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Abstract

In this study, we investigate the relativistic dynamics of vector bosons within the con-
text of rotating frames of negative curvature wormholes. We seek exact solutions for the
fully-covariant vector boson equation, derived as an excited state of zitterbewegung.
This equation encompasses a symmetric rank-two spinor, enabling the derivation of a
non-perturbative second-order wave equation for the system under consideration. Our
findings present exact results in two distinct scenarios. Notably, we demonstrate the
adaptability of our results to massless vector bosons without compromising generality.
The evolution of this system is shown to correlate with the angular frequency of the
uniformly rotating reference frame and the curvature radius of the wormholes. More-
over, our results highlight that the interplay between the spin of the vector boson and
the angular frequency of the rotating frame can give rise to real oscillation modes, par-
ticularly evident in excited states for massless vector bosons. Intriguingly, we note that
the energy spectra obtained remain the same whether the wormhole is of hyperbolic
or elliptic nature.
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1 Introduction

The pursuit of solving fully-covariant wave equations for relativistic quantum parti-
cles in curved spaces holds immense significance in theoretical physics. This quest
unites quantum mechanics with general relativity, offering a fundamental framework
to comprehend particle and field behavior in such environments [1]. It may represent
a pivotal step towards formulating a theory of quantum gravity, shedding light on the
quantum essence of gravity itself. Accurate solutions to these equations bear poten-
tial for experimental verification, offering insights into the interplay between quantum
mechanics and gravitational fields [2-6]. Moreover, investigating vector bosons, carri-
ers of fundamental forces, in curved spaces is crucial because understanding how these
bosons interact with such environments may aid in comprehending the impact of grav-
itational fields on fundamental forces. Additionally, exploring the effects of rotating
reference frames on quantum systems provides profound insights into the interconnec-
tions between quantum mechanics and relativity [7—10]. This investigation elucidates
the transformation of quantum states, the complexities introduced by non-commutative
quantum operators, and the influences of non-inertial effects on observed energy lev-
els and phase shifts [11-28]. Such studies, when tested through experiments, hold the
key to validating theoretical predictions, and deepening our understanding of quan-
tum mechanics, relativity, and their potential technological applications [11-13]. This
paper aims to derive analytical results for relativistic spin-1 particles in the rotating
frame of negative curvature wormholes [29, 30] through the fully-covariant vector
boson equation established by Barut [31].

Barut elucidated a unifying principle that systematically derives the widely rec-
ognized fully-covariant wave equations governing the dynamics of spinning particles
[31]. The vector boson equation was introduced as an excited state of zitterbewe-
gung, and it corresponds to the spin-1 sector of the Duffin-Kemmer-Petiau equation
in (2+1)-dimensions [32-37]. The corresponding spinor is constructed through the
direct product of symmetric two Dirac spinors, so the vector boson equation includes
a symmetric spinor of rank-two [31]. This facilitates the derivation of non-perturbative
outcomes applicable across various physical systems. It proves beneficial to highlight
various types of research in this context. Introducing a quantum analogy of Schumann
resonances [32], investigating quantum tunnelling properties of a massive spin-1 parti-
cles from the Warped-AdS3 black holes [33], determining the evolution of relativistic
spin-1 oscillator field in the near-horizon region of black holes [34], analyzing the
effects of stable one-dimensional topological defects on the generalized vector boson
oscillator [35-37] can be considered among them. However, we could not find any
announced result for vector bosons in wormholes or in the rotating frame of worm-
holes. To fill this gap and discuss many interesting effects, we will try to explore the
evolution of relativistic vector bosons in the rotating frame of the negative curvature
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wormholes in two different scenarios by solving the corresponding form of the vector
boson equation.

This manuscript is organized as follows: In Sect.2, we commence by presenting
the generalized form of the vector boson equation and proceed by deriving a system
of equations comprising three equations. Section 3 is dedicated to unveiling a com-
prehensive non-perturbative second-order wave equation applicable to the systems
under consideration. Consequently, we attain precise solutions for relativistic vector
bosons in the rotating frame of both the hyperbolic wormhole and elliptic wormhole
in Sects.3.1 and 3.2, respectively. Section4 encapsulates a concise summary of our
findings followed by a discussion of the obtained results across several physically
plausible scenarios.

2 Generalized vector boson equation in the rotating frame of
negative curvature wormholes

In this part, we introduce the generalized form of the vector boson equation in a (2+1)-
dimensional curved space, and then we derive a 3 x 3 dimensional matrix equation
for relativistic vector bosons in the rotating frame of negative curvature wormholes
described by 2-dimensional curved surface of constant negative Gaussian curvature.
In (2+1)-dimensional curved spacetime, the vector boson equation can be written as
the following [34]

{B*Y, +imly} W (x) =0, 2.1

in which the Greek indices refer to curved spacetime coordinates, Y . denote covariant
derivatives, Y, = 9, — Q,, B" are the space-dependent matrices constucted through
the generalized Dirac matrices (y*) in sucha way that B* = ; [y* @ L + L ® y*],
m = ﬂh", and W (x) is the spacetime-dependent symmetric spinor. Here, I>(I4) stand
for the 2(4)-dimensional identity matrices, m is the rest mass of the vector boson,
c is the light speed, & is the reduced Planck constant, the symbols ® indicate the
Kronecker product, x is the spacetime position vector, and €2, are the spinorial affine
connections that can be constructed in terms of the the spinorial affine connections
(I"y) for Dirac field, as 2, = I', ® I + I, ® I';,. The generalized Dirac matrices
are obtained through y#* = e,’f y* where the Latin index k refers to coordinates of
the flat Minkowski spacetime (k = 0, 1, 2.), e,’f are the inverse tetrad fields, and yk
are the space-independent Dirac matrices chosen in terms of the Pauli spin matrices
(0¥, 07, 0%)in (2+1)-dimensions. The inverse tetrads can be determined by using the
following relation: e,’: = g’“’ef} Nk in which g"V is the contravariant metric tensor, ef)
are the tetrad fields, and ny; stands for the flat Minkowski tensor with the signature
(+, —, —), that is g = diag(l, —1, —1). For this choice of the signature, the flat
Dirac matrices can be chosen as y? = o%, y! = io* and y> = ic”, in which
i = +/—1,since 0'3( v = I,. The tetrad fields e{, are determined by using the covariant
metric tensor (g,,) as the following g,,, = eﬁef) nki- Also, the spinorial connections

for Dirac field can be determined through ') = JT 8ue [el]j’ 2€p — Ff})\] SH*Y in which
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.» denotes derivative with respect to coordinate x*, FS ,, are the Christoffel symbols,
I = %gm [0v&ra + 0n8av — 0w &val, and S*V are the spin operators, namely S#*¥ =
% [y“, y”]. Now, let us introduce a spacetime background describing the negative
curvature wormholes known also as hyperbolic wormhole and elliptic wormhole [29].
Such a spacetime background can be represented through the following metric [29,

30]

ds®> = 2dT? — du® — x* (u) dv*

where x (u) is

e x (u) = a cosh (u/pg) for hyperbolic wormhole,
e x (u) = bsinh (u/p,) for elliptic wormhole.

Here, a (b) stands for the radius of the wormhole at the mid-point (# = 0) between
two ends, pp (p,) is the radius of the curvature of the wormhole surface along u. Also,
it is worth underlining that the Gaussian curvature (K) for the considered wormhole
backgrounds is L = —x ,u/x [29, 30]. Now, we can introduce a general line element
describing the rotating reference frame of these negative curvature wormholes. This
can be acquired through the following coordinate transformations: 7 — t,u —> p
and v — ¢ + w,yT where w,r is the angular frequency of the uniformly rotat-
ing frame. At that rate, the metric tensor describing the uniformly rotating frame of
negative curvature wormholes can be determined as
2 - a)ffx2 0 —a)rf)(2
guv = 0 —1 0 ,
—opx? 0 —x?

for which one can obtain the contravariant metric tensor as the following

1/c2 0 —a)rf/c2
g;l,l) = O _1 O y
—a)rf/c2 0 wff/cz— 1/x?

since g,yg"" = I3 where x* =1, P, ¢. According to the metric tensors, we can
obtain the non-vanishing components of the Christoffel symbols as the following

Tf = =} X Xpr Thpy=—0rfxxpr Thy=—XX0p
F;pp =wrfX,p/X> Ff;p = X.p/X-

Accordingly, one obtains the generalized Dirac matrices (y*), and non-vanishing
spinorial affine connections, I';,, as the following

. Wy f [ )
y=lot yhoiot yh= gty io

ry = %a)rf X p0°, Ty = %X,paz, 2.2)
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since
1/c 0 O
e,’j: 0 1 0
—wrr/c01/x

By factorising the symmetric spinor W (x) = e_i%’eis¢ (Y1 Y2 Y3 ¥4) Y, in which
€ 1is the relativistic energy, s is the spin, T means transpose of the p-dependent part
of the spinor and substituting the results (2.2) into the Eq. (2.1), and then performing
some arrangements one can derive the following 3 x 3-dimensional matrix equation

B —s/x —m vy

—m —d, A Yo | =0.
o+ Xxp/x m —s/x [/

Here, A = % +swrfr/c, Y+ = Y1 £ Y4 and Yo = 2 due to Y = Y3 (see
also [34]). The matrix equation results in a set of three equations, one of which is
algebraic!

g — Sy — iy =0,
XW— _m‘/f-i-_apr:O,
o + [0+ 22| v = Ly = 2.3)

These equations allow us to write the defined components ¥4 and ¥ _ in terms of the
Yo as the following

A 1 s m s
Vo= | =V, + —Vo|, Ve =o— wo o |+ 0.
m AX Ax AX
2.4)

Here, it is worth underlining that the Eq. (2.4) allows us to recover the components ¥/
and 4 in terms of the ¥, and accordingly we can obtain the following expressions’

N —_ —
V=1 v, + 5] =i v, - 502 @)
By substituting the results in the Eq. (2.4) into the third equation in the Eq. (2.3) leads
to a general non-perturbative second-order wave equation in terms of the ¥ (p). In the
following section, we will derive the explicit form of this wave equation and explore
exact solutions in two distinct scenarios.

! In this set of equations, the first equation is algebraic.

2 By using these expressions, we will write the spinor W (x) in explicit form.
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3 Exact results

In this section, let us start by writing explicit the form of the aforementioned non-
perturbative wave equation. By solving the equations in the Eq. (2.3) for the component
Yo, one obtains the following wave equation

2, Xop 5?
[ap+7’ap+s—P] vo (p) = 0, (3.1)

where ¢ = A2 — 2.

3.1 Vector bosons in the rotating frame of hyperbolic wormhole

Here, first of all, we consider the relativistic vector boson in the rotating frame of the
hyperbolic wormhole. In this scenario, the Eq. (3.1) becomes as the following

tanh (ﬁ) 2
—poap + & — s

2% + —
pPo a%cosh? (ﬁ)
0

2 o = 0. (3.2)

This seemingly unfamiliar wave equation can be reduced to a familiar one by consid-

ering a new change of variable, z = /1 — cosh? (p/po). > In terms of the variable z,
the Eq. (3.2) can be written as in the following form

(pZ

1—22

(1 — zz) Vo.. — 2z¥0, + [% E+1— } Yo =0, (3.3)

where

1 | i5 00
= - 1—4 2——, = —_—.
§=oyl-demg =5 v=—

The Eq. (3.3) is the well-known associated Legendre differential equation and its
regular solution around the origin can be expressed in terms of the associated Legendre
function (Pg ), as Yo (z) =C ”Pg) (z) where C is an arbitrary constant. The function

Pg (z) becomes polynomial of degree n with respect to z if and only if & = n where n
is the radial quantum number (n = 0, 1, 2...). This condition results in the quantization
condition for the energy (£ —> &,;) of the system in question. Accordingly, one can
obtain the following energy spectra

2.2 1
Eus = —shwy £ he | e — nnt D (3.4)

3 Note that z —> 0 when p —> 0.
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Now, according to findings, we can easily write the symmetric spinor describing
the considered vector field (spin-1 field) in the Eq. (2.1) in terms of the argument z

_ /2l [a &4 (z)] + e =P

po(A—rit V72
iEns 4 7) (Z)
W= e ¢ ¢ (3.5)
Pe (2)
Vz2— is/a_py¢
00 Gotrit) [ PE (Z)] V-1 Pe (@)

Here, it is clear that the energy of such a system does not depend on the radius of
the wormhole. However, the solution function depends explicitly on the radius of
the wormhole. Let’s examine Eq. (3.3) now. If we consider massless vector bosons,
our results may be useful still when m? ~» 0. In this limit, the system’s energy

takes on the following characteristics &5 ~~ —shw,r £ i hc %. For the ground
0

state (n = 0) of such a system, it is very interesting that one may measure only the
energy contribution (o shw, ) stemming from the coupling of the particle’s spin
with the angular frequency of the uniformly rotating frame and moreover this energy
value changes according to the angular frequency of the rotating frame as well as the
physically possible spin quantum states s = 0, £1. Here, it is also clear that the term
shwy ¢ can be responsible for symmetry breaking around the zero energy if m? > 0.
Also, one can realize that the energy of such system becomes g ~+ 0 if m? ~» 0. If
we consider massless vector bosons, it is clear that the system may possess damped
modes besides the real oscillations especially for the excited states. If such a quantum
state can occur, the system cannot be stable and the corresponding modes decay (or

5 gIlS . . .
grow) exponentially in time (note that W oc e~ % ') with a lifetime 1, = I?FL_I4 [34]
nIm

£0

enin+ 1)’

provided n > 1 and m? ~ 0. Here, one should note that the po 1s in units of length. In
principle, it seems possible to tune the evolution of vector bosons in the rotating frame
of hyperbolic wormhole. Furthermore, it is essential to emphasize that the energy of
a vector boson (spin-1 field) remains unaffected by the radius a of the wormhole;
however, it is evident that the radius a influences the wave function’s behavior. In
principle, it is possible to manage the time evolution of relativistic spin-1 fields within
the rotating frame of the hyperbolic wormhole by adjusting the radius of curvature
(po) of the wormhole since such structures can be rolled, twisted, and curved [29].
In this scenario, we can also conclude that the lifetime of a vector boson carrying
mass m < %m in the hyperbolic wormhole can be extremely long for the
excited states. However, we know that the considered system will reach to ground state
eventually. The energy of the ground state is contingent upon the angular frequency

Ty ~>

4 Here, &, 1 18 the imaginary part of the energy.
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of the rotating frame and the spin polarization (s = 0, £1) of the vector field, devoid
of any reflection of curvature effects, regardless of whether m = 0 or not. Here, it
is worth underlining that the spin-1 field (vector boson) has three polarization states,
which can be categorized into two types: longitudinal and transverse components.
The longitudinal component corresponds to the polarization of the spin-1 particle
along its direction of motion. In terms of the vector field, the longitudinal polarization
(s = 0) corresponds to the component parallel to the particle’s momentum. The
transverse components (s = 1) of the spin-1 particle’s polarization are perpendicular
to its direction of motion. In terms of the vector field, these transverse polarizations
correspond to the components perpendicular to the particle’s momentum. For massless
vector bosons (photons), transverse polarizations are associated with the two physical
polarizations of light that can be observed experimentally.

Now, let us consider a curved surface describing the rotating frame of elliptic
wormhole.

3.2 Vector bosons in the rotating frame of elliptic wormhole

In this part, we are interested in non-inertial effects on the relativistic vector bosons
in elliptic wormhole. In this case, the Eq. (3.1) can be written as follows

coth (ﬁ) 2
p—O%ap e bzsm;w Yo = 0. (3.6)

0

2
9, +

Here, itis clear that one needs to get rid of the hyperbolic functions to derive a familiar,
and soluble wave equation. This may be acquired through a new change of variable,
reads as x = cosh (p / po). In terms of x, the Eq. (3.6) can be written as in the following
form

2

(1) Yo = 2xv0, + [Q (+1)- ﬁ} Yo=0. GBI

where

1 1 sp
I _ 2 _ _ "o
0= 2,/1 depy 7 K=

This is the associated Legendre differential equation. Hence, its regular solution is
given in terms of the associated Legendre function (Pg ),as Yo (x) =N Pg (x) where
N is a constant. The solution function P, (x) can become polynomial of degree n
with respect to x provided ¢ = n. This condition results in the following expression

m2c2 nm+1)

Ens = —showyp £ hc\/ 72 ﬂ)(z) , 3.8)

@ Springer



Vector bosons in the rotating frame of... Page9of12 32

for the spectrum of energy (&,5). Accordingly, by using the Eq. (2.5), one can obtain
the spinor in the Eq. (2.1) as follows

=L 9, Py ()] = 4Py (0

Po ()» n) Vx2-1
Ens Ps (x)
U= TN e ) 3.9
€ P () (3.9
_x K s/b_pi
//>0<A+m) [8x Pe (x)] it e &)

At first look, it can be seen that the energy spectrum for relativistic vector bosons in
the rotating frame of the considered negative curvature wormholes are quite similar (or
same if the radius of the curvature of the hyperbolic wormhole and elliptic wormhole
are the same, po = p). The previous discussions in the Sect. 3.1 also apply in this
scenario by considering pp —> p-

4 Summary and discussions

In this manuscript, we have studied the dynamics of relativistic vector bosons in
the rotating frame of negative curvature wormholes by solving the corresponding
fully-covariant vector boson equation. First of all, we have derived a general non-
perturbative second-order wave equation for the considered systems, and we obtained
exact solutions of the wave equation in two different scenarios. By assuming the
negative curvature wormholes are hyperbolic wormhole and elliptic wormhole, we
arrive at exact energy expressions, respectively. More interestingly, we have found
that the obtained energy spectra in each case (see Egs. (3.4) and (3.8)) are the same
provided the radius of the curvature of the considered wormholes are the same. Our
results have shown that the energy of the system in questions depends explicitly on the
radius of the curvature of the wormholes, and the angular frequency of the uniformly
rotating frame. However, these energy spectra are independent from the radius of the
wormbholes, even though the solution functions depend on these parameters. We have
observed that the coupling between the angular frequency of the uniformly rotating
frame and the particle’s spin is responsible for symmetry breaking around the zero
energy [38]. Furthermore, it is evident that when the systems are in the ground state, the
relativistic energy gives the value obtained by adding or substracting the particle’s rest
mass energy with the energy arising from the coupling between the angular frequency
of the rotating frame and the particle’s spin (see also [11-13]). Also, at first look,
it is clear that our results can be adapted to massless vector bosons without loss
of generality. In this case, our results imply that one can measure only the energy
contribution originating from the mentioned spin-angular frequency coupling if the
system is in the ground state. Moreover, one can see that the considered systems
cannot be stable for each excited state if the vector bosons are massless (m = 0).
This is because the resulting energy expressions become complex-valued especially
for excited states. Consequently, these systems cannot remain stable, because the
corresponding modes undergo decay or growth determined by the sign of the energy’s
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imaginary part, leading to their evolution over time (note that ¥ oc e~ G ). Here, by
considering the p is the radius of the curvature of the considered negative curvature
wormholes, we can write the obtained general decay time expression for the damped
modes as the following (see also [34])

Tp ~ ;,

cv/n(n+1)

provided n > 1 and m? ~- 0. Here, it should be noted that the /5 is in units of length.
These results show that the decay time of the damped modes can be very long (short)
if the p is large (small). Also, it is clear that the duration of the decay process is
dominated by the first excited state (n = 1) because the others decay faster than the
n = 1 state. Also, in principle, the results given by the Egs. (3.4), and (3.8) imply
that the relativistic energy (&,5) equals the energy arising from the coupling between
the particle’s spin and the rotating frame’s angular frequency if the vector boson has a
critical mass, m, = %«/n(n + 1). This is because the exact energy spectrum (unified
by considering p9 = g, = p) for the considered systems is in the following form

m2c2 nmn+1)
Ens = —Showpp £ he i 7z

and becomes &,; ~» —s hw,r when m ~ me.
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