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Abstract

Quantum error correction is likely to be key in obtaining near term quantum advantage. We
propose a novel method for providing multiple logical qubits in the correction of quantum errors
using classical computers. The core idea of our work is built upon two main pillars: dividing the
Hilbert space into reduced Hilbert spaces with individual logical qubits and synthesizing the
reduced Hilbert spaces through a mathematical collaborating between classical bits and logical
quantum states. We demonstrate that our method supports at least 20 logical qubits in a surface
code with a code distance of 3. Furthermore, we generate entangled states of multiple logical qubits
from lattice surgery-based surface codes using only physical qubit operations. This approach
enables classical computers to support a larger number of logical qubits using less memory and
perform faster simulations.

1. Introduction

The world is on the verge of an imminent quantum revolution whose signs started rising from the qualitative
development of quantum devices and the achievement of quantum advantages [1-8]. However, currently
available quantum computers are still lacking fault tolerance for diverse quantum errors. In fact, qubits are
unsuitable for large-scale algorithms owing to their very short coherence time and unstable gate fidelity. This
has driven extensive researches on fault-tolerant quantum computing, which preserves quantum
information for a long time and utilizes frequent gate operations without loss of data [9, 10].

The quantum-error correction (QEC) has shifted from a pure theoretical curiosity to practical
possibilities with the first proposition of a QEC algorithm by Shor in 1995 [11]. Shor demonstrated the
encoding of quantum information through entanglement in an extended qubit system. In fact, a QEC code
could be regarded as a mapping of k qubsits (the Hilbert space of dimension 2¥) to # qubits (the Hilbert space
of dimension 2"), where n > k. The k qubits are logical qubits to be protected against errors. An additional
set of n—k qubits store redundant information to prevent an easy corruption of the logical state. Shor’s
demonstration of the quantum-error resilience has driven the development of numerous QEC codes
[12—-16], among which the surface code [17-24] stands as the most promising QEC algorithm so far.

Despite its great potential as a breakthrough in QEC, the surface code is still facing inevitable barriers to
its application in quantum computers, owing to its requirement of large-scale physical qubits. For example,
20 logical qubits with a code distance of 3 requires a two-dimensional (2D) planar lattice with 388 physical
qubits. Currently, the Google Sycamore processor [25] can provide only one or two logical qubits, whereas
the IBM Eagle processor [26] cannot apply the surface code owing to connectivity restrictions. Nonetheless, a
successful demonstration of the surface code’s application was made in 2018 using 1 logical qubit on the 17
qubits ion-trap quantum computer [27]. This constitutes an early experimental verification of the surface
code applied on a quantum computer. Meanwhile, an alternative approach to analyze empirically the
behaviors of the surface code relies on the use of classical quantum simulators. Typically, the direct evolution
approach [28-32] and the graph-based algorithm [33-39] are being studied in this case. The former is a
method based on the direct changes of quantum state vectors in a Hilbert space, while the latter is a tensor
network approach from a geometric or topological perspective of tensors. However, these two approaches
still reveal limitations in supporting large-scale quantum algorithms, mainly due to the exponential increase
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of the physical memory for storing quantum states with the number of qubits or circuit depth [40, 41]. The
current computing environment cannot afford more than 100 qubits, even with the use of thousands of
supercomputers. Therefore, there is a strong need for a novel approach that experimentally verifies the
behaviors of the surface code for quantum algorithms with large-scale logical qubits. In this study, we
explored new paths to achieve this verification.

Following a careful analysis of the logical qubits’ physical states, we realized the possibility of representing
large-scale logical qubits using several reduced Hilbert spaces. This is achieved first by dividing the entire
Hilbert space into reduced Hilbert spaces, each containing the fully stabilized quantum states of an assigned
individual logical qubit. Meanwhile, the information of other logical qubits is preserved in the form of a
special qubit that we refer to as the ‘magic qubit. Second, we empirically validated our idea using a classical
quantum simulator and successfully demonstrated the generation of the entangled states of 20 logical qubits,
using the lattice surgery of the surface code with a code distance of 3. Our contributions in this study are
summarized as follows.

e We proposed a novel algorithm supporting large-scale logical qubits in the surface code using a classical com-
puter. Based on a combined approach of the quantum theory and the processing of classical bits, we guar-
anteed the preservation and evolution of the logical qubit states in reduced Hilbert spaces. We showed that
our proposed algorithm supports the behaviors (e.g. error syndrome measurement (ESM), logical operator,
and lattice surgery) of the surface code, using only physical gate operations without intentional distortion
of logical states.

e We validated our approach experimentally, using a distance 3 surface code. We successfully simulated 20
logical qubits in a square lattice with 388 physical qubits and generated their entangled states. We used
QPlayer, which is a classical quantum simulator, on a single server equipped with 512 GB memory to demon-
strate the validity of the proposed algorithm. To the best of our knowledge, this work represents the first
successful experimental verification of large-scale logical qubits using classical quantum simulator.

e We provided useful means to study QEC algorithms in large-scale logical qubits, beyond the constraints of
theoretical or mathematical approaches. Our proposed algorithm enables an easy access to studying various
QEC algorithms or error models using multiple logical qubits. The accessibility of the proposed approach is
promoted by the low computing resources required for applying the algorithm. Thus, it can be easily applied
to general-purpose classical computers in the laboratory.

The remainder of this paper is organized as follows. In section 2, the quantum state patterns of a logical
qubit generated by the surface code are analyzed, and a classical quantum simulator for applying our
algorithm is introduced. The theoretical basis for the representation of large-scale logical qubits through
reduced Hilbert spaces is presented in section 3. The concept of an algorithm, the topology of reduced
Hilbert spaces, and the application methods of logical operations are described. In section 4, we show the
experimental results obtained using 20 logical qubits in a single computer. Finally, we present the conclusion
in section 5.

2. Preliminaries

2.1. Surface code and quantum bits
The surface code belongs to a class of promising low-cost QEC codes, in which logical qubits are encoded in
a 2D lattice of physical qubits. It provides an error-correction mechanism with alternate X-type and Z-type
stabilizers in a checkerboard-like pattern throughout the lattice. The shape of the distance 3 surface code is
shown in figure 1(a). A total of 17 physical qubits are used for the logical qubit. The white circles represent
nine data qubits, and the blue (red) faces indicate four X(Z) ancilla qubits. Data qubits encode the states of
the physical qubit into logical information, while ancilla qubits continuously collect syndrome
measurements from neighboring data qubits. The surface code discretizes the continuously occurring qubit
errors into bit-flip (X) and phase-flip (Z) errors. These flips are detected by Z-type and X-type ancilla qubits,
respectively. Figure 1(c) illustrates a quantum circuit for measuring the ancilla qubit, which corresponds to a
process known as the ESM. Individual X(Z) stabilizers are shown in figure 1(b), where D; indicates the
number of the data qubit used in the ESM circuit.

In the surface code, the stabilizers encode the quantum states of a logical qubit in a special bit string
form, referred to as the codeword. For any stabilizer, the codeword of the logical state |0); is obtained by
projecting it onto the (+) eigenspace of all stabilizers, as follows:
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Figure 1. Rotated planar surface code of a code distance 3. A logical qubit consists of 17 physical qubits, which are divided into 9
data qubits and 8 ancilla qubits. Figure (a) shows the topology of a logical qubit generated by surface code in a two-dimensional
lattice. Figure (b) indicates stabilizers for checking bit or phase errors in a logical qubit. Figure (c) is a syndrome measurement
circuit for stabilizing a logical qubit through measurement of an ancilla qubit.

XS 7S DATA
——

10), = +| 0000 0000
- + 00 +) = + 00000 = =+
Stabilized quantum states + e + 000000111 17 -1
+ + +1
+ + -
10), =1°7[0), H b 4
+X1]0y, + + -
+ + +
+X2|0), + + +
+X3]0), 3 i v
+X4|0), i i -
+X1X2]0), state + + +
+ +] 0000 0000 001110000 -
+X1X3(0), vector +| 0000 0000 0 +|
> +| 0000 0000 11 000 =l
+X1X4]0), 1), =+ +| 0000 0000 11 +
+X2X3|0), + +| 0000 0000 11 -
+ +] 0000 0000 11 +
+X2X4[0), + +| 0000 0000 11 +| 0000 0000 10
e +| 0000 0000 1101011C ~| 0000 0000 110101100
+X3X4[0), + +| 0000 0000 11 +| 0000 0000 C
+ +| 0000 0000 1101 -1 0000 0000 110110111
RIS @), + +] 0000 0000 11 -] 0000 0000 111000000
+X1X2X4|0), + +| 0000 0000 11 +] 0000 0000
z + +| 0000 0000 11101101 ~| 0000 0000 111011011
+X1X3X4(0), + +| 0000 0000 11 +] 0000 0000 111011
+ +] 0000 0000 111100 +] 0000 0000 (
+X2X3X4|0), + +| 0000 0000 111100100 ~| 0000 0000 111100100
+X1X2X3X4|0) + +| 0000 0000 11 +] 0000 0000 10
L +1 0000 0000 111111100 +] 0000 0000 111111111 -1 0000 0000 111111111
+ 111111111

(@) (b)

Figure 2. Quantum bits of a logical qubit when the logical qubit state is [0), |1)1, |[+) 1, or |—)r. All X/Z stabilizer are initialized
to the (1) eigenspace. Figure (a) is a mathematical description of the stabilized states. Figure (b) shows quantum bits of |0),
[1)1, |[4+)1 and |—)1, respectively. The normalization factors were ignored for simplicity. All results are real quantum states
initialized via ESM cycles in classical quantum simulator.

where (S) is the stabilizer group, # is the number of qubits, and 1/N is a factor that ensures normalizations
[42]. Equation (1) represents a generalized form of the stabilized states on an arbitrary qubit scale. In this
study, we focus on analyzing the physical states of the logical qubit built with a code distance 3.

Figure 2 shows the stabilized states of the logical qubit and its quantum state patterns. Since each X(Z)
stabilizer can generate 2* stabilizer products, the number of the stabilizer conditions in the stabilizer group
(S) could be extended to 28 conditions. In other words, 2* bit combinations (including 0 or 1) and 2* phase
combinations (including + or —) are possible in the entire stabilizer space. Nevertheless, in this work, we
assumed that all stabilized physical states have a (+) sign, despite the fact that the number of possible phases
is 2%, This assumption is considered with the aim of increasing the efficiency of the computing software
process of an error-correction mechanism. Thus, in the initialization stage of the logical qubit, several ESM
and Pauli-Z operations may be required until all measured X stabilizers are (41) eigenvalues (in practice,
one or two ESM cycles would be needed, depending on the result of measuring the ancilla qubit).

Figure 2 shows mathematical results yielded when the logical qubit is stabilized by the surface code. It
follows that a linear combination of 16 quantum states is generated by 2* bit patterns, and the sign of all state
amplitudes is (4+). According to the principle of surface code, all stabilized states of the logical qubit have the
same amplitude value. For the sake of simplicity, we ignore the normalization factors here. The quantum
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Figure 3. Representation of quantum state vectors in QPlayer. Unlike the 2" Hilbert space in conventional quantum simulators,
QPlayer selectively tracks and handles only ‘realized-states’ having an amplitude greater than zero. Nevertheless, QPlayer always
ensures the same quantum operational results as in conventional quantum simulators.

state vectors of the |0), 1)1, |+)1, and | =) are shown in figure 2. All the states were observed in this case
using the classical quantum simulator. The difference between the order of the qubit number and the
topology of the real lattice will be addressed later in the section related to the qubit mapping. Meanwhile, the
difference between |0); and |1) depends on the number of bits 1 in the bit string of the data qubits, i.e. an
even and an odd number of 1s for |0); and |1), respectively. The odd number of bits 1 for the state vector
|1); is associated with the operation of the logical Pauli-X, which requires bit flips for three physical qubits.
Specifically, the |[+); and |—); state vectors have the same bit string, but a different sign pattern. The (+) and
(—) signs refer to the |0); and [1);, respectively.

Most importantly, the principle of the stabilization code features a unique preservation of the original
stabilized states. Even when temporarily corrupted due to errors, the logical state is always restored to its
initial state pattern via the ESM and error-correction cycles. This implies that the states of the logical qubit
exist only in a fixed stabilized space, not in the entire Hilbert space. Consequently, the state of the logical
qubit could be represented in a reduced Hilbert space of 2* (for |0);, |1)1) or 2° (for [+)z, |—)1), instead of
217_ Since the amplitudes of the remaining physical states in the Hilbert space are always zero, they have no
physical effect on the logical qubit. It follows that, if the states of the logical qubits are represented only with a
reduced Hilbert space, a larger number of logical qubits will become possible even with relatively small
computing resources.

2.2. QPlayer: a specialized classical quantum simulator

QPlayer [43, 44] is a new type of state vector quantum simulator developed to overcome the exponential
explosion of memory space. QPlayer classifies an individual quantum state either as a ‘realized-state’ or an
‘unrealized-state’ The former refers to a quantum state with an amplitude greater than zero, whereas the
latter refers to a state with a zero amplitude. QPlayer stores only the ‘realized-state’ in computer memory, and
manages the sequence of state vectors for their quantum computation. As a result, QPlayer simulates more
qubits with a less memory and supports faster operations than ever before.

Figure 3 shows an example of a quantum state’s evolution in QPlayer. For the sake of clarity, we assume
the case of only two qubits. In traditional quantum simulators, 2¥ quantum states are stored in memory,
while 2N~! matrix calculations for every gate operation are running, where N is the number of physical
qubits. Therefore, as the number of qubits increases, an exponential increase in the memory consumption
and computational cost is inevitable. In contrast, a much smaller amount of available memory is required
when using QPlayer as only the ‘realized-states’ are stored. Moreover, the position of the state vector is
provided in the form of a ‘quantum index’ to identify the state pairs from the reduced Hilbert space for the
calculation with the quantum matrix. Accordingly, the number of matrix operations is reduced (<2N=1).
Despite using a reduced Hilbert space, QPlayer yields the same quantum operation results as conventional
quantum simulators. [43] shows that QPlayer exhibits 9 times faster ESM and 11 773 times faster teleport
operations between two logical qubits than does the QUEST simulator [32], which is a representative
quantum simulator.

Figures 4(a)—(c) illustrate the topologies of lattices supporting one, two, and four logical qubits,
respectively. The required number of physical qubits is 25, 46, and 85, respectively. The white circles represent
qubits that temporarily operate during the lattice surgery of the surface code. These qubits remain unused in
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Figure 4. Lattice topology according to the number of logical qubits. Figures (a), (b), and (c) represent one, two, and four logical
qubits, respectively. Also, there are 25, 46, and 85 physical qubit arrays required to form such logical qubits, respectively. White
circles are only used temporarily during lattice surgery of surface code.

normal state. Owing to the use of a reduced Hilbert space and the resulting low memory consumption,
QPlayer demonstrated surface code behaviors using five logical qubits in a single computing server. However,
despite its superiority relative to the traditional quantum simulators (i.e. two logical qubits max), QPlayer
still cannot surpass the limit of five logical qubits. This limitation is attributed to the size of the quantum
memory space, which increases in a multiple of 2° proportionally to the number of logical qubits as

NLQ
#of physical states = H NPSq;, (2)

i=1

where NLQ and NPS; ; refer to the number of the logical qubits and the number of physical states in LQ;,
respectively. Equation (2) helps in estimating the number of physical states generated as the number of LQs
increases. Since individual LQs have 2* (for |0);, [1)1) or 2° (for |+), |—)1) physical states, their tensor
product yields the total number of physical states, as in equation (2). Therefore, if all LQs are superposed
(e.g. |+)1, |—)1), the total number of physical states reaches 2>*NQ,

3. Methods

3.1. Multi-layered Hilbert spaces

Dividing the entire Hilbert space into multiple reduced spaces containing individual LQs, as shown in

figure 5, forms the key concept of our proposed approach. Considering an example of 4 LQs in a square
lattice with 85 physical qubits (figure 4(c)), the same number of reduced Hilbert spaces is formed in a layered
structure. In the frame of our proposed approach, the logical information always evolves equally in all
reduced Hilbert spaces, even though the layers are mutually isolated. To achieve this, we associated two types
of quantum information with each reduced Hilbert space, as follows. The first type consists of the entire
physical states of the LQ assigned to the reduced Hilbert space. These states represent the [0}y, |1)1, |[4+)1, or
|—) 1 generated by the distance 3 surface code. Therefore, the number of physical states for each LQ in one
reduced Hilbert space is 2* or 2°, with patterns similar to those shown in figure 2. The second type
corresponds to the logical information of other LQs within the same reduced Hilbert space, which is
preserved using the magic qubit (MQ). The MQ is defined by any physical qubit within the corresponding
LQ, as long as it does not overlap with the neighboring LQ region. For convenience, we select the MQ as the
physical qubit located in the middle of the logical topology. The number of MQ in each reduced Hilbert
space is equal to NLQ-1, where NLQ is the number of LQ. Since the MQ has only up to two physical states, it
is expected that the number of physical states in a reduced Hilbert space will decrease, as described by the
following equations

|9 ) Logica = | LQY) © [LQ%) @ |1LQ") ® [LQ°) (3)




10P Publishing Quantum Sci. Technol. 8 (2023) 035008 K-S Jin and G-I Cha

N il
’:_ y _ ~ Theentire Hllbert space for
4 “' 4 logical qubits
Assigned logical qubit - p—
for this reduced Hilbert space +_ LQo
LQ2
' 1 1
. ~ 7
magic ql%blt .to man1pulate SLo—_. . ’ LQ3 Reduced Hilbert spaces for
the logical information «— 7 P . .
. . = ; 4 logical qubits
of another logical qubits
- ‘7 y 4
v ‘v’ I3
Figure 5. Decomposition of the entire Hilbert space into reduced Hilbert spaces assigned to individual logical qubits. A reduced
Hilbert space stores the stabilized physical states of the specified logical qubit and the logical information of the remaining logical
qubits in the form of ‘magic qubit.
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Equation (3) defines the logical quantum state |W )| ,4ica in the original Hilbert space consisting of four
LQs and represented by a linear combination of four logical states. Since each LQ can assume two logical
states (i.e. [0) or [1)1), |¥ ) rogical can generate 2* logical states (i.e. from |0000) to [1111);). Nonetheless, the
logical state is a mere abstraction of the physical states. Since each stabilized |LQ) can have a linear
combination of 2° physical states, the actual number of physical quantum states |¥ ) Physical becomes 2%0
(25*NLQ) In contrast, equation (4) indicates another form for the logical states reconstructed in a reduced
Hilbert space, in which the original quantum space |¥ )1 qgical extends to four reduced Hilbert spaces
| WL " Logical- Here, | WL >Log1cal denotes a reduced Hilbert space generated for the ith LQ. We formalize the
assigned logical qubit and the remaining logical qubits as |[LQ) and |[MQ), as shown in equation (4). The
interchanging of [LQ) with |[MQ) leads to a reduced number of physical states in the reduced Hilbert space
because [LQ) is a linear combination of 2° physical states, whereas [MQ) is a linear combination of 2!
physical states.

Although the combinations of physical states for |V )1 gical and | Laiy Logical are different, they all preserve
the same logical information in the frame of our proposed approach. This is supported by equations (5)
and (6), showing that the logical information in the separate reduced Hilbert spaces is equivalent. This could
be explained by assuming that the four LQs are entangled on a Bell basis. The first line in equation (5)
indicates clearly that the original Hilbert space is composed by entangled logical states of [0000); + [1111);
using the complete physical states. However, the remaining lines in equation (5) describe the four reduced
Hilbert spaces showing different patterns of physical states, which is due the replacement of some LQs with
MQs. Nevertheless, their logical information guarantees the same entangled logical states |0000); + [1111)y,
as the original Hilbert space
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3.2. Quantum bits in a reduced Hilbert space

Figure 6 illustrates the process of representing the physical states of |U) = |1)1]0)7|1)£|0); in a reduced
Hilbert space. For demonstration purposes, we consider the first reduced Hilbert space as an example. The
quantum bits of all the ancilla (X/Z) qubits are zero since they all have (41) eigenvalues. Therefore, we
specify only the quantum bits of nine data qubits, excluding the bits of the ancilla qubits. The blue color
highlight indicates 2* (i.e. 16) stabilized states of LQO. Since the logical state of LQO is |0);, all bit strings have
an even number of bit 1. If LQO is in the |+) state, it would have 2° (i.e. 32) states. These state patterns
correspond to those described previously in figure 2. The remaining LQs show logical information through
magic qubits. They are not subjected to an ESM, but rather to physical gate operations of magic qubits
changing their quantum states. Accordingly, [MQ) have only physical states of |000000000) or [000010000).
Thus, while |¥') requires 24** physical states to represent the logical information |1);]0)7[1)7|0);, the
reduced Hilbert space of [0 £?°) uses only 2% (20 x 20 x 29 x 2*) physical states of |1),]0)|1)|0); to
represent the same logical state.

3.3. Synthesizing reduced Hilbert spaces by replacing quantum bits
The reduced Hilbert space is a closed system, mutually isolated from other reduced Hilbert spaces. Since
single qubit logical operations have no interaction between logical qubits, the quantum state of a logical
qubit evolves independently while ensuring locality within the reduced Hilbert space. In other words, logical
operations such as the Pauli operator or the Hadamard can be applied independently using either [LQ) or
|IMQ) within each reduced Hilbert space. However, multiqubit logical operations such as the CNOT gate
involves the interaction of many reduced Hilbert spaces. To support such multiqubit logical operations, we
propose a synthesis method of reduced Hilbert spaces. From a quantum mechanical perspective, the
no-cloning theorem fundamentally forbids the copying of quantum states between qubits. In addition, it is
also clear that the entangled state of qubits cannot be decomposed into an individual tensor product. This
conceptual strangeness challenges the description of quantum states in classical computers. In this study, we
propose an alternative approach to represent quantum states in classical computers using the replacement of
classical bits while fully preserving the logical information of the original states.

Figure 7 describes our proposed idea of building a reduced Hilbert space by synthesizing two different
reduced Hilbert spaces. We selected the reduced Hilbert spaces of LQO (|¥')) and LQ1 (| ¥ 1?")) in figure 6
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Figure 7. An example of building an extended reduced Hilbert space by synthesizing the two reduced Hilbert spaces described in
figure 6. The no-cloning theorem does not permit the copying of quantum states, but we address this problem through alternative
approaches via classical bit processing instead of quantum mechanics. Our key idea is to replace bit strings of quantum states.
Thus, it is possible to synthesize or decompose reduced Hilbert spaces while preserving logical information.

as an example to illustrate the process. Figure 7(a) presents the concept of synthesizing two reduced Hilbert
spaces while ensuring the same logical information. The individual logical states of | ¥ *20) and |¥ !} are
|1)0]0) ar|1) a]0) L and |1)ar]0) | 1)£|0) as> Tespectively, whereas the synthesized reduced Hilbert space

(| W IRLLQO0Y) hag the logical states of |1)3]0)as]1)£]0) 1. It is worth noting that the magic qubit component
(IMQ)) is replaced with the logical qubit component (|LQ)). Since |[LQ) and |[MQ) can preserve the same
logical information, then the logical states of | ¥ X0), |W1R1) 'and | LRLLQO) are all equivalent. Figure 7(b)
describes these concepts in terms of the physical states of the reduced Hilbert space of |¥ Q%) and | ¥ Q)
(i.e. left side) and the physical states of the synthesized reduced Hilbert space (i.e. right side).

The first step in the synthesis process is to prepare a new reduced Hilbert space (| W LQLLQO-Preparey) ywhich
is possible in three different ways: (1) initialize all logical qubits to |0), (2) initialize the logical information
of all logical qubits to magic qubits, and (3) replicate one of the associated reduced Hilbert spaces. However,
since (1) and (2) require additional procedures for embedding logical information to | LQLLQO-Prepare) "yye
choose (3) to maintain a high computing efficiency. The replication of |¥ Q') is completed by copying state
vectors stored in the computer’s memory. Although quantum mechanics does not allow the copying of
quantum states, classical computing enables building the same Hilbert space through memory copying of
state vectors without deformation of quantum information. As a result, the physical states of |¥'12!) and
| W LQLLQO-Prepare) after the first step are exactly the same.

In the second step, the [MQO) in | LQLLQO-Prepare) g qyibstituted with the logical information of [LQO) in
| W LY, Here, we apply the bit operation technique of classical computing for such quantum information
transfer. That is, the ‘000000000 bit of [MQO) in |¥ LQLLQO-Prepare) g replaced by individual bits of |0) in
| W L), This is done by performing a bitwise-OR operation of the masking bit of [MQO) and each physical
bits of |0) ;. This bit operation results in a [MQO) bit extending by the number of 16 quantum bits of |LQO).
Thus, it can be seen that the finally synthesized | X2V1R0) has 167 quantum states, indicating that it
represents the entire physical states of both |[LQO0) and |LQ1).
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Figure 8. Single logical operation using reduced Hilbert spaces. We consider the execution of the logical Pauli-X operation on
LQ3. We apply the Pauli-X operator of the surface code to [p*?*), while we execute the physical Pauli-X gate to the magic qubit of
other reduced Hilbert spaces. Figure (a) shows a logical operation procedure of reduced Hilbert spaces. Figure (b) indicates
quantum state changes before and after logical operations.

Meanwhile, decomposing the synthesized reduced Hilbert space back into the original reduced Hilbert
spaces can be achieved similarly through quantum bit replacement.

3.4. Logical quantum operation

The surface code defines a set of fundamental logical operations for fault-tolerant universal quantum
computations, including logical-X, Z, H, S, and CNOT as Clifford gates and logical-T as a non-Clifford gate.
To support these logical operations, ensuring that all the reduced Hilbert spaces preserve the same logical
information is an important supporting factor of our approach. Its importance stems from the need to
guarantee that a synthesized reduced Hilbert space has all the physical states of the associated LQs when
performing lattice surgery of the surface code. To this end, it is necessary to revise logical operations of the
surface code, so that it can operate in the reduced Hilbert spaces.

3.4.1. Single qubit operation

Figure 8 shows a single logical operation in reduced Hilbert spaces. Such logical operations include Pauli-X,
Pauli-Z, Hadamard, and ESM. Figure 8(a) shows an example of a logical Pauli-X operation on LQ3. Basically,
all logical operations are applied to all reduced Hilbert spaces. Since | ¥ “??) has the entire stabilized states of
LQ3, we apply the logical operator defined in the surface code to |[¥'?*). However, in other reduced Hilbert
spaces (|¥Q2), |WRY) "and |¥1R0)), we run a physical Pauli-X gate to MQ3, which represents a magic qubit
for LQ3. The resulting changes are shown in figure 8(b). It can be seen that the logical state of LQ3 in all
reduced Hilbert spaces changed from |1) to |0).

3.4.2. CNOT
In the surface code, the CNOT operation is performed by lattice surgery which is a key principle that
transfers logical information or causes entanglement through merging and splitting of LQs. In figure 9, the
upper right circuit shows the implementation of CNOT between two logical qubits by using lattice surgery
[45]. This requires two logical qubits (Control and Target) and one additional logical qubit (Ancilla). All
processes are achieved through joint measurement of Control and Target using Ancilla as an intermediary.
The joint-measurement has the effect of quantum information transfer between Control and Target, and the
logical CNOT can be completed through post-corrections based on the measurement outcomes.
Mathematically explaining the effect of logical CNOT, it can be seen that it changes to X® I - X ® X and
I®Z— Z®Z, respectively. The former indicates that the logical bit of Control is transferred to the Target,
and the latter means that the logical phase of the Target is transferred to the Control.

The logical CNOT in the surface code is originally designed to be performed in a single Hilbert space
where logical information is encoded by all physical qubits. However, since the reduced Hilbert spaces are
mutually isolated, our idea needs to generate one Hilbert space by synthesizing related LQs for lattice surgery
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Figure 9. Synthesis of reduced Hilbert spaces for logical CNOT operation. LQ1 and LQ2 are target logical qubit and control
logical qubit, respectively. Three approaches can be applied to the synthesis of reduced Hilbert spaces for CNOT. In the
synthesized reduced Hilbert space, a lattice surgery method of the surface code is performed, and the operation results are the
same in all approaches. (C) and (D) indicates ‘Composition’ and ‘Decomposition), respectively.

(see appendix A). For this, we propose the following three steps: (1) preparing a single reduced Hilbert space
by synthesizing the associated reduced Hilbert spaces, (2) performing a logical CNOT operation by lattice
surgery in the synthesized reduced Hilbert space, (3) restoring the logical information after lattice surgery
from the synthesized reduced Hilbert space to the original reduced Hilbert spaces. That is, this process can be
summarized as a series of synthesis-CNOT-decomposition steps. After all the processes are completed, the
temporarily synthesized Hilbert space is removed from the computer memory.

The synthesis of reduced Hilbert spaces for the CNOT operation is possible using three different
methods. Since they all provide the same operational results, one can selectively utilize them according to the
software efficiency. We consider an example where LQO, LQ1, and LQ2 correspond to an ancilla logical qubit,
a target logical qubit, and a control logical qubit, respectively.

Method 1 is based on the synthesis of three reduced Hilbert spaces at a time. Using the bit operation
described above, the logical information of LQO (in |¥ %)), LQ1 (in |[¥)), and LQ2 (in | ¥ X2)) are
transmitted to the synthesized reduced Hilbert space, which has the entire physical states of three logical
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Figure 10. Logical S(T) operation. This example applies a logical S(T) to LQ3. Figure (a) is a reduced Hilbert space for
performing logical S(T) operations. Figures (b) and (c) shows lattice surgery-based circuit implementation for logical S and T,
respectively. [Y), and |A). indicates the injected logical states for generating the logical S(T) operation.

qubits. That is, since each of the LQs has 2 or 2° quantum states, the synthesized quantum states may be
extended to 2°*3. Then, the lattice surgery of the surface code is performed in the synthesized reduced
Hilbert space, only through the physical qubit operation. When the lattice surgery is completed, the updated
logical information is restored to the original reduced Hilbert space. Even if LQ1 and LQ2 are entangled by
lattice surgery, the restored original reduced Hilbert space forms entanglement relation by |LQ) and |[MQ).

Method 2 consists of two steps, as follows. In the first step, the target logical qubit (LQ1) and the ancilla
logical qubit (LQO) are synthesized to perform a merge/split XX. Then, the control logical qubit (LQ2) is
synthesized into the reduced Hilbert space, and a merge/split ZZ is performed. Similar to Method 1, when
the lattice surgery is completed, the logical information is restored to the original reduced Hilbert spaces.

Method 3 is based on synthesizing the control logical qubit (LQ2) and the target logical qubit (LQ1)
while excluding the ancilla logical qubit. Interestingly in this case, the logical information is not distorted
during the lattice surgery. This is mainly because the ancilla logical 0020 qubit is always initialized by an ESM
during lattice surgery. Thus, Method 3 is the most efficient in terms of computational cost. The process after
synthesis is similar to Methods 1 and 2.

34385 T

In quantum computing, the S and T are single qubit operators that rotate the qubit’s state by pi/2 and pi/4
radians, respectively, around the z-axis of the Bloch sphere. However, it should be noted that the logical S and
T in surface code cannot be applied independently in a single logical qubit system, rather requires lattice
surgery with an additional ancilla logical qubit. Figure 10 shows how to implement the logical Sand T in a
reduced Hilbert space. For explanation, we assume that the logical S(T) is applied to LQ3. Similar to the
description of the previous sections, we perform a physical S(T) gate for MQs in the reduced Hilbert spaces
(W ER0Y WY "and |W1R2)), where LQ3 is not assigned. However, |¥ '), which includes the full stabilized
states of LQ3, requires lattice surgery between two logical qubits. To this end, we utilize a logical S(T) with
the nearby logical ancilla qubit (logical data and ancilla qubit placement can be found in appendix A). At this
time, since the logical ancilla qubit operate only temporarily during the lattice surgery, their state changes do
not affect the quantum information of other logical data qubits. The logical S(T) operators can be
implemented by consuming the magic states of [Y) and |A), which can be generated using a state injection
scheme [24]. |[Y); and |A); indicates 1/v/2(|0),+| 1)) and 1/v/2 (|0} + ei”/“‘ 1)1), respectively.

Figures 10(b) and (c) refer to circuits that generate logical S and T operators, respectively. Several methods
for generating logical S and T are provided, but we apply an approach using X-boundary joint measurement
of two logical qubits [18, 46, 47].

3.4.4. Measurement

The measurement in a reduced Hilbert space is shown in figure 11. It is described through the example of
measuring the logical qubit LQ3 in the logical state (|0); + [1)1)®|0)|1)1|0).. As shown in the figure,

| W L) represents the superposed logical state (|0); + |1);) having all physical states of LQ3, while the
remaining reduced Hilbert spaces represent the states (|0) + |1) ) through the magic qubit. The
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Figure 11. Measurement of logical qubit. We assume to measure LQ3. Measurement in reduced Hilbert spaces follows the
following two steps. (1) measures all data qubits of LQ3 in ['?®) according to the rules of the surface code. (2) updates the
measured logical state to MQ3 in other reduced Hilbert spaces.

RZ

\{,LQI)

\PLQ3>

measurement is performed in two steps, as shown in figure 11(a). In the first step, LQ3 is measured following
the measurement policy of the surface code, which is done at | '?®) where LQ3 is assigned. After measuring
nine data qubits of LQ3 according to the probability amplitude, the logical measured state is determined
based on whether the number of measured (+1) eigenvalue is odd or even. In the example considered here,
we assume that LQ3 is measured in the logical state of |0);. The second step is based on updating the magic
qubit state for LQ3 in other reduced Hilbert spaces according to the measured logical state. For this, we
forcibly collapse each magic qubit into the |0) s state. Although it is quantum mechanically impossible, we
can collapse a qubit to a certain state by adjusting the probability amplitude of the qubit in classical
computers. Figure 11(b) shows the state of reduced Hilbert spaces before and after the measurement of LQ3.
We can confirm that the logical information of LQ3 was changed from ‘|0) + |1)’ to °|0) in all reduced
Hilbert spaces.

3.5. Mapping the qubit index

The transfer of logical information through bit-wise operations between reduced Hilbert spaces is a key
principle in the foundation of our approach. However, if we consider the example of the physical lattice
topology shown in figure 12(a), the direct application of our approach would require a significant computing
overhead for bit computation. This high demand for computing power results from the need for repeating
the bit operations for each data qubit, as bit streams of data qubits cannot be delivered at once. Therefore, we
associate continuous qubit numbers to all data qubits by establishing a special mapping table, as shown in
figure 12(b). However, it should be noted that no modifications to the quantum algorithm or breaking of the
surface code operation’s integrity are required when changing the qubit number. In fact, gate operations are
called in an algorithm based on a given qubit number in the real lattice topology. Thus, changing the number
of the qubit in the mapping table is a mere change of the qubit numbering within the computer’s memory.
However, breaking the connectivity of the physical qubits can be a potential problems, because most
quantum computers (e.g. Google Sycamore) allow the CNOT operation only between adjacent qubits. For
example, in figure 12(a), qubit 8 can apply the CNOT operation only with qubits 4, 5, 11, and 12. We check
the qubit connectivity through the mapping table when the CNOT operation is called.

3.6. Noise injection and error correction

In quantum systems, noise can broadly be classified into two types: coherent and incoherent errors. The
coherent error may be viewed as unitary rotations about a particular axis, and can be more damaging, since
they can accumulate coherently over time. Several schemes for mitigating coherent errors have been
proposed, including averaging over random gate sequences [48—50] and optimization of the decoding
algorithm [51]. In contrast, incoherent error means stochastic noise, where an error operation is applied with
some classical probability. A typical method is to use a depolarization channel [18, 52]. Simulating surface
codes with depolarizing channels only requires Clifford operations and Pauli measurements on stabilizer
states, allowing for efficient simulation on classical computers via the Gottesman—Knill theorem [53, 54].
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Figure 12. Qubit number mapping table. Figures (a) and (c) show qubit topology before and after mapping, respectively. Figure
(b) is a mapping table for converting the qubit number. We transform all data qubits to have consecutive qubit numbers through
the mapping table.
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Figure 13. Noise injection and error correction in reduced Hilbert space. This example assumes that we inject a probability-based
Pauli error into the ith data qubit of LQO. All procedures consist of three steps: (1) injects probabilistic depolarizing noise, (2)
perform ESM and correct physical qubit error, (3) applies logical operators to logical qubit whose errors have been corrected.

Of these two, our study focuses specifically on emulating incoherent errors in the reduced Hilbert space.
The main reason is that the coherence error rotates the state of physical qubits in specific direction, which
results in expanding the size of the reduced Hilbert space. For example, even if nine physical data qubits in a
distance 3 logical qubit are slightly rotated about XY axis, the size of its reduced Hilbert space will increase
from 2% to 2°. This ultimately increases the computational cost of classical computing and undermines the
purpose of this study to support more logical qubits with fewer resources in the reduced Hilbert space. To
inject the incoherent error to the reduced Hilbert space, we utilize the well-known depolarization channel in
quantum information theory as

Ni(p) = (1 —eip) + el XpX + &/ YpY + i ZpZ, (7)
where suitable probabilities £, £/, e and ; = 1 — ¥ — &/ — &% i indicates a physical qubit experiencing the
Pauli error. The effect of Pauli noise also is efficiently simulable depending on the Gottesman—Knill theorem
[18].

Figure 13 shows the noise injection and correction in the reduced Hilbert space. To simplify the example,
we assume that an error occurred only in the ith physical data qubit of LQO. The whole process consists of
three stages. Step 1 injects a Pauli error generated by the probability-based depolarization channel in
equation (7). In this case, the logical state of LQO is changed in the type of error applied to the ith data qubit.
If it is an X error, the logical bit is reversed, and if it is a Z error, the logical phase is reversed. At this point, the
error in a specific data qubit only affects the corresponding logical qubit, so the quantum state of the reduced
Hilbert space can be expressed as | "Y) ogica = [MQ*)®|MQ?) ® IMQ') @ (£; ® |LQ")) in this stage. If the
number of errors does not exceed the error-threshold which is (d — 1) /2, such errors guarantee a locality
that affects only the associated logical qubits. Thus, we can correct the error of the corresponding logical
qubit through the ESM step without affecting the state of the other logical qubit. In step 2, an error can
detected or corrected according to the ESM circuit in figure 1. Depending on the type of syndrome, we
correct the logical error via physical Pauli-X or -Z. However, if no noise is injected, then all stabilizers will be
measured as (4) eigenvalue, indicating that no error occurred on the logical qubit. Step 3 is to apply logical
operators to the logical qubit. Since the already injected error has been corrected, the operation can be
performed in a noiseless logical state.
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Table 1. Estimation of computing resources for reduced Hilbert states.

# Physical qubits # Logical qubits # Ideal physical states # Realized-states Total memory
85 4 2% 28 16 KB

181 9 2181 2B 1 MB

313 16 2313 220 256 MB

388 20 2388 2% 5GB

481 25 2481 2% 200 GB

3.7. Cost estimation

In classical quantum simulators, memory space and computational costs exponentially saturate proportional
to the number of qubits. Even in QuEST, moving logical information between two logical qubits takes more
than 1 h. These problems are unlikely to be solved by using thousands of high-performance computers. The
reason is that the Hilbert space for many qubits is too large to simulate using traditional computing
resources. In contrast, our approach enables faster quantum operations at a lower cost by providing a
reduced Hilbert space. In the following, we estimate the benefits of our idea in terms of memory
requirements and computational costs.

3.7.1. Memory consumption

As described above, the reduced Hilbert space consists of the stabilized states of the assigned logical qubit and
the magic states of the remaining magic qubits. Since the maximum number of states of the |[LQ) and [MQ)
are 2° and 2! (for |[+) or |—)1), the total number of physical states of a reduced Hilbert space is given by

#PhysicalStates = NSLQ x NSMQ = 2° x 2N~ (8)

where NSLQ is the number of physical states for LQ, NSMQ is the number of physical states for MQ, and
NLQ is the number of logical qubits. #PhysicalStates refers to the number of the ‘realized-states’ stored in
memory using QPlayer. Since the ‘realized-state’ is defined as a complex number variable in computing
language, the memory usage for simulating such physical states on a computer is given by

Memory(bytes) = {(#PhysicalStates) x AMPSZ} x NSRHS = { (2° x 2MQ71) x 2*} xNLQ, ~ (9)

where AMPSZ refers to the size of the complex number in the computer memory and NSRHS corresponds to
the number of reduced Hilbert spaces. Because a complex number that requires two 8-byte double data types
representing a real part and an imaginary part, the memory size for each physical state is 2* bytes.

Table 1 summarizes the predicted values according to the number of logical qubits when applying our
approach to a classical computer. Only 200 GB is required to simulate 25 logical qubits. However, the table is
merely a conversion of the physical state into bytes. Considering the memory used internally by the QPlayer
process, it is expected that a single computing server can support a little less than 25 logical qubits.
Nevertheless, it may be very encouraging to be able to run quantum algorithms using approximately 20
logical qubits on a single computing server.

3.7.2. Matrix calculations

Given N qubits, traditional quantum simulators always calculate of 2 x 2 matrix operations for every
gate operation. By contrast, a relatively small number of calculations is required in our approach because
matrix calculation is applied only for the realized-states within the reduced Hilbert space. Therefore,
assuming that all logical qubits are superposed, the maximum number of matrix calculations can be
predicted as

2N71

Matrix Calculations = NSLQ x NSMQ x NSRHS = 2° x 2MQ~1 x NLQ. (10)
4. Results and discussion

4.1. Experimental setup
We first simulated large-scale logical qubits using a classical quantum simulator (QPlayer)

supporting a reduced Hilbert space. Then, we analyzed the results from various perspectives. The
experiment was conducted on a single Dell PowerEdge T640 server installed Ubuntu 20.04.2 LTS with two
Intel Xeon Gold 6132 CPUs (56 cores total) and 512 GB of memory. We did not use any hardware accelerators
such as GPGPU but used only the OpenMP library provided by Linux for simulation parallelization.
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Figure 14. A lattice topology with large-scale qubits. For validation of various logical qubit scales, we provided four types of
two-dimensional lattices. The number of operational logical (physical) qubits is 4 (85), 9 (181), 16 (313), and 20 (388),
respectively. Traditional quantum simulators do not support even 4 logical qubits to simulate, while our approach allows up to 20
logical qubits to operate. We conducted two experiments: (1) initializing the logical qubits, (2) generating the entangled states of
data logical qubits. In each lattice, the gray region indicates ancilla logical qubit and the color regions refer to data logical qubit.

In addition, for the experiments on various logical qubit scales, we defined four types of 2D lattice
topologies, as shown in figure 14. The color and gray areas correspond to the data logical qubits and the
ancilla logical qubits, respectively. In this lattice topology, we conducted two experiments: (1) initializing all
logical qubits and (2) generating the entangled states of data logical qubits.

4.2. Initializing logical qubits

Table 2 shows the time and memory consumptions required to initialize all logical qubits depending on their
number. We initialized the logical qubits using the ESM of the surface code, to ensure that all the X/Z
stabilizers have a (41) eigenvalue. The experimental results include the number of stabilized physical states,
initialization time, and required memory. First, we consider initializing logical qubits to |[+); ona 2 x 2
lattice. As predicted in equation (8), there are 256 physical states in one reduced Hilbert space. Since the
number of reduced Hilbert spaces is 4, the total number of physical quantum states is 1024. The initialization
process took 334 ms and consumed 5.3 MB. These values differ slightly from those listed in table 2 because
the QPlayer process uses meta-information such as quantum index as well as quantum states. Meanwhile, in
the case of a 5 x 4 lattice, the total number of physical states generated for |+); is 268 435 456 states using
276 GB. In this case, it took ~1475 s to complete the initialization process of all logical qubits. This relatively
long operation time accounts for the initialization of both the data logical qubit and the ancilla logical qubit.
It is worth recalling that the ancilla logical qubit is temporarily used only during the lattice surgery when
applying real quantum algorithms.

4.3. Building entangled states for all logical qubits

Table 3 shows the entangled states of data logical qubits. We applied Method 3 in figure 9 for the logical
CNOT operation. All operations were conducted only with lattice surgery using physical qubits. In the
preparation step, we initialized a control logical qubit to |[+); and the remaining logical qubits to |0);. Then,
we applied a continuous logical CNOT operation in a daisy chain starting from the control logical qubit to
the remaining logical qubits (refer to appendix A). Meanwhile, the logical CNOT operation between two
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Table 2. Initializing data logical qubits for four types of initial logical states.

Initial states of

Lattice topology all logical qubit # Physical states Elapsed time Memory
2 % 2 (41Qs) |0}z 64 (16 x 4) 146 ms 4.6 MB
1)1 64 (16 x 4) 162 ms 4.6 MB
|[+)r 1024 (256 x 4) 334 ms 5.3 MB
|—)t 1024 (256 x 4) 329 ms 5.3 MB
3 x 3 (9LQs) |0}z 144 (16 x 9) 254 ms 4.8 MB
11)r 144 (16 x 9) 269 ms 4.8 MB
|+)1 73728 (8192 X 9) 829 ms 118 MB
|—)z 73728 (8192 x 9) 817 ms 118 MB
4 x 4 (16 LQs) |0}z 256 (16 x 16) 297 ms 6.4 MB
[1)r 256 (16 x 16) 282 ms 6.4 MB
|[+)r 16777216 (1048 576 x 16) 81s 16 GB
= 16777 216 (1048 576 x 16) 82s 16 GB
5 x 4 (20 LQs) |0}z 320 (16 x 20) 350 ms 7.2 MB
1)L 320 (16 x 20) 348 ms 7.2 MB
[+)t 268435456 (16777 216 x 20) 1475s 276 GB
|—)c 268435456 (16777 216 x 20) 1499 s 276 GB

Table 3. Entanglement of all data logical qubits generated by lattice surgery.

Lattice topology Logical states after CNOT operations Elapsed time Memory
2 % 2 (41Qs) |0000); + [1111); 551 ms 37 MB
3 % 3(91Qs) 1000000000), -+ [111111111);, 1.7s 40 MB
4 x 4 (16 LQs) |0000000000000000); 4 [1111111111111111) 2.8 41 MB
5 x 4 (20 LQs) |00000000000000000000); + [11111111111111111111); 6.9s 42 MB

logical qubits follows five steps: (1) it synthesizes the reduced Hilbert spaces of the control logical qubit and
the target logical qubit, (2) it executes a merge/split XX of the ancilla logical qubit and the target logical
qubit, (3) it executes a merge/split ZZ of the ancilla logical qubit and the control logical qubit, (4) it applies
the post-operation according to the syndrome measured in the merge/split stage, and (5) it restores the
logical information to the original reduced Hilbert spaces. As shown in table 3, the logical qubits are
entangled with |0...0); + |1...1) after all CNOT operations are completed. The physical states of the
logically entangled states are described in appendix B. The memory consumption can also be inferred from
the physical quantum states described in appendix B.

5. Conclusion

In this study, we proposed a novel method for simulating large-scale logical qubits based on the surface code
running on a classical computer. The main limitations experienced in conventional quantum simulators are
related to the number of qubits as these simulators try to apply all quantum operations in one Hilbert space.
We presented fundamental aspects to overcome these limitations by dividing one Hilbert space into reduced
Hilbert spaces for each logical qubit. We successfully showed that our proposed approach enables quantum
operations on a larger number of logical qubits while consuming less memory resources and performing
faster quantum computation than ever before. We experimentally demonstrated that our idea can support
up to 20 logical qubits on a single computing server. Furthermore, we found that lattice surgery of surface
codes works well even in reduced Hilbert spaces while conducting entanglement generation experiments of
multiple logical qubits.

Importantly, we demonstrated that the stabilized states of the logical qubits remained fully preserved,
despite the use of reduced Hilbert spaces. We showed that all behaviors (such as ESM, logical operator, and
lattice surgery) of the surface code are possible only with physical qubit operations. We carefully expect that
our ideas would enable further research possibilities in the future, including their combination with various
quantum-error models, or the use of multiple logical qubits in error-tolerant quantum algorithms. Finally, it
is worth stressing that our proposed approach functions on a general-purpose computing server in the
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laboratory. Since practical quantum computers are not to become available in the near future, our study offer
means to advance the research on QEC and quantum algorithms in the noisy intermediate-scale quantum
era.

Data availability statement
The data that support the findings of this study are available upon reasonable request from the authors.
Acknowledgments

This work was supported by the Institute of Information & Communications Technology Planning &
Evaluation (IITP) Grant funded by the Korea government (MSIT) (No. 2020-0-00014, A Technology
Development of Quantum OS for Fault-tolerant Logical Qubit Computing Environment).

Appendix A. Execution flow of the logical CNOT operation for generating entanglement

Figure 15 shows the sequence of the logical CNOT operation for generating entanglement of logical qubits in
each 2D lattice. However, since the basic rules are the same for all lattices, we considered a 3 x 3 lattice as an
example. In reduced Hilbert spaces, the detailed procedure of the logical CNOT using the lattice surgery is as
follows. We applied Method 3 in figure 9 for the synthesis of reduced Hilbert spaces.

Step1: initialize data logical qubits
- initialize LQ4 to |+) ;.
- initialize LQO to |0);
- initialize LQ2 to |0);
- initialize LQ6 to |0)
- initialize LQ8 to |0)

Step2: logical CNOT LQ4 — LQO
- synthesize the reduced Hilbert space with LQ4 and LQO
- merge/split XX of LQ1 (Ancilla) and LQO (Target) in the synthesized Hilbert space
- merge/split ZZ of LQ1 (Ancilla) and LQ4 (Control) in the synthesized Hilbert space
- restore logical information to the original Hilbert spaces of LQ4, LQO
- remove the synthesized Hilbert space from the memory

Step3: logical CNOT LQ4 — LQ2
- synthesize the reduced Hilbert space with LQ4 and LQ2
- merge/split XX of LQ1 (Ancilla) and LQ2 (Target) in the synthesized Hilbert space
- merge/split ZZ of LQ1 (Ancilla) and LQ4 (Control) in the synthesized Hilbert space
- restore logical information to the original Hilbert spaces of LQ4, LQ2
- remove the synthesized Hilbert space from the memory

Step4: logical CNOT LQ4 — LQ6
- synthesize the reduced Hilbert space with LQ4 and LQ6
- merge/split XX of LQ7 (Ancilla) and LQ6 (Target) in the synthesized Hilbert space
- merge/split ZZ of LQ7 (Ancilla) and LQ4 (Control) in the synthesized Hilbert space
- restore logical information to the original Hilbert spaces of LQ4, LQ6

Step5: logical CNOT LQ4 — LQ8
- synthesize the reduced Hilbert space with LQ4 and LQ8
- merge/split XX of LQ7 (Ancilla) and LQ8 (Target) in the synthesized Hilbert space
- merge/split ZZ of LQ7 (Ancilla) and LQ4 (Control) in the synthesized Hilbert space
- restore logical information to the original Hilbert spaces of LQ4, LQ8
- remove the synthesized Hilbert space from the memory
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Figure 15. Logical CNOT operation flow for generating entanglement of multiple logical qubits. The numbers in the circles refer
to the number of logical qubits in a two-dimensional lattice. The color area is a data logical qubit, and the gray area is an ancilla
logical qubit. We generated the entangled states of data logical qubits through logical CNOT. The beginning and end of the arrow
represent the control logical qubit and the target logical qubit, respectively.

Appendix B. The physical states after entanglement of logical qubits

We provide physical quantum states in the reduced Hilbert space after entanglement, considering the 3 x 3
lattice in appendix A, as an example. Furthermore, for simple explanation, we describe the physical quantum
states for two reduced Hilbert spaces assigned to |¥0) and |¥?4). The physical states of the remaining
reduced Hilbert spaces can be inferred from the descriptions in this appendix. All physical states were
actually observed through a classical quantum simulator (QPlayer). Figures 16(a) and (b) show the physical
quantum states of reduced Hilbert spaces for LQO and LQ4, respectively. Blue refers to |0); and red to |1);.
The numerical values to the left are probability amplitudes, which encompasses a real part and an imaginary
part. As described in section 3, since the state of all logical qubits after entanglement should be

|0..0) + |1..1);, it is necessary to observe that this relationship is accurately represented in the reduced
Hilbert space. In the case of the first Hilbert space, it can be seen that all stabilized states are described for
LQO. On the other hand, LQ2, LQ4, LQ6, and LQ8 represent the same logical state with a magic qubit. The
second Hilbert space is also similar. Only LQ4 has the entire stabilized states, whereas the remaining data
logical qubits show entanglement with magic qubits. Meanwhile, we can also confirm that the logical states
of the two reduced Hilbert spaces are equivalent by comparing (a) and (b).
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Figure 16. Physical quantum state of the reduced Hilbert space. Blue and red refer to |0); and |1);, respectively. Figure (a) is the
physical states of a Hilbert space for LQO, (b) is the physical states of a Hilbert space for LQ4.
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