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Abstract

The no-cloning theorem leads to information-theoretic security in various quantum cryptographic
protocols. However, this security typically derives from a possibly weaker property that classical
information encoded in certain quantum states cannot be broadcast. To formally capture this
property, we introduce the study of ‘orthogonality broadcasting When attempting to broadcast
the orthogonality of two different qubit bases, we establish that the power of classical and quantum
communication is equivalent. However, quantum communication is shown to be strictly more
powerful for broadcasting orthogonality in higher dimensions. We then relate orthogonality
broadcasting to quantum position verification and provide a new method for establishing error
bounds in the no pre-shared entanglement model that can address protocols previous methods
could not. Our key technical contribution is an uncertainty relation that uses the geometric
relation of the states that undergo broadcasting rather than the non-commutative aspect of the
final measurements.

1. Introduction

The famous no-cloning principle in quantum mechanics prohibits the copying of non-orthogonal quantum
states [1]. More precisely, if [1) and |p) are two non-orthogonal states of some quantum system, then there
does not exist any physically realizable mapping U such that U|¢) = [1)®? and Ulp) = |¢)®2. This
fundamental fact provides a foundation for designing cryptographic protocols [2], with specific examples
being quantum key distribution [3], secret sharing [4], and position verification [5].

Quantum broadcasting extends cloning to a communication setting and relaxes the goal to duplication
on the level of reduced density matrices. That is, a set of states {p; }; on system S is broadcast to Alice (A) and
Bob (B) if there exists a completely-positive trace-preserving (CPTP) map £5748 such that £(p;) = o8 with
tra(o8) = p; and trg(0*®) = p; for all i. Similar to the no-cloning theorem, it has been shown that quantum
mechanics [6—8] and even more general theories of nature [9] prohibit universal broadcasting. Only if the
input states { p; }; are pairwise commuting can such a broadcasting map £5745 be constructed.

In this work we propose a weaker form of broadcasting called orthogonality broadcasting. Let
Se = {pijo }icz,,0co be |O| sets of pairwise orthogonal states {p;}icz,, i.e. forall 0 € © and i # j € Ty,
pijo L pjjg. We say that a CPTP map £574% broadcasts the orthogonality of Se if

try (035) 1 try (aﬁf) and trp (aﬁg) 1 trp (Uf‘\g)

for all 0,i # j, where 0jj9 = £(pjj9) (see figure 1(a)). Orthogonality broadcasting can be understood as a basic
quantum communication task with post-information. Suppose that a quantum system is prepared in some
unknown state chosen from an ensemble like S. For example, this could be one of the BB84 states
{]0),]1),]4),|—)}- Once the the value 6 is revealed as ‘post-information, the system state can be determined
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by measuring in the correct orthonormal basis; e.g in the BB84 case, this basis is either {|0),[1)} or
{|4+),|—)}- Orthogonality broadcasting enables both Alice and Bob to learn the state preparation through
local measurement and post-information. This goal is less demanding than state broadcasting since all we
require is that the correct orthogonality be preserved by the reduced density matrices of the distributed state
af“g . Nevertheless, through the map £5748, orthogonality broadcasting still requires copying some type of
information that is encoded in a family of potentially non-orthogonal states. It can thus be viewed as another
communication primitive, in the same spirit as cloning and state broadcasting.

A special type of orthogonality broadcasting arises when one of the output systems is classical. In this
case, the broadcasting map takes the form £ S=AX with X being a classical register, and we refer to this as
classical orthogonality broadcasting. It is important to note that when describing 6 as post-information in the
context of broadcasting, it means that  arrives after the application of the broadcasting map. However, there
is another notion of post-information in which 6 arrives after the quantum measurement [10, 11]. However,
as we observe in proposition 2 below, under a natural measure of error, these two notions of
post-information are operationally equivalent when restricting to classical orthogonality broadcasting,
meaning that the optimal success probability of identifying 7 in one task is the same as the other.

1.1. Uncloneable cryptography and quantum position verification

Beyond the foundational importance of understanding the no-cloning theorem in quantum information
theory, our primary motivation for studying both classical and non-classical orthogonality broadcasting is
quantum cryptography. Most quantum cryptographic protocols derive their security from the no-cloning
theorem on some level because the protocol ‘hides’ some classical information in non-commuting quantum
states that an adversary cannot perfectly distinguish nor clone. This basic idea has given rise to the study of
‘uncloneable cryptography’ (see [12] for an introduction).

A major method for establishing security in uncloneable cryptography has been monogamy-of-
entanglement (MoE) games introduced in [13] and used subsequently, e.g. [2, 14—18]. However, MoE games
do not directly capture the limitations of cloning quantum states, but rather test for a property of the
entangled state that arises when trying to clone non-commuting states. Indeed, concurrent work [17] defines
a specific case of orthogonality broadcasting as a ‘1 — 2 cloning game’ and shows it to be equivalent to a
restricted variant of the MoE game. This in total means that orthogonality broadcasting can only be captured
by a (restricted) MoE game under special conditions. As MoE games and orthogonality broadcasting are
generally distinct, they require independent studies. For clarity, appendix A includes a detailed discussion on
the relationship between orthogonality broadcasting and MoE games.

A more concrete motivating example comes from establishing the security of quantum position
verification (QPV) in the no pre-shared entanglement (no-PE) model. The limitations on orthogonality
broadcasting underpins the security of many QPV protocols under the no-PE model. In these QPV
protocols, at time #, spatially separated verifiers draw a state from a set of globally orthogonal product
(GOP) quantum states, {|ax)|bk) }1» and send it to claimed location of the honest prover (see figure 2). The
verifiers ‘accept’ if at time ¢, they both receive the correct index k of the state sent. The honest prover can
always achieve this by applying the projective measurement that discriminates the set {|a)|bx) }« at the
honest position. However, dishonest provers will not be located at the appropriate spacetime point, but
spatially separated around this point. Thus they have to attempt to clone the orthogonality of |a;) and |by)°.
The simplest example of such a QPV protocol is ‘BB84 QPV’ where the set of {|ax)|bx)} is given by

{10)410)%, 10)* 1), [)4 )7, [1)*=)"} - (1)

In this case, the adversaries’ optimal attack is to approximate orthogonality broadcasting as much as possible.
This is because the party who receives system B acts as the broadcasting channel £ and the party who receives
the fully classical state, system A, copies it and forwards it, acting as the value 6 € © arriving after
broadcasting (recall figure 1(a)). Note this exact identification holds so long as one of the registers is always
classical and the adversaries hold no entanglement, i.e. one considers the no-PE model.

In principle, this above correspondence alone would motivate the study of orthogonality broadcasting.
However, in the case of BB84 QPYV, it turns out the reduction to an MoE game is tight [13], which is likely
why the limitations of cloning and MoE games have been treated as inextricable while distinct. Nonetheless,
it is easy to break this exact connection to MoE games: if the set {|ax)?|bx)®}« is not of the form
{16)" Ug|x)B} o where {Up}g is some set of unitaries acting on the B space, the reduction to an MoE game
breaks down (see appendix A for more details). The set of states not satisfying this aforementioned structure
can happen if both parties receive a quantum input or simply by not having the |by) be generated by x and a

> We stress orthogonality as they only need to be able to extract the index k rather than hold copies of the states |a),|by).
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Figure 1. (a) Orthogonality broadcasting a set of states So = {pj|g };,9 With pjjg L pjjg forall0 € © andi#j. Amap £
distributes the orthogonality of p;|¢ so that both receivers can recover the index i given value 6. (b) In a second task, a quantum
measurement must be performed on ;¢ before receiving ¢, which is used only later to recover the index i in classical
post-processing. Orthogonality broadcasting reduces to (b) when one of the broadcast systems is classical. In all figures, green,
double-line arrows represent classical information, and black, single-line arrows represent quantum information.

unitary. Both of these situations are natural to consider in designing more powerful, practical QPV protocols
as well as studying the structure of no-cloning.

1.2. Summary of results and outline

At a high-level, this work contributes to three domains: the foundations of quantum mechanics, the security
of QPV, and, at a technical level, the development of quantitative uncertainty relations. We summarize the
contribution to these respective fields below. Any omitted proofs from the main text are collected in the
appendices.

Contribution 1: Orthogonality broadcasting and foundations of quantum mechanics In section 2, we
introduce orthogonality broadcasting and analyze both the perfect and approximate setting. For perfect
orthogonality broadcasting, we show a separation between the power of using classical and quantum
communication (theorem 1) and further demonstrate that perfect orthogonality broadcasting sometimes
requires the use of entangled states (theorem 2). We however show that when one system is a qubit system,
there is generally not an advantage to quantum communication (proposition 3). These results also imply a
similar property in the communication setting of a QPV protocol without entangled inputs (theorem 3).
This implies a separation between adversaries having access to classical and quantum communication when
attacking a QPV protocol without entangled inputs in the no-PE model (corollary 3). This resolves an open
question from [19]. As previously highlighted, orthogonality broadcasting is a relaxation of state
broadcasting which is itself a relaxation of cloning. Thus, these results refine our understanding of the
structure of quantum mechanics through an information-theoretic lens.

Contribution 2: The Security of QPV in the no-PE model In section 3, we consider QPV protocols where
the task of the honest party is to distinguish GOP states {|ax)|bx) } (see figure 2). We identify the adversaries’
communication structure in attacking such QPV protocols in the no-PE model as optimizing strategies that
make up ‘local operations and simultaneous quantum communication’ (LOSQC). We show how LOSQC
relates to orthogonality broadcasting, either through an exact correspondence (as described previously in the
case of BB84 QPV) or via relaxations for more involved GOP states. This allows us to upper bound the
success probability of state discrimination on GOP ensembles which, by the exact correspondence between
LOSQC and QPV attacks in the no-PE model, implies security bounds on these QPV protocols.

Our method culminates in three theorems. The first (theorem 4) provides bounds for any set of product
states that contains four product states that generalize the structure of the BB84 states. This may be applied
to many well-known GOP ensembles and recovers the tight bound for BB84 QPV (corollary 5). The second
(theorem 5) establishes bounds when the set of GOP states to discriminate are in qutrit space such that the
‘error per state’ outperforms that of BB84 QPV. theorem 5 implies a significant practical advantage in using
only slightly higher-dimensional QPV protocols. The third (theorem 6) demonstrates that the adversarial
success probability can strictly decrease when requiring both adversaries to broadcast locally non-commuting
states. While intuitive, to the best of our knowledge, this is the first method that rigorously establishes the
added strength of QPV protocols in which both verifiers send quantum states. In particular, in appendix A,
we show the ensembles considered in theorems 5 and 6 cannot be analyzed using MoE games with
pre-existing methods.

Contribution 3: A new type of uncertainty relation Contributions 1 and 2 stem from a more direct analysis
of no-cloning than previous methods. In order to achieve this more direct analysis, one of the main technical
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Figure 2. Spacetime diagram of a QPV protocol using GOP set S = {|ax)|bk) }x. With probability p(k), the verifiers Va, Vg
simultaneously send |a;) and |by) respectively at time o. An honest prover at spacetime point x could measure jointly on the
states and identify k. In contrast, dishonest provers, A and B, would need to clone the orthogonality of |ax) and |bi) at the two
lower boxes in order to return the correct value k at time ;. The adversaries’ strategy can be limited by the same tools as
studying orthogonality broadcasting (section 3). The communication setting of the dishonest provers is an example of ‘local
operations and simultaneous quantum communication’ (LOSQC).

contributions of this work is a new uncertainty relation that only depends on the relation between the given
states to be cloned (lemma 1 and theorem 7), and thus can be used to bound the error in orthogonality
broadcasting of more general ensembles than previous methods. In other words, our uncertainty relation
differs from entropic uncertainty relations studied in quantum information theory [20-23] as well as the
operator inequality used to analyze MOE games [13], which all rely on incompatible measurements. To the
best of our knowledge, this is the first such uncertainty relation of its type and we hope it motivates more
general and direct methods for bounding strategies based on cloning and thus more direct applications to
cryptographic protocols whose security depends on the no-cloning theorem.

2. Orthogonality broadcasting

Let us analyze the task of orthogonality broadcasting in more detail. To prepare us for its application in QPV,
suppose that Alice receives an ensemble of states Sg = {pjj¢ }i,0 that are pairwise orthogonal for each fixed

6 € ©. Her goal is to broadcast the orthogonality of this ensemble to herself and Bob. We label the input
system as A and the output systems as A’B’. Let us proceed by distinguishing between the cases of perfect
and approximate broadcasting.

2.1. Perfect broadcasting

It is often convenient to assume that Alice’s broadcasting map takes the form of an isometry U: A — A’B’.
This can always be done without loss of generality since a CPTP map can be built by combining an isometry
with a discarding of subystems, and the latter can always be done by Alice or Bob after the broadcasting. For
isometry U, Alice then receives the output of the quantum channel NV(-) = trg U(-) U while Bob receives the
output of its complementary channel N¢(-) = try, U(-) U'. From this it follows that Sg admits orthogonality
broadcasting if and only if there exists a channel A/ such that

Tr [N (pia) N (pio)] = Tr [N (pitg) N* (pji0)] = 0 )

for all 0o and i # j.

In the special case of classical orthogonality broadcasting, when Alice can only communicate classical
information to Bob, the isometry U gets replaced by a channel £ : A — A’X with a quantum—classical (qc)
output. We can express thisas £(-) = > A.(-) ® |x) (x| with the {.A,}, being a family of CP maps
whose sum is CPTP (i.e. an instrument). The condition for orthogonality on Bob’s side is
Tr[Ax(pijo)] Tr[Ax(pjj0)] = 0 for all x. Letting I, = Af(I) denote elements of a POVM, where A is the
adjoint map, we can thus express the condition for orthogonality on Bob’s side as the existence of a POVM

{11, } satisfying
Tr [pr,-|9] Tr [prj|9] =0 (3)

for all x, 0, and i # j. In other words, for every fixed 0, there is at most one value i such that Tr[IL,p;¢] # 0.
This means that the POVM {Il, }, is able to perfectly identify the value i given x and 6. In the next section,
we will generalize this finding to not only perfect identification but also minimum error state discrimination.

4
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For now, we consider the comparative powers of classical and non-classical orthogonality broadcasting in the
case of zero error.

We begin with a simple example that shows that perfect orthogonality broadcasting is possible using only
classical communication even when not all states in Sg are simultaneously diagonalizable. This is in contrast
to cloning and state broadcasting described in the introduction, which both require the ensemble to consist
of pairwise commuting states. Moreover, it shows that even for qutrits such examples exist, which highlights
the nuance of orthogonality broadcasting in any dimension greater than two.

Proposition 1. Let

_ ) Pojo:= 0) Pijo = 1) }
Se {Po|1 = |vy) P = lp_) )’ )

where |1)1) := 1]0) + 3[1) £ %|2> = %(|+> + |2)). This set admits perfect classical orthogonality

broadcasting.

Proof. We show that perfect discrimination is possible by a broadcasting map with both parties receiving clas-
sical information, i.e. £(-) = 27_ tr[TL()]|x) (x| ® |x) (x|, a general fact that holds for all classical orthogonal

broadcasting (see proposition 2). Consider the set of matrices

1 9 L] [ 1 0 —-L]

2 2V2 2 2v/2
Iy:=] 0 0 0 II, := 0 0 0
19 1 _1_ 9 1
| 2v2 4 | 2V/2 4
0 0 0 0 0 0

2 = 2 242 3. 2 22
o L 1 11
2V2 4 | 2V2 4

A direct calculation will verify that each of these matrices have eigenvalues {3/4,0,0} and by inspection they
sum to identity. Thus, {IL;}c[3 is a POVM. By direct calculation using Born’s rule, one may verify that if Alice
measures the input state with the given POVM, her possible (non-zero probability) outcomes are captured by
the following table:

State pj|o Possible Outcomes
Polo {0,1}
P1)o {Za?’}
Po|1 {072}
pin {1,3}

It follows that her possible outcomes partition upon receiving 6 € {0, 1}. Thus, if Alice measures the state
with the given POVM and broadcasts the answer, then when Alice and Bob receive 6, they can both determine
the state correctly. O

It may be surprising that the communication of classical information suffices in the above example.
Proposition 3 below implies that in fact classical and quantum communication are equally powerful for
perfect orthogonality broadcasting for all ensembles with |©| = 2. However, the following theorem shows a
separation already exists as soon as |©] > 2.

Theorem 1. Let

Pojo = +o1)  pijo = |—o1)
So = { popn ==1+02) P11 =1—02) (5)
poj2 := |+12) P12 i=—12)

be |©| = 3 pairs of orthogonal states, where |t+,,,) = %(|m> +|n)) and | £,,,) = %(|m> +iln)). Then it is
possible to broadcast the orthogonality of Se, yet classical orthogonality broadcasting of Se is impossible.

Proof. We first construct an orthogonality broadcasting map for Sg. For A = C?, define the isometry
U:A— A'B’ by

Ulo) = —= (00) + [11)) U1y =5

1
5 (l00) —11))  UJ2) = 7(|01>+|10>) :

S

5
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Ul+o1) = [0)*']0)", Ul —o1) = [1)*1)”,

UlHo) = |+01>A,|+01>B/, U—n) = |*01>A,|*01>Bl

Ult12) = |-T—01>A,|-T-01>B/, Ul—p) = |:01>A/|101>B/-

Thus, the necessary orthogonality is preserved for both Alice and Bob for all elements of Sg.
We now show that there is no classical orthogonal broadcasting map for Sg. According to equation (3),
this would require a POVM {IL, }, such that

0 = (+o1[TL|+o01) (—o1 [TLx|—o1)
0 = (402 |IL|+02) (—02 | TLx| —02)
0= <I_12|Hx‘:~:12><:12|nx|:12>

for all x. These three equalities can be satisfied only if three states from Sg lie in the kernel of II,. However,
any subset of three states from Sg are linearly independent, which means the only solution to these equations
isII, =0. O

2.2. Separable communication in orthogonality broadcasting

With the separation of classical and quantum communication in orthogonality broadcasting established, an
interesting question is whether orthogonality broadcasting actually needs the use of entanglement. In other
words, does there exist ensembles S = {pjjg }i o whose orthogonality can be broadcast by map £ : A — A'B’
only if the broadcast states 0jj9 = £(p;9) are entangled? This question is fundamental for two reasons. First,
the requirement for entangled states in the broadcasting map would be a sharp departure from cloning and
state broadcasting, which, when feasible, can always be accomplished by generating product and separable
output states, respectively. Second, a more general question in quantum communication is to understand
which distributed tasks are possible using the transmission of separable rather than entangled states. For
example, it is possible to distribute entanglement through the exchange of separable states [24], indicating
the curious utility of quantum correlations beyond entanglement [25, 26]. The following theorem shows that
separable carriers are insufficent in general for broadcasting orthogonality.

Theorem 2. Let

Pojo = 1) Pijo = 2)
_ ) oo = H2s) pup =)
So = (6)
© Poj2 = |-Fz4> P12 = |:z4>
poj3 = +3a)  prps = |—34)

be |©| = 4 pairs of orthogonal states and we remind the reader | +,,,) = %(\m) +|n)) and

|E ) = %(|m> +1i|n)). Then Ppc(Se) = 1. Furthermore, any broadcasting map must transform at least one of
the states in Sg into an entangled state.

Theorems 1 and 2 collectively establish different types of orthogonality broadcasting. The ensemble Sg in
theorem 1 requires broadcasting a map that transforms the elements of Sg into non-classical but possibly
separable states. Even stronger, the ensemble Sg in theorem 2 requires a map that transforms at least one
element of Sg into an entangled state.

2.3. Approximate orthogonality broadcasting

Even if perfect orthogonality broadcasting is not possible for Sg, one can consider approximate
orthogonality broadcasting. Here, it is natural to quantify the quality of approximation as the largest worst
case error probability among Alice and Bob for correctly guessing the value i € 7y given 6 € O. For a given
ensemble Sg = {pi‘ ¢ }i,0 and joint distribution p over © x T where Z := UyZy, this gives the measure

Py (So) := max min Zp(é‘) Pguess ({oﬁ(,}i) , (7)

€ Pe{AB) £

where the maximization is taken over all broadcasting maps & : p;jg > o7y, and

Pguess ({0'1“9}1.) = mapr(zW) Tr (Hiai\a)

I1;}.
{ Yi€Zy
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is the maximum guessing probability for a uniform ensemble of states {09 }; using a positive operator-
valued measure (POVM) {II,},. Note that this approximation is well-defined for all ensembles
Se = {pi|o }i,0 even if pairwise orthogonality does not hold for each ¢. Then orthogonality broadcasting of
Se is possible iff P,.(Sg) = 1. We let Py (Se) quantify approximate classical orthogonality broadcasting,
which is defined in the same way except with the maximization in equation (7) restricted to broadcasting
maps having a quantum-—classical (qc) output. This notion of approximate orthogonality broadcasting
proposed here is analogous to the well-studied tasks of approximate cloning and state broadcasting [27, 28].
Note that the choice of local POVMs in the definition of Pguess({of“g}) can depend on the value #. The
value 6 is called post-information since it comes after the broadcasting map £. An alternative notion of
post-information state discrimination has been considered in which the post-information comes after the
choice of POVM [10, 11] (see figure 1). The optimal guessing probability for ensemble Sg in this scenario is
then given by

pri (S@) = maxzzq (1|X,9)p (07 l) Tr (pi\GHx) 3 (8)
0, «x

where the maximization is taken over all POVMs {II, }, and all classical post-processing channels q(i|x, 0).
Despite this conceptual difference, it is not difficult to show that they are operationally equivalent.

Proposition 2. For all Sg and any choice of prior distribution on © x I, P.y(Se) = Py-i(Se). In particular,
this is because P.v.(Se ) is always achieved using a fully classical broadcasting channel EA7Y,

Proof. We begin with the second claim. By (7), P.yc(Se) is always achieved by a fully classical broadcasting
map EA7XY, Indeed if the worse performing player receives classical information, then the minimum success
probability for both parties will not change if both players follow the strategy of the classical player; and,
if the worse performing party receives quantum information, then they can improve the minimum success
probability by both following the classical player’s strategy.

To establish the first claim, note the above argument shows the optimal fully classical broadcast map applies
some optimal POVM {IL,} to p; 9, and broadcasts the outcome to both parties. It follows for each @ both parties
hold {Ufl‘e}i = {3, Tr[ILep; o] |x) (x| }; distributed according to p(i|¢)) and then apply an optimal POVM {7/ };
to guess the value of i € Zg. As {‘75\(9 }; are classical distributions, for each § € © the optimal POVM {77 }; may
be reduced to a conditional distribution {wg(i|x)}; r. Thus, defining q(i|x,8) := wy(i|x) along with {IL,},
defines a feasible strategy for (8), s0 Pcpc(Se) < Pp.i(Se). On the other hand, the reverse inequality follows
from the fact that any POVM and post-processing strategy used to optimize P,_i(Sg) can be converted into a
fully classical broadcasting map in which the POVM is first performed on p;, the classical outcome is then
broadcast to both Alice and Bob, and finally they both perform the post-processing locally. O

We can extend the relationship between classical broadcasting and post-information to general quantum
broadcasting in the special case that |©| = 2. The following proposition is a counterpart to theorem 1.
Proposition 3. For any prior distribution over © X Z, P.v.(So) = Ppc(Se) for all So with |©] < 2.

Proof. Itsuffices toshow Poc(Se) = Pyc(Se) for © = {0, 1}. For any broadcasting map € : p;jg afl‘g, there
must be a §y € {0,1} such that

PGIT{Ifi&I,lB} [p (0) Pauess ({Uﬁo}) (1) Pgues ({051})]
< p(60) P ({7, } ) + 2 (85) Prsss ({0 } ). ©)

i
where 0§ = 60, @ 1. Let {H;‘Teo}i and {Tfeﬁ},’ be optimal POVMs attaining the maximum guessing probability
in Pgyess {0390 }i) and Pgyess( {aﬁ% }i), respectively. Using these measurements we construct the fully classical
broadcasting map

pilo = D Tr [T @7fc (pio) | kDG kI © 1 k) G Kl
j.k

Alice and Bob both hold the classical variables (j, k) with probability p(j, k) = Tr[ILj, ®] 6:€ (pito)]. When 0
is announced as post-information, they both submit j as their guess if § = 6 or they both submit k as their

guess if = ;. Hence, they both have the same overall probability of correctly guessing, which is given by

7
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p(60) > Tr [T @178 (py0) |+ p (65) D Tr [14 @ 7/ (pu)]
j k

00 P ({7} ) 905 P ({2}
> iy O o () 0 ()]

Pe{A,B}
Since we originally chose £ as an arbitrary broadcasting map, it follows that Pcpc(Se) = Prc(Se). O

Note that P,,i(Se) in (8) is always optimized by a deterministic distribution as for any choice of POVM
{IL}, for each (0,x) € © x X’ there is an i’ that maximizes p(6,)Tr[p;sIL] over i and Py; is a maximization.
As an extremal POVM has at most d? outcomes, the optimal value is determined using one of
N = (maxgeo |Zo|)*1©! deterministic distributions to search over. As maximizing the POVM is an SDP,
there are N SDPs that need to be evaluated to determine P,,_i(Se). Combining propositions 2 and 3, for
|©] < 2, this gives a method for determining Py.(Sg). In contrast, computing Py (Se) appears to be a
challenging bilinear optimization problem in general. Given this complexity, we next present an uncertainty
relation that can be used to compute upper bounds on Py,.(Sg) for certain ensembles. The intuition behind
the uncertainty relation is as follows. Consider a pure state ensemble {|a,,)},, with e, )45 = Ula,,). If |ag)
and |a) are two entangled states that Alice can distinguish with high probability by measuring subsystem A,
then the reduced density matrices o/ and o4 must be nearly orthogonal. Consequently, tracing out Alice in
any superposition of |ag) and |« ) will effectively destroy the relative phase between these states, thereby
making it difficult for Bob to distinguish superpositions of |) and |« ). We can quantify this tradeoff in
terms of the fidelity F(p,o) = ||/pv/7||1 and trace distance Dy;(p,0) = 1||p — o||; between hermitian
operators.

Lemma 1 (uncertainty relation). For any vectors [og)*5 and | )AF, if |ag) 4B = cos(0/2)]co)*B +
¢ sin(0/2)]a )48 and |, )P = cos(w/2)|ap) B + " sin(w/2)|a) AP, then

Dy (ozg/,ag) <z |F(a6‘,0/f‘) + |22| Dy (ocg',ozB/) , (11)

where z; = 1(sin(f)e™" — sin(w)e™ ") and z, = 1(cos(0) — cos(w)).

We remark that we in fact prove a more general uncertainty relation for two vectors that both decompose
into linear combinations of the same set of vectors (see the supplemental material), but the above suffices for
the main results of this work. Moreover, we highlight that this lemma may be seen as our major technical
contribution. As noted earlier, unlike other uncertainty relations that rely upon the incompatibility of the
measurement directly (see [23] for a review), ours follows from the geometric relation between the initial
quantum states.

To appreciate the utility of proposition 1, we immediately obtain a no-go result for broadcasting the
orthogonality of any two distinct pairs of basis vectors {|0), |1)} and {|#),| — 71} }, where
|71) = cos(6/2)|0) +sin(0/2)e®|1) and | — 72) = sin(0/2)|0) — cos(8/2)e®|1) with 6 € (0, 7).

Corollary 1. Orthogonality broadcasting is not possible for the set of states So = {|0), |1), |A),| — A1) } if
i ¢ {10}, 1)}
Proof. Without loss of generality, we assume that {|0), |1) } remains locally orthogonal for Alice. The isometry
maps {|0Y,[1),]4), | — 7)} into {|a 4B, [ Y4B, | g )48, |ovg—» Y4B} of proposition 1, where we take w = 6 —
mand ¢ = —¢. Equation (11) then reads

Dy (ag,,agiﬂ) < |sin@|F (o, o) 4 [ cosf| Dy (agl,a?/) .
Orthogonality of o and «f implies that F(aj,a4) =0, and so Dtr(ag/ , ag/_ﬁ) < | cosf| Dy (', af') <
|cosf| < 1, assuming 6 & { X }cw, which is equivalent to |72) & {|0),|1)}. This proves the corollary since off
and aff__ are orthogonal if and only if Dy (af ;08" ) =1. O

Before moving forward, we remark that we may relax lemma 1 in terms of guessing probability, which
follows from the Fuchs-van de Graaf inequality and the equiprobable case of the Holevo-Helstrom theorem,
i.e. Dy(p,0) = 2pe(p, o) — 1 where py(p, o) denotes the optimal guessing probability when the two states are
equiprobable [29].

Corollary 2. Under the same conditions as lemma 1,

po (o8 o) <5 V1= Grc(aguat) =) 4l (s () 1) 1] o

8
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In the case Sg decomposes into states

pojo = lao)®  prjo =a1)® (13)
poj1 = cos (0/2) |ao)® + € sin (0/2) |a1)® (14)
pij1 = cos (w/2)]ag)’ + € sin (w/2)[a;)° . (15)

Corollary 2 may be used to provide bounds on P,(Se) as the constraint will hold for any choice of
broadcasting channel £. We however use this idea in further generality in a subsequent section, section 3.3, so
we omit an example here. We remark, in the special case given above, that propositions 2 and 3 already imply
there exists a direct method to determine the optimal value, although it is more computationally intensive.

3. LOSQC/LOSCC state discrimination and QPV in the no pre-shared entanglement
model

We now shift to the application of our results to QPV. The class of protocols we consider asks an honest
prover to distinguish the state drawn from a GOP ensemble {|a)|bi) }« by performing a joint measurement,
which is depicted in figure 3(a). For clarity, we begin by identifying the communication structure of
attacking such a QPV protocol, which is depicted in figure 3(b). From the adversarial perspective, there are
two dishonest provers, which we can call Alice and Bob, who each receive a portion of the global state that
intersects their worldline on the spacetime diagram, split their local state in two to share part with the other
party, and then, once each holds their respective shares, they may each guess k to forward to their respective
verifier®. Formally, Alice intercepts |a;)* and performs the isometry U : |ax)? +— | )8t while Bob intercepts
|bx)® and applies V : |by)? — | Bx) A1, This is without loss of generality as any communication strategy
allowed by quantum mechanics under the given timing constraints can be represented by this form. After the
quantum communication, Alice holds systems AyA; and Bob holds ByB;, and they both must perform local
measurements to learn the value k. This is the most general strategy allowed by quantum mechanics in the
no-PE model under the time constraints of special relativity. We call such the set of such communication
strategies ‘LOSQC’ and the optimal success probability over all such strategies can be expressed as

Pr
LOSQC

[S]:= mapr(k)Tr [Hk@)Tk(U@ V) (pr) (U® V)Jr , (16)
k
where the {pi }« denote the possible states, and as we just explained, without loss of generality the
maximization is over isometries UA—4081 VB=BoA and POVMs {1} }, {7,°"'}. In other words, (16) gives
the exact optimal success probability of attacking a state discrimination QPV protocol on inputs {py } in the
no-PE model. If we restricted the adversaries to only using classical communication between them, we would
consider ‘local operations and simultaneous classical communication’ (LOSCC). In this case, rather than
general isometries, Alice and Bob perform local instruments { A, }. and {B, },, respectively, with classical
information x going to Bob and y going to Alice.

Remark. Before moving forward, we note that LOSQC is the relevant attack model even if there is pre-shared
entanglement. For example, consider Alice and Bob will intercept some state from {5¢%}1cx and pre-share
some resource (42", Then defining py := &% ® ¢ for all k reduces studying attacking the QPV with resource
state 7 to the form of (16) where the isometries now are UAA = ABy , VBB = Bodr

3.1. Zero-error LOSQC and LOSCC state discrimination

Before directly addressing QPV, we study the problem of zero-error state discrimination in LOSQC and
LOSCC. For GOPs with one system being a qubit, we find that LOSQC is no more powerful than LOSCC,
and we obtain a reduction to classical orthogonality broadcasting.

Theorem 3. A GOP {|ay)|b)5}« € C* ® C¥ is perfectly distinguishable by LOSCC if and only if it is perfectly
distinguishable by LOSQC. Moreover, to be distinguishable by either, the ensemble must have the form

1004 si10)®, 114 Isin)®, 1ea))®, (17)

where the |¢;) are arbitrary states, the {|s;9) }i,¢ is an ensemble whose orthogonality (s;|g|sjj9) = d;j can be
classically broadcast, and each |t;) is orthogonal to every other state on Bob’s side.

6 We remark that without loss of generality there are only two dishonest verifiers as there are only two messages to intercept and respond
to in this one spatial-dimensional setting.
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Vo "

(a)

Figure 3. Spacetime diagram of the QPV protocols considered in section 3. Green double-lines denote classical communication,
black lines depict quantum communication. Blue dashed lines denote the worldlines of the verifiers V;, Vi. The dashed grey line
denotes the required time to respond to the verifiers. (a) Honest prover case. Verifiers Vo, Vi send |ax), |bi) respectively at time fo.
The honest prover uses any measurement that distinguishes the set of GOP states {|ax)|bx) }x, which determines k with certainty.
The prover then forwards the answer to each verifier to be received at ¢;. (b) Dishonest prover case. The dishonest provers intercept
the states |a), |by) respectively. As they both must answer, they split the inputs using isometries U4 =481 VB=4180 and forward
the corresponding pieces to eachother. They then perform measurements to guess the value of k and forward the verifiers their
guesses. This is the structure of local operations and simultaneous communication (LOSQC). Note the dishonest setting requires
neither prover’s wordline be where the honest prover should be (the dotted white circle).

41

While it is straightforward to see one may efficiently determine if an input set of product states has the
form in (17) via Gram matrices, it is unclear if there exists an efficient method for determining if a set of the
form in (17) is in fact perfectly discriminable under LOSCC. In particular, by propositions 2 and 3, deciding
whether a 2 ® d GOP ensemble can be perfectly distinguished by LOSQC/LOSCC reduces to the
post-information discrimination problem depicted in figure 1(b). However, the method for determining
Py (Se) provided below the Proof of proposition 3 is not efficient in the sense that it scales exponentially in
the dimension of the states. Nonetheless, for the simplest case of two qubits, one yet again recovers corollary
1, so in this case it is easy to determine. On the other hand, proposition 1 shows that in C? @ C? the
characterization of all GOP sets perfectly distinguishable under LOSQC or LOSCC is already non-trivial.

The equivalence between LOSCC and LOSQC stated in theorem 3 is an extension of proposition 3 to the
QPYV setting. We can obtain a separation between LOSCC and LOSQC from the ensemble of theorem 1 as a
direct corollary to theorem 3.

Corollary 3. The following states are distinguishable by LOSQC but not LOSCC:

[¢1) = [0)|+12), [92) = [1)]+13), [¥3) = [2)]+23)
%) =10)|-12), 42 =1)|-13), 43 = [2)|=2s).

The ensemble in the above corollary provides the first example of a product state input QPV protocol
that, in the no-PE model, is secure against attackers restricted to LOSCC but completely broken by attackers
restricted to LOSQC operations. This resolves an open question from [19], where a separation between
LOSQC and LOSCC attackers was shown when the inputs were entangled.

3.2. Analytic error bounds for QPV in the no-PE model

While the problem of perfect state discrimination is important for understanding the fundamental
limitations of LOSCC and the comparative power of LOSQC, in practical QPV and related tasks one typically
needs to replace perfect discrimination with bounded error. Specifically, as already shown, to establish
security guarantees against adversaries with quantum communication, we need error bounds on how well a
GOP ensemble can be discriminated by LOSQC. Establishing such bounds is difficult because the success
probability of the optimal attack given by (16) is highly non-linear. However, when the inputs are product

S = {|ax)?|bx)®} we may use the tools and insights we developed for orthogonality broadcasting to obtain
upper bounds on (16). A simple way to see this is to note that because the optimal strategy is limited by the
party that guesses incorrectly most frequently, we have

. PoPy
LOIZBC[S]gmuf‘vxpé?i%}?ﬁ(zk:p(k)“ [woph] (18)

where 07" := Trp,p, [(U® V) (px)(U® V)], P denotes the other party than P, and the second maximization
is over POVMs. Note that the RHS may be viewed as a direct generalization of P,(Sp) in (7). Indeed, in the
case that one input is always classical, so that without loss of generality it is simply copied, the optimal

10
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LOSQC (resp. LOSCC) strategy is determined by the optimal orthogonality (resp. classical orthogonality)
broadcasting strategy. This observation alone allows us to obtain results from our earlier results.

Corollary 4. Let S = {|a)*|bx)?} where Bob’s input is classical, i.e. |by) € {|2) }.c z for all k where {|z)*} is an
orthonormal basis of B. Then there exists Sg induced by S, such that
Lr 8] = Peve[Se] = Pyii[Se] - (19)

This in particular implies in this scenario the optimal LOSCC strategy never requires a quantum memory.
Moreover, if | Z| = 2, then the optimal LOSQC strategy is an LOSCC strategy.

Proof. By assumption, S may be taken to be Se. Thus, Prioscc[S] = Prioscc[Se] < Pebe[So| = Pp-i[Se)s
where the last equality is proposition 2. The concern would be that the inequality is strict. However, as
explained below the proof of proposition 3, Pry.i[Se] is always achieved by a deterministic conditional dis-
tribution. Thus, by Bob performing the optimal POVM for P,.[Se] (See (8)) and having Alice and Bob use
the same deterministic conditional distribution, they always guess the same i. Thus, Prioscc[Se] = Pcbc[So)-
Moreover, this strategy uses a fully classical broadcast channel, so it requires no quantum memory. This estab-
lishes the first point.

For the second, Priosqc[Se] < Poc[Se] = Pebc[So] = Prioscc[Se] < Prrosqc[Se], where the first equal-
ity is proposition 3 and the second equality is what we just proved. O

We remark that the second point of corollary 4 generalizes the observation that the optimal strategy for
BB84 QPV [30] is an LOSCC strategy as first proven in [13].

While corollary 4 is structurally important, as mentioned, the most important problem for QPV is upper
bounds on the achievable state discrimination under LOSQC. We can obtain such bounds as an application
of the uncertainty relation in lemma 1.

Theorem 4. Consider any ensemble containing four states of the form

WJ0>AB = |ﬂ0>A|bo>B
WH>AB = |ﬂ1> |b1>B
)
)

A
. i 20
|4p,)AB |a2>A(cos§|b0>+smge¢|b1>)3 (20)
A

" B
51 = Jas)* (cos ¢ bo) +sin ¢’ [by) )

with {ay||a;) > 0. Suppose Alice and Bob can identify each state with at least probability 1 — € using some
LOSQC protocol; i.e. given state |1y )8 they both guess k with probability at least 1 — ¢. Then

12V L TTRIRIE + VI TP+ 22, @

[(aolar)|*

where z, and z, are defined in lemma 1.

From theorem 4, we can recover the optimal LOSQC error bounds for BB84 QPV determined in [13, 30].
This shows that Theorem 4, and by extension all steps in the proof including our uncertainty relation, are
tight.

Corollary 5. Given the set of globally orthogonal product states
{10)410)%,10)* 1), [1)*A) ", [1)A] = )"}

where |71) = cos(6/2)|0) +sin(6/2)e'?|1). The minimal ¢ such that both parties can guess the state with
probability at least € under LOSQC is

1—cos (0) + (1++/2) sin (6)*
2 (1 + sin (9)2)

In particular, this recovers the tight bounds for BB84 QPV where 8 = m /2.

e*(0) =

(22)

Proof. Note withoutloss of generality we may let ¢ = 0 = ¢’ by rotating the states into the {|0),]1), |+),|—)}
plane of the Bloch sphere. For the states we consider, | — 1) = cos(?5%)|0) + sin(457)|1). It follows z; =
sin(f) and z, = cos(#) in theorem 4. Using theorem 4, one finds the condition

1< 2sin(0)v/e(1—¢€)+cos(f)+2¢ .

11
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Solving this as an equality condition, one finds (22). To recover the BB84 case, one uses § = 7/2 to obtain 1 —
er=1- i(Z +2) = % + 2—\1/5 However, this can be achieved by Bob measuring each state in the ‘Breidbart
basis), so this bound is tight. O

We remark that by generalizing the Breidbart basis measurement to measuring the states equidistant on
the Bloch sphere between |0), |7i), i.e. projecting |#i19) = cos(6/4)|0) + sin(6/4)|1) and its orthogonal vector,
one can obtain a minimum error of 1 — cos(#/4)?. This is a slightly larger error than given in (22), which
would suggest (22) is loose except for § € {0,7/2}.

We provide another example of how theorem 4 can be used to bound the minimum error guessing
probability.

Example 1. An unextendible product basis (UPB). Consider the tripartite UPB known as Shifts [31].
Combining two of the parties yields the bipartite ensemble

|tho) = 100)[0), 1) = [+ )1),
|2} = = 1)+), [¥5) = [14)]=)- (23)

If one of these is chosen with uniform probability and distributed to Alice and Bob, their smallest possible
guessing error ¢ using LOSQC satisfies € > 5.52 x 10™*. Clearly this also provides a lower bound on the tri-
partite error probability for Shifts under LOSQC.

Remark . Note that the same sort of analysis may be applied to quantum states shared by more parties. In
particular, if one can partition the systems such that one has a set of bipartite states where a subset satisfies the
structure of (21), then one may apply theorem 4. The error will then scale governed by theorem 4.

3.3. Semidefinite program bounds

We remark a major appeal of theorem 4 is that it is quick to evaluate. One can however in various cases
directly obtain bounds on the probability of distinguishing a set of input states S := {|tx)"8}+ over a given
distribution using LOSQC using the uncertainty relation to convert the problem into a SDP over vectors. For
example, using the same tools as to establish theorem 4, we can obtain the following SDP, which is provably
generally non-trivial.

Proposition 4. Consider the ensemble S of the form given in theorem 4 and g, (resp. 1g,,,) are each
provided with probability p/2 (resp. (1 — p)/2). Then, Prrosqc|S] is upper bounded by the optimal value of

max min{f(p,S,r),f(p,S,s)} —1

1
st.n < [|z1| 1—(250—1)2+|zz|(2r0—1)+1]
. (24)
s] SE {|zl| 1—(2r0—1)2—|—|22|(250—1)—|—1}

0<r,s<1

where f(p,S,x) == p - [pg(ag,a1) + x0] + (1 — p) [pg(as,as) + x1]. This is a convex optimization problem and
equals unity if and only if (ag|a;) = 0 = (as|as) and § = L arccos(1 + cos(w)).

We remark that proposition 4 may be used as yet another method for proving corollary 5 although we omit
this.

There are two key ideas in establishing proposition 4 as well as the other results in this section. The first is
captured in (18). The second is that the uncertainty relation (corollary 2) implies constraints on the guessing
probabilities independent of Alice and Bob’s choices of broadcasting channels, so we may replace maximizing
over the isometries by maximizing the guessing probabilities allowed according to the uncertainty relation as
may be seen in (24). We refer the reader to the appendices for more information.

The major strength of these semidefinite program bounds is not in proposition 4, but in the more direct
analysis of discriminating product state ensembles S := {|a;)"|bx)?} that are not of the form in theorem 4
but are limited by the inability to broadcast orthogonality. This results in obtaining stronger, i.e.
smaller-valued, upper bounds on the optimal distinguishing probability under LOSQC, Priosqc[S]”. We will
in particular establish a qutrit classical-quantum product state that outperforms the BB84 set in terms of
amplifying the error (theorem 5) and, to the best of our knowledge, the first proof of error bounds on

7 Smaller-valued upper bounds are stronger because, in QPV, LOSQC represents the attack model of dishonest provers, so if the probability
of success is lower, then the protocol is more secure against dishonest provers.

12
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quantum-quantum product states (theorem 6). We note that, as shown in appendix A, neither of these cases
can be analyzed using MOE games.

We begin by showing there exist sets of globally orthogonal classical-quantum product states that result
in provably stronger security than using BB84 states. In particular, we consider the following set of states:

i )= D142

B 5) =10 S = [1)]142

00 =\ [y = (1)[1-2)  [uis) = [0)[0) (25)
W) = [2)0+1) [dr) = 20— 1)

It is not hard to see that the subsets S; := {[t1), [12),[¥3), [¥04) } and S; == {[¢1), [¥)s), [)6), |¢7) } are both
equivalent to Sppgs up to local unitaries. However, note that S/, S, contain overlapping states on Bob’s side,
which is why we label them OBB (overlapping BB84 states). It follows that using the optimal strategy for each
subset, given in the proof of corollary 5, may do quite poorly on the other set of states. In other words, one
expects the optimal approximate broadcasting of Spppss to be lower than Sppgs. Using our methodology, we
are indeed able to prove this.

Theorem 5. Consider the set of globally orthogonal product qutrit states Soppss in (25) where |1)1) occurs with
probability 1/4 and the rest occur with probability 1/8. Then

B [Soms] < 0.603554. (26)

We first stress that the ability to establish such results follows from our ability to work with the geometry

of the initial states using lemma 1. Moreover, we note that this result is quite strong in the following sense. By
corollary 5, Prrosqc[Soss] < Priosqc[Sepsa), but Soppss requires more resources to implement (namely, a

qutrit quantum system and the ability to prepare certain superposition states). To place the two ensembles on
an equal footing, we could measure the error ‘per state” in comparison to global success probability Pr[S]:

Arosac (S) = (Pr S]- pr s 1) /18] 7)

LOSQC
A direct calculation will find ALOSQC (813384) < 0.03662 whereas ALOSQC (803384) > 0.05663. Thus, by
increasing to a qutrit (resp. trit) space on Bob’s (resp. Alice’s) side, we may increase the error per state, which
may have practical relevance in cryptographic schemes that rely on the impossibility of orthogonality
broadcasting.

Intuitively, we should be able to further amplify the result of theorem 5 by giving both Alice and Bob
non-commuting states from a globally orthogonal set. One would expect under certain conditions this would
amplify the result as then Alice will also need to implement approximate orthogonal broadcasting. This is
motivated not only from a foundational perspective, but also the possibility of building secret sharing
schemes [4] out of product states.

It appears that our uncertainty relation, lemma 1 as well as its generalization, is not strong enough to
place constraints to prove that making Alice’s states from Spppss in (25) quantum as well will increase the
error probability specifically (see appendix E for further discussion), but we are able to construct a different
example such that there is a non-trivial increase in the probability of error in distinguishing the states by
having both parties receive quantum inputs. In particular, we consider the globally orthogonal
classical-quantum product states

Jisis, (-pe:s

sy =11)]0=2)  [ehg) = [0)]0O+1

5= o) = 000 — 1) [ths) = [2)[1+2) (28)
) = [2)]1 - 2)

and the set of globally orthogonal quantum-quantum states

) =Dl o)

o _ =100+ ju)

W\ fs) = 201 +2) )
6 =1+2))

o)
0—1
2-2)( 2

One may see that Sy, is a globally orthogonal product set obtained from S, by altering which party has the
coherence for two of the states, i.e. [1)2) = |$2), |[¢)7) — |p7), which will then suffer from both parties
needing to approximately broadcast (see figure 4 for visual comparison).

13
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gog Lo
2 | £ 2 | 1

Seq Saq
Figure 4. Depiction of the sets S;; and Sy, (equations (28) and (29) respectively) in terms of ‘tilings’ [32, 33]. A state |1))
depicted on a ‘tile’ (i, ) if (i|* (j|B|1) # 0, i.e. if the state has ‘support’ on the joint computational basis state. The & symbol

denotes that two superposition states lay on the tile. The dashed tile in the left image means that Bob’s state has support on both
|0} and |2).

AB is

The choice of classical states in S, allows us to establish that, independent of the distribution on the
states,

1 1
Lo%{)c [ch] = LOIDSEC [SC‘J > 2 (1 * ﬂ) ’

On the other hand, we are able to show using our semidefinite program method that the success probability
of distinguishing S, is strictly lower. While intuitive, to the best of our knowledge, this is the first proof of
such an example.

Theorem 6. Consider S , and Syq where in both cases |11) occurs with probability 1/4 and the rest occur with
probability 1/8. Then

1 1
<0. — — | < .
L [Si] <0.7805 < 2 (1 + ﬂ) < & [Sal

That is, forcing both parties to approximately broadcast increases the probability of error.

4. Conclusion and outlook

In this paper, we have introduced the study of orthogonality broadcasting. We have established a strong
characterization of its properties in low dimensions, related it to the cryptographic task of QPV, and
established new methods for error bounds on QPV protocols when there is no-PE. In doing so, we have
introduced a new uncertainty relation that uses the geometric relation of the initial states to be broadcasted
and shown both its utility and its limitations.

We note that the ability to combine our uncertainty relation to derive semidefinite programming bounds
on vectors of guessing probabilities in the LOSQC setting (e.g. proposition 4 and the derivations of theorems
5 and 6) may be of interest in the framework of optimization programs capturing correlations. In particular,
it is well-known that non-signaling correlations are quite useful for deriving linear program bounds in
various settings [34—36]. However, a key technical issue in LOSQC is the fact that there is signaling (the
simultaneous communication), which is what makes it distinct from the framework of non-local games [34,
37]. Roughly speaking, our uncertainty relation is constraining the strength of the correlations achievable via
signaling at the expense of the linear program becoming a semidefinite program.

Finally, we highlight two natural future directions based on this work. First, the study of (approximate)
orthogonality broadcasting seems deeply related to approximate symmetric quantum cloning and the notion
of symmetric extendability. A more in-depth study of the relation between these may be of both fundamental
and practical value. Second, in section 3.3, it was highlighted that the SDP bounds are in effect coming from
the uncertainty relation bounding the correlations achievable through signaling and that the uncertainty
relation can be loose under certain situations. It could be of value to develop more general methods for
constraining the achievable correlations under signaling through broadcast channels. In particular, such
methods might be able to improve upon and clarify the scaling of error per state under LOSQC for families
of states that generalize the overlapping BB84 construction in theorem 5. The hope would be that this would
give insight into designing QPV protocols that are hard to break with entanglement given the relation
between the no-PE model and the entanglement-assisted case, e.g. [38, lemma 5.3].
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Appendix A. Monogamy-of-entanglement games, quantum position verification, and
orthogonality broadcasting

In this section, we clarify the relation between MoE games, QPV, and orthogonality broadcasting. In
particular, we show why MoE games are both a less direct reduction for proving security of QPV in the
no-PE model and at times cannot establish security while the orthogonality broadcasting methodology can.

A.1. A review on monogamy-of-entanglement (MoE) games

We begin with the description of a MoE game (see figure Al for depiction), the physical idea it operationally
captures, and the primary tool used to analyze MoE games [13, lemma 2]. For clarity, we describe the
procedure with references to the subsequent formal definitions.

As depicted in figure A1, in a MoE game G (definition 1), Alice’s measurements {M? = {F?}}4 are
publicly known and fix the dimension of the quantum system she is to receive. Bob and Charlie prepare a
quantum state pspc according to their strategy S (definition 2). They then forward the A system to Alice.
Alice draws 6 from © uniformly at random and applies the measurement M? = {F?} to the A system,
obtaining outcome x4 € X'. Bob and Charlie therefore share the conditional state

sC TrA I:FﬁA ® ]lB Q ]leABC:I
pr\G Tr [FzApA]

(A1)

Alice then announces @ to Bob and Charlie who then apply their corresponding measurements {P?} ¢ v,
{Qf}xe x as specified by their strategy S (definition 2). Bob and Charlie’s measurement outcomes are xg, x¢
respectively. Bob and Charlie ‘win’ whenever x4 = xz = x¢ as by definition 3.

Definition 1. A monogamy-of-entanglement (MoE) game G is defined by a finite-dimensional Hilbert space
A =C%andaset of |©] POVMs on A, M? = {F/} ,c . 0 € © indexes the choice of POVM and x € X’ indexes
the measurement outcome. ©, X are finite alphabets.

Definition 2. A strategy S for a MoE game G is specified by a tuple

S= (pABC’ {Pg}xex,aee’{og}xeX,eee)) )

where p*BC¢ is quantum state, B,C are arbitrary finite-dimensional Hilbert spaces, and {P’},cx
(resp. {Q?} e x) isa POVM on B (resp. C) for every ) € ©.
Definition 3. The winning probability of a MoE game G with a strategy S is defined as
Pwin (G,S) : ZTr HG ABC , where II?:= ZF?C ®PfC ® Qz . (A.2)
0c® x
The optimal winning probability is pyin(G) := supg pwin(G,S).

The intuition behind an MoE game is as follows. Imagine Alice and Bob share a maximally entangled
state [U+) (UF 4B and Alice performs projective measurements, i.e. M? = {Up|x) (x| Ue }xex where Uy is
some unitary for every § € ©. A standard calculation using the transpose trick [39] will verify that Bob’s
conditional state pfle = U"|x) (x|U where X denotes the entry-wise conjugate of X and T is the matrix
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ey (2) (3)

A (), e () {08}, ‘e
A XA
pABC |:> I:>
B C B® . ®cC B® ®c
Px 416 X Xc

Figure Al. Depiction of a Monogamy-of-Entanglement game. In the first step, Alice, Bob, and Charlie share a joint quantum state
p*BC that Bob and Charlie chose. In Step 2, Alice chooses 8 uniformly randomly and measures the A system with POVM {F?}, to

obtain outcome x4. Bob and Charlie then share a conditional state pfcl - Instep 3, Alice has told Bob and Charlie the value of 6,

so they perform measurements {P?},, {Q? } to their respective portions of the conditional state obtaining outcomes x, xc. Bob
and Charlie win the game when x4 = xp = xc.

Figure A2. Depiction of the reduction of a certain class of QPV protocols to monogamy-of-entanglement games. (a) Depicts the
spacetime diagram of the relevant QPV protocols where one dishonest prover receives |0) to copy and forward and the other
party receives Up|x) which they attempt to broadcast with £475C. (b) Depicts a mathematically equivalent setup to the QPV
protocol. At the initial time, a maximally entangled state is shared. At t;, £475C has been applied. At t,, a random 6 € © has
been chosen and the measurement {F? := UY|x) (x|U, } . has been applied to the A’ system. At t3, measurements {P?}, {Q?}
have been applied according to 6. Note that 1, t,, and t3 respectively correspond to (1),(2), and (3) in figure Al. In other words, it
depicts a specific strategy of a MoE game.

transpose. As { pf‘ ¢ }xex is a set of mutually orthogonal states, this means in this scenario if Alice measures

with MY and tells Bob 6, Bob can always determine x. However, if Bob shares a maximally entangled state
with Alice, then Charlie is completely independent, i.e. papc = |[¥+) (U [48 @ pC. This implies Charlie’s
conditional state will be completely independent of Alice’s measurement and so it will be hard for both Bob
and Charlie to guess the value of x correctly. ‘MOE’ generalizes the above to the idea that the more entangled
Bob is with Alice, the less entangled Charlie is with Alice. An MoE game tests this idea operationally. Namely,
it tests how entangled pp is versus pac by examining the winning probability, (A.2). If monogamy of
entanglement applies, then there does not exist p*5¢ such that Y, Tr[I1¢ p*5€] = 1 where I1? is defined
in (A.2). Note that this does not directly capture anything about broadcasting or orthogonality broadcasting.
It is difficult to prove there does not exist p*5€ such that }_, Tr[I1? p"5C] = 1 as one needs to optimize
over all possible {P?} and {Q?} in definition 2. As such, MoE games are instead analyzed using the bound
> Tr[II? pABC] < || 32, 119, where || - || is the operator norm and this follows from Tr[Mp*€] < ||M]|. This
is still difficult due to optimizing over both measurements, so further tools are needed. In particular, [13]
establishes and uses the following lemma.

Lemma 2 ([13]). Let Ry, Ry,...,R, be n positive semidefinite operators. Let {ﬂ'k}ke[n] be a set of n permutations
such that ™1 (i) # 7% (i) for all i € [n], ki, k, € [n] such that k, # k,. Then the following inequality holds

H ZRi ‘\/E\/Rrrk(i)
i€[n]

A.2. Reduction of specific QPV protocols to monogamy-of-entanglement games

We now explain how the reduction of a specific instance of QPV to MoE works as it will help to clarify how
MOoE and orthogonality broadcasting compare. Certain systems are labeled differently than in the main text
to make the conversion to an MoE game clearer. Consider a QPV protocol where Vj sends § € © and V;
sends pﬁ‘ o := Uslx) (x| Ul where { Uy }gee is a set of unitaries and x, 6 are drawn uniformly from their sets
(see figure A2 for depiction). The dishonest prover that receives p,9, Bob, must attempt to broadcast the
orthogonality using some broadcast channel £475€, The dishonest prover that receives 6, Charlie, simply

< max . (A.3)

kepy €M
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copies and forwards the value to Charlie. Then, upon receiving 6 and their respective quantum system, Bob
and Charlie perform local measurements conditioned on 6 € O to obtain outcomes xg, x¢c and send these to
the verifiers closer to them®.

However, using the ‘transpose trick’ [39], one may verify Tra/ [U} |x) (x|Up @ 14| @) (T[] = Up|x) (x| U}
where |[UT) 44 is the maximally entangled state and the transpose is defined in the computational basis. It
follows that the QPV protocol is mathematically equivalent to the following procedure (depicted in
figure A2):

(i) Vo sends nothingand V; sends the A system of | &) (¥ |44 to Charlie.
(ii) Charlie broadcasts the A system with £475C,
(iii) At some point before Bob and Charlie decide to measure their local portions of
pABC = (id" @ EA=BC) (|W+) (W), 6, V; randomly draws 6, measures the A’ system with
{U}|x) (x|Up }xe x> and provides the value of # to both Bob and Charlie.
(iv) Bob and Charlie perform their measurements as in the true protocol.

Note this new procedure is an MoE game with some specification of the strategy, namely papc. It follows
that the optimal strategy for the MoE game defined by M? := {U} |x) (x|Uy} provides an upper bound on all
possible QPV attacks in the no-PE model. Moreover, it just so happens that this is tight when
{Uy}o = {ox,H}, which are the Pauli X and Hadamard unitaries, i.e. the bound is tight for BB84 QPV [13].

Remark. The above relation between QPV, orthogonality broadcasting, and MoE games may be slightly gen-
eralized. If a QPV protocol has classical-quantum inputs {|6) (| ® pfl o }x,0 sent according to joint distribution

p(x,0) = ‘T(l)| p(x|6). Then the optimal attack in the no preshared entanglement model is exactly orthogonality

broadcasting as we have seen in the main text. However, if there exists a set of |©| POVMs, {F{},, and a joint
quantum state 044" such that

Tr [IA ® FfaAAl}
p(x[0)
then this shows the QPV protocol is mathematically equivalent to the MoE game defined by the POVMs
{F?} using the strategy p*5C := (id* @ 4" 75C)(544"). As such, one can further relax analyzing the security
of the QPV protocol in the no-PE model to the MoE game defined by the POVMs {F?} and optimizing over

all strategies. Note however this is always a further relaxation from considering orthogonality broadcasting
directly.

Tr {FgUAl} =p(x|0) = pfw Vx, 6 , (A.4)

Remark [17, appendix A] introduces a ‘1 — 2 cloning game’ where 4, g is specified. As they show, this is
like restricting the strategy of the MoE game to avoid the last reduction to MoE given above.

A.3. Comparing orthogonality broadcasting and monogamy-of-entanglement games

With the sufficient background, we may now separate orthogonality broadcasting from MoE games. First, in
the previous subsection, a footnote specified where the equivalence of this specific type of QPV protocol to
orthogonality broadcasting occurs. This was prior to converting to an alternative protocol using a maximally
entangled state. This alone shows it is at least more direct for the protocols above. Second, as orthogonality
broadcasting considers a different aspect of quantum mechanics than MoE games, it can be applied to QPV
protocols that do not satisfy the structure necessary for the reduction to an MoE game. Indeed, noting that
both systems in (29) used in theorem 6 are quantum, it follows the MoE game reduction given above cannot
be done at all for this ensemble. This already distinguishes the two methods. However, even if one of the
inputs is classical, the reduction to MoE games is insufficient with current methods as the following example
shows.

Example 2. Note that (25) has one system always classical, but the quantum states partition (with respect
to the other system’s classical value) as {|0),|1),]2)},{|0 1) },{|1 +2) }. Therefore, this is an ensemble that
cannot be generated in the form {|0) (Up|x) } .« as the reduction in the previous paragraph required. However,
the situation is significantly worse—if we tried to complete these bases, the measurements are

M ={Jo)(o], [1)1], 12)(2[}
M= {]0)(0], |1 +2)(1 +2], |1 —2)(1 - 2[} (A5)
M2 ={]0+1)(0+1],]0—1)(0 1], 2)(2]} .

8 Recalling figure 1, this shows this specific type of QPV protocol is exactly orthogonality broadcasting.

17



10P Publishing

New J. Phys. 27 (2025) 054511 I George et al

If we define Go to be the MoE game defined by the measurements in (A.5), then the methods of [13] obtain
trivial bounds. This is because the measurements pairwise contain a projective POVM element that is identical.
For completeness, we show this. First, following the notation of [13, theorem 4],

c(Go) = max max [|\/E2\/EY | = l0)0lloy ol = 1. (A6)
046"

where we used F° = |0)(0] = F' by (A.5). Then [13, theorem 4] provides the trivial upper bound of 1.
Moreover, the more in-depth analysis of [13, theorem 3] is also trivial as we now show. First,

1 0 1 oy 1 917 (6)
Pwin (Go) = ggTr [T pagc] < §||§H l <§;meax||ﬂ N N (A7)

where TI% is defined as in (A.2) and the second inequality is lemma 2. In principle we would need to
optimize over strategies, but we will just pick one that makes the bound trivial. Let both Bob and Charlie
use the same measurements as Alice as given in (A.5). Then 11 =", epl F?®3 for 6 € [3]. Because each
0,0’ share a rank-one projector, ||TI°TI'|| = ||TI°TI?|| = ||TI*TI?|| = 1. It follows with this choice pyin(Go) <
1> maxg HHOH“k(e) | = -3 = 1. Thus the bound remains trivial. This shows MoE games, at least using the
standard tool, (lemma 2) cannot establish security for this ensemble.

Appendix B. Necessity of non-separable communication

In this section we establish theorem 2.

Proof of theorem 2. Consider the eight orthogonal product states stated in the theorem, which we label

>B

>

-

1
2
|
|

o) =) 1)" e

) )

|p3) = [2)4+23)"  ipa) )
) )
)

3
4)A

B
los) = 13} 424)" |06 )P
o7y = 14y F30)" s )

where we remind the reader |+,,,) = %(|m> + |n) and |£,,,,) = %(|m> + i|n). It is clear that Alice’s action in

)
)
>A
)

23
24
T34

any LOSQC discrimination protocol should involve her measuring in the computational basis and distributing
the outcome information to Bob. It is therefore Bob’s job to broadcast the orthogonality of his portion of the
state. More precisely, he must perform a channel |b,)? — pi281 such that {p{2, pi%,} and {p2',p2% |} form
sets of orthogonal operators for x = 1,3,5,7. Moreover, as per the statement of the theorem, we are interested
in establishing that any such broadcasting channel £g_, 45 must map one of the states on the B space to the
joint space A’B’ such that it is entangled. We will prove this is the case by contradiction, i.e. we will look at the
structure necessary for £g_, 4 5/ to map each state to a separable state.

Recall that a separable operator R is a positive operator from A® B to A ® B, X € Pos(A ® B), such that
there exists a finite alphabet Z and sets of positive operators {P;};ez C Pos(A), {Qi}icz C Pos(B) such that
R =)",P;i® Q;. Note that by the spectral decomposition theorem, we may in fact decompose such an oper-
ator into a linear combination of tensor products of unit vectors. Thus, we would say pjj,B/ =Eparp (pr) is
separable if we may write it as ) |x;) (xi| @ |yi) (yi| where {|x;) }iez CA’, {|yi) }icz C B’ are (not necessarily
normalized) vectors. Note that, when ,0?/3 "is separable, this implies a purification, of the form

Y kM D", (B.1)

where {|i)}; is an orthonormal basis. That this is a purification may be verified by taking the trace over the E
system. Moreover, by the isometric equivalence of purifications on the purifying space [29], all purifications
of pjz‘/B/ are of this form up to a choice of basis on the E system. It follows that if €4, 4-5 maps a pure state | )
to a separable state pA/B ', then if we consider the isometric extension of &, Ua— 4575, U|p) is a pure state and
thus a purification of pf/Bl. It follows that it must have the form of (B.1). This is the structure we will make
use of in the rest of the proof.

Suppose that Bob does not distribute entanglement to Alice given the state |, ). Then by the above explan-
ation, this means he applies an isometry U: A — A’B’E such that

U2y = > ) ) )" (B.2)
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Turning to states |¢3) and |p4), by linearity, the action of Bob’s isometry has the form
Ipt 1 ’ ’ Ipt "
s U} = 7537 (b 1™ + ") 1)

) BE ~U]—5) = WZ (b 1™ = ") 1)

where U|3) =3, [t VA'B'|E| which is without loss of generahty as we may always decompose a bipartite
entangled state into conditional states [40] where note that |1;)* 5" are not necessarily normalized by our
form.

We now wish to consider the requirement that o4 L o/ and o L . Note that, by the orthonormality
of {|i)f}, the marginals are

o L (0 o]

i

o =L [( ¥ — 10 Ve

i

(B.3)

where h.c. denotes the adjoint state. Now, to satisfy o4 L o4 and of L of', by linearity, one may verify
from (B.3) that it must be the case that the marginals on the A’ and B’ of

b [ [ = (I + )Y ) b +Z\ Iy

b )™ = ™ = (b = ) ) 1y Z\ ¥ Iy

must be orthogonal for each i. Here, all the {| yjt) }; form an orthonormal set orthogonal to |y;) which follows
from decomposing the state into conditional states based on a basis that includes |y;). Because of the orthonor-
mality of the set, the requirement of orthogonality of Alice’s marginals implies that |xj’| ;) = 0 for all j. It follows
from this simplification that the orthogonality of Bob’s marginals then requires that |x;) = £|x/) for every i.
In summary, we have

Ul2) =3 b i) i)
UP3) = > (=) ) |y 1),

i

for some r; € {0,1}. But by the same argument, we must have

Uld) =D (=1)" )™ 1) 19",

i

for some s; € {0,1}. Then turning to states |7) and |¢g) gives

UlFad) = ;EZ (=1 4 (=D)") ) ) ),
U|:34> — \}Ez: ((_1)Sf _i(—1)ﬂ') 4>A’ |yi>B’|i>E .

By direct calculation, the reduced density matrices of these states are not orthogonal (in fact they are the same),
and hence they cannot be locally distinguished. This proves that the ensemble of states cannot be perfectly
distinguished by LOSQC if Bob does not distribute entanglement to Alice.

Let us now show that an entangling LOSQC strategy can perfectly discriminate the states. In fact, it only
requires two bits of communication from Alice to Bob, and just one qubit communication from Bob to Alice!

19



New J. Phys. 27 (2025) 054511 I George et al

The protocol involves Bob performing an isometry with action

Uty = |11>A/B’
Ul2) = 7<|zz>+|ss>>
Ul3) = = (122) - [33)"* (B4
NG
U = 5 (123) + 52"
Then
Ul+23) = |22), Ul—23) = |33)
UlHas) = |[H23)[+23), Ul=24) = [—23)|—23)

Ultsa) = [423)[+23),  Ul=34) = |[—23)|—23).

Hence, the correct pairwise orthogonality is achieved. Moreover, the local states for U|1), U|2) are |1)(1| and
2[12)(2] + [3)(3[], so these are also pairwise orthogonal. Thus, the states can be perfectly discriminated. [

Appendix C. Uncertainty relation

We begin with the derivation of the uncertainty relation. We prove the more general form and then provide
sufficient details to see how to obtain lemma 1 as a special case of the method.

Theorem 7. Let {|7)#8};c1 be a set of (possibly unnormalized) vectors. Let

|'Ya Zalhﬁ AB |'Yﬁ ZBIWI
Then,

P8 <, T (0Pt O178) + e o)
i jF£i
<Dy (p.@)+ Y |zlF (v{‘ﬁf‘)
i
where o is a permutation on |Z| elements, p(i) := |ci|?, q(i) := | 8%, and for every (i,j # i), zij := cief — Bif3;.

Proof. By direct calculation,

Yoo = ZIO«I ) (vl + > [ T ) (gl € (il |
i,jFi
where for every (i, ) 1§ := || and ¢ff := atan2(Im(«;a ), Re(cviar")). The same calculation holds for vg.

For every i, let z; := \ai|2— |Bi|?. For every (i,j # i), let z; := rife —i9 —rﬁe U.Therefore,
s —=ll,
= [|Tra [va” = 5",
= HZZ’TrA |vi) (il +ZZTTA [Zz]|% ’Y] zj|’7’j><7i|} H1

i jFi
ZzzTrA |’Vz ’Yl

+ZZ|ZU|HTTA “77 (il =+ ) 71']”

1 i

where the inequality is the triangle inequality and we have defined W) i=e"19%|y;) and ¢y =
atan2(Im(z;), Re(z;)).

20



10P Publishing New J. Phys. 27 (2025) 054511 I George et al

To bound the first term, note that we can pick any permutation o € S(|Z]) to obtain the following

|

Tra[|yi) (ill

_ Z|a1\ Tra [|7:) (7] Zlﬂzl Tra [|7i) (il]

1

= Z|sz‘ TI'A h’z 'Vz Zlﬁat | TI'A [h/a( ><70 )|]

. Zpom ) (il Zq )T (Vo) (oo ]
Z lp(3) (e ()75l

where the first equality is definition of z;, the second is that the second sum is invariant under the permutation
on the indices, the third equality is definition of p, q, and the inequality is triangle inequality. As this held for
arbitrary permutation, we can minimize over the permutation.

We now need to handle the cross terms. Define Pli be the projector onto the + eigenspace of Tr {H{) (vl +

1vj) <71|} . Then by definition of trace norm,

e [F it + 1y G] ||, = T [ (a0 P = P2) (Rl + b 31
Now,
F(%A»WJA)
=F (%)
— max T (1. ) ) /7]
_ L (man|te [0 0) ()] g e[ (109 (1 0] )
> g tow (i)

where the first equality is noting v; = [;) (7| = W) 7| and the second is Uhlmann’s theorem.
Choosing U = P'] G Pl] — P, we have

(VA ¢> (max Tr[ (1®U) (W (gl + ) ﬂ)”)
>§Tr {]1 ® (Pi —P"i) (W(wl + |VJ><7{|>}
=5 [[rea [Fl + ]|

Reordering gets us
ve =4, < ‘Il)ZHP P —q(i %(>H1+ZEZ\ZUIF(%, ) .
i A
Dividing by two gets us the trace distance and fidelity bound. O

To obtain the special case in the main text (lemma 1), the proof is largely the same, but we have more
structure. Namely, there is only one z;; term, which is z, := 1 (sin(#)e~* — sin(w)e~*") and the bound on
‘the first term’ becomes quite simple in terms of a single scalar, which is z, := 1 (cos(#) — cos(w)). For clarity,
we provide the calculations. By direct calculation, one obtains

o =cos” (6/2) |0} (Yol +sin” (6/2) |y1) (] +sin () /2 [e7 7o) (31| + € [m) (0]
Yo =cos? (w/2) o) (ol + sin’ (/2) 1) (0] +sim () /2 [¢7” ) (n |+ ) ]
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Starting from linearity,

176 — vl
= HTrA[{cosz(O/Z) — cos*(w/2) } |70) (0| + {sin*(6/2) — sin*(w/2) } |1 ) (]

+ 5 {sin(8)e® —sin(w)e ) 10) (] + 5 {sin(@)e® — sinw)e}m) ol |
= [Txa 2200l = 22l) 11+ 21 0} (nl + 2 ) ]|

< 2|

Tra [Zl|70><71| +Z>1k|71><7°|} H1

Try [|%><71\ + |71><%|} Hl ’

Tea [0} (ol = )l || +|

= lz2!||Te 1) (ol = I n ]| +1a
where the second equality is we have used trigonometric identities and our definitions of z1, z,, the inequality
is triangle inequality, and the final equality uses z; := |z;|e~*® and [Jy) := e~*?|~). The rest of the proof is
identical to the main theorem proof.

Appendix D. Reduction of LOSQC to LOSCC for qubit-qudit systems

In this section we prove theorem 3. This is established in two steps. The first is to reduce the type of ensemble
that could separate LOSQC and LOSCC in C? ® C* to be of the form Sg where © = 2 and each set is a set of
mutually orthogonal pure states. The second step is to show that LOSQC implies an LOSCC strategy for any
such ensemble, which is effectively a corollary of proposition 3.

First we prove the reduction.

Lemma 3. If there is an orthogonal product set in C* @ C? that separates LOSQC and LOSCC in the zero-error
case, then there exists a set that separates LOSQC and LOSCC of the form

{1004160) e U {IDABD ] (D.1)

jekt

where for each j € {0,1}, |K/| < d and {|b’z> }.ex is a set of orthonormal vectors .

Proof. We start by considering an arbitrary globally orthogonal product set S := {|ax)?|bx) }. We define the
set of Alice’s (resp. Bob’s) possible states as Sy := {|ax)} (resp. Sp := {|bx)}. If Alice’s possible states do not
contain two mutually orthogonal states, then Bob has to discriminate all the states. This means there are at
most d states on Bob’s side and they are mutually orthogonal, and thus an LOSCC strategy exists (Bob just
discriminates them locally). Thus, if there is a separation between LOSQC and LOSCC in C?2 @ C1 then Alice’s
possible states must contain two mutually orthogonal states.

We now consider the case where Alice has more than two states. Consider Alice’s set of states contains
two mutually orthogonal states, which up to local unitary are |0),|1), and some third state |¢) & {|0),|1)}.
Then consider S := {|by) : |ax) = |0)} and S}, S} defined similarly. As |p) overlaps with both |0) and 1),
the states in S must be each orthogonal to all states in S and all states in S} for the set of states to be glob-
ally orthogonal. Thus, span(S) defines a subspace that is orthogonal to span(S% U S}). Furthermore, if |p)
such that (¢=||p) =0, then |pL) & {]0),]1)} but overlaps with both states, because we have a qubit space

on Alice’s side. Thus, span(SﬁL) is also a subspace that is orthogonal to span(S% U S}). Thus, Bob can apply
L

L
a projector to separate S% U Sk from S US§  prior to communication, where we may take S} to be trivial
if 1) is not relevant. Applying this argument iteratively, we may conclude if Alice has pairs of orthogonal
states, {|0), 1)}, {]¢), @)}, etc each pair results in its own subspace on Bob’s side that Bob can determine

prior to communication. Note that if span(S§) N span(SgL) = (), then Bob can determine the state locally for
states |a;) € {|¢),|¢)}. Thus we can remove any such pair. In total, we have reduced the existence of a sep-
aration in this setting to the existence of a separating ensemble of the form where Alice has sets of orthogonal
pairs, {]0),[1)}, {|©), |¢*)}, etc where for each orthogonal pair on Alice’s side, there are states on Bob’s corres-
ponding set that overlap, e.g. there exists |b) € S%,[b) € S}, [b"') € S, |b"") € sgL such that (b||b’) # 0 and
(b"'||b""") # 0. This implies that Alice must broadcast the orthogonality of each pair {|0),]1)}, {|»), o)1,
etc. However, the uncertainty relation (lemma 1) shows that Alice cannot broadcast the orthogonality of more
than one such pair, so there cannot be more than one pair.

Combining everything we have shown, if there is a separating ensemble S in C> ® C? then up to local
unitaries, |ax) € {|0),]1)} for all k. We then may define S% := {|bx) : |ax) = |0)} and similarly for S}. This is
the structure of the ensemble in (D.1). This completes the proof. O
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Lemma 4. If a globally orthogonal product set of the form

{10060} e U {IDABD ] (D.2)

jext
is perfectly LOSQC discriminable, then it is also perfectly LOSCC discriminable.

Proof. Assume that the ensemble is perfectly discriminable under LOSQC. As it is perfectly discriminable
under LOSQGC, it does not matter what the distribution over the set of states is, so we may assume that it
is equiprobable. Moreover, as Alice’s input is classical, without loss of generality, she just copies it. Thus,
without loss of generality, is that Bob applies a broadcast channel £574'8" sending the A’ space to Alice
and keeping the B’ space for himself and then both Alice and Bob receive the value 0 or 1 that Alice copied.
In other words, we have reduced any LOSQC strategy for (D.2) to an orthogonal broadcasting strategy for
So = {pipo == 19) }iexo U{pjj1 := |bj)}iex: (Recall figure 1 and the definition of orthogonality broadcast-
ing). Then, as |©| = 2 and we may assume the inputs are equiprobable, by propositions 2 and 3, we know there
exists a fully classical broadcasting map E87*Y that achieves the same winning probability. As our assumption
is the winning probability is unity and £87*Y defines a measurement, there is a perfect LOSCC strategy. [

Proof of theorem 3. By lemma 3, if there was an LOSQC but not LOSCC discriminable ensemble, it would be
of the form given in (D.1). By lemma 4, if an ensemble of this form is LOSQC discriminable, then it is LOSCC
discriminable. Thus, there cannot exist an LOSQC but not LOSCC discriminable ensemble in C2 ® C¢. Finally,
to get the form in the theorem, one may add back any states that are locally determinable on Bob’s side. [

Appendix E. LOSQC error bounds

To establish theorem 4, we need the following lemma.

Lemma5. If0 < W, X,Y,Z < 1, then
WoX-YoZ|| < [[W-Y[i +[X-Z|. (E.1)

Proof. Let —1 < 7 < 1 be such that

IWX—-Y®Z|
=Tr[r(W@X-Y®Z)]

X+Z X+Z W+Y W+Y
:Tr[T(W@ : —Y® er + 2+ ®X—;L®Z)]

<[IW =Y+ [[X = Z]|1,

since —1 < Trp [TAB (IL ® XTJFZ)] <Tand —1 < Try [TAB (@@ IL)] < 1. O

Proof of theorem 4. We assume that Alice and Bob apply local isometries U448 "and VBA'B, respectively,
on their given states. We define |ay) := Ulax) and |5i) := V|bx). The simultaneous communication occurs
and Alice holds systems AA” while Bob holds systems BB'. The four possible states after the isometries have
the form

U® VItho)® = |ap)?'| 5o)*®
U® Vi )*P = |041>ABI |31>A/B
U@ Vigh)'® = o) | Bp)" 2
U® VIt,)"® = |as)* | 8,)" ",

where | 8)4"8 = cos(0/2)| o) + sin(0/2)e?|31) and |B,)AE = cos(w/2)|Bo) + cos(w/2)e®" | 3,).
After the communication, POVMs {P; }*4" and {Q; }?®" are performed by Alice and Bob, respectively. The
overall (unnormalized) success probability is given by

— P o BB ) (UAF s VBA ) B (UAB o VA T].
Py %:Tr[(k 2Q )(U QV )¢k (U ® Vv )

The completion relation demands that ), Py = 144" and Q= 188, Suppose that
Tr [(p;m ® QEB’) (agB' ® /3,?’3)} >1—e¢  Vk
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From this we obtain constraints on Alice and Bob’s POVM elements:

Tr [Pk (a;;‘ ® ﬁf)} >1—c (E2)
Tr [Qk (af/ ®5,§)} >1-e (E.3)
Since P, <1 — P;and Qi < 1 — Q for all j # k, we use the previous equations to obtain
~Tr [Pk (af‘ ® ﬁf)} > e (E.4)
Ty [Qk (af' ®,8j3)} > e (E.5)

Adding equations (E.4) and (E.5) to equations (E.2) and (E.3) yields
1—2e<Tr [Pk (af ® 8L — off ®Bf')}

<3letest —oteg],

< \/1—F<a£,af>2F( o) (E.6)

1—2e<Tr [Qk (af/ ® BF — o ®5f)}

Aot oot o]

<\f1-F(of o) F(apa) (€7)

This says that the isometries U and V must split the states |ax)|bx) and |a;)|b;) into parts that are (roughly)
mutually orthogonal for both parties, for all pairs j # k.
Applying equation (E.6) on the first two states, |ag)|5o), |a1)|61), yields

1—2e< \/1 0407051 ( ﬂA,)
< /1= l(eola)PF (8, 8¢)’
= /1~ Laolan) PE (5557

which under re-ordering means,

= F( 3’,ﬁf’) <vell=9 _ 4 (E.8)

{aoan)[?

Applying (11) of lemma 1 multiplied by two,

dxly/2(T=9)

[(aola1)|?
> (185 — B — Iwlll 3§ — BTl
> [lod ® 85 —of @8l — lof —af || — |wll| 55 — B2 , (E.9)

where the second inequality is by lemma 5, w = 1(cos(6) — cos(w)), and x = 1 (sin(6)e"* — sin(w)e ).
Note that (a,]as) = (as]as) and [|of" —a¥'||; < 24/1—[{az]as)]? by Fuchs-van de Graaf inequality, so

laf —ab||; < \/1—{az]as)? and similarly |85 — 8E||, < 2+/1 — [(bo|[b1)[?. Then the inequality given
in (E.9) can be relaxed to

4\x , ,
VLD [T Tlaalan)P + wl/ T= TBallbF] > flof @ 82 — ol © 87 .

\<ﬂ0|a1 |2

We require 1 —2e < %Ha?l ® B8 — o © BB]];. So in total, we need

2|x|\/€
| ‘ + \/ (12|a3 ‘2—"- ‘W‘ 1— |<b0‘b1>|2 >1-—2e¢.

|<a0|a1 |2
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E.1. Semidefinite program LOSQC error bounds

The rest of the proofs follow roughly the same idea and tools. We therefore first summarize the proof idea
and collect the relevant tools. First, as noted in the main text, one can always upper bound LOSQC success
probability by what may be viewed as a generalization of the approximate orthogonality broadcasting
measure in the main text, (7). To see this, consider Alice and Bob are supplied states S = {|ix) :=
|ax)|br)® b rexc according to some distribution p over K. For any fixed choices of broadcasting isometries’
U, V, we define |ax)*? := Ulay), | B¢)*"® := V|bi). Then for a fixed choice of U, V, the optimal strategy is

LOIZBC[S®|U,W { AA’}{ BB/ ZP Tl‘ |:7T ®T U® V¢ (U®V) }
<ol (5.2 S pome o], ®10

where each maximization is over choices of POVM and the inequality uses that the probability both parties is
correct is limited by the worse of the two parties.

Next, when states are sufficiently equiprobable for it to apply, one may upper bound Y, 1 Tr[y/” "0 @ 3]
in terms of distinguishing states pairwise as is necessary to apply the uncertainty relation. For example,

Z 2Tr{ a®6,}

ie{1,2 34}
<Hptrmoa] w11 )osos]
= {Tf [’Ysplas ®53} +Tr K]l *’Yfpl> y ®ﬂ4] }

< < max o {Tr[ﬂal ® Bi] + Tr[(1 —7) aa ® Ba]}

+ max *{TI‘[TO[3®B3]+TI‘[< — 7)oy ® B4]}

0<T<1

=1/2(1+ Dy (a1 @ B1,02 @ 2)) + 1/2(1 4 Dy (03 ® 53,004 @ Ba))

= % + % [Dy (a1 ® B1,00 ® B2) + D (a3 ® B3, 004 ® B4)] (E.11)

where the equality is by the Holevo-Helstrom theorem and we have omitted the P, P’ superscripts for
simplicity.

One may then split over the tensor product in the trace distance and convert to the guessing probability,
ie.

Dtr (a0 & 697 ay, & ﬁw) <DTr (a07aw) + DTr (Beaﬂw)

(E.12)
=2 [pg (O{g,Oéw) +Pg (B(%ﬂw) - 1]

where the first follows from dividing lemma 5 by two and the second is by the Holevo-Helstrom theorem.

At this point the remaining idea is to treat the guessing probabilities as optimization variables. One may
place bounds on these guessing probabilities in terms of the uncertainty relation for guessing probability,
which are constraints that are independent of the choice of U, V. Thus, one reduces the bounds to optimizing
over probabilities. This will then be a semidefinite program over these probabilities in disciplined convex
programming form [41] and then may be solved using CVXPY [42, 43].

Proof of proposition 4. Following the proof of theorem 4, without loss of generality,

U® Vo)™ = o) | Bo)*®
U@ VIgh )P = o) |3,)4
U® VIghe)*? = |an)*'| Bp) "
U® VIt ) = )| 8,47,

where | 8)4"8 = cos(6/2)| o) + sin(6/2)e?|31) and |8,)4B = cos(w/2)|Bo) + cos(w/2)e®" | 3,).

9 The choice of isometries is without loss of generality by considering the isometric extension of the broadcasting channels.
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Then, for some a given choice of U, V, starting from (E.10),

<=+ min 2Dy (00 ® fo,0n ® 1)+ —L Dy (09 @ o, ® Bo) (E.13)

2 pe{AB}2

where the inequality uses that p(0) = p(1) = p/2, p(6) = p(w) = (1 — p)/2 and a similar argument to that
in (E.11). Applying (E.12) and simplifying we obtain

Lofggc [SelU, V]

< min p- [pe(an, )+ pg(Bo. )] + (1= p) [pg (6, ) + pg (B9, Bu)] — 1

Pe{A,B}

Thus, we have

Pr [Se] < max min p- [Pg(Oéo,Oél)+Pg(50751)]

LOSQC U,V Pe{A,B}

+ (1= p) [pe (@9, 00) + P (Bo, B) ] — 1

By data-processing, pe(cv, 1) < pg(tho, 1), pg(aa, o) < pe(tPe,1)s,), which are determinable constants using
Holevo-Helstrom. Moreover, we may apply corollary 2 to 8y, 5., in terms of 3y, 3; for any choice of U, V.
Therefore, defining ry := pe(54 , 57 ), 11 := pe(5¢, 57) and similarly for sy,s; in terms of Bob completes the
derivation of the optimization program.

To see the optimization problem is convex, note that the constraints are concave in the optimization vari-
ables and the objective function includes the pointwise minimization of linear functions, i.e. it is a concave
objective function. As the problem is a maximization, we may conclude it is a convex optimization program.

To see the unity conditions, note that f(p,S,x) = 1ifand only if py(ag,a1) = pg(as,as) = xo = x; = 1. This
proves the orthogonality conditions and proves 50,51, o, 71 must all be unity. Looking at the constraints, under
everything being unity, one obtains 1 < 1[|z;| + 1] < 1 = |z,| = | cos(#) — cos(w)|, which is equivalent to the
stated condition. O

Proof of theorem 5. As usual, we let U® V|1);)A8 = | ;)48 | 348 for each i. We do not make use of the fact
that one register is classical for the majority of the proof as it will simplify the presentation of the subsequent
proof.

Starting from (E.10),

min max Zp Tr [’y, % ®51}

Pe{A,B} {’Yf P’

1 /
= min max |- Z Tr{"y a,@)@}%—g Z Tr{yfpai®5i}

PE{A.B} {77}
(4.8} {] 16{1234} ie{1,5,6,7}

1 1 / 1 /
— min max Z ETI‘ {%PP o; @ 51} + Z ETr ['yipp ;@ ﬁ,} )

~Areln (7} | (i re(1567)

where we have used our assumption on the probabilities so that we may split distinguishing ¢/, into each sum.
Using the bound of the form (E.11) in both cases, we obtain

P Vi
LOSBC [S@ | U7 }

1 1

< 1 + §p€rr{lj\%} ‘egg;s}Dtr (0 @ Bi, i1 ® Big1) + D (a1 ® Br,a5 @ fs) | (E.14)

where we have distributed the 1/4.

Next, introducing pg to denote the guessing probability of party P with access to their portions of the state,
by (E.12),

Dtr (049 ®ﬂ0aaw ®Bw) <2 I:Pg <a97aw) +P§ (BGva) - 1] )
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so we obtain

Lol Pl oo P (3. 3.
Lolz.(rzc [Se]U, V] gi * 4 peiam) [.G{ZI;G} {Pg (i, @ig1) + 2 (B”ﬂ’ﬂ)}
+ 5 (ar,as) + pf (B, Bs) — 4] (E.15)

At this point we note that, by construction, the a; term is always the same as the one it is being compared to,
50 py (v aiy1) = 1/2 = py (e, as) for i € {1,3,6} a term is always 1/2. This simplifies the objective function
to

1 1
BRI
L SelUVI<g+g min | >
i€{1,3,6}

P8 (BB p+ 05 (B, s) 2| - (E16)

Then to bound the optimal strategy we would optimize over the choice of U, V. However the bound is now
independent of U and we may replace maximizing over V via constraints that hold from corollary 2, which
apply for any choice of V. We define py := p} (V|1), V|2)), p1 := pg (V|1 +2), V[1 = 2)), p2 := p (V]1), V]0)),
ps:=py(VI0+1),V|0—1)) for P € {A,B}. Applying lemma 1 to (E.16), we obtain 4(Priosqc[S] —1/4) is
upper bounded by

max min Zai,Zbi -2
1 1
st po < 5\/ (2p,—1)"+5 pefab}
1 1
- - E.17
SyV1I=(@ -1+ pefab) (E.17)
1 1
p<; 1—(2p5 —1)° +3 p€{a,b}
1 1
ps<; 1—(2p, —1)° +3 p€{a,b}
0<abgl1,

where [3] = {0, 1,2,3}, p represents the opposite party, and in applying lemma 1 we have used |i +j) = % i) +

%| j) and |i) = [|1 +7) + |i—j)] so that z; = 1 and z; =0 always. Finally, we directly solve this SDP using
CVXPY. [

As presented in the main text, our method is general enough to apply to the case where both Alice and
Bob receive non-commuting states. Here we present a lemma that will both allow us to establish the
separation in theorem 6 as well as explain why we cannot decrease the success probability of theorem 5 by
adding coherence to Alice’s side using our methodology.

Lemma 6. Consider the set of globally orthogonal, fully quantum, product qutrit states

1) = [1)[1)

S [2) = [1=2)[2)  [s) =|0)[1+2)
Sy = , E.18
7 o) =[0)1-2)  [45) = o+ 10} (19
[Ye) = [2)[0+1)  [¢7) =[2)[0—1)
where |1)1) occurs with probability 1/4 and the rest occur with probability 1/8. Then
B [sqq} < 0.78033. (E.19)

Proof. First, note that for all i, |b;) in S, is the same as |b;) in Spppss as given in (25). This means the majority
of the proof is identical to the previous. In particular, we may start at (E.15). However, we now make choices
on how to bound the probabilities on Alice’s side that are no longer identical states. In particular, we may use
data-processing to bound the guessing probability by the original state, e.g.

P (WI1), W1 —2)) <pg (|1),]1-2))
1
2

(14 3Imai-n-2a-z2) =3 (14 ) =r.
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Then we obtain
> {p§ (ai,ais1) +pg (5i,ﬂi+1)} +pg (a1, as) + pg (B, Bs) —4]
i€{1,3,6}
= t+p§(V|1>,V|2>)+%+p§(V|l+2),V\l—2))
+%+p§(v|o+1>7v\0— 1))+ t+ pk (V]0), V|1)) —
= pg (VI1),V]2)) +pg (VI1+2), V|1 - 2))

P (VI0), VIT)) + PP (VIO + 1), V[0 — 1)) + —= — 2. (E20)

V2

By the same argument as in the previous proof, this ultimately results in an SDP the upper bounds
4(PriosqclSgq] — 1/4):

max min Za,,Zb —|—7—2

i€[3] i€(3]
1 1
st po< S\ 1=(2p—1)"+ - pedab}

1 1
= = E.21
2\/ (2P —1)"+ 5 pe{ab} (E.21)
1 1
E 2p3 5 pe{a7b}
1 1

p3< 5 1—(2p2—1)+5 p & {ab}

0<abgl,

where p represents the opposite party, and in applying lemma 1 we have used |i +j) = f| i) £ ﬁ|j> and
iy = WHIJF i)+ |i—j)] so that z; =1 and z, =0 always. Finally, this is a semidefinite program which we
solved using CVXPY. O

We now use lemma 6 to prove theorem 6.

Proof of theorem 6. Note that S, in (29) is equivalent to gqq in (E.18) up to applying the local unitary on
Alice’s side defined by

ulo)=1[2) UL =]1) U2)=]0).
Thus, we know Priosqc[Syq] < 0.7805 by lemma 6. It therefore suffices to prove Priosqc[Se| > % (1 + %)

for S, given in (28). We do this by construction of an LOSCC strategy achieving this lower bound.
Consider the POVM {|g,) (¢, |};—, defined by vectors

1) = 75 [cos (/8) 1) sin (/8) (0} + 2)).
2) = 5 eos (/8) 1) +sin (/8) (0) = 2).
3) =~ i (/8) 1) = cos (/8) (0) + 2))]
(1) = 75 lsin (n/8) 1) — cos(/8) (0) ~ [2))]. (£.22)

Our LOSCC protocol involves Alice measuring in the computational basis (obtaining outcome x) and Bob
performing the above POVM (obtaining outcome y). Their guessing strategy is given by the following table:
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Outcomes (x, y) Guess Prob. the guess is correct
{(1,1),(1,2)} |v1) cos’(m/8)
{(1,3)} |12) cos’(m/8)
{(1,4)} |vs) cos’(m/8)
{(0,1),(0,2)} |1a) 5 (cos(m/8) +sin(m/8))
{(0,3),(0,4)} |vs) 5 (cos(m/8) +sin(m/8))°
{(2,1),(2,2)} |v6) 5 (cos(m/8) +sin(m/8))
{(2,3),(2,9)} |v7) 3 (cos(m/8) +sin(7/8))?

Noting that § (cos(m/8) 4 sin(/8))? = cos?(m/8), using this strategy, regardless of the priors, the success
probability is cos?(7/8) = %(1 + %) This proves that Prosqc(Seg) = Proscc(Se) = %(1 + %)) This com-
pletes the proof. O

Finally, we explain why lemma 6 shows that our methodology is too loose to amplify theorem 5 by
making both parties have to do approximate broadcasting. First, note that one may obtain Sy, from Sops
in (25) from first applying the unitary

ujo) = 1) U =[0) U2)=|2)

to Alice’s side and then altering Ula,) — |1 — 2), Ulas) — |0+ 1). This is to say, up to a local unitary, we may
view gqq as a method for making Sppp coherent on both sides. Then, we see the reason this does not tighten
the result in this scenario is that our bound on pﬁ (W|1), W|1 — 2)) > 1/2 where the latter value is what we
could use in theorem 5. It is not clear how to improve this using the uncertainty relation. In particular, if one
applies theorem 7 to these states in terms of W|0), W|1), W|2), a direct calculation shows

Dy ((W10))”,(W1)") <5+ 28 (Wlo))*, (win))*)
1
2

<Liafi- G ovowm —1)

where we used Fuchs-van de Graaf inequality and Holevo-Helstrom theorem. A direct calculation will verify
this constraint is non-trivial (i.e. strictly less than unity) only when pg (W]|0), W|1)) > 0.984123, but the
other constraints already guarantee that it is smaller than this. This seems to be a common issue in trying to
apply theorem 7 more generally.
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