + 5t ’2> T(1+A)? (2.57)
In the end, restoring ¢, we find the following relatively simple result
/°° T hT(2A 4 1)2 2Fi(z + A5 = A+ A5 ) 258
w0 2BQRAF DI(APT(A + 1) (1+ 03)5+172 |

If we turn off the interaction at Uy, the integral is just the difference between fgj dUTyy
and f ;;; dU TUU‘
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Chapter 3

Regenesis and Quantum Traversable
Wormbholes

This thesis chapter originally appeared in the literature as
Gao, P. and Liu, H., 2018. Regenesis and quantum traversable wormholes.
arXiw preprint arXiw:1810.01444.

3.1 Introduction

When a circuit is disconnected from its battery, the electric current flowing through it
quickly stops, due to dissipation.

Using modern language, treating the circuit and its environment as a single isolated
quantum system, we say the current is scrambled among other degrees of freedom of the
system. Once a signal is dissipated (or scrambled), it cannot be recovered in practice, as
to do that one needs to have control over the full quantum state of the system, which in
practice is never possible for a system of many degrees of freedom.

In this paper we discuss a new phenomenon, based on the recent discussion of a
traversable wormhole [31, 52, 74, 72, 75|, where the current signal can re-appear with the
need of only performing some simple operations.

Let us first describe the setup using field theory language (see also Fig. 3.1). Consider
two identical uncoupled quantum systems, to which we will refer as L, R systems. The
Hamiltonians for them are respectively HX and H¥ which by definition have the same set
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of eigenvalues {F, } with respective energy eigenstates |n) r.r- Suppose L, R systems are
arranged in a special entangled state such that at ¢ = 0 it is given by a thermal field double
state [76]

)= 7 e g, Zy= 3 e (3.1)
where |n) denotes time reversal of |n). |Wg) has the property that if one operates solely
in one of the systems one finds a thermal state at inverse temperature §. Consider at
some time t = —t, < 0 turning on an external source o for some few-body Hermitian
operator J® for a short interval.! In the R system there is an induced expectation value
(JR(t)) = (Wg|JR(t)|¥s), but there is no response in the L system as by definition
[JE, JB] = 0. As usual (J%(t)) will dissipate and decay quickly to zero after ¢ is turned
off.

Now couple the two systems at ¢ = 0, with the total Hamiltonian
H=H"+ H" — gVt =0) (3.2)

where ¢ is a coupling and V' is an operator involving both L and R systems, e.g. a simplest
choice is
vV = 00)0%(0) (3.3)

for some few-body operator O(z). The surprising result from the gravity analysis of [52] is
that a signal will re-appear in the L-system if t, is larger than the scrambling time t, of the
L, R system.? Note that here O and J are generic few-body operators which do not need to
have any common degrees of freedom between them.

The purpose of this paper is to argue that this phenomenon, to which we will refer
below as “regenesis,” is universal for generic quantum chaotic systems, to elucidate its
underlying physics, to study it in detail in a class of field theories, and to discuss its gravity
implications.

A general result we obtain is that in a generic chaotic system for t,t, > t.: (i) (J L(t)>g
is supported only for ¢ ~ ¢, where (---) , denotes expectation value in (3.1) with a nonzero
g; (i) as a function of ¢y, (JE(t = t,, f)>g has the following behavior

(JH(ts, D)), = Clg) (s, 8), >t (3.4)

IThe time interval is taken to be much smaller than t,.

?Scrambling time is defined here as the time scale when ([V/(¢), W (0)]*) between generic few-body oper-
ators V, W become O(1).
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where C(g) is an O(1) constant depending on g. We thus find the “input signal”  from
the R system at t = —t, regroups at t = t, in the L system long after it has dissipated!?
The result (3.4) is insensitive to the specific form of L — R interaction V. The behavior for
a system with ¢4 ~ ¢, is more complicated and will be mentioned later.

The essential elements behind the regenesis behavior (3.4) are: (i) scrambling in
a chaotic system makes out-of-time-ordered correlation functions (OTOCs) vanish for
t > t, [68, 51], and (ii) the entanglement structure of (3.1) which strongly correlates an
operator inserted at (—t,Z) with an operator at (¢,Z). Compared to other manifestations
of quantum chaos such as the initial growth of OTOCs which deals with early times, and a
random matrix-type energy spectrum which reflects very large time behavior, the regenesis
phenomenon concerns with intermediate times, of order the scrambling time of a system.
Instead of making the signal to appear at the same spatial location ¥, by considering a
slight variation of (3.1) one could also make the signal from (—t, ¥) to regroup at (t,Z + @)
for some d.

One may wonder what happens if we consider the same setup in a few-body or
integrable system. In general, with g # 0, some response will be generated in the L-system:
interactions among each subsystem will manage to communicate the effects of ¢ to J~.
But there are two crucial differences: (1) it will not be “regenesis,” as in a few-body system
(or in integrable systems) there is no dissipation, so the original signal in the R-system will
remain there forever; (2) the signal generated in the L-system will depend sensitively on the
specifics of an individual system and the operators used. In contrast, in chaotic systems,
the behavior is universal, independent of all the details.

At first sight, the regenesis phenomenon appears to be miraculous: how can a dissipated
signal regroup with a very simple operation like (3.3)7 If one wants to be melodramatic,
we could imagine that by turning on ¥, we create a “cat” in the R system. The cat lives
for a while, and dies. Eventually her body will be fully scrambled with the environment.
Now it appears that we could bring her back to life in the L-system by simply turning on
a gV'! There are two important catches here. Firstly, the success of the operation in fact
requires extreme fine tuning in how we prepare the initial state at —t5 when we turn on the
external source . The state should be prepared such that as the system evolves to t = 0,
the system is in the thermal field double state (3.1). This is a highly nontrivial requirement
as the scrambling time ¢, could be macroscopic for a macroscopic system, and as we will
see explicitly the regenesis phenomenon is somewhat fragile: various modifications could

3Note that in (3.4) signals which are input earlier in the R systems appear later in the L system, so in
fact what one finds is the time reversed form of the input signal.

35



CHAPTER 3. REGENESIS AND QUANTUM TRAVERSABLE WORMHOLES

destroy the behavior (3.4). A second catch is that as we will discuss later (in Sec. 3.2.4),

at least for the regime t,t, > t,, the signal (3.4) is quantum in nature, i.e. the variance is
always comparable to the expectation value itself, and one cannot cut down fluctuations

using macroscopic measurements.

We also study the regenesis phenomenon in two-dimensional conformal field theories
(CFT) in the large central charge limit which is known to be chaotic [64]. That is, we
take L and R systems to be (1+1)-dimensional and described by a CFT. We consider
¢c> Aj > Ap ~ O(1) where ¢ is the central charge of the system, and Ap, Ay are
respectively the scaling dimensions of few-body operators O and J. In this regime we
can obtain the behavior of <JL(t)>g in detail by applying the techniques of [26, 27, 28].
In addition to (3.3) we will also consider two other types of couplings (in (3.5) a denotes
different operator species)

1<~
V=2 ; OL0)0%(0) (3.5)

which were considered in [52] in the large & limit, and

yo 2 /_ iz OF(2)OR (x) . (3.6)

[t

For (3.5) our CFT results are fully consistent with the gravity results of [52] for a
(0 + 1)-dimensional holographic system.

We will refer to (3.3) as a single-channel coupling, while (3.5)—(3.6) as multiple-channel,
one from multiplicity of operators, one from spatial integrations. Their local spacetime
structure is chosen to maximally take advantage of the entanglement structure of (3.1).
Here is a brief summary of the main features found in explicit CFT calculations (some of
these features are also present in the gravity results of [52] for (3.5)):

1. In all cases, as a function of ¢,, one can separate the behavior of <J L (t8)>g into three
different regions: (1) t; < ¢, (sub-scrambling region), where (J L(ts)>g is exponentially
small and can be considered to be zero for practical purposes; (2) t; ~ t, (transition
region), where <JL(tS)>g becomes O(1); (3) ts > t. (stable region), where <JL(tS)>g is
given by (3.4). Here the scrambling time is given by ¢, = % log &~

2. For (3.3) and (3.5) the transition region is very narrow, of order O(), while for (3.6)
the transition regions is lengthened to O(L) for L > /. See Fig. 3.2.
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3. An interesting effect for (3.5) in the transition region is that, with a choice of a sign
for g, the magnitude of <J L (t5)>g could be exponentially large in g, to which we refer
as resonant enhancement. See Fig. 3.2(a) for a cartoon.

4. For (3.5)—(3.6), C(g) in (3.4) is given by
C(g) = 2G;sin(gG) (3.7)

is oscillatory in g. Gy and G are some constants. For (3.3) there appears no oscillation
in g, and we find for large ¢

Clg) xg™t. (3.8)

Our field theory studies also have important implications for the understanding of
the traversability of a wormhole on the gravity side. In [31, 52], the basic picture is that
the two-sided coupling (3.3) (or (3.5)—(3.6)) generates negative-energy excitations which
in turn deform the spacetime causal structure of the wormhole geometry, allowing signals
to propagate between the two boundaries of a wormhole. Combining our results and those
from gravity calculations of [52], we argue that there exist physically distinct scenarios for
traversability from causal propagation through the wormhole. For example, in the regime as
described by (3.4), the traversability appears quantum in nature, i.e. cannot be associated
with a semi-classical spacetime causal structure. Instead it appears to involve breaking of a
delicate destructive interference, see Fig. 3.3 for a cartoon picture (which is appropriate for
ts > t.).

The plan of this chapter is as follows. In Sec. 3.2 we present a general argument
for the regenesis phenomenon, explain the quantum nature of the signal, and discuss its
robustness. We also present a simple qubit model as a contrast study of this phenomenon
in a few-body system. In Sec. 3.3 we outline the main steps of the calculation of <JL(t)>g
in a two-dimensional CFT in the large central charge limit, with details of the calculation
given in Appendix 3.C and Appendix 3.D. Details on the CFT calculation of the robustness
of the phenomenon is given in Appendix 3.E. In Sec. 3.4 we analyze the results obtained
in Sec. 3.3 and various Appendices. In Sec. 3.5 we discuss gravity interpretation of our
results, including a detailed comparison with the results of [52]. In Sec. 3.6 we conclude
with various discussions, including future directions and experimental realizations.
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W) [Wp) [Ws)
] ]
N N
o(x)
» t
t=—tg t=0 t=tg

Figure 3.1: The setup for the regenesis phenomenon. At t = —t,, uncoupled systems L, R
are in an entangled state (3.1). The signal in J¥ disappears shortly after we turn off the
source . At t = 0, we turn on a local coupling between L and R for a short time, which
we have approximated as a delta function in time in (3.2). At t = ¢, the signal reappears in
the L system if ¢, is sufficiently large. The reappeared signal is not identical to the original
signal, but related by a transformation.

L(ty) Lty
v “S )9 ts~t.  ts=t.+0(B) Vi )g to~t, te=t, +0(L)
A
L i !
AN i s
1 1 > tS | | > ts
(]L(ts))gNO i i UL(tS))QNO(l) (]L(ts))g~0 i i (]L(ts))gNO(l)
Sub-scrambling Transition Stable Sub-scrambling Transition Stable
(a) (b)

Figure 3.2: The behavior of <JL(tS)>g for three regimes of ¢,. (a) is a cartoon for (3.5) with
transition regime of length O(/5), and the resonant enhancement could be pronounced. (b)
is for (3.6) with the size of the transition region of order O(L) for L > .
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3.2 A general argument for the regenesis phenomenon

In this section we present a simple argument for the regenesis behavior (3.4) for a general
quantum chaotic system and discuss the robustness of the phenomenon, i.e. how it fares
against imperfections of the preparation of |Wz). The results of this section are consistent
with the gravity results of [52] for holographic systems, and will be further confirmed
through explicit calculations in two-dimensional CFTs in the large central charge limit in
subsequent sections.

3.2.1 More on the general setup

As discussed in the Introduction we consider L and R systems in a thermal field double
state (3.1). In this state, the expectation value of any set of operators which act only on

one of the systems is given by the thermal average with inverse temperature [, e.g.
1
<\I/5|Of e (’)5|\If5> = Z—Tr (e_BH(’)l e (’)n) =(01---On)y (3.9)
B

where on the right hand side the trace is performed in the left system and (- -) 5 denotes
thermal average at inverse temperature 5. For notational simplicity we have dropped L
labels. We will do this for the rest of the paper: below any quantities with no explicit labels
should be understood as in the L system.

By definition any operators from L system commute with those of R system, i.e.
[OF(z), JE(2")] = 0, VO, Jx 2 (3.10)

where = denotes spacetime coordinates, i.e. x = z* = (¢,Z) and 7 are spatial coordinates.
Consider turning on a source ¢ for some generic (hermitian) few-body operator J%, i.e.
perturbing the action S¥ of the right system by

S gH +/dd:v o (z)JP(x) . (3.11)

We will choose J such that its thermal expectation value is zero. Then at linear order in
o' we have

(JH(2)) = /ddx' GEE(z, ") (2"), Gz, 2) = i0(t — t'){[J(2), JR(QU’)]>5 . (3.12)
For g = 0, there is no response in the left system
(JM(z)) =0 (3.13)
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due to (3.10). On general ground one expects that the thermal response function G® for a
non-conserved quantity to behave for large ¢t — ¢’ or large |¥ — 7| as

=t

GRR(t, 2t &) ~e o, GRR(t, 2t &) ~e & (3.14)

where 7,., £, are respectively relaxation time and length, both of which will be treated as
microscopic, i.e. much smaller than typical scales involved in ¢®. For a scale invariant
system, they are both of O(f), see e.g. (3.64). Thus (J®) will quickly decay to zero in a
time scale of order 7, after the source is turned off.

Now with g nonzero in (3.2) we would like to see whether there is a response on the
L side. We take the source o to be turned on for a short period around ¢t = —t, < 0
such that <JR(t)> will have long decayed to zero before V is turned on at t = 0. From
Appendix 3.A, we find at full nonlinear level in %

<JL(t)>g _ <(I)|JL(t)|(I)> _ <\Ijﬁ| e—ifds(pR(S)JR(S)e—igVJL<t>eigVeifdsgoR(s)JR(s) ’\Ilﬁ> (315>

with |®) defined as
D) = ¢V e[ as TG gy (3.16)

Expanding (3.15) to linear order in ¢ we then find

(TE(@), = / d'2! GER (2, ') o™ (o), (3.17)
with (note we take both J and O to be Hermitian operators)

GMi(z,2") = ib(t — ') (s|[J" (), JR(x’)]|\Ilg>g =if(t — ) (W(z,2') — W*(z,2')), (3.18)
W (z,2') = (Ugle ™V I () 9V JH (2') |[Wg) . (3.19)

3.2.2 Entanglement structure

The thermal field double state (3.1) has a rather specific entanglement structure between
L and R systems. It can be checked that the state generated from a Hermitian operator
J™ acting on |¥s) can be reproduced from the action of J* in the L system with a shift in
imaginary time, i.e.

JE|Wg) =n*JH(iB/2) |Vg) (3.20)

where 7 is the phase factor associated with time reversal on J and will be dropped
subsequently as it will not play any role. Furthermore,

(HY — HY W) =0, — e M |W,) = 1 W) . (3.21)
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The combination of (3.20)-(3.21) implies that

JR<t) |\I’5> _ ez‘HRtJRefiHRt |\II5> _ efiHLteiHRtJR |\Ij6>
e HMITH(iB/2)e M [Wg) = JH(—t +iB/2) [Wp) (3.22)

where we have used L and R operators commute and (3.21) repeatedly. Note that (3.22)
applies to a complex ¢ with Im¢ € (0, 5/2). By using the above equation repeatedly we
further find that

TE) T () -+ T () [Ws) = Ty (—ta+iB/2) - Ty (—ta+iB/2) Jf (—t1+iB/2) [¥s) (3.23)

where subscripts label different operators. Due to the entanglement structure of |¥g),
we see from (3.22)—(3.23) that operators inserted at (¢,Z) in the R system are strongly
correlated with those inserted at (—t, ) in the L system. In other words, there appears a
“time reversal symmetry” between L and R systems. We will refer to such a pair of points
as an entangled pair. This simple fact will play a key role in understanding the results of
the paper. Moreover, the interactions (3.3) and (3.5)—(3.6) are chosen to involve couplings
between operators inserted at entangled points, which as we will see makes the teleportation
most efficient.

From (3.22) we have

r t—1t|>7,
(Ul JE(t, 7) TRt )| Ws) = (JE(t, ) TH(E +1iB/2,)) , ~ ¢ | [>T

e & | Z=7 >,
(3.24)
where in the second equality we have again displayed the usual behavior for a thermal
two-point function. An explicit example of (3.24) is given by (3.65) for a two-dimensional
CFT, for which 7. = ¢, = % Treating 7., £, as microscopic, we see that the two-side
correlation function (3.24) is essentially nonzero only for ¢t ~ ¢’ and ¥ ~ 7/, and we will

denote
Gy = (W (t,2) T (—t, Z)|¥s) (3.25)

which is a constant from spacetime translational symmetries.

3.2.3 Regenesis behavior for quantum chaotic systems

Now let us examine the behavior of (3.15) (or its linear version (3.19)) for a general chaotic
system. We will take x = (¢,%) and 2’ = (—t5,2’) with ¢, > 0. First consider g = 0. Since
J® commutes with J*, equation (3.15) then reduces to (Wz|JE|¥s) = 0. For g # 0, at
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small ¢, since O and J are generic few-body operators, whose degrees of freedom in general
do not overlap, [J(t), V] ~ 0, which again leads to <JL(t)>g ~ 0. As time increases, J(t)
grows and scrambles in the space of degrees of freedom. At sufficiently large ¢, [J(t), V]
becomes non-negligible; the time scale that this happens defines the scrambling scale t,.
Thus (J L(t)>g (thus also G*?) can be non-negligible only when ¢ is of the scrambling scale
Ty

Also due to the entanglement structure of (3.1), as manifested in (3.24), we expect
W defined in (3.19) to be non-vanishing only when ¢ and ¢ are close. So t, also has
to be of order or larger than t, for GY¥ to be nonzero. Similarly for the full nonlinear
expression (3.15).

When t,t, are of order the scrambling scale, even at linear order in ¢%, the expression
for {J* >g is complicated. We will study the behavior of W and G** in detail for various
choices of V' in subsequent sections in two-dimensional CFTs. Here we show that when
t,ts > t, the behavior of full nonlinear expression (3.15) is very simple .

For clarity we will illustrate the main argument using the linear expression (3.19).
Consider expanding the exponential ¢?" between J* and J# in power series of ¢, then at
n-th order one gets correlation functions of the form

M, = (Wgle " JH(t)(O(0)O%(0))" J*(—t)| W) (3.26)

where we have suppressed all the spatial dependence. Note that the precise form of V' is not
important and we have only schematically indicated that it has the form of some product
of OFOF inserted at t = 0. Now using repeatedly (3.23), we can write (3.26) as

My = (Wgle™9V JE(£) (OH(0))" T (1, + i/2)(O™(iB/2))"|Ws) (3.27)
with J and (OF)" out-of-time-ordered.
Now for a general quantum chaotic system, due to scrambling, we expect

M, — 0, t,its>t, for n>1 (3.28)

with ¢, the scrambling time of the system. Thus for ¢, ¢, > t., equation (3.19) should reduce
to

W = (Wgle 9V JH(t, ) T (—t,, T)|Vg) . (3.29)

Notice that expanding the exponential " in (3.29) in power series of V' will now give rise
to only time-ordered correlation functions (TOCs). On general grounds, one expects that
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such TOCs to factorize at large time separations between J and O insertions, we then find*
W (e VN5, &) T (—t,, 7)) (3.30)

From (3.18), (3.25) and the discussion below (3.24), we thus find that GLE(t, 7; —t,, ) is
nonzero only for ¢t ~ t, and ¥ ~ ¥ with

GLR(t,, T —t,, T) = O(g) = const (3.31)

and
C(g) = —2G,;Im (e ") . (3.32)

For ! slowly varying at the scales of 7., ¢,, we thus see (3.17) reduces to

(JH(ts, 7)), = Clg) @"(—ts, B),  t>te . (3.33)
Note that generically we expect <e*"9V> to be complex and O(1) as already mentioned the
operator V is designed to couple O%® at entangled points.

It is interesting that the sole effect of turning on the interaction V' between two
subsystems is to generate a phase so that W is no longer real, resulting a nonzero G%,
Through the entanglement structure of Wg, information of the source p* is already present
in the L system, just as in the usual EPR story. Heuristically, the effect of turning on V' is
to turn this information into “real” physical signals.

The above discussion can be immediately generalized to the full nonlinear
expression (3.15). In fact for any few-body operator XZ(t), setting all OTOCs to zero, we
find in the limit t ~ t, > t,,

(XF), = (@IXF (1)) = (1-2Rea){(Ws| X (1)[Ug) + (a{ T [ XH(OUT| Ug) + hc.) (3.34)
where |®) is given by (3.16) and we have introduced
i [ds T (s)JE(s —1
U = i fds e ()0 a= e 9V>B—1. (3.35)
See Appendix 3.B for a derivation of (3.34). For X% = JX we then find

(JE)), = a{Ws [JE@)UT| Ws) + hec. . (3.36)

4The conclusion was obtained before in the large & limit of (3.5) for holographic systems using gravity
calculation in [52].
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Equation (3.36) again has the form of a complex factor times correlation functions in the
thermal field double state (plus its hermitian conjugate).

To summarize, equation (3.33) and its full nonlinear version (3.36) can be understood
as due to the following three key elements: (i) vanishing of OTOCs at large times due to
scrambling; (ii) factorization of TOCs at large times; (iii) entanglement structure of Wg.
Note that the factorization assumption can in principle be weakened or dropped. One only
needs that (3.29) is complex and not small at large times.

The discussion of this subsection does not apply to ¢, ts ~ t, for which we will examine
in two-dimensional CFT's in Sec. 3.4.

3.2.4 Quantum nature of the regenesis signal

In this section we show that the regenesis signal (3.33) is quantum in nature.” We do this
by comparing (3.36) and the corresponding variance with those in a standard response
setup.

For this purpose, let us first recall the standard response story,’
1
J= <\115|U{JLUL|\115>, 5. = <<x1/5|U,§(JL - j)2UL|\1:ﬂ>) ? (3.37)

where U}, is the unitary operation for turning on some source ¢’ in the L-system. J is the
corresponding signal and §.J is the variance. Note that since both Uy, and J* belong to the
L-system, (3.37) just reduce to thermal averages. In this context we will thus suppressed
index L. We also denote the variance and fourth moment of J in the thermal state (recall
(J)s=0) as

Jo= [, S (<J4>6)‘1‘ . (3.38)

To make the discussion explicit, let us imagine a lattice system of interacting spins.
Suppose J is given by some operator at a single site, say o, then clearly both J and ¢.J are

5The content of this section is developed from discussions with Juan Maldacena, Douglas Stanford and
Zhenbin Yang. The main conclusions have also been anticipated by them.

6In a field theory we assume .J is suitably smeared such that both J and J" are bounded operators with
a finite norm
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order O(1), and one needs multiple measurements to detect the effects of U. One can make
life easier by measuring the average polarization, say,

1
=5 >z (3.39)
and considering a source which acts on all spins
U = Pel¥s [ dse"(9)2i(s) (3.40)

where Z; is 0, at i-th site and N is the total number of sites. Putting (3.39)(3.40)
into (3.37), and assuming there is no long-range spin correlation, one then finds, in the
thermodynamic limit N — oo, the following scalings

J~O1), bSJ~NE. (3.41)

The signal J is then much larger than fluctuations 6., and thus it is enough to make one
single measurement. In other words, the signal is macroscopic or “classical.” Also note pure
thermal fluctuations have the scaling

Jy~N72, J~NTT. (3.42)

Similar scaling behavior can also be obtained in a large N matrix-type theory (including
two-dimensional CFTs in the large central charge limit). In this case take J to be a
single-trace operator and U ~ e¢¥/?. We then find scalings

J~O(N), 6J~0@1),  JoJi~O(1) (3.43)
and thus the signal .J is again “classical.”
Now coming back to (3.36), using the Cauchy-Schwarz inequality we find that
Jo(t) = (JH(1)), < 2la| ((Ug|T"THT))? = 2lal . (3.44)

In other words, up to an O(1) constant (J L(t)>g is bounded from above by the variance of
J in the thermal ensemble. Now consider the variance of J* with g # 0. Using (3.34) with
various choices of X (t), we find

(3.45)

F= (70 - (1)),
(1

- 2Rea)J2 J2 +b
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with
b=a(Vs |(J(1)°U"| ¥s) + h.c. < 2|a|J; (3.46)

where we have again used Cauchy-Schwarz in the last step. Given that J, ~ Jo, and in
general J; ~ Jp, all terms in (3.45) are of order J3. We thus find that modulo miraculous
cancellations 0.J, ~ jg, i.e. the variance is always of the same of order as the signal
regardless of the choice of J and U¥.

More explicitly, let us consider the three situations mentioned above for the standard
response story. For J to be a spin operator at a single site, again all quantities are of order
O(1). For J* of the form (3.39) with U of the form (3.40), then from (3.44) and (3.42) we
find that

JyrJy~8Jy~ N2 (3.47)

In fact in this case considering the average polarization not only does not help to reduce
the fluctuations, but also reduces the signal itself. One might as well just measure a single
spin. Note that if one considers linear order in ¢ as in (3.18)—(3.19) one may conclude
that J, ~ O(1) instead of (3.47). This suggests that the linear response analysis for J,
could be potentially misleading in this regime.

Finally for J given by a single-trace operator in a large N matrix-type theory, the
counterparts of (3.43) are
Jy ~6J, ~O0(1) (3.48)

with again reduced signal.

To summarize, the regenesis signal J, in the L-system due to U and coupling V is
intrinsically quantum in all situations!

3.2.5 Robustness of the regenesis phenomenon

Let us now consider the robustness of the regenesis phenomenon, i.e. how it fares against
imperfections in the preparation of the initial state at the time —t, when we turn on
the external field . For simplicity, we will restrict to our discussion to linear order in
o, ie. (3.18)—(3.19). The arguments presented below generalize straightforwardly to full
nonlinear level.

Here we consider two types of “small” perturbations. One type is that at ¢ = 0 instead
of [Us) we get
|U(t=0)) =|¥g) +€|P) (3.49)
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where € is a small parameter. Physically this means that in preparation of the system

at t = —ts to aim for |Ug) at ¢ = 0, the aiming is not perfect, but misses a bit. Such
perturbations may result if at —¢, in addition to ¢ there are some other “small” sources
present (whose strengths are characterized by €). With (3.49) in (3.19) instead of |Wg), the
corrections are clearly controlled by ¢, and thus the qualitative conclusion above should not
be modified.

Another possibility is that at t = 0 instead of |¥3) we have
[W(t = 0)) =v"(to, 7o) [Ws) (3.50)

with some ¢, for some few-body operator 7(z) (suitably smeared so that (3.50) is
normalizable). Heuristically, this describes a state obtained adding a “yL-particle” to the
thermal field double at time ¢3. One could consider similar states obtained by acting with
some operator in the R-system, but from (3.22) that is equivalent to an operation in the
L system with inverted time, so (3.50) covers all cases. Strictly speaking, (3.50) is not a
small perturbation of |Us) as it is orthogonal to |¥g) since a generic few-body operator ~
will have negligible expectation value in |Wg). There is, however, a physical sense that such
perturbations are “small”: at t = ty, it is hard to tell the difference between (3.50) and |¥z)
by making measurements using generic few-body operators, such as J, as they generically
commute with ~.

With (3.50), we should replace (3.19) by

_ (W o)e 9V THE TR (1) 1) |9)
e (W] yE(to)vE(to) W) (3.51)

where the spatial coordinates are suppressed. Consider first g = 0, then

(W] (to) J= (1) S (—t )" (o) W)
(WL (o) (to) W)
(U7 (to) J= ()Y  (to) JE (s +iB/2) | W)

W.(g=0)=

= 3.52
(¥1(lo) (7o) [¥) 592

which is an OTOC. Equation (3.52) is small whenever
|t —to| >t. (destroy correlation of J* and J%) (3.53)

in which case insertion of v* will destroy the correlation between points (¢, Z) and (—t,, ¥)
in |Us), and destroy regenesis even without worrying about possible effects of v on the
interaction between two subsystems. For example, for ¢ ~ t; ~ t,, equation (3.53) means
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any to < 0 or ty > 2t,. The latter can be more intuitively understood as insertion of 4% of
order t, before we send the signal at time —t,.

Now look at (3.51) with g # 0. Notice that the ordering between % () and any V
insertions are also out-of-time-ordered. From the same argument we then expect the effects
of V' will be destroyed when

|to] > t. (destroy the coupling between two systems) . (3.54)

Hence we expect regenesis is no longer present in (3.50) for ¢ty > ¢, and ¢ty < 0. See Fig. 3.4
for regions of insertion of v which will destroy the regenesis phenomenon.

We will confirm the above qualitative expectations in Sec. 3.4.5 by explicit calculations
in two-dimensional CFTs. Our conclusion is also qualitatively consistent with gravity
expectations discussed in [52], which we will elaborate more in Sec. 3.5.

3.2.6 A contrast study: “regenesis” in a qubit model

Here we study the regenesis phenomenon a simple qubit model to help sharpen some essence
aspects of the phenomenon in a quantum chaotic many-body system.

Consider a system consists of four qubits: L, o and R, 9, with the Hilbert space
H=H,QHr=Hr, @Hr, ® Hr, @ Hr,. We will write 2 by 2 identity matrix and Pauli
matrices as o# = {I, X, Y, Z}. We take the Hamiltonian to be like an Ising model

1% 1%
Ho= H" + H®,  H' = (71, 71,) + g(ZLl +21), H" =2 (Zn7n) + g(ZRl Y Zn) .
(3.55)

For simplicity we will consider the thermal field double (3.1) with 5 = 0, which is then
giving by the following state of 2 EPR pairs

1
V2

as one can readily check that each component |ir,jr,; R, Jr,) (1,7 = 0,1) in |¥) is an energy

V) = |EPRy) @ [EPRy), |EPR;) = —(|0.,0r,) +[1£,1r,)) (3.56)

eigenstate.

A general hermitian J* operator on L; site is a,0", where a,, is a real vector. The
corresponding operator J acting on R; is then (note 8 = 0)

JEIWY = JEU)  with  J® = agl + a1 X — ayY + asZ (3.57)
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Figure 3.3: Left: in a wormhole described by (3.1), due to entanglement between the
two boundaries, there are virtual particles which can propagate between them. The non-
traversability can be understood as coming from perfect destructive interference between the
process of a virtual particle traveling from R to L, and the mirror process of traveling from L
to R. Right: turning on interaction V' subtly changes the entanglement structure and gives
a phase for each propagation. Now the destructive interference is no longer perfect, resulting
propagations of “real” particles between the boundaries. Note that the interference is not
a process between “future” and “past” as the related two boundaries are actually spacelike
separated. It is possible to boost the frame such that it occurs on one spatial slice.

L R L R
t+t.]
t* __________ t* t* __________ t*
t -
/2] S % /4] S v
t—t,
+to=—t
—t g —t, —tF--------1 —t,
(a) (b)

Figure 3.4: The regenesis phenomenon is destroyed by insertion of ~ from either side
when tj is in the red shaded regions. (a) shows the destruction by diminishing effective
coupling when [to] > t,, and (b) shows the destruction by diminishing JZJ® correlation
when |t — to| > t..
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We choose V to act on site Ly and Ry, i.e. it commutes with J¥ and J® as they act on
different sites, so as to model the situation described in the many-body context that V and
J are generic few-body operators whose degrees of freedom do not overlap. We will take
O = X, and therefore

V=X1,Xg, . (3.58)
With g = 0, we have

(U] JH(=t) T (—ts) [ W) = (U] T () T" (1) [ )
=ai+a;+ (a3 +a3)cosv(t — t,)cos u(t —t,) (3.59)

which as expected is a function of only ¢t — t,. Since the above expression is real we have
both Gff = GEF = (. That even G® = 0 is an artifact of that we are considering a 3 = 0
state. G*% is nonzero for other values of 3. Now turn on V at ¢t = 0, we the have

W = (U|e @V JE(t)e Y JH(—t,) | V)
=ap+ a3+ (a +a3)e " cos u(t — t,)(cosgeosv(t —t,) +isingcosv(t+t,)) (3.60)

with
GLE(t, —t,) = i(W — W*) = 2(a? + a3) sin(2g) sin vt sin vt cos u(t — t,) . (3.61)

GEE(t, —t,) is given by the same expression as above with ¢ — ¢, replaced by ¢ + t,.

This simple example provides an interesting contrast which highlights some key
elements of the regenesis phenomenon for a chaotic many-body system: (1) for a few-body
system, there is no dissipation, and thus G#f does not dissipate, i.e. even with ¢ turned
off, the signal will remain in the R-system forever (turning on g only modifies the signal
somewhat). (2) With g # 0, the signal also appears in the L-system. The effect of V' is not
regenesis, more like “double genesis.” The reason is of course trivial: interactions among
degrees of freedom within each subsystem will manage to communicate ¢ to the L-system
through V. (3) The response in the L-system depends sensitively on time, choice of the
specific operator J, the Hamiltonian H™® of the subsystems, and choice of interaction V.

In other words, in a few-body system or an integrable many-body systems, some kind
of signal in the L-system will be generated by turning on V. But it is not “regenesis,” and
the signal will depend on all the specifics of an individual system and the operators used.
In contrast, in chaotic systems, the behavior is universal, independent of all the details.
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3.2.7 A generalization: regenesis between spatially separated
points

With the understanding of the entanglement structure, the set can be trivially generalized
to be between any spatial points. Instead of Wz we could use a one-side spatially shifted
thermal field double state e’ |Wg) where P is the spatial translation operator in either
left or right system. Two choices are equivalent as P+ Prisa symmetry of |Uz), and for
definiteness we take P = Pg. The entangled pair of points for the shifted state are (¢, %)
and (—t,Z — @), and the regenesis is now between them. We will also modify the interaction
V between L and R accordingly, e.g. replacing (3.3) by

V, = O0.(0,0)0x(0, —@) . (3.62)
The story is then exactly same as before, with equation (3.19) becoming

Wa(t,ff; t/, f/) _ <\I/ﬁ‘€—i13R~&'e—igVa JL(t7f)6igVa JR(t/, f/)eiﬁR.dlq/B>

= (Ugle Y JH(t, 2)e T, & + @)|Vs) = W(t, & ¢, T + a) (3.63)

where we have used e~ R4V, etfrd =V

3.3 Explicit computations in large ¢ CFTs

To calculate (3.15) explicitly for a general quantum many-body system is a difficult task.
In [52] it was calculated at leading order in ¢ (i.e. (3.18)) for a (0 + 1)-dimensional
holographic system by summing over scattering diagrams on gravity side. In this paper
we will compute it in (1 + 1)-dimensional CFTs in the large central charge limit, again
restricting to (3.18). This will enable us to obtain the behavior for JE for ¢, ¢, ~ t, which
one could not access using general arguments of Sec. 3.2.

We will take O to be a scalar primary operator with conformal dimension Ap = 2he,
and J to be a scalar operator with dimension Aj; = 2h;. Furthermore, for convenience
of calculation we will consider the regime O(1) ~ hp < hy < c¢. This regime is natural
physically. We do not want the coupling V' to change the UV behavior of the system, i.e.
would like to take it to be a relevant operator, and thus Ap ~ O(1). h; should be much
smaller than c as ¢ is a measure of total number of degrees of freedom of a CFT. In our
calculation we will neglect terms suppressed by % and %‘9 while keeping all dependence
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on h;.” Here we will outline the main steps and results, leaving technical details to
Appendix 3.C. Readers who are only interested in the final expressions can skip this section.

A remark on notation: below all z’s refer to spatial coordinate in (1 + 1)-dimension,
although earlier we have used it as a shorthand for spacetime coordinates.

3.3.1 Some useful expressions

Here we first mention some standard results on two-point functions in the state ¥z for a
two-dimensional CFT, which we will use later. The Wightman function for two J’s in the

o (5)
<JR(t1,x1)JR(t2,x2)>B = T\G (3.64)

<2 cosh (—2”512> — 2cosh <_27‘(t12ﬁ+i612)))A"

where €;5 < 0 assigns the ordering of two J# operators and avoids singularity. The response

same subsystem is given by

function (3.12) is obtained from the imaginary part of (3.64). The two-point function of J’s
from different subsystems is given by

<\Ifg|JL(t1,xl)JR(—tQ,x2)|\I/g> = <JL(t1,x1)JL(t2 —|—iﬁ/2,x2)>ﬁ
e (%)™
(2 cosh (%) + 2 cosh (%))A

where C is a constant and z12 = x; — 2. Note that in (3.64)—(3.65), the correlators decay

(3.65)

exponentially for (¢9,z5) lying outside the region (¢; £ %, == %), as indicated earlier
in (3.14) and (3.24). The form of (3.65) is a manifestation of the entanglement structure
of (3.1) discussed in Sec. 3.2.2: the two systems are entangled in such a way that an
operator inserted at point (—¢,x) in R system is highly correlated with the same operator
inserted in a region of size 2ﬁ around (¢, x) in L system.

Y

Similarly we have

(0(0,2) 0 (0,,)),, — — Com/BI (3.66)

A 2 Ao’
(2 cosh BTij — 2)

"This is slightly more general than the regime discussed in [27], where the limit hy,c — oo with hy/c
fixed was considered. See Appendix 3.C.
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Co(27/B)*e
(UplOF (0,2:) O (0,25) [ Wg) = A5 - (3.67)
<2 cosh 2 —mw + 2)
In our discussion below we will also use the following notations
=\ 280
(W50 (0) O%(0)|Vg) = Co <3> =G. (3.68)

3.3.2 More elaborations on W

Equation (3.19) is the central object that we would like to calculate and analyze. Here
we elaborate a bit further on its structure. We can expand it in an infinite series (for
definiteness using (3.6) as an example)

W (t, z; —t,, ) Z L; n/L (dek> (3.69)

with

W, = (Ug|[vn, [n_1, - [v1, J(t,2)] -+ - ] T (—ts, 2) [¥5), (3.70)
v; = 0(0,2;,)O0%(0,3;) = 0,08, 0, = 0(0, 1) (3.71)

where we have suppressed superscripts L for operators in L system. More explicitly,
Wo = (U] TR W) = <JJ>B, Wy = (U4][01, JJOR TR0, = <[(91, J]j@1>ﬁ, (3.72)
Wy = (U4][0n, [O1, JOROE TR W) = <[og, 0, J]]J62@1>6 (3.73)
W, = <[0n, (O 1, [0, J] -] j@n---@1>ﬁ (3.74)
where we have used (3.23) repeatedly and introduced short-hand notations
J=Jtz), 0:;=00,z), O0;=0(8/2,2), J=Jlt+iB/2,z,). (3.75)

Note that all O’s commute with one another.

3.3.3 Evaluating IW: part I

We will proceed by first evaluating (3.74) and then performing the sum (3.69). The thermal
correlation functions (3.74) are in turn obtained by analytic continuation from those in the
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Euclidean signature. Let us first describe how to compute a multiple-point function of the
form

wy, = (J(ta, Ta)J (ty, 2p) O(t1, 1) - - - Otan, T2n)) (3.76)

in the Euclidean signature, i.e. with all the ¢ = —i7 understood as being pure imaginary.
Following the standard procedure, we first perform a conformal transformation

z = e%ﬁ(ﬁt), = @Y (3.77)

to map the cylinder (7, x) (7 is periodic in 3) to the full complex z plane. Note that for pure
imaginary t, z, Z are complex conjugates of each other, but are independent variables for
general complex t. The calculation of (3.76) on the z-plane is still nontrivial. Fortunately,
in the regime hp < h; < ¢, one could do it by applying techniques developed recently
in [27].

For example, at the level of 4-point function we find that

<JanOIO2>

T o0 = Vv +0 /e ho/d (3.78)

where for notational simplicity we have used the subscripts to denote the positions of
operators, and (@ is defined as u with z’s replaced by z’s)

2,2(1 — )t ho _
V(u) = (a u w 2) y U= 1’ b, 212 = 21 — %2, (3.79)
(1—(1—u)>) Z1a%2b
24h
a=4/1-—". (3.80)
c

More generally, for (3.76) we have

<Ja‘]b01 OQn . Z H 011012>] + O(l/C hO/C) u; = Zi17’i2zab

(Jab) Zil,a%i2
(3.81)
where the sum is over all possible pairings of O’s with (O;1, O;2) denoting the i-th pair. See
Appendix 3.C for details.

all pairings i=1

We now analytically continue the above expressions to Lorentzian signature to
obtain (3.74). Correlation function of Lorentzian operators with a specific ordering can be
obtained from continuation of the corresponding Euclidean correlation function by assigning
appropriate i€’s [70]. For example,

(Ot) - Oty)) = lim (O(t, +ier) - Oty +i€n)), € < < én (3.82)

{€j}—=0
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where the left hand side denotes Lorentzian correlation function of a specified order, while
the right hand side denotes Fuclidean correlation function with the time argument ¢t = —ui7;
for each operator replaced by t = t; + i¢;, and ¢; ordered as indicated. This ie-prescription
instructs how one continues through possible branch cuts encountered when analytically
continuing from imaginary to real times.

Therefore for each term in (3.72)—(3.74) we just need to continue (3.81) by assigning
different orderings of ¢;’s. For example, from (3.78), we find that (recall (3.75))

W, = <(91JJ(51> - <J(91J(7)1> - G<JJ>A(u1, i) (3.83)
where we have used (3.68) and
Auy, ) =V (u)VF (1) — V- (w) V™ (1), (3.84)

with , , ,
e%xl (eiel + 62‘61 ) (eg(ert)JrieJ + e%(ms+ts)+i€J)

Uy = 9

(6%”:;:1%61 . 6%(m+t)+iej)(e%"(xﬁts)ﬂ‘ej . e%xlﬂ'el)
27 27 . 27 o~ (385>
e B (671‘61 + 671'%1)(6?(17)&)716‘] + ef(xsfts)fze‘])

2m

(62%5131*1'61 _ 6?(337t)77:€‘])(e%(xsfts)figj

Uy

. e%xﬁiel) '

In (3.84) VT denotes (3.79) with ordering €; < €; < €; < €1, while V™ denotes (3.79) with
ordering €; < €1 < €5 < €.

For simplicity we will take ¢ty = ¢ and x, = x, which as discussed earlier is the most
relevant case. By tracking the motions of uy, u; as one varies ¢, we can write A(uy, @) more
explicitly as

A(uy,uq) = Vi(ug) — Vao(ur))Vi(uq) (3.86)

where V;(u) and Vs(u) denote respectively the values of (3.79) along the negative real axis
on its first and second sheet (V(u) has a branch cut along (1, +00))

V() = (=29 ! e (3.87)
u) = )
' A—u—(0—u)yert(1-uper)
al—u) 1 2ho
= . . 3.88
Vg(U) ( 1T=u (1 _ u)—a/2€z7ro¢ _ (1 _ u)a/Ze—Mroa) ( )
and for convenience we have slightly redefined uq, 4, as
27 27
4B (t=le—=z1) fe B (tHlz—z1])
Uy = — Py s U = — P — . (389)
(1—eﬁ(t |z x1|)>2 (1_65(t+lm m\))z

The explicit evaluation of (3.86) is given in Appendix 3.C.3.
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3.3.4 Evaluating W: part 11

For general W,,, let us first look at the case of V' given by (3.5), for which

W, — % (H Z) <[(9%7 Oty (O, J] -] j@al...@an> (3.90)

where subscripts denote different types of operators all inserted at ¢,z = 0. Applying (3.81)
to a term obtained by expanding commutators in (3.90), we see that there are two types
of contractions among O’s: two-sided contractions between a O,, and a O,; which are

given by <(9ai (7)%.>5 = Ga,a; (recall (3.68)), and same-sided contractions between O’s (or

between O’s) which are in fact divergent. We will assume that O and O are smeared such
that same-sided contractions are finite. The two-sided contractions can be further separated
into contractions among operators in the same sums or different sums. Note there is an
enhancement factor & if in a sum each O,, is contracted with the corresponding O,, from
the same sum [52]. Thus in the large k limit, this type of contractions will dominate over
all others, including same-sided contractions. Also note that for various terms obtained by
expanding commutators of (3.90) only orderings between O and J matter (all the O and O
commute with one another). We then conclude that to leading order in large k

W, = G"A6‘<JJ> YO(/k) — W= <Jj>e—i9GAo +O(1/k) (3.91)

where Ay = A(ug, ug) with ug, ug obtained by setting 1 = 0 in uy, 4.

At finite k, which includes (3.3) as a special case with k = 1, one has to keep track
of all other contractions, which is very complicated. The detailed derivations are given in
Appendix 3.D. The final result can be written in a form

w=(7J) (1 119Gt 1B 0))_k/2 (1 R "BO))_W (3.92)

k k

where n = H/G and H is defined as <(9ai(’)aj> = <(§a.(’~)%> = H(Saiaj.8 In (3.92) By is

7

given by

Bj = [(V1(p0) — V-1(p0))V1 (o) + (Vi(—p0) — Va(—p0))Vi(—fi0)] Vi (o) Vi (o) (3.93)

8We are assuming that the smearing is such that same-sided contractions of @ and O are the same. There
is no qualitative change if one takes them to be different.
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where V;, V, were given before in (3.87)(3.88), V_; is the corresponding value on —1 sheet,

given by
al—u) 1 2ho
V_ = . ‘ . 3.94
1(U) (m (1 _ u)fa/2efz7ra _ (1 _ u)a/2ez7ra> ( )
In (3.93), the arguments of V-functions are defined as
2i sin ¢ i 2isin ¢ son
Ho = sinh%”(t—]:l:\)—i—%sin%’ Ho = sinh%”(t—l—|x\)+2isin%7 (3.95)

where 0 < € < [ is a regulator which makes same-sided contractions finite. A couple of
further comments on (3.92). In the limit n — oo, W becomes real and thus G is zero in
that limit. In large k limit, By terms cancel out in the exponential and recovers (3.91).

Now finally consider (3.6), which we will take L to be much larger than 3.° The
discussion here is similar to the large k story described above, with the sums over indices
a replaced by integrations over x. The counterpart of k is % In the large % limit we will

need to include contractions between @; and O; which belong to the same integral. Parallel

discussion as (3.91) then leads to leading order in %

L/2

W = <Jj> exp (—% /_L/2 dxy A(u1,01)> : (3.96)

3.4 Analysis of the results

In this section we analyze the expression for W obtained in last section. The main
expressions are (3.91) for (3.5) in the large k limit, (3.92) for (3.5) at any finite k, which
includes (3.3) as a special case (k = 1), and (3.96) for (3.6) in the limit L > 5. A(uq,u)
in those expressions are given by (3.86)—(3.89) with « given by (3.80), and Ay is obtained
from A(uq, 1) by setting z; = 0. By is given by (3.93).

3.4.1 General remarks

We first note that in all cases (i.e. (3.91), (3.92) and (3.96)) W is proportional to

<Jj>ﬁ = (W T (t ) TR (—ty, )| W) (3.97)

9For L comparable or smaller than 3, it is not that different from (3.3).
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which from (3.65) is supported for |t — t5| < ﬁw and |z — x4 < % As commented earlier
that the form of (3.65) is in turn determined by the entanglement structure of thermal field
double state |Wg). Thus possible spacetime points (¢, ) to which one could send signal
from (—ts, x,) is determined by the entanglement structure with % characterizing the size
of the window for possible nonzero signal. Now consider (3.17) which we copy here for

convenience,

<JL(t,x)>(p = /dtsdars GM(t, z; —t, 2) " (—ts, 5) (3.98)

Since GFF(t, z;t,, x,) oc ImW falls off rapidly outside the window [t — #,| < £ and
|lr — x| < %, for sources (¢, z) which are slowly varying in spacetime at the scale of %

we can approximate (3.98) as
(JE(t @), = GHE(t 2t 2) " (—t, @) (3.99)

where GF(t, x; —t, x) is obtained by averaging G*f(t, z; —t,, z) in (¢, z,) over the region
defined by |t — t5| < % and |z — x| < % Below without loss of qualitative features,

instead of considering the averaged G*%(t, z; —t, ), we will simply examine the behavior of
GLE(t, z; —t,, x,) for t, = t and z, = z. In this case we then have

<Jj>5 _eH (%)mJ —q,. (3.100)

One interesting feature of (3.99) is that signals which are sent earlier in the R systems
appear later in the L system, which is of course a direct consequence of the entanglement
structure discussed in Sec. 3.2.2.

Also notice that in (3.91), (3.92) and (3.96), the coupling g always comes with G, which
is the (maximal) correlation between O and OF as following from (3.67). This is due
to interactions (3.3), (3.5)—(3.6) are between OF and OF inserted at entangled spacetime
points. Were we to couple OF and OF at general spatial locations or times, then one
effectively diminishes the value of GG, and weakens the effects of V. Below we will use

geit = 9G (3.101)

which may be interpreted as the effective coupling between two systems.

For notational simplicity we will write G(t, z; —t, ) as G*E(t,x), and then
from (3.18) we find for (3.91)

GLR(t, x) = 2G jedm ™A gin (gq ReAy) (3.102)
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and for (3.96)
GLE(t, x) = 2G e M4 5in (gg ReA) (3.103)

with :
A= —/2 dzy Aur, @) - (3.104)

SISl

The expression of GL® for (3.3) can be straightforward obtained by taking the imaginary
part of (3.92) with £ = 1, but the formal expression is not very illuminating, so we will not
write it explicitly.

Now recall that A is the normalized four-point function

(00, 21), J(t, 2)]J(t +iB/2,2)O(if/2, 11)) 5
(0(0,21)0(i5/2, 1)) 5 (J (L, ) J (t +15/2,2)) 5

with Ay are given by setting x; to zero. The commutator upstairs is the difference between
<(9Jj0>ﬁ and <J(9JO>5, with the latter one being an OTOC. It has been known from

A(Ul,ﬂl) == (3105)

previous discussion in [64] that as t — oo the OTOC <JOJO>B goes to zero, while

<OJJ~O>5 factorizes into <O@>B<Jj>ﬁ and thus

A—1, t— o0 (3.106)
which can also be checked explicitly from (3.86).1° We then find that GE¥ goes a constant,

e.g. for (3.102)-(3.103)
GH(t — 00, z) = 2G 7 sin geg - (3.107)

Similarly for (3.92) we find as t — oo, By — v/2, and thus

W(t — oo,z) =Gy <1+M>

k k
2 2

(1 + M) 7 . (3.108)

Note that while (3.107) is oscillatory in geg with period 2w, for k = 1 it is not, and goes to
Zero as geff for large ge.

From (3.99) we then find that in all cases

(JH(t @), =~ Clg) "(—t,2),  t =00, (3.109)

ONote as t — oo, uy, iy — 0 and we find V;(u) — 1, Va(u) — 0.
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with C'(g) a constant, which is consistent with (3.31)-(3.32) deduced on general ground.

We will now proceed to understand the behavior of GX® at general times in more
detail.

3.4.2 A scaling limit

Based on general discussion of Sec. 3.2 we expect the nontrivial behavior of G*% to arise
when ¢ becomes of order of the scrambling time ¢, which for a CF'T at large c is proportional
to log ¢ [64]. Since in general we do not expect = — 1 to scale with ¢, thus for values of ¢ of
interest we should have ¢ > |z — x;| for which

uy e —de s CHHEmmD o g e Ol (3.110)
Denoting V) o(u) = Uy »(u)?" and expanding in small u we find from (3.87)
Ur(u) =14+ 0(u?) . (3.111)

We are interested in hy < ¢, i.e. a =~ 1. It can be readily checked all the coefficients of
higher powers of u in U; going to zero as « — 1 (U; = 1 for a = 1). Expanding for small
u; < 0 in Uy we find from (3.88) that

aluy | alug [*(—i + acot Ta)

U2<u1) =

= 3.112
2isin To 4sin oy ( )

Now we notice that as a — 1, each coefficient becomes singular. There is a scaling regime
27 (1 —
w—0, a—=1l Q= % — finite (3.113)
Uy

in which one can resum the whole series (3.112)

Us(uy) = +0(1/c) (3.114)

141iQ

(@ can be written more explicitly as

where we have introduced

t=t4+t,—t, t.=
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We then find
1

1+iQ

Alw, @) =1 — ( )Zho +0(1/c) . (3.117)

Similarly, in the scaling limit, from (3.93) we find B, can be written as

SirllﬁQ(J) (1+0(1/e)), Qo=Q(z1=0). (3.118)

Bi =2 1—<1+
B

Note that in contrast to A(uy,@;) and Ay, By is always real.

In the large ¢ limit, ¢, > t;, |x — 1], the scaling limit helps us to focus on the time
scale t ~ t, during which @ is O(1) (in terms of large ¢ scaling) and the commutator (3.105)
between generic few-body operators O and J becomes sizable. This defines t, as the
scrambling time.

Note that it is curious that at leading order in (3.117)—(3.118) the only dependence on
hj is through a time shift ¢;.

3.4.3 Three regimes of G

Let us now look at the behavior of G more closely, using (3.102) for (3.5) as the main
example, and will comment on the differences at finite k. Equation (3.103) for (3.6) will be
discussed in next subsection.

At leading order in 1/¢, A has simple dependence on @) which in turn is given by a
simple exponential. So the behavior of (3.102) is straightforward to obtain. One immediate
thing to notice is that G is a function of ¢ — |z| only. From (3.99), points with the same
t — |x| then get multiplied by the same factor in going from source to signal. The behavior
of A and G can be separated into three distinct regimes:

1. Sub-scrambling regime: for ¢t — |z| < t. — t; (i.e. t — |z| large and negative) we have
Q < 1 and!!

247h :
Aozh@<2@'+ il "(1+Z
C T

—)) e T L ho(1+42he)e 7 40 (3.119)

"Note that the first term is not pure imaginary when including h;/c corrections.
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and
247h J

GLR — 2G ; getho ( e%’r(tflwl) + (1 + Qho)e?(t$|)> N (3_120)

Note that (3.119) is exponentially increasing with time with Lyapunov exponent %’r
and butterfly velocity vg = 1 [64], but the leading behavior is pure imaginary and
does not contribute to G¥¥. In this regime, the signal one sent in at time —t just
started getting scrambled before we set up the communication channel V' at time 0.
The signal is very weak in this regime and can be considered as being approximately
zero for practical purpose. GEF for a finite k has very similar behavior.

. Transition regime: for a narrow window of size % around ¢ — |z| = t, — t;, both real
and imaginary parts of Ay are O(1), and G also becomes O(1). In this window, the
exponential factor e9#™40 in (3.102) can enhance the magnitude of G significantly
when g.g has the right sign and not too small. Note as can be explicitly checked from
the expression of Ay (see Fig. 3.5(a) for an example), for Ap ~ O(1), ImA, is always
positive and smaller than 1.'> Thus enhancement requires g to be positive. See

Fig. 3.5(b) for some examples.

In contrast, at a finite &k including the case for (3.3), from the imaginary part of (3.92)
we find there is no enhancement in the transition region for generic values of regulation
parameter € ~ O(f3). See Fig. 3.5(c) for some examples.

One may understand the exponential enhancement in the large k limit as coming from
constructive interference of different channels.

. Stable regime: as we further increase ¢ beyond the transition regime, i.e. for
t —|z| > t. —t; (t — |z| large and positive), @ quickly grows to be @ > 1, for which
Ay approaches to 1 exponentially (quasi-normal behavior)

. 4mh
Ag = 1 — e~thome==52 (el (3.121)

and for GF® we have
41rh(9

G (t,2) = GH(t = 00) + O(e™ 5

(=lly (3.122)

To conclude this subsection we should emphasize that the regimes described above are not

evolutions; they correspond to different types of behavior when we vary the time separation
between the time of turning on the source and the time we turn on interaction V' between

L and R systems.

2From (3.117), Im Ay is proportional to sin(2ho arctan Q). Since the value of @ ranges between 0 and
00, Im Ay is always positive for hp < 1. For any relevant V', ho is within this range.
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3.4.4 Multiple channel from integration

Let us now examine the behavior of (3.103)—(3.104). We will consider ¢, > L > ( as for
L < [ the story is essentially the same as that of single-channel. There are some new
elements in (3.103) compared with (3.102). Firstly due to the integration over z;, G is
no longer a function of ¢ — |z| only. Secondly, as we will see the transition regime can be
significantly lengthened.

For illustration let us consider z = 0 for which we have to leading order in 1/¢

2 % 1 2ho 21(:‘_361)

The sub-scrambling regime is for t < 0 such that Q(z;) is exponentially small for the whole
integration range. The stable regime is for t > %, for which Q(z) is exponentially large
for the whole integration range. The behavior of A for these regimes is completely parallel
to the corresponding regimes of Ay discussed in last subsection (with only differences in
some constant prefactors), and thus the behavior of G is also parallel to those of (3.102).
Things are more interesting for t in the window t € (0,%) (i.e. t € (t, —t;,t. —t; + L)) for
which as x; changes from 0 to L, Q(z;) varies from exponentially large to exponentially
small.'”® To find A for such values of t we note that (3.123) can in fact be exactly integrated,
yielding

1 1

B 2ho,1—2ho | — B <— %o, 1 — ZhO) (3.124)
(Q(%) ) Q0)

where B(x,a,b) is the incomplete beta function. Using that Q(0) is exponentially large and

Q(%) exponentially small we find that

2 B B
—(t — — 4+ 3.125
A—)L(+002W>+22L—|— ( )
where ¢ is a numerical constant. This behavior is extremely simple with linear dependence

on t and a constant imaginary part, leading to

Yeff 2 e
GIR(t, 2 = 0) = 2G e "3 sin ( gLff (t+ 002£>) , te(0,L/2). (3.126)
m

Thus we see that for (3.103), the size of transition regime is extended to a region of size %

(in contrast to % for (3.102)), but the imaginary part of A is down by an order % compared

13We will be concerned about t’s in the middle of the window (0, é), i.e. not close to either edges.
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GR
0.3

Figure 3.5: (a) Plots of real (blue) and imaginary (yellow) part of Ay for Ap = 8/9. The
horizontal axis is y = %”(t — |z|). (b) Plots G for (3.102) for two values of geg: blue for
get = 2 and yellow for geg = 5. (c) Plots of GE for k =1 in (3.92) with e = 3/2 in (3.118).
Blue is for g.g = 2 and yellow is for geg = 5.
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Figure 3.6: Plots of A and G in various cases. We take hp = 4/9, 8 =21, A; = 2h; =
10, z = 2, =0, hy/c = 1071, Plots (al) and (a2) are respectively real and imaginary parts
of A(t) with gog = 3. Blue, yellow, green, red curves are for L/2 =5, 10, 15, 20 respectively,
and the gray dashed lines are 3/(2L) = w/L. Plots (bl) and (b2) are respectively GL¥(¢,t, =
t) with geg = 3 and geg = 10. Blue, yellow, green, red curves are for L/2 = 5, 10, 15, 20
and gray lines are asymptotic values 2sin(geg) for large t. In (c1) and (c2) we plot GLE(t, t,)
as a function of ¢ for different ¢y, with gg = 10. For (c1) L/2 = 5 and for (c2) L/2 = 15.
Blue, yellow, green and red curves are for t, = t, + 3, t. + 8, t,. + 13, t, + 18 respectively.
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with Ag. Thus while the resonant enhancement is extended to a much larger range of time
period, the enhancement effect is more moderated. See Fig. 3.6 for various numerical plots
of A and the corresponding G**.

The behavior for general x is qualitatively similar. The only difference is that the
transition regime is now from t, + 0(|x| — L/2)(|z| — L/2) to t. + L/2 + |z| , which has
maximal length of L when |z| > L/2. Here 6(x) is step function. See Fig. 3.7. Finally let
us note that when L — oo, the behavior (3.125)—(3.126) will last forever and one never
reaches the stable regime.

3.4.5 Robustness of regenesis from CFT calculations

We now turn to the explicit calculation of (3.51) for CFTs in the large ¢ limit. For simplicity
we will take ¢, =t and consider the regime ¢ > A, > A; > Ap ~ O(1), for which we will
be able to confirm explicitly the conclusion of Sec. 3.2.5. We will present only the results
here leaving details to Appendix 3.E.

For simplicity we will consider only (3.5) in the large & limit and (3.6) when L > f.
For these cases we find

W, (t; to) — T 1) X exp —igeffgo(tto)fio(t,to)) large k

: o L ; (3.127)
<J,]> exp | — et _L/Qd:clQ(t,to;:vl)A(t,tg;ml)> large L

where for notational simplicity we have suppressed x,zy in the arguments of various
functions. Function Ay(t,to) is obtained from A(t,to;x1) by setting 1 = 0 and Gy is
obtained from G in the same way.

By comparing (3.127) with (3.91) and (3.96), we see that the following three differences
between the corresponding expressions for (3.50) and Wz which reflect three distinct aspects
how an insertion of v in Wy affects the regenesis phenomenon :

1. The prefact factor <J J > is multiplied by another function J, which modifies

correlation between JL(¢, z) and J(—t,x).

2. the effective coupling g.g is multiplied by a function G, which modifies correlation
between OX(0) and OF(0) and thus the effective coupling between L and R systems.

3. the function A is replaced by another function A which reflects how “interactions”
between O and J operators are modified due to presence of ~.
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Note that item (1) and (2) can be interpreted as coming from modification of the
entanglement structure of Wg.

Now let us look at the explicit expressions of 7,G and A. Note that if the spatial
location xq is sufficiently far away, e.g. if |xg — x| > t — tg, clearly from causality 7 cannot
have any effect on J. Similar statement applies to O. Now from Appendix 3.FE we find that
(assuming x — z is much smaller than ¢,)

2h —2hs 2

J(t,z5to, 20) = (1 + _’YQJ) ; Qg = 7 =tol=tmlro=al) (3.128)
€y

where €., is a UV regulator need to make (3.50) normalizable. Note that J < 1, and J — 0

when |t — to| > t. as anticipated in (3.53). From Appendix 3.E, G has the form

2y 0\ 22 (fol b leo 1)

gG=|1+—Q, ; Q1 = e s OO (3.129)
€y

Again G < 1 and we see that G — 0, and thus the effective coupling is destroyed, when

|to| > t., which confirms the expectation (3.54).

The behavior of A is much more difficult to work out explicitly. This is also easy to
understand physically: to see how the presence of v modifies “interactions” between O
and J is warranted to be complicated in a strongly interacting system. Fortunately the
conclusion does not depend on the detailed form A. We expect A ~ A if |to| < t, and
|t —to] < t., i.e. the effect of 7y on J — O correlation functions will be small if v excitation
does not have enough time to grow. Outside this region, the form of A is expected to be
complicated, but we do not really care as from (3.53)—(3.54) and (3.128)—(3.129), outside
this region, the correlations between two systems already become too weak to have the
regenesis phenomenon.

3.5 Gravity interpretation

In this section we compare with the gravity discussion of [31, 52| and discuss implications
of our results for wormhole physics in the context of holography. Other recent papers on
traversable wormholes from gravity perspective include [50, 4, 49, 17, 30]. Note that our
two-dimensional CF'T calculation in the large ¢ limit may be considered as describing a
BTZ black hole.

In the gravity description, thermal field double (3.1) is described by an eternal black
hole which has two asymptotic boundaries connected by a non-traversable wormhole (see
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Figure 3.7: The sub-scrambling, transition, and stable regions for different values of x

for (3.96).

(a) (b)

Figure 3.8: (a): Penrose diagram of an eternal black hole. The two boundaries are causally
disconnected. (b): in the picture of [31, 52], presence of V' deforms the bulk geometry,
especially the causal structure, allowing signals to pass from right to left, now following a
timelike geodesic.
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Fig. 3.8(a)). The regenesis phenomenon corresponds to the statement that with a coupling
like (3.3), one could send signals between two boundaries, i.e. the wormhole becomes
traversable.

Turning on the source ! for a short time on the right boundary generates bulk
excitations dual to J. These excitations fall toward and are absorbed by the black hole
membrane, which corresponds to the dissipation of <J R>. The process happens very fast,
with time of order O(f), as also seen in our earlier CFT calculation. When we briefly
couple the two boundaries at ¢ = 0, the physical picture of [31, 52| is that, the interaction
V' deforms the bulk geometry, especially the causal structure, making the wormhole
traversable, as indicated in Fig. 3.8(b). It is important in the discussion of [31] that only
one sign of the coupling g, i.e. ¢ > 0 which generates negative bulk energy, allows for the
traversability.

Below we will first compare our CFT results with that of [52] obtained from gravity
scatterings. We then discuss implications of the regenesis phenomenon on gravity side.
In particular, we will argue that there are other scenarios for wormhole traversability in
addition to that suggested by Fig. 3.8(b). For example, the regime for ¢5 > ¢, should
correspond to a “quantum traversable wormhole.”

3.5.1 Explicit comparison with gravity results
Here we compare our explicit expression for W calculated from two-dimensional CFTs with

that of [52] calculated for a (0 4 1)-dimensional boundary theory from gravity. By using
graviton scattering amplitudes between JJ and OO near horizon, for V' given by (3.5) they

GLR(t’ts) GLR(Lts)
1.2
1.0 0.03
0.8
06 0.02
04 0.01
0.2 \
_ t t
20 25 30 35 20 25 30 35

(a) (b)

Figure 3.9: Plot of GIE(t,t,) as a function of ¢ for fixed t,. In (a) we choose A; =
Ap = 4/9, in (b) we enlarge Ay as A; = 3. Blue, yellow, green and red curves are for
to=t.+0.5, t.+3.5, t.+6.5, t. +9.5.
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derived the following expression for W (below 5 has been set to 27, and we have rescaled p
and used notations introduced in Sec. 3.4.1)

—i 7 (_i)2AJ /OO 2A;—1 i LGeft
t, —tg) = e et d J p 7 1
Wit —ts) = e <JJ>[3F<2AJ> o TP T (1+.p@>“0 (8130)
2A

where p is a bulk momentum of the J-quantum, and

27, thte
<Jj>5 - <;) , _ 26y _c . (3.131)

2 cosh % &  cosh %

QO

To compare (3.130) with our results, it is convenient to deform the integral contour to
be along the imaginary p axis from 0 to ico (note the integral along the arc from +ico to
+o00o vanishes). We then find (after a scaling p — ip) for t; =t

W(t) = Gjﬂ /oo dpp**7 e P exp et 5 (3.132)
F(QAJ) 0 <1+ z‘pQ) ©
2A 5

where

G
ty=logAy, t,=log— . (3.133)

G, =272 Q= Q|t7t — AsGy et — pttts—ts
Y —ls 8

8 )

Let us now consider A large. Assuming the exponential factor involving geg in (3.132)
is slowly varying in p we can approximate the factor p?*/~!e~? in the integrand of (3.132),
which is a Poisson distribution by Gaussian distribution with center value

and variance v/2A ;. Evaluated at (3.134), equation (3.132) becomes

200
W(t) = Gyexp [—z’geff (1 — (1 %—12@) )] , (3.135)

which has exactly the same form as (3.91) with Ay given by (3.117) (with z = z; = 0)."
To make sure our Gaussian approximation is valid, we need the exponential term involving

gerr in (3.130) to be slowly varying within the variance of the Gaussian distribution, i.e.

N
FMZ0 0|1 +iQ| 220 < 1, (3.136)

VA,

“ho and hy in our (1+41)-dimensional expressions are replaced respectively here in (0+1)-dimension by
Ao and AJ.
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The above equation is satisfied for all values of () if

getho < /A (3.137)

Our CFT calculation was performed for A; > Ap ~ O(1) with ¢ independent of A, so is
consistent.

For A; ~ Ap ~ O(1), while we do not have explicit counterpart from CFT calculation,
equation (3.130) is consistent with various general features we discussed earlier. For
example, in the limit ¢,¢, — oo, it reduces to (3.30). Another important aspect of our
discussion is the reversed time ordering between the input signal ¢ and output signal <J L >
as indicated for example in (3.99). It can be checked that (3.130) also has this property, as
can be seen explicitly from the plots of the resulting G** in Fig. 3.9.

3.5.2 A semi-classical regime

We now elaborate on a “semi-classical” regime of (3.130) which was identified in [52].1°
Consider smearing J-operator so that its high energy component is suppressed. One can
2

represent such a smearing by inserting a Gaussian factor " 22 in the momentum integral
of (3.130). Then one finds that, in the large geg limit (with o and Ay, Ap ~ O(1) fixed),
there exists a regime corresponding to the picture of Fig. 3.8(b).

More explicitly, consider expanding in @ in the exponent of (3.130)

~ N\ —2A0
pQ A(f) N A@(QA(’)‘Fl) 2 A2
14+ 22 —1-=9 S M 1
( +2:J> JpQ—l— A2 p°Q° + (3.138)

and keeping only the linear term in Q Equation (3.130) can then be approximated by

7 (_i)QAJ /OO 9N, -1 _ipX— o Get Do A
W, (t, —t,) ~ dp ¥t —dm X =1 - . 1
(t, 1) = (J7) rQAy) S, PP ¢ A, ¢ (3.139)

Note that the prefactor e " has now been canceled. Without the Gaussian factor
in (3.139), the integral in (3.139) would yield

~ 1 1
JJ)y——--=-—- =G — 3.140
< > (X +ie)?As J (cosh t—2ts . geﬂAoe%—t*)ZAJ ( )

15See Appendix B.1 there. We than Douglas Stanford and Zhenbin Yang for clarifications.
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which has a “light-cone” singularity at

t— s

— guiloe T o b=t =t, —log (2A0g — € 7). (3.141)

cosh

Thus we can view (3.139) as the propagator of a smeared field in a spacetime where points
on two boundaries satisfying (3.141) are connected by light rays, as indicated in Fig 3.8 (b).

Let us make some further remarks:

1. For the approximation in (3.139) to be valid, we need for the range of p allowed by
the Gaussian factor, the terms of O(Q?) and higher in (3.138) are suppressed, i.e.

Qo Get Ao A Gt NG A Ao 4 1

— K 1, o>1, r)r«l — << —UKLK

Ay Ay @ A?; (Q ) Geft O AJQ Jeff O
(3.142)

Equation (3.141) (which corresponds to %Q = 1) lies within the range (3.142)
provided that (recall we have § = 27 which sets the unit)

Voer > 0> 1. (3.143)

2. Note that equation (3.141) has a solution only for g.g > 0 and

ts Z te — log(QAogeﬁ‘) = tc (3144)
dt

a—in > 0

when (3.144) is satisfied, which means the light-cone structure is such that the earlier

and for ¢, satisfying (3.144), a corresponding t;(¢s) always exists. Note

a signal (smaller —t;) is sent, the earlier (smaller ¢;) the arrival of the signal at the
other boundary. In particular, as —t;, — —oo, t;(ts) — t. which is the earliest possible
arrival time, and as —t; — —t,, t;(t;) — +o0.

This is consistent with the heuristic picture of Fig. 3.8(b), but is sharply different
from the behavior exhibited in (3.135) or for general Ap, Ay, ger, for which the signal
sent from —t, arrives at t ~ t,. We contrast these two different types of behavior in
Fig. 3.10.

3. For 0 ~ /geg or larger, terms with quadratic and higher powers in Q in the

expansion of (1 + %)_MO become important. Note since Q x G, these terms may
be understood as due to backreaction of J-quanta on the geometry. Without the

2
. _ .
momentum suppression factor e 202 (i.e. o — 0), such backreactions are always
important.
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3.5.3 Old cats never die

Connecting the boundary and bulk pictures for the regenesis phenomenon in the
semi-classical regime discussed in the last subsection raises leads to a rather amusing

scenario.

To make the contrast of the two pictures a bit sharper, let us imagine by turning
on o' we create a “cat,” which contains only “low energy” constituents compared
with the coupling geg which we will eventually turn on (i.e. with their bulk momenta
satisfying (3.143)). From the boundary picture, the cat lives for a while, but eventually
her body gets more and more scrambled with the environment. We wait until her body is
fully scrambled, turn on the interaction gV'. From normal standards, it should be safe to
say by this time the cat has long died (in other words, her body should have long been
decomposed). From the genesis phenomenon, after another scrambling time, the cat is
reborn in the other universe. As emphasized in the Introduction this process requires
extreme fine tuning of the initial state at the time we created the cat.

Now let us refer to the bulk dual of the cat as the bulk cat, which we suppose is also
a living object. Then in the bulk picture, the bulk cat travels in the deformed geometry

716 just sailing through the bulk geometry.

created by the interaction gV'. She never “dies
The journey should be smooth as no regions of large curvature will be encountered. In
this picture, the reborn cat simply corresponds to the arrival of the bulk cat through

a wormhole. In fact if she travels close to the light cone, the proper time that the cat

experiences might not be too long.

From the holographic duality, these two pictures must be equivalent. In particular,
since all boundary events should have a bulk version, the bulk cat should be able to “see”
her own funeral on the boundary. This is the bulk way to say that the regenesis cat in fact
contains the “memory” of her previous life.

3.5.4 Quantum traversable wormbholes

In Sec. 3.5.2 we discussed in detail that the semi-classical scenario of Fig 3.8(b) corresponds
to the parameter region of (3.143) and k — oo, as well as the ranges of ¢, ¢, satisfying (3.142).
Outside these parameter regions, how do we interpret the traversability of a wormhole?

Here we offer some qualitative discussions by combining the general discussion of Sec. 3.2,

6By dying here we refer to something a bit more general, i.e. the body remains as a whole.
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the explicit CFT results of Sec. 3.4, as well as discussion of (3.130). One can identify the
following different physical scenarios/regimes:

1. A most straightforward scenario is that the picture of Fig. 3.8(b) still qualitatively
applies, but with the deformed geometry interpreted as including both effects of
gV and the backreaction of J itself. Since the deformed geometry now depends on
the quanta propagating through it, strictly speaking, one can no longer talk about
a background causal structure as in the case of a linear wave moving in a fixed
geometry. Nevertheless, the essential physics picture remains qualitatively similar.
So we will still refer to this scenario as the semi-classical scenario. For example,
consider (32.130) (which is & — oo limit) with a large ge and a momentum suppression

factor 6_2%, and slowly increase o beyond the range of (3.143). As we increase o, the

backreactions of J become more and more important. One should be able to include

them perturbatively, say first including the Q2 term in (3.138) but neglecting higher

order terms, and then the Q3 term, and so on.!7

2. When t ~ t, > t,, the traversability should arise from a distinct physical picture from
that of Fig. 3.8(b). In this regime, independent of the details of any theory (and for
general g,k and V'), we discussed in Sec. 3.2 that the sole effect of gV is to generate
a complex factor in W proportional to <e_igv> with no dependence on the quantum
numbers of J at all. There is no scattering between J and O quanta. For a CFT, the
conclusion also does not depend on the large ¢ limit (as far as the theory is chaotic).

Let us also highlight some features which are sharply different from those of the
semi-classical regime discussed above:

(a) Even in the k& — oo limit, the regenesis phenomenon, and thus traversability of
the wormhole, does not depend on the sign of g, while the semi-classical scenario
of item 1 requires g > 0 [31].

(b) Regardless of the bulk geometry, the form of V| and details of how the signal is
sent (i.e. its energy and direction etc.), a bulk signal departing from (—t,, &) from
the R boundary can only arrive on the L boundary at (¢4, 7).!® See Fig. 3.10. As

1"Tn the limit o — 0o (or o > gesr), one finds that for certain range of ¢ around ¢, the integral is dominated
by the contribution of a (real) saddle-point with psaddie X get (see Appendix B of [52]). Such a saddle point
may have an interpretation in terms of bulk Einstein equations.

18 Again we are treating relaxation time scales as microscopic.
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emphasized in Sec. 3.2.2, the pairing of (ts,Z) and (—ts, ) is solely determined
by the entanglement structure of the thermal field double state (3.1).

Thus the traversability for this regime does not appear to be associated with any
spacetime causal structure at all, and is in a sense driven by entanglement. In other
words, one has a “quantum traversable wormhole.”

We do not yet have a precise way to characterize the “quantum geometry” associate
with such a traversable wormhole. Here we offer some preliminary thoughts.
Heuristically, the transmission of a signal from the R to L boundary feels like a
tunneling process across the horizon mediated by gV interaction. Directly translating
the discussion of Sec. 3.2.3 to the bulk gives the following picture. Consider first

g = 0, for which the wormhole in non-traversable. Nevertheless, the bulk Wightman
and Feynman functions between L and R for the bulk field dual to J is nonzero. We
may interpret the vanishing of ([JX, J¥]) = (JEJ®) — (JRJL) as perfect destructive
interference between the process of a wvirtual particle traveling from R to L, and the
mirror process of traveling from L to R, as indicated in the left plot of Fig. 3.3.
Turning on a nonzero g gives a phase shift to each propagator, and in general the
destructive inference is no longer perfect, resulting propagation of real particles. See
right plot of Fig. 3.3. In (3.107) we saw that G is periodic in g.g, thus as one dials
the value of g, perfect destructive interference can be again reached at various special
values.

3. Now for general k, g and o, and t,t, ~ t,, the picture is no longer so sharp. There is a
continuous spectrum in going from the semi-classical regime of item 1 to the quantum
regime of item 2.

For example, for large, but finite k, while the bulk stress tensor induced from turning
on V will have a finite spread, for ges, o satisfying (3.143), we expect the physics
should still be close to the semi-classical picture.

On the other hand, for (3.91) and (3.102) (or its (0 + 1)-dimensional counter-
part (3.135)), both feature (a) and (b) listed in item 2 also apply. So it appears
reasonable to expect the traversability is governed by the mechanism of item 2
except that in general there are also scatterings between J and O involved. Note
that from (3.130), equation (3.135) is obtained from a pure imaginary “saddle”
Psaddle = 122 7, which also suggests that the underlying physics cannot be understood
straightforwardly in terms of classical scatterings of O and .J quanta.’

2
19 Also note that once one adds the Gaussian suppression factor e 37 to (3.130), one can no longer deform
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3.6 Discussions and future directions

In this paper we presented a general argument for the regenesis phenomenon in a many-body
chaotic system and studied it in detail in two-dimensional CFTs in the large central charge
limit. We also discussed the implications of these field theory results for wormhole physics.

Here we end with some further discussion, including future directions:

1. Teleportation?

As discussed in [31, 52] (see also [75]), the coupling V' between L and R system is
reminiscent of the operations in a teleportation process. During the time evolution
of the system, the effect of having the gV §(t = 0) term in the Hamiltonian can be
considered as being equivalent to the process of performing some measurements in the
R system, communicating the results to the L system, and then performing operations
on the L system. But we would like to stress that the regenesis phenomenon is in fact
very different from quantum teleportation in the usual sense. In teleportation one
would like to send an unknown state to another party. Here while the signal from the
R system re-appears in the L system, in general there is no state teleportation. It can
be readily checked in the qubit model of Sec. 3.2.6 that general HX® and coupling
V', do not implement teleportation of a state. Thus the regenesis phenomenon can at
most be considered as a “signal teleportation”. This conclusion is also supported by
the discussion of [75] that the operation for a state teleportation involve a much larger
complexity than that of the regenesis setup. As emphasized in [52] the regenesis setup
also shares some similarities with that of Hayden-Preskill [37], but as we emphasized
in the Introduction regenesis requires extra fine tuning in the preparation of the
initial state. Thus for Hayden-Preskill, the decoding requires much higher level of
complexity [86].

It is an interesting question for further study, say if one wants to send some known
signals (one knows the input signal ¢ one is applying) from R to L, whether the

current protocol is an efficient one (see [7] for a discussion of treating the wormhole
setup as a quantum channel).

2. Nature of quantum traversable wormholes

the contour to imaginary p, which also indirectly suggests that (3.139) and (3.135) are controlled by very
different physics.
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It is important to have a more precise bulk picture for “quantum traversable
wormholes” which we argued in Sec. 3.5.4. In particular, it would be ideal to have a
real-time evolution picture for it.

Equation (3.36) can be reproduced from (3.15) by replacing ® of (3.16) by

|®) ~ a* |Ug) + UM |¥s). Note that this cannot be a true identity as the right
hand side does not have the right normalization (and it does not reproduce (3.34)).
Nevertheless, this expression is suggestive as it indicates that ® is a superposition of
two macroscopic states, one from acting U® on TFD, while the other corresponding
to multiplying a TFD by a complex number. Equation (3.36), and thus traversability,
arises from interference between them. How should we think the bulk geometry
corresponding to ®7 Is there a firewall at the horizon?

3. Other systems

It is clearly of interest to study this phenomenon in other systems like spin chains
or using random unitary circuits (see e.g. [59]) which have generated lots of insights
into chaotic systems. Note that since regenesis concerns with time scales of order
the scrambling time, thus it should be insensitive to the early time behavior such as
whether the system has a nonzero Lyapunov exponent.

4. Using effective field theories (EFTs)

The computation of the behavior GI® in the transition regime (i.e. for t, ~ t,)

in two-dimensional CFTs is rather complicated and technical even in the large ¢
limit. While there are reasons to believe that the qualitative behavior we obtained
should apply to generic chaotic systems, it would be good to understand it in a
system-independent way. Recently a class of EF'Ts which aims to capture scrambling
of general operators in chaotic systems (at least for those close to being maximally
chaotic) has been proposed in [12]. In particular, the EFT for two-dimensional
CFT in the large ¢ limit has been obtained in [20, 35]. The EFT approach could
provide a simpler and system-independent way to study many aspects of the regenesis
phenomenon and wormhole physics. We will leave this for future investigation.

5. Ezxperimental realizations

It would be interesting to observe the regenesis phenomenon experimentally. For
example, one could imagine setting up the protocol in bilayer graphene or quantum
hall systems. Experimentally realizing a thermal field double state in a many-body

20We thank J. Maldacena, D. Stanford and Z. Yang for this observation.
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system appears difficult.?! If one could realize (3.1), to fine tune the state at t = —t,
is similar to realizing an OTOC, as one needs to run the system “backward” in time,
turn on the source, and then move forward in time. Recently there has been significant
progress in realizing OTOCs in the lab (see e.g. [33]), so perhaps such tuning is not
that far-fetched. In the spirit of ER = EPR [54], realizing regenesis experimentally
may be interpreted as creating a quantum traversable wormhole in the lab!
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3.A Linear responses

Consider perturbing a system by
H = Hy+ Hy(t) = Hy+ H () + HP (1) (3.145)

where subscripts S denote the Schrodinger picture operators. More explicitly
HY = _g / BEf (1, F)OHF)OR (), HP — — / BTGPt F)TR(F) | (3.146)

We will take the support of f(t,¥) to be around ¢ = 0 and that for ¢®(¢, %) to be around
some —t; < 0. The two functions can be considered to have no overlap.

We take the system at ¢t = —oo to be given by some state py, and consider Hg going to
zero at t — Foo (as well as at spatial infinity). Now let us consider the expectation value

21Perhaps discussions in [48, 50] could be relevant.
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for some operator A

(A) = Tr(p(t, to)As) = Tr(poAn(t, to)) (3.147)

where
p(t, to) = U(t, to)poUT<t, to), AH<t, to) = UT(t, to)AU(t, to), to — —00 (3148)

and U(t, 1) is the evolution operator under the full Hamiltonian H,

t
Ul(t,tg) = T exp (—2/ ds H(s)> : (3.149)
to
Below we will use
A(t, tg) = eHloli=to) ggiHo(i=to) (3.150)

to denote the Heisenberg operator associated with Hy with reference time ¢y, and A(t) to
denote the Heisenberg operator with ¢y set to zero.

Using the standard interaction picture technique we can write

t
Ut tg) = e HOE=O 7 (¢ 1), Ur(t, tg) = T exp (—z/ ds H’(s,to)) (3.151)
to
where
H'(t, tg) = efolt=to) g ()e~Holt=to) — g (¢ 1) + HA(t, 1) , (3.152)
where

H(l) (ta tO) =—9g / dgff(ta f)OL(tv tO)OR(t7 tO)v H(z)(ta tU) = / dgfng(tv f)JR(ta tO) :
(3.153)
We consider to linear order in H, while to full nonlinear order in Hy, i.e.

t t
Up(t,to) = Uy(t, to) (1 —z'/ ds H@)(s,to)) . Up(t,to) = Texp (—z/ ds H(l)(s,to))
t t,
’ ' (3.154)
where we have used that the support of ¢f(z) is much earlier than that of f(x). Now for
simplicity we will take

fx) =46(t)f(7) (3.155)

we will the have

1 t<0

= | &7 f(7)0F R(0,t0) - .
o ligV) t50" ¥ / z f() 00, 1) O™(0, 1) (3.156)

Ui(t, to) = {
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We thus find that

At to) —i [ds[A(t, o), H® (s, t0)] t<0

AH(t, to) = U}L<t7 tO)A(t7 t0>UI<t’ fio) - {Av(t7 tO) —1 f dS[Av(t, to), H(Q)(Sv tO)] t>0

(3.157)
where
Ay (t to) = e 9V A(t, ty)e'" . (3.158)
3.B An identity
For an operator X in the L-system, consider
<X)g = (9| X ()|P) (3.159)
where
D) = WV UR W),  UPR =S¢ 670, (3.160)

and the source ¢f(t) is supported near t = —t,, while V is supported at ¢t = 0. In the limit
t,ty > t,, with OTOCsS set to zero, (X}Q can be greatly simplified. More explicitly, we
have (suppressing Uz)

(X), = (Uhe ™ X () Un ) = (U}, = e X (1) (Ug — 1))
+ <e—igVX(t)eigV> + [<@—igVX(t)eigV(UR — 1)> + h,c,}

= <(U]T% — )X (t)(Ug — 1)> + (VX)) + (e X(t)(Ur — 1)) + hoc.] .
(3.161)
Note that X commutes with Ur. Now as in (3.30) we factorize parts of a correlator which
are widely separated in time (with (e7Y X (t)e"") = (X)), which then gives

(X), = (1 —2Rea)(Ws| X (t)|¥p) + (a(Ws | X ()UT| Wg) + h.c.) (3.162)

with
a= ("), ~1. (3.163)
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3.C Details of CFT calculation

3.C.1 Approximation of identity Virasoro block by conformal
transformation

In this Appendix we first review a method developed in [27] to calculate correlation
functions in a CFT in the large ¢ limit, and then use it to calculate (3.76) in the regime of
¢> hy > ho ~ O(1). While their original method was considered in the limit of ¢ — oo
with h;/c fixed, we will justify the same method in the weaker limit stated above. We will
keep general dependence for h; but ignoring all 1/c and he/c corrections.

Consider first the four-point function (J,(z,)Jp(25)O1(21)Os(22)). Since hy > ho, we
can treat this four point function as if the two point function of O in the background of
J. To be more precise, we are going to do the following conformal map from z plane to w

a “ h
1—w—(1—&) L a=4/1—24"2 (3.164)
Zb(Za—Z) &

which maps z, = w, = 00, 2z, — w, = 1 and 0 — 0. This map has a branch cut in z plane

plane:

from z, to z,. The Jacobian is

9(z) = 9z _ (2= 2)(z— =) [Za(z - Zb)] - (3.165)

ow QA Zgp 2(2 — 2zq)

The relation between 4-pt function in z and w planes is
(JoJyO105),, = I 97 ghe ghe (], J,0,0,) (3.166)

where the subscript denotes the coordinate. Note that J, and J, are vanishing, so the
above formula should be regarded as taken in a proper limit since the LHS is also vanishing
as w, — 00.

The advantage of this conformal transformation is that in w plane, 4-pt function
(J(wq)J (wp)T(w)) does not depend on h; explicitly. In large ¢ limit, this amounts to the
leading order approximation in 1/c¢ expansion. To be more precise, by Ward identity, the
4-pt function in z plane is

(J(za) T (2)T(2)) = z21h" (z — zgéfzb— 2)?

(3.167)
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Since stress tensor is not primary field, it has an extra Schwarzian term under conformal
transformations. Given the transformation (3.164), the stress tensor transformations as

T(w) = J(z)? (T(z) - bz, ) (3.168)

(2 — 24)%(z — 2)?

Hence we find that in w plane
(J(wq)J (wp) T (w)) = 37 By I2 - 0 (3.169)

where the Schwarzian cancels the term that is proportional to h;. In w plane, the whole
Virasoro block is summing over all Virasoro descendents just like z plane. We can Taylor
expand T'(w) around w = 0:

T(w)=>» w "L, (3.170)

One can show that the commutation between £, and general primary operator X (w) obeys
the same rule as in 2z plane:

(L, X(w)] = hx (1 4+ n)w"X (w) + w0, X (w) (3.171)

and Virasoro algebra still holds for all £,:

Loy Lon] = (70— 1) Lo + 1—02n(n2 1) (3.172)

Indeed, above relations always hold when the Jacobian J(z) is nonsingular around w.

The relation between L, the Virasoro mode of T'(z), and L,, can be solved explicitly
by the conformal transformation (3.168)

rp PP thgb
zn:w =B (Z (W)™ Ln (z—za)Q(z—Zb)2>

n

(1 — w>2/a7222252a2b Z ZaZb(l - (1 - w)l/a) e I _ hs
a?(zg — (L —w)log)t &= | 2, — (1 —w)l/ez "a?(1 - w)?

(3.173)

which implies that all £,, are linear combinations of L,, with m > n. This immediately
gives an important result

L,|hy=0,n>0 (3.174)

for any primary |h). However, since the expansion (3.170) is not convergent around infinity
due to the existence of branch cut from 1 to oo, we should not expect £l = £_,,. In other
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words, the radius of convergence of series (3.170) is bounded by the location of branch cut.
Formally we can define a “w-primary state” (h,| as

(hy| = lim (0,] w?* X (w) (3.175)
w—r00

with (h,|L_,, =0 for n > 0 and normalization (h,|h) = 1. The whole Virasoro block in w
plane can be calculated as insertion of projection Prx between J,J, and 010, where

Lo oo Lo 1) (| Lo - L
P = k k ! 1
T = Tl Lo Ly L ) (3.176)

Note that these Pr+’s are not orthogonal, and in general we need to take all overlaps
between different projectors into account. Let us take h = 0 for identity Virasoro block for
NOw.

There are a few features of this construction. First, (0,|Ly, --- Ly, |0), =
(0| Ly, - -+ Ly, |0), because L,, and L,, obey the same algebra. Therefore, we can simply
estimate the denominator of (3.176) in large ¢ limit. For n; > 2,

Ow|Lpy - Loy Lopy -+ Ly, |0) = O(c") (3.177)
Second, (0| Ly, -+ Ln,O(wy) -+ - O(w,)|0) is the same as that in z plane because of the
same algebra (3.171) and (3.175). In particular, the two point function is
1

2ho
Wig

(0u| O(w1)O(w3)|0) = (3.178)

Note that this is different from conformal transformed version of (0|O(z1)O(22)|0),

to w plane. Physically, this means that ignoring the neighborhood of branch cut, we
regard all other regions in w plane the same as ordinary CF'T on complex plane. Third,
(0| JoJoLpy -+ - Ly, |0) is not the same as z-plane CFT due to the branch cut, but
restricted to the conformal transformation rules from z-plane to w-plane. In particular, the
two point function obeys

(01 (wa)J (wy)[0) = Ja” Iy” (0] (24)J (21)]0) (3.179)

The advantage of this special conformal transformation is that in w plane,
(0] (wa)J (ws) L-n]0) = O (3.180)

for all n > 0 due to (3.169). This method can be generalized to multiple 7" insertion in
(3.169) and one can show that the leading order of h; vanishes in w-plane. Indeed, notice
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that T is different from primary field only by a central term. Therefore, for multiple T'
insertion in a correlation function of primaries (X), there is a induction relation:

<T(Z1)...T(zk)x>zz<< h -

n—z)?  a—z

ai) (T(z) - T(z)X)

+2 (Zlc_/—i)zl <T(Zz) Tz 'T<Zk)X> (3.181)

1=
where hat means omiting 7'(z;). From above formula, the k insertion should have the
following expansion

(k/2] k—2i
(T(21) - T(z)Jady) = 3 > W) Fy(z),  Foolz) =0 (3.182)

=0 7=0

where z,, denote coordinates collectively. In ¢ > h; limit, the expansion has the orders

from high to low as
c[k/ﬂh?—?[k/?}’ C[k/z}—lhﬁ—ﬂ’f/?]”’ SN L (3.183)

Note that if we are considering L_,, rather than £_,,, the powers of ¢ does not contribute
to (0| JoJyL_p, -+~ L_p, |0). But transforming to w plane, these powers are leading
contributions to (0| J,JoL_pn, - -+ L_p, |0). On the other hand, terms involving O; and O,
after inserting Pr« has scaling

k
(0wl Lny -+ L2, 0105) ~ >~ O(hy) ~ O(1) (3.184)

Therefore, the highest order terms in first a few orders of Prx insertion are
O(1) + O(hy/c) +O(1/c) + O(hy/c*) + O(1/c*) + O(hy/c*) + - - (3.185)
where above explicit terms are from £ =0 to k = 5.

The purpose of the transformation (3.164) is to cancel all O(hy/cl*/?l) order terms in
odd k and leave highest orders of the expansion (3.185) as

O(1)+0(1/c) +O0(1/c?) + - -- (3.186)

This can be seen by noting that the first term in (3.181) does not contribute with ¢ and
only T'T fusion gives powers of c. For k = 2s + 1, ¢®h; order only comes from the OPE
between all different T'(z;)’s, which in total gives ¢*:

2s+1

(JabT(z1) -+ T(22041)) D (¢/2)° > Y H —— (JahT(21)) ~ O(chy) (3.187)

k=1 {pq} “pids
Pi,qiFk
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where {p,q} are all different choices of pairs of indices from 1 to 2s + 1 except k.
Transformation to w plane, due to (3.168) we have

25+1 2s+1
hyz?
_ phg phs 2 ; —J7ab
(aiT(wr) -+ T(wns1)) = I ] (H J) <JanH (T(ZZ) 22 >>

i=1 a~ib

JhJJhJ 25-1—1(]2 2 25+1 JJ hjng
o g (TL2 ) @23 32 T (e (700 - 2
i=1 k=1 {p,q} 4 iqi a
pz‘th?ék

—=0-0(c*hy) (3.188)

This shows that, up to terms suppressed by 1/¢, the insertion of Prr reduces to just
insertion of vacuum [0) (0,|.

In hy ~ ¢ — oo limit, the leading order of all Py« insertions are h%/c* terms. One can
also see all these terms vanishes in w plane. That is the argument in [27]. The reason why
their method also applies to our weaker limit O(1) ~ hp < h; < ¢ is that we are using the
same expansion of h;/c and 1/¢ in w plane, in which only terms suppressed by 1/c¢ survive
due to the conformal transformation.

3.C.2 Application to W

Using the conformal transformation, four point function reads

(JoJyO10y) . = I 3,7 e gy e

~ \D;hJ\Db_hJJJl_hO\DQ_hO

<JanOIO2>w
<Ja']b>w (Ow|(9102>w
1

2ho
Wyo

= (Ja ), I "0 93" (3.189)

Plugin the coordinate transformation, we find that

V(u) (JasO10y), 22, ho (PP (1 —u)*! ho o 127
(Jady). (010),  \Jdowi,)  — \(1-(1-w)?) ~  ZiaZa
(3.190)

which has branch cut of w from 1 to +o0.

We are interested in cases with even number O insertion. In leading order, this can be
calculated as

(JadyOr- -+ O), I 9™ <ﬁ J-ho

(Jab), A ) (JaJpO1 - - Oay),,
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2n
~ (H \Diho> (0] Oy -+ - Oan),,
i=1
2n n
%<HW) > 11000400,
i=1 {(

824,82i41)} 1=1

n 22 ho
= > 1l (05,040,1)
- 2 82i > 82i+1
‘DSQi\DSQH—lw ?

{(s2:,52i+1)} =1 524,52i4+1

- Z H [V(u571> <052i052i+1>z] ) Us; = M (3191)

X Zoo: qRge. b
{(s2i,82i41)} =1 §2i,0%82i+1,

where {(s2;, $2i+1)} is the collection of contractions between sq;-th and sy, 1-th operators.
In the second line we ignored higher orders of 1/c¢, and in third line we used large N (large
¢) ansatz to factorize all O’s in two point functions. Associated with antiholomorphic part,
(3.191) becomes (3.81).

3.C.3 Explicit expression of A
Here we give an explicit derivation of (3.86) from (3.84) for ¢, = ¢t and s = x. The
discussion of this subsection has some parallel to that of [64] for OTOCs in a large ¢ CFT.

From (3.79), V(u) is real for v < 1 and has a branch cut along u € (1,00). With
ts =1t,xy, = x we have

Ao B U+ - A Y-
Uy = - - — , Uy = - - - —
1 (cier — e%ﬂer—s—zeJ)(e%wﬁ-zeJ _ i) 1 (i — e%yf—lﬁl)(e%yf—ze‘] — eiar)
(3.192)
where we have introduced
Yy = — 1 +t, y.=x—x1 — 1. (3.193)

Recall that VT is defined with ordering ¢; < e¢; < €; < €, while V= with ordering

€ < € < €5 < &. Let us look at the behavior of A(uy,u;) as we increase t from 0
while keeping © — x; fixed (assuming = — x; is not exactly zero). For sufficiently small ¢,
regardless of the sign of x — 21, (0,21) and (t,z) are spacelike separated, with uy,u; < 0.
In this case €’s do not matter, and thus V* = VYV~ leading to A = 0. This of course can
be deduced from (3.83) without doing any calculations as the commutator of spacelike
separated operators must vanish.
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Figure 3.10: The relation between emission time and arrival time in two different regimes.
(a) is the semi-classical regime, in which the earlier a signal (smaller —t;) is sent, the earlier
(smaller t;) the arrival of the signal at the other boundary. In particular, as —t; — —oo,
t;(ts) — t. which is the earliest possible arrival time, and as —t, — —t,, ;(ts) — +00. (b)
describes the situation of (3.135) and the CFT results of Sec. 3.4, where the arrival time ¢
is the negative of emission time —t,.

Uy a

50

_ -15 =1.0 =05
40 40 »— 1

-50

(a) (b)

Figure 3.11: Plots of u; (plot (a)) and u; (plot (b)) as a function of ¢. Blue and yellow are
for VT and V™ respectively. One can see that u; stays on first sheet for V*(uy), but moves
to second sheet for V™ (uy); @, stays on first sheet for both V*(u,).
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With sufficiently large ¢, (0,2;) and (¢, ) become timelike separated. Consider, e.g.
xr — x1 < 0, for which u; starts being negative at t = 0 and is again negative for large t, but
in between u; undergoes nontrivial motions in the complex plane as the lightcone y, = 0
is crossed. For V() one finds that u; remains on the first sheet throughout the process,
while for V=), 4y crosses the branch cut from upper half u-plane and moves to the second
sheet. In contrast, u; always remains real and negative. See Fig. 3.11. We thus find that
for sufficiently large t,

A(Ul,ﬂl) = (Vl(ul) - VQ(Ul))Vl(ﬂl), r—r < 0 (3194)

where Vi (u) (Va(u)) denotes the value along the negative real axis on the first (second)
sheet,

[ a(—u) 1 2ho
Vi(u) = (m-u _u)_a/2+(1_u)a/2> , (3.195)
a(—u) 1 2ho
V2<u> - <m (1 _ u)—a/QeiTroc _ (1 _ u)a/Qe—iTra) ’ (3196>

Similarly for zy — x; > 0 we find that, u; always remains real, negative, but %; moves
nontrivially in the complex plane as the light cone is crossed. Again one finds that V(*)
remains on the first sheet, while V(=) moves to the second sheet from above. We thus find

A(Ul,ﬂl) = (Vl(ﬂl) — VQ(ﬁl))Vl(Ul), r— T > 0. (3197)

One consistent check is that (3.194) and (3.197) agree when x = x;. We can write (3.194)
and (3.197) in a unified way as

A(Ul, 121) = (Vl(ul) - VQ(Ul))Vl(ﬂl) (3198)
with now u; and @, defined as
Jo & (t-le==1)) Jo B (tHlz==1])
U = — ‘ — : U = — ¢ — . (3.199)
(1— ef(tfl"f*rll))Q (1-— 67(t+|96*901\))2

3.D Full k-dependence in multiple operator species

In this appendix, we will use the following notation:

N ()" 1 A
W - nz; 77,' %Wna Wn - kn<[oo¢n7 [Oom_p [Oan J] ] Joan Oa1>ﬁ (3200)
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where we suppressed all spacetime coordinates. In order to calculate W in the case of
multiple operator species, we need to note that there are three types of contractions,

Goiay = (00 Ou,) s Hogo, = (00,00), Hoe, = (0,04, (3.201)

where we used the fact that all locations of @ and O are the same and at origin.

Since (3.81) is factorized as product of 4-pt functions encoded in V(u;)V(w;), to
calculate W,, we only need to worry about the relative ordering of the four operators
related to each u; and @;. For G type contraction, there are two different orderings: <1abi>
and (albl), which are Vi (u)Vi(a) and Vs(u)Vi(u) respectively. For H type contraction,
there are four different orderings: (12ab), (1a2b), (2alb) and (a21b) which are V;(u)Vi(fa),
V_1()Vi(), Va(—p)Vi(—F) and Vi(—p)Vi(—f) respectively (see Fig. 3.12). For H type
contraction, there is only one ordering: (ab21), which is V;(1)Vi(fi). Here the subscript
of V; means the value on i-th sheet given by (3.87), (3.88) and

Valu) = (j% (1 u)a/zeml— (1 u)a/%im)%o

In all above statements, the cross ratios are v = u; in (3.199) with z; = 0 and

(3.202)

2isin 7 2isin 75
= y /:L - . . ’
sinh%”(t— ||) + 2isin sinh%”(t—i— ||) + 2isin

u 0<e<f  (3.203)

where € is the difference of e-prescription in the time ordering of O; and O, and it now
plays a role as UV regulator %2.

22In order to evaluate the Lorentzian correlation function in (3.81) one has to assign ¢; for each O; before

“oo A
& 0.1

e
A

.01 0.02 0.03 0.04 0.05
1.0 15 20
-01

S
( -0.2

(a) (b)

Figure 3.12: The plot of p and . The blue, yellow, green, red and purple are for (12ab),
(1a2b), (2alb), (a21b) and {ab21) respectively.
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For any given choice of contractions, the number of H contraction must be the same
as H. To be more precise, with ¢ contractions of H, then number of H is ¢ and the number
of G is n — 2¢. In such a contraction, the scaling of (3.81) is HYHIG" %, If we track all
commutators in W,,, we will find that the contribution from this contraction is

W/ (Jado) DCHT [(Vi(p) = Voa(u))Vi (i) + (Vi(=p) = Va(=p)) Vi (=)
< H ()i () G2 [(Vi(w) = Va(u))Vi(@)]" ™ (3.204)

where C, is a constant. A consistent check is that in (3.204) there are in total 47.2"2¢ = 27
terms, which is the same number of terms in the expansion of commutators (3.74). In
general, C, depends on how we choose the ¢ contractions. However, the structure of
conformal blocks does not depend on the detail of the ¢ contraction choices. This implies a
simple counting rule for W,,: we only need to track the contractions of H, H and G, then
replace all HH as HZ and G as Gy, where we define

Hy = HH [(Vi(p) = Vo ()Vi(i) + (Vi(=p) = Vo(=))Vi(=@)] Vi)W () (3.205)

Hence, evaluation of W,, boils down to the problem of calculating C), for various contractions.
In the following, since H = H by definition, we will not distinguish them and only use H.

To count C, is somewhat tricky. Due to the factor 1/k"™ in W,,, any O, contracting
with its dual O, contributes with > d4q/k = 1, but contracting with any other operators
contributes with only 1/k. Keeping this in mind, we will use the following procedure:

1. For n pairs of O,, and (5%, we define the sum of all possible contractions as .S,,.
Starting from O,,, there are two types of contraction: i) contracting @al gives G
ii) n — 1 choices of contracting with O,, with i # 1 in total give (n — 1)H/k; iii)
n — 1 contracting with O,, with i # 1 in total give (n — 1)G/k. For i), we call it as
completing a chain. Then redo step 1 with the next O, say O,,. For ii), do step 2.
For iii), do step 3.

2. For ii) in step 1, continue with its counterpart @a We define the sum of all possible
contractions in such case, namely n — 2 pairs of O, and @as and two O’s (namely
Oq, and O,,), as T,_5. We have three choices: i) contracting with O,, completes a
chain and gives H; ii) n — 2 choices of contracting with O, with j # 1,7 in total give
(n —2)G/k; iii) n — 2 contracting with O,; with j # 1,7 in total give (n — 2)H/k.

continuation. Since all the O’s commute, the relative values of their €¢’s do not matter. Therefore we can
assign € ordering for each pairing such that € for each Virasoro block is the same. Physically it is natural to
take € of order O(f), and in the main body of this paper, we will choose ¢ = 3/2 for definiteness.
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3. For iii) in step 1, continue with its counterpart O,,. We define the sum of all possible
contractions in such case, namely n — 2 pairs of O,, and @ak plus one pair of O,, and
O,, with different indicies, as U,_5. We have three choices: i) contracting with O,,
completes a chain and gives G} ii) n — 2 choices of contracting with O, with j # 1,4
in total give (n — 2)H/k; iii) n — 2 contracting with O,, with j # 1,7 in total give
(n—2)G/k.

4. In step 1, completing a chain becomes S,_;. In step 2, i) becomes S,,_», ii) becomes
T3, and iii) becomes U,,_3. In step 3, i) becomes S,_», ii) becomes T},_3, and iii)
becomes U,,_3. For any Sy cases, do step 1, for any T cases, do step 2, and for any
Uy cases, do step 3. This process ends when we finish all contractions.

By above constructive procedure, we have the following induction relations:

Sp = GSn 1+ (n— 1)G/kUpn g+ (n — 1) H/kT,_, (3.207)
U, = GS, +nG kU, +nH/kT, (3.208)
T, = HS, + nG/kT,_1 + nH/kU,_ (3.209)

Comparing (3.207) with (3.208), we find S,, = U,_1. Plug this back and cancel T,,. The
induction relation of S,, turns out to be

2(n+1)
k

|
Spi2 =G (1 + ) oy + (H? — G?)F (1 + ﬁ) S, (3.210)

k

To solve this induction relation, define v = H?/G* — 1 and S, — G"S,. (3.210)

becomes ( )
2(n+1 n+1 n
St = (1 - T) St + = (1+ E> S, (3.211)

We can check first a few terms explicitly starting with S; = 1 and Sy = 1, which suggests
that S, should be a polynomial like

S, =Y ain)y (3.212)

Taking this ansatz, the induction splits into even and odd cases of n. Plug this into (3.211)
and compare the coefficients of 7¢. For n = 2p,

(2p+1)(2p + k)
L2

dp+k+2

k ai—1(2p)’ 1= ]-7 LD (3213)

ai(2p+2) =
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(2p+1)(2p + k)

apt1(2p +2) = 12 ap(2p) (3.214)
ao(2p+2) = 4p+—kk+2ao(2p +1) (3.215)

For n =2p — 1,
ai(2p + 1) = 479; K o(2p) + 2p(2p ;k - 1>aH(2p 1), i=1,--,p (3.216)
ao(2p+ 1) = 4p/j ¥ ao(2p) (3.217)

Solving (3.214) gives
2p—DN2p+k—2)!

a,(2p) = TSyl (3.218)
Solving (3.215) and (3.217) gives
ap(n) = (271%%—”2)” (3.219)
Multiply (3.216) with 2252 and sum with (3.213). We get
0i(2p+2) = (4p + k —i-];)(élp + k) 0:(2p) + 2p(2p + k — ;2 (4p+k +2) G y(2p— 1)
N (2p + 1]){(22]9 + k) a1 (2p) (3.220)

Let us check a few i’s to see if any rule exists. Setting i = 1 and using (3.219) leads to

(4p+k+2)(4p + k) (dp+k -4 (4p+k)(8p* +4kp+ k — 2)

a(2p+2) = 17 ai(2p) + e 12
(3.221)
Taking the ansatz
(Ap+ k=N _
the induction is simplified as
(4p + k — 2)a;(2p + 2) = (k + 4p + 2)a, (2p) + (8p® + 4kp + k — 2) (3.223)

This is very easy to solve if we assume a;(2p) is a qudratic polynomial of p. Using the
initial condition a;(2) =1 from (3.218), we solve it as a;(2p) = p(2p — 1) and

(4p + k — 4)!

“(2p) =

p(2p — 1) (3.224)
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With (3.216), we also get

(4p + k — 2)!

a1 =5

p(2p+1) (3.225)

We can follow the induction relation again to solve as(2p) and as(2p + 1). It turns out
that

(4p+k—6)!! p(p—1)

a2(2p) = 5o, 5 (2p=1)(2p = 3) (3.226)
a(2p+1) = 2P ;fk'_‘ . p(pz_ Y opt1)2p—1) (3.227)

It is very tempting to guess the following general formula

(4p+ k —2i —2)!l p! (2p — D!
(2p) = : : 22
ai(2p) Al (p— ! (2p—2i— DI (8:228)
dp+k—20)1  pl (2p+ 1!
(2p+1) = R Ca— , 22
ai(2p+1) K2k (p— )1l (2p—2i+ DI (3:229)

One can easily check that this ansatz solves the induction relations (3.213)-(3.217).
Substitute the solution to (3.212), and we get

K (2n+ k—2)! 1 n n k
o= mo bty
k(2 k—2)! k V1 -1
_E Gtk 2 (L4 9)" 2 Fi(~n 1 =k —n, 1 — 2 —n, o)
Kl 2 2T+
1++/1 ! koo 2y1
k 2 V1I+9+1
where in the second line we used identity [63]
1 _ l—2z-1
oFi(a,a+ =, c,2) = (1 —2)"%F(2a,2c — 2a — 1, ¢, ————) (3.231)
2 2v1 -2z
and in the third line we used the reduction formula
Fi(—n,b,e,2) = Ong oy, my b1—b L (3.232)
—n,b,c,z) = —z —n,c—b,1—b—n :
2471 s Uy &y (C)n 2471 ) ) ) 1— 2

Indeed, given (3.230), (3.211) is exactly the contiguous relation of hypergeometric function
(c—a)yFi(a—1,b,c;2)+(2a—c+(b—a)z)sFi(a, b, c; z)+a(z—1)oF1(a+1,b,¢;2) = 0 (3.233)
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fora:—n—l,b:k/Q,c:kandz:\2/1%;?1.

Note that W, = G"S, with replacement H? — HZ and G — Gy. It is ready to
calculate W 23

A =l e ig(Go + Ho)\ */* ig(Go — Ho)\ **
w/(JJ) —nz%a(—zg) ans, = (HT) 14 00
(3.234)
where we used the fact
< (c—a)y, (g :
Z oy t"yFi(a —n,b,c,x) = A=) o Fi(c —a,b,c, T 1)) (3.235)

n=0

3.E Robustness of regenesis

For the deformed thermofield double state v~ (to, 7o) |¥), we will calculate GEE(¢,¢,) in this
appendix to see how the regenesis is affected.

The left and right two point function in this deformed state is

(W] e T ()Y Tt )1 (1) | )
Wy = (A (t0)7(00) [9) (3.236)

where the spatial coordinates are suppressed. Similar to (3.69), using BCH formula, it

becomes :
(i) [F (T
Wy=> |, | T dwe | Won (3.237)
n=0 ) k=1
with o )
(O[O 1+ 101, 0]+ 17Oy -+ Oy
W, = g (3.238)
()5
where each term in the commutator is
J.J, o Oy,
= 10478JuhO1 - Onn) (3.239)

(YaVB)

in which the coordinate of v is z4 and zp.

2The convergence of series requires |g(Go 4+ Hy)/k| < 1. For large k — oo any g is allowed, but in k = 1
g is bounded above. However, we will treat W as an analytic function of ¢ and t5. Note that in small ¢t
case, Gy and Hj are close to zero, which releases the upper bound of g.

93



CHAPTER 3. REGENESIS AND QUANTUM TRAVERSABLE WORMHOLES

Assuming ¢ > h., > h; , we could first do a conformal transformation with respect to
~% by introducing a branch cut from z4 to zg

K h
1_1):(1_%) L p=1/1—242 (3.240)
zp(z4 — 2) c

~ 0z  (z—za)(z — zB) |:ZA(Z—ZB):|_7’
Gz = 2% 3.241

=) v NzAB zp(z — za) ( )
Similar to (3.191), (3.239) becomes

with a Jacobian

:ﬁ;hw :ﬁ;m
WAVB)Z

2n
~ (ﬁa’”ﬁbmﬂl’m) (0y]Ju JyO1 -+ - Osy), (3.242)
=1

Wyn =

2n
(%Wb’“ 11 1»’“9> (1478 TsO1 - - Onn),
=1

For the expectation value in v plane (0,]J,J,O1 - - - Oa,),, since (0,| behaves exactly as

v
ordinary vacuum state, we can apply the same technique to simply it. Previous result
(3.191) applies with a simple coordinate replacement z — v. After some manipulation, it

turns out that

v () Y T 0000 ] G2
{(s2i,52i41)} =1
where b h
2,2 —1\ ho 2u? I\
n*u?(1 — u)" niu (1 — u)"
= () = (o -
and o p 2 v v
wy = ab AB’ Ui = 52,52i+1“AB T = _s2,82i41 "ab (3.245)
RaA%ZbB Zs2i,A%s2i41,B Usai,aVsziy,b

where the new variable v = v(z) is given by (3.240). The antiholomorphic part is parallel
with above discussion.

It is clear that from (3.238), the relative ordering among 7, J and J is always fixed as
<7AJ73J~>, and that among v, O and O is also fixed as <7AONB(7)¢>- The commutators

in (3.238) will only be affected by the relative ordering among @, J and .J, and this leads
(3.238) to

Wan = (Jay) Uy (e Uy (Ta) > H Aa(ri, 7i) (OnOi2)] (3.246)

all pairings i=1
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where A, is the difference of two orderings <OJ J (’j> and <J OJ (’j>
Aa(’l“i, ’fi) = VJ(TZ)V;_(?Z) - V(; (’I“Z)V(; (’FZ) (3247)
It follows that for large k and large L cases, we have

W, exp (—igGV,(uo)V, (o) Aa (T, 7o)

U () (1)) ) large k
= u u X
oy~ Uty (s exp( WG (L Ay V() ( )Aa(rl,fl)) large L

(3.248)

where subscript 0 means taking z; = 0. In these formula, V, can be absorbed into
the definition of coeflicient g (at least in large k case), and the prefactor U, controls
the overall traversability. In the main body of this paper, we use a simpler notation

T (t,to) = Uy(up)Uy(ay) and G(t, to; x1) = V() Vy(@).

To be more precise, let us study the value of these conformal blocks in e-prescription.
For U,, and V,, we assign e4 < {€s, €1} < ep and any positive small value for é; and €; in

- . 2 (to+9ﬂ0)( 2 (a+t)+ies +e B (2stts )—Hw)(ez’m _ eieB) (3.249)
uy = (ef(a:+t)+zeJ _F ($0+t°)+Z€A)(€ st bier g ($O+t0)+Z6B) |

B (zo—to) (5 (z—t)—ies T (wo—ts) =ity ( ,—ie e

B A ’ L ’
Uy = — € (6 te )(e € ) (3.250)

(6 3 F(x—t)—iey ef(mo—to)—ie/;)(e 3 T (xs—ts)—i€y +e B T (zo—to)— ieB)

Similar for u; and @, by setting * = x, = x; and t = t, = 0 with corresponding e. In
general, we need to take all €’s to zero at the end of calculation, which seemingly leads to
trivial vy and @;. However, we could smear it for some small range in time for v* that
equivalently sets €45 small but finite. For t, — tg — |zs — 20|, t — to — |z — x| > B, it is
clear from (3.249) and (3.250) that

Uy — _Z(e /3 T(x+t) +e (Cl?s"!‘ts))€277r(tO"!‘CIZO)EAB7 ,L—LJ N _i(e%r(x—t) + 6%(x5_t5))6%(t0_x0)6143
(3.251)
Similarly for tg — ts — |xs — x|, to —t — |x — 2| > [, we have

uy — i(e%(x+t) + 6%1-(Z'S'f‘ts))6_%1—(tO'i‘CCO)EAB7 UJ N /L( (t ) +e 5 3 (ts— xs))e B 7 (zo— tO)EAB
(3.252)
This shows that for finite €45, u; and @, are suppressed by |to—ts| and |t; —t| exponentially.

Set t = t, and x = x,, and check the contour of u; and u;. For simplicity we will take
ro—x > 0 from now on. We find that u; is on —1-th sheet when t —ty > z¢ — z, and on first
sheet when t — t5 < xg — x. On the other hand, u; is on second sheet when tg —t > g — ,
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and on first sheet when ¢y — ¢ < 29 — 2. The value of U, on either sheet is given by

_ (1w 1
Up,—1(u) = (m (1 —u)=n/2e=im — (1 — u)n/2eiﬂn>

_ (v ! "
Uy (1) = (m gy U)W) (3.254)

(3.253)

U o) = (1= ! o (3.255)
u) = A . :
2 VI —u (1 —w)=n/2eim — (1 — u)n/2e=im
Taking large ¢ but cuy, cuy fixed limit and using (3.251) and (3.252), we see that
(1-220,) ™, forlto—tl = fro ] > 6
_ 2 rlta — t] — —
Uy () Uy (12) — amel) o oI o (3.256)
1, for |xg — x| — |to — t| > B
where
Qs = e%(|t—to|—t*—|$o—l‘\) (3.257)
Similar results applies to u; and %; in V,, which in the same limit gives
(1-220) 77, orftol — fro—m] > 5
- or —|xg—x
VY, (u1)V, (1) — can ! ’ o (3.258)
1, for |xg — z1| — |to] > 5
where
Q) = % (tol=te—lzo=m) (3.259)

Since €45 < 0, this shows that (3.256) and (3.258) are monotonically decreasing real
function of ¢.

For the contour of r; and 7, one should first track the contour of various z coordinates
in v plane. In the following we will only consider z; < z < zy **. Since the z — v(2) map
has singularity at z4, we set the ordering of €’s to be €4 < €1 < €; < ep and €; < & for VI,
and switch the ordering between €; and €; for V. Start with t = ¢, = 0 and send ¢ and ¢y
to various value. In this process, for both orderings, we find that v(z,) and v(z;) moves to
—1-th sheet when t —ty > g —x and —t; > xy — 2 respectively, and v(Z,) and v(Z;) moves
to second sheet when ty — t > xo — x and ty > x¢y — 7 respectively, in which

n n
vy =1 — e2min (1 _ ﬂ) . gy =1 — e2min (1 _ ﬂ) (3.260)
zp(z4 — 2) 2p(za — 2)

24For the case xq is in between x; and x (e.g. 71 < zg < ), one will get trivial A, that is not continuous
in xg to the case 1 < & < zy. This means that our s-channel approximation does not hold in such a case.
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while v(zp), v(z7) and their antiholomorphic parts are all on the first sheet.

Take these values of v in r plane, we find that for YV both r; and 7; stay in the first
sheet, whereas for V~ r; stays in first sheet but 7 moves to second sheet when t > = —

just like ordinary case. This leads to
Aa(r1,71) = Var1(r1) Vaa(F1) — Vao(r)), fort >z —x (3.261)
Taking large ¢ and e'/c fixed limit for |ty < t. and |t — to| < L. case, one can show that
Ag ~1—(1+iQ) e (3.262)

where @ is the same as (3.115). For general range of ¢y, the calculation of A, becomes tricky
and we are not completely sure how to calculate it reliably in the s-channel approximation.
Physically, we should expect |A,| is bounded as a O(1) function.
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