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Quantum variational algorithms are one of the most promising applications of near-term quantum
computers; however, recent studies have demonstrated that unless the variational quantum circuits are
configured in a problem-specific manner, optimization of such circuits will most likely fail. In this paper,
we focus on a special family of quantum circuits called the Hamiltonian variational ansatz (HVA), which
its takes inspiration from the quantum approximate optimization algorithm and adiabatic quantum com-
putation. Through the study of its entanglement spectrum and energy-gradient statistics, we find that the
HVA exhibits favorable structural properties such as mild or entirely absent barren plateaus and a restricted
state space that eases their optimization in comparison to the well-studied “hardware-efficient ansatz.” We
also numerically observe that the optimization landscape of the HVA becomes almost trap free, i.e., there
are no suboptimal minima, when the ansatz is overparametrized. We observe a size-dependent “compu-
tational phase transition” as the number of layers in the HVA circuit is increased where the optimization
crosses over from a hard to an easy region in terms of the quality of the approximations and the speed of
convergence to a good solution. In contrast to the analogous transitions observed in the learning of ran-
dom unitaries, which occur at a number of layers that grows exponentially with the number of qubits, our
variational-quantum-eigensolver experiments suggest that the threshold to achieve the overparametriza-
tion phenomenon scales at most polynomially in the number of qubits for the transverse-field Ising and
XXZ models. Lastly, as a demonstration of its entangling power and effectiveness, we show that the HVA
can find accurate approximations to the ground states of a modified Haldane-Shastry Hamiltonian on a

ring, which has long-range interactions and has a power-law entanglement scaling.

DOI: 10.1103/PRXQuantum.1.020319

L. INTRODUCTION

With the advent of noisy intermediate-scale quantum
(NISQ) computers [1], near-term quantum algorithms,
such as variational quantum eigensolvers (VQEs), may
offer computational capabilities beyond those of the best
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current classical computers and algorithms for approxi-
mating ground states of quantum many-body systems. A
VQE algorithm contains three ingredients: a variational-
quantum-circuit ansatz specified by a set of parameters
#; an energy function given by the expectation value of
a local Hamiltonian H, composed of local measurements
on the variational circuit state; and a classical optimizer.
A natural first approach is the random-quantum-circuit
ansatz [2—4], which is capable of expressing a wide variety
of states. However, this has been shown to be ineffec-
tive for gradient-based optimization strategies due to the
barren-plateau phenomenon [5—8], which causes the opti-
mization of randomly initialized circuits to get stuck on flat
areas in the cost landscape, where gradients are exponen-
tially small. These observations suggest that an effective
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ansatz for a VQE requires a circuit that is problem spe-
cific, such that the optimization landscape of the problem is
not hindered by barren plateaus. For quantum many-body
problems, Ref. [9] suggests a novel variational circuit that
is now called the Hamiltonian variational ansatz (HVA).
While there is no rigorous proof that the HVA will be an
effective ansatz, recent work has demonstrated that it is
rather effective for several one- and two-dimensional (1D
and 2D, respectively) quantum many-body models [10,11].
It is thus an intriguing question to further understand the
empirically observed effectiveness of the HVA.

For the purpose of understanding the effectiveness of
such Ansdtze, it is useful to note that quantum entangle-
ment provides a window into the capabilities of several
families of numerical techniques and algorithms aimed
at understanding the properties of quantum many-body
states, as well as helping us delineate the boundary
between quantum states that can be simulated classically
and those that call for quantum simulators and quantum
computers for their accurate description. For instance, for
a 1D gapped local Hamiltonian, the entanglement entropy
of the ground state obeys an area law, i.e., the entanglement
entropy grows proportional to the boundary area of the sys-
tem instead of the system size [12]. This remarkable result
allows us to combat the exponential scaling of the Hilbert
space, since this area law provides evidence that the rele-
vant physics of a system only takes place in a restricted
part of the full state space. These observations have
inspired a variety of variational numerical methods, most
notably, tensor-network approaches such as the matrix-
product state (MPS), multiscale entanglement renormal-
ization, and projected entangled pair states [13] but also
deep-learning-inspired variational approaches, which have
been successful at representing quantum many-body states
[14—17].

In this paper, we study various entanglement properties
of the HVA and present several results on the favorable
features of the HVA that shed light on the underlying
reasons for its effectiveness for solving natural many-
body problems. Our findings suggest that the HVA is
highly expressive but yet structured enough to allow for
efficient optimization. Through the study of two prototyp-
ical models in condensed-matter physics, namely the 1D
transverse-field Ising model (TFIM) and the XXZ model,
we find that entanglement entropy and entanglement spec-
trum can shed light on the initialization and optimization
properties of the HVA in the context of the VQE algorithm.
Whereas the HVA provides a restricted and effective state
space for the TFIM, which yields ground-state approxi-
mations largely insensitive to the circuit initialization, the
1D-XXZ-model ansatz requires a careful parameter initial-
ization for its successful optimization. Through the study
of the dynamics of the entanglement spectrum during the
optimization of the XXZ model, we find that initializing
the HVA near the identity operator enables a restricted and

effective subspace during optimization that yields accurate
approximations to the ground state with fast convergence.
Furthermore, we show evidence that the gradient vanishing
problem in the HVA, especially if the HVA is initial-
ized near the identity operator, is mild or entirely absent
in comparison to the random circuit ansatz, where bar-
ren plateaus in the energy landscape cause gradients to
decay exponentially with increasing system size. We also
explore the overparametrization phenomena in the HVA
and observe a “computational phase transition” between
an underparametrized and an overparametrized regime,
where the optimization landscape of the HVA crosses over
to a regime with faster convergence and an absence of
low-quality solutions. Lastly, as a demonstration of the
entangling power and effectiveness of the HVA, we study
a modified Haldane-Shastry (MHS) Hamiltonian, which
has long-range interactions and a power-law scaling entan-
glement entropy [18]. We observe that the HVA can find
approximations to the ground state of the MHS Hamil-
tonian reaching fidelities > 99% for system sizes N = 4,
N =8, N=12, and N = 16 and circuit depths p = N.
Our findings point to important features of the HVA that
will lead to a deeper understanding of its effectiveness and
point the way to developing more sophisticated Ansdtze for
other many-body problems, as well as more informed opti-
mization strategies. Moreover,we establish a substantial
connection between quantum entanglement and the effi-
cacy of the HVA and show how entanglement properties
such as the entanglement spectrum can be used to study
variational quantum circuits. Furthermore, the surprising
phenomenon of overparametrization in the HVA signals
a nontrivial connection with deep neural networks, which
merits further investigation.

In Sec. 11, we introduce the basic concepts of the VQE
and the HVA. In Sec. III, we introduce two paradigmatic
quantum many-body models that we use in our study, the
TFIM and the XXZ model, as well as their respective
Ansditze. We also introduce the necessary entanglement
concepts used in this paper. Our main results are presented
in Sec. IV and we conclude in Sec. V. In the appen-
dices, we include the computational details in Appendix A,
some additional numerical results in Appendix B, and
extra results on the dynamics of entanglement entropy in
Appendix C.

II. VARIATIONAL QUANTUM EIGENSOLVER
AND HAMILTONIAN VARIATIONAL ANSATZ

The VQE [19] is a hybrid classical-quantum algorithm
for finding eigenstates of a quantum many-body Hamil-
tonian. According to the variational principle of quantum
mechanics, a parametrized wave function [ (0)) provides
an upper bound on the ground-state energy,

Eground = (V(0)| H | (0)) = E(0), (1
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where H is a k-local lattice Hamiltonian. Hence, we can
approximate the ground state by minimizing E(#) with
respect to the parameters 0. In the case of the VQE, the
wave function |y (6)) corresponds to a depth-p quantum
circuit specified by a unitary matrix U(#), i.e., [ (0)) =
U(0) |0), where a number of m parameters specify the uni-
tary @ € R”. We can estimate the variational energy £(9),,
where E(0), denotes the energy at the p-level circuit,
by measuring the observables that compose the Hamilto-
nian of the system over the quantum state U(#) |0). We
use a classical optimization procedure to find the optimal
parameters 0 that minimize the energy.

As with other variational methods for approximating
the ground state, a key ingredient in the success of the
method is finding a good parametrization scheme for the
wave function. Ideally, the manifold of states parametrized
by the ansatz of choice contains the ground state of
interest and this ground state can be reached using a
numerical optimization. The HVA [9] is a quantum circuit
ansatz inspired by the quantum approximate optimization
algorithm (QAOA) [20] and adiabatic computation [21].
Instead of using only two (noncommuting) operators as
in QAOA, the HVA uses more terms of the Hamiltonian.
More specifically,

H = ZHSs (2)

where we assume that each pair of H; and Hy does not
commute, i.e., [H;, Hy] # 0. A depth-p HVA is given by

=1 s

P
v =] (1"[ exp —ies,,Hs> ). 3)

where |1/) is the ground state of one of the terms in Eq. (2),
i.e., Hy,. When ordering the unitaries, we make sure that
Hy, is not the first H; acting on |1¢). Note that due to the
periodicity of the complex exponent, we can restrict the
parameters to [0, 2], although in the case of certain sym-
metries, this restriction can be made tighter without losing
expressive power [10]. Since these circuits are model spe-
cific, the properties of the circuit can vary per problem.
We give some concrete examples of the HVA in the next
section.

II1. METHODS AND MODELS
A. Models
1. Transverse-field Ising model

The TFIM is a paradigmatic model for studies of quan-
tum magnetism. The Hamiltonian for the 1D chain is

given by

N
Hrpn = — Z [U,'za,il + gUix] =H..+gH:,, 4

i=1

with H,, = — Zfil ofo7, and H, = — Zfil o;, where
we assume that g > 0 and use periodic boundary condi-
tions oy, ; = of. Here, 0/ corresponds to a Pauli matrix
o = Xx,y,z acting on a site 7, where the Pauli matrices are
defined as follows:

(0 1 (0 —i (1 0
%“=\1 o) *=\i o) %==\o -1)-

The Hamiltonian has a Z, symmetry, so it is invariant
under the operation of flipping all spins.

For g < 1, the system is in a ferromagnetic phase in
which the Hamiltonian favors spin alignment along the z
direction. For g > 1, the system transitions to a disordered
paramagnetic phase. In the limit as g — oo, the o* term
dominates the Hamiltonian and the ground state becomes
|4+)®N. At g = 1, there is a critical point and the system
becomes gapless in the thermodynamic limit.

A depth-p HVA circuit for the TFIM corresponds to

P
Urrm(B,y) = l_[exp {—i%sz} exp {—i%Hx} . (5
=1

Hence, for a depth-p circuit, we have 2p parameters.
Figure 1 illustrates the corresponding quantum circuit for
N = 4andp = 1. Note that we choose |) in Eq. (3) to be
the ground state of H, = — vazl of, ie., [¥o) = [+)®V.
The HVA circuit of Eq. (5) is the same as the QAOA
ansatz used in Ref. [20] for solving the MaxCut problem.

__ b
[ al

T,
B [ (3 (5]

1 =]

FIG. 1. The HVA quantum circuit for the TFIM with p = 1.
The first layer of Hadamard gates, represented by H, are used
to construct the initial |+) state. The ZZ gates are 2-local qubit
rotation gates of the form ZZ = exp{if;/2070;}. The RX gates
are single-qubit rotation gates RX = exp{iy;/20;'}.
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By using the Jordan-Wigner transformation, it has been
shown that the ground state can be represented accurately
with a depth p = N /2 circuit for the case in which g = 0
[22]. For the case in which g # 0, there is only numeri-
cal evidence to support this claim [10,23]. In Appendix B,
we confirm that for the TFIM, one can consistently find
the ground state for g € {0.5,0.52,...,1.5} with a depth
p = N/2 circuit.

2. XXZ model

Another prototypical model for studying quantum mag-
netism is the XXZ model. For the 1D XXZ model, the
Hamiltonian is given by

N
_ X __X y_y z _z
Hxxz = § :[Ui 041 + 0701 + Ao Ui+1]

i=1

= Hy + Hyy + AH_, (6)

with H,, = Zf\il ooy, Hy = Zfil ojol,, and H.. =
Zf\; | 0707, ;. Again, we assume periodic boundary condi-
tions. The parameter A controls the spin anisotropy in the
model. For A = 1, this model has an SU(2) symmetry and
is equivalent to the Heisenberg chain. For A # 1, this sym-
metry gets reduced to a U(1) x Z, symmetry. For 1 < |A],
the system is in the XY quasi-long-range ordered state and
becomes gapless in the thermodynamic limit. At |A] = 1,
there is a phase transition to the Néel ordered state. This
model can be solved exactly using the Bethe ansatz for
N — oo [24].

Inspired by Ref. [10], we decompose the 1D chain into
even and odd links and separate the Hamiltonian into two
parts,

even __ ryeven even even
H - I_Ixx + H yy + sz >

zz

odd __ ryodd odd odd
H* = H + H" + H
where the indices only run over nonoverlapping bonds:

N/2 N/2
even __ o o odd __ o _a
H,,~" = § iO'ZiflaZi and  H,, = § i02i0'2i+1
i=1 i=1

for o = x,y,z. Our numerical experiments indicate that
separately parametrizing these bonds gives better per-
formance when studying the anisotropic system A 1.
Additionally, we parametrize the H,,, H,, and H.. terms
with their own respective parameters. The reason for this
is that for A # 1, the anisotropy in the model cannot
be accounted for by a single parameter. A depth-p HVA

circuit for the XXZ model corresponds to

p
Uxxz(B.¥) = [ [ GOL HEY G, HE) G (g1, HI)
=1
G(Bi, HE ™G (v, HE ™G (vi, HY ™), (7)

where

G(x, H) = exp —%H.

Hence for a depth-p circuit, we have 4p parameters.
Figure 2 illustrates a quantum circuit for N =4 andp = 1.
We choose the initial state |) in Eq. (3) to be the ground

state of H, i.e., [Yo) = @iy 75 (101) = [10))y_; 5 =

®fv=/12 |W ™). It has been shown in Ref. [10] that the Heisen-
berg chain (i.e., A = 1) can be solved accurately using
the HVA with p = N /2. Note that for the case of A =1,
one can use a single parameter for Hy + H,, + H... In
Appendix B, we find that for A € {0.5,0.52,...,1.5} and
A # 1,adepthp = N/2 HVA circuit is sufficient to find a
close approximation to the ground state.

In this work, we consider the problem of approximating
the ground state at the critical points g = 1 and A = 1 for
the TFIM and the XXZ model, respectively, since their par-
ticular entanglement scaling properties makes them harder
to approximate using classical methods [25], such as the
density-matrix renormalization group (DMRG). Due to the
criticality of the aforementioned systems at these order val-
ues, the energy spectrum becomes gapless in the thermo-
dynamic limit and hence there is a logarithmic correction
of S o« log N to the area law of entanglement entropy. A
matrix-product state with bond dimension D bounds the
entanglement of the state to S < 2logD, so the neces-
sary bond dimension to express the ground state grows
polynomially in a DMRG calculation [25].

I RE]
=‘ ‘i
I‘ ‘I
[ ]
I‘ ‘I

N
I ]

FIG. 2. The HVA quantum circuit for the XXZ model with
p = 1. Here, the X gates are given by X = 0. Together with
a single Hadamard gate and a controlled-NOT on even links, we
prepare the |W ™) Bell state. The 2-local qubit rotations are all of
the form AA = exp{—ix/20{ 0/}, withx = 6, ¢, B, y depending
on whether the links are even or odd and ZZ or XX, YY [see Eq.
(D]
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3. Performance metrics

We use the fidelity F between the VQE optimized state
| (0%)) and the true ground state |1/grouna) Obtained from
exact diagonalization:

F = |<w(0*)|wground> |

Note that for the models studied in this work, [Vground)
is always nondegenerate. If the fidelity is > 99.9%, we
assume that we have successfully found the ground state.
When assessing the quality of an optimized HVA circuit,
the fidelity is a strong indicator of the success for solving
the ground-state problem, since the infidelity upper bounds
the difference between the ground state and variational
expectation value of any observable. Letting 1 — F < €,

|(0>ground —(O)g| <2cy/e(1 —¢€) + e,
where c is the operator norm of O [26].

B. Entanglement

In the context of quantum many-body physics, quantum
correlations play a central role in our current understand-
ing of the equilibrium and out-of-equilibrium properties
of several systems in condensed matter. The source of
these correlations is inherently nonlocal and can be traced
back to the presence of entanglement in the quantum
state. In this section, we introduce several commonly used
entanglement quantities in quantum many-body physics.

In classical systems, one uses entropy to quantify the
lack of knowledge of the state of the system due to ther-
mal fluctuations. However, for a quantum system at zero
temperature, the entropy of a subsystem has a different
origin: entanglement. To quantify it, we use the bipartite
entanglement entropy [12], which is defined as the von
Neumann entropy of the reduced density matrix p4. To
obtain this reduced density matrix, we divide the system
into two subsystems 4 and B and trace out subsystem B,

pa(I¥) = Trp(|¥) (¥ 1), (®)

where |Y) is a pure state. For example, for an eight-spin
model on a ring, a typical bipartition is given in Fig. 3.

¢
|
(—

FIG. 3. The division of the full system into two subsystems 4
(blue) and B (red) on a 1D chain.

The von Neumann entropy generalizes the concept of
Shannon entropy to quantum states and is given by

S(04) = —(p4log pa). )

Since a bipartite quantum state can always be rewritten
using the Schmidt decomposition,

K
W) =Y e VP yh) @ |y)

k=0

(10)

with (ij/’f) = (wl’,flwg’) = 8y and where K is the size of
the smallest subsystem, the von Neumann entropy reduces
to [27]

K
S(pa) =Y _ Exexp—&. (11)

k=0

In recent years, the importance of entanglement in
condensed-matter physics has been elucidated in several
systems through the study of the scaling behavior of the
entanglement entropy, which has enabled the identifica-
tion and characterization of exotic phases of matter such as
topological quantum states [28] and quantum spin liquids
[29,30].

Full characterization of the entanglement properties of
a system cannot be done by looking solely at the entan-
glement entropy [27,31,32]. The so-called entanglement
spectrum has a much richer structure and has been used
to study many-body localization [31], observable thermal-
ization [33], irreversibility in quantum circuits [32], and
preparation of ground states of nonintegrable quantum
models [34]. In addition, the entanglement spectrum has
been used to study the properties of variational methods
such as the restricted Boltzmann machine [18]. The entan-
glement spectrum is defined as the eigenvalue spectrum of
the entanglement Hamiltonian

Hent £ _logpA- (12)

From Eq. (10), it follows directly that this Hamiltonian
has eigenvalues &;. For random quantum states distributed
according to the Haar measure, the entanglement spectrum
follows the Marchenko-Pastur distribution [35,36]. This
distribution describes the asymptotic average density of
eigenvalues of Wishart matrices, i.e., matrices of the form
XX*, where the X are m x n random matrices.

Finally, the Page entropy [37] describes the average
entanglement entropy over randomly drawn pure states in
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the entire Hilbert space, and is given by

di—1 dy
Spage = —=~log(dy) — —, (13
e = = - MZBH,{ og(do) = 5= (13)

where dy and djp are the dimensions of subsystems A4 and
B, respectively.

IV. MAIN RESULTS

A. The ansatz space through the lens of entanglement
spectrum

The effectiveness of a VQE optimization is determined
by two factors. First, one requires an expressive enough
ansatz space that contains the ground state. The ansatz
space of a specific model H and depth p refers to the set of
all possible quantum states that can be reached by applying
a depth-p HVA circuit corresponding to H to a fixed initial
state |1/o), which depends on the model. Second, the non-
convex cost landscape induced by the variational energy of
Eq. (1) must be favorable, in the sense that the optimiza-
tion does not get stuck in local minima and can reliably
reach the ground state.

Here, we investigate the properties of the ansatz space
by examining the entanglement spectra of HVA quantum
states generated with random parameters sampled uni-
formly in the range [0,7] for the TFIM and [0, 27] for
the XXZ model. For each model, we sample 5000 sets of
parameters and calculate the entanglement spectrum of the
resulting state. If the spectrum of the sampled states fol-
lows a distribution close to the Marchenko-Pastur (MP)
distribution, a random HVA state has an entanglement
spectrum that resembles that of a Haar random state. On
the contrary, a distribution far away from the MP distri-
bution indicates a restricted manifold of states that has a
nonrandom structure. We hypothesize that the shape of the
average entanglement spectrum can give an insight into
the performance of the VQE optimization by revealing the
structure of the ansatz space.

Figure 4 shows the average entanglement spectrum for
a state in the ansatz space of circuits with depths rang-
ing from 1,2,...,N for the N = 16 qubit TFIM and the
XXZ model. From the insets, we see that both Ansdtze
have enough entangling power to express the ground state,
even for low-depth circuits. For the TFIM with 16 qubits
[Fig. 4(a)], we see that for all p, the HVA spectrum is fur-
ther away from the MP distribution and the HVA space
corresponding to the TFIM appears to be a manifold of
states with a restricted entanglement structure. In contrast,
for the XXZ model, we see that the average spectra gets
closer to the MP distribution as p increases. This suggests
that the HVA space for the XXZ model is not as restricted
as for the TFIM. This can be understood directly by look-
ing at the circuit complexity, which for the XXZ model

0 50 100 150 200 250

0 50

100 150 200 250
k

FIG. 4. The average entanglement spectrum of HVA quantum
states from layer p = 1 (bottom line in purple) to p = N (top line
in yellow) over 5000 random parameter initializations: (a) TFIM;
(b) XXZ model. &; denotes the kth eigenvalue of Hp;. The eigen-
values are arranged in descending order and cut off at & = —30.
The black lines in the insets show how close the average entan-
glement entropy is to the Page entropy (purple dashed line) as a
function of the increasing circuit depth. The lower blue dashed
line in the inset indicates the entanglement entropy of the ground
state. We see that the average HVA state is more entangled than
the ground states of interest.

contains more gates and parameters per layer. However,
this is necessary because the XXZ model is inherently a
much richer model in terms of physics and it may be nec-
essary for the HVA space to accommodate a greater variety
of states.

We now turn to examining the entanglement features
of the XXZ-model HVA states explored during optimiza-
tion. For the variational minimization of Eq. (1), we use a
gradient-descent algorithm (for details, see Appendix A).
Since the cost function is nonconvex, the quality of the
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solution will vary significantly between different start-
ing points in parameter space. We compare the following
initialization strategies:

1. A completely random-state initialization, where all
parameters are sampled as 8 ~ U (0, 27).

2. An identity initialization. We set all parameters
equal to 7, so that our circuit is equal to the identity
circuit and a global phase i.

Our approach of starting close to the identity is similar
to the block-identity initialization strategy discussed in
Ref. [38]; however, we study a simpler version by setting
all parameters equal to . For both parameter initializa-
tions, we extract the final layer state from the circuit at
multiple times during the optimization and calculate its
entanglement spectrum using Eq. (12). Not surprisingly,
our experiments indicate that a random start is prone to
getting stuck in a local minimum, due to our local opti-
mization strategies combined with a nonconvex energy
landscape. The identity start, on the other hand, allows us
to consistently find a high-fidelity state for both systems
with a depth p = N /2 circuit (see Appendix B).

To study this finding in more detail, we investigate
the dynamics of the entanglement spectrum for differ-
ent initialization strategies. In Fig. 5(a), we see that an
identity-state initialization stays far away from the MP
distribution at all times, indicating that we are accessing
a highly structured restricted subspace of the full HVA
space. Additionally, this initialization reaches a state with
a > 99.9% fidelity state. On the contrary, the random-state
initialization in Fig. 5(b) starts close to the MP distribu-
tion and then moves to a more structured local minimum
with 70% fidelity. We conclude that even though the shape
of the entanglement spectrum from Fig. 4(b) indicates a
possible large unstructured ansatz space, a local optimiza-
tion is still capable of finding the ground state if we choose
a suitable parameter initialization. We further investigate
the qualitative properties of the optimization dynamics in
Appendix C. In the next section, we will see that the disad-
vantage of starting at a bad initial point can be overcome
by making the circuit sufficiently deep, a process known as
overparametrization.

B. Overparametrization in the HVA

Overparametrization is a phenomenon in certain types
of nonconvex optimization problems. For an over-
parametrized model, the optimization landscape becomes
dramatically better (e.g., almost trap free or almost con-
vex) as the number of parameters reaches some threshold.
In most cases, the rate of convergence also becomes bet-
ter, sometimes even exponentially faster after passing this
threshold.

Overparametrization has been studied extensively in
the classical deep-neural-network literature [39—42]. For

0 50 100 150 200 250
k
(b) o
-5
-10
W —15
— t=0%
—20] — t=3%
— t=25%
=251 — +=100%
—30 M
0 50 100 150 200 250
k
FIG. 5. The change of the entanglement spectrum of the final

layer during the optimization. Both figures are for a 16-qubit
XXZ model with a depth p = N/2 circuit and the times are
percentages of the total optimization time: (a) corresponds to a
converged state of fidelity, whereas (b) corresponds to an approx-
imately 70% fidelity state. (a) The identity-state initialization
remains far away from the MP distribution at all times during
the optimization and convergence to state with > 99.9% with
the ground state. Since this initialization strategy starts with the
identity circuit, we find the = 0% state to be a product state,
as indicated by the single eigenvalue. (b) The random initializa-
tion starts close to the MP distribution and converges to a local
minimum with approximately 70% fidelity.

example, in Ref. [40], it has been shown that under certain
mild assumptions, the optimization landscape of a deep
neural network is almost convex in a large neighborhood
of a random starting point. As a consequence, the stochas-
tic gradient-descent algorithm can almost always find an
accurate solution.

Although for VQE algorithms it is clear that we have
minE(0),,1 < minE(#),, it is not clear if this minimum
can be found consistently due to the nonconvexity of the
energy landscape. Hence, a deeper understanding of the
energy landscape with increasing depth is required. There
is some work on overparametrization in the context of
controllable quantum systems with unconstrained time-
varying controls [43—45], where the authors show that
there are no suboptimal local minima in the optimiza-
tion landscape. For the case of a constrained controllable
quantum system, a recent work [46] considers the prob-
lem of learning d-dimensional Haar random unitaries U(d)
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by gradient descent using a general alternating-operator
ansatz of the form e e B ... o= MAe=iBIB where A
and B are matrices sampled from the Gaussian unitary
ensemble [47]. The authors show that gradient descent
always converges to an accurate solution when the num-
ber of parameters is @’ or greater and that a “compu-
tational phase transition” is observed between an under-
parametrization (< d?) and an overparametrization (> d?)
regime.

Since the HVA also has the form of an alternating-
operator ansatz and the problem of finding the ground
states can also be seen as a constrained quantum control
problem, we expect a similar overparametrization phe-
nomenon in our setting. To investigate this, we randomly
sample 100 initial parameters # (uniformly drawn from
the interval [0, ] for the TFIM and [0, 27r] for the XXZ
model) and perform the optimization for increasing values
of p. Here, we set the stopping criterion for the optimiza-
tion to €es = £(0), — Eground < le — 4 and the maximum
number of iterations to 3000. Indeed, Fig. 6 shows that the
overparametrization phenomenon also occurs in the HVA
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FIG. 6. Overparametrization in the HVA: (a) TFIM; (b) XXZ

model. Each line corresponds to the VQE optimization at depth
p that takes the most iterations to converge out of 100 random
initializations. Both figures are for N = 12 qubits. The rapid
oscillations in (b) are artifacts of the ADAM optimizer and are
less severe as the circuit depth increases. Due to our stopping
criterion, we know that if the number of iterations is smaller than
3000, then €5 < le —4 and so the model does converge to a
good ground-state approximation.

for the 12-qubit TFIM and the XXZ model. We find that
for both the TFIM and the XXZ model, gradient descent
from all 100 random starting points converges to an accu-
rate solution once the depth p reaches a certain threshold
P(N).

Moreover, we also observe a “computational phase tran-
sition” around this threshold where the convergence speed
becomes exponentially fast, i.e., the decrease of the residue
energy as a function of the number of iterations. However,
this threshold p (V) is not tight, i.e., for depth p < p(N),
it is possible that the gradient descent still converges to
a high-fidelity state. This indicates that in the setting of
finding ground states using the HVA, the problem is more
structured and gradient descent is effective. In Fig. 7, we
see that for all system sizes, the mean number of iter-
ations eventually converges to about 100 iterations. In
addition, we can find the overparametrization thresholds
p(N) in Table I for the TFIM and the XXZ model with
different system sizes. Our data suggest that p (V) has at
most a polynomial scaling, which is compatible with the

(a) le3
—_N=4
3.0 T s
2.5 i\‘ —n=8
— N =10
520 T
w15
L10
0.5 NG
0.0
5 10 15 20 25 30 35
p
®) ..,
3.0{ + —n-e
2.5
Z
520
815
g1.0
~ 0.5
0.0 ;

0 10 20 30 40 50
p

FIG. 7. The mean iteration time to convergence as a function
of depth: (a) TFIM; (b) XXZ model. The error bars indicate
the standard deviation over 100 different initializations. For both
models, there is a clear cutoff where the number of iterations sat-
urates. Note that if the number of iterations is smaller than 3000,
then we know that €., < le — 4, indicating that the optimiza-
tion has converged to a good ground-state approximation. We
see that the error bars decrease systematically with depth. For
both models, there is a critical p after which all random initializa-
tions converge to a good ground-state approximation. Moreover,
for depth p = 34 and p = 52 for the TFIM and the XXZ model,
respectively, the number of iterations to find the ground state is
of the order of 100 iterations for every starting point.
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TABLE 1. The overparametrization threshold p(N) for the
TFIM and the XXZ model with different system sizes N. By
“threshold,” we mean that when p > p(N), all the random
initializations converge to an accurate solution.

TFIM XXZ model
N p(N) p(N)
4 6 4
6 6 4
8 8 8
10 10 12
12 14 36

analogous parameter count required to express critical 1D
ground states with an MPS. A more detailed view of these
data can be found in Fig. 11 in the Appendix, which shows
that all random initializations converge to the ground state
after a certain threshold p (V).

This is a striking difference compared with Ref. [46],
where the number of parameters to achieve over-
parametrization is (2V)2. From Fig. 7, we can also see that
the iteration time decreases substantially as p increases,
saturating to around 100 iterations after a certain p for
all V.

The overparametrization phenomenon in the HVA
shows a clear difference between the HVA and parametrized
random quantum circuits (RQC), because there is no indi-
cation or evidence that the landscape of RQC gets better
as one increases the depth. On the contrary, in our exper-
iments with random circuits of comparable depths to our
HVA circuits, we are unable to observe the same over-
parametrization phenomenon. This can be explained from
the barren-plateau point of view and the lack of structure
in the ansatz space.

C. Ameliorated barren plateaus in the HVA

In Ref. [5], a barren-plateau phenomenon has been
observed for the VQE on random quantum circuits, where
all gradients are exponentially close to zero with over-
whelmingly high probability, making local optimization
within the ansatz space extremely challenging. The barren-
plateau phenomenon is due to the fact that RQCs consist-
ing of single- and two-qubit gates form a 2-design, which
means that the gradients of the energy objective function
will obey the same concentration of measure properties as
if the circuits are Haar random unitaries.

In contrast to the RQC ansatz, we show that the opti-
mization landscape of the HVA is much more favorable.
This is clearly illustrated when optimizing the HVA cor-
responding to the TFIM: to begin with, as discussed
in Sec. IV A, the manifold of states has a much more
restricted entanglement structure than a typical Haar ran-
dom state—this already indicates that the HVA circuits do
not form 2-designs and thus do not obey the same kind of

concentration-of-measure phenomenon as RQCs. On the
other hand, the entanglement spectrum of the ansatz space
corresponding to the XXZ model does not immediately
rule out the same barren-plateau behavior as exhibited by
RQCs.

Nonetheless, we determine that the barren-plateau prob-
lem is significantly ameliorated in the TFIM and mild in
the XXZ model. In Fig. 8, we calculate the variance of
gradients as a function of the number of qubits N and
the depth p over 20 random points per N and per p.
For the TFIM, the flatness of the variance curve indi-
cates no barren-plateau problem. However, for the XXZ
model, we see an exponential decay, but this decay is not
as strong as in RQCs [5]. The scaling of the mean-gradient
magnitudes follows a similar pattern. Nonetheless, we
can reliably find an accurate solution when choosing an
identity start (see Appendix B), where the barren-plateau
problem is absent. Indeed, sampling gradients close to the
identity initialization gives a constant gradient variance for
all N. This indicates that the vanishing-gradient problem
can be circumvented by choosing a suitable initialization
strategy.
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FIG. 8. The variance of the gradients of a single Z;Z, term
with respect to 6 as a function of the number of qubits at ini-
tialization. The number of samples used per N for each p is 20.
(a) For the TFIM, the gradient-variance decay is almost constant
for all N. (b) The XXZ-model gradient variance is still exponen-
tial, although the effect is not as pronounced as for the RQCs of
Ref. [5], where the N = 16 variance is 2 orders of magnitude
smaller.
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D. The entangling power of HVA circuits

For a 1D gapped quantum system, the entanglement
entropy of the ground state obeys an area law [48—50],
i.e., the entanglement entropy grows proportionally to the
boundary area 9/ of the subsystem p:

S(pa) = O(a1]).

In 1D, the boundary area 9/ is either 1 (for an open chain)
or 2 (for a closed chain) and the area law simply says
that the entanglement entropy should be constant as N
increases. For a 1D conformally invariant gapless (criti-
cal) system, the entanglement entropy of the ground state
has a logarithmic scaling instead [51], i.e.,

S(p4) = O(log(n)).

The entangling power is an important factor for charac-
terizing the expressiveness and efficiency of many varia-
tional Ansdtze in condensed-matter physics. It character-
izes how much entanglement (measured by the entangle-
ment entropy) can be generated by the variational circuit.
For example, in the matrix-product state representation,
the entangling power is limited by the so-called bond
dimension D, which affects the expressive power and com-
putational cost of the ansatz. For a 1D gapped system
with energy gap €, the ground state can be approximated
well by an MPS with sublinear bond dimension D =
exp[(~)(10g3/4 n/e'/*)] [52]. In the case of the HVA, the
amount of entanglement generated by the circuit depends
on the depth p of the circuit. Indeed, we observe numeri-
cally in Fig. 4 that the HVA circuits for the TFIM and the
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FIG. 9. The infidelities found after optimization for the MHS
Hamiltonian. The circuit is initialized with an identity start. For
the four-qubit case, we get close to machine precision and hence
the fidelities are unstable.

XXZ model have enough entangling power to express the
ground states.

As a demonstration that the full entangling power of the
HVA can be utilized effectively, we solve for the ground
state of the so-called modified Haldane-Shastry (MHS)
Hamiltonian. This model has long-range interactions and
is expected to have power-law entanglement scaling in the
ground state [53,54]. The MHS Hamiltonian is given by

A

E: ik ik ik
HMHS = —2(—0";0)( —O’;O’y +O"Z/O’Z),

j<k “Jk

where dj; = %lsin(n(/' — k)/N)|. Due to the form of the
Hamiltonian, we can use the same HVA, given in Eq. (7),
as for the XXZ model. In Fig. 9, we see that it is possible to
find the ground state with > 99.7% fidelity using a depth
p = Ncircuitfor N =4, N =8, N =12,and N = 16.

V. CONCLUSION

In this work, we shed light on some of the desir-
able properties of the HVA as a critical ingredient in the
variational quantum eigensolver algorithm. In particular,
we show evidence that there are only mild or entirely
absent barren plateaus in the HVA. This is strikingly dif-
ferent from the commonly used random quantum circuits.
Moreover, we also observe an overparametrization phe-
nomenon in the HVA. Similar to what has been observed
in deep neural networks, the optimization landscape of
the HVA becomes increasingly better as the ansatz is
overparametrized and eventually becomes trap free as the
overparametrization reaches a certain threshold. In con-
trast to the case of learning Haar random unitaries, we
observe that such threshold in the HVA scales at most
polynomially with the system size. Finally, we provide
numerical evidence that the HVA can be used to find the
ground state of the MHS Hamiltonian, which has a power-
law scaling entanglement. We believe that our findings
point to important features of the HVA that will lead to
a deeper understanding of its effectiveness and that point
the way to the development of more sophisticated Ansdtze
for other many-body problems, as well as better-informed
optimization and/or initialization strategies.

As for future work, since most 1D quantum many-
body systems can be simulated efficiently using classical
methods, the crucible for the HVA will be 2D systems.
If low-depth circuits are capable of reproducing nontriv-
ial 2D quantum states, then one can start thinking about
when a quantum advantage can be reached for systems
where classical methods are computationally expensive or
even ineffective. The effectiveness of the identity initial-
ization, both in terms of the absence of vanishing gradients
and the reliability of finding a good ground-state approx-
imation, is striking. Scrutinizing the mechanism for why
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this is the case will require a deeper understanding of the
energy landscape of the HVA. Our preliminary results for
the XXZ model and the TFIM on rectangular lattices show
that this initialization strategy remains effective even for
2D systems.

Lastly, the overparametrized regime is a double-edged
sword. On the one hand, it implies that we can improve
the energy landscape by increasing the depth of the circuit,
ameliorating the effects of local minima. On the other hand,
the growth in circuit depth may well nullify this increase
in performance due to the longer coherence times required
and multiplicative gate errors. In order to assess how use-
ful this regime is for hardware implementations, we would
require an understanding of the effect that noise has on the
optimization in the overparametrized regime. The recent
work of Wang et al[55] indicates that for a class of
VQE Ansdtze, including the quantum alternating-operator
ansatz, there could be severe noise-induced barren plateaus
when the number of layers scales polynomially. However,
for the practical performance of the general HVA, a more
careful analysis of the trade-off between the benefits of
overparametrization and the detrimental effects of noise-
induced barren plateaus is needed. Moreover, research on
the design of more effective variational quantum circuits
based on the HVA should also be pursued.
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APPENDIX A: COMPUTATIONAL DETAILS

For the implementation of our quantum circuits, we
use ZYGLROX [56], a powerful TensorFlow-based quan-
tum simulator. For the classical optimization process, we
use ADAM (adaptive moment estimation) [57], a gradient-
descent-based optimizer, which is widely used in the
machine-learning community. Compared to vanilla gra-
dient descent and its other variants, ADAM updates the
learning rates adaptively on a per-parameter basis by using
estimates of the first and second moments of the gradients.
In our own investigation for solving the ground-energy
problem with the HVA, ADAM outperforms all the other
optimizers available in TensorFlow, with respect to fidelity
and convergence times.

Unless stated otherwise, the stopping criterion for our
optimization is defined as |E(0;) — E(0,41)] <1 x 10713,
where ¢ is the iteration number. The maximum number of
iterations is set to 15000. We use an initial learning rate
of » = 0.01 for ADAM, which gives reasonably consistent
results across all the models. Through our own investiga-
tion into initial ADAM learning rates, we find a learning
rate of 1 x 1073 <7 <4 x 1072 to be a good choice for
the optimization for both the TFIM and the XXZ model,

(b)

1073
107>
& 1077
& 107°
10—11
10—13

—_——f o
AN S aand

FIG. 10. The infidelities as a function of the order values g and A for (a) the TFIM and (b) the XXZ model, respectively. For these
results, we use the identity initialization combined with a depth p = N /2 circuit. The dashed black line indicates the cutoff for 99.9%
fidelity. (a) For the TFIM, we can obtain machine-precision results, except in the region g > 1.24 for N = 16. In this region, the
optimization has not fully converged but is stopped after 15 000 iterations. We note that for increasing N, the time until convergence
is polynomial in N (not shown here), similar to what has been observed in Ref. [23]. Additionally, we observe a worsening of this
scaling with increased g. (b) For the XXZ model, we are unable to consistently reach machine-precision fidelities. In addition, the
fidelities that we find become worse as N increases. However, except for a couple of outliers, we are able to obtain > 99.9% fidelities
for N < 16 or all order values.

020319-11



ROELAND WIERSEMA et al.

PRX QUANTUM 1, 020319 (2020)

FIG. 11. The ratio of random ini-
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as it balances the optimization accuracy and convergence
speed.

These simulations are performed on the University of
Toronto Computer Science Department servers, which
house either AMD Ryzen Threadripper 2990WX or Sil-
icon Mechanics Rackform iServ R331.v4 with two 12-
core Intel E5-2697v2 CPUs, with access to at most 10
GB of RAM. More computationally expensive simula-
tions are done using Nvidia GeForce GTX 1050Ti graphics
processing units (GPUs).

On the Vector Cluster, we use Intel(R) Xeon(R) Silver
4110 CPUs and Nvidia 480 T4 GPUs, with access to at
most 32 GB of RAM.

20 30 40 50

APPENDIX B: ADDITIONAL NUMERICAL
RESULTS

In Fig. 10, we show the infidelities that we find
after optimization for g € {0.5,0.52,...,1.5} and A €
{0.5,0.52,...,1.5} for the TFIM and the XXZ model,
respectively. Our numerical results for the afore-
mentioned ranges of order values are available in
the data-set module of TensorFlow Quantum
[58].

In Fig. 11, we show the ratio of the converged ran-
dom initializations as a function of the circuit depth p for
different system sizes N.

(a) (b) FIG. 12. The dynamics of the
_______________________ _ I entanglement entropy at each
2.5 1=3 2.5 1=3 layer during optimization: (a),(c)
"""""""""""" - A TFIM, p = 4; (b),(d) XXZ model,
2.0 -- Page 2.0 -- Page p = 8. Each separate line indi-
cates the entanglement entropy
$15 <15 of the state in layer /. The gray
vy & dashed line denotes the maxi-
1.0 1.0 - mum possible entanglement and
= the purple line gives the Page
0.5 0.5 entropy. For all figures, the final
’ state is a > 99.9% fidelity state.
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100 10! 102 103 100 101 102 103 an eight-qubit TFIM with g =
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FIG. 13. The scaling of the entanglement entropy of the converged state after p/2 and p layers: (a) TFIM, g = 1.0; (b) TFIM,

g = 0.5; (c) XXZ model, A = 1.0. (a) For the TFIM at the critical point, the ground-state entanglement entropy has a logarithmic
correction with increasing N. The entanglement halfway through the circuit is larger than in the final layer. (b) For a noncritical
point, the ground-state entanglement entropy is constant but the entanglement entropy halfway through the circuit scales linearly with
system size. (¢) For the XXZ model, in addition to the logarithmic scaling of the entanglement entropy, the final layer entanglement is

consistently higher than in the p /2 depth layer.

APPENDIX C: DYNAMICS OF ENTANGLEMENT
ENTROPY DURING OPTIMIZATION

To further elucidate the difference in initialization strate-
gies, we qualitatively study the dynamics of the entangle-
ment entropy during optimization. In Fig. 12, we calculate
the entanglement entropy of p4 at each layer of the cir-
cuit during the optimization. Although not much can be
said about the intermediate states for the random-state
initialization, except that they are highly entangled, the
entanglement entropy dynamics for the identity initial-
ization have a distinct structure that is consistent as we
increase the system size. In Fig. 13, we compare the scaling
of the entanglement entropy for the identity start halfway
through the circuit for different system sizes.
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