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Abstract

Markov chains are fundamental tools for solving sampling and optimization problems that
arise across machine learning, statistical physics, computational geometry, finance, and
other fields. However, classical Markov chain methods often suffer from slow convergence,
particularly in high-dimensional or multimodal landscapes, limiting their scalability in
modern applications. In large-scale learning tasks, even a single step of certain chains
may be computationally expensive due to the need to process large datasets. Moreover,
in optimization and search problems, multiple independent runs of the Markov chain are
typically required to locate the target object, further compounding the total runtime.

Quantum computers have the potential to accelerate such methods, either by im-
proving the mixing times through quantum walks or by reducing the number of required
Markov chain runs via quantum amplitude amplification. Yet, many existing approaches
rely on restrictive assumptions, such as reversibility of the underlying chain, log-concavity
of the target distribution, or easy access to the gradient of the log-density. Furthermore,
speedups are often at most quadratic and demonstrated only against naive baselines like
hypercube-walk.

This dissertation overcomes these limitations by advancing quantum algorithmic
techniques along three interconnected directions:

First, we extend quantum walk frameworks to sample efficiently from Gibbs distribu-
tions for non-logconcave potentials using non-reversible dynamics, such as the unadjusted
Langevin algorithm. We tailored a new annealing schedule for non-logconcave distri-
butions and developed a robust perturbation analysis to overcome non-reversibility to
establish polynomial quantum speedups over classical non-reversible samplers, which are
often more practical to implement than their reversible counterparts. These methods also
integrate stochastic gradient oracles, making them well-suited for large-scale applications.
We further apply these techniques to partition function estimation in non-logconcave
settings, demonstrating their practical utility.

Second, we address high per-step computational cost of classical samplers in large-scale
learning, where gradient evaluations can be expensive. By combining quantum mean
estimation with classical variance reduction and advanced samplers such as Langevin
and Hamiltonian Monte Carlo, we design quantum-enhanced algorithms that achieve
near-quadratic reductions in gradient query complexity in the finite-sum setting. In the
zeroth-order regime—where only noisy function evaluations are available—we construct
robust quantum gradient estimators that enable efficient sampling and optimization
under assumptions common in machine learning. These results are supported by rigorous
theoretical analyses under both finite-sum and zeroth-order oracle models, providing

il



improved convergence guarantees for both sampling and optimization. In particular,
we use these methods to solve structured non-convex optimization problems, which are
prevalent in modern machine learning applications such as empirical risk minimization.

Finally, we turn to investigate quantum algorithms for certain optimization prob-
lems, where classical Markov chain methods such as simulated annealing or tempering
often encounter exponential-time bottlenecks. Building on Hastings’ short-path frame-
work[Quantum 2, 78 (2018)], we develop a generalized quantum strategy that achieves
super-quadratic speedups over a classical algorithm that uses sampling from stationary
distribution of a Markov chain, going beyond the quantum amplitude amplification, by
exploiting structural features of the underlying Markov chain and the cost function. This
approach leads to provable improvements over both classical Gibbs sampling and exist-
ing quantum methods on hard combinatorial instances, including Max-Bisection, Max
Independent Set, the Ising Model, and the Sherrington Kirkpatrick Model—supported
by both theoretical analysis and empirical evidence.
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Chapter 1
Introduction

1.1 Overview

Sampling and optimization problems are foundational to a wide range of disciplines,
including machine learning, optimization, computational geometry, and statistical physics.
In probabilistic machine learning, sampling plays an important role in Bayesian inference,
as it facilitates posterior estimation and quantifies uncertainty in model predictions
[WT11, WFS15, DM18,RSBG21]. In non-convex optimization, sampling allows for the
exploration of complex energy landscapes and helps avoid local minima, facilitating
progress in tasks such as resource allocation, scheduling, and hyperparameter tuning
[BLNR15,ZLC17,CDT20]. Similarly techniques such as simulated annealing plays an
important role in practice for solving combinatorial optimization problems [KGV83].
In convex geometry, it helps in approximating volumes and studying high-dimensional
structures [LV06, CV18]. In statistical mechanics, sampling is used to analyze the
thermodynamic properties of materials by exploring configurations of particle systems
[Cha87,FS02]. Many of these problems can be formalized in terms of sampling from

Gibbs-Boltzmann distributions of the form

f(x)
m(x) o<exp<—T>, (1.1)

where the function f : X — R encodes an energy landscape or objective function,
and X may be either continuous (e.g., R?) or discrete (e.g., subsets of graph vertices)
and T is the temperature parameter. In this framework, two core computational tasks
arise: (i) sampling from the distribution =, and (ii) finding configurations x € X’ that
approximately or exactly minimize f. The latter task can be viewed as a limiting case of

the former as T' — 0.



Classical approaches to both sampling and optimization frequently rely on Markov
chain methods when more direct methods such as rejection sampling or exhaustive search
are not feasible. Markov chains are a class of stochastic processes that provide a mathe-
matical framework for modeling systems that evolve in time and possess the memoryless
property: the future state of the system depends only on the present state, not on the
sequence of events that preceded it. This simple yet powerful property makes Markov
chains an essential tool in probability theory and its applications. Their long-term behav-
ior is of central interest: under suitable conditions, such as irreducibility and aperiodicity,
a Markov chain converges to a unique stationary distribution 7, allowing the drawing
of samples from 7. For example, Langevin Monte Carlo (LMC) or Hamiltonian Monte
Carlo (HMC) chains are used to simulate ergodic processes that converge to the Gibbs
distribution for continuous domains [WT11, BGJM11]. In discrete domains, techniques
such as Glauber dynamics, Metropolis—Hastings walks, and simulated annealing construct
ergodic chains over combinatorial spaces such as the set of independent sets in a graph.
The effectiveness of these algorithms depends on their convergence rate or mixing time,
which in turn is governed by geometric and spectral properties of the chain, such as the
spectral gap defined as the difference between the largest eigenvalues of its transition
operator.

Quantum computing offers a fundamentally different model of computation from
its classical counterpart, leveraging unitary evolution and quantum superposition to
enable algorithmic primitives that have no classical analog. Originally proposed by
Feynman [Fey82| as a framework for simulating quantum systems, quantum computation
has since proved powerful for a variety of other tasks. An influential result by Shor [Sho97]
demonstrated that quantum algorithms can solve the integer factorization problem in
polynomial time via the quantum Fourier transform, in contrast to the best known
classical algorithms which require superpolynomial time. Shor also provided quantum
algorithms for discrete logarithm, and period-finding problem which are instances of
hidden subgroup problem (HSP) over finite Abelian groups. The later extensions of
HSP to infinite Abelian groups (the real numbers) provided solutions for problems in
algebraic number theory such as solving Pell’s equation [Hal07,Joz03]. Another key
result for an unrelated task is Grover’s algorithm [Gro96a|, which provides a quadratic
speedup for unstructured search problems. Grover’s search algorithm is an instance of a
more generic procedure called quantum amplitude amplification [BHMT02] that finds a

marked element z* using O (#> queries to an oracle that prepares the quantum state

VPar
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These breakthroughs have spurred the development of several new quantum al-
gorithmic primitives, including quantum walks [AAKV01, Sze04], quantum gradient
estimation [Jor05], quantum linear system solvers [HHL09a], and quantum singular
value transformation [GSLW19]. Despite growing body of such algorithmic primitives,
exponential quantum speedups remain rare and typically arise only in contrived problems
with highly structured inputs [AA14]. Even when such a speedup is demonstrated, it
often lacks practical significance. For instance, Childs et al. [CCD*03] constructed an
artificial graph known as the glued trees and showed that a continuous-time quantum
walk could reach a marked vertex exponentially faster than any classical algorithm in
oracular (i.e., black box) setting. While this result is theoretically striking, the underlying
problem does not correspond to a task of direct practical interest. Moreover, establishing
exponential separations between quantum and classical algorithms might be difficult even
in the black box setting. Not only must one identify a problem with the right structure
to expose a quantum advantage, but one must also rigorously rule out the possibility
of classical dequantization—where a classical algorithm mimics the quantum behavior
efficiently to achieve a similar query complexity (See [Aar22] for more discussion). For
example, it was shown in [FGG02,Rei04] that optimizing Hemming weight potential with
a spike takes the polynomial time for quantum adiabatic algorithm in oracular setting
whereas classical simulated annealing takes exponential time. However, later [CH16]
showed that a classical algorithm called quantum simulated annealing can also solve this
problem in polynomial time. Similar dequantization has also been achieved for quantum
recommendation systems by [Tan19] for the quantum algorithm proposed in [KP17].

As a result, both the discovery of problems for which quantum algorithms provide
exponential speedups and the formal proof of an exponential separation remain significant
theoretical challenges. In contrast, polynomial quantum speedups are more common and
often apply to problems of broader computational relevance. These speedups typically
arise from more general-purpose quantum primitives that can be integrated into existing
algorithmic frameworks. In the context of optimization, for example, techniques such as
quantum walks [L.Z24] and quantum gradient estimation [Jor05, GAW19, CCLW20, SZ23]
have led to improvements over classical baselines in a variety of settings. Although these
gains are more modest, they can still play a significant role in enabling practical quantum
applications for large scale problems.

Quantum algorithms have also been studied in the context of sampling from the

stationary distributions of a reversible Markov chain. The goal in this setting is to



efficiently prepare the quantum state called gsample:

m) = 3 V(@) o). (12)
zeX
from which a measurement yields a classical sample distributed according to a target
distribution 7. This is also known as quantum sampling problem, and a general solution
to this problem would imply SZK C BQP [ATS03] and the relationship between SZK and
BQP remains an open question in complexity theory. Nevertheless, in certain structured
settings, quantum algorithms have been shown to achieve polynomial speedups over
classical mixing procedures [WAOQS8], particularly when the sampling task involves a
sequence of slowly evolving Markov chains.

For the classical Markov chains, the classical mixing time scales as O (% log(1/m min)),
where 0 denotes the spectral gap of the transition matrix of the chain, and m;, is
the minimum stationary probability. It is also possible to prepare |r) by combining
quantum phase estimation and amplitude amplification and this quantum algorithm has
runtime of O (ﬁ) [MNRSO07]. This raises a natural question: can one generically
obtain a quantum runtime of O (% log(1/ 7Tmin>), having similar classical dependence on
log(1/mmin) while achieving a quadratic speedup in the spectral gap? In a special case,
Richter [Ric07] achieved this target runtime for uniform mixing by performing repeated
quantum measurements at random time intervals. However, this technique does not
extend to general, non-uniform stationary distributions. As a result, a universal quadratic
speedup for Markov chain mixing—applicable to arbitrary reversible chains—remains an
open challenge.

In the context of sampling from continuous Gibbs distributions, [CLL*22] obtained
a quantum speedup over classical Metropolis adjusted Langevin algorithm (MALA)
with respect to dimension (d) and condition number(x) by using slowly varying Markov
chains originally proposed in [WA08]. Their construction allows one to exploit quantum
walks that have quadratically larger phase gap than the spectral gap of classical MALA.
This faster sampling algorithm also allows faster partition function estimation when
combined with quantum mean estimation. However, these results rely on idealized
assumptions, such as convexity of the potential, reversibility of the Markov chain, or
access to warm initial states (a state with large overlap with |7)). Although generalizing
log-concavity to non-logconcave distributions is possible by using smootheness and
isoperimetry, the reversibility assumption causes a more fundamental problem. A Markov

chain is said to be time reversible (or detailed balanced) if it holds for all z,y € X,



m(x)P(z,y) = 7m(y)P(y, ). In quantum computing terms, reversibility allows to convert

the Markov chain kernel to an Hermitian operator
D(P) = n'2pr=1/2, (1.3)

This operator is called the discriminant operator and it is symmetric and |r) is the
ground state of —D with unique eigenvalue 1. The spectral properties of D is investigated
in [Sze04] in more detail. Therefore, one can prepare a reflection operator around |)
using quantum phase estimation and apply quantum amplitude amplification. However,
this operator is no longer Hermitian if P is not reversible and its spectrum is not
straightforward to analyze. The previous works in [Sze04, WAO08] have not made
significant efforts to relax the reversibility assumption mainly because in practice a
non-reversible Markov chain can be made reversible by adding a filter called Metropolis
rejection step. However, this reversibilization is not always trivial. The reversibilization
step often requires to evaluate f very accurately which is very costly in machine learning
applications when f is given as a finite-sum. Moreover, reversible chains are often slower
than their non-reversible counterparts. Therefore, a quantum speedup for reversible
chains does not imply speedup over best classical algorithm because it is often the case
that there is a classical non-reversible Markov chain that is faster than the quantum
algorithm. The requirement of a warm start can be equally restrictive—generating such a
state is often as hard as preparing |7) itself. [WA08] mitigated this obstacle by introducing
an annealing schedule that gradually reduces the temperature, avoiding the exponential
slow-down associated with cold starts. Unfortunately, the schedule must be carefully
tailored to each specific task, and a universal speed-up for general non-log-concave targets
via non-reversible remains open and we will return to this problem in Chapter 2.
Quantum algorithms for sampling from continuous distributions may also benefit from
quantum gradient estimation or mean estimation techniques, as many state-of-the-art
classical samplers—such as the Metropolis-Adjusted Langevin Algorithm (MALA)—rely
on gradient information from samples at each iteration. These techniques have been
well-studied in the context of optimization [Jor05, GAW19, CCLW20, ZZF*24], where
they yield asymptotic speedups under various assumptions such as smoothness, convexity
and/or Lipschitzness of the objective function. However, despite this close connection,
these techniques have not yet been systematically explored for sampling applications. The
zeroth-order quantum algorithm proposed in [CLLT22] achieves the same asymptotic

runtime as its classical counterpart, despite relying only on function evaluations to



approximate gradients. A key challenge to reduce the run-time is that existing quantum
gradient estimation methods typically assume access to high-precision function evaluations.
In practice—particularly in machine learning and statistical inference—function values
are often noisy due to stochasticity, subsampling, or model approximation. As a result,
naively applying these techniques in such settings may not yield improved runtimes.
Overcoming this challenge will require the design of robust quantum gradient estimators
that can tolerate imprecise or noisy oracles while still delivering provable speedups in
sampling tasks. Our focus in Chapter 3 is to address these challenges in more detail and
design quantum gradient estimation algorithms that would provide accelerated rates for
certain sampling tasks.

One fundamental limitation of these existing quantum algorithms is that the speedups
are typically quadratic at most by construction. Recent research has highlighted significant
barriers to achieving quadratic quantum speedups in practice, owing to constant-factor
slowdowns relative to classical hardware. These slowdowns arise from a variety of
sources, including lower clock speeds of quantum processors, the substantial overhead
introduced by quantum error correction, and the limited potential for parallelization in
many quantum algorithms. As a result, realistic estimates of the resources required to
execute quantum algorithms at scale often predict runtimes that exceed several days,
even when the asymptotic complexity suggests a polynomial advantage. Crucially, the
feasibility of realizing a practical quantum advantage depends not only on the existence
of a polynomial speedup but also on its magnitude. The larger the degree of the speedup,
the more robust it is to constant-factor overheads. For example, the resource analysis
conducted in [BMNT21] indicates that a quartic speedup, when all architectural and
algorithmic overheads are taken into account, could reduce the required runtime from
multiple days to just a few hours—making it significantly more viable in real-world
settings.

Recent works by [Has18c, DPCB23| managed to obtain super-quadratic speedups
over brute force search algorithms for combinatorial optimization problems under more
assumptions on the spectrum of the cost function. Although the speedups over Grover’s
algorithm are very small in terms of practicality, their frameworks provide promising
directions to obtain such super-quadratic speedups. The idea to obtain such speedups is

to consider adiabatic Hamiltonian,

—-X H
Hy=—+1b — 1.4
= (o) (14)



where X = Y7, X, is the Pauli mixer, H is a target Hamiltonian encoding the opti-
mization problem, E* is the ground state energy of H and g, is a filter function that
truncates high energy states. The spectral analysis of this Hamiltonian shows that there
exists a b* = (1) whose ground state can be prepared efficiently and the ground state
has better overlap than the uniform quantum state. This algorithm is called short-path
algorithm due to its avoiding nature from the exponentially vanishing gaps.

However, a remaining issue is that these quantum algorithms provide accelerated
rates compared to Grover’s search, which is not necessarily optimal even classically.
For example, when the objective function has an exploitable structure, the optimal
classical strategy may involve local search or tailored heuristics. In such cases, Grover’s
algorithm provides only a quadratic speedup over exhaustive search, but may not offer
any advantage over more efficient structure-aware algorithms. Hence, realizing meaningful
quantum advantages requires designing quantum algorithms that respect and exploit the
structure present in the problem, rather than treating all inputs uniformly.

A good candidate direction to improve upon these sub-optimal algorithms is to
develop super-quadratic speedups over classical Markov chain search algorithms that
are known to perform better than brute-force search algorithms due to their ability to
exploit local structures. A Markov Chain Search algorithm simply runs the chain to draw
samples from the stationary distribution 7 and keeps track of the running minimum of
the samples in terms of the cost function H. This minimum (and the corresponding
sample) serves as an estimate of the global minimum (and minimizer) of H on X. Let
7* denote the total probability that a sample from 7 is a global minimizer of H. It
follows that after O ((7*) ' log(e™!)) samples from 7, a global minimizer is encountered
with probability at least 1 — e. In Chapter 4, we provide quantum algorithms with
runtime O ((W*)’%“) where ¢ > 0 is a positive function by generalizing the short path
framework to Markov Chain Search. Our analysis also provides evidence that the short
path algorithm is more powerful than a quantum algorithm that provides a quadratic
speedup over classical Gibbs samplers.

In summary, there has been a major progress in obtaining quantum algorithmic
frameworks for search and optimization problems. Although these primitives also
show promising results for the future of quantum computing in the context of Markov
chain algorithms to obtain provable speedups, their applicability is limited due to
practical concerns. This dissertation generalizes these foundational quantum algorithmic
frameworks to settings that fall outside their standard assumptions to address the open

problems listed above. It generalizes quantum walks to operate on non-reversible and



non-logconcave dynamics, develops quantum sampling techniques for distributions with
weaker regularity, and adapts quantum gradient estimation to noisy or finite-sum oracle
models. In the combinatorial domain, it introduces a generalization of the short-path
framework that surpasses the limits of amplitude amplification by explicitly leveraging
structural properties of classical Markov chains to obtain super-quadratic speedup over
classical algorithms that repeatedly sample from local Markov chains such as Glauber
dynamics. These contributions yield provable quantum speedups in terms of sample
complexity, mixing time, or oracle efficiency for optimization and sampling tasks that

remain challenging for both classical and quantum algorithms.

1.2 Summary of Contributions

In Chapter 2, we focus on quantum algorithms for sampling from continuous distributions
with particular focus on non-reversible Markov chains. We consider distributions 7(z) o<
exp(—f(x)) where f may be nonconvex, but it satisfies weaker regularity conditions, such
as dissipativity or smoothness. Our contributions in first chapter can be summarized as

follows.

e Quantum MALA for Non-logconcave Distributions: We analyze the mixing
time of the quantum MALA algorithm for non-logconcave distributions, extending
the work done in [CLL*22]. Using the conductance analysis in [ZXG21], we
characterized the phase gap of the corresponding quantum walk operator. Next,
we showed that by using isoperimetric inequalities, the length of the annealing

schedule is O(y/d) similar to the logconcave case.

e Quantum Speedup via ULA: We propose quantum ULA algorithm and analyze
its runtime using a novel perturbation analysis with respect to quantum MALA to
show that quantum computers can provide speedups even for non-reversible Markov
chains. Since quantum MALA is time-reversible and asymptotically unbiased, it
converges to the target Gibbs distribution, allowing us to express our algorithm’s
error with respect to the Gibbs distribution. Our results imply polynomial speedups

compared to the mixing time of classical ULA [VW19].

o Stochastic Quantum Sampling: We further incorporate stochastic gradient
oracle to make the implementation of quantum walk efficient and provide the
mixing time of our stochastic quantum sampling algorithm. In addition to the error

due to the lack of Metropolis-Hastings filter, the stochastic algorithm introduces



additional errors because of the noisy gradients. We use concentration techniques to
show that even with stochastic gradients, the quantum algorithm gives the correct
distribution with high probability. Our algorithms improve the gradient complexity
of the classical SGLD [ZXG21].

o Partition Function Estimation: Finally, we combine our sampling algorithms
with recently developed efficient quantum product estimator [CH23] and proposed

algorithms for approximating the partition function for non-logconcave distributions.

In Chapter 3, we address the high per-step cost of sampling or optimization algorithms.
In large-scale machine learning problems, the objective f often arises as a finite sum over
data points, and computing the full gradient is expensive. In other settings, such as black-
box optimization or bandit feedback models, gradient information is not directly available.
To address both regimes, we develop quantum-enhanced estimators for gradients using
quantum mean estimation and Jordan’s algorithm respectively. In the finite-sum setting,
we integrate these estimators with classical variance-reduction techniques and show that
the improved gradient query complexity leads to overall polynomial gains in n, the
number of data points. For the zeroth-order setting, we develop a robust version of
quantum gradient estimation algorithm that tolerates bounded evaluation noise and prove
convergence guarantees for both Hamiltonian and Langevin-type dynamics. Our analysis
demonstrates that nearly quadratic improvements in query complexity are achievable

under mild smoothness and noise assumptions. In particular, our contributions include:

o Speedups for Finite Sum Potentials: We propose novel quantum algorithms to
sample from Gibbs distribution for finite-sum potentials implemented via quantum
variance reduction techniques. We prove that our algorithms improve the depen-
dency on n(number of terms in the sum) compared to classical state-of-the-art
algorithms such as stochastic HMC and LMC [ZG21,KS22] to approximately sample

from strongly convex and non-convex potentials, respectively.

e Quantum Speedups for Gradient Estimation via Stochastic Evaluation
Oracle: In the zeroth-order setting, where only stochastic evaluations of the poten-
tial function are available, we develop new quantum gradient estimation algorithms
under various smoothness assumptions. Our algorithm provides quadratic speedup
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when the potential function is smooth, reducing the evaluation queries from @(
to O(“2) to compute the gradient in d dimension up to € accuracy where o is the

variance of the noise. Furthermore, when the stochastic functions are also smooth



with high probability, we manage to shave off an additional d'/? term . This is
achieved by combining quantum mean estimation with Jordan’s quantum gradient
estimation in a robust manner. Our gradient estimation algorithms could be useful

as independent tools, especially in zeroth-order stochastic optimization.

o Speedups for Zeroth-Order Sampling: Next, we combine our new quantum
gradient estimation algorithm with the gradient based sampling algorithms and
show that the final algorithm uses fewer number of queries to evaluation oracle

than the best known classical samplers under the same assumptions in [RSBG21].

o Application to Non-Convex Optimization: Finally, we extend our quantum
sampling methods to optimize non-convex functions with specific structural proper-
ties, demonstrating that faster sampling translates to provable speedups in complex
optimization tasks. In particular, we show that we can optimize non-smooth and
approximately convex functions, i.e. a function that is uniformly close to a strongly
convex function, using fewer stochastic evaluation queries than the best known

classical algorithms in terms of dimension dependency.

The final part of the dissertation turns to combinatorial optimization problems, where
the domain X is finite and structured (e.g., subsets of vertices in a graph), and the
function f encodes a constraint or objective (e.g., Max-Bisection, Max Independent Set,
the Ising Model, and the Sherrington Kirkpatrick Model). Our primary contribution
in Chapter 4 is to generalize the short path framework and to identify some conditions
under which this generalized algorithm obtains the runtime O ((W*)_(0‘5_C)) for constant
¢ > 0. Our generalization is simple to describe and is motivated by previous studies
of the quantization of discrete time Markov Chains. The short path framework is
based on computing the ground states of the a Hamiltonian H, = —X/n + g,(H/|E*|)
parameterized by b € RT where H is our cost Hamiltonian, E* the energy of its ground
state, and g, = min (0, (v +1 —n)/n) is a clipping function. We replace —X/n in the
above Hamiltonian with —D(P), where D, = diag(r)'/? Pdiag(7)~%/2 is the discriminant
matriz corresponding to the Markov Chain. The remainder of the algorithm takes a
similar form to [DPCB23], however, extra care is needed to construct efficient algorithms
for ground state preparation with the redefined Hamiltonians. The three technical
questions concern the isoperimetry of the stationary state 7, the concentration of the cost
function on states sampled from 7, and the expected increase in cost when P is applied
to a solution. Equipped with our main result, we identify examples of various settings

where the conditions for speedup are satisfied. We focus on two types of stationary
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states, the uniform distribution over a constrained space, or Gibbs distributions. The

applications are the following:

1. Optimization with Fixed Hamming Weight: We first consider optimization
problems where only strings of a fixed Hamming weight are considered to be
in-constraint. Specifically we consider the following versions of Maximum Cut on

hamming Weight £ spaces.

Ca = pemin, { geu —xxy) x| = Z} : (MaxBisection)
Cr = min, { = eii(1— mxy) : |z| = k:} . (MaxCut-Hamming)
TE n
z<]

The corresponding Markov Chain considered is the transposition walk, each step
of which swaps a uniformly random pair of indices with opposite spins. Our
techniques yield runtimes of (Z) 05 here ¢(n) is constant for k = ©(n) and
decays with n otherwise. For k = ©(n), the speedup is super-quadratic over
uniformly searching the constrained space. We note that the original short-path
framework with penalty terms added to ensure the hamming weight constraints
cannot obtain a super-quadratic speedup over uniformly searching the constrained
space, due to the technical conditions for speedup becoming impossible to satisfy if

a sufficiently large penalty term is added.

2. Glauber Dynamics: We consider next the setting where the stationary state used
for Markov Chain search is the Gibbs distribution at some inverse temperature 3
corresponding to the cost function. The Glauber Dynamics offers a convenient and
well-studied Markov Chain that samples from these distributions. Markov Chain
search offers two types of advantages over brute force search: the Gibbs distribution
at any S € R places non-zero probability only on in-constraint states, which in
many cases boosts the probability of the optimum compared to distributions with
support on all states. Secondly, Gibbs distributions at 5 > 0 always have higher
overlap on the optimum than 27". Our results are for three different classes of cost
Hamiltonians, and apply to any inverse temperature [ where the corresponding

Glauber Dynamics has been shown to mix in polynomial time.

(a) For the Maximum Independent Set problem on regular graphs, we obtain

super-quadratic speedups of degree 0.5 — ¢ for constant c.
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(b) For the Ising Model on regular graphs, we obtain super-quadratic speedups of

degree 0.5 — ¢ for constant c.

(c) For the Sherrington-Kirkpatrick Model, we obtain super-quadratic speedups
of degree 0.5 — ¢(n) where ¢(n) = o,(1).

Finally, we provide evidence that it is not generically possible to construct classical
algorithms that are at most quadratically slower than short-path algorithms. We first
show that for maximum independent set on regular graphs of sufficiently high degree,
Markov Chain Search with the Glauber Dynamics can be faster than the best known
classical algorithm for all graphs (with a runtime of 1.1996™ ( [XN17]). In this case, the
short path algorithm is super-quadratically faster than the best classical algorithm (that
is based on very non-trivial backtracking analysis). Then, the speedup for MIS is valid
for any 8 where polynomial time Gibbs sampling is possible. Therefore, the generalized
short-path algorithm is super-quadratically faster than any classical algorithm based
on polynomial time Gibbs sampling (whether or not that algorithm uses the Glauber
dynamics).

The material in this dissertation will be mostly based on the works in [OLMW24,
OLMW25, CHO*24].

1.3 Preliminaries

1.3.1 Notation

Bold symbols, such as x and y, are used to represent vectors, with || - || indicating the
Euclidean or operator norm depending on the context. Given two scalars a and b, we use
a A b to denote min{a, b} and use a V b to denote max{a,b}. We use B,(c,r) to denote
the d dimensional ball centered at ¢ with radius r and G%(c) to denote the d dimensional
grid centered at point ¢ with side length I. We occasionally use G', when the center of
the grid is clear from the context.

For Markov chains, we use the notation P(z,-) to denote the transition probability
distribution for point z € X, whereas we use P(x,y) or p,, to denote the probability of
transitioning from point x to y. For a distribution p(x) and a function ¢(x), the notation
p(z) o< g(x) means p is proportional to ¢ up to a normalization factor.

In the quantum framework, a classical probability distribution p over X can be
represented by the quantum state > c» \/l@ |z). When measuring this state, the

resulting outcomes are governed by the probability distribution p. The ket notation
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|v) is sometimes referred to the coherent quantum state corresponding to probability
distribution v and is not explicitly stated when it is clear from the context.

We might occasionally deviate from the notation above for some quantities to keep
the notation similar to the previous works. Such quantities will be defined explicitly in

the corresponding chapters.

Definition 1.3.1 (Order Estimates). We define O(-) as
f(z) =0(g(z)) <= I R, acRy, such that f(z) < ag(z) Vo>
Similarly,
f(z) =o0(g(x)) < 3T €R, such that f(z) < ag(x) Vz >{and Va € R,.

We write f(x) = Q(g(x)) <= g(x) = O(f(x)). If there exists positive constants a; and
a such that
ong(e) < F(x) < angle) Ve >0,

then we write f(z) = ©(g(x)). We also define O(f(z)) = O(f(z) - polylog(f(z))) and
O*(2/@) = 0(27®) . poly(z)).

1.3.2 Probability Toolbox

In what follows let X' be a finite set satisfying |X| = V. A Markov chain M is a random
process that defines movements between elements of X. Transitions between states are
determined according to a fixed probability distribution, and can be represented by an
V' x V (though not necessarily symmetric) transition matriz P. The entry Py; := P(k, j)
is the probability of making a transition from k to j, and the rows of P sum to 1 to
preserve normalization ),y P(k, j) = 1; we say that such a matrix is stochastic. One

step in the chain obeys
pOP =Y e > 0. (1.5)

For any initial distribution x(®) € R™ over X, the distribution after ¢ steps of the walk is
pOPt =1 ® v > 0. (1.6)

We say that a distribution 7 over X is a stationary distribution if
TP =m. (1.7)
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For a function f : X — R, we define

Ey—olf(2)] := (Pf)(2) = >_ Ple,y)f(v), (1.8)

yeX

and for two such functions f, g their 7 inner product is

(f.9)r =2 (@) f(2)g(). (1.9)

TEX

Definition 1.3.2 (Time-reversal of a Markov Chain). The time reversal of M is defined
as the Markov chain M* = (X, P*, ), which shares the stationary distribution 7 of M,
and P* is defined by the equation:

m(z)P(z,y) = n(y)P*(y, ). (1.10)

Definition 1.3.3 (Reversibility). The chain M is called reversible if P* = P.

Definition 1.3.4 (Distance Metrics). The total variation distance between two probabil-

ity distributions p and v on X is defined by
1
TV (u,v) = Sllw =i (1.11)

It also satisfies the following variational formula

TV(1,) = suby v (Bl ()] — B () (112

Kullback-Leibler (KL) divergence (or, relative entropy) of two probability distributions

@ and v over X:

KL(ull) = 3 oy (421).

TEX I/(l’)

We also have the Donsker and Varadhan’s variational formula [DV83] for KL(ul||v):

KL(pllv) = Sup (Eplf ()] = In (B, [exp(f(x))])) (1.13)

where F denotes the set of all measurable functions.

The p-Wasserstein distance between p and v on X is defined as

1/p
Wytn) = L dut Bl =all) 114)

vEr (pu,v
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where I'(u, v) is the set of all joint distributions ~y(x,y) whose marginals are p and v.

The relative Fisher information between p and v on X is defined as

Fl(r||p) = > () |Vlog (Zg;) || . (1.15)

reX

Finally the Hellinger distance between p and v on & is defined as

H(p,v) = (; 3 (W— \/@>2)1/2. (1.16)

reX

Definition 1.3.5 (Cheeger constant). Let v be a probability measure on €. Then v
satisfies the isoperimetric inequality with Cheeger constant p if for any A C &', it holds
that

lim ut VA0 = V(A

., N > pmin{r(A4),1 —v(A)}, (1.17)

where A, ={x €e X : Jy € A, ]z —y|| < h}.

Definition 1.3.6 (log-Sobolev inequality for measures). Let v be a probability measure
on X. We say that v satisfies log-Sobolev inequality with constant cpgp if for any smooth

function g on R?, satisfying [ g(x)v(x)dz = 1, it holds that

1 vg(a)|?
/ o) log(g () () de < 5 / @ (1.18)

The Cheeger constant measures the bottleneck of a measure and Log Sobolev Inequal-
ity is a sampling analog of the PL (Polyak-Lojasiewicz) condition commonly used in
optimization [CS24] and standard in non-log-concave sampling literature [VW19,MCJ*19,
CEL122,KS22]. LSI relaxes strong convexity in the sense that for any p strongly convex
function f, 7 satisfies the Log-Sobolev inequality with constant 4. This inequaloty is
weaker than the dissipative gradient condition [RRT17,ZXG19] which is used commonly

in non-log-concave sampling.

Definition 1.3.7 (Mixing time). The mizing time of a Markov chain is the amount of

time it takes for the distance to stationarity to be small:
tmix(€) :=min{t : d(t) < e}, (1.19)
where d(t) := sup, TV(uP*, 7).
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The mixing time of a reversible Markov chain is related spectral properties of P. In
the reversible case, the matrix P is similar to a symmetric matrix, and thus diagonalizable.

The eigenvalues of P can be ordered as
1>A > > Ay > —1. (1.20)

It is known that Ay = 1 and Ay < 1. We define the spectral gap of a reversible Markov
chain to be:
d:=1— max {|\:\#=£1}. (1.21)

{A2,- AN}

The relationship between mixing time and the spectral gap can be expressed as
tmix(€) = O1 (671) . (1.22)

A larger spectral gap therefore implies faster mixing, meaning that the Markov chain
more rapidly converges to the stationary distribution.
Next we define the Discriminant matriz of a Markov chain, which is a useful tool for

analyzing random walks.

Definition 1.3.8 (Discriminant matrix). For a Markov chain M = (X, P,x), the

discriminant matrix is the operator with elements

D(P)j; := /Py o Pj; = (diag(w)l/QPdiag(ﬂ)_l/Q)

Furthermore, if P is reversible, then D(P) is symmetric, and the following hold:

(1.23)

ij

1. The unique, maximum eigenvalue eigenstate of D(P) is |/7) with eigenvalue 1.

2. The spectral gap of —D(P) (and equivalently P) is
§:=1—max{|A| : A € o(D(P)), A # £1}. (1.24)

3. [[D(P)]l2 = 1.
4. If P is symmetric, then D(P) = P.

Definition 1.3.9 (Markov functionals). Let f: X — R. The Dirichlet form, D(f, f),
generated by a Markov chain M = (X, P, 7) is defined by

D(f. f) = (f, (I = P)f)x, (1.25)
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and if P is reversible, then I — P is symmetric with respect to the m-inner product, and

so D extends to an inner product for functions f, g:

D(f,9) = (f,(I = P)g)r = ;Eway;x[(f(iﬁ) = fw)(g(x) = g(v))]. (1.26)

The 7-Variance of f is defined as

Varg(f) = Ex[f*] = (Eq[f])*, (1.27)

and the m-Entropy of f is defined as

Entr(f) := Ex[f In(f)] — E[f In(E[f])]. (1.28)

One can relate the variance to the Dirichlet form and the spectral gap using a Poincaré

inequality:

Definition 1.3.10 (Poincaré inequality). A Markov chain M = (X, P, 7) satisfies a

Poincaré inequality with constant ¢ if

D(f, f) =z o0Varz(f). (1.29)

For reversible Markov chains, the Poincaré constant is equal to the spectral gap. It
is possible to obtain better bounds on the mixing time of a Markov chain using the

so-called logarithmic Sobolev inequalities.

Definition 1.3.11 (log-Sobolev inequality for Markov chains). A Markov chain M =

(X, P, ) satisfies a log-Sobolev inequality with constant w := wyg if

D(f, f) > wEnt,(f?). (1.30)

Definition 1.3.12 (modified log-Sobolev inequality). A Markov chain M = (X, P, )

satisfies a log-Sobolev inequality with constant wyg if

D(f,In f) > wvLsEnt,(f). (1.31)

The following chain of inequalities is well-known:

) Z WMLS 2 WILSs- (1.32)
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The Poincaré and log-Sobolev inequalities belong to a group known as the functional
inequalities. They are well-defined for non-reversible chains, although Poincaré now
bounds the singular-value gap, and enable one to bound the corresponding mixing
time [Cha23].

Definition 1.3.13 (Fokker-Planck Equation). Consider the following stochastic differen-
tial equation
dX = v(X)dt + v/2dW, (1.33)

where v is a smooth vector field and W is the Brownian motion with Wy = 0. The
Fokker-Planck equation describes the evolution of probability density function u,; as

follows:
Ope
ot

where V- is the divergence operator and A is the Laplacian.

==V - (va) + Apy, (1.34)

Finally, we define the P-pseudo Lipschitz norm, which measures the smoothness of a

function with respect to the transition probabilities of a Markov chain.

Definition 1.3.14 (P-pseudo Lipschitz norm). Let M = (X, P,7) be a Markov chain.
The P-pseudo Lipschitz norm of f : X — R is defined to be

1l = max By [(/() = F())?] (1.35)

1.3.3 Quantum Computing

Quantum computation is expressed using linear algebra over complex vector spaces. The
computational basis of C? is the standard basis {ey,...,eq_1}, where e; is the column
vector with a 1 in the (i 4 1)st position and zeros elsewhere. In Dirac notation, we denote
e; by |7) and its conjugate transpose by (i|.

The state space of a quantum system with n subsystems is the tensor product space
Ch ® .- ® Cd . The tensor (Kronecker) product of two vectors |u) € C* and |v) € C%
is the vector |u) @ |v) € Ch% given explicitly by:

u) ® |v) = (uovo, UVt - - - , Udy—1Vdy—1) -

A single qubit is a normalized vector in C?, written as a'|0) + 1), with |a|* + |5|*> = 1.

A system of n qubits lives in the Hilbert space C*", and a general n-qubit state may
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be entangled, i.e., not expressible as a tensor product of single-qubit states. We often
abbreviate tensor products such as |u) ® |v) by |u) |v).

Quantum operations correspond to unitary transformations. In the circuit model,
a k-qubit gate is a unitary operator U € C¥*2". A universal gate set allows for any
n-qubit unitary to be approximated using a sequence of two-qubit gates, up to arbitrarily
small error. The gate complexity of a unitary operation refers to the number of such
basic gates required in its circuit decomposition.

Measurement is the process of extracting classical information from a quantum
system. A projective measurement in the computational basis {|0),|1),...,[2" — 1)}
yields outcome i with probability p; = | (i]1)) |, collapsing the state |¢) to [4).

Realization of the contributions in this dissertation requires a fault-tolerant quantum
computer that can implement the described procedures with proper error correction as
opposed to NISQ era computers that are designed to run with a few number of qubits

without error correction.
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Chapter 2

Quantum Speedups for Sampling
from Continuous Non-Logconcave
Distributons via Non-Reversible

Markov Chains

In this chapter, we present quantum algorithms for sampling from possibly non-logconcave
probability distributions expressed as 7(x) o< exp(—Ff(x)) as well as quantum algorithms
for estimating the partition function for such distributions. We also incorporate a
stochastic gradient oracle that implements the quantum walk operators inexactly by
only using mini-batch gradients when f can be written as a finite sum. One challenge
of quantizing the resulting Markov chains is that they do not satisfy the detailed
balance condition in general. Consequently, the mixing time of the algorithm cannot
be expressed in terms of the spectral gap of the transition density matrix, making the
quantum algorithms nontrivial to analyze. We overcome these challenges by first building
a reference reversible Markov chain that converges to the target distribution, then
controlling the discrepancy between our algorithm’s output and the target distribution
by using the reference Markov chain as a bridge to establish the total complexity. We
prove that our quantum algorithms exhibit polynomial speedups in terms of dimension or
precision dependencies when compared to best-known classical algorithms under similar
assumptions.

This chapter is based on [OLMW24], joint with Xiantao Li, Mehrdad Mahdavi and
Chunhao Wang.
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2.1 Introduction

Given a potential function f : R — R, we consider the problem of sampling from a

probability distribution 7 of the form

e_f(x)

= Foroa (2.1)

7(x)
This distribution is called the Boltzmann-Gibbs distribution, and our goal is to efficiently
sample approximately from 7 while minimizing the number of gradient queries in the
finite-sum setting, i.e., f(x) = L Y0, fi(x).

A well-known classical method for Gibbs sampling is Markov Chain Monte Carlo
(MCMC) method, where a Markov chain with desired stationary density is constructed.
Then, the samples can be generated by running the Markov chain for a sufficiently long
time (See Section 1.3.2 for more details on Markov chains). One such Markov chain
can be obtained through careful discretization of Langevin diffusion equation and this
technique inspired a large family of gradient-based sampling algorithms.

Langevin diffusion, often referred to as Langevin dynamics, is a fundamental stochastic
differential equation that describes the dynamics of a particle undergoing random motion
in a fluid or complex environment. It is widely used in various scientific disciplines,
including physics, chemistry, and biology, to model systems exhibiting Brownian motion or
other forms of random behavior. It also provides a probabilistic approach to optimization
by simulating the motion of particles under the influence of both deterministic gradient
forces and random noise. This allows the optimization process to explore the parameter
space more extensively, potentially escaping local optima and reaching a broader range
of solutions. By simulating Langevin dynamics, machine learning practitioners can
also sample from the posterior distribution of the model parameters, enabling Bayesian
inference and uncertainty estimation. The dynamics follows the solution to the following
stochastic differential equation (SDE):

dx; = —V f(x,)dt + V2dB,, (2.2)

where B, is the standard Brownian motion. This continuous dynamics converges to
the Gibbs distribution under mild conditions on the potential function f. The Euler-

Maruyama discretization of this SDE results in the well-known Langevin Monte Carlo
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(LMC) algorithm:
Xpp1 = X — MV f(Xk) + V21k€s, (2.3)

where 7 is the step size and €, is isotropic Gaussian noise.

Algorithm 1 Unadjusted Langevin Algorithm (ULA)

1: Input: xq, (1j0,x-1] > 0).

2: Output: An approximate sample from 7.
3: for k=0,.., K —1do

4 Xp =X — MV (Xk) + V20068

5: end for

6: Return xp

Due to finite-sized discretization, the Markov chain corresponding to LMC is asymp-
totically biased. That is, it only converges to the neighborhood of the desired Gibbs
distribution, prohibiting one from using large step sizes because of this discrepancy.
To overcome this bias, one can adjust the Markov chain by introducing a Metropolis-
Hastings filter, which is used as a conditional rejection to guarantee that the chain is
time-reversible. A Markov chain that satisfies the detailed balance condition is known
as time-reversible and it is a fundamental property for establishing the mixing time in

terms of spectral gap or conductance. Mathematically, it can be expressed as:

P(x,y)m(x) = P(y,x)n(y). (2.4)

where P is the transition kernel of the Markov chain. This condition also guarantees
that the Markov chain will converge to a stationary distribution.

The algorithm with the Metropolis-Hastings filter is sometimes referred to as Metropolis-
adjusted Langevin algorithm (MALA), and the algorithm without the rejection step is
conventionally called unadjusted Langevin algorithm (ULA).

In the past decade, notable progress has been witnessed in the theoretical development
of quantum algorithms for various machine learning and optimization problems. It is
natural to expect that quantum computers also provide provable speedups for general
sampling problems. If we could prepare a quantum state whose amplitudes correspond
to some desired distribution, then measuring this state yields a random sample from this

probability distribution on 2. That is a quantum state of the following form

m) = > /m(x) %) (2.5)

xeN
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Algorithm 2 Metropolis Adjusted Langevin Algorithm (MALA)
1: Input: X, (9jo,x-1 > 0).
2: Output: An approximate sample from 7.
3: for k=0,...., K —1do
4 Xpp =X — MV (Xk) + V/20k€k

_ (XX )T (XK)

5 O e o)1)
6: u ~ Z/{[O, 1]

7. if o < u then

8: Xpt1 = X

9: end if

10: end for

11: Return xg

Then a measurement on this state yields the basis |x’) with probability 7(x’). Unfortu-
nately, quantum speedups in such sampling models probably do not hold in general as
this will imply SZK C BQP [ATS03]. While the hardness barrier exists for a quantum
speedup for general sampling problems, in some special cases, it has been shown that
quantum algorithms can achieve polynomial speedups over classical algorithms. Such
examples include quantum algorithms for uniform sampling on a 2D lattice [Ric07], for
estimating partition functions [WA08, WCNA09, Mon15, HW20, AHN*21, CH23], and for
estimating volumes of convex bodies [CCH'23].

Recently, a quantum MALA algorithm based on quantum simulated annealing is
introduced [CLL*22], which leverages the fact that a coherent quantum state correspond-
ing to desired logconcave distribution can be prepared using fewer number of calls to
gradient and evaluation oracle than the classical counterparts.

Inspired by this, an interesting question arises: Can we attain quantum speedups
for more general distributions, such as non-logconcave distributions? Moreover, one
intriguing open question posed in [CLL"22] was the possibility of speeding up unadjusted
Langevin algorithm using similar techniques. The main challenge for analyzing quantum
version of ULA is that the transition density does not satisfy the detailed balance
condition due to lack of the Metropolis-Hastings filter. Hence the Markov chain is
not time reversible which is the main assumption for almost all quantum walk based
algorithms [Sze04, WA08, MNRS07,AS19]. The current quantum walk frameworks leverage
the fact that a symmetric discriminant matrix D (See Definition 1.3.8 for the definition)
can be related to the spectrum of the classical transition matrix P. Then the eigenstate
of D with unique singular value 1 encodes the coherent quantum state whose amplitudes

are the desired Gibbs density. Then, by extracting this eigenstate using a quantum
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computer can prepare the Gibbs state quadratically faster than the classical computers
in spectral gap parameter. However, for non-reversible Markov chains, this extraction is
straightforward. In fact, the discriminant matrix for non-reversible chains might have
zero singular value gap [MNRSO07], which breaks down the entire quantum algorithm.
We also touch upon this technical difficulty of quantizing non-reversible Markov chains

in Section 2.4 in more detail.

2.1.1 Main Contributions

o We analyze the mixing time of the quantum MALA algorithm (Theorem 2.4.5) for
non-logconcave distributions, extending the work done in [CLL"22]. The main challenge
in analyzing quantum MALA for non-logconcave distributions is to characterize the
phase gap of the quantum walk and to show the existence of a quantum annealing
schedule that guarantees a large overlap between successive distributions since the
target distribution does not satisfy the concentration inequalities as in log-concave case.
By using the conductance analysis done in [ZXG21], we characterize this phase gap.
Next, we show that by using isoperimetric inequalities, the length of the annealing

schedule is O(v/d) similar to non-logconcave case (Section 2.3).

» Next, we analyze the quantum ULA algorithm (Theorem 2.4.10) using a novel per-
turbation analysis with respect to quantum MALA to show that quantum computers
can provide speedups even for non-reversible Markov chains. Since quantum MALA is
time-reversible (as it satisfies Equation (2.4)) and asymptotically unbiased, it converges
to target distribution, allowing us to express our algorithms’ error with respect to
Gibbs distribution. In the construction of our algorithms, we use standard quantum
simulated annealing techniques as in [CLL"22] while the underlying Markov chain is
not reversible. Although perturbation techniques have been used in classical analysis
of Markov chains [ZXG21, RRT17, XCZG18], these results cannot be transferred to
quantum setting as the quantum walk algorithms are fundamentally different. That
is, while classical algorithms run in an iterative fashion to generate candidate samples,
quantum algorithms use linear algebraic techniques to rotate the input state towards
the eigenvector in the invariant subspace. We believe that this technique can be useful

for the analysis of other non-reversible Markov chains as an independent tool.

o We further incorporate stochastic gradient oracle to make the implementation of quan-

tum walk efficient and provide the mixing time of our stochastic quantum sampling
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algorithm in Theorem 2.4.14. In addition to the error due to the lack of Metropolis-
Hastings filter, the stochastic algorithm introduces additional errors because of the noisy
gradients. We use concentration techniques to show that even with unitaries imple-
mented via stochastic gradients, the quantum algorithm gives the correct distribution
with high probability.

Finally, we combine our sampling algorithms with recently developed efficient quantum
product estimator [CH23] and proposed algorithms for computing the partition function

for non-logconcave distributions in Section 2.5.

2.1.2 Problem formulation

We focus on designing and analyzing quantum algorithms for sampling from the Gibbs
density m(x) o< e7#7) where f is not necessarily convex. We note that sometimes we
write the 3, known as inverse temperature, explicitly to express dependency of the mixing
time on f.

An important scenario in machine learning is when f admits a decomposition,
1 N
N Z (2.6)

where N > 1 is large. One typical example is where x comes from the model parameter,
and f is the empirical loss defined on a large data set. Clearly, this will cause a significant
slowdown of quantum MALA algorithm due to function and gradient evaluations when
f is given in this finite sum form.

We further make the following assumptions on f. These assumptions are realistic as
they are satisfied in many applications and are widely assumed in the non-logconcave
sampling literature [RRT17,ZXG21].

Assumption 2.1.1 (Smoothness). There exists a positive constant L such that for any
x,y € R? and all functions fi,(x), k € [IV], it holds that

IVfiu(x) = Vi)l < Lllx =y (2.7)

Assumption 2.1.2 (Dissipativeness). There are absolute constants m > 0 and b > 0
such that
(Vf(x),x) = m|x]* - . (2.8)
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The first assumption ensures that small changes in the input parameters result in
bounded changes in gradients whereas the second one implies that f grows like a quadratic

form outside a ball.

2.1.3 Oracle model

We assume that we have the access to the following quantum oracles to implement our
algorithm. These oracles are virtually classical oracles while empowering superposition

access. We first define the full gradient oracle for f as follows:

Ovy [%)[0) = %) [Vf(x)) . (2.9)

Similarly, we define a stochastic gradient oracle,

Og %) [0) = [x) [V f(x)) . (2.10)

where Vf(x) = £ 3 V fi(x) where S is a subset of size B data samples chosen randomly
kes

without replacement. Note that Og, possibly outputs a different state for the same input
state depending on the internal random batch. Finally, the evaluation oracle is defined
by

Oy [x)|0) = [x) [f(x)) - (2.11)

We note that although we quantified the complexity of our algorithm in terms of the
number of calls to these oracles, the evaluation oracle and full gradient oracle are slower
than the stochastic gradient oracle for finite sum form due to evaluation of N terms.
One of our contributions is to use a stochastic gradient oracle to make quantum walk
implementation more efficient.

We also emphasize that our gradient oracles, including those for stochastic gradients,
operate classically with superposition access. Since classical circuits can be simulated by
quantum circuits with a constant overhead, implementation cost of these oracles is on
par with the classical oracles. Therefore, any speedups with respect to the number of
calls to these oracles are not suppressed by their implementation cost. Furthermore, our
quantum algorithms are robust to a small error in these oracles. This is because a small
error in gradient will introduce a perturbation of the Markov chain and the resulting
quantum walk. The analysis in this work, which is precisely based on quantifying the
difference between two Markov chains (a time-irreversible and a time-reversible chain),

can quantify how the gradient error can propagate in the algorithm. In fact, our analysis
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for quantum ULA with stochastic gradients show that the algorithm works for even noisy
gradients.

It is worth mentioning that one particular reason to analyze ULA and stochastic ULA
is that implementing one step of MALA requires N function and gradient evaluations
when f can be decomposed into a sum of N terms, whereas ULA only uses N gradient
evaluations as it does not do any adjustment. We prove that stochastic ULA only needs
@(d) gradient evaluations to converge which is a significant improvement especially when
d < N. Therefore, we believe each algorithm is suited to specific use cases, depending
on the size of the data set, problem dimension, and hardness of function and gradient

evaluations.

Remark 2.1.3. Classical works used in Table 2.1 has slightly different assumptions than
Assumptions 2.1.1 and 2.1.2. In the work of [MCJ*19], the function f is assumed to
be strongly convex outside a sufficiently large ball with radius. This shares the same
intuition with the dissipative condition, i.e., sufficiently fast growth in the far field.
Moreover it implies the dissipative condition. The isoperimetry condition in [VW19]
relies on log-Sobolev inequality, which can be proved from the dissipative condition
together with the Lipschitz condition (See proposition 3.2 in [RRT17]). In fact, this is

why we do not add log-Sobolev equality as an additional assumption.

2.2 Prior Work

Extensive research has been conducted to understand the non-asymptotic dynamics
of Langevin based algorithms for both log-concave and non-logconcave densities under
various settings. This section reviews a selection of significant works to provide context
for our study, given the extensive literature available.

For log-concave distributions, a significant body of research has been conducted to
understand the dynamics of the Langevin Monte Carlo (LMC) based algorithms [BEL15,
Dall7b, Dall7a, DMM19, LZT22]. Sampling from non-logconcave distributions under
various assumptions have also been analyzed broadly [LRG18, VW19, MCJ*19,XCZG18|.
The convergence of LMC under the condition that the target density satisfies isoperimetry
condition is shown by [VW19]. Although the gradient descent methods are known to
be superior to sampling-based optimization in convex cases, [MCJ*19] showed that
sampling-based methods could provide speedups over local optimization methods in non-
convex setting which motivates us to explore the quantum algorithms for non-logconcave

densities. The stochastic extension of the algorithm (SGLD) in non-logconcave setting has
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Table 2.1. Comparison of our sampling algorithm to classical results with similar assumptions,
focusing on the dependencies on d and e.

Algorithm Complexity | Oracle Assumptions

ULA [MCJ*19] O(d/e?) Full Gradient Local non-convex
MALA [MCJ*19] O(d?) Full Gradient & Evaluation | Local non-convex
ULA [VW19] O(d/e?) Full Gradient Isoperimetry

SGLD [ZXG21] O(d*/e?) Stochastic Gradient Dissipative Gradients
Quantum MALA | O(d) Full Gradient & Evaluation | Dissipative Gradients
(Theorem 2.4.5)

Quantum ULA (Theo- | O(d%/?/¢) Full Gradient Dissipative Gradients
rem 2.4.10)

Stochastic Quantum | O(d%/?/e?) Stochastic Gradient Dissipative Gradients

ULA (Theorem 2.4.14)

been investigated recently in several works. The hitting time of the stochastic Langevin
dynamics to a neighborhood of the minima is analyzed in [ZLC17] and they showed
that SGLD can escape suboptimal local minima that only exist in the empirical risk
function. More notably [ZXG21] and [XCZG18] analyzed the mixing time of SGLD to the
stationary distribution in total variation distance using similar techniques to ours. They
used perturbation analysis to show that output of SGLD is closed to a reversible chain.
Unfortunately, their result does not transfer to the quantum setting due to fundamental
difference between quantum and classical Monte Carlo algorithms.

We also note the classical sampling algorithms that uses more sophisticated techniques
to improve the mixing time in terms of various distances. One such popular technique
is called Hamiltonian Monte Carlo method [BGJM11] which uses the momentum and
leapfrog integrator to reduce the error of discretization which improves the sampling time.
Based on underdamped Langevin Monte Carlo algorithm, [SL19] proposed randomized
midpoint method to sample from log-concave distributions with better dependencies com-
pared to unadjusted Langevin algorithm. Furthermore, [F'YC23| used proximal sampling
algorithm to improve the dimension dependence to d'/? under the log-Sobolev inequality.
However, their assumption is ¢; smoothness which differs from our Assumption 2.1.1. As
we will explore these samplers in the next chapter, more details will not be given here.

We only compare our results to the classical ones that use the same or very similar
assumptions and only claim our polynomial speedups with respect to these results. The

comparison is summarized in Table 2.1.
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The quantum walk operators used in this work is developed in [Sze04]. This technique
has been shown to provide speedups for reversible Markov Chain Monte Carlo (MCMC)
methods by improving the mixing time of the underlying Markov chain [Sze04,SBB07,
WAO08, WA08, CCH"23|. These methods have been incorporated into various domains to
improve the computation time of various tasks [AS19, CLL*22, CCH"23,LZ24, OLMW24,
CHO™24]. The speedup of non-reversible Markov chains has been discussed by [MNRS07]
in the context of quantum search. However, their construction implements time reversal
of the Markov chain P*(y,x) = P(x,y)m(x)/n(y) which requires N function evaluations
in our case. Therefore, this construction would lead to an algorithm somewhat similar
to our quantum MALA algorithm. After the completion of this chapter, [CPM25]
proposed a similar technique to ours to obtain quantum speedups for non-reversible
Markov chains, using the idea of geometric reversibilization with respect to the so-called
“most reversible” distribution. Although their result applies to a broader class of Markov
chains, it still requires bounding certain quantities, such as the spectral gap of the
geometric reversibilization and the overlap between the stationary distribution and the

most reversible distribution.

2.3 Annealing Schedule for Non-Logconcave Distributions

A known technique to speedup classical Markov chains is to design a sequence of slowly
changing Markov chains [WAO8]. The construction is first to define a series of Markov
chains with stationary distributions 7y, ..., m5;. Then for each Markov chain, a projector
is constructed to iteratively drive the initial state |m;) to the final state |my,) using
amplitude amplification. If the overlap | (m;|m;41) | > Q(1) for all ¢ € [1, M — 1], then the
cost of the algorithm becomes M times the cost of implementing quantum walk for each
Markov chain.

To implement slowly varying Markov chains for non-logconcave distributions, we
prove the following lemma to construct the annealing schedule. It shows that there exists
an annealing schedule of length @(\/3) such that the adjacent quantum states have large
overlap. Our construction is similar to [GLL20] in that we start from quantum Gaussian
state and slowly decrease the Gaussian component of the distribution so that final state

is very close to target Gibbs state.

Lemma 2.3.1 (Quantum Annealing). Under Assumptions 2.1.1 and 2.1.2, there ezists

a series of quantum states |po) , |p1) ;- .., |par) satisfying the following properties:
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1. There exists an efficient quantum algorithm to prepare initial state |po) without

using any function queries.

2. Forallie{0,...,M — 1} , ;) and |u;+1) has at least constant overlap, i.e.,

| (il i) | = Q(1). (2.12)
3. The final state |ppr) has at least constant overlap with the target Gibbs state |r),

| (|} [ = Q(1). (2.13)

4. The number of quantum states M < O(cpdd"/?).

We first restate the following useful lemmas from previous works as we use them
repeatedly in our proofs. The first one lower bounds f by a quadratic function whereas
the second one upper bounds the norm of the gradient by a linear function. We refer the

readers to the original papers for their proofs and we don’t repeat here for readability.

Lemma 2.3.2 (Lemma A.1 in [ZXG21]). Under Assumption 2.1.2, the objective function
f(x) satisfies,
m *
£ = P+ £) b2, (2.14)

where f(x*) = miny f(x).
Lemma 2.3.3 (Lemma 3.1 in [RRT17]). Under Assumption 2.1.1, there exists a constant
G = maxye(n] |V fi(0)|| such that for any x € R and k € [n], it holds that,

IV < Lix[| + G- (2.15)

The next three technical lemmas are presented here to make the proof of the annealing
schedule concise. From a more technical perspective, these lemmas generalize the
work done in [GLL20] for non-logconcave distributions under Assumption 2.1.1 and

Assumption 2.1.2.

Lemma 2.3.4. Suppose 7(x) o e 7™ is a Gibbs measure and f satisfies Assump-
tions 2.1.1 and 2.1.2. Then, we have

E, {exp(—s||x||2)} E, {exp<s||x||2>} < O(exp(dLsW(mci))), (2.16)

where ¢ is the log-Sobolev constant of the distribution my o meslxl®.
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Proof. Let h(s) = E, [exp(—s||x||?)] E, [exp(s]/x]||?)], then

W(s) _ (Ew (11 exp(slx[|*)] _ Ex [HXHQeXp(—SHXHQ)]>

E- [exp(s||x||?)] Er [exp(—s||x[?)]
— [ ), a4,

where v(t) is defined as,

Ex ([ exp(t]x[*)]

0= TF Texp (e

Computing v'(t) gives,

o) = B (11 exp(¢1¢]1%)] Ex fexp(tx]%)] — (Ex [x]1” exp(tx|*)]*

(Ex [exp(t]x]2)))°

2
= Varr, [|x[|%,
where 7; is a distribution defined as,

m(x) oc (x) exp (t]x]*).

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

Suppose 7 satisfies the log-Sobolev inequality with constant cpgr, it also satisfies the

Poincare inequality with the same constant (e.g [Goe04]).

Var, () < B IxI) < O(Ld (me?)),

(2.23)

where ¢; is LSI constant of 7; and the second inequality is due to Lemma 2.3.6. Therefore,

W(s) s, _ 2
_ _Lm) dt = O(dLs/(mc?)).

Hence,

s h(t
h(t)

~—

dt = O(dLs*/(mc?)).

log(h(s)) — log(h(0)) = |

Since h(0) = 1, we conclude the proof.

(2.24)

(2.25)

]

Lemma 2.3.5. Suppose n(x) oc e ™) is a Gibbs measure and f satisfies the log-Sobolev
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inequality with constant cps;. Then under Assumptions 2.1.1 and 2.1.2,

Er [exp(—(1 + ) [[x[]*)] Er [exp(=(1 — o) |[x[|*)]
(Er[exp(—[[x][*)])?

< Ofexp(dLa®/(cigm)))  (2.26)

for0 < a<1/2.
Proof. This follows from Lemma 2.3.4, by setting 7 o< mexp(—||x]|?). Then,

B [exp(=(1 + o) |[x[[*)] Er [exp(=(1 — a)[|x[[*)]

(- exp(— [x][2)])? (2.27)
= E; [exp(—allx]|®) | Ex [exp(alx]?)] (2.28)
< (’)(exp(dLof/(mci))) (2.29)
< O(exp(dLaQ/(mc%SI))) (2.30)

with ¢, is LSI constant of 7, oc mexp(—(1 — )||x||*). The last step follows from the fact
that ¢, > cpgr for a < 1/2. O

Lemma 2.3.6. Suppose 7(x) oc e ¥ is a Gibbs measure and f satisfies Assump-
tions 2.1.1 and 2.1.2. Then

Er.o[e”™"[x[%] < O(Ld/(me,)), (2.31)

where g is a probability distribution proportional to 7T(X)€S||XH2 Jor a constant s < % and

cs s the log-Sobolev constant of ms.

Proof. Our proof follows the idea presented in proof of Lemma 6 in [MCJ*19] without the
assumption of local non-convexity. We choose an auxiliary random variable x’ following

the law of p oc e E=9)IXI* and couples optimally with x; ~ 7, : (x5,%") ~ 7 € Lope(ms, p).

Er[|%[]? = Ex, xiam X — X+ x| (2.32)
< 2B, [|x'[|* + 2Ex, nm 1% — ]| (2.33)
2d
=7, 2W3(p, 7s) (2.34)
2d 2
< —— + ZKL(p, ), 2.35
< gt KL (2.35)

where ¢, is LSI constant of 7g. The first inequality follows from Young’s inequality and

second inequality is due to generalized Talagrand inequality [OV00]. KL divergence can
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be bounded,

KL(p, 7,) = / dx 10g< ) p(x (2.36)

(x)
< sup log< )/ (2.37)
= sup 10g< ) (2.38)
We can further bound p for any x €
p(x) e~ L=9xI> [ dx =) gslxI?
m(x) [ dxe TP e T(x)eslI? (2:39)
kel
= e T (2.40)
s||x||2—ml||x||2 /4+b/2—f x*)
[ dx esIxIP=milxI /a+b/2=1( L o1
= T dxe- =9I
s||x||2—m]|x||2/44+-b/2— f(x*)
[ dx esllxll*=mlix|?/4+b/2—f( S 766 (2.42)
= T dxe- =)
_o\d/2
_ b/2+Lx*? (L—s) 943
e (m/d— )" (2.43)

where the first inequality is due to Assumption 2.1.2 and Lemma 2.3.2. Second inequality
follows from Equation (2.46). Hence, KL divergence is bounded by,

x d L—s
< < * — — . .
KL(p, m,) < sup ( > <b/2+ L||x*|| + 5 10g<m/2 — 25) (2.44)

Ts(x)
This implies that,

,  2d s, d L-s \
x| < oo 2 (b/2+ LIx*|2 + 10g</2_25>—(’)(Ld/(mcs)) (2.45)

7Ts

for s <m/8. O

Finally we are ready to prove our result for quantum annealing procedure. The key
idea in this proofs is to show that two consequent Gibbs distributions in our annealing
scheme are close to each other so that the Markov chains become slowly changing.

Furthermore, we show that the final distribution is close to desired Gibbs distribution.
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Proof. Our construction and analysis are similar to the annealing scheme used in

[CLL*22], however our proof does not require any convexity assumption in f. The

exp = 1112
) 20‘%

construction is as follows:

L. |po) Z po(x) [x), where po(x

exp( F(x) ;;)
2. For alli € [I,M — 1], |u) = Z \/Pi(x) |x), where p;(x) = -—— such
that o7, = 07(1 + o) with a = O(d V2erg1).

Here, Zy = [dx exp(—%) and Z; = fdxexp(—f(x) — ”2’;”;) The first property
in the lemma statement holds, since py corresponds to a Gaussian distribution and
the coherent quantum state corresponding to Gaussian distributions can be efficiently
prepared by using Box-Muller technique without using any evaluation of f or V f. Next,
we prove the second property. We first start with ¢ = 0 as the base case: | (uo|u1) | > Q(1).
To prove this, Let f(x*) = 1}51618 f(x). We fix g = 1 without loss of generality. Then, we

can write,

fx) < F(x7) +(Vf(x"), x = x") + gHX = x| < f(x) + Llx|* + L], (246)

where the first inequality is well known due to Assumption 2.1.1 (see [Nes18]) and second

inequality is due to Young’s inequality. Using this upper bound on f, we have,

[ dxexp(—3f(x) — bF)

| (olpn) | = 2ro?) vz (2.47)
§ [ dxexp(=3f(x") = SLIIx|2 = 3L]x" 12 — ) .
(@ro?yis [ dxexp(—f(x) - bF)
Lijanl2) o o
_ exig;gn);” ) 7 (L/é;l/) gif 1)~ (2.49)
= o5 1) (Lo + 1) (2.50)
> exp (—5“){*”2 _ de) (2.51)

Choosing o7 = 55 vields | (uo|u1) | > €(1). Next, we consider 1 < i < M — 1. Letting
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2 _ 2
0% =0;,,, we have

[ gy S A00/2) exp(— i (9/2)
[{plpin) | = [ ax=2 0 Ve

exp(—£x) - B — )
:/dx
E, [exp(- Wu 1?)]
Ex [oxp (e x112)] " Bx [exp (52 1x¢]12)]

where the last step follows from the fact that the numerator can be written as,

x||? x||? 7 [ dxexp(— x—1+°‘/2
/dxexp< o L3 ||>: J dxexp(—f(x) IxI?)

402 4ai2+1 Z

- 2, [ewp -1 552 e |

and similarly, Z; and Z;,; can be simplified as,

fe0-slxlr 2 [ dxexp(—f(x) — G x]?)
Z,L' :/dxe i = 7

— ZE, [exp(— S ||x||2>]

and,
Zios = / e (ORI _ Zfexp(_f( ) — gt x)1?)
=ZE, [exp (—H;;H;ﬂ )
Defining o' = 245 and 0" = f; 73, we have
| (il i) | = B {eXp<2;’12 HXHQ)]

E. {exp(— 12?,0;' Hx”z)}lﬂ E, {exp(— 12;?5/HXH2>}1/2
> Q(exp(—2dLa”/(mcig))),
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(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)



where the last inequality is due to Lemma 2.3.5. Setting o® = O(cigym/(dL)), we have
| (pilpiv1) | = Q(1). Having established the second property, we move on to the third

property.

exp( — f(x) — 22
|<MM|7T>|=/dx p<\/fZ(_M)\/§40M>

1 —-1/2 1 -1/2
= ]Ep’ [exp(—%||x||2>] ]Epl [exp<%||X||2>‘| (265)

> 1= QdL/(moycig)), (2.66)

(2.64)

where p/ «x 7(x) exp(—ﬁ). The last step is due to Lemma 2.3.4. Setting o3, =
M

dL/(mclg) satisfies | (uar|m) | > Q(1). The final property follows from the fact that

a = O(y/cEgm/(dL)), since,
oy = oo(1+a)M, (2.67)

and solving this for M yields M = O(y/dL/(mcig)). O

We believe that our analysis for this annealing schedule for non-logconcave distribu-
tions can have other applications. For instance, [LZ24] used an annealing schedule to
optimize approximately-convex functions and they showed applications for stochastic
bandits. In their construction, they assumed that the objective function can be written
as a uniform perturbation of a convex function in the entire domain. Our construction
can allow design of optimization algorithms for more general non-convex functions as

Assumption 2.1.1 and Assumption 2.1.2 are not too restrictive.

2.4 Quantum Algorithms for Sampling

We review the discrete quantum walk framework to quantize Markov chains.

2.4.1 Quantizing Markov Chains

Classical Markov chains can be quantized on a quantum computer using Szgedy’s quantum
walk operators introduced in [Sze04] by constructing a unitary operator on H = CN @ CV.

A quantum walk operator associated with a Markov chain with transition density P and
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stationary density 7 is a mapping

%) [0) = [¢x) (2.68)

where
) = / dy\/P(x,y) %) [y) (2.69)

The unitary operator U can be realized as:

U= S(Z/x by (| — I), (2.70)

where S = [, [x) |y) (x| (y| is the swap operator. For reversible Markov chains, the
spectrum of U can be related to the spectrum of P in the sense that each eigenvalue of P
is mapped to a point on the unit disk. Then, using a simple geometry once can show that
the phase gap of U is quadratically larger than the spectral gap of P. To understand
how U is related to P, we use the discriminant matrix D(P) associated with P. Let 7'/2
denote the diagonal matrix with entries \/@ . We recall that the discriminant matrix
D is defined by,

D(P) = n'/2pr=1/2, (2.71)

It is straightforward to show that the quantum state |7) is an singular vector of D with
singular value (left or right) 1.

D(P)|r) = |r). (2.72)

Therefore, the spectrum of P matches the spectrum of D since we obtain D by a
similarity transformation. For reversible Markov chains, D is a symmetric matrix, hence
its eigenvalues and singular values match. This follows from the detailed balance condition

as follows:

qy

= /(%) Py /7(3) (2.74)
= \/PayPyx. (2.75)

Since D is symmetric, its eigenvectors form an orthogonal basis and from Perron-Frobenius

Dyy =S mi2Pqro (2.73)
7q

theorem it has unique eigenvalue 1.

Then a reflection around the eigenvector of D with eigenvalue 1 on the relevant
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subspace can be prepared using singular value transformations [GSLW19] or phase
estimation [WCNAQ9| using % calls to a unitary operator. In fact, from a singular
value processing perspective a quantum walk operator can be seen as a block-encoding
operator for D. Once we have the appropriate reflection operators, we can use fixed
point amplitude amplification technique introduced in [Gro05] to drive the initial state
to the target state by applying reflection operators iteratively. It is also possible to use
quantum Zeno effect to keep the quantum state close to the Gibbs density by using
projective measurements after each phase estimation [SBB07, SBBKO0S§], it results in
worse dependency on the schedule length than the amplitude amplification.

For non-reversible Markov chains, the discriminant matrix is no longer a symmetric
matrix. Therefore, there is no tight relation between the mixing time and the spectral gap
of P. Furthermore, block-encoding for D cannot be constructed in general. Therefore,
in general, one cannot expect to prepare |7) using quantum linear algebra techniques
in a similar fashion. Alternatively, one can implement Dx,y =/ Pxy Pyx, however, this
operator’s spectrum is not related to P and |7) is no longer an eigenvector introducing

additional challenges.

2.4.2 Implementing Quantum Walk Operators for Gibbs Sampling

We describe the implementation of quantum walk operator for stochastic case here. For
full gradient case, we just need to replace the oracle to full gradient oracle. We use the

stochastic gradient oracle Og, to prepare the following state,
[%)10) = |x) [VF(x)) . (2.76)

Since the transition density of unadjusted Langevin algorithm is Gaussian, then one step
of the walk can be implemented efficiently on a quantum computer using first Box-Muller

transformation [CCH*23] and applying a shift operation based on the gradient.

%) [0) = [%) /Rd dy /Pxy [¥) (2.77)

where

1 d/2 v 2
= (50) el (2.78)
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The query complexity of this operation is O(B) due to B gradient evaluations required
to implement the oracle in Equation (2.76). Note that the we present the quantum states
and operators in the continuous-space representation. The analysis in continuous-space
simplifies the analysis, while the implementations are always in a discretized space (as
we only have finite bits of precision for real numbers). We refer to [CCH'23] for the
error analysis caused by the discretization, which is not dominating other errors. For

quantum MALA, we update the target register conditionally similar to [CLL*22].

Remark 2.4.1. As opposed to a family of quantum machine learning algorithms where
the data needs to be encoded into a quantum state, our sampling algorithms uses the
data by the gradient and evaluation oracles which are simulated classically. Since the
unitary evolutions only use constant number of calls to these oracles, our speedups are
not suppressed by other hidden costs such as input preparations etc. However, the overall
implementation of quantum sampling algorithm still requires a fault-tolerant quantum
computer that can implement the phase estimation circuit with high fidelity. It is an open

question whether these speedups can be implemented in near term quantum computers.

Next, we present our results for the sampling algorithms for continuous Gibbs

distributions.

2.4.3 Quantum Metropolis Adjusted Langevin Algorithm

The following theorem establishes the query complexity of quantum MALA algorithm.
Since it is a time reversible Markov chain, this result is obtained by characterizing the
spectral gap of its transition density using conductance analysis. Then the phase gap
of the quantum MALA algorithm scales as /2 for sufficiently small step size 7. Once
the phase gap is characterized, the rest of the proof is to combine it with the annealing
schedule.

For technical reasons, we set the domain Q = RN B(0, R) where R is sufficiently
large enough to show that the truncated distribution 7* in €2 is € close to the original
Gibbs distribution. More specifically, we work on sufficiently large but bounded domain
to show that the norm of the gradients are bounded and derive our results in terms of R.
The truncation is done by only considering the sum of projectors up to ||z|| < R in the
implementation of the quantum walk. Then we use the following lemma to characterize
R,

Lemma 2.4.2 (Lemma 6 in [ZXG21]). For any ¢ € (0,1) set R = R(¢/12) and let 7* be

the truncated distribution in 2. Then the total variation distance between ™ and m s
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upper bounded by |7* — || < €/4, where

1/2

_ 625dlog(4/2) 4dlog(4L/m) 4d+8y/dlog(1/z) + 8log(1/z)
R(z) = |max e , mp ; B )
(2.79)

The lemma below characterizes the conductance parameter of the classical MALA
algorithm constructed with stochastic gradients under given assumptions. Though similar
results are given for full gradient case in [MCJ*19], we use the stochastic version and
remove B dependent condition on the step size when we apply this lemma in full gradient

case by setting B > d.

Lemma 2.4.3 (Lemma 6.5 in [ZXG21]). Under Assumptions 2.1.1 and 2.1.2, if the step
size meets the condition n < min {35(Ld + (LR + G)?8d/B)]7', [258(LR + G)*|7'}, then
there exists absolute constant ¢y such that, the conductance parameter ¢ for Metropolis

adjusted Stochastic Langevin Algorithm satisfies,

¢ > cop\/n/B, (2.80)

where p is the Cheeger constant of the truncated distribution m*.

The following lemma is useful to characterize the phase gap of quantum walk operator
for a reversible Markov chain in terms of its conductance parameter and it is the source

of the quantum speed up for mixing time for reversible chains.

Lemma 2.4.4. Let QQ be a reversible Markov chain with conductance parameter ¢(Q)
and let eigenvalues for the transition density of @ be Ao =1 > |Ai| > [Ao| > -+ > |\l
Let W be a unitary quantum walk operator constructed with the transition density of Q).

Then the phase gap A(W) = 2arccos |A\{| is lower bounded by,
AT > V36(Q) (281)

Proof. Let v(Q) = 1—\; denote the spectral gap of ). Using Cheeger’s inequality [Che71],

7(Q) can be bounded in terms of the conductance parameter,

29(Q) < 9(Q). (2.82)
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Let 6 = arccos |A;|. Then we can write,

A(W) > [1— ¥ =2,/1- X3 > 2/7(Q). (2.83)

By combining Equation (2.82) and Equation (2.83), we obtain A(Q) > v/2¢(Q). O

Having established the phase gap of the quantum walk operator associated with

quantum MALA algorithm, we are now ready to prove the following theorem.

Theorem 2.4.5 (Quantum MALA). Let 7 oc e #f&) denote a probability distribution with
inverse temperature 3 > 0 such that f(x) satisfies Assumptions 2.1.1 and 2.1.2. Then,
there exists a quantum algorithm that outputs a random variable distributed according to

W such that,
TV (p,m) <, (2.84)

using O <5dp_1cgsll> queries to Ovy and Oy.

Proof. Let |uo) , |p1) 5 -y |piar—1) be the series of quantum states described in Lemma 2.3.1.
We start with the preparation of the initial Gaussian state |pp) which can be done
efficiently by applying the Box-Muller transformation to the uniform distribution state
(see Appendix A.3 in [CCH"23] for more details). Then, for each i € [0, M — 2], we drive
each state |p;) to |ui+1) using 7/3-fixed-point amplitude amplification algorithm [Gro05].

The amplitude amplification uses the following reflection operators,

Vi = €™ | i) (il + (1 = s {al), (2.85)

Vier = €3 i) (il + (I = |iga) (pisal)- (2.86)

Each state |u;) is the unique eigenvector of quantum MALA operator U; for f;(x) =
f(x)+ % since the classical MALA is time reversible and its stationary distribution is

(3

;. Therefore, the operator |u;) (u;| is a projector operator to the eigenstate of U with
eigenphase 0. Then, by Corollary 4.1 in [CCH*23], the operator V; can be implemented
with e accuracy using O(1/A(U})) calls to controlled-U* operators where A(-) is the
phase gap. By Lemma 2.4.3, Lemma 2.4.2, and Lemma 2.4.4, A > p\/m for step
size smaller than O(min{d~", 3~'}). Then, using O(p~n~/2p) calls to controlled- U}

operators, we can implement a quantum reflection V; such that,
IV = Vill <e, (2.87)
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for each i. Then, given |u;), we can drive |u;) to |fiis1) using constant number of V;

operators because,

| (pil i) | > (1), (2.88)

such that || |ft;4+1) — [i41) || < €. Then we apply the same steps M times to drive g to
7w with at most error €. Note that the error in each step does not accumulate linearly.
This is because we can drive [i; to ji;;1 with logarithmic cost in applying reflection
operators. Since M = O(cidV/d), the total complexity of the annealing procedure is
O(d?epdip~'n~2B) = O(crdp~'8d). Each U* operator can be implemented using
constant number of calls to full gradient and evaluation oracles, the algorithm uses

O(cpap~ ' Bd) full gradient and function evaluations. O

2.4.4 Quantum Unadjusted Langevin Algorithm

Since unadjusted Langevin algorithm is not a reversible chain, we cannot follow the
same procedure since there is no direct relation between the spectral gap and the mixing
time of the quantum algorithm. Our quantum algorithm follows the same procedure
as in quantum MALA algorithm, however we implement the quantum walk operators
using the transition density of ULA algorithm instead of MALA algorithm. Let U* and
U be the quantum walk operator associated with quantum MALA and quantum ULA
respectively. The key idea in our proof is to show that for sufficiently small step size 7,
the operator norm of the difference ||[U* — U|| < O(nd). Then, using this one step error
between quantum walks and due to the fact that error accumulates at most linearly with
K, the total discrepancy between two algorithms becomes @(ndK ) where K is the total
number of calls to U* in quantum MALA algorithm with the same step size. Finally,
we set the step size sufficiently small so that the total error between two algorithms are

1/2

smaller than e. Since K is proportional to 1/n'/# this allows us to characterize K.

Lemma 2.4.6. Let U and U be two quantum walk operators associated with two classical

Markov chains on Q with transition densities P and P, respectively. Then,

where H(P(x,-), P(x,-)) denotes the Hellinger distance between the probability densities
P(x,-) and P(x,-) for any x € Q.

Proof. Let pxy = P(x,y) and pxy = P(x,y) =. We first define the following quantum
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states,

[1hx) = D /Py 1) [ (2.90)
() = 7 /By %) 1) (2.91)

Then, using the definition of quantum walk operators, the spectral norm of difference of

operators can be bounded as,

U =01 = 152 3 ) o] = 1) = (2 32 ) (] = D] (2.92)
<23 ) o] —XGZQ\M (vx] (2.93)
< 2] 2 (s = o) Gl - 3 [ (G — () (2.94)
<20 37 (1) — ) (el | + 2] 30 () = [9)) (|, (2.95)

XEN xEN

where the first inequality is due to unitarity of S and the third inequality is due to

triangular inequality. Let |¢) and |¢’) are the states defined as the maximizers,

() = 1450 | = a3 () — 1950) sl (2.96)
and
> (1) = [t)) (U = max S (1) = [thse)) (Wl (2.97)

xeN x€e€)

Notice that, for any x € Q, we have (¢y|ihy) = 0yy and (y|thy) = dyy. Therefore, we
can write [6) = 3 ex [) + |€) and [¢) = 3 & |t) + [6) where (€) = (€lux) = 0

xXE
for all x € (2. Hence,

v -0l <2 > xl ) = 1))

X

S el [) — 1) \ (2.98)

< dmax || [1h) — i) || (2.99)

2
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Finally, we can write,

1) = ) | = | /By = V) 13019 (2.100)
y
N\ 2
= (Z(\/pxy — \/Pxy) ) (2.101)
y
< V2H(P(x,.), P(x,.), (2.102)
where the last step follows from the definition of Hellinger distance. O]

To be able to apply Lemma 2.4.6, we bound the Hellinger distance between the
probability distributions of MALA and ULA algorithm through the following lemma.

Lemma 2.4.7. Let P and P* be the transition densities for Unadjusted Langevin
Algorithm (ULA) and Metropolis Adjusted Langevin Algorithm (MALA) respectively.
Then under Assumptions 2.1.1 and 2.1.2 and for step size n < d(B(LR + G)*)™1,

max H(P(x, ), P(x,.)) < 4ndL, (2.103)

where G is a positive constant that satisfies |V f(0)| < G.

Proof. Let pxy = P(x,y) and py, = P*(x,y) =. For the sake of the proof, we use the

lazy version of the Markov chains as it does not change the stationary density. Let
_ lly=x+nV ()|
2

Gxy = W exp( s ), then we can write
1 1
Pxy = §5xy + 5(]xy7 (2104)
and
(¥ )Py, if x #y

o . 2.1
Vo = bt X pell-anla) dEx=y [ (2.105)
VA

where 0y, is Kronecker delta function and ax(y) is the acceptance probability given by

exp(—Bf(y) - WW)) . (2.106)

—x+nVf(x)|]?
exp( )~ B

ax(y) = min (1,
By this definition, ax(y) < 1. Suppose ax(y) > 1 — e(x,y). Then for x # y,

(\/Zgy - \/]Ty)2 - pxy(1 - \/a_xy)2 (2.107)
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< pey(1— /1 elx.y))? (2.108)

< prye(x,¥)?, (2.109)

where the second inequality is due to the fact that for 0 < u <1,

= V1I-u)(l+V1-u) 1—(1—u) u
L-vi-u= (1+v1+u) Tt Vite 1eviza v (2.110)
For x =y,

(\/Pry = VPxy)” = Pxy (J 1+ Ep;y(o"‘(y» = 1) (2.111)

< Py (1 L1 Eg’;(a"(y» - 1)2 (2.112)

(1 —E,,, (ax(y)))
< s (2.113)
< W (2.114)

where the second inequality follows from v/1 4+ u < 143 for u > 0 and the third inequality

holds since pxy > % for x =y because of laziness of the Markov chains. Therefore,

[ = VB Ay = [ (i = VB Py + [ (=) (o — VB ) dy

(2.115)
<E,,,(e(x,y)?) + pry(eéx’ o 2110
< Bo (0, 9)°) | B (e(x,9)) (2.117)

where the extra factors of 1/2 and 1/4 in the second inequality comes from the laziness

of the chain. Now, we need to bound e(x,y). Starting from

exp(—Af(y) — PO
exp(—f(x) - F=GE)

_ exp<—5(f(y) ) = Y =X V) £ Vf(X)>;7772HVf(Y)HQ - nQHVf(X)HQ)>

ax(y) = (2.118)

(2.119)
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Lilx — v 2 2 _ 2 2
e _BEI=YIE BRIV IO = RIS, 210
2 4n
Llx —yl? L(L —
T _
2 2
The second inequality holds because of the smoothness of f(x) since,
Lx —y|?
F60 < F3) + {y — . V() + A YIE (2,129
Ll|x —ylJ?
Fy) < £60) + b -y, V) + I (2.124)
which implies the following inequality
1 Ll|x — yl|?
1)~ 160 — Sty %9160 + Vo < I 05
To obtain the third inequality, we use Lemma 2.3.3 to show that,
Vi)l <G+ Lix|| < LR+ G, (2.126)

where the last inequality is due to fact that the domain is a ball with radius R. Then,

IVFI? = IV = IV (x) = VI@INVx) + V) < 2(LR+ G)L]x —y].

2.127
Consequently, e(x,y) < BLHXQ_‘VHQ + ML(LREG)HX_"”. Finally, we need to bound ( |
/(\/Zgy _ \/ﬁxy)Q dy < EQ(xv')(Z(x’y)2) i Eq(x7-)(e8(XaY)>2 (2.128)
< gEqu(e(x,y)Q) (2.129)
<, (BLHXQ— yI* | BnL(LR + Gl yu>2 (2.130)
< 2P LBy I~y + S LA(LR + VB I~ I,

(2.131)

where the second inequality uses Jensen’s inequality due to convexity of e(x,y) and the

last inequality is due to Young’s inequality. Next, we need to compute the expectation
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Blly—x+V f(x)]|?
n

values. Notice that since gxy is a Gaussian, the variable is a chi-squared

distributed random variable with mean d and variance 2d.

Eqg 1% = ¥1I* = Eg X =y + 0V f(x) =0V f(x)]? (2.132)
< 2B, [[x —y = nV f(x)|]* + 20°Eq,, [V £ () || (2.133)
< 2nd/B +2n*(LR + G)? (2.134)
< 4nd/B, (2.135)
since the mean of chi squared distribution is d and n < W‘LG)? Furthermore,
EQxyHX - y”4 = VarquHX - y”2 + (EquHX - yH2>2 (2136)
< 24P/ 8% + (4d/ B)? (2.137)
< 2dn?/B* + 160*d*/ 52, (2.138)

since variance of chi squared distribution is 2d. Putting things together, we have for any
x € (),

- 5dn*L? 5n3dBL*(LR + G)?
H(P(x,-), P(x,-))? < 1 + 10221 + 21 b (2 +6) (2.139)
< 16n*L*d?, (2.140)
for n < W‘ﬂrG)Q. Hence, H(P(x, ), P(x,-)) < 4ndL. []

As the quantum walk operator is the basic building block of the reflection operators
used in amplitude amplification, we present the following result to relate the error in

quantum walk operator to the projection operators.

Lemma 2.4.8. Let W be a unitary operator with phase gap A and assume that W has

a unique eigenvector |1g) with eigenvalue 1. Suppose that we have W such that,
W —W| <. (2.141)

Let TI_n and Il be operators that project any quantum state onto the space of eigen-

vectors of W and W with phases smaller than A respectively. Then,

~ o
IHea = Teall < 5 1 (2.142)

47



Proof. Let W =Y e%9m |a),,,) (| where ¢g = 0. Similarly, let W=y 2i%m |7,Zm> <1LW|

W60 = 0l =[S (1= ) 1) (Gl (2,143
=2 [1- 25 2| (Gt (2.144)
> ¥ - 2 | (o) (2.145)
> 162:/% > [l (2.146)

m‘ngA

where the second inequality is due to |1 — €| > 2|z|/7 whenever —7 < x < 7. Since
W — W|| <4, we have

6272
T 16A2°

> | @l =1

77'L:(£m<A

(2.147)

Let |x) = ag 1) + a1 ’wé> be an arbitrary quantum state such that aj,as € C and

|a1|? 4 |ae]|? = 1. Then due to triangular inequality

T [x) = Tea 1) | < laollITea o) = [TT_x [t} | + oa[ITTea |55 ) — Tlea |ti3) |l

(2.148)
We first focus on the first term:
ITea o) — Taa o) | = [l 1wo) = 3= 1) {mlibo) | (2.149)
m:pm <A
- 1/2
=(2-2 X |Galwlf) (2350)
m:(;;m<A
om
<A (2.151)
Similarly, for the second term,

i fud )~ Bea |t I = | £ 1m) Gl (2152)

mipm <A

- 1/2

_ ( > mewf) (2.153)

mipm <A
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—(1- T Eeyr)” sy

mi)mzA
o
< —. 2.155
<A (2.155)
Since both terms are smaller than f—g, we conclude that for any state |y), the projectors
are at most d7/(4A) apart in spectral norm. O

Next lemma quantifies the number of required controlled-U operators to implement

the reflection operators.

Lemma 2.4.9. Let U be the quantum walk operator associated with Unadjusted Langevin
algorithm. Under Assumptions 2.1.1 and 2.1.2 the reflection operator V = €™/3 |7} (x| +
(I — |7 (x]) can be implemented with € accuracy in spectral norm using O(p~'fdLe")

controlled-U operators.

Proof. Let P* and P be the transition density of Metropolis Adjusted Langevin algorithm
and Unadjusted Langevin algorithm respectively. Let U* and U be the quantum walk

operators built using P* and P respectively. We can write U* in spectral form:
U* =" e* b)) (thm] - (2.156)

The phase gap A of U* is defined to be 2|¢;|. Since P* is a reversible Markov chain,
U* accepts |m) as its eigenvector with eigenvalue 1. Furthermore, |7) is the unique
eigenvector of U* with eigenvalue 1 (see [MNRS07] for more details). Notice that, R can
be written as,

V=P + (1 —113), (2.157)

where IT’ is the projector that projects any quantum state onto the eigenstate of U* with
eigenphase smaller than A. This is because the only eigenvector of U* with phase smaller
than A is |r). This operator can be implemented in e accuracy using techniques such
as quantum singular value transformation technique introduced in [GSLW19] or phase
estimation based method ( [MNRS07]) using O(1/A) calls to quantum walk operator.

Suppose that we replaced each U* with U and implement the following operator instead:
V =™ + (I — ), (2.158)

where II is the projector similarly defined for U which is the quantum walk operator

constructed for the unadjusted Langevin algorithm. Therefore, we can characterize the
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error,

IV =V < 2|1} - T (2.159)
|U = U]

< —. 2.160

- 2A/7w ( )

The last inequality follows from Lemma 2.4.8. By Lemma 2.4.4 and Lemma 2.4.3,
A(U*) > copy/2n/ B for step size smaller than O(d~'5~1). Therefore,

IV = V| < col6v2mndL/A (2.161)
< ¢colbm\/2nBdL/p, (2.162)

where the first inequality is due to Lemma 2.4.6 and Lemma 2.4.7. Therefore, by setting
E2 2
n < m, we have
|V =V <e (2.163)

The total number of calls to U is O(1/A) = O(p~'n~?/571/2) = O(p~'BdL/e). O
We are now ready to prove the query complexity of quantum ULA algorithm.

Theorem 2.4.10 (Quantum ULA). Let © < e /™) denote a probability distribution with
inverse temperature 8 > 0 such that f(x) satisfies Assumptions 2.1.1 and 2.1.2. Then,
there exists a quantum algorithm that outputs a random variable distributed according to

W such that,
TV (u,m) <, (2.164)

using O (ﬂd?’/Qe_lp_lciéI) queries to Oyy.

Proof. Let P*(x,y) = py, and P(X,y) = pxy denote the transition densities of MALA
and ULA algorithms respectively. Similarly, let U* and U be the quantum walk operators
associated with P* and P constructed. We use the same algorithm described in proof
of quantum MALA algorithm. That is, we iteratively drive each state |u;) to |fi41)
using 7/3 fixed point amplitude amplification algorithm. However, since accessing U*
requires evaluation oracle, we instead use U to implement the reflection operator inexactly.
The reflection operators can be implemented using @(p_1 BdLe™!) calls to controlled U

operator by Lemma 2.4.9. Since the length of annealing schedule in Lemma 2.3.1 is
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O(crgrV/d), the total complexity is O(cpap~'d*?Be"). Implementing U only requires

full gradient oracle constant number of times, we establish the result. O

2.4.5 Quantum Unadjusted Langevin Algorithm with Stochastic Gra-

dients

The construction for the stochastic quantum ULA algorithm is similar to quantum ULA.
The stochastic ingredient here is realized by replacing full gradient V f with a stochastic
gradient g, = % > kese V fr in implementing the quantum walk operator where S is a
batch randomly uniformly drawn from the set {A C [N]: |A| = B}. The next theorem
quantifies the query complexity of stochastic quantum Langevin algorithm with respect
to stochastic gradient oracle. The proof of the query complexity is similar to ULA,
however, due to noisy gradients, we need to use matrix concentration to show that the
quantum walks are close to each other with high probability for sufficiently small step
size.

The next lemma characterizes the expectation value of U, over ¢ with respect to a

deterministic unitary U.

Lemma 2.4.11. Let U, = 5(22 [P ONpB| — I) be a quantum walk operator where

|p®y = >y \/p,(f}), ly) is a quantum state constructed with stochastic gradient g,. Let
U= 5(2 > [0x) (Vx| — I>. Then, we have

U — Ul < 6 max ||y [117) — [1hx) . (2.165)
Proof.
1EcUe = Ul < 2B 37 [s?) (571 = 3 looe) (0 (2.166)
= 2B 3 1) (0] = () + 210D = i) (v (2.167)
< 2B 3 1) (W] = (W) \ #2210 = i) (vl |, (2:168)

where the second inequality follows from triangular inequality. First, we focus on the
second term,

l

Ee Y ([09) = vx)) (v

X

= max
)

Ee (W) — 1)) () (2.169)
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We can expand the state that maximizes this equation as |¢) = > ¢x |¥x) + [€) where
(Elhx) = 0 for any x € Q. This is true because (¢x|1)y) = dxy. Therefore, (¢x|p) = cx.
Then,

1/2
— (S lexPIIBe 1) — 1) 1) (2171)

X

Ee > (195 = ) (¥l

Eed o0l - |¢x>)H (2.170)

< max (B¢ [00) — ) ) (2.172)
= max |[E [9{7) — [¢) || (2.173)

Again, the first equality is due to (¢¥x|t)y) = 0xy and the first inequality is due to fact
that 3" |ex|> < 1. The first term can be written as

:

-

By [950) (0] = (ux) Ee > (1950) = 1)) (] — (W) (2.174)

FEY i) (@] = ()| (275)
< 2B (90— (01 - )| (2176)
+ 2B 3 ) (0] = () (2177)
The second term is bounded by maxy ||, — Ep)|| and the first term,
B 0l = WON (Gl - <¢,<f>|>H (2178)
< mpx|[Be(l1) — [N ((wd — (WD) (279)
— maxmax |Eq(li) — [6) (el = (671 19) | (2180)
< mgx [Eel(ie) — [0, (2181)

the first inequality is due to the fact that for different x,y € Q, ((¥x] — (O|)(|1by) —
|w§,£))) = 0 and the last inequality is because |((x| — (W) @) | < 1.
[

The next lemma is the application of Lemma 2.4.11 on quantum Langevin algorithms.
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Lemma 2.4.12. Let U be the quantum walk operator for unadjusted Langevin algorithm
computed using exact gradients. Let U, be a quantum walk operator for unadjusted
Langevin algorithm constructed by computing the gradient on random mini batch ¢ of

size B. Then, under Assumptions 2.1.1 and 2.1.2, we have
|EU, — U|| < 6v2nB(LR + G)d'?/B"?, (2.182)

where G is a positive constant that satisfies |V f(0)] < G.

Proof.
U — EU|? (2.183)
< 36 ma o — B0 (2.181)
<s6max| [ dy (Vixy —Ee/oly) X)) IP (2185)
=36 max </y€Rd dy pxy + /ye]Rd dy (Eg\/]zy)2 — 2]Eg/ . M) (2.186)
< 36 max ( /y VP +Ed /y . dvrly — 2E, / dy M) (2.187)

= 36 max (2 _9R, /y LAy /pxypfcy> , (2.188)

where the first inequality is due to Lemma 2.4.11 and the second inequality is due to

Jensen’s inequality since square root is a concave function.

/ dy \/PxyPiy (2.189)

y€ERd
1 _ 2 _ 2
/eRd dy eXp<_||y x + V)] )exp<_|!y X + nge(x) || )

~ (4mn/B)72 Jy 4n/B 49/
(2.190)
oy [ 2y = X[+ 200y = x, V(%) + g0(x)) + [V () [* + n°g:(x)?
(47r77/6 )42 eéd v p( dn/pB )
(2.191)
1 o[ My =x 0V + g ()22 RPIVIE) — ()]
~ (4m/B) d/Q / dy p( 2n/B ) p( 2n/B )
(2.192)
= oo _TIVI) = gel)I
_ p< 2 ) (2.193)
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where E[g¢] = Vf. Therefore,

|U — EU,||*> < 36 max (2 —2E exp(-n2|wf(;$/_ﬁge(xw2>> (2.194)
< 36(2 — 2exp(—n’B*(LR + G)*/B)) (2.195)
< 72n*dB* (LR + G)*/B, (2.196)

where the first inequality follows from lemma B.2 from [ZXG21],
E exp({a, go(x) — V) < exp(M?|la]3/B), (2.197)

where M is the upper bound on ||g,(x) — V f(x)|| with batch size B. O

The next lemma upper bounds the difference of two random unitary quantum walk

operators.

Lemma 2.4.13. Let Uy, and U,, be two random gquantum walk operators constructed
with two different stochastic gradients g, and gy, for unadjusted Langevin algorithm.

Then, under Assumptions 2.1.1 and 2.1.2, we have

1Ue, — Ul < 8y/nB(LR + G)?, (2.198)

where G is a positive constant that satisfies ||V f(0)| < G.

Proof. By Lemma 2.4.6, the difference of quantum walk operators is bounded by,
1T, = Us||* < 32max H(Py,, Pr,)*, (2.199)

where P, and Py, are Gaussian transition densities of ULA computed with gradients
on mini batches ¢; and /5. This is squared Hellinger distance between two Gaussian
distributions with the same variance and different mean. This is a known result [Parl18§]

and equal to following.

(2.200)

H(P,, Pr,) =1 —exp <_772H951 (x) — Qez(x)||2> < 7°llge, () — geQ(X)H?.

2n/p 2n/B

Since |V f(x)|| < L||x|| + G < LR+ G, ||ge, (X) — g, (X)|] < 2(LR + G), therefore for any
x € (),

1Ue, = U, |I” < 64(LR + G)*n. (2.201)
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Taking the square root, we obtain the result in the statement. O]

Finally we prove the following theorem to conclude the analysis of stochastic quantum
sampling algorithm.
Theorem 2.4.14 (Quantum ULA with stochastic gradient). Let m oc e /™) denote
N
a probability distribution with inverse temperature 5 > 0 such that f(x) = % > fr(x)
k=1

satisfies Assumptions 2.1.1 and 2.1.2. Then, there exists a quantum algom'th_m that

outputs a random variable distributed according to p such that,
TV (u,m) <, (2.202)

using O (B2d3/26_2p_205311>1 queries to Og; and each Og; involves O(d) gradient calcu-

lations.

Proof. Let U, be a unitary quantum walk operator defined as,
Ue=5(25 [0) (W01 - 1), (2.208)
where [} is the state,

) =S Vp9 o) Iy). (2.204)

where pﬁfb), =1 47”17 78 exp(—%), and gy is the stochastic gradient computed on

randomly selected data points of size B, i.e.,

9e(x) ;:;‘ > Vii(x). (2.205)

i€S,C[N]

The number of gradient evaluations for implementing unitary Uy is O(B) since we only
need to compute gradient on B data points. The key idea in proof of the quantum ULA

is the fact that the following operator can be implemented using controlled-U operators:
V = eI, + 113, (2.206)

where A is the phase gap of quantum MALA walk operator. Suppose that we replace
every controlled-U operator with a unitary U,. Note that each U in the circuit might be

1As each Og 7 uses O(d) gradient calculations, the number of total gradient calculations scale as d°/2
as shown Table 2.1.
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possibly replaced by different unitary due to randomness of stochastic gradients. Let’s
denote this circuit by V. Now, we show that with high probability ||V — V|| < € for
sufficiently small step size. Since the algorithm uses 1/A(U*) calls to U,

~ 1

IV =EW)l < £IU" — EUl (2.207)
1

< JNU =T+ U =~ Bl (2.208)

< (p~'/B/mmdL + (p~"\/B/m)(nB(LR + G)\/d/B) (2.209)

_ p_lnl/Qﬁl/QdL+p_163/2771/2(LR~|—G’)dl/Q/Bl/Q. (2.210)

Setting 7 < min ( <p B

2ﬁd2227 453d(LR+G)2) and B = d, we guarantee that,

|V —EV| < €/2. (2.211)

Next, we use the McDiarmid’s inequality to obtain high probability bound:

P(|[V —EV|| > ¢/2) < 2exp (—M) (2.212)
< 2exp (_ 251/26?2717112[]62“2) (2.213)
< 2exp (_ 12851/;;27(7;/; + G>2> (2.214)
_ 2exp<— 12853/277;2&[{ . G)2>. (2.215)
Setting n < m, guarantees that with at least constant probability,
|V —EV| < e/2. (2.216)

The probability can be boosted in logarithmic number of steps to obtain high probability.
Therefore, with high probability,

|V =V| <||V-EV|]+]|EV - V| <e (2.217)
Then, to implement the operator V' up to e accuracy with high probability, we need

O(1/A) = (p~'9'/2B7Y2) = O(p=2dB/e?) calls to U,. Since each U, requires B = d

gradient computations and we need to prepare @(cgsll\/a) reflections, the total gradient
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complexity is O(cpap=2d*/?/€?). O

Remark 2.4.15. In a special scenario where an initial quantum state that has at least
constant overlap with |7) is provided (e.g. a constant warm state), it is possible to
obtain an additional speed up in d dependence by saving up to O(d"/ 2¢r41) using a single

Markov chain instead of using simulated annealing.

Remark 2.4.16. The dependency on the isoperimetric constants for quantum MALA,
ULA and stochastic ULA are p~'cigp, p~lerg; and p~2cpg; respectively as given in the
Theorems 2.4.5, 2.4.10 and 2.4.14. On the other hand, the dependency for the classical
algorithms in Table 2.1 are ¢, cig; and p~%. Unfortunately, there is no tight relation
between cpgr and p and this makes hard to make comparison without further structure
on f. Although it is not fully rigorous, it is still possible to make a comparison by
converting both Cheeger constants and log-Sobolev constants to Poincare constant (c,)
which is another way of expressing the global properties of the function landscape. Using
p > Qd~'%c,), and e > ¢, [Bus82], we can show that quantum algorithms have
the complexity d*/ 20; 2 db/ 20; 2.d7/ 20; 3 for quantum MALA, ULA and stochastic ULA.
On the other hand, the classical complexities become d?c,?, dc,? and d°c,*. Note that
this conversion does not change ¢ dependency. Hence, our quantum algorithm have the
same dependency on ¢, for MALA and ULA, whereas it has better dependency (c; 3
Vs ¢, 1) for stochastic ULA. As claimed in the main text, by expressing the bounds in
terms of ¢,, we also maintain the improvement in d for MALA and stochastic ULA.
Unfortunately, Buser’s inequality is not always tight and this argument both loosens
classical and quantum bounds. For the sake of keeping the bounds sharp, we did not
include this kind of comparison in Table 2.1.

We also note that in the most general case, the isoperimetric constants may be
exponentially small on d, L and b. Therefore, in stochastic case, we might obtain a
significant speedup. However, since the runtime is dominated by c;s; and p~!, the
dimension speedup for quantum MALA may not be as important. However, for certain
non-convex functions encountered in machine learning, the dependency on d might not
be exponential. For example, for locally non-convex function, which models the Gaussian
mixtures, considered in [MCJT19)], ¢, 4, scales as O(exp(LR?)) where R is the radius of

the non-convex region.
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2.5 Partition Function Estimation

Computing the partition functions in low temperature regime is a challenging problem
that has applications in convex geometry [CCH™23], linear algebra [JSV04], and graph
theory [SVV09]. Even though computing the partition function exactly is a # P hard
problem, it can be approximated up to a multiplicative constant using MCMC methods.

In this section, we describe the method and analysis for estimating the partition

function for a non-logconcave distribution defined as,

Z = e~ dx. (2.218)

x€R4

The partition function can be estimated using the following telescoping product:

M .
Z:Zlﬂzgl,

=1

(2.219)

where Z; is the normalizing constant of the distribution p; o exp(—}”gxg2 +f (X))

and Zy1 = Z where 01 < 09 < --- < o) and opp; = 00. We then approximate

M
AVESE AN % = Z1 11, By, lgi), where

=1
1/1 1 9
gi = eXP<2 <022 - 01'2+1> HXH ) (2‘220)

for i € [M] where o; is defined in proof of Lemma 2.3.1. To be able estimate this product,
we use the technique proposed by [CH23]. Their idea is to estimate each expectation in
the product using nearly unbiased quantum mean estimation. Since each term in the
product can be estimated faster on a quantum computer than the classical counterparts,

the overall algorithm both exploits the fast mean estimation and sampling.

Theorem 2.5.1. Let Z = [, e ™) dx be the partition with f(x) function satisfying
assumptions Assumptions 2.1.1 and 2.1.2. Then, there exists quantum algorithms that

output an estimate Z such that,
1-Z<Z<(1+eZ (2.221)
with probability at least 3/4 using,
. 0 (d5/46_1p_1c]jsll) queries to Oy and Oy, or
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.« O (d7/4e*2p*105511) queries to Oyy, or
. O (d11/4e*3,0*205811> queries to Og;.

Before we prove the main theorem for partition functions, we give the following
lemmas. The following lemma shows that Z; can be estimated up to € multiplicative

constant from a Gaussian.

Lemma 2.5.2 (Lemma 3.1 of [GLL20]). Letting o} = 55, it holds that

€ — x| — x|
1—7/ dx < Z </ dx. 2.222
( 2) xeRdeXp< 207 ) T =N feera TP\ T202 ) (2.222)

The next lemma uses unbiased quantum mean estimation to compute the product of

¢ random variables.

Lemma 2.5.3 (Theorem 3.3 of [CH23]). Let B > 1 and € € (0,1). Consider a sequence
Xy, , Xy of £ independent random variables with support size n, bounded relative
]IEE[[X{’?Q < B and bounded fidelity | <7rX,L. 7TXZ.+1> |2 > 1/B for alli. Denote
their product as X = Xy ... X,. Then, there exists a quantum algorithm that outputs a

second moment

multiplicative-error estimate p such that

¢

55l

1=1

< ¢ [f[ XZ} (2.223)

1=1

with probability at least 2/3. It uses O(B) copies of |nx,) and O(B*(*/? /e + Bllog(n))

reflections through the states |ux,) .-+ ,|7x,) in expectation.

Finally, we combine our sampling algorithms with the annealing schedule and product

estimator to obtain our result for the partition function estimation.

Proof. By Lemma 2.5.2, we can estimate Z; with € accuracy using normalization constant
of Gaussian distribution with variance o?. Then, we show that g; has constant relative
variance for all i € [M]. Since the partition function can be written in telescoping product
given in Equation (2.219), we can use Lemma 2.5.3 to estimate the remaining product

up to e multiplicative constant with high probability. First, for gy,

5 oxp (= o )| B fosp (g )| (2220
< O(exp(dL/(majycis))) (2.225)
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by Lemma 2.3.4. Setting 02, = Q(y/dL/(mcig)) implies 75 “ M[LgAJQ;f]L < O(1). Similarly, for
KM
i1, M—1],

E,, g2 _ Er [exp (=452 x]2) | Ex [exp (55 xI)]
E.lg)? (Ex[exp(—[[x][/2)])?
< O(exp (dLa2/(mciSI)) (2.227)

(2.226)

by Lemma 2.3.5. Therefore, for a? = O(mcig/(dL)), Iltiii[i?? < O(1). Having established

that the relative variance is constant for all g;, by Lemma 2.5.3, we conclude that the

product form can be estimated by using O(M?/?/e) = O(d**/e) reflection operators.
We can choose quantum MALA, quantum ULA or stochastic quantum ULA algorithms
to implement the reflection operators. Since the complexities given in Theorem 2.4.5,
Theorem 2.4.10, Theorem 2.4.14 are the complexities of implementing reflection operator
times M, we just need to multiply these results with O(M'/?) = O(d'/*) to conclude the
proof. O]

Unfortunately, we are not aware of any classical algorithm for computing the partition
function under the same assumptions as ours, therefore we are unable to make a solid

comparison.

2.6 Conclusion

We have analyzed algorithms for quantum sampling and estimating partition functions
for non-logconcave distributions by quantizing popular techniques in classical sampling
literature. We believe our techniques and analysis can be useful tools for developing
future quantum Monte Carlo algorithms especially based on non-reversible chains. We

list the following theoretical open problems for future work.

o Our quantum algorithms utilize the first order sampling methods used in classical
literature. It is known that underdamped Langevin algorithm is the accelerated
variant of sampling similar to Nesterov’s acceleration in optimization [MCC*19].
It is an interesting direction to analyze the possible quantum speedups using such
sophisticated classical techniques. Analyzing these possible quantum algorithms in
terms of other distance metrics such as Wasserstein distance or KL divergence is
also another challenge as these distance metrics are not invariant under unitary

transformations.
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« Langevin Monte Carlo algorithm is obtained by discretization of the continuous
stochastic differential equation known as Langevin diffusion. Analyzing the contin-
uous SDE in quantum domain directly might be another way of getting around

reversibility issue and we might obtain more efficient quantum algorithms.

o Fast forwarding of quantum Markov chains to obtain the transient dynamics rather
than its stationary density is also interesting direction and [AS19] proposed a
quantum algorithm to solve this problem for reversible chains. Using similar
perturbation analysis can potentially be used to show that non-reversible chains

can also be fast-forwarded under special settings faster than classical counterparts.
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Chapter 3
Speedups for Sampling and Opti-
mization via Quantum Gradients

In Chapter 2, we showed how to use quantum walk framework to obtain speedups for
Gibbs sampling using simple discretization of Langevin dynamics. In this chapter, we
follow a different approach to obtain speedups for the Gibbs sampling problem. Instead
of using quantum walks, we exploit quantum computers to speedup gradient estimation
which constitutes a major bottleneck for sampling for some potential functions. Our first
approach considers Gibbs sampling for finite-sum potentials in the stochastic setting,
employing an oracle that provides gradients of individual functions. In the second
setting, we consider access only to a stochastic evaluation oracle, allowing simultaneous
queries at two points of the potential function under the same stochastic parameter. By
introducing novel techniques for stochastic gradient estimation, our algorithms improve
the gradient and evaluation complexities of classical samplers, such as Hamiltonian Monte
Carlo (HMC) and Langevin Monte Carlo (LMC) in terms of dimension, precision, and
other problem-dependent parameters. Furthermore, we achieve quantum speedups in
optimization, particularly for minimizing non-smooth and approximately convex functions
that commonly appear in empirical risk minimization problems.

This chapter is based on [OLMW25], joint with Xiantao Li, Mehrdad Mahdavi and
Chunhao Wang.
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3.1 Introduction

We continue considering the problem of sampling from a probability distribution 7 of

the form
eff(x)

- [e fxdx’

Our goal in this chapter is to efficiently sample approximately from 7 while minimizing

(3.1)

7(x)

the number of gradient queries in the finite-sum setting, i.e., f(x) = %z;;l fi(x), and
minimizing the number of stochastic evaluation queries in the zeroth-order setting, where
we have only access to noisy function values.

Recall that The Euler-Maruyama discretization of this Langevin diffusion equation

results in Langevin Monte Carlo (LMC) algorithm:

Xer1 = X — iV f(xe) + V264, (3.2)

where 7, is the step size and e, is isotropic Gaussian noise. Another method that is
commonly used in sampling is the Hamiltonian Monte Carlo (HMC) algorithm, which
uses the principles of Hamiltonian dynamics to propose new states in a Markov Chain. It
introduces the Hamiltonian H(x,p) = f(x) + 5||p||* with auxiliary momentum variables
and updates the position (x) and momentum (p) by simulating Hamiltonian dynamics,

which follows the equations:

dx OH d7p_ o0H

T op At ox (3.3)

Similar to LMC, in practice HMC is simulated by discretizing Equation (3.3). Although
effective, the computational cost of each iteration in these algorithms becomes prohibitive
when the computation of the gradient is costly, such as in the finite sum or zeroth-order
setting. To alleviate the computational burden, stochastic gradient-based samplers such
as Stochastic Gradient Langevin Dynamics (SGLD) [WT11] and Stochastic Hamiltonian
Monte Carlo (SG-HMC) [CFG14] have been proposed. Instead of computing the full
gradient, these algorithms use stochastic approximation to the gradient. For example,

the stochastic update for LMC becomes

Xip1 = X¢ — N8 + V21164 (3.4)

In the finite sum form, g; can be obtained by randomly sampling a component i € [n| and
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computing V f;(x;). In the zeroth-order scenario, a stochastic gradient can be obtained
by using finite difference formulas by evaluating the function at two close points [NS17].

While stochastic gradient methods reduce computation at each iteration, they intro-
duce variance into the gradient estimates, which can degrade the quality of the samples
and slow down convergence. Non-asymptotic convergence rates for SGLD and SG-HMC
have been analyzed extensively by [RRT17,XCZG18,ZXG21,DNR23] and [CFG14,ZG21]
respectively. In the finite sum setting, more sophisticated variance reduction tech-
niques such as SVRG [JZ13], SAGA [DBLJ14], SARAH [NLST17], and Control Variates
(CV) [BFFN19] have been used to reduce the variance of stochastic gradients by lever-
aging the gradient information from previous iterations. Although these methods were
originally introduced in the context of optimization, successive works have applied these
methods to improve sampling efficiency via LMC [DJRW*16, CFM*18 BFFN19, KS22]
and HMC [ZXG19,ZG21]. In particular, [ZG21] has incorporated various variance reduc-
tion techniques to SG-HMC and analyzed convergence in Wasserstein distance for smooth
and strongly convex potentials. In the non-log-concave setting, [KS22] has analyzed
the convergence of SVRG-LMC and SARAH-LMC for target distributions that satisfy
the Log-Sobolev inequality and applied their results to optimize structured non-convex
objectives.

In certain problems where the gradient is either unavailable or computationally
too expensive to query, one must often rely on noisy function evaluations, which can
significantly degrade performance due to the inherent difficulty in accurately estimating
the gradient from noisy function values. This scenario has been analyzed under various
settings in optimization literature [DJWW15,NS17,BG22,1.ZJ22|. For sampling problems,
[RSBG21] has analyzed the convergence of various discretizations of Langevin diffusion
algorithms both for strongly convex and non-convex potentials using the noisy zeroth-
order oracle. It is also worth noting that [DK19] has established the convergence of
sampling under inexact gradients; however, their analysis only applies when the bias and
the variance of the inexact estimates are bounded, which does not always hold in the
zeroth-order setting. Similarly, [YW23] analyzed the convergence of the inexact Langevin
algorithm in KL divergence under different assumptions on the score function.

Quantum computing has emerged as a powerful tool for tackling problems in computa-
tional science, offering potential speedups in various domains, including sampling and op-
timization. In the context of optimization, quantum algorithms such as multi-dimensional
quantum mean estimation [CHJ22] and quantum gradient estimation [Jor05, GSLW19]

have shown promise in reducing the computational cost associated with gradient-based
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methods [vVAGGdW20, CCLW20, 5723, ZZF 24, LGHL24|. These techniques are particu-
larly well-suited for addressing challenges in large-scale and noisy settings, as they can
provide more accurate gradient estimates with fewer queries. This work focuses on inte-
grating these quantum techniques to enhance the efficiency of stochastic gradient-based

samplers and alleviate the computational burden inherent in classical methods.

3.1.1 Main Contributions

o Speedups for Finite Sum Potentials: We propose novel quantum algorithms to
sample from Gibbs distribution for finite-sum potentials implemented via quantum
variance reduction techniques (Section 3.3). We prove that our algorithms improve
the dependency on n compared to classical state-of-the-art algorithms such as HMC
(Theorems 3.3.6 and 3.3.8) and LMC (Theorem 3.3.15) to approximately sample from

strongly convex and non-convex potentials, respectively (See Table 3.1).

e Quantum Speedups for Gradient Estimation via Stochastic Evaluation Oracle:
In the zeroth-order setting, where only stochastic evaluations of the potential function
are available, we develop new quantum gradient estimation algorithms under various
smoothness assumptions in Section 3.4. Our algorithm provides quadratic speedup

digz )

to @(d{) to compute the gradient up to € accuracy (Theorem 3.4.7) where o2 is the

when the potential function is smooth, reducing the evaluation queries from @(

variance of the noise as in Assumption 3.4.3. Furthermore, when the stochastic functions
are also smooth with high probability, we manage to shave off an additional d*/? term
(Theorem 3.4.12). This is achieved by combining quantum mean estimation with
Jordan’s quantum gradient estimation in a robust manner. Our gradient estimation
algorithms could be useful as independent tools, especially in zeroth-order stochastic
optimization.

e Speedups for Zeroth-Order Sampling: In Section 3.5, we combine our new quantum
gradient estimation algorithm with HMC and LMC algorithms and show that the final
algorithm uses fewer number of queries to evaluation oracle than the best known classical

samplers under the same assumptions (Theorems 3.5.1 and 3.5.2).

« Application to Non-Convex Optimization: In Section 3.6, we extend our quantum
sampling methods to optimize non-convex functions with specific structural properties,
demonstrating that faster sampling translates to provable speedups in complex optimiza-
tion tasks. In particular, we show that we can optimize non-smooth and approximately

convex functions, i.e. a function that is uniformly close to a strongly convex function,
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using fewer stochastic evaluation queries than the best known classical algorithms in

terms of dimension dependency (Theorem 3.6.6).

3.2 Quantum Mean Estimation

Quantum mean estimation is a technique to estimate the mean of a d-dimensional random
variable X up to € accuracy using @(dl/ 2/¢) queries, which is a quadratic improvement
in € compared to classical algorithms [CHJ22]. Although the quantum mean estimation
algorithm is biased, [SZ23| developed an unbiased quantum mean estimation algorithm.

2 unbiased

Specifically, for a multi-dimensional variable with mean p and variance o
quantum mean estimation outputs an estimate /i such that E[g] = p and E[||g— u|?] < 62

using O(d"/?¢ /) queries.

Definition 3.2.1 (Quantum Sampling Oracle). Quantum sampling oracle Oy of a
random variable X € Q is given by Ox |0) |0) — > xcq /Pr(X) |X) |garbage(X)).

Here, the second register contains |garbage(X)), which depends on X. The state
in the (auxiliary) garbage register is usually generated in some intermediate step of
computing X in the first register. It is important to note that the state in this quantum
sampling oracle differs from the coherent quantum sample state, as the former is entangled
and we cannot simply discard the garbage register.

The following lemma shows that the mean E[X] for a random variable X can be

computed quadratically faster than classical mean estimation with respect to oracle Ox.

Lemma 3.2.2 (Unbiased Quantum Mean Estimation [SZ23]). For a d-dimensional
random variable X with Var[X]| < % and some 6 > 0, suppose we are given access to its
quantum sampling oracle Ox . Then, there is a procedure QuantumMeanEstimation(Oyx, &)
that uses O (ﬂ%) queries to Ox and outputs an unbiased estimate [i of the expectation

w satisfying Var[ji] < 62.

In the next section, we analyze the trade-off between the error due to stochastic
gradients and discretization to quantify how much quantum mean estimation techniques
can provide speedups when combined with classical variance reduction methods such as
SVRG and CV.

!Convergence in KL divergence implies convergence in squared TV and Wy distances due to Pinsker’s
and Talagrand’s inequalities.
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Table 3.1. Summary of the results (some of the previous results use different scaling of f and
we convert the results to the same scaling as ours in the table). Here, we mainly focus on n
and e dependency. See Theorems 3.3.6, 3.3.8 and 3.3.15 for dependency on L, u, c, d.

Algorithm Assumptions Metric | Gradient Complexity
SG-HMC [ZG21] Strongly Convex W, O(ne?)
SVRG-HMC [ZG21] Strongly Convex W, On?3e 23 171
SAGA-HMC [ZG21] Strongly Convex W, O(n?BPe 23 4 1)
CV-HMC [ZG21] Strongly Convex W, O(e7?)
SRVR-HMC [ZXG19] Dissipative Gradients | Wy | O(n +n/2e2 4 %)
SVRG-LMC [KS22] LSI KL O(n +n'/2e 1)
SARAH-LMC [KS22] LSI KL O(n +n'/2et)
QSVRG-HMC [Theorem 3.3.6] Strongly Convex W, O(n'/2e=3/ - e71)
QCV-HMC [Theorem 3.3.8] Strongly Convex W, O(e3/?)
QSVRG-LMC [Theorem 3.3.15] LSI KL! O(n 4 n'/3e )

3.3 Quantum Speedups for Finite-Sum Sampling via Gra-

dient Oracle

In this section, we consider a finite sum potential f(x) = Y7, f;(x). We assume that
we have a stochastic gradient oracle that takes i € [n] and x € R? and returns V f;(x).
That is,

Ovy [x) [i) [0) = |x) [i) [V fi(x)) (3.5)

Computing the exact gradient takes O(n) queries to this oracle and dominates the
sampling complexity, especially when n > d. The goal is to approximately sample from 7

by using as few gradient computations as possible without deteriorating the convergence.

3.3.1 Sampling under Strong Convexity via Hamiltonian Monte Carlo

First, we consider quantum speedups for Hamiltonian Monte Carlo (HMC) algorithm
using quantum variance reduction techniques.

Hamiltonian Monte Carlo (HMC) is an advanced sampling technique designed to
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Algorithm 3 QSVRG/QCV

input Oyy, current iterate x;, smoothness constant L, variance scale factor b, epoch
length m.

output Quantum variance reduced stochastic gradient g.

QSVRG:

if & mod m = 0 then
gr = Vf(xx)
X = Xk

else
Define oracle Ogép:

10) 10 IVfilxk) = Vi(X) + V(X)) |i)

\/_ Z
7. 6% = L*|xp — x|]?/V?
8: g, = QuantumMeanEstimation(OFpe, 6%)
9: end if
10: QCV:
11: Define oracle OF;:
10) 10 Z [V fi(xx) = Vfi(x0) + V[ (x0)) 1)
\/_
12: 6% = L*||xx — xo|?/b?
13: gr = QuantumMeanEstimation(Og;, 52%)

14: Return gy

efficiently explore high-dimensional probability distributions by introducing auxiliary
momentum variables. Given a target distribution 7(x) oc e=#®) HMC augments the state
space with momentum variables p and defines the Hamiltonian H(x,p) = f(x) + 3||p||?
where p ~ N (0, I).

HMC alternates between updating the position x and momentum p by simulating
Hamiltonian dynamics Equation (3.3). In practice, Hamiltonian dynamics is simulated
using the leapfrog integrator, which discretizes the continuous equations of motion. The
key advantage of HMC is that it allows for large, efficient moves through the parameter
space by leveraging gradient information and auxiliary momentum. This reduces the
correlation between successive samples, particularly in high-dimensional spaces, resulting

in faster convergence compared to simple random-walk methods like the Metropolis-
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Hastings algorithm. In practice, Hamiltonian dynamics are simulated using the leapfrog
integrator, which discretizes the continuous equations of motion. The leapfrog method

proceeds in three steps:

n
Pryl =Pk — §Vf<xk)7
Xp+1 = X T 1Pp L,

n
Pi+1 = Pyl — Evf(xk+1)7

where 7 is the step size. After a series of updates, the momentum py; is refreshed by
sampling from N(0, I). This discretization ensures symplecticity, preserving volume in
phase space and allowing the algorithm to make large, energy-conserving moves through

the parameter space.

Algorithm 4 SG-HMC
input The stochastic gradient oracle Ovy, initial point X, step size 1, number of leapfrog
steps S, number of HMC proposals T’
output Approximate sample from 7 oc e~/
fort=0to T do
Sample pg; ~ N (0, 1)
for s=0to S —1do
k=St+s
Xpr1 = Xp, + 7Pk — L g(xp, &)

2
Prt1 = Pr — 28Xk, &) — 28(Xnr1, €1 /2)
end for

end for
Return x

T

Similar to SGLD, one can replace the gradients with stochastic gradients resulting
in SG-HMC (See Algorithm 4). The stochastic gradients g(x, ) in Algorithm 4 can be
obtained using different techniques such as mini-batch, SVRG, CV, or even zeroth-order
methods. In this case, we use quantum variance reduction techniques to compute g(x,§).

We propose to replace the gradients in HMC (See Algorithm 4 in appendix) with
quantum gradients computed via Algorithm 3. Essentially Algorithm 3 combines the
classical variance reduction techniques with the unbiased quantum mean estimation
algorithm in Lemma 3.2.2 to reduce the variance further. The epoch length m for QSVRG
determines the period where the full gradient needs to be computed. The parameter b is
the quantum analog of batch size and will be determined analytically. To establish the

convergence of the new samplers, we make the following assumptions in this section.
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Assumption 3.3.1 (Strong Convexity). There exists a positive constant p such that for
all x,y € R? it holds that

F) 2 F(y) +(VF().y = %) + Slix =y (3.6)

Assumption 3.3.2 (Lipschitz Stochastic Gradients). There exists a positive constant L
such that for all x,y € R? and all functions f;, i = 1, ...,n, it holds that

IVfi(x) = Viy)l < Lix =yl (3.7)

We also define the condition number x = % These assumptions are standard and
used in the classical analysis of HMC [ZG21].

We start the convergence analysis with the following result in [ZG21] that quantifies
the convergence of the stochastic Hamiltonian Monte Carlo algorithm in Wasserstein

distance.

Theorem 3.3.3 (Theorem 4.4 in [ZG21]). Under Assumptions 3.3.1 and 3.3.2, let
D = ||x° — argmin, (f(x))|| and pr be the distribution of the iterate xT, then if the step
size satisfies n = O(LY?0~2k " ANLY?) and K = 1/(4V/Ln), the output of HMC satisfies

T
2

Wo(pr,m) < (1 - (1285)71) 7 (2D + 2d/p)"/? + Ty’ + Ton, (3-8)

where T2 = O(L™3/20%k?) and ' = O(k*(LD+kd+L~20%n)) where 0* = max;<r E||g(xx, &;)—
YV f(xz)||* is the upper bound on the variance of the gradients in the trajectory of SG-HMC

algorithm.

This is a generic result that applies to any HMC algorithm under Assumptions 3.3.1
and 3.3.2 that uses stochastic gradients with variance upper bounded by 2. Note that we
do not assume a uniform upper bound for ¢ that is independent of problem parameters.
Instead, the variance upper bound depends on the trajectory of the algorithm, which can
be characterized using theoretical analysis.

The following auxiliary lemma is useful for the analysis in the later proofs.

Lemma 3.3.4. Under Assumption 3.3.2, if the initial point satisfies ||x° —x*|| < %, then
it holds that
Ei||V fi(xr) = VFxi)? < L2l — %1%, (3.9)

where X = Xy, 15 the last iteration the full gradient is computed.
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Proof. The proof simply follows from the definition of variance in the SVRG algorithm

and the smoothness of each component.

Ei||V fi(xx) = V)P < B[V fi(xx) = V%) + f(X) = V()| (3.10)
< E||V filxi) — V(X)) (3.11)

< L?|x;, — x||% (3.12)

]

Lemma 3.3.4 allows us to set the target variance in quantum mean estimation to be
L?||x;, — x||/b%. Hence, each mean estimation call takes O(d/?b) gradient evaluations by
Lemma 3.2.2.

The following lemma characterizes the variance of the stochastic gradients along the
trajectory of QHMC-SVRG.

Lemma 3.3.5 (Modified Lemma C.2 in [ZG21]). Let g(xx, &) be the vector computed
using the unbiased quantum mean estimation algorithm in QHMC-SVRG. Then, under
Assumption 3.3.2,

768m? L*n*kd
Ellg(x &) — VJ ()l € =

where the expectation is over both the iterate X and the noise in quantum mean estimation

&

(3.13)

Next, we state and prove the main theorem for QSVRG-HMC.

Theorem 3.3.6 (Main Theorem for QSVRG-HMC). Let uy be the distribution of X in
QSVRG-HMC algorithm. Suppose that f satisfies Assumptions 3.5.1 and 3.3.2. Given that
the initial point xo satisfies ||xg — arg miny f(x)]| < %, then, forn = O (W),
S=0 (M), T=001),b=0 (% Y 1), and m = n/b, we have

W?(,USTa 7T> S €.

The total query complexity to the stochastic gradient oracle is O

Ldl/23/2 + 19/847/8,3/4p1/2
€ €3/4 .

Proof. By the choice of 7 in the theorem statement and the variance upper bound in
Lemma 3.3.13, n = O(LY?072k~* A L='/2). Therefore, by Theorem 3.3.3, for K = ﬁ,
we have

%

W, m) < (1 — (128k)71) 7 (2D + 2d/p)Y? + T1n/? + Tyn (3.14)
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where,

L1/2m2/<;3d772
=0 <b2> : (3.15)
L32m2k3dn3
30 (war EEET), (316)

We set bm = O(n). The first term in Equation (3.14) is O(e) when T = O(log(1/¢)). The
last two terms in Equation (3.8) for QSVRG-HMC become O (w + dl/zmS/zn).
For b = O(d~Y3k=3/8¢1/4 2 [V/8 v 1) and n = O(ex3/2d~'/?), the bias term becomes
O(€). Using Lemma 3.2.2, the number of gradient calculations scales as O(Ld"/?k%/2e~! +
LO/BdT/3 3143412, 0

Next we establish the complexity for quantum Hamiltonian Monte Carlo algorithm
implemented with QCV technique. The lemma below characterizes the variance of the

stochastic gradients along the trajectory of QCV-HMC.

Lemma 3.3.7 (Modified Lemma C.4 in [ZG21]). Let g(xx, &) be the vector computed
using the unbiased quantum mean estimation algorithm in QCV-HMC. Then, under As-

sumption 3.3.2,

688 Ldk
E| g(xk, &) — Vf(xk)||2 < T2

where the expectation is over both the iterate X and the noise in quantum mean estimation

&
Using this lemma, we can state and prove the main result for QCV-HMC.

Theorem 3.3.8 (Main Theorem for QCV-HMC). Let py be the distribution of xj in
QCV-HMC algorithm. Suppose that f satisfies Assumptions 3.3.1 and 3.3.2. Given that
the initial point X satisfies ||xo — argminy f(x)| < %, then, forn = O (W),
S=0 (M), T=0(1), andb=0 (% Vv 1), we have

€

Wa(psr, m) < e.

The total query complezity to the stochastic gradient oracle is O (Ldigi§9/4).

Proof. By the choice of 7 in the theorem statement and the variance upper bound in
Lemma 3.3.13, n = O(LY2072k~* A L™'/2). Therefore, by Theorem 3.3.3, for K = ﬁ,
we have

3

W, ) < (1= (128x)71)2 (2D + 2d/p)*? + Tynt/? + Ton, (3.17)
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where,
L—1/2 3
r=0 <“d> , (3.18)
Ty =0 (k). (3.19)

The first term in Equation (3.17) is O(e) when T' = O(1). The last two terms in Equa-
tion (3.17) for QCV-HMC become O (L71/4d1/2”3/2"1/2 + d1/2”3/277)' Forb = O(L~'4d"\*k3/*1/2y

b2
1) and n = O(ed~/?k73/2), the bias term becomes O(¢). Using Lemma 3.2.2, the number

of gradient calculations scales as O(LdY/2k%/2e =1 4 L3/4d5/* k94 =3/2) = O(Ld>*k%43/?).
[

Theorems 3.3.6 and 3.3.8 imply that when n = O(¢~1/2) the best classical (SVRG-HMC)
and the best quantum (QSVRG-HMC) algorithms have O(¢~!) gradient complexity. On the
other hand, when n = w(e™!), quantum algorithms have better complexity than the best
classical algorithms, where the race between QSVRG-HMC and QCV-HMC depends on how

large n is.

Remark 3.3.9. Both the classical algorithms in [ZG21] and quantum algorithms in this
work assume that the starting point is (d/u)-close to the minimizer x* = arg min f(x). In

case this point is not given, it can be obtained using O(n) iterations of SGD [BFFN19].

3.3.2 Sampling under Log-Sobolev Inequality via Langevin Monte
Carlo

We use SVRG-LMC for the base algorithm in [KS22] and replace the stochastic gradient
calculation with unbiased quantum mean estimation. This section generalizes the strong

convexity assumption with the following LSI assumption, which is common in non-log-

concave sampling.

Assumption 3.3.10 (Log-Sobolev Inequality). We say that 7 satisfies the Log-Sobolev
inequality with constant « if for all p, it holds that

L p1(p| 7). (3.20)

KL < -
(pllm) < 50

We start by proving the following lemma that shows one-step convergence of LMC

with stochastic gradients.
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Lemma 3.3.11 (Stochastic-LMC One Step Convergence). Let . be the distribution of

the iterate Xy, then if the step size satisfies n = %,

3212 L4
!

KL (ptgy1]|m) < e300/2 [(1 + > KL(u||7) + 6no; + 16n°dL?| (3.21)

where o = Ex, ¢, ||8(Xk, &) — V f (%) ||

Proof. We compare one step of LMC starting at x;, with stochastic gradients g(xy, &)
to the output of continuous Langevin SDE (Equation (2.2)) starting at x; with true
gradient V f(x;) after time 7. This technique has been used to establish the convergence
of unadjusted Langevin algorithm with full gradients under isoperimetry by [VW19].
We extend the analysis by [VW19] to the stochastic gradient LMC. Assume that the
initial point x; and g(xx, &;) obey the joint distribution zy. The randomness on g(xy, &)
depends both on the randomness on x; and the randomness in the quantum mean
estimation algorithm. Then, one step update of LMC algorithm with stochastic gradient
yields,

Xpp1 = Xp — N8(Xk, &) + V210€x. (3.22)

Alternatively, x;,1 can be written as the solution of the following SDE at time ¢t = 7,
dx; = —gpdt + V/2dW, (3.23)

where gi = g(xx, &) and W, is the standard Brownian motion starting at Wy = 0. Let
e (Xg, 8k, X¢) be the joint distribution of xy, gk, and x; at time ¢. Each expectation in
the proof is over this joint distribution unless specified otherwise.

Then, the Fokker Planck equation gives the following evolution for the marginal

density i (x|xg, ) = pe(xt = X|X, 81),

Op (XX, 8i)

ot =V - (pe(x[xx, 8r)81) + Ape(x[x5, 81)- (3.24)

Taking the expectation over both sides with respect to (xx, gx) ~ o,

O (x)
ot

= Exp g0)~0 [V - (e (x[xk) )] + I (x gk)~pio [A g (x[x)] (3.25)
= /V : (Mt(X|Xkagk)gk)uo(xkygk)dxkdgk+/AMt(X\XIwgk)uo(xkagk)dxkdgk (3.26)
R4 Rd
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= [V () el = X)) dxucdg + Apa(x) (3.27)

Rd

_v. (ut@c)E[gk — V) = ] + )V log (“tfjj)))) | (3.25)
Consider the time derivative of KL divergence between s and 7,

L KLulr) = 4 / () log (‘:((j;) x (3:29)

_R[ 8“55;‘) < ;;))d t+/ut 1og< ;‘ >dx (3.30)

= / a’u(;ix) log (lj: X)> dx; —i—Rd 8N5i )dx (3.31)

_ R{ a“éix) log (‘:(:;) ) dx;. (3.32)

The last term in the third equality vanishes since the p; is probability distribution and

its L1 norm is always 1. Then the KL divergence evolves as

d
i KL ()

—/v (ut Elg, — Vf(x >|xt:x]+m<x>v10g( jj)) (’j;((j) < (3.39

:_/Ht < g — V( )|xt:x]+v1og<’“‘t(x)> v1og<“t( >>>dx (3.34)

=0x) =G0
/‘” W’( 3)2

The second term can be bounded as follows:

dx+E<Vf(xt) g, Vlog (“tg))». (3.35)

E <Vf(xt) g, Vlog (’“‘t&?» (3.36)
) )\ |’

<E |I9£0x) —glF + 1 ng (W(X) ) ] (3.37)

= BV () — gl + 1Pl Ir) (3.38)

= BV () — V() + V() — ell? + F Il ) (3.39)
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< 2E(|VF(xe) = V) + 2By, i |V f (1) = 811” (3.40)

+ iFI(utHW). (3.41)

The first inequality holds since {a,b) < a* + %. The last line follows from Young’s

inequality. Furthermore, using Lipschitzness of gradients of f, we have

E([Vf(x:) = Vf(xi)l]® < L°Ellx; — x| (3.42)
< LE|| — tgy + V2te? (3.43)
= t’L°E,, ||gx||* + 2tdL*. (3.44)

Plugging back these into the time derivative of KL divergence, we have

d 3
7 KLl Im) < = F 1 |m) + 22 LBy [l + 2 [V f (1) — gl|* + 4td L (3.45)
3
< = FlGullm) + (4217 + 2)B,, |V £ (x6) — g (3.46)
+ 42 LK, ||V f (x) || + 4td L*. (3.47)

The third term can be bounded as follows: We choose an optimal coupling xj ~ f1o(Xx)
and x* ~ 7 so that E|x; — x*|| = Way(uo, m)?, then using Young’s inequality and

smoothness of f,

By [V f () [1* < 2B IV f (x1) = V) + 2B, [V £ (x7)1° (3.48)
< 2L7E,, %0 — xoll? + 2B, [V S (x| (3.49)
< 2L*Woy (g, m)? + 2dL (3.50)
417
< — KL(puo||m) + 2dL. (3.51)
The last inequality follows from Talgrand’s inequality. Hence for ¢t < n and n < i, we
have
d 3
7 KL () < —ZFI(MtHW) + (4702 + 2)B,,, [V £ (%) — gil® (3.52)
16¢2 L4
+ KL(uo||m) + 4tdL?* + 8t*dL? (3.53)
3
< = KL(ul[m) + (407 L% + 2)Ey [V £ (xk) — &ill” (3.54)
16t L*
+ KL(uo||m) + 4tdL?* + 8t*dL? (3.55)
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3a
< = KL(pel ) + 3By |V f (1) — gil? (3.56)

1612 L°
T KL(uo||) + 8ndL? (3.57)

3« 16n2L4
< — S KL(ulIm) + 307 + =

+

KL (po||7) + 8ndL?. (3.58)

The second inequality is due to Equation (3.20). Equivalently, we can write,

d 3at/2 3at/2 2 160 L* 2
£<€ KL(p||m)) <e 3oy + - KL(pol|m) 4+ 8ndL” | . (3.59)
Integrating from ¢ = 0 to t = 7 gives,
3an/2 2 32np°L* 2 772
M2 KL (ju||) — KL(pao||m) < 6n0 + KL(o||m) + 167°dL (3.60)
for n < 2. Rearranging the terms,
—3am/2 32n°L* 2 2772
KL(py||m) < e 27 1+ - KL(pol|m) 4+ 6noy, + 16n°dL?| . (3.61)

Renaming po = py and g, = pig41, we obtain the result in the statement.
O

The statement in Lemma 3.3.11 is generic and can be applied to any LMC algorithm
with stochastic gradients with bounded variance on the trajectory of the algorithm.
Note that this is different from assuming that the variance is uniformly upper bounded.
Instead, we set inner loop and variance reduction parameters so that the variance does
not explode along the trajectory of the algorithm.

We continue with the following lemma that characterizes the variance of the quantum
stochastic gradients in QSVRG-LMC in terms of the distance between the current iterate

and the reference point where the full gradient is computed.

Lemma 3.3.12. Let X be any iteration where QSVRG-LMC computes the full gradient.
Then under Assumption 3.3.2, the quantum stochastic gradient g at Xy, that is computed

using X as a reference point in QSVRG-LMC satisfies

L2||xi — ||

Bl — V£ (x)[F] <

(3.62)
using O(d'/?b) gradient computations.
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Proof. Recall that SVRG computes the stochastic gradient g at x; by the following.

& = V/i(xx) = Vfi(X) + V/ (%), (3.63)

where X is the last iteration the full gradient is computed and ¢ is a component randomly
chosen from [n]. Let o7 = E||g,, — Vf(xx)||*>. Then, o can be bounded in terms of the

distance between x;, and X.

=E[|Vfi(xx) = Vfi(%) + Vf(X) = Vf(x)] (3.64)
= E[IV/fi(xx) = VAE)IP] = (E[V fi(xz) — Vfi(i)]f (3.65)
< E[|V fi(xx) = Vfi(x)[%] (3.66)
< L?|xp — x|I? (3.67)

where the equality follows from the fact that V f; is an unbiased estimator for V f and the
last line follows from Assumption 3.3.2. Hence, using unbiased quantum mean estimation

in Lemma 3.2.2, we can obtain a random vector g, such that,

L2||x, — x|*

Ellgr — Vf(x)|* < o (3.68)

by using O(d"/?b) calls to the gradient oracle. O

To be able to apply Lemma 3.3.11, we need to characterize the expected upper bound

on the variance of the stochastic gradients over the algorithm trajectory for SVRG.

Lemma 3.3.13 (QSVRG-LMC Variance Lemma). Let k' < k be the last iteration where
the full gradient is computed in QSVRG-LMC and o} = E|gr — Vf(xx)|>. Then, for

1
77 S 6L2m2"’

16 L*n? 8ndmL?
Oy < ZKL 1 ||T) + T (3.69)

r=1

Proof. Let x = x;s. Then, by Lemma 3.3.12, quantum stochastic gradient gy satisfies

LE||x; — x||?

Elllgr — V£(xi)*] < - (3.70)
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Let x = yo and x; = yy, then using the update rule of Langevin Monte Carlo,

T 2 2
]E[ka - i||2] =K Z(YT - YT—I) = - - ) ]
r=1 r=1
. 2 1 2
S E 2772 +477 Zer—l ]
r=1

l l
<2*m Y Ellgei|* + 40 e

r=1 r=1

l
<2Pm Y Ellge|)* + dndm.
r=1

(3.71)

(3.72)

(3.73)

(3.74)

The first inequality is due to Young’s inequality and the second inequality follows from

the fact that the Gaussian noises at different iterations are independent and the fact that

I < m. Defining o2

max

in terms of o2

max’

E(llg %] = Ellg. — Vf(x:) + Vf(x)[?
< 2E|lg, — V.f(x)|I* + 2|V f (x,)||*

L2
<20, . + 8— KL(pr||7) + 4dL,

and using Equation (3.70),

N ALPm*n?02, . 16L'n*m

8dL3n?>m?  4ndmL?

O < 7 + e T:z:l KL(ptr—1]|m) + 7 + 2
If we set 7% < 6L2 5, we obtain
32L4%*m 8ndm L>
T < " Pa - ZKL (pr—1||m) + T

Theorem 3.3.14 (Convergence theorem for QSVRG-LMC). Assume that m < b>.

forn < ﬁ, the iterates in QSVRG-LMC satisfy,

64mndL* N 24ndL?

—ank
KL(uellm) < e KL (o) + £

79

= maxy, E||ox]|?, we can write the first term on the right-hand side

(3.78)

(3.79)

Then,

(3.80)



Proof. Let | < k be the last iteration the full gradient is computed. Then, using

Lemmas 3.3.11 and 3.3.13, we can write one step bound as follows.

393 L4
KL (tps|[1) < o502 (1+ ! )Kwkuw)
192 3[4k A8mn?dL?
m” ZKL ) + %H&fdﬁ. (3.81)

First, we claim that the following inequality is true.

48mn?dL* + 16n*d L*V?

—ank
KL(ppi1|m) < e KL(po||7) + b2(1 — e—am)

(3.82)

To prove Equation (3.82), we use induction. For k& = 1, the statement holds due to
Equation (3.81). That is,

22413 L4 A8mn*dL?
KL(p[|mr) < e 3/ [(1 + == ) KL (o |7) + % + 16n°dL? (3.83)
[0
A8mn2dL>
e~ KL (1o ||7) + % + 1612dL> (3.84)
. 48mm*dL?* + 16n*d L*b?
e M KL(uo|7) + = ) (3.85)

The first inequality is due to the fact that m < b?. The second inequality holds since
(1 + %) < (1 + 7’“) < €% since n < 55—
fact that 1 — e~ < 1. Next, assume that the statement holds for £ — 1, and then we
prove the k-th step of induction.

. The third inequality follows from the

—3an/2

KL (k| |m) <'e

32n3 1A 192n3 14 k-1
(14 225 ) Kol + 2255 5 KLl )
r=~¢

n 48mmn*dL?* + 16n*d L*b?

b2 (3.86)

N 32n3 LA (b 48mn?dL* + 16n*dL*V?
< 3an/2 1 an(k—1) KL
<e ( + - ) (e (pol|m) + =

+e

19203 L4 =L [ A8mmn2dL? + 16n2dL%b?

@ r=I
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48mn?dL* + 16n*dL*b?
+ B

< g3an/2 <1 +

(3.87)
48mn?dL* + 16n*dL*V?
b2(1 — e—om)
48mn?dL* + 16n*dL*V?
b2(1 — e—am)

32 L4
o)

) (e‘a”(k_l) KL (o) +

374
4 o—3om/2 192mn° L om

o (e KL +
o
48mmn*dL?* + 16n*d L*b?
+ B

N 322 L4 (b 48mmn*dL? + 160*d L2b>
3an/2 el = an(k—1)
<e <1 + - ) (e KL (o) + =

(3.88)

96mn3 L*
Q@

4 673(177/2

—an(k=1) KT,
(6 (IUOH7T> + b2(1 . 6_0‘77)

n 48mmn*dL?* + 16n*d L*b?

ASmn2dL? + 16n2dL2b2)

b2 (3.89)
_ 12803 L4 o 48mn?dL* + 16n>d L*V?
< e3am/2 [ an(k=1) K1,
— € < + o ) (6 (MOHT() + 62(1 _ efan)
48mn?dL* + 16n*dL*V?
4 Zomren” + on (3.90)
b2
_ o 48mmn*dL?* + 16n>d L*b?
an an(k—1)
<e (e KL (pol|7) + P = e-on)
48mn?dL* + 16n*dL*V?
+ E (3.91)
48mn?dL* + 16n*dL*V?
—ank
< e KL(pol|m) + P = ) (3.92)
64mndL? + 24ndL*b?
< e KL (p|m) + ; ey (3.93)
o

The first two inequalities are due to Equation (3.81). The third and fourth inequality
o2
follow from the fact that k¥ — 1 < m and ™" < esrZz < eF < % for n < STz and the

fifth inequality holds since <1 + %) < (1 + ZQB) < /2 for n < 5=~ The final
inequality follows from the fact that 1 —e™*"7 > %an when an < i. This concludes the

proof. O

Theorem 3.3.15 (Main Theorem for QSVRG-LMC). Let py be the distribution of xy in
QSVRG-LMC algorithm. Suppose that [ satisfies Assumptions 3.3.2 and 3.3.10. Then for
n=0 (d% A ﬁ), K=0 (w (n2/3 + %)), b= 0O(n"?), and m = O(n*?)
we have

{KLuellm). TV G w2, § Wl m? | < e
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The total query complezity to the stochastic gradient oracle is O (w (nd1/2 + M))

Proof. Setting b = O(n'/?) and m = O(n*?) and n < Ty
hand side of Theorem 3.3.14 becomes smaller than €/2. By the step size requirement

of Theorem 3.3.14, we have n < eqrz N\ sir=.- The first term in Theorem 3.3.14

is smaller than €/2 when K < W. Hence TV distance is smaller than

€. The results for Wy distance and TV distance hold due to Talagrand’s inequality

the second term on the right

[OV00] and Pinsker’s inequality [Tsy09] respectively. The total gradient complexity is
bK — O (L2 KL( p/()Hﬂ' (nd1/2 + d3/2?1/3>)‘ ]

Our algorithm improves the dominant term in gradient complexity from O(n!'/2e1)
to O(n'/3¢~1). Tt is also worth mentioning that recently [HZD*24] proposed a proximal
sampling algorithm that uses (9(0 e~ 1) gradient queries in the LSI setting when the
stochastic gradients have bounded variance o?. However, this assumption is different
from our setting since the variance in the stochastic gradients is not uniformly bounded
by a constant, but it is bounded throughout the trajectory by a function of problem

parameters such as d, b, m, L, « (See Lemma 3.3.13).

3.4 Quantum Gradient Estimation in Zeroth-Order Stochas-
tic Setting

In this section, we assume access to a zeroth-order oracle rather than a gradient oracle.
This approach is useful in scenarios where gradients are not available or where computing
gradients is more expensive than evaluating the function. Specifically, we consider access
to an evaluation oracle for the stochastic components fe(x) = f(x;¢), where £ € =
represents a random seed characterizing the stochasticity. Then, the stochastic evaluation

oracle is given by
Oy [x) [€) 10) = |x) [£) [f(x:€)) - (3.94)

We characterize the complexity of our algorithms in this section with respect to this
oracle. Before presenting our algorithms, we give a brief overview of Jordan’s algorithm

in the next section.

3.4.1 Overview of Jordan’s algorithm

Jordan’s algorithm [Jor05] approximates the gradient using a finite difference formula on

a small grid around the point of interest and encodes the estimate into the quantum phase.
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Then, the algorithm applies an inverse quantum Fourier transform to estimate the gradient.
Although Jordan’s original analysis implicitly assumes that higher-order derivatives of
the function are negligible, Gilyén, Arunachalam, and Wiebe [GSLW19] analyzed the
algorithm and extended it to handle functions in the Gevrey class, using central difference
formulas and a binary oracle model commonly encountered in variational quantum
algorithms. The closest analysis of Jordan’s algorithm to our setting was provided
by [CCLW20], who demonstrated that Algorithm 5 achieves constant query complexity
for functions with Lipschitz gradients, provided that the function values can be queried

with high precision.

Algorithm 5 QuantumGradient(f,e, L, 3, x¢)
0: Input: Function f, evaluation error €, gradient norm bound L, smoothness parameter
B, and point x;.
Define
e | =2/€¢/Bd to be the size of the grid used,

b € N such that 22V < L

1
=N

N N

bo € N such that 55 < —2%0 = —]\1,0 < Z¢

Fla) = 240/ (@0 + Lz — N/2)) — f{ao)], and,
v:{0,1,....N -1} - G := {-N/2,-N/2+1,...,N/2 — 1} s.t. ~(z) =
x— N/2.
Let Op denote a unitary operation acting as Op |z) = €™ (®) |z}, where |F(z) —
F(z)| < N%)v with x represented using b bits and F'(x) represented using by bits.
1: Start with n b-bit registers set to 0 and Hadamard transform each to obtain

Z |T1, .., Tn) s

Z1,..,2n€{0,1,..., N—1}

487/ def

[ ] [ ]
~—
~
(=]

1

5

2: Perform the operation Op and the map |x) — |y(z)) to obtain

1 2miF(g)
I 8);
N /2 geGn

3: Apply the inverse QFT over G to each of the registers
4: Measure the final state to get ki, ko, ..., k, and report g = %(kl, ko, ..., k) as the
result.

The following lemma from [CCLW20] demonstrates that Algorithm 5 achieves O(1)
query complexity for evaluating the gradient of a S-smooth function with high probability.

Lemma 3.4.1 (Lemma 2.2 in [CCLW20]). Let f: R? — R be a function that is accessible

via an evaluation oracle with error at most €. Assume that |V f|| < L and f is $-smooth
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in Boo(x,24/€/B). Let g be the output of QuantumGradient(f,e, M, 3,xo) (as defined in
Algorithm 5). Then:

Pr [ygi ~ V)| > 1500@} < ; Vi e [d]. (3.95)

Although Algorithm 5 results in an accurate estimate for the gradient with high
probability, it is possible to run the algorithm multiple times and take the coordinate-
wise median of the outputs to obtain a smooth estimate for the gradient (Lemma 2.3
in [CCLW20]) when the norm of the gradient is bounded. To estimate the gradient up
to § error (in L2 norm), it is required to have an evaluation oracle with error at most
O(62/d*) which might not be feasible if the noisy evaluation oracle is stochastic.

Our algorithms work in the stochastic setting where we prove that we can create an
accurate evaluation oracle under Assumptions 3.4.3 and 3.4.4. Furthermore, the function
f needs to be smooth; however, under Assumptions 3.4.3 and 3.4.10 the smoothness
constant is not bounded and this might cause unbounded error. We propose a robust
version of Algorithm 5 so that we can still estimate the gradient accurately (See the
step-by-step description in Section 3.4.4). We also note that the oracle Of is known
as the phase oracle. Our oracle (Equation (3.94)) can be converted to phase oracle

efficiently.

3.4.2 Overview of Multi-Level Monte Carlo Algorithm

In this section, we give a brief overview of a technique known as the Multi-Level Monte
Carlo algorithm. Without using this technique, our gradient estimation algorithms would
not provide an unbiased estimate for the gradient. Suppose that we have an algorithm
BiasedStochasticGradient(x, o) that outputs v such that E|[v — Vf(x)|| < 62 with
cost O (g) where C' is a function of other problem parameters. Consider the following

algorithm.
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Algorithm 6 UnbiasedStochasticGradient

0: Input: Estimator BiasedStochasticGradient, target variance 52
Output:An unbiased estimate g of V f(x) with variance at most 62
Set g <—BiasedStochasticGradient(x,5/10)

Randomly sample j ~ Geom ( ) eN

g; «+BiasedStochasticGradient(x,273/45/10)

g; 1 +BiasedStochasticGradient(x,2730~1/45/10)

g« 8 +2(g; — 8j-1)

Return g

Lemma 3.4.2. Given access to an algorithm BiasedStochasticGradient that outputs
a random vector v such that E||v — Vf(x)|| < % with a cost O (%), the algorithm
UnbiasedStochasticGradient outputs a vector g such that E[g] = V f(x) and El||g —

VF(x)| < &% with an expected cost O (%)

Proof. We repeat the proof in [SZ23].

1
g=go+2'(g;—gs-1), J ~ Geom<2> e N.

Given that Pr(J = j) = 277, we have
Elg Z Pr(J = j)2’(Elg;] — Elg;1]) = Elga] = Vf(%).
As for the variance, using the inequality (a + b)? < 2a? + 2b?, we have

Ellg — V()| < 2E|lg — gol* + 2E(lgo — Vf(x)|*

where

Ellg — gol? ZPr = j)2¥E|g; — gj—1]* = D_ 2E|lg; — gj-1°,
=1

and for each j we have

Ellg; — gj1lI* < 2E|lg; — V()| + 2Elg;—1 — Vf(x)|*
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By assumption on BiasedStochasticGradient,

~2
2 o .
Elg; = VIx)[" < T00. 2wz 20 (3.101)
which leads to
42 ~2 A2
2 g o o
Ellg; — gi1° < 555507 T 59 39 < 19 3972 (3.102)
and
Ef I = i QUL P (3.103)
g — 8o —10j:12j/2_30 . .
Hence,
Ellg — V/(x)|? < 2Bllg — gl + 2Bllgo - VAx)[2< 3% (3.104)

Moreover, the expected cost is

o

O (S) : (1 + i_oj Pr{J = j}- (29" + 2301)/4)) =0 <C> . (3.105)

3.4.3 Gradient Estimation for Smooth Potentials

Assumption 3.4.3 (Bounded Noise). For any x € R?, the stochastic zeroth-order oracle
outputs an estimator f(x;¢) of f(x) such that E[f(x;¢)] = f(x), E[Vf(x;§)] = Vf(x),
and E[|Vf(x;£) = V(x)[* < 0*.

Assumption 3.4.4 (Smoothness). The potential function f : RY — R has L-Lipschitz
gradients. Specifically, it holds that

IVf(x) =Vl < Lix -yl

These assumptions are standard in the zeroth-order sampling and optimization
literature [RSBG21, BG22]. We note that Assumption 3.4.3 is broader than an additive
noise model, as it accommodates models with multiplicative noise. For example, suppose
that f : By(0, R) — R is an L smooth differentiable function, and that the stochastic
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components are of the form f(x;¢) = £f(x), where E[¢] = 1 and E[¢?] < %. In this
case, Assumption 3.4.3 is satisfied. Suppose that the function f can be queried with
the same randomness at two different points, that is, we can query f(x;&;) and f(y; &)
simultaneously 2. Classically, the gradient in this two-point setting can be estimated
using the Gaussian smoothing technique. This involves sampling random directions from
the extended space around the target point and performing two-point evaluations to

approximate the gradient. Specifically, the gradient can be approximated as:

S flxtrus6) - fxi&) (3.106)

1
gu,b(x) = E v

=1

where u; ~ N(0, I;) are independent and identically distributed random vectors. [BG22]

showed that for any x € R? the estimator g,; satisfies Ellg,;(x) — Vf(x)||*> <

A5 (IVI G2 40?) | Br2LA(d+3)°
b + 2 !

right-hand side is unbounded, it is typically of order @(d) in expectation through-

Although the squared norm of the gradient on the

out the trajectory of LMC (See Equation (3.48)). Consequently, this method requires
b = O(d?/e?) function evaluations to achieve an e-accurate gradient estimate in the Ly
norm. We show that we can estimate the gradient of f up to € accurate in Ly norm using
quantum gradient estimation techniques quadratically faster using Jordan’s gradient
estimation algorithm [Jor05], which we implement through a proper phase oracle (See
Proposition 3.4.5) using the stochastic evaluation oracle for f.

Although Jordan’s algorithm is appealing as it only uses a constant number of
evaluations to estimate the gradient (See Lemma 3.4.1), its practical use cases are
limited as it requires the function evaluations to be very accurate. In particular, to
be able to use the quantum gradient estimation algorithm, we need to be able to
implement the phase oracle (line 4 in Algorithm 5) Op|x) = i 2 xedl, 2™ () |x)
where F(x) = ;3=-[f(x0 + £ (x — §)) = f(x0)]. We show that even with the stochastic
evaluation oracle, this oracle can be implemented accurately using additional techniques
under Assumption 3.4.3. We prove in Proposition 3.4.5 that given the sampling oracle
Ox, a sufficiently accurate phase oracle that maps |0) — e®X1|0) for ¢ > 0 can be
implemented using O(ot) stochastic evaluation queries. Next, we incorporate this oracle
into Jordan’s algorithm. Since Jordan’s algorithm is biased and succeeds with high
probability, we postprocess the output using the Multi-Level Monte Carlo technique
(Algorithm 6) to make the output smooth and unbiased. The preliminaries for the MLMC

algorithm can be found in Section 3.4.2.

2This is the case in finite-sum and some bandit settings where & can be queried explicitly.
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Proposition 3.4.5. Let X € R be a random variable such that E[|X — E[X]||* < o2
Given two reals t > 0 and € € (0,1), then there is a unitary operator P;% : |0)|0) —
|0x)0) acting on Hx @ Haue that can be implemented using O(tolog(1/€)) quantum

experiments and binary oracle queries to X such that
Hex) — ™0y || <,

with probability at least 8/9.

Proof. The proof constructs a sequence of unitary operators using the binary-to-phase
conversion algorithm for different quantiles of X. We begin by randomly drawing a

classical sample s from the distribution that generates X. By Chebyshev’s inequality,

Prl|s — E[X ]]|>3a]<; (3.107)

We consider the case |s — E[X]| is smaller than 3¢ which holds with probability 8/9.
Next, we define the random variable Y = X — s. Additionally, we introduce a random
variable Y, ;, a truncated version of Y, where values of Y outside the interval [a, b) are

set to zero. The expectation E[Y] -] can be expressed as a sum:

K
E[Yoo) = E[You] + > 2°E

k=1

}/2k—172k
9k

] + E[Yor o). (3.108)

We define the unitary operator Pth *, which implements the phase oracle for E[Y, ;] with

an error of at most €. The unitary P, 0/2 can be implemented as the following product:
Y0,00 Y k—1 ok K
Pz =P <H b :/6[(2 ) PteQ/G : (3.109)

Y,
When K = log (120" ) the operator Ptf;;"” is effectively the identity operator, as:

10) — e™Eor] [0)| < 1E[Yore o] < % (3.110)
The last inequality holds because:
1 E[Y]*
E[Yor o] = Y. Pr(Y)Y <> BT Pr(Y)Y? = oF (3.111)

Y>2K Y
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2E|| X — E[X]|I” + 2||s — E[X]|]?
< SR (3.112)
2002 €
< = 11
- 2K 6t’ (3.113)

where the inequality in the second line follows from the definition of ¥ and Young’s
inequality. Since Xy ; is bounded between 0 and 1, we can implement P, O/g using @(1)
queries to X via the binary—to—phase conversion algorithm (Lemma 2.12 in [CHJ22]). We
need to show how to implement P » /6 x when b > 1. We start by defining the unitary

operator:

0)10) > 32 y/Pr(V) ¥au /) 0) (3114)
> SV Waa/) (Ve 010) + 1= Yo bl1))  (3.115)
= VE[Yap/0] o) [0) + /1 — E[Yo, /0] [¢1) 1) (3.116)

where the [1g) and [¢)1) are normalized quantum states. Noting that

1 1
E[Yos/b] < > Pr(Y)Y < — Pr(Y)Y? (3.117)
b .Sy ab 57,
Ly (3.115)
b b’ .

we can apply the linear amplitude amplification algorithm (see [CHJ22, Proposition 2.10])

to implement the operator:
b1 10)10) = /Pap [¥0) [0) + /1 — pap [11) 1), (3.119)
such that,

E[Ya b/b] €
— ’ <
|V Pab =\ 52/ (ab) | = 24Kth

(3.120)

using O(Vab/o) calls to V. Let t' = to?/a. Using the binary-to-phase conversion
algorithm, we then implement |gz§a p) = eEVarl|0) with O(to?/a) calls to W, up to an

operator norm error of at mos

12K

[Wap0) — =erl [0) || = (e P2 [0) — M) |0) | (3.121)
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, E[Y,.s/b] €
< — i i
, E[Yas/0] €
< — > X
< 28 VP o2/(ab) | 12K (3.123)
€
< —. 124
< (3.124)

Thus, the total implementation of Pt};“/‘%K requires (’j(ta\/%) calls to V, . This implies
that each term in the product can be implemented using O(to) quantum experiments
and binary query oracles to Y. Finally, we apply the phase €* to the resulting state to
implement Pt)’i(}’;" . Similarly, we use the same method to implement Pfib"“o, and take

the product:
Pt),i - Pti(;éwpti;;op- (3.125)

This concludes the proof. O

This phase oracle is similar to the oracle implemented in [CHJ22]; however, their
algorithm requires ||X| < 1 whereas || X|| might be unbounded in our case. Hence,
Proposition 3.4.5 generalizes the phase oracle to the unbounded random variables by
constructing a sequence of unitaries for different levels of truncation of the random

variable X.

Lemma 3.4.6. Suppose we run Algorithm 5 with the phase oracle in Proposition 3.4.5
with evaluation accuracy ¢ = % to f(x,€). Let g denote the output. Then, under
Assumptions 3.4.3 and 3.4.4,

g = Vi)l <e
with probability at least 5/9 using @(%d) queries to f(x;¢).

Proof. To be able to run the quantum gradient estimation algorithm, we need to imple-

ment Op that maps
Op |x) s eBelFO x| (3.126)

where F(x; &) = 25 (f(xo+ & (x— N/2); ) — f(x0;€)). Let y = L+ (x— N/2), the variance
of F(x,¢) is

2

Bl F(s€) — BIF(s O)IP = E| [ (V16c+ 1) - Vit + )y 32

<ol [ BIV Gt by €) — Vet (3.129)
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< o*Id. (3.129)

Hence, implementing =9l takes O(old'/?&) = @(W) = O(2%) queries to
stochastic zeroth-order oracle and succeeds with probability 8/9. Since Algorithm 5 uses

O(1) queries to Op by Lemma 3.4.1 and succeeds with probability 2/3, the total query

complexity is O(2?) and success probability is at least 5/9 due to union bound. O

Theorem 3.4.7. Suppose that the potential function f satisfies Assumptions 3.4.3
and 3.4.4 and further suppose that |V f(x)|| < M for all x. Then, given a real 5 > 0,

there exists a quantum algorithm that outputs a random vector g such that
Elgl = Vf(x), and E|g—Vf(x)|*<d”

using O(%d) queries to the stochastic evaluation oracle.

Proof. Suppose that we run Algorithm 5 in Lemma 3.4.6 T" times with target accuracy
%, then compute the median (coordinate-wise) of these outputs. If the result has norm
smaller than M, we output this vector. Otherwise, we output all 0 vector. Let v be the
output of this algorithm. Since the algorithm in Lemma 3.4.6 outputs a vector g such
that [|§ — V f(x)|| < ¢ with high probability, then by Chernoff bound and union bound
over each dimension, at least T of the outputs satisfy ||g — Vf(x)|| < & with probability
at least 1 — 2exp(—T7?/24). Since the norm of the gradient is M, when the condition
fails, the error is [|g — Vf(x)[| < M. Then in expectation,

~2

Ellv — Vf(x)|? < UZ +2exp(—T2/24) M2, (3.130)

Setting 7% = 24 log(ggjgj) gives E|[v—V f(x)||* < 62. Hence, the overhead to Lemma 3.4.6

to make the output smooth is at most logarithmic. Finally, we can use this algorithm as

the biased stochastic gradient estimator in Algorithm 6 and obtain an unbiased estimator
g. O

Remark 3.4.8. One can show that the norm of the gradient is bounded by a function
of problem parameters throughout the trajectory of HMC or LMC due to smoothness.

Since the dependency on M is logarithmic, we do not give an explicit bound on M.

Remark 3.4.9. Suppose that f¢ is a non-smooth but locally L-Lipschitz function around
the grid GY. We define f,(x) = E¢ezuono,n[f(x + vu;§)]. Then, let y € G, E|V f(y +
vu) — Vf,(y)|> < 4L?. Tt is known that f, is a smooth function with smoothness
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parameter O(Ld"/?v™"). Hence, by Theorem 3.4.7 our algorithm outputs an unbiased
estimator g such that E[g] = Vf,(x) and E|g — V f,(x)||> < 62 using O(%) queries to
fe. This result has recently been established in [LGHL24], and it is a special case of
Theorem 3.4.7.

3.4.4 Gradient Estimation under Additional Smoothness Assumption

In this section, we consider a setting that imposes a slightly stronger smoothness as-
sumption on the stochastic functions f¢ to be able to improve the dimension dependency
further.

Assumption 3.4.10 (Lipschitz Stochastic Gradients). The stochastic component f(+; &) :
R? — R has L(£)-Lipschitz gradients for any £ € =. Specifically, it holds that

IVf(x:6) = VI(y; Ol < LEIx =yl (3.131)

and the expected Lipschitz constant satisfies E[L(£)] = L.

Assumption 3.4.10 is weaker than the assumption that each stochastic function f¢ has
L-Lipschitz gradients and it is straightforward to show that Assumption 3.4.10 implies
that f has Lipschitz gradients.

As opposed to implementing an accurate phase oracle, one can estimate the gradient
Vf(x;€) and then use the quantum mean estimation algorithm to compute V f(x).
However, Assumption 3.4.10 implies that fe might not be a smooth function (even if f is
smooth), which is the requirement in Lemma 3.4.1. Hence, Jordan’s algorithm might
fail to compute the gradient for V fe with small probability no matter how large we set
B in Algorithm 5. To address this, we propose a robust version of the quantum mean
estimation algorithm such that we can still estimate the mean of a random variable X
even when X is corrupted with small probability, which corresponds to the case Jordan’s
algorithm fails. Our final algorithm achieves @(dl/ 2¢71) query complexity to estimate
the gradient up to € error.

We give a step-by-step description of Algorithm 7. The algorithm begins with the

application of the oracle Og, which creates the following superposition state:

[¥) = O [x) [0) = >_ y/Pr(€) [x) [£) - (3.132)

{e=

We then construct a superposition over d-dimensional grid points, GY;, centered around
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Algorithm 7 QuantumStochasticGradient

0: Input: stochastic functions fz, variance o2, target €, smoothness parameter L, point
X.
Define 8 = 164L" , D= 406"2, € = 7,62(13(?22000)2'

1: Sample &, at random from =.

2: Compute s = QuantumGradient(fe,, €, M, 3, x).

3: Let A be a randomized algorithm that runs g = QuantumGradient(fe, €', M, 3,x)
with random ¢ € = and outputs g if ||g — s|| < D, otherwise it outputs s. Further
suppose that A does not make any measurement.

4: Output v = QuantumMeanEstimation(.A4,€/4,0).

x with side length [, using the oracle OGZ :

) = Og, 0) [n) = zz\/m &) Iy) %) 1¢). (3.133)

fe“ yeGl

Next, the evaluation oracle Oy is applied, resulting in the state:

[3) = O [2) = \/_Z S /Pr(e)errimmnl Ot R 6N/ -T 01 |y) [x) |€) . (3.134)

§EE yEGl

Note that this oracle is different than the oracle Proposition 3.4.5. Here, we have
superposition over the randomness whereas Proposition 3.4.5 implements the expectation
over the randomness to the phase.

Applying the inverse QFT and scaling the resulting vector by M /N, we estimate a
vector g(x; &) for each &:

[a) = QFT ' [yis) = > /Pr(€) Ig(x;€)) %) [€) + | X1) (3.135)

{eE

where |X}) represents a garbage state with a small amplitude arising from the failure
probability in gradient estimation. The scaling by M/N compensates for the scale
factor introduced in the phase. When the deviation from linearity is quadratic and
sufficient precision is chosen by N and [, as shown in Lemma 3.4.1, g(x;¢) is an accurate
estimate for V f(x;¢). However, the small deviation condition might not hold under
Assumption 3.4.10 for a subset of =.

Next, we sample from |¢4) and measure the first register, obtaining an output s.

Using the previously defined steps, we recreate |14). At this point, we define a corrected
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gradient estimate:

s [B00) il —sl < D, .

S otherwise.

Next, we construct the following quantum state by applying a controlled operation

and undoing the ancillary registers:

[¥5) = Us [va) = D \/Pr(&) [8(x: ) %) [§) + |A2) (3.137)

£e=

where |X,) is another garbage state with a small amplitude.

Finally, we estimate the mean of the first register to compute v, which is output as
the gradient estimate. Note that g(x;¢&) after the inverse Fourier transform may not
be e-accurate for all f(x,£). In particular, for some £, the error in the gradient could
be unbounded because the deviation from linearity may not be small for every f:. To
address this, the subsequent step replaces such erroneous estimates with the mediocre

estimate s, ensuring robustness.

Lemma 3.4.11. Under Assumptions 3.4.3 and 3.4.10, Algorithm 7 returns a vector v
such that

lv = Vi) <e

with high probability using @(Udl/Qefl) queries to the stochastic evaluation oracle.

Proof. As the algorithm essentially computes the expectation of E¢[g(x, £)], we need to
prove that E¢[g(x, &)] is close to V f(x). We consider the case that Algorithm 5 returns
€/8 accurate estimate whenever the function f behaves like  smooth inside the grid
points. Furthermore, we consider the case ||s — V f(x)|| < 20. Both conditions are in
fact achieved with high probability. Let S C = be a set such that the output of quantum
gradient estimation (Algorithm 5) g satisfies ||g — Vf(x,§)|| < §. Let ==~ 5. We

can consider the difference in Ly norm separately for S and S’ using triangular inequality.

[Eeg(x, &) = Vi) < [[Es(g(x,&) = VI + [[Es (8(x,8) = V() (3.138)

We first analyze the first term. The contribution to the first term is either due to gradient

£

< or it is due to the fact that g is replaced by s because ||g — s| > D.

estimation error
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Suppose that S; ={{ € E: ||g(x;¢) — s|| < D} and S, = S — S;. We can separate the

error further for both cases using triangular inequality.

[Es(8(x,8) — Vf(x:)ll

< Eees, [I(8(x,€) = VF(x, 9| + Eees, [| (s = Vf(x,9) (3.139)
< Eees, [[(8(x, &) = VI(x, )]l + Eces, || (s — g(x; O (3.140)
+ Eees, [ (8(x:§) = VI (x,8) (3.141)
§§+EHS VZJ;(X O g_ (3.142)

The first inequality is due to the fact that for any £ € Sy, Algorithm 7 replaces g by s.
The last inequality follows from the fact that ||g(x;§) — Vf(x;¢)|| < g for any § € S
and Eecg,||s — g(x;€)|| < w since for any £ € Sy we have ||g(x;&) —s|| > D. As
Is = V)l < 20,

Els - g(x: )| < 2Ells — V()P + 2BV (:8) — g O (3.143)
< 100°. (3.144)
Then, for D = , we have EHS%W < ¢. Therefore, ||Es(g(x,§) — Vf(x:€))]] < 5.

The term due to S’ comes from the case where gradient estimation fails. Notice that
whenever gradient estimation fails, we have ||g(x; &) — V f(x)|| < max(D,20). Gradient
estimation only fails when f(x; &) has smoothness constant larger than 5. Using Markov’s
inequality this happens with probability at most % Then,

Esll(&(x, &) — V)| < g’maxw, 20) < (3.145)

A

for f = 160675"2 and o > e. This implies that non-smooth branches do not affect the

expectation by replacing g with g. Furthermore, the variance of g(x) is

Ecllg(x, €) — E[g(x, )|
< 2E |Ig(x,€) — Vf(2)|I* + 2 [|E[g(x,£)] = V()] (3.146)

< 2By [|§(x, &) — Vf ()" + 2Es [|&(x, &) — Vf ()| + 2¢° (3.147)

< 2§d max(D?,40%) + 2B |V f(x:€) = V)" + 2 [ls = VF(x)[" +3¢*  (3.148)
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= O(o?). (3.149)

Therefore we can use quantum mean estimation to output € accurate vector v such that
v — Vf(x)|| < € using O(cd"/?/e) calls to algorithm A. Since algorithm A uses O(1)

queries to evaluation oracle, total stochastic evaluation complexity is O(ad'/?/e). O]

Next, we postprocess the output of Algorithm 7 to obtain a smooth and unbiased

estimate.

Theorem 3.4.12 (Smooth Gradient). Suppose that the potential function f satisfies
Assumptions 3.4.3 and 3.4.10 and further suppose that ||V f(x)|| < M for all x. Then,
given a real & > 0, there exists a quantum algorithm that outputs a random vector g such
that

Elg] = Vf(x), and Elg-V/f(x)|*<s”

using @(M) queries to the stochastic evaluation oracle.

Proof. Suppose that we run Algorithm 7 T times with target accuracy %, then compute
the median (coordinate-wise) of these outputs. If the result has norm smaller than
M, we output this vector. Otherwise, we output all 0 vector. Let v be the output of
this algorithm. Since Algorithm 7 outputs a gradient v such that ||v — Vf(x)|| < 5/2
with high probability (say 2/3), then by Chernoff bound and union bound over each
dimension, at least I of the outputs satisfy ||v — V f(x)|| < & with probability at least
1 — 2exp(—T?/24). Since the norm of the gradient is M, when the condition fails the
error is ||[v — V f(x)|| < M. Then in expectation,

~2

Ellv — Vf(x)|? < UZ + 2exp(—T2/24) M2, (3.150)

Setting T2 = 24 log(83¥22> gives E|[v — Vf(x)||* < 2. Hence, the overhead is at most

logarithmic. Finally, we run Algorithm 6 to obtain an unbiased estimator g. ]

3.5 Quantum Speedups for Sampling via Evaluation Ora-

cle

We apply our quantum gradient estimation algorithm to establish the convergence of both

HMC and LMC in strongly convex and LSI settings, respectively. In particular, at each
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iteration, we use the inexact gradients computed by our quantum gradient estimation

algorithms introduced in previous sections.

3.5.1 Zeroth Order Sampling under Strong Convexity

Theorem 3.5.1 (Main Theorem for QZ-HMC). Let py, be the distribution of Xy in QZ-HMC
algorithm. Suppose that f satisfies Assumption 3.3.1. Given that the initial point
Xo satisfies |xg — argminy f(x)]| < %, if we set the step size n = O (m), S =

O (EL22Y 7 = O(1), and 82 = O (E28%), we have

WQ(MST) ﬂ-) S €.

In addition, under Assumptions 3.4.3 and 3.4.4, the query complexity to the stochastic

evaluation oracle is O (d;/%) or under Assumptions 3.4.3 and 3.4.10 the query complexity

to the stochastic evaluation oracle is O (d:;;")

Proof. By Theorem 3.3.3 for n = O(LY?07 2k ' A L7'/?) and K = ——, we have

WiIn’
Wo(pr, m) < (1 — (1285)"1)2(2D + 2d/p)"/? + T1n'/2 + Tan, (3.151)
where
=0 (L*3/2&252) , (3.152)
Ty =0 (k). (3.153)

The first term in error is O(e) when T = O(log(1/e)). The last two terms become
O (L’3/46771/2 + d1/2/~€3/217). For 6 = O(L**d"*k=3/4 /2 A o) and n = O(ed™/2K73/?),
the bias term becomes O(¢). Then, under Assumptions 3.4.3 and 3.4.4, the number of calls
to evaluation oracle scale as O(d"/2k% 21 4o d®/*k3/4e=3/2) = O(d*/*K3/*e=3/?). Similarly,

under Assumptions 3.4.3 and 3.4.10 the evaluation complexity is @(adS/ 332y O

The closest result in the classical setting is given by [RSBG21]| for Kinetic LMC
algorithm which is obtained by setting the inner iterations to 1 in HMC algorithm.
Their classical evaluation complexity under Assumptions 3.4.3 and 3.4.4 is O(d?c?/€?) for
convergence in W, distance (Theorem 2.2 in [RSBG21]). Our algorithm uses O(d* o /¢3/?)

evaluation queries providing speedup both in d, ¢, and o.
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3.5.2 Zeroth Order Sampling under Log-Sobolev Inequality

In this section, we consider the sampling problem under the Log-Sobolev inequality using
gradients computed via stochastic evaluation oracle. We first present the main result

and defer the proof to the appendix.

Theorem 3.5.2 (Main Theorem for QZ-LMC). Under Assumption 3.3.10, let uy be the
distribution of xi in QZ-LMC algorithm. Then, if we set the step size n = O (sz)
K=0 (M), and 6% = O («e), we have

EOL

«
LKL el 1), TV e, 2, S Walpre, 72} < e

In addition, under Assumptions 3.4.3 and 3.4.4, the query complexity to the stochas-

tic evaluation oracle is O (WQM) or under Assumptions 3.4.3 and 3.4.10 the query

complezity to the stochastic evaluation oracle is O (%)

Proof. By Lemma 3.3.11, one-step equation can be written as

323 L4

KLy ) < &5/ [(1 '

e~ KL(ug||m) + 606> + 16n°dL>. (3.155)

) KL(pgl||7) + 6n6* + 16n2dL2] (3.154)

Since for n < 75, 1+ % <1+9< e®/2 Unrolling the recursion, we have

6162 + 16n2dL>2

KL (1 ||7) < e KL (po||7) + iy (3.156)
862 + 32ndL>
< e KL (juo ) + 022 (3.157)
(0
862 + 32ndL>
< e KL (jio| ) + 022 (3.158)
(0

The second inequality is due to the fact that for n < %5, 1 —e™*7 > %an when an < i.
We set n < 552 and 6% < & and k > - - log (M) so that KL(ug||m) < e. The
number of calls to the stochastlc evaluatlon oracle under Assumptions 3.4.3 and 3.4.4
to achieve 62 < % at each iteration is O (W) by Theorem 3.4.7. Hence, the
total number of calls to the stochastic evaluation oracle is @ (%) Similarly, under
Assumptions 3.4.3 and 3.4.10 the number of calls to stochastic evaluation at each iteration
is O ( il/fl /2) by Theorem 3.4.12. Hence, the total number of calls to stochastic evaluation

3/272
oracle is O (%) n
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Comparing to the classical results, [RSBG21] analyzed the convergence of LMC in
the zeroth-order setting under Assumptions 3.4.3 and 3.4.4 and established evaluation
complexity O(d*c?/e?) for convergence in W distance (Theorem 3.2 in [RSBG21]). Our

algorithm uses O(d?0/€?) evaluation queries under the same assumptions.

3.6 Application in Optimization

Optimizing non-convex objectives arises frequently in machine learning, particularly in
empirical risk minimization (ERM), where the goal is to minimize a loss function f
that approximates the population risk F' based on empirical observations. While F' is
sometimes assumed to be smooth and strongly convex, the empirical objective f, defined

as

> filx) (3.159)

can lose the smoothness and convexity due to small perturbations introduced by finite
sample effects. Such perturbations often result in f containing numerous local minima;
therefore, traditional gradient-based methods like gradient descent or stochastic gradient
descent (SGD) are prone to getting trapped in local minima, limiting their ability to
find the global minimum of f. On the other hand, Langevin type algorithms are more
robust to such local minima that only appear in the empirical objective caused by small
perturbations. For example, [ZLC17] showed that stochastic Langevin algorithm can
escape from such local minima efficiently due to the noise term that scales with n'/2,
whereas SGD gets trapped as the noise scales as n. Motivated by this, we investigate
whether our quantum Langevin algorithms can provide a way to obtain quantum speedup
for optimizing non-convex empirical objectives. To be more precise, we make the following

assumptions.

Assumption 3.6.1 (Approximate-Convexity). Let f be a differentiable function, we say
that f: R? — R is an e-approximately convex function, if there exists a strongly convex
function F' such that for all x,

|F(x) — f(x)] < - (3.160)

IS NG

Since f is usually not smooth, we only assume that f is Lipschitz continuous.
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Assumption 3.6.2. For all x,y € R, f : R? — R satisfies,

[f(x) = f(¥)| < M[}x —y]. (3.161)

The goal is to find an approximate minimizer x* such that |f(x*) — miny f(x)| <e.
Similar settings have been analyzed in the context of escaping from local minima both in
classical [BLNR15] and quantum settings [LZ24] with access to a stochastic evaluation
oracle. Since f is not Lipschitz smooth, we consider the smoothed approximation
fo(x) = Euup,01)[f(x + vu)] and run the sampling algorithm using QZ-LMC on potential
B f,. By setting v sufficiently small and 3 sufficiently large, we make sure that the Gibbs
distribution is concentrated around the global minimum of f. The local properties of f,

are known and given by the following proposition.

Proposition 3.6.3. If f satisfies Assumption 3.6.2, then f, satisfies

o [fo() = FOI < oM and |fo(x) = fu(y)| < Llx =],
o |Vf(x)=VEy)| <cecMydv™ for some constant ¢ > 0.

First we notice that,
Eu||Vf(x +vu) — V£, (x)||* < 4M? (3.162)

as [|[Vf(x)|| < M because of Lipschitz continuity. Hence, Assumption 3.4.3 holds with
0% = 4M? and Assumption 3.4.4 holds with L = %\/3. Therefore, using Theorem 3.3.15,
we can sample from the Gibbs-Boltzmann distribution with potential f,. Since our
initial goal is to optimize f rather than to sample from the Gibbs distribution, we use
the following lemma that describes a method to turn the sampling algorithm into an
optimizer.

e—Bfv(x)

Lemma 3.6.4. Let 7 = Terhtax If B = O(d/e) and v < 35, then sampling from

75 returns € approxvimate optimizer for f with high probability.

Proof. Without loss of generality, assume that min, F'(x) = 0. Then, using the fact that

F' is convex,

JF(x) exp(— B, (x))dx
B o)) = T b= B, ()
_ I F(x) exp(—BF (x))dx
T exp(—BF(x))dx
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(3.163)

exp(20BM + 2P¢/d) (3.164)



< (d+1)/Bexp(2uBM + 2[¢/d). (3.165)

Therefore, E s[F(x)] — miny FI(x) < (d+1)/Bexp(2uBM + 28¢/d) < O(e) for v < 35.
Since F' is uniformly close to f, the Gibbs distribution returns an e optimizer for f with
high probability due to Markov’s inequality.

m

To be able to characterize the run-time of the algorithm, we need to characterize

the Log-Sobolev constant of f,,. To achieve this, we use the following lemma by Halley-
Stroock [HS87].

Lemma 3.6.5. Let p be the Log-Sobolev constant of the Gibbs distribution with potential
F'. Then, the Log-Sobolev constant of f satisfies,

a> p67|supm(f(a:)fF(a:))*iﬂfz(f(l’)*F(Im, (3.166)

Next, we give our main result.

Theorem 3.6.6. Suppose that f satisfies Assumptions 3.6.1 and 3.6.2. Then, there exists
a quantum algorithm that returns € approximate minimizer for f with high probability

using @(%) queries to the stochastic evaluation oracle for f.

Proof. We consider the potential function g f,(z) where § is the inverse temperature
parameter. By Lemma 3.6.4, sampling from ﬂf o« el returns $ approximate minimizer
for f with high probability (say 0.9) for sufficiently large § = O(%). Suppose that we
sample from a probability distribution g such that

TV (i, 77) <0.1. (3.167)

Then, the sample must be § minimizer for f with probability at least 0.8. Therefore, it
is sufficient to sample from 77 up to a constant TV distance.

We need to characterize the sampling complexity from 72. From Bakry Emery
theorem, Log Sobolev constant p of SF satisfies p > ’%“ where g is the strong convexity
constant of F. Let M’ = max(M,1) and take v = 572
we have a > e3¢/ — () since |f, — F| < [fo — fl+|f — F| < oM +§ < 3¢
Since S f, is a smooth function with smoothness constant L = O(%ﬁ) = O(d5/:2M ®) by

Proposition 3.6.3, the number of calls to stochastic evaluation oracle to sample from

Then using Lemma 3.6.5,

Ty 18 @(’;i%) = @(%) by Theorem 3.5.2. Hence, we can optimize f in polynomial
time. [
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The closest result to our setting is given by [LZ24] and their query complexity in
the stochastic setting is O(d®/e) although their assumptions are slightly different. First,
they assume that the noise is sub-Gaussian and additive. Furthermore, they assume F
is convex in a bounded domain but not necessarily strongly convex. Noting that these
differences might possibly make the classical results loose, our algorithm seems to give a
speedup in dimension dependence with a small performance drop in terms of €. However,
this is a known trade-off in sampling algorithms. Since their algorithm uses a reversible
sampler (hit-and-run walk), their € dependence only comes from the quantum mean
estimation. On the other hand, our algorithm uses a non-reversible sampler (also referred
to as a low accuracy sampler) which typically gives better dependency on dimension but
worse on accuracy. We also note that the classical algorithm by [BLNR15] takes @(g)
queries to the stochastic evaluation oracle.

Upon completion of this work, we became aware of recent studies by Augustino et
al. [AHF™25] and Chakrabarti et al. [CHW™25], which also investigate zeroth-order
stochastic convex optimization under assumptions similar to those in [LZ24]. They
propose algorithms with query complexities of O(d%?/e") and O(d®/e%), respectively.
While both approaches exhibit worse dependence on € compared to ours, we emphasize

that the assumptions and problem settings are not identical to ours.

3.7 Conclusion

In this chapter, we developed quantum algorithms that provide provable advantages in
sampling and optimization tasks by improving per-iteration cost of various samplers
as opposed improving mixing time as we have in Chapter 2. By leveraging quantum
variance reduction and gradient estimation techniques, we demonstrate improved query
complexities over classical sampling methods for both finite-sum and zeroth-order settings.
In addition, our algorithms enable faster optimization of approximately convex functions
that arise in empirical risk minimization. Beyond their specific applications, the tools
introduced in this work, particularly our stochastic gradient estimation methods, may
serve as broadly useful primitives for a wider class of stochastic optimization problems.
We leave the identification of such problems and applications of these techniques as an

open problem for further research.
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Chapter 4

Super-quadratic Speedup over Clas-
sical Markov Chain Search for Op-
timization

In Chapter 3, we transformed fast mixing into faster optimization for structured problems
by repeatedly sampling from low-temperature Gibbs distributions. However, rapid mixing

does not by itself ensure efficient optimization in general: Once equilibrium is reached, a

1
w(z*)

the stationary distribution 7 to observe a global minimizer x* with constant probability.

classical algorithm still requires approximately N = O ( ) independent samples from
When 7(z*) is small, this sampling cost can dominate the total runtime and diminish the
benefits of fast mixing. Quantum amplitude amplification reduces the sample complexity
to O (\/N ), offering a quadratic improvement.

In this chapter, we go beyond that quadratic reduction and analyze generalizations
of algorithms based on the short-path framework first proposed by Hastings [Quantum 2,
78 (2018)], which has been extended and shown by Dalzell et al. [STOC 23] to achieve
super-Grover speedups for certain binary optimization problems. We demonstrate that,
under some commonly satisfied technical conditions, an appropriate generalization can
achieve super-quadratic speedups not only over unstructured search but also over a
classical optimization algorithm that searches for the optimum by drawing samples from
the stationary distribution of a Markov Chain. We employ this framework to obtain
algorithms for problems including variants of Max-Bisection, Max Independent Set, the
Ising Model, and the Sherrington Kirkpatrick Model, whose runtimes are asymptotically
faster than those obtainable from previous short path techniques. For random regular
graphs of sufficiently high degree, our algorithm is super-quadratically faster than the

best rigorously proven classical runtimes for regular graphs. Our results also shed light
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on the quantum nature of short path algorithms, by identifying a setting where our
algorithm is super-quadratically faster than any polynomial time Gibbs sampler, unless
NP = RP. This provides evidence that a classical algorithm that is only quadratically
slower cannot be constructed from a fast mixing Markov Chain that converges to Gibbs
distribution. We conclude our analysis with a numerical analysis that guides the choice
of parameters for short path algorithms and raises the possibility of super-quadratic
speedups in settings that are currently beyond our theoretical analysis.

Although our applications are drawn from discrete combinatorial problems, the
same framework can be extended—through appropriate discretizations—to continuous
optimization tasks such as optimizing non-convex functions.

This chapter is based on [CHO'24], joint with Shouvanik Chakrabarti, Dylan Herman,
Shuchen Zhu, Brandon Augustino, Tianyi Hao, Zichang He, Ruslan Shaydulin, Marco

Pistoia.

4.1 Introduction

4.1.1 Motivation

The prospect of quantum algorithmic speedups for combinatorial optimization has been
heavily studied for more than two decades [FGGS00, FGG14, Has18b, Mon18, Mon20].
This interest is partially motivated by practical considerations, since combinatorial
optimization problems are ubiquitous in scientific and industrial applications, and are
a major source of computational bottlenecks [AAAT24, HGL 23, DMB*23]. A second
principled motivation is that there are reasons to expect such a speedup, arising from
the existence of quantum algorithms such as Grover’s search algorithm [Gro96b], which
enjoys a quadratic quantum speedup over brute force search. Since the best classical
algorithms with rigorously provable runtimes for combinatorial optimization often reduce
to (possibly structured) search over a large space of possible solutions, one may expect
algorithms building on Grover Search to provide speedups for these algorithms. In
recent years, this intuition has been largely confirmed with the development of quantum-
accelerated versions that offer quadratic speedups for backtracking [Mon18, AK17] and
branch-and-bound [Mon20, CMYP22], two of the main classical meta-algorithms used
to obtain provable runtime guarantees. There has been some success in obtaining sub-
quadratic speedups for combinatorial optimization algorithms based on Markov Chain
Monte Carlo [WAO08], and dynamic programming [ABI*19].
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Despite this progress, there remain challenges towards leveraging quantum algorithms
for combinatorial optimization. Firstly, there are many problems for which quadratic quan-
tum speedups over the state-of-the-art classical approaches have not been demonstrated,
including cases where the best algorithm is based on dynamic programming [FGS06],
MCMC, and local search [Sch02,ST13]. The second challenge is more fundamental, as
recent research has identified challenges towards the realization of quadratic quantum
speedups due to constant-factor slowdowns compared to classical hardware manifesting
from slower clock speeds, the overhead of error-correction, and the limited paralleliz-
ability of quantum algorithms. Realistic estimates for the resources required to execute
a quantum algorithm on a scale where it can break-even with classical computing can
result in quantum runtimes exceeding many days. The viability of practical realization
of a polynomial speedup increases with the degree of the speedup. For example, the
resource analysis in [BMN*21] indicates that the outlook for realizing a quartic speedup,
when considering all overheads, can be much more realistic, requiring quantum runtimes
on the scale of hours instead of days. It is thus of fundamental importance to investigate
whether it is possible to obtain super-quadratic speedups for combinatorial optimization.

The general quantum speedups for backtracking [Mon18], branch-and-bound [Mon20],
dynamic programming [ABIT19] and MCMC methods either rely directly on Grover
Search, or closely related methods like amplitude estimation, quantum minimum finding,
or discrete time quantum walks. These frameworks therefore admit at most quadratic
speedups by construction. Furthermore, in the case of unstructured search, backtracking
and branch-and-bound, quadratic speedups can be shown to be the best one can hope for
in the oracle setting. The study of super-quadratic speedups necessitates the investigation
of mechanisms for quantum speedup beyond Grover Search. It is also likely that these
speedups must leverage problem specific structure to circumvent the aforementioned
lower bounds in the oracle setting.

A simpler, but very non-trivial question, is whether there are quantum algorithms
for combinatorial optimization that achieve super-Grover speedups. That is, a super-
quadratic speedup over unstructured search, but not necessarily the best classical al-
gorithm. An important first step towards rigorously obtaining positive results in this
direction was the short path quantum algorithm from Hastings [Has18b|, which was demon-
strated to solve combinatorial optimization problems with runtime O* (2(0'5_0(”))")1,
where ¢(n) is a positively valued function of n. A limitation of this result was that

the rigorously established bounds on ¢(n) asymptote to 0 as n increases, leading to

'We use the notation O*(2"(™) to indicate an upper bound on the runtime of the form O(poly(n)2"(™).
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sub-polynomial improvements over Grover search. In a followup work that built on
the framework of Hastings (but using a significantly modified algorithm and analysis),
Dalzell et al. [DPCB23] gave an algorithm that obtains strictly super-Grover speedups
for several combinatorial optimization problems, i.e. the algorithm achieves a runtime
O (2(0'5_'3)”), where c is a positive parameter independent of n. Our work largely builds
on the algorithm of Dalzell et al. [DPCB23], which we henceforth refer to an improved
short path algorithm due to its connection with Hastings’ original work.

The successful demonstration of super-Grover speedups leads to natural optimism
that similar techniques could be used in principle to show super-quadratic speedups
over the best known classical algorithm. There remain several challenges towards such
a demonstration. On one hand, the speedups shown in [DPCB23] are only larger than
quadratic by very small factors. On the other hand, the best performing classical
algorithms for well-studied combinatorial optimization problems (while still exponential-
time) are significantly faster than unstructured search. For instance, the well-known
3-SAT problem can be solved in time O* (2°-39") the maximum independent set of an

n-vertex graph can be found in time O*(20-25%)

, and the exact ground state of the
Sherrington-Kirkpatrick model can be determined in time O* (2°4°"). As a consequence,
the runtimes established in [DPCB23] are in most cases slower than the best classical
algorithm. An exception to this is the problem of minimizing the energy of k-spin models,
for which there has been limited study of classical algorithms. It is important to note
that the mathematical analysis of [DPCB23] does not make much effort to optimize the
parameters of the algorithm, and the actual runtime is predicted to be better than the
theoretical predictions. However, we provide results from a numerical simulation of the
algorithm in [DPCB23] which indicate that, even when the parameters are optimized, the
speedup is likely to be insufficient by itself. For Maximum Independent Set on graphs
with up to 21 vertices, the best runtime scaling (using a penalty term to enforce the

20-400m) " This is slower than the

constraints) achieved in our experiments is around O (
best classical algorithm despite optimizing the parameters, indicating that the frameworks
in [Has18b, DPCB23| must be further generalized if genuine super-quadratic speedups
are the goal.

A second consideration is that many combinatorial optimization problems of industrial
importance are constrained, including well-studied examples such as Maximum Indepen-
dent Set, Maximum/Minimum Bisection, Vertex and Set Cover, Portfolio Optimization,
and Hamiltonian Cycles. The current short path algorithms can only incorporate con-

straints by adding penalty terms to the cost function, an approach rarely used by the
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state-of-the-art algorithms for combinatorial optimization. Furthermore, the runtime
of the short path algorithm scales with the number of bit-strings defined on the uncon-
strained solution space, which can often be much larger than the number of bit-strings
that satisfy all constraints in the problem formulation. As an example, consider a combi-
natorial optimization problem with a constraint requiring solutions to have Hamming
weight [n®| for some 0 < a < 1. The number of feasible bit-strings is about 21— log(n)
which is asymptotically smaller than 2" by a significant margin. For such constrained
problems,; the short path algorithm cannot even offer a super-quadratic speedup over
unstructured search (if the search is restricted to the feasible region).

We seek to address these limitations by analyzing a generalized version of short-path
algorithms that, under some technical conditions, obtain super-quadratic speedups over
classical algorithms that search the space of solutions using samples from the stationary
distribution of a Markov Chain. We refer to such algorithms as Markov Chain Search?,
and the framework can be simply described as follows. Suppose that our aim is to
minimize a real-valued cost function H: X +— R for a finite set X C {—1,1}", and let P
be the transition matrix of a Markov Chain that mixes to a stationary distribution =
supported on X" in poly(n) steps. A Markov Chain Search algorithm using P simply runs
the chain to draw samples from 7, and keeps track of the running minimum of the samples
in terms of the cost function H. This minimum (and the corresponding sample) serves as
an estimate of the global minimum (and minimizer) of H on X'. To bound the expected
runtime of this algorithm, it is sufficient to bound the expected number of samples before
a global minimum is encountered. Letting 7* denote the total probability that a sample
from 7 is a global minimizer of H, it follows that drawing O ((7*) 'log(e™!)) samples
from 7 suffices to ensure that we encounter the global minimizer with probability at least
1 — e. We outline this framework in Algorithm 8.

Markov Chain Search is a natural extension of unstructured search, with several
advantages. Firstly, it is often possible to classically sample from distributions over the
feasible set that favor lower cost solutions. A common example is sampling from the
Gibbs distribution corresponding to the cost function H, where a solution z € X is
sampled with probability proportional to exp(—fH (z)) for some parameter 3 (usually
called the inverse temperature). Gibbs distributions are the stationary distributions of
well known chains such as the Glauber Dynamics [Gla63] (also referred to as Metropolis
sampling), and the mixing times of these Markov Chains have been extensively studied

in Physics and Computer Science for decades. It is evident that in a Gibbs distribution

2We refer the reader to Section 4.2 for background on Markov Chains.
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with 8 > 0, low cost solutions are more likely than in the uniform distribution. If the
global minima has significantly lower cost than most of the ensemble, this can lead
to algorithms that are polynomially faster than unstructured search. We note that
Dalzell et al. [DPCB23] make reference to precisely this framework when examining
the possibility of faster classical algorithms for k-spin problems. A second advantage
of Markov Chain Search arises when the feasible set is asymptotically much smaller
than 2" as discussed previously. Clearly, if there is a chain M that mixes in polynomial
time to the uniform distribution over |X’|, the Markov Chain Search algorithm with M
is faster than unstructured search over the unconstrained space. Even if we can only
prepare a distribution (not necessarily uniform) whose support is restricted to X, this
may result in a runtime that is substantially better than unstructured search. While the
classical analysis of precise runtimes using Markov Chain Search is typically challenging,
we later give explicit examples of settings where this separation from unstructured search

is realized.

4.1.2 Contributions

Our primary contribution is the formulation of the generalized short-path algorithm
and the demonstration that, under certain technical conditions, it obtains a super-
quadratic speedup over unstructured search. In particular we obtain quantum runtimes
of O* (T(n)0‘5_c(")) where T'(n) is the (exponential in n) runtime of the classical Markov
Chain Search, and ¢(n) > 0 is a positive parameter. When ¢(n) is bounded below by
a constant ¢ > 0 we say we have a true super-quadratic speedup, and when ¢(n) > 0
for n < oo but ¢(n) = o(1) we say we have an asymptotically decaying advantage over
quadratic speedup (in the vein of Hastings’ results [Has18b, Has18a, Has19]). We go on
to discuss how these conditions may be established and demonstrate explicit results in

two settings.

1. As an example of constrained optimization, we focus on optimization over strings of
fixed Hamming Weight, using a Markov Chain based on random transpositions. In
this case, Markov Chain search reduces simply to a brute force search over feasible
strings, i.e. those that satisfy the Hamming weight constraint. Correspondingly, we
identify conditions on the cost function for which a super-quadratic speedup using
the short path framework can be obtained over brute-force search restricted to
feasible states. As an explicit example, we consider the MaxBisection problem. We

note that the new runtime by itself is not particularly interesting as the number of

108



feasible solutions (i.e., the number of n-bit binary strings of Hamming weight n/2)
is smaller than 2™ by a polynomial factor and thus, the runtime for Markov Chain
Search is not notably faster than unstructured search for this problem. However,
applying the generalized framework allows for an algorithm that is completely
restricted to feasible states, and the corresponding runtime cannot be obtained
using the existing frameworks found in [Has18b, DPCB23|.

2. Our next application is to Markov Chain search with non-uniform sampling, par-
ticularly to search with Gibbs distributions prepared using the Glauber Dynamics.
This analysis yields conditions for super-quadratic speedups for problems such as
the Maximum Independent Set problem, the Sherrington Kirkpatrick Model, and
the Ising Model on graphs of bounded degree, for which Markov Chain search
outperforms unstructured search. For the maximum independent set problem on
regular graphs, we demonstrate that if the degree is a sufficiently high constant,
Markov Chain search with the Glauber dynamics outperforms the best known
theoretical classical algorithms for this problem. We also identify a number of cases
where our analysis yields algorithms with a super-quadratic advantage over Markov
Chain search where the advantage is asymptotically quadratic for large n (in the

vein of Hastings’ original results [Has18b)]).
The following theorem informally summarizes the applications of the framework.

Theorem 4.1.1 (Applications of Generalized Short-Path Framework (informal)). The
following optimization problems exhibit a quantum runtime of O* (T(n)0'5_c(")), where
T'(n) is the runtime of a classical algorithm based on Markov Chain Search, and ¢ > 0

quantifies the degree of improvement over quadratic speedup:

1. Maximum Bisection on random graphs with constant average degree, where the
Markov Chain is the transposition walk and c(n) = ©(1).

2. Maximum Independent Set and Ising Model on graphs of constant mazimum degree,
where the Markov Chain is the Glauber Dynamics at any temperature that permits

polynomial mizing, and c(n) = O(1).

3. A generalization of Mazximum Bisection where the smaller partition is constrained
to have k nodes (where k <n/2). The Markov Chain is the transposition walk and

(n) = © (1/ log(n/k)).
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4. The Sherrington-Kirkpatrick Model where the Markov Chain is the Glauber Dynamics
at any temperature that permits polynomial mizing, and c(n) = © (1/log(n)).

The first two items above represent a constant improvement over quadratic speedup,
whereas in the latter two, the speedup decays to 0 as n increases. The Markov Chain
Search considered is faster than brute force search on Maximum Independent Set for
random reqular graphs of sufficiently high degree, and on all instances of the other

problems.

From a technical point of view, while the skeleton of the framework follows that
of [DPCB23| quite closely, the intermediate conditions must all be uplifted to incorporate
the Markov Chain used for the base classical algorithm, and significant care is needed
to obtain the generalized results. These generalizations are crucial to leverage the two
main advantages of Markov Chain search over unstructured search, the ability to sample
from non-uniform distributions and distributions with support restricted to feasible
solutions. As we will later show, these cannot be achieved by specializations of existing
frameworks. The uplift of the conditions also clarifies some aspects of the role they play
in the argument. We found that approaching the original results of [DPCB23] from
this new perspective led to some additional insights, which may be implicit, but are not
explicitly documented in other works. We note also that the algorithm of [DPCB23]
follows directly as a special case of our generalized framework by considering the bit-flip
walk (or the random walk on the vertices of the hypercube). Finally, the generalized
analysis in this chapter allows us to greatly simplify some of the statistical mechanics
arguments made in [DPCB23], and instead rely directly on some standard results from
the theory of Markov Chains and this may be of separate interest.

Our techniques also allow us to shed more light on a fundamental question about the
viability of true super-quadratic speedups with the short path framework. The algorithms
in this chapter as well as the earlier frameworks, rely on preparing a quantum state
whose overlap with the global minimizers is larger than that of some easily prepared
starting state and jumping to the global minimum from that state. It is apparent that if
there existed a classical algorithm to sample in polynomial time from a distribution with
overlap that matches that of this intermediate state, then there is a classical algorithm
that finds the global minimum only quadratically slower than the short path algorithm.
The advantage over search is then essentially dequantized and there is no hope for true
super-quadratic speedups. It is therefore important to understand to what degree classical
sampling techniques can approach the overlap of the intermediate state, as discussed

in [DPCB23]. Most natural sampling algorithms are based on the analysis of Markov
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Chains and so our framework provides a useful tool to probe this question. Our results on
the Maximum Independent Set for bounded degree graphs yield some concrete evidence
that the advantage of the short path framework over search cannot simply be removed by
classical Gibbs sampling. Specifically, we demonstrate a concrete optimization problem
for which the intermediate state prepared by the short path algorithm has higher overlap
than any Gibbs distribution that can be prepared in polynomial time, unless NP = RP.

4.1.3 Related Works

As discussed at length in the paragraph above, the primary inspiration for our work
comes from the earlier short path algorithms developed in the series of works [Has18b,
Has19,Has18a, DPCB23]. We now discuss other related quantum algorithms and their
connections to our results. The most closely related family of algorithms are based on
discrete time quantum walks. The framework of Magniez at al [MNRS07] considers a
framework that closely matches the one considered here. In [MNRS07], the authors
seek to accelerate a classical algorithm, that first prepares in time S a sample from
the stationary distribution of a Markov Chain with spectral gap J, that has e overlap
with some marked state that can be checked in time C, and then runs the Markov
Chain to repeatedly draw and check samples from the stationary distribution. The
classical algorithm finds a marked element in time O (S + ¢ ' (67U + C)) where U is the
cost of simulating one step of the chain. The quantum algorithm obtains a runtime of
O (S+ e 12(5712U + Q).

In our setting € corresponds to m(E*) and falls exponentially, whereas S, U, C, 67! all
grow polynomially. Applying the [MNRSO07] framework, we obtain a quantum runtime
of O*(m(E*)7%5). If the conditions for our framework are met, we obtain a runtime of
O*(m(£*)~05+em) In this setting, our algorithm accelerates the [MNRS07] framework
in a manner analogous to how [DPCB23] accelerates Grover search. Another common
framework for analyzing search via quantum walk is that of Szegedy [Sze04] where the
quadratic speedup is over the hitting time of a marked vertex. However, since the
Hitting Time HT from stationary distribution satisfies e < HT < e '§~!, we have
HT = O*(e™!) in our setting where ¢! is exponentially larger than !, and the runtime
of both quantum walk frameworks match up to polynomial factors.

Aside from the works we have already mentioned, quantum algorithms have also
been successfully leveraged to obtain speedups for solving linear systems of equa-
tions [HHLO09b, CKS17, CGJ19], computing partition functions [HW20, CH23], esti-

mating the volume of convex bodies [CCH'23|, as well as sampling from both log-
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concave [CLLT22] and non-logconcave [OLMW24] distributions. We note that our
work is primarily concerned with exponential time search algorithms instead of the
randomized approximation schemes considered in these papers. It would be interesting
to understand whether our methods can be used to obtain super-quadratic speedups
for exponential time counting algorithms [GLR21]. Along the line of super-quadratic
quantum speedups, there is also recent work providing positive results for Tensor Prin-
ciple Component Analysis [SOKB24|, and approximation algorithms for combinatorial
optimization [JSWT24].

4.2 Preliminaries

We write log and In to indicate logarithms base 2 and base e, respectively. We denote the
i-th element of a vector € C" by z;, and the ij-th element of a matrix A € C™*" by A,;.
For a vector x € C", the matrix diag(x) € C™*™ takes the values of x on its diagonal and
zero elsewhere. We write A = 0 (A > 0) to indicate that a matrix A € C"*" is positive
semidefinite (positive definite), i.e., all of its eigenvalues are nonnegative (positive). For
two m x n matrices A and B, we write Ao B to indicate their Hadamard (or, element-wise)
product. Note that when we say the phrase with high probability (w.h.p. for short), we
imply that a result holds asymptotically in the problem size n with probability 1.

4.2.1 Short path algorithms

Let H : {—1,1}" — R be a classical cost function satisfying >, H(z) = 0 for H with no

constant term. Consider the combinatorial optimization problem

E* = zegr,ll}" H(z), (4.1)
where E* is the optimal objective value. Let II* denote the orthogonal projector onto
subspace spanned by optimal assignments |z*).

Let X = i Xi be the transverse-field operator, where X; denotes the Pauli-X
operator acting on qubit ¢ € [n]. A well-known approach to determine some |z*) is the
quantum adiabatic algorithm (QAA) [FGGS00]. The QAA finds a |z*) by considering the

adiabatic time evolution of

H = _(1 - b)X +bH (4.2)
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as b is tuned from b = 0 to b = 1. However, QAA is known to suffer from certain
localization issues, which can be viewed as a quantum analogue of getting trapped in local
minima, and can result in run times that are exponentially worse than classical brute-force
search [AKR10]. This manifests as a result of the avoided crossing phenomenon, or
first-order phase transition that can lead to exponentially (or even super-exponentially)
small spectral gaps.

Recently, Hastings [Has18b] and Dalzell et al. [DPCB23] proposed a new paradigm
for avoiding the first-order phase transition problem with the QAA. Following the
approach of [DPCB23], prototypical adiabatic optimization is eschewed through two

modifications. First, the term H is replaced with g, ( ) for a piecewise-linear function

|E*|
g - [—1,00) — [—1,0] parameterized by n € [0,1):

1—
gn(z) := min (0, M) : (4.3)
n
leading to the Hamiltonian:
X H
H, = + bg < ) , (4.4)
T\

where X has been normalized by its spectral norm, and b € [O 00). Second, rather than

slowly evolve from —5 to as in the QAA, we jump from —= to the ground state |vy)

|E*|
of Hy for some value of b that is independent of n (where the spectral gap is guaranteed

f_ Note in [DPCB23]

[E*]
they also allow for scaling H by an overestimate of |E*|, for simplicity we just stick with

to be large), and then jump from H, to the ground-state space of

scaling by |E*|.

The jumps are accomplished using a unitary U, which combines phase estimation
and amplitude amplification. For a high-level understanding, suppose we seek to enact a
jump between two Hamiltonians H; and H,, each acting on n qubits. Denote the ground
state of Hy by |11), and let II5 be the projector onto the ground space of Hy. The unitary
U first employs phase estimation to implement reflection operators R; and Ry that reflect
about the state |¢1), and the groundspace of H, respectively. If §; is the spectral gap of
Hamiltonian H;, the operator R; can be implemented up to error € using 5;1 log(1/e)
calls to a block-encoding of H;, and often realizable using poly(n) gates. When H;
is a classical Hamiltonian, R; can be implemented using poly(n) gates irrespective of

d;. From here, the unitary U employs fixed-point amplitude amplification [YLC14] to

M |e1)
ITT2[1)]1?

implement requiring at most O (HH2 b1 || " log(1/ 5)) applications each of R
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and Rs.

The algorithm is initialized to [+) := |+)", the ground state of —%. Then, the
ground state [i) of H, is prepared by jumping from —X/n to H,. Finally, we prepare
% by jumping from Hj, to the classical Hamiltonian % The state IT* |¢) is a
superposition of optimal solutions to min.cqi1y» H(z), and thus measurement in the
computational basis yields an optimal bit-string z* with high probability. The first jump
is small (in the sense that the success probability is nearly 1), whereas the second jump is
large (the success probability is exponentially small). The resulting time complexity scales
as OF (2(5_6)”>, indicating a super-Grover speedup when ¢ > 0. In [Has18b], the order
of short and long jump steps is reversed. We refer to both approaches [Has18b, DPCB23|

as short path algorithms.

4.3 Technical Overview

4.3.1 Framework

Define X C {—1,1}" and let H: X — R be a cost function. We are interested in (exactly)
determining z* € X such that
2* € argmin H(z). (4.5)

ZEX

We also use H to refer to a diagonal Hamiltonian in a Hilbert space with a basis indexed
by z € X, with (z|H|z) for the Hamiltonian identified with H(z). Whether we are
referring to the quantum Hamiltonian or the function will be clear from context. We
define E* := min,cy H(z) and assume everywhere that the cost is scaled to ensure
E* < 0. We will further assume that |X'| is super-polynomial, as our primary concern is
with super-quadratic speedups over exponential time algorithms. If 7 is a distribution
such that w(E™*) is the probability that a sample from 7 is a global minimizer and there
exists a Markov Chain with transition matrix P that mixes to stationary distribution 7
such that the mixing time is bounded by #,ix(g) = poly(n,log(e™1)).

Under these conditions, it follows that Algorithm 8 finds the global minimizer of H
in time O* (w(E*)~1). Our framework seeks to accelerate this runtime, and so we assume
the same setting for the quantum algorithm. In order to define the quantum framework

we must access H, P, and w. We assume the existence of the following subroutines:

Assumption 4.3.1 (Quantum Input Assumptions). The following subroutines are used

as primitives in the Generalized Quantum Short Path framework.
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Algorithm 8 MARKOVCHAINSEARCH

Require: Solution space X C {—1,1}", Cost function H: X +— R, distribution 7 such

that w(E*) is the probability that a sample from 7 is a global minimizer, a Markov
Chain with transition matrix P and mixing time ¢y (7(E*)/2) = O(poly(n)).

input : Description of poly(n) time procedures to evaluate H and perform a step of the

Markov Chain described by P, failure probability 9.

output A global minimizer z* of H(z) over X.

1:
2:
3:

8:
9:
10:

Set i = 0, (9 to an arbitrary point in X
while 7 < ﬂ(é*) log (%) do
Simulate ¢y, (n) steps of P to obtain sample Z
if H(2) < H(z") then
Set 20+ = 2 and § « i + 1.
else
Set 20+ = 2() and § < i + 1.
end if
end while

Output 2.

1. Initial State Preparation: We assume the existence of a unitary U, imple-

mentable using poly(n) gates, such that U,|0) = |\/7) = > .cx /7(2)]|2).

Block-encoding of Markov Chain: Suppose that P is the transition matrix
of a reversible Markov chain, then the discriminant operator D(P) (see Definition
1.3.8) is Hermitian. We assume the existence of a unitary Up(p), implementable
with poly(n) gates, that is a (k1,a) block-encoding of D(P) for k; = O(poly(n)).

Block-encoding of Cost Function: We assume the existence of a unitary

Uy, implementable with poly(n) gates, that is a (kg,a) block-encoding of H for
ko = O(poly(n)).

We will justify Assumption 4.3.1 for each application of the framework. Note that

preparing a block-encoding of the cost function is straightforward given a poly(n) size

circuit to evaluate it at a single point, and we do not make this analysis in every case.

We also do not explicitly mention these input assumptions in each of our results to

avoid cluttering the presentation, but they are prerequisites for the input model in each

case. With this setup, we can define the generalized short path framework. We define a

generalized short path Hamiltonian H, as

H, = —D(P) + by, <|g|) , (4.6)
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where D(P) is the Discriminant matrix corresponding to P and g, is defined similarly
to [DPCB23], by

r+1-— 77)
)

The block-encoding for H, can be constructed using the linear-combination-of-block-

gn(z) := min (0,

encodings technique [GSLW19] using Up(p) and Ug.

The framework is specified in Algorithm 9. The implementation of the jumps uses
the framework from [DPCB23, Proposition 21] that performs fixed point amplitude
amplification using reflections constructed from the block-encodings of the Hamiltonians
and the Quantum Singular Value Transform. The overall runtime of Algorithm 9, in

terms of the number of queries to U, and block-encodings of H and D(P), is

[min(Gap(—D(P)), Gap(H,))] ™ (|(v/alun) |~ + [T [e) 1) (4.7)

where II* is the projector onto the ground subspace of H. As in previous papers, we refer
to one of the steps in the algorithm as the short jump and another as the long jump.
The reason for this is that the choices of b, n made for applications of the framework will
always ensure that the short jump can be carried out with a polynomial number of queries
to Ur, Up(p), and a block-encoding of Hj. Thus when including Assumption 4.3.1, the
runtime of the algorithm is therefore primarily determined by the long jump, and under
the appropriate conditions is bounded by O*(7(E*)~(%5=9))  leading to a super-quadratic

speedup over Markov Chain Search.

Algorithm 9 GENERALIZEDSHORTPATHALGORITHM
input Algorithmic parameters b, n, Problem parameters H, P, w, E* which define H, in
Equation (4.6).
output an optimal assignment z* for H.
1: Prepare |\/7), the ground state of —D(P).

2: Short Jump: Prepare [1;,) up to exponentially small error with jump —D(P) — H,,.
I 3y _H
[IT1* |4y )| I

3: Long Jump: Prepare up to exponentially small error with jump H, —

Our bounds on the runtime rely on two conditions, that we view as uplifted versions
of corresponding notions in [DPCB23] to the case of general Markov Chains. Our first
condition captures the smoothness of the cost function under applications of the transition

matrix.

Definition 4.3.2 (Ap stability). Let M = (X, P, 7) be a Markov chain. We say that
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the cost Hamiltonian H is Ap(n) stable under M if
Eyolhy (H(y))) < by (H(z) + Ap(n), Voe X (4.8)

where h,(z) = g, (ﬁ) If the conditions holds for all 0 < 1 < 1 we omit it and simply

say H is Ap stable under M.

The analysis in the following sections will clarify that Ap-stable is a generalization of
the a-subdepolarizing condition introduced in [DPCB23]. In fact, it is equivalent to a
more syntactically obvious generalization of the a-subdepolarizing condition, we state
Definition 4.3.2 as the primary condition as it is easier to demonstrate and interpret in
most cases.

The next condition is a generalization of the spectral density condition of [DPCB23].

We capture the idea that the measure (according to m) of the set of solutions z for

which g, (ﬁéz |)) # 0 is polynomially related to the measure of the global minimizer, for
some value of 7. In other words, sampling from 7 does not allow one to approximately
minimize H to arbitrary constant relative error, super-polynomially faster than finding
the exact minimum. If this condition is violated, the problem admits a simple classical

sub-exponential time approximation scheme. We define this condition as follows:

Definition 4.3.3 (v Spectral Density). The cost Hamiltonian H is said to satisfy the

spectral density condition with respect to the stationary distribution 7 if:
T(E<(1—n)E") <x(E").

We are now ready to state the main results concerning our framework. These results
are subject to further technical conditions on the Markov Chain used for the search, and
are formulated in terms of conditions that lead to efficient mixing time bounds. We have
two variants of our result, the first relies on a logarithmic-Sobolev inequality for P. We

have the following result:

Theorem 4.3.4 (informal). Let M = (X, P,m) be a reversible Markov chain, and let
H : X — R be a diagonal, Ap-stable Hamiltonian with ground state energy E*, that
satisfies the v spectral density condition for some parameters n. In addition, suppose
M satisfies an w log-Sobolev inequality. If w™' = O(In(1/w(E*)), then there erists a

constant b, such that under Assumption 4.3.1, Algorithm 9 determines the ground state
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of H over X with running time
(;_ n(1—n)| E*[b )
O(poly(n)wl[w(E*)l] 2 Enl/mEDAR )

We also present a variant of the above result that only relies on the weaker Poincaré

inequality.

Theorem 4.3.5 (informal). Let M = (X, P, ) be a reversible Markov chain, and let
H : X — R be a diagonal, Ap-stable Hamiltonian with ground state energy E*, that
satisfies a spectral density condition. In addition, suppose M satisfies a & Poincaré
inequality. If § is independent of the problem size, then there exists a constant b, such
that under Assumption 4.3.1, Algorithm 9 determines the ground state of H over X with

running time

1 n(d-n)|E*b
0 (polym)al[w(E*)l](? zlnu/ﬂwwmp)) |

The spectral density condition with respect to non-uniform starting states presents a
technical challenge, since unlike the uniform distribution over all bitstrings of length n,
they are no longer product measures. Fortunately, the condition that 7 is the ground
state of a fast mixing Markov Chain allows for simplification via concentration inequalities
for Markov chains, e.g. the so-called Herbst’s argument [Lall3], that allows the spectral
density conditions to be established as long as the cost function has an appropriately
bounded pseudo-Lipschitz norm ||H || ,. Theorems 4.3.4 and 4.3.5 are proven in Section 4.4,

in order to establish specializations that rely on a bounded pseudo-Lipschitz norm.

4.3.2 Applications

The fact that our main results in Theorems 4.3.4 and 4.3.5 rely on functional inequalities
implies many possibilities for interesting algorithmic speedups. Once a Markov Chain with
the right properties (log-Sobolev or Poincaré with the proper parameters) is identified,
we can derive conditions on cost functions for which we have super-quadratic speedup
over Markov Chains. As a simple toy example, consider an expander graph of size 2",
where we are given access to a polynomial time oracle that outputs the edges incident on
any vertex. Since the graph is an expander, the graph random walk satisfies a Poincaré
inequality with constant 6. Consider any assignment of costs to the nodes such that the
difference in cost between any two endpoints of an edge is bounded above by a constant

A. Tt follows from our results, that the generalized short path framework can find the
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node with minimum cost with super-quadratically fewer queries than searching with the
random walk on the graph. A systematic study of cost functions that yield a speedup for
various Markov Chains may lead to some interesting insights. For this chapter, however,

we focus on identifying connections to problems of general interest.

4.3.2.1 Optimization with Fixed Hamming Weight

We first consider optimization problems for which feasible solutions are bitstrings of fixed
Hamming Weight. A well-studied example of this setting is Max-Bisection [FJ97, DMS17],

defined as follows

n

= min { =Y eii(1— mzy) 2] = 2} : (MaxBisection)

ze{-1,1}" 'L<_7

)
|3 *

The algorithm of [DPCB23] does not directly yield useful results for such a problem.
Firstly, the framework does not naturally incorporate constraints. More importantly,
although one could attempt to enforce the constraints by means of penalty terms, this
prohibits the possibility of super-Grover speedups. To see why this is the case, recall that
the algorithm of [DPCB23] is simply our Algorithm 9 with the Markov Chain chosen to
be the random walk on the edges of the hypercube. Since every transition of such a walk
changes the hypercube, the best possible value of Ap for the stability condition to be
satisfied is of the same order as the penalty terms. On the other hand, the penalty terms
must be of the same order as the cost function in order to guarantee that constraints are
satisfied. By inspection of Theorem 4.3.4 we observe that no super-Grover speedup is
possible via the penalty-based approach (more details on the penalty approach are in
Appendix 4.9). We overcome this challenge by employing a generalized framework that
uses a Markov Chain, specifically the Bernoulli-Laplace diffusion or transposition walk,
which preserves Hamming weights and transitions from a starting string of weight & to
the equal superposition over all such strings. In Section 4.5.1, we present a condition on
cost functions over Hamming Weight Slices k£ for which we obtain runtimes of the form
poly(n)(Z)Oﬁ_c for a constant c.

We study a generalization of MaxBisection which we term MaxCut-Hamming, defined
as

Cr = mi 1} { =Y eii(1— mxy) : |z] = k:} . (MaxCut-Hamming)
TE n

’L<]

In Section 4.5.1 we prove that the Generalized Short Path Framework achieves an
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n

k
when k£ = ©(n) (which includes MaxBisection as a special case). We also demonstrate

0.5—c
overall runtime of O* (( ) ) for MaxCut-Hamming on Erdés-Rényi random graphs

that under the assumption of spectral density, our approach achieves a runtime of
0.5—c(n
O* ((Z) ( )> with ¢(n) = © (log(n/k)_l), and thus the super-quadratic advantage

over Markov Chain search decays as n — oo (similar to the results of [Hasl8b]).

4.3.2.2 Glauber Dynamics

Glauber Dynamics [Gla63] is a well known sampling algorithm designed to sample from
the Gibbs measures corresponding to Hamiltonians such as the Ising or Hardcore models.
Since sampling from a Gibbs measure at arbitrarily high inverse temperatures solves the
exact optimization, for most hard problems there exists a critical threshold beyond which
the Glauber dynamics no longer mixes efficiently. Performing Markov Chain Search with
Glauber dynamics has two advantages, if the problem is constrained then it provides a
natural way to search with a distribution whose support is restricted to feasible solutions
only. On the other hand, if the Glauber dynamics mixes for positive inverse temperatures,
then low-energy solutions are more favored compared to the uniform distribution and
the result in Markov Chain Search is asymptotically faster than unstructured search (see
Lemma 4.5.20). In each case, we will consider classical search algorithms that use the
Glauber dynamics at a temperature slightly higher the critical threshold where mixing
takes exponential time. We demonstrate in Section 4.5.2 that for three models of interest,
we obtain super-quadratic speedups over polynomially-mixing Glauber dynamics. These

models are:

1. The Maximum Independent Set problem (or hardcore model) on graphs
of constant maximum degree: For this problem the Glauber dynamics is shown
to mix only up to critical temperatures that are negative. This means that our
starting distribution favors small sets compared to large sets. However, there is
the advantage that the Gibbs distribution has support only on independent sets
(which are usually much fewer in number than 2", which is the total number of
subsets). In the case of random regular graphs of sufficiently high degree, we show
that this Markov Chain Search algorithm is faster than unstructured search as well

as the best known combinatorial algorithms for Maximum Independent Set.

2. The Ising Model on random regular graphs of constant maximum degree:
The Ising Model is an unconstrained optimization problem and there are 2" feasible

solutions. In this setting, the Glauber dynamics mixes up to a positive critical
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inverse-temperature, thus the starting stationary distribution favors low energy

solutions and the Markov Chain search is faster than unstructured search.

3. The Sherrington Kirkpatrick Model: Like the Ising Model, the Sherrington
Kirkpatrick model is also unconstrained and the Glauber dynamics mixes up to a
positive inverse temperature. In this case, however, the exponent of our advantage

over quadratic speedup falls with n. Specifically, we show a quantum runtime of
O (w(E*) 703+ where ¢(n) = ©(1/log(n)).

4.3.2.3 Super-Quadratic Speedup Over any Polynomial Time Gibbs Sampler

Our result regarding the Maximum Independent Set (or, hardcore model) on graphs of
bounded degree allows us to go a step further and argue that it is very likely that the
generalized short path can achieve a super-Grover speedup over all polynomial time Gibbs
samplers (whether or not they are based on Glauber dynamics). The key observation is
that for the hardcore model there is a critical fugacity A.(d) = exp(—/p.(d)) = %
such that for graphs of maximum degree d, Glauber dynamics mixes in time O(nlog(n))
for any A < A\.(d). However, it has been shown that computing the partition function
of the hardcore model is NP-hard for any fugacity A > A.(d) [Sly10,SS14]. Due to the
well known reduction between sampling and counting, it must therefore be NP-hard
to sample from the corresponding Gibbs distribution. We therefore have an almost
complete classification of the Gibbs measures corresponding to the hardcore model at
different fugacity: it is either NP-hard to sample from the distribution, or the Glauber
dynamics mixes in polynomial time. Our results in Section 4.5.2.1 establish that in the
latter setting, the short jump of Algorithm 9 takes only polynomial time and produces
a state |iy) such that it is NP-hard to sample from any Gibbs distribution 7 obeying
m(2*) = Q(|(ve|2")[?).

Consequently, there exists a quantitative separation between the ground states of the
short path Hamiltonian and Gibbs distributions. It is notable that the Markov Chain
methods are obstructed at the critical fugacity due to the development of long range
correlations. Such long range correlations in the ground state are also likely to lead to a
vanishing gap for the short path Hamiltonian. This indicates that the ground state of
the short path algorithm increases the overlap with the ground state, without creating
long range correlations. Further understanding of the qualitative differences between the
ground state and classical measures such as the Gibbs distribution, may shed light on

the mechanisms of the short path algorithm.
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We note that we resort to computational assumptions above only to show that
the ground state |1,) has higher overlap with the optimal solution than an efficiently
sampleable Gibbs distribution. It follows unconditionally from our analysis that the
ground state itself does not encode a Gibbs distribution beyond the critical mixing
threshold (or indeed any distribution using which we can sample from such a Gibbs
distribution by rejection sampling). In particular, Lemma 4.4.20 shows that for any ground
state prepared by a short jump that is covered by our analysis, the trace distance from
the starting state, and hence the total variation distance from the starting distribution is

exponentially small.

4.4 Generalized Short Path Framework

This section provides a simplified and generalized analysis of the short path algorithm
presented in [DPCB23]. It also highlights limitations of the current method of analysis,

and describes a general recipe for the determining a super-quadratic speedup.

4.4.1 Summary of main results

In what follows, let M = (X, P, ) be a reversible Markov chain over a finite set X'. Here
7 denotes a stationary distribution that is uniform over X and P. It is assumed that the
spectral gap of P is lower-bounded by . Using the discriminant matrix of P, we can

define a more general short-path Hamiltonian H, that allows one to work with mixing
X

n "

operators other than —

Definition 4.4.1 (Short-path Hamiltonian H,). Consider a reversible Markov chain
M = (X,P,m). Let H: X — R be a cost Hamiltonian. The short-path Hamiltonian H,
is given by

H
H, = —D(P) + by, (‘E,) |

where D(P) is the discriminant matrix of P, and

1—
Gn() == min (0, M) .

n

More generally g, : [—1,00) — [—1,0] can be a non-decreasing, concave function

that is differentiable at every point where it is non-zero. However, the specific choice

122



we make is sufficient for our purposes. We will also sometimes refer use the notation
6= 0 (1)

One major component of the analysis of Algorithm 9 is determining an upper bound
on b for which the spectral gap of the short-path Hamiltonian H, is still large, i.e.
Q (W) This upper bound serves as a proxy for how large the short jump is. A
second major component is determining the increased overlap with the optimal solution
provided by the short-jump. To do so, we rely on the definition of Ap stability, which

we restate below.

Definition 4.4.2 (Ap stability). Let M = (X, P, 7) be a Markov chain. We say that
the cost Hamiltonian H is Ap(n) stable under M if

Eyulhy (H(y))] < hy (H(2) + Ap(n)), Ve

where h,(z) = g,(7)-

If the short jump can be accomplished efficiently, then Ap stability captures whether
the short path approach provides a super-Grover runtime. This condition also has an
intuitive interpretation. If we consider the optimization landscape defined by M, H
and a well (controlled by 7) around the global minimum with energy E*, then we do
not want the energy to increase too much when moving within and around the well.
Specifically, for a super-Grover runtime it should hold that © (%
the stationary distribution of M. It is worth remarking that if n = 0, we recover the

), where 7 is

quantum unstructured search algorithm.

It turns out that any upper bound on Ap(n) suffices when bounding the runtime.
For example, it is a simple consequence of Jensen’s inequality that we can take Ap(n)
to be y/||¢||p with v = H. A key technical contribution of this work is to reduce the
conditions for determining whether a super-Grover runtime is possible to determining
the log-Sobolev constant w and the P-pseudo Lipschitz norm ||H||p (or Ap) for cost
Hamiltonian H.

We summarize our main result below:

Theorem 4.4.3. Let M = (X, P, ) be a reversible Markov chain, and let H : X — R
be a diagonal, Ap-stable Hamiltonian with ground state energy E*, P-pseudo Lipschitz

norm ||H||p. In addition, suppose M has a log-Sobolev constant w. If b satisfies

. 2 1
b<b = 3w In (W(E*)) : (4.9)

123



where
~ w((1 = n)E* — E,[H])?
T T H | (1w (E) (4.10)

then there exists a short-path algorithm that determines the ground state of H over

X with running time

n(1—n)|B* [b

@, <poly(n)w1 [m(E*)™"] <%7 2{d/m(BTDAP )> : (4.11)

Note that any upper bound on Ap suffices, for example one may use /|| H||p-

Proof. The proof is evident after combining the statements of Theorems 4.4.28, 4.4.15,
Lemma 4.4.25, and Corollary 4.4.9 O]

We also present a variant of the above result that only relies on a Poincaré inequality.

Theorem 4.4.4. Let M = (X, P,x) be a reversible Markov chain, and let H : X — R
be a diagonal, Ap-stable Hamiltonian with ground state energy E*, P-pseudo Lipschitz

norm ||H||p. In addition, suppose M has a Poincaré constant 6. If b satisfies

54\/6—1

b< b := 0

(4.12)

then there exists a short-path algorithm that determines the ground state of H over X
with running time

n(1—n)|E*|b

O (poly(n)cS_1 [m(E*) 7Y <%_ 2l/m(BINAP )> : (4.13)

Note that any upper bound on Ap suffices, for example one may use /|| H| p.

Proof. The proof is evident after combining the statements of Theorems 4.4.28, 4.4.17,
Lemma 4.4.25, and Corollary 4.4.10. O]

In general, the log-Sobolev constant w can be significantly smaller than the spectral
gap of the chain §, however, we argue that this is not the case when Theorem 4.4.3
provides a super-Grover runtime. Specifically, Theorem 4.4.3 requires that b* is a constant,
and by extension, implies we need w™! = O(In(1/7(E*))). For example, for a very hard
problem, where Markov Chain search finds an optimal assignment with exponentially-
small probability, i.e., ©(In(1/7(E*))) = ©(n), the condition on b* will imply that w
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will be large, i.e., {2 (M) Thus, in cases where it provides a super-Grover runtime,
Theorem 4.4.3 asserts that we do not get a slower runtime by using w instead of 9.

We have the following evident corollary of the above results.

Corollary 4.4.5. Let M = (X, P,m) be a reversible Markov chain, and let H : X — R
be a diagonal Hamiltonian with ground state energy E*. Suppose the pair (M, H) result
in b* and v that are independent of n. If
2
Ap

= 0 (In(1/x(EY)), (4.14)

then under Assumption 4.53.1 there exists a short-path algorithm that finds the minimizer

of H over X with super-Grover running time. The advantage over Grover is:

n(l _ZJE o (4.15)

4.4.2 Constructing Short Path Algorithms from Markov Chains

This subsection details how the results from [DPCB23] can be generalized to the setting
of reversible Markov Chains. One of the main conditions from the aformentioned paper
is that there should be a small number of low-energy states, effectively capturing that the
underlying problem is hard. This is made precise through the spectral density condition,

which we restate below.

Definition 4.4.6 (v Spectral Density). The cost Hamiltonian H is said to satisfy the

spectral density condition with respect to the stationary distribution 7 if:
n(B < (1—n)E) < n(E")". (4.16)

The tail bound given by the spectral density condition is implied by Pseudo Lips-

chitzness together with a functional inequality:

Theorem 4.4.7 (Herbst’s Argument, adapted from Theorem 4.3 in [Lall3] ). Suppose
M = (X, P,7) is a Markov chain with log-Sobolev constant w, and f: X — R is || f||p
pseudo-Lipschitz. Then,

th

P.(f > E:[f] +t] <e Tir

(4.17)
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Theorem 4.4.8 (Adapted from Theorem 3.5 in [Lall3]). Suppose M = (X, P,7) is a
Markov chain with Poincaré constant 6, and f: X — R is || f||p pseudo-Lipschitz. Then,

BLf > Edf]+1] < e TF (4.18)

The following corollary is immediate, and reduces spectral density to pseudo Lips-

chitzness and a functional inequality.

Corollary 4.4.9. Suppose M = (X, P,7) is a Markov chain with log-Sobolev constant
w, and that the cost function H is ||H||p pseudo Lipschitz. Then,

w((1—n) E* ~Ex [H])?

PL[H < (1 - n)EY] < n(2) Tttt (419)

with
~ w((1—n)E* — E.[H])?
T T H | (1R (E) (4.20)

Corollary 4.4.10. Suppose M = (X, P,7) is a Markov chain with Poincaré constant §,
and that the cost function H is |H||p pseudo Lipschitz. Then,

V((1—n) B* —Eqx [H])

IP)TF[H < (1 — n)E*] < W(E*) IH] p In(1/m(E%)) (421)

with
. V(1= ) E” — E-[H]) (422
[H || pIn(1/7(E*))

As noted in previous papers, the spectral density condition is relatively weak for hard
problems. For example, suppose that for any constants v and 7 it were not satisfied,
but 7(E*) = O(27"). Then Markov Chain search can prepare an n relative error, for n

arbitrarly close to 1, approximate minimizer in time subexponential in n.

4.4.2.1 The Short Jump

The short jump is defined as the preparation of |i;) from |\/7). The ability to find a
good point to short-jump to (i.e., constant b where a jump takes poly(n) time to make)
is where the inherent speedup over Grover comes from. If we just decided to do only the
short-jump and sample until we found the ground state, the algorithm would only be
quadratically slower due to amplitude amplification on the long-jump (assuming good
gap costs |(1p]2*)|71), than the full short-path algorithm.
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The goal of this section is to determine conditions, using an initial Hamiltonian
that is the discriminant of a reversible Markov chain, under which a short-jump can be
done efficiently. However, it does not determine whether such a short-jump provides
super-Grover runtime, which is the goal of the next subsection. The runtime of a short
jump is captured by the short-path condition from [DPCB23, Has18b|, where we present

a natural generalization.

Definition 4.4.11 (0 Short-path condition). Let II, := I — |\/m)y/7|. Then, the 6

short-path condition holds for some constant b > 0 if
GSE(IT, HpIT,) > —1+40 (4.23)

where GSE denotes “ground-state energy”.

The short-path condition was used in previous papers to prove a variety of other
sufficient conditions for super-Grover runtime. For example, the short path condition

implies a lower bound on the spectral gap of Hy.

Lemma 4.4.12 (0 Short-path = 6 Spectral Gap Bound, adapted from Proposition 5
of [DPCB23|). If Hy satisfies the 6 short-path condition, then the spectral gap of Hy is at

least 0, i.e., all excited states have energy at least —1 + 6.

However, we stress that the short-path condition’s main purpose is to show the
existence of an efficient “short jump”, i.e. |/7) — [|¢). In fact an inverse-poly(n)
short-path condition is effectively equivalent to an inverse-poly(n) spectral gap at Hj, and
overlap between [¢) and |/7). Thus one can view it as a convenient way of combining
the two conditions. The other consequence derived from the short-path condition was of
a more technical nature. We summarize the implications of the short-path condition on

the short jump in the following result.

Theorem 4.4.13 (Sufficient conditions for Efficient Short Jump). Suppose M = (X, P, )
is a reversible Markov chain with spectral gap that is at least inverse-polynomial in n,
and H is a cost Hamiltonian satisfying the 6 short-path condition at b independent of
the problem size n. If 0 = ) (ﬁ(n))
an e-approximation to |vy) starting with |\/m), which makes poly(n,log(1/¢)) queries to
block-encodings of D(P) and Hy,.

, then there exists quantum algorithm for preparing

Proof. The result will follow if we can show that

min(Gap(—D(P)), Gap(Hs)) (V7 [t)] (4.24)

127



is inverse-polynomial in n. The assumption on the Markov chain gap implies that

Gap(—D(P)) is inverse-polynomial. Lemma 4.4.12 implies that Gap(H,) = 2 (m)

The overlap is implied by the following argument. Let |1;-) be the component of 1,
orthogonal to |/m). The short-path condition implies that

(Vo[ T H I [thy) > =14 Q < ) : (4.25)

poly(n)

and since (| Hp|thy) < —1, we have

1
(altiton il =0 (). (4.20
Suppose | (/)| = 0 (552 ) then since || Hll2 < 2
1 1y 1
o) — it e = o (L), (a.27
a contradiction. O

We will later show that an even stronger condition on the overlap can be established
assuming the spectral density condition and in this case (1,|/7) =1 — o(1).

If the conditions of Theorem 4.4.13 are satisfied, then we only need show that
T |43)||5 * is exponentially smaller (say by 7(E*)¢/? for some constant c) than ||TI*|) (|5
to achieve a super-quadratic speedup over Markov chain search. This is the task of
bounding the runtime of the long jump.

In this work and [DPCB23], the long-jump runtime is upper bounded by lower
bounding the easier-to-handle quantity |{(y/7|1p)X1p|2*)| by constructing an approximation
to |1y )(p|. This makes use of a technical condition that ensures the ground state energy
of Hy, E}, does not decrease too much from the ground state energy of —D(P). While
it can be shown to hold via the short-path condition, we give intuition that it is a
significantly weaker condition.

The following results provide generalized conditions under which the existence of a
log-Sobolev and/or Poincaré inequality enable the spectral density condition (a very
weak condition) to imply a constant b at which a 6 short-path condition exists, where 6
is either the log-Sobolev or spectral gap of the chain M. For Poincaré case, the spectral

density condition is not even needed, although the spectral gap must of M must be
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constant.

From a bird’s-eye view, the role of the functional inequality is to upper bound a
metric or divergence between 12, fo distribution of |1/,) in the computational basis, and
7. The variational definition of the corresponding metric or divergence plays the role
of lower bounding. Together, these bounds are sufficient to derive a range of b’s where
short-path holds.

Lemma 4.4.14. Suppose M = (X, P, ) is a Markov chain that satisfies a log-Sobolev

inequality with constant w. Then, for all quantum states 1)) one has

L= WD)

w

KL(¢)%||), (4.28)

where KL(+||-) denotes the Kullback—Leibler divergence, and 1? is the ly distribution of

|1) in the computational basis.

Proof. From a straightforward calculation, it follows

D, v) = (¥, (I = P))x (4.29)
—E Ww) - wTPw) (4.30)
= > (Yr(x)p(x E;( V()Y (@) D(P)ayy/7(y)Y () (4.31)
= [IV7Y |3 — (Vv | D(P)| V). (4.32)
Now,
VT3 = (Vv D(P) V) > w(Ba (v In(¢?)) = Ex(v*In(Ey?))),  (4.33)
and

B (¢ In(¢7)) = Ex(¢° In(Be?)) = Y- m(@)e? (@) In(¢2(x)) — (VA3 n((lvrel3).

reX

(4.34)

Consider ¢ = Wlth |']]2 = 1. Then
L= (D) 2 0 X o (D0 < wra v (4.3)
]
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Theorem 4.4.15 (Sufficient b for spectral density to imply short path). Suppose M =
(X, P,7) is a reversible Markov Chain that satisfies an w log-Sobolev inequality. If

b < ;w In <7r(115*)> (4.36)

then vy spectral density implies an 5 short-path condition.

Proof. Let F(FE) be the cumulative distribution function for the cost function H. Define

F,(E) to be the cumulative distribution function for g, (‘E—HI) Then,

0 v < —1
Fy(v) =S F(E*(1 —n—n)) < (x(E*)Y —1<v<0 (4.37)
1 v >0

where we assume that the probability of low energy states under 7 is low, i.e.,
F((1=nE") =P(E < (1-n)E") < (n(E")) (4.38)
for 0 < <1 where w(E*) is given by
T(E*) =P (F =FE") = > m(x). (4.39)
{z€X:E(z)=E"}

If this bound does not hold, then for a very small 7, there is a high probability mass for
the states with energy closer to E*. Therefore, we can find an approximate optimizer by
randomly sampling from 7(z) in time sub-exponential in log(1/m(E£*)). Note that when
7 is uniform and the ground state is non-degenerate, we recover the original condition
of [DPCB23, see, Lemma 5] since

F((1 —n)E*) <27, (4.40)

For a quantum state [1) let 2 denote its £, distribution in the computational basis.
Applying Donsker and Varadhan’s variational formula [DV83] for KL(¢?||7), we may

write

KL(4?||7) = Sl}p{Ew [f ()] = In(Ex[exp(f ())])}- (4.41)
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Choosing f(z) = —yIn (T%) 9n (HE(f)) and defining Uy, = Ey2[g,(£)], it follows

L N R S e
> —vlIn <7T1*> Uy — 1. (4.43)

The final inequality follows from

B, [ = S s Y a@e @G g
an(75F))=0 an ()20

< 7(E(2) = 0) + 7(E(2) # 0)e"(+) (4.45)

= 7(B(z) = 0) + (7%)7 (%) (4.46)

<2, (4.47)

as we assume 7(g,(4L) # 0) < (7%)7 and g, (&) > —1.
Thus we have the following lower bound on the KL divergence:

KL(¢?|7) > Vm( ) Uy — 1. (4.48)

We also have the following upper bound the KL divergence from Lemma 4.4.14:

1= WID(P)[Y)

> ki), (4.49)

where w is the LS constant of P.
The following argument attempts to find an upper bound b* on the b, such that for
all b < b* the two bounds above become contradicting if short-path is not satisfied.

Suppose for contradiction that the § short-path condition is violated at b, i.e.

GSE(IT, H,IT,) < —1 + % (4.50)

where w is the log-Sobolev constant of P. If |¢}) is the ground state of II; H,I1, , then

—1 + > (W Hy|vy) = — (| D(P)y) + bWy Gyliby) = — (| D(P)[}) + 0Uy;
(4.51)
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which implies

, , w — QbUl%
A R— (452)
Thus if short-path is violated, then the KL upper bound above reduces to
W — QbUw/ 2
27b > KL || ). (4.53)
w

We also have generally that a Poincaré inequality (LS inequality implies Poincaré) implies
that for any |¢)

W] = D(P)[) > =146 > —1 +w, (4.54)
where § denotes the Poincaré constant of P, so if short-path is violated combining the

above with Equation (4.51) gives

=< Uy, (4.55)

where Uy, < 0 by construction. Also, by construction —Uy, < 1.
Hence, when the short path condition is violated, Equations (4.48) and (4.49) imply
that

0> —yhn (=) uy, —1- <=2 4.56
A Gy L e e (4.56)
As mentioned earlier, we want to a range of b’s that contradicts this inequality, and so
we solve
0<—yin (=)0, —1- =2 457
< - — -1-— :
T m(E*) ¥ 2w ( )
which yields
Sw .
b < + 2ywn(1l/7(E™)) (4.58)
20y,

and using Equation (4.55) since we want to consider the smallest right hand side:

2 1
b < 3w In (’N(E*)) : (4.59)

Thus, the short path condition must hold for the values of b given in theorem statement.
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]

It is reasonable to question if a simpler Poincaré inequality for M = (X', P, ) which
only depends on the spectral gap d of P would suffice to get a bound on b. Unfortunately,

it appears that this does not provide a useful bound unless 0 is constant.

Lemma 4.4.16. Suppose M = (X, P, ) is a Markov chain that satisfies a Poincaré

inequality with constant 0. Then, for all quantum states |1) one has

1= W[D(P)[y

5 ) > [TV (2, 7)]?, (4.60)

where TV(-,-) denotes the total variation distance, and ¥? is the ly distribution of |¢) in

the computational basis.

Proof. The proof roughly follows that of Lemma 4.4.14, i.e. using Equation (4.29), but

instead uses 7-Variance. From Poincaré:

1 - @[DP)[Y) _ D/vm ¢/Vr)
o d

> Var [/ v/ = Ed[t /] — (Ex[o/v/7))? (4.61)

=1 - [(V7lp)[” (4.62)
> [TV (7,97 (4.63)

Note the following does not make use of the spectral density condition, which is one
reason for the weak upper bound on b. However, it does suffice for P with constant

spectral gaps.

Theorem 4.4.17 (Sufficient b for short-path under Poincaré inequality). Suppose M =

(X, P,7) is a reversible Markov chain that satisfies a Poincaré inequality with constant .

If

<6 461
10

b (4.64)
5 o . .
then, the & short-path condition is satisfied.

Proof. The proof follows a similar structure as Theorem 4.4.15. We have the variational
definition of TV:

TV, ) = supy 1 (Eue [ (0)] — Ex[F(2)). (1.65)
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We can choose f(z) = —g,(H(x)/E*), which satisfies || f]| < 1, so

TV(r,¢?) > ~(~Uy — 1), (4.66)

N —

since E;[f(z)] < 1. Note Uy = Ey2[f(x)].

Thus, we have the following lower bound:
1
[TV(r,¢*)]* > 21Uy + 1)% (4.67)

We also have the following upper bound on the TV from Lemma 4.4.16:

1 - (@[D(P)[¥)
)

> [TV (y*||m)], (4.68)

where ¢ is the Poincaré constant of P.

Suppose for contradiction that the g short-path condition is violated at b, i.e.

GSE(HLHbHL) < -1+ g, (469)

where w is the log-Sobolev constant of P. Thus, if |¢/}) is the ground state of 11, H,II
then

4]
—14 5 > (G Hylen) = — (| D(P)[W) + by |Gyln) = — (44| D(P)[d) +bUy;, (4.70)

which implies

, , 0 — 20Uy,
L= (DRl < % (171)
Thus if short-path is violated, then the KL upper bound above reduces to
0 — 26U
——— > TV (R, )] (4.72)
20
If P satisfies a § Poincaré inequality, then we have that for any [¢)
(Y] = D(P)[Y) = =1+, (4.73)
so if short-path is violated combining the above with Equation (4.70) gives
o
% < Uy, (4.74)
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where Uy, < 0 by construction. Also, by construction —Uy < 1.
Hence, when the short path condition is violated, Equations (4.67) and (4.68) imply
that

o — QbUwé

1
> —(Uy +1)° — 4.
0> (U + 12— " (4.75)
As mentioned earlier, we want to a range of b’s that contradicts this, so we solve
1 0 — 20Uy,
—(Uy +1)? = ——= 4.
0< Uy +17 - 2, (476)
SO
0 < 68U, + (26 +4b)Uyy — 39 (4.77)
and using Equation (4.74) since we want to consider the smallest r.h.s.:
0 < 6% — 45b — 2007, (4.78)
so using the positive root
46 — 1
postVO-1 (4.79)

10

Thus, the short-path condition must hold for the values of b given in theorem statement.
O

It is also natural to ask if a modified log-Sobolev inequality would work. The apparent
issue is with relating the Dirichlet form to the energy with respect to D(P). Although
we could not prove a generic bound in terms of modified log-Sobolev constant, we can
use it to derive a lower bound on standard Log Sobolev constant by using the following

theorem.

Theorem 4.4.18 (Theorem 1 in [Sal21]). Let wisr and wyrst respectively denote the log-
Sobolev constant and the modified log-Sobolev constant of a Markov chain M = (X, P, 7).
If M is reversible, then

wist > wwst/ log(1/p) (4.80)

where p is the smallest non-zero element in P.

Note that for general Markov chains p can be exponentially small. However, in
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certain cases such as single site Glauber dynamics on bounded degree graphs, p is only
polynomially small. Therefore, in these special cases, our main theorem implies a super

quadratic speed up although the speedup term ¢ might be falling with n.

4.4.2.1.1 Properties of the Short Jump We now show some properties of the
ground state |¢;) that is obtained as a result of the short jump. In the next section, we
will use an approximation ground state projector to bound the runtime of the long and
short jumps together (as in [DPCB23|). It is instructive however, to bound the runtime
of the short jump alone and confirm that it indeed takes only polynomial time. In the
following, we show that if we select b such that a #-short path condition is satisfied, the
time taken for the short jump is in fact O(6~!) where § is the spectral gap of P. This
analysis supports the discussion of the algorithm in Section 4.3. We first establish a
technical condition on the change in ground state energy. An analogous bound is used
in [DPCB23] to bound the runtime and while we will do the same, it is convenient to

introduce it here as we establish further properties of |1).

Lemma 4.4.19 (Ground-state energy shift bound, adapted from Proposition 6 of
[DPCB23]). Suppose that y-spectral density holds and the g-short—path condition holds at
b, then

A(n(B))"

El <1
|b| + 7

(4.81)

The above lemma utilizes the following expression for Ej:
By = (ul Hohin) = =1 — bv/F|Gy [VA) — B (VAIG WG VA, (4.82)
where
Wy := (TI1L(Hy — Ep)IT) (4.83)

The main purpose of this lemma is for determining the cost of the long-jump, which
we do in the next section. Specifically, we will want to bound the magnitude of the energy
shift away from two. We provide intuition why doing so does not require a strong (¢
being inverse-polynomial in n) short-path condition. In the above lemma, the short-path
condition is used to bound the spectral norm of W, where a 6 short-path condition
implies [|[W,]]2 < 67!, However, the actual quantity of interest is (v/7|G,Wy,G,|\/T),
where ||Gp|v/7)||2 < 7(E*)7. For “hard” problems 7(E*)” will be exponentially small in
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the problem size, and so ||WW,]| can be even exponentially large for a small ground-state
energy shift. Thus, for such problems, the short-path condition we need for a good gap
(0 being inverse-polynomial in n) is stronger than the short-path condition needed for a
small-enough energy shift.

If we do have an inverse-polynomial short-path condition, then the above lemma
places strong conditions on the quantum state obtained by the short jump, namely that
its trace distance from the starting state is small whenever hard to solve exactly by

sampling from 7. Specifically, we have the following lemma

Lemma 4.4.20. Suppose that the v spectral density and %—short path condition hold

for some constant b. It holds that |||/7) (/7| — |p) (W]l 1, = (9( “n(E *))7/2) where
d is the spectral gap of P. Consequently, if § = (poly ) V) 7| = ) (W] ||, =
O ((x(E))"?).

Proof. Note that the ground state energy of Hj is < —1 since H, — (—D(P)) is negative
definite. It follows from Lemma 4.4.19 and the conditions of this lemma that —1 —

O*(w(E*))") < E, < —1. We observe that

< —(V7|D(P)Wm) = (| Hylth) = O~ (E7)7), (4.84)
= (| D(P)|vhs) — (VT|D(P)|V/m) = O m(E")7) + b{tn| Gy 1) (4.85)
= [(¥s| D(P)|vhy) — (V7| D(P) V)| = O~ (n(E")"), (4.86)

where the last equality follows from the negative semi-definiteness of G,,.

We may write the state [1) as a|y/7T) + V1 — a2|y/a) where |71) is a quantum
state such that (/7 |y/7) = 0 (We may take o to be real and in the interval [0, 1] since
|t), |[/7) are the ground states of stoquastic Hermitian matrices). It follows from the
definition of trace distance that ||[/7) (v/7| — [ts) (W] ||y, = V1 — 2. From the definition
of spectral gap, and observing that /7 is the ground state of —D(P), we have

(o] D(P)[y) — (V7| D(P)|/7)] (4.87)
=1 = o?) (V7 [D(P)V7 ) — (VT D(P)|Vm)| > 6(1 — a?). (4.88)

From our two bounds on [{(,| D(P)|¢y) — (/7| D(P)|y/7)], it follows that
VA V| = )l = VI=a? = 0 (57 (x(E")"?) = 0" (r(E")"?),  (4.89)
which completes the proof. O
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Since |/m) and [¢),) are pure states, we obtain a bound on the overlap between the

states as an immediate consequence of the above.

Corollary 4.4.21. Suppose that the v spectral density and %—short path condition hold

where & is the spectral gap of P. Then,

for some constant b with 6 = ) (W»

[(elv/m)| =1 = O*((w(E")7).

It is also clear from the above that if m(E*)~! is super-polynomial in n (as is the
case for the problems considered here), the trace distance between [¢)) and |1),) decays
super-polynomially in n. From the operational definition of trace distance, the difference
in probability of obtaining a specific outcome when performing a fixed measurement on
two states p1, po is upper bounded by their trace distance. Since the trace distance is
monotonic under discarding of identical subsystems, it also holds for all m € N that
Hp?m N pé@m”’rr

the monotonicity of trace distance we have the following corollary, which illustrates

< m|lp1 — p2|ly. As a consequence of the above considerations, and

that the short jump by itself does not offer any advantage if used in a polynomial time

approximation algorithm.

Corollary 4.4.22. Suppose that the conditions of Lemma 4.4.20 are satisfied, and let
A be any non-adaptive quantum or classical algorithm applied to poly(n) copies of an
input quantum state. Each outcome of A that is observed with probability p1 when the

algorithm is applied to |1y), must be observed with probability ps = p1 + O*((w(E*)7).

4.4.2.2 The Long Jump

The long jump is the preparation of an optimal solution in IT* from [¢,), where ideally
ITT*[bp)[|3 > 7(E*)'7¢. As discussed in the previous subsection, the only quantum
speedup from this step is quadratic and is due to amplitude amplification. That is, the
quantum short-jump plus classical sampling would cost O*(m(E£*)~1=9), provided that
the overlap condition just mentioned is satisfied. Accordingly, a quantum short-jump
applied to the discriminant of the Markov Chain in Markov Chain search could still
provide a nontrivial speedup. The goal of this subsection is to determine conditions on the
cost Hamiltonian in terms of the Markov Chain M under which ||[TT*[¢)[|3 > 7(E*)' ¢
holds for some constant c. If we combine with amplitude amplification we get the runtime
stated for the generalized short-path algorithm.

In order to bound the terms in the runtime involving the ground state projector
|p) (1|, we follow [DPCB23] in approximating |1, ) (1| through the use of a simple
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degree-¢ polynomial P,. This quantity is related to the runtime via

(V) 70+ I ) [l < 20/l ghn) (Wl T (4.90)

Let Ej denote the ground state energy of H,.

Lemma 4.4.23 (Runtime bound by approximate projector). Let M = (X, P, ) be a
Markov chain with |X| = V. Define

_ (Y
P () o

and let w be the log-Sobolev constant of D(P). For either all even or all odd ¢ we have

(VAPde) —v (1= 2)" < (Vo) il (1.92)

for any assignment z. Note the same also holds with w replaced by the spectral gap §.

We now recall the definition of a-subdepolarizing from [DPCB23] but generalized to
arbitrary Markov Chains.

Definition 4.4.24 (ap-subdepolarizing). Let M = (X, P, 7) be a Markov chain. The
pair (M, H) satisfies the a-subdepolarizing property if for f(z) = —g,(—x) (as defined
earlier), the following holds for any set of constants 0 < ¢;,...,cpr < 1,VT € N:

mlz[ (CtH ) Hf( 1—;5)}1(9:))7 (4.93)

where E* is the ground state energy of H.

As shown in the proof of Proposition 3 of [DPCB23], if Ap(n)-stability holds, then

ap-subdepolarizing is satisfied. However, the converse also holds.

Lemma 4.4.25 (Ap(n) stable <= «ap subdepolarizing ). Let M = (X, P,7) be a

Markov chain. The pair (M, H) satisfies the Ap(n)-stable if and only if it satisfies

Ap(n)
[E*|(1-n)

ap-subdepolarizing. They are related by the equation ap =

We now briefly remark on some useful upper bounds on Ap(n) that we alluded to
earlier. However, using too loose of an upper bound may result in the runtime analysis
not indicating a speedup. Note that choice of the bound on Ap(n) is not actually used
by Algorithm 9.
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Lemma 4.4.26 (Upper bounds on A(n)). If H has P pseudo-Lipschitz norm || H||p,
then for n € [0,1),

IH| P> Ap(n). (4.94)
Furthermore, if
Ey[H(y)] < H(z) + Ap, (4.95)
then for n € [0,1)
Ap > Ap(). (4.96)

Our next result generalizes [DPCB23, Lemma 3], which uses ap subdepolarizing (or
equivalently Ap(n)) to lower bound |(v/7|Py|z*)|.

Lemma 4.4.27 (Overlap with general Markov chain). Let M = (X, P, ) be a Markov
chain. Given positive parameters n < 1, b < 1, a < (1 —b)/2, and integer {, suppose
that (H, g,) has the a-subdepolarizing property, 3/a* < £ = O (W), and that H,
satisfies the small-ground-energy shift condition. Define the function F :[0,1] — [0,1] as
F(z):=1—z+xn(z). Let z* € {—1,+1}" be an optimal assignment, i.e. H(z*) = E*.
Then,

(| Py|2*) > m(2*)? exp <771;F (1— 77)) (e7! —2e72). (4.97)

Proof. Define A, B, and f by the following equations:

A= D(P) (4.98)
B = —bg, (g) _ bt (g) (4.99)
(ylAlz) = 7'/ (z) P(a, )72 (y). (4.100)

Then, the approximate projector can be written as

(-A-B)

(AT

(4.101)
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By Lemma 4.81, if { = O (W), then we can take |Ey|* = O(1) and ignore the

denominator. To compute the numerator, start with

(m|Al2*) = (n]2*) = m(2%)"/? (4.102)
(m|B|2*) = br(2*)"/2. (4.103)
Next, we compute

(r|BA¥|2*) = b{r|BD*|z) = bxlzg% 7| Blwg) (x| Dl|wg_1) - - - (x1]D|2) (4.104)
= bm%k(ﬂB\wkﬁ(m)1/2P(xk1, v (@) w(@n) VAP (" ) (7)Y

(4.105)

= 3T (Hg’“)> P(z*,21) - P(apr, m)m(z") (4.106)

b (2" Eyys - By, S (Hg’f)> (4.107)

> br(=)2f (1= a)F). (4.108)

In general, we can write any string of A’s and B’s as
..AB®AB®?AB“" AB®, (4.109)

for ¢ € ¢1(N*), i.e., finite sequences of natural numbers of unbounded length. Let
f(x) :== f(H(z)/E*). Accordingly, we can compute

(n|... AB®AB* AB* AB®|") (4.110)
- Z (4| AB®|ws) (3] AB%|a5) (o AB® |2y ) (1 | AB®| %) (4.111)
- Z b2 . (xo| Dlay) f(H (1)) E*)* (21| D]2") (4.112)
Wéz*)l/QbZ;OO & Z o P(x1, m0) f(H(21)/ EY) P21, 2°) (4.113)
= m(*) /b2 I, o [(F(@0) " By [(F(2)) -] (4.114)
(2%) /220 JHO F((1 =)y, (4.115)

By assumption, b0 is finite.
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1/2 n/2

We only pick up 7(z*)'/¢ term instead of 27™/¢ in front of the product. Therefore

Propositions 15 and 16 of [DPCB23] hold. Hence, we obtain the stated result. O

The following uses the above results to bound the complexity of the short and long
jumps. As mentioned earlier, the runtimes of the two jumps are bounded together due

to the ease of analysis.

Theorem 4.4.28. Let M = (X, P,7) be a Markov chain, and suppose |X| =V . If

3 ln(V/,/W(z*)) (4.116)

¢ > max | —, max4
a?’

and { = O (W), then

(/) 7+ ) " = 0 (fr(en) G mmitems) ) ()

A direct consequence is that the overall complexity in terms of queries to block-encodings
of D(P) and H is

0 ([min(Gap(D(P)), Gap(Hb>>]—1[7r(E*)—1]<%—mu‘¥éw»a>) . (4.118)

Proof. By Lemmas 4.4.23 and 4.4.19, for any optimal assignment z* we have

(V) (3] 2") > (%)% exp (;;F (1— n)) (7' —2e72) — Ve @2 (4.119)

1n(V/\/7r(7))

Consider ¢ > max,« 4 , where the max is over optimal assignments, then

(Vle) (ulz") = w(2*)"/? exp <nbaF (1- n)) (e7! —2¢7%) — 7(2"). (4.120)

Note that exp (W%F (1-— n)) > 1, so the first term on the right hand side will dominate

asymptotically. In fact M > n/2, so we have

(Vlp) (Plz") > Q <\l 7(2*) exp (l)j)) : (4.121)
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This clearly gives that

VA I3 > © (J w(B)exp (ijj)) . (1122)

The result follows by using Equation (4.90). ]

It may not be immediately obvious that the conditions on £ are not contradicting. Here,
we give intuition for why this is not the case for the typical applications of the algorithm.
Note for an efficient algorithm, at the very least we will need w™! = O(poly(n)). For
hard problems, m(E*) will be exponentially small in 7, thus the O (minz* ﬁ) upper
bound on ¢ will be significantly larger than the lower bound. Note 1/a? is significantly
smaller than 1/7(E*) for a hard problem, for showing super-Grover runtime we will want
a= @(m) anyways. Thus it is fine to assume we have the conditions on ¢ stated
in Theorem 4.4.28 in settings where the algorithm can successfully be applied.

As should be apparent from Theorem 4.4.3, at a constant b the existence of a speedup
over Grover is determined solely by %. Clearly, we must have that @—f‘ =0 (m),
at least for a problem with at least exponential runtime. If this does not hold, then the
runtime goes to zero asymptotically, an absurdity. However, it has not been directly
shown that the derived runtime cannot lead to this contradiction. To put one’s mind at

ease, we present the following result.

Lemma 4.4.29. Let M = (X, P,7) be a Markov chain. Suppose b* and v in Theorem
4.4.83 are constants, and ||H||2 = |E*|. If

Ey.[H(y)] < H(z) + Ap, VreX, (4.123)

then

5 = ()

Proof. Let n be a real parameter that parametrizes the space of feasible states S(n)
with size |[S(n)| = S(n). Let M(n) denote the mixing time of a Markov chain P with
transition density m on S(n) such that for any ¢ > M(n), TV(P',,m) < 5 for any
x € S(n).

Assume that A is a global upper bound, such that for all z € S(n), Eyo,.[H(y)] <
H(z) + A. It is easy to observe that for any random variable X taking values in S(n),
it holds that Ey. . x[H(Y)] < Ex[H(X)|] + A. Now let z, be a global minimum of H
(with corresponding energy E*) and consider taking T' = [M(n)] steps of P starting

from z*, with the random state after ¢ € [1,T] steps being denoted X;. By induction, it
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is easy to see that Ex.[H(Xr)] < E*+ AT. From the definition of mixing time however,
it follows that Ex, [H(Xr)] > E.[H(z)] — £1. Denoting E,[H(z)] by E it follows that

100 °

A>EE L0121 So 22 =0 ()

T 1007 M(n) [E~] (n)
If b* and 7 are constant, then the log-Sobolev constant must satisfy w = Q2 (m)
It follows from standard results on Markov Chains that w < m O]

Note that in [DPCB23], the authors state an additional technical condition that is of
course easy to satisfy, which is E;[H(x)] = 0. The main reason for setting E.[H(x)] =0
is to ensure that E* < 0 and for the ease of proving the tail bounds. In our setting, for
arbitrary m, the expectation may need to be estimated if used as a shift. However, the
shift is not necessary to run the algorithm if the E* < 0 condition is already satisfied.
The mean just appears as component of the runtime. Also, Corollaries 4.4.9 and 4.4.10

for the tail bounds do not assume this shift.

4.5 Applications of Generalized Short-Path Framework

4.5.1 Optimization with Fixed Hamming Weight: Transposition Walk

The k-particle Bernoulli-Laplace diffusion or Transposition Walk on n sites is a random
walk on the space of Hamming weight £ bistrings. For our case we will work with +1
strings or “spin configurations” x and define the Hamming weight |z| as the number of
+1’s. Formally, X = {z € {-1,1}" : |z| = k}. A single step of BL consists of choosing,
uniformly at random, a transposition that swaps some z; = 1 with another z; = —1.
There is a very natural quantum Hamiltonian on n-qubits that encodes the discrimi-

nant of the transposition walk:

L XX 0,
k(n —k) 2 ’

1<J

D(P)=P =

(4.124)

where X;,Y; denote the Pauli operators applied to qubit j. This is commonly called
the complete-graph XY mixer. Note that there is equality between D(P) and P
because the walk is symmetric. The ground state of —D(P) is the uniform superposition
over Hamming-weight & computational basis states, and thus encodes the stationary
distribution of the transposition walk. Note that |\/7) is just the Hamming-weight &
Dicke state, which can be prepared efficiently [BE19].

We have the following log-Sobolev inequality for the transposition walk.
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Theorem 4.5.1 ( [LY98,Sal21, Theorem 5|, discrete-time). Let P be the transition matriz
for k-particle Bernoulli-Laplace diffusion on n sites and 7 the stationary distribution. It

then holds for any real valued function v that

n
D > Ent(¥?). 4.12
(0.0 2 i () (1125)
There is also a universal constant 19 such that
<rlog| — " (4.126)
LS = T0l08 min(k,n—k) ) '

This leads to the following bound on b* using the formula in Theorem 4.4.3.

Lemma 4.5.2. For all k, we have the following bound on b for the transposition mizer:

b* = 20—7, (4.127)
3
for some constant C'.
Proof. We have
D(¢,9) > < Ent(y?). (4.128)
k(n — ]{3)7'0 log (m)
Thus
2nlogy ("
b< ()7 (4.129)

3k(n — k)7 log, (ﬁ) |

Using that for & = o(n), log, (Z) = O(klogy(n/k)), and T = O(logy(n/k)), we

min(k,n—k

get
C2
< 22T (4.130)
3
for some constant C' to be determined, so b is constant for k = o(n).
For k = ©(n), we have that log, (Z) = 0(n), mmaam = ©(1), so b” is also
constant. [

This leads to the following simple result that follows from applying Theorem 4.4.3.

Theorem 4.5.3. Let M = (X, P, ) be the k-particle transposition walk on n sites.
Let H : {—1,1}" — R be a diagonal Hamiltonian with ground state energy E*. If
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||H||P = 0(1)7 and

E*| =0 (m (Z)) , (4.131)

then there exists a short-path algorithm with runtime

<én(1ﬁyzE*b>
o (Z) sm(R)er /| (4.132)

Proof. For all k we have w = Q (775 )» and k(In(n/k)) In(1/x(E*)) =< (In (}))?. Thus
if |H||p =O(1) and |E*| =© (ln (Z)), then v is constant so then b* is. We also have
that ‘f—;' =0 (ln (Z)), leading to the runtime presented. O

We apply the above result to a Hamming-weight constrained version of MaxCut over
Erdés-Rényi graphs, which we call MaxCut-Hamming. One well-known special case is

Hamming-weight 7 called MaxBisection.

4.5.1.1 Hamming-weight Constrained MaxCut

Consider a graph G(N, €) with vertex set N := [n] and edge set £. We assume G is
drawn from the Erdds-Rényi ensemble G ( nL) for a constant p, i.e., each edge ¢;; € £
for (7,7) € [n] x [n] is created with probability -5 such that G has an average degree of

p. We are interested in solving the Maximum stectwn problem:

n
Cr = eii(1 —xxy) x| = = 5, MaxBisection
5 l‘e{ 1 1}n { g J J | ‘ 2 } ( )
where e;; is a 25 Bernoulli indicating whether the (7, j) edge is present.

For generahty, we strive to present the results for an arbitrary Hamming weight
constraint of size k and specify k = & where necessary. We call the case where k can be

arbitrary the MaxCut Hamming problem:

Cr = min, { = eii(1— mxy) : |z] = k} . (MaxCut-Hamming)
TE n

z<]

The following result shows that ||H||p = O(1).
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Lemma 4.5.4. For the MaxCut-Hamming Hamiltonian H, the pseudo Lipschitz constant
|H||p under the transposition walk is O(1) with high probability over the graph.

The proof of the above lemma is deferred to the appendix. Next we show the existence

of a tail bound for MaxBisection.

Lemma 4.5.5. Let X = {z € {-1,1}": |z| = §} and M = (X, P,m) be a reversible
Markov chain. For (MaxBisection) on a graph G ~ G (n, %) and D(P) being the

transposition mixer, we have that

HA-m-m)+3)? _

V. (4.133)

Proof. Recall the expression for v in terms of the Herbst argument provided in Theo-
rem 4.4.7: L VB E[H?
Y= w1~ ) =\H)S (4.134)
[¥]lp In(1/m(E*))
From Lemma 4.5.4 we have that ||H||p = O(1). Applying Equation (4.128) for k = ©(n),

the log-Sobolev constant w satisfies:

4
w > n — (4.135)
k(n — k) log (Fn(lgn_k)) Ton
From Lemma 4.8.4 and Lemma 4.8.1 we have
* 2 np 2
(1= mE* = Bo(H))P = (1 =+ 2] (4.136)

The definition of 7 combined with the asymptotics of the binomial coefficient for k = ©(n)

gives
In(1/7(E™)) < n. (4.137)

Putting everything together:

HA-m-m+3)? _

5. (4.138)

]

Lastly, |E*| = ©(n) with high probability from Lemma 4.8.4. Since this is © (ln (Z))
for k = ©(n) all of the conditions of Theorem 4.5.3 are met.

147



Unfortunately, the current analysis is insufficient to show this for k = o(n). For

example, using Lemma 4.8.2 we can take an upper bound of

_ Cin—2)

Ap = T TE) (4.139)

which gives that ‘f—;' = O(k). However, In (Z) = O(kIn(n/k)) for k = o(n). Assuming

a tail bound, this leads to a speedup that is falling with n. Specifically, the speedup is

falling with ﬁ, which is reminiscent of the running time achieved by [Has18b]. We

summarize the two cases in the following theorem

Theorem 4.5.6. Let M = (X, P, ) be the k-particle transposition walk on n sites.
Let H : {—1,1}" — R be a diagonal Hamiltonian encoding the MaxCut-Hamming cost
function for a graph G ~ G (n, %) Then either of the following runtimes hold depending

on k <n.

o If k= 0(n), then there exists a short-path algorithm with runtime
n 3¢
@k ( k) : (4.140)

o if k =o0(n), then there exists a short-path algorithm with runtime

o (<Z>2”>) | (4.141)

for some constant ¢, and

for some constant c.

4.5.2 Glauber Dynamics

Glauber dynamics is a Markov Chain algorithm designed to sample from the Gibbs
distribution of a system, particularly in spin models like the Ising or hard-core model
[Gla63]. The Gibbs measure 7 for a system with configuration space X and Hamiltonian
H(x) is defined as

exp(—fH(z))

25 (4.142)

m(x) =
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where © € X is a configuration, § = % is the inverse temperature, and Z(3) is the

partition function

2(8) = Y exp(~BH(x)). (4.143)

zEX
Glauber dynamics generates a Markov chain with this measure as its stationary distribu-
tion by sequentially updating a single site (spin or vertex) according marginal distribution.
Specifically, the update proceeds as follows: (i) a site (vertex) v is chosen uniformly at
random; (ii) the states of all other sites u # v remain unchanged; (iii) the new state of v
is sampled from the marginal distribution of v conditioned on its neighbors.

The efficiency of Gibbs sampling in this case is related to how fast the Glauber dynam-
ics mixes to its stationary distribution. In fact, approximate Gibbs sampling is tightly
connected to partition function estimation in terms of computational complexity [SVVO9],
both of which are closely related to statistical phase transitions. These transitions corre-
spond to the uniqueness/non-uniqueness threshold on an infinite d-regular tree which
captures whether the root of the tree is affected by the leaves. In the uniqueness regime,
correlations decay rapidly, allowing efficient approximation of the partition function.
However, beyond the non-uniqueness threshold, long range correlations emerge and no
polynomial-time algorithm can approximate the partition function.

In particular, for the hardcore model with fugacity parameter A = e”, [Wei06]
presented a fully polynomial time approximation scheme (FPTAS) for computing the

partition function a graphs with maximum degree d when A\ < (1 — §)A. where A\, =

(d—1)(d=1)
(@-2)°

that is no fully polynomial randomized approximation scheme (FPRAS) to approximate

is the corresponding uniqueness threshold. On the other hand, [Sly10] proved

the partition function when A > A, unless NP = RP confirming the main conjecture
of [IMWWO09]. Similarly, for Ising model the phase transition occurs at 3. = % for the
antiferromagnetic case and (5, = d%l2 for ferromagnetic case.

We first present our main result for the Glauber dynamics and then show that the
necessary conditions hold for hardcore-model (maximum independent set problem) and

Ising model.

Theorem 4.5.7. Let P be a Glauber dynamics chain on X that satisfies an w log-Sobolev
inequality with stationary distribution , and let H : X — R be a diagonal Hamiltonian
with ground state energy

E* = min H(z). (4.144)

zeX
If |H||p = O(1) and w™',|E*|, and In(1/7(E*)) are all ©(n), then the short-path algo-

rithm applied to the Glauber chain has a super-quadratic speedup over Markov Chain

149



search with Glauber dynamics.
Proof. This directly follows from application of Theorem 4.4.3. O

For convenience, we prove the following lemma that is useful when establishing

[H|lp = O(1).

Lemma 4.5.8. Let P be a Glauber dynamics chain on X and let H : X — R be a

diagonal Hamiltonian with ground state energy

E* = min H(x). (4.145)

rzeX

If the following holds for all z,x" such that P(x,z") > 0
|H(2') — H(z)| = O(1), (4.146)

then ||H||p = O(1).

Proof. The proof simply follows from the definition of |H||p as
|H||p = mgégixz P(z,2')(H(z') — H(x))? < max|H(a') — H(z)]? = O(1).  (4.147)
[l

4.5.2.1 Maximum Independent Set Problem

Given a graph G(N, ), an independent set is a subset of vertices where no two vertices
are connected by an edge. A mazimal independent set (MIS) is the largest independent

set of G. Namely, we solve the optimization problem

Ch_ = min — rix+x; <1V(i,5)e €. MIS
e = i {= S e <196 e (i)
Equivalently, for |[N| = n, we can denote an independent set by a configuration x €
X C {0,1}" such that if an edge e = (i,7) € &€ then, x;z; = 0. We denote the size of
the maximum independent set by |z*|. Then, finding the maximum independent set is

equivalent to finding a ground state of Hamiltonian H : X — [1,n],



The Hamiltonian H is defined on constrained space X and therefore we need a constrained

walk to explore the state space. For this purpose, we use the Glauber dynamics defined

as
0 if |z —2'| > 1
1 : / /
12 iflz—2|=1land z Cz
Py(z,2') = { "M | | - (4.148)
%,\%1 if |t —2'|=1and 2’ Cx
L=z P(z,2") ifr =2

This model is also referred as hard-core model in statistical physics and we’ll use the
same terminology. Note that Glauber dynamics initialized at an independent set can only

move between independent sets. Furthermore, it converges to its stationary distribution

Azl

. (4.149)

mA(2)
The parameter A is also called fugacity and one can recover the Gibbs form in 4.142 by
setting e’ = A. In principle, one can find the maximum independent set by setting A
sufficiently high so that distribution 7 concentrates around the global minimum of H.
Unfortunately, this approach results in exponential mixing time due to uniqueness/non-
uniqueness phase transitions. Alternatively, one can draw exponentially many samples
from 7, at A < A\. by running the Glauber dynamics chain in polynomial time as Glauber
dynamics mix efficiently below the critical threshold [CLV21]. As the current quantum
techniques can only quadratically improve the run time of the first approach, we use the
second approach. More specifically, we consider Glauber chain P, at A < \. so that we

can prepare ’« /7r>\> efficiently. Next, we consider the short-path Hamiltonian Hy, : X — R,

H
where D is the discriminant matrix as usual and E* = min, H(xz) = —|z*|. In accordance

with the generalized short path framework, the algorithm starts from ’«/W,\> and jumps
to the ground state of Hy for b > 0. We describe how we can prepare the block-encoding
of D for Glauber dynamics and also prepare 7y in Appendix 4.10.

The following lemma establishes the condition on ||H||p given in theorem 4.5.7.

Lemma 4.5.9. Let P be a Glauber dynamics chain with fugacity parameter A on a graph
G(N,E). Then, ||H|p = 0O(1).

Proof. As Glauber dynamics flips one spin at a time, for all z, 2" € X such that P(z,2") >
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0 we have

|H(z) — H(z")| < 1. (4.151)
Then, by Lemma 4.5.8, ||H||p = O(1). O

As required by Theorem 4.5.7, we need to characterize the log-Sobolev constant of
Glauber dynamics for hard-core model on a graphs with a degree upper bounded by d.
We start with the following fact from [CLV21],

Fact 4.5.10. Let V be a set of size n and 11 be a distribution over [q]V. If 7 satisfies the
approximate tensorization of entropy with constant C'; and 7 is u-marginally bounded,
then the Glauber dynamics for 7 satisfies the standard log-Sobolev inequality with
1—2u 1

whenu<f or w= —~— when u = 1.

constant w = Tog(L/u—T) Cin 01 5Cin 5

Proof. Fix a configuration x and consider a Markov chain P, that updates vertex v
according to marginal probability distribution 7, = m(v|xy_{v). Then, LS constant of

this Markov chain p, is lower bounded by p, > 11& when 7 < 1 or p, = 2 when
g(1/m5—1) vt 2 2
75 = % due to [DSCI6, Theorem A.1]. By the definition of the log-Sobolev constant, we

have

poEnty [f] < Ep (\ £,/ f) = Vare, [/ f]. (4.152)

The transition matrix of Glauber dynamics can be written as = 3°,cy m(v|-). Therefore,

the Dirichlet form for Glauber dynamics is

DG/f ) = Z Var,,, [/ f]. (4.153)

UGV

Using the tensorization of entropy,

Ent,[f] < Ci ) Ent. [f]<C > lVarm[\/?] < Cinmax ( ) \/7 \/7 (4.154)

veV vev Pv

Combining the marginal boundedness property of = (i.e., m, > u for all v € V'), with the
monotonicity of the function 1 2y for y € [0,1/2], it follows that w > %ﬁ

1 _
when v < 3, and w = 20

]

Theorem 4.5.11 (Entropy factorization, Theorem 2.9 in [CLV21]). Let d > 3 be an
integer and b,n > 0 be reals. Suppose that G = (N, E) is an n-vertex graph of mazimum
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degree at most d and p is a totally connected Gibbs distribution of some spin system on

G. If v is both u-marginally bounded and n-spectrally independent and n > %d(i—’; +1),

u2

then p satisfies the approximate tensorization of entropy with constant

4n

181og(1 24d\ !

¢, = 18losl /“)< 2) . (4.155)
u u

Spectral independence and marginal boundedness properties for graphs with constant
maximum degree are proven in [CLV23, CLV21] respectively. This shows that the log-
Sobolev constant of a graph with bounded degree is (n~'). Having showed that Glauber
dynamics chain satisfies desired Log-Sobolev constant and ||H||p, we present the final

run time.

Theorem 4.5.12. Let P be a Glauber dynamics chain on a graph G(N', E) with a bounded
mazximum constant degree d at fugacity parameter A\ < \. and stationary distribution .
Then, there exists a short-path algorithm that finds the maximum independent set in G

with running time

O ([r(E") "), (4.156)
where ¢ > 0 is a constant.

Proof. It is evident that for sparse graphs (d = O(1)), the size of the maximum indepen-
dent set is O(n). Since d is constant in n, the problem still can not be solved in poly(n)
time and requires 2°™ samples for hard instances. Hence, log(1/mx(E*)) = ©(n) . The
log-Sobolev constant w™! = O(n) for the Glauber dynamics on bounded degree graphs
below the critical fugacity A.. Therefore, the conditions in Theorem 4.5.7 holds. Hence,

we obtain a super-quadratic speedup over sampling from . O

A limitation of the result in Theorem 4.5.12 is that it is not clear how this run-time
compares to the best classical algorithms for MIS problem. As we consider a Markov
chain that mixes to Gibbs distribution with fugacity A below the critical threshold A,
sampling from the Gibbs distribution may favor the smaller independent sets when
Ae < 1. However, even if this is the case, the stationary distributions only has support
on the constrained space (i.e. on the valid independent sets) rather than on the entire
2™ possible configurations. Therefore, we might still expect to prove that the success
probability is larger than brute force search for certain graph models. To this end, the
following proposition lower bounds the probability of finding the optimum by sampling

from Glauber dynamics for random regular graphs.
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Proposition 4.5.13. Let 7y be the stationary distribution of Glauber dynamics on a
random d-regular graph G ~ G(n,d). Choose x* to be a particular maximum independent
set in G. Then, for A = \. we have

ma(z%) > 27", (4.157)

withﬁ:_w*‘ﬁ‘f‘w,

Proof. The probability of z* in m) is given by

x*
N

m. (4.158)
S

7T)\<£IZ'*) =

We first bound the denominator. To do that, we invoke [Zha09, Theorem 2|, which

asserts that

B

Z\) = 3" A <21+ 24— 1), (4.159)

TeEX

IS8

for any d-regular graph.
For the numerator, we need to bound |z*|. A known upper bound for the size of the

maximum independent set is given by 2log(d)n/d [Bol81]. Combining these, we have
)\(2% log d) )\(2% log d)

m(x”* — on(
)2 (2(1 4 A\)¢ — 1)2a & (2(1 + A)d)za 2

2log(M) logd 1 log(1+X) )
d 2d 2

(4.160)

]

For random regular graphs, the Glauber dynamics mixes up to A = O(1/v/d)
[CCC*25]. Note that this is beyond tree uniqueness threshold A. = O(1/d). For
large degree d > dj, x in 4.5.13 is smaller than 1, hence the runtime is smaller than 2"
which is the runtime of brute force search over unconstrained space. Therefore, Markov
Chain Search for this problem might be significantly faster than brute force search mainly

due to fact that Glauber dynamics stays in the constrained space.

Remark 4.5.14. The parameter x from Proposition 4.5.13 is a decreasing function of the
degree. For sufficiently high degree, the runtime 2" the is in fact faster than the best
known generic algorithm for Maximum Independent Set (runtime of @(1.1996"), due to
Xiao and Nagamuchi [XN17]).
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4.5.2.2 Ising Model

Consider the 2-spin Ising model on a graph G(N, £) defined via the Hamiltonian

(i,5)€€ J

where the entries of J are interaction coefficients and h defines an external field.

Assume J;; = 1 for all (4,7) € £ and h = 0. This model corresponds to Gibbs
sampling with weights 7(z) o exp(—SH (z)), and a Gibbs sample can be prepared by
using Glauber dynamics similar to the hardcore model. The only change is the transition
probabilities, which can be computed by the marginal distribution w(x§+1|xj\f\ (iy) For
simplicity we consider the anti-ferromagnetic model, where having two neighboring sites
have the same spin results in lower probability than having the same spin.

Assuming the underlying graph is sparse (d = O(1)), then Glauber dynamics mixes
in poly(n) time for 3 < ©2 = 3. [CLV21] at which the uniqueness/non-uniqueness phase

transition occurs. We consider the following short path Hamiltonian

H
Hita) = ~D(Pse) + vy (1), (1162)
where Pj is the Glauber dynamics transition matrix for 5 < .. Similar to the setting of

the MIS problem, a block-encoding of D(P3) can be prepared efficiently.

Proposition 4.5.15. The optimum energy of Ising Model Hamiltonian H on a random
reqular graph G(N, &) satisfies |E*| = O(n).

Proof. Let s denote the number of edges in the graph. The ground state of H can be
related to minimum bisection width [ZB10] denoted by |[BW| as follows

5+ Fgg

B:
BW| =

(4.163)

Using this equality, Eys = s — 2|BW/|. Next, we consider random regular graphs. For
sparse random regular graphs s = O(n) and |[BW| = O(n) (See [DSW07,COLMS22]). [

Theorem 4.5.16. Let P be a Glauber dynamics chain on a random regular graph
G(N, &) with constant degree d at inverse temperature parameter 3 < (. and stationary

distribution mz. Then there exists a short-path algorithm that finds the optimum of Ising
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model Hamiltonian on a random reqular graph with running time
O ([ms(E") 7127, (4.164)

where ¢ > 0 is a constant.

Proof. The spectral independence and marginal boundedness for Ising model on sparse
graphs are proven in [CLV21]. Therefore, Glauber dynamics for Ising model on a regular
graph has w™' = O(n). Furthermore, log(1/m3(E*)) = ©(n) due to hardness of the
problem. Similar to MIS problem, for all z,2" € {—1,1}" such that P(z,2’) > 0,
|H(z) — H(2')| < 2d = O(1). By Proposition 4.5.15, |E*| = O(n). Therefore, the
conditions in Theorem 4.5.7 are satisfied. Hence, we have the super-quadratic sampling

over sampling from 7. O

4.5.2.3 Sherrington-Kirkpatrick Model

Consider the (possibly diluted) Sherrington-Kirkpatrick Hamiltonian on a graph G(N, £),

9ijTiTj, (4.165)
)

1,7)EE

H@:):;ﬁ(

where the interaction coefficients g;; are i.i.d. standard Gaussian random variables. We

can Gibbs sample from the following distribution,
m(x) x exp(—fH(x)) (4.166)

using Glauber dynamics.

Lemma 4.5.17. Let P be a Glauber dynamics chain for the SK model on a graph
G(N,E). Then,
Ap=0(1). (4.167)

Proof. We first consider hypercube walk. If we flip a spin at random, the sign of each
term in H will flip with probability 2/n. Therefore the energy of each term increases at
most by a factor of 1 — % in expectation. Since the ground state energy |E*| = ©(n),
the energy increases at most by constant in expectation. From the definition of Glauber
dynamics a bit flip is proposed uniformly, and accepted with probability larger than %
if B(H(«") — H(z)) < 0. Therefore, if we are running the Glauber dynamics at some

positive finite temperature, moves that increase energy are made with strictly lower
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probability than the hypercube walk. Thus an upper bound on stability with respect to
the hypercube walk is also a valid upper bound for Glauber dynamics at positive 5. [

Lemma 4.5.18. Let P be a Glauber dynamics chain for SK model on a graph G(N, E)
with constant maximum degree, at inverse temperature 5 < [.. Then, the log-Sobolev
constant satisfies w > Q(1/(nlogn)).

Proof. By [AJKT22, Theorem 12, part (a)], the modified Log Sobolev constant for
Glauber dynamics is €2(1/n) when § < f. (See the discussion in Page 11). On a graph
with constant bounded degree, the transition probability of Glauber dynamics ©(n™1).
Hence, by Theorem 4.4.18, the log-Sobolev constant scales as €2(1/(nlog(n))). O

Theorem 4.5.19. Let P be a Glauber dynamics chain for the Sherrington-Kirkpatrick
model on a reqular graph G(N', €) with a bounded mazimum degree d at inverse temperature
parameter 3 < B. and stationary distribution mz. Then there exists a short-path algorithm
that finds the optimal solution of the Sherrington Kirkpatrick Hamiltonian with running
time

O (poly (m)[ms(£7) ] 3-w)) (4.168)

where ¢ > 0 is a constant.

Proof. We first show that the tail bound holds for SK model. By using proposition 4
in [DPCB23|, we know that the number of low energy states with energy smaller than
E*(1 —n) is smaller than 27" where 7 is a constant. By assuming that log(1/7(E*)) =
O(n), we can conclude that the generalized tail bound holds as well. Note that if
this assumption fails, then it means that there exists a sub-exponential solver for SK
model. Finally, since |[E*| = O(n) and log(1/7(E*)) = ©(n) for the SK Model by using
Lemma 4.5.18 and Theorem 4.4.9, we have v = O(1). Thus, by Theorem 4.4.15, we
have b = O(1/log(n)). Since A is constant by Lemma 4.5.17, the total runtime scales as
(m5(E*))" (375 ) due to Theorem 4.3.4. O

We conclude this section by demonstrating that Markov Chain search using Glauber

dynamics at a positive inverse-temperature is faster than unstructured search.

Lemma 4.5.20. Let w be the Gibbs distribution corresponding to a cost function
H:{0,1}" — R at some positive inverse temperature 3 > 0. We also assume that
the cost function is concentrated away from its optimum, i.e., the number of states with

cost greater than (1 — n)E* is lower than 277",
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Proof. We first observe due to the assumption on concentration that the partition function
Z(B) <2"(1—27")exp(—B(1 —n)E*) + 2 ™ exp(—FE*)]. As a consequence,

m(E*) exp(—SE")

2-n = (1 —2)exp(—B(1 — n)E*) + 277" exp(—BE*) (4.169)
1

& 0.5 exp(—pFn|E*|) + 2= (4.170)

= 2 (min (27, exp(Bn|E"())) - (4.171)

[l

4.6 Numerical Results

We perform numerical evaluations to empirically verify our findings. We focus on the
constrained problems studied in this work, including (MaxBisection), MaxCut with a
Hamming weight constraint k£ = o(n) (MaxCut-Hamming), and MIS with a penalized ob-
jective. For (MaxBisection), we take n to be even since k& = . For (MaxCut-Hamming),
we take k = [\/n]. For MIS, we take the penalty factor to be n, such that no energy
reduction from constraint violation can justify the penalty. For all three problems, we
generate 100 random unweighted graphs for each n from the Erdés—Rényi model with the
probability of each edge existing to be 21% The constant factor 2 is chosen to ensure a
reasonable graph density at the scale we cover. We set 7 = 0.5 in all experiments.

To improve the scalability of our numerical experiments, we construct H, as a sparse
matrix in the compressed sparse row format and employ a GPU-accelerated iterative
eigensolver to compute only the two smallest eigenvalues and the corresponding eigenvec-
tors. For (MaxBisection) and (MaxCut-Hamming), which are explicitly constrained, we
can scale up further by projecting H, onto the space spanned by all feasible states. The
dimension of the computational space then drops from 2" to (Z) With these efforts, we
obtained results with up to 30 qubits for (MaxCut-Hamming).

First, we want to identify what values of b are practically appropriate. In [DPCB23],
the authors numerically show that the original short-path algorithm works well for the
3-spin problem for b up to around 0.8, which is much larger than the theoretical bound of
b < 1.02x107*. Here, we show that a similar observation can be made for the constrained
and penalized cases. For (MaxCut-Hamming), Figure 4.1 A shows the quartiles of b
values that minimize the effective runtime (Equation 4.7) of the algorithm. Note that

the b values are hard-capped at 1.25 and may be higher. We see that as n increases,
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Figure 4.1. Empirical selection of b. A Quartiles of b values that minimize the effective runtime
of the algorithm for (MaxCut-Hamming). As n increases, the runtime-optimal b converges to
a range approximately between 0.8 and 1.2. The red dot line shows the converged value of
b =~ 0.78 of phase transition where the overlap with the initial state crosses 0.99. B Quartiles of
b values that minimize the spectral gap for (MaxCut-Hamming). For most instances tested, the
spectral gap is minimized when b is larger than the phase transition value, rendering the phase
transition b a safe choice. C The overlap values with the initial state and the ground state
(optimal solution) for one n = 30 (MaxCut-Hamming) instance with varying b. The dotted
vertical line denotes the phase transition b.

the optimal b converges to a range approximately between 0.8 and 1.2. However, when
choosing the value of b that needs to work for all instances, we want a conservative value
that avoids encountering the possibly super-exponentially small spectral gap. For this
purpose, we identify the value of b at which the phase transition occurs. We numerically
characterize the phase transition point by the overlap of |¢3) with the initial state
dropping below 0.99. An example of the overlap with varying b is shown in Figure 4.1
C. Empirically, we observe that the phase transition b converges to around 0.78 as n
increases. In Figure 4.1 B, we plot the quartiles of b values that minimize the spectral
gap. For most instances, the spectral gap is minimized when b is greater than the phase
transition value &~ 0.78. Therefore, we expect a ubiquitous value of phase transition to
work for a (MaxCut-Hamming) instance with high probability.

We then fit the worst-case runtime to empirically demonstrate the super-Grover
speedup. Although the inverse of the spectral gap term in the runtime (Equation 4.7)
has a O(poly(n)) complexity, it may still affect the exponential fitting at the scale of
numerical experiments. Thus, we use the inverse of ground state overlap |(1]2)|™,

the only exponential growth term in the runtime, to fit the asymptotic speedup. In
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Figure 4.2. The inverse of the ground state overlap versus the feasible space size (Z) for
(MaxCut-Hamming) with n varying from 10 to 30 and b = 0.78. The worst-case instances are
fitted using an exponential function with base (Z) with an error bar denoting one standard
deviation of the fitted exponent. The 95% confidence interval on the fitted exponent is
[0.391, 0.408].

Figure 4.2, we set b to be 0.78 and plot the inverse of ground state overlap |(i;|2)|~! of
all (MaxCut-Hamming) instances with respect to (Z), the size of the feasible space. We
fit the worst-case instances using an exponential function with base (Z), the exponent
of which is equivalent to the factor a in 2" for the unconstrained case. The error
bar of the fitted line denotes one standard deviation of the fitted exponent. We see
the empirical b values give a super-Grover speedup, which is much better than the
theoretically guaranteed bounds.

In Figure 4.3, we show the empirical worst-case scaling for all three problems with
different choices of b. A proper selection of b yields a super-Grover speedup across
all examined problems. Conversely, when b is excessively high, the algorithm may
encounter a small spectral gap in the worst case. To demonstrate this, we use the runtime
(Equation 4.7, which includes the inverse of the spectral gap term) as the metric and
observe that the quality of the fitting degrades. Our numeric lead to two interesting
conceptual observations: firstly, as observed also by [DPCB23] the optimal choices of b
are well beyond what is predicted by the theoretical analysis. Secondly, in the case of
(MaxCut-Hamming) we numerically observe an advantage over quadratic speedup that
does not decay with n which is beyond the current theoretical analysis and indicates that
the runtime of the long jump can possibly be characterized through weaker conditions

than A, smoothness. Finally, we confirm in our setting that is indeed reasonable to make
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Figure 4.3. Empirical fitting of the inverse overlap of the ground state |(15|2)|~! and the
runtime 4.7 of (MaxCut-Hamming), (MaxBisection), and MIS with difference choices of b.
For the left column (MaxCut-Hamming), we use data with n ranging from 10 to 30. Top:
b = 0.8 the fitted exponent is 0.392 with 95% confidence interval [0.383,0.402], indicating there
could exist b that is better than the phase transition one in Figure 4.2; Bottom: b = 1 the
fitted exponent is 0.348 with 95% confidence interval [0.271,0.426]. For the middle column
(MaxBisection), we use data with n ranging from 16 to 22. Top: b = 0.7 the fitted exponent
is 0.444 with 95% confidence interval [0.436,0.452]; Bottom: b = 1 the fitted exponent is
0.873 with 95% confidence interval [0.842,0.905]. For the right column (MIS), we use data
with n ranging from 10 to 21. Top: b = 0.6 the fitted exponent is 0.400 with 95% confidence
interval [0.386,0.415]; Bottom: b = 0.8 the fitted exponent is 0.392 with 95% confidence interval
0.122,0.663].

the choice of b by choosing the largest such value that allows for large overlap with the
ground state. If the value of this critical b asymptotes quickly as a function of n this

suggests a numerical mechanism for the development of efficient short-path algorithms.

4.7 Technical Details for Generalized Short Path Frame-

work

Lemma 4.7.1 (0 short-path = 6 Spectral Gap Bound, adapted from Proposition 5
of [DPCB23|). If Hy satisfies the 6 short-path condition, then the spectral gap of Hy is at

least 0, i.e., all excited states have energy at least —1 + 6.

Proof. Recall by construction, the ground state energy of H, is at most —1. Note

that 8 < 1. Suppose, in order to arrive at a contradiction, that there are at least
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two orthogonal eigenstates [¢)1) and [iy), with energy strictly below —1 + 6. Since the
short-path condition is satisfied, at least one of |1)1) or |[¢)5) has nonzero overlap with |7).
Without loss of generality, assume this is the case for |¢s).

Now consider the state

Y R O o G e AN OV )

which is orthogonal to |y/7). Since GSE (I, HyII1,) < (¢'|Hy|¢"), and

(/T HpIL L [¢) = (¢ | Hp|') (4.173)
Al P\ [, VAl -
<<”|<ﬁ|w2>|2> [( NIV AT
(4.174)
we get a contradiction. O]

Lemma 4.7.2 (Runtime bound by approximate projector). Let M = (X, P,x) be a
reversible Markov chain with |X| = V. Define

o, \"
Pr= 2t | 4.175
@ (\Ebl> (4.175)

and let w be the log-Sobolev constant of D(P). For either all even or all odd { we have

(VAPJ) ~ v (12" < (vl Gl (1.176)

Proof. Note that F, < —1. By Lemma 4.4.12 all excited states have energy at least
—-1+%.

Since w is the log-Sobolev constant of D(P) (lower bounding its spectral gap 0 as
defined in (1.24)) and g,(H) is negative definite, at most two eigenvectors of H;, have
have magnitude > 1 — %, the ground state and highest-energy state. Thus,

N\ ¢ N\ ¢
APl = W+ S () A+ S (B) A
A Bji<i-%
(4.177)
N y
< A+ (3] (AN + (VD0
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Supposing ¢ takes a value such that the middle term is non-positive, we obtain

(VAIPd2) = V(1= 2) < (Val) (Wsl2). (4.179)
[

Lemma 4.7.3 (ground-state energy shift bound, adapted from Proposition 6 of [DPCB23)).
Suppose that y-spectral density and % -short-path condition hold, then

4(m(E*))Y
1By < 14 AmED) (4.180)
Proof. In the proof of Proposition 6 of [DPCB23], the authors showed that
Ey = (bp|Hy|thy) = —1 — b{/7|G, V7)) — b (VT |G WG, |V/T), (4.181)
where
Wb = (HJ_(Hb_Eb)HJ_)_l :Hl(Hb—Eb)_lﬂL (4182)
I := 1 — |Vm) {7l (4.183)
Recall the short-path condition
GSE(IL, HyIl, ) > —1 + % (4.184)
Thus, with E, < —1,
w w
GSE(ILHLIL) > ~1+ 5 > By + (4.185)
— GSE(II, (Hy, — Ep)I1))) > w/2, (4.186)
so [|[Wyl2 < 2 and as a consequence,
_ 2
(VRIG (TI(H, ~ BTG, V) < 2 (VAIGIIVA). (1187)
From here, applying Equation (4.181) yields
20? 5
By > —1 - MRIGIVE) — 2 (RIGE V). (1.188)
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By spectral density and definition of G,:

(VG lVA) < ()7 (4.189)
(VARG < (). (4.190)

Using 0 < b <1, 7 < 1,w < 1, we have

)Y
B2 —1- () (b b22) > op o AT (4.191)
w w

]

Next we provide an alternative bound on the energy shift. At a high level, the goal is
to show that the small ground state energy shift condition is satisfied for any point we can
efficiently go to in the short jump. It removes the need for the short-path condition. Note,
heuristically, under this large ground state overlap condition, the short-path condition

reduces to the large gap condition:

GSE((I — [V/m)(V7|)Hy(I — |V/7) (/7)) — B}
~ GSE((I — [vp) (Wp|) Ho(I — [thp) (¥n])) — Eb = Gap(H,). (4.192)

Lemma 4.7.4 (Ap(n) stable <= ap subdepolarizing ). Let M = (X, P, 7) be a
reversible Markov chain. The pair (M, H) satisfies the Ap(n)-stable if and only if it

Ap(n)
[E*|(1-n) "

satisfies ap-subdepolarizing. They are related by the equation ap =

Proof. The = direction follows mostly from the proof of Proposition 3 in [DPCB23]
By definition of g,, f is monotonically non-decreasing. From [DPCB23, Proposition 12],

[T1-, f(ciz) is also a convex function. Thus

S Pl T (“52) = 11 (3 Pt “H2) (4193

(0 (1 2]

Recall that g,(2) is zero for all z > (1 —n)E*. If for some t, %@) > (1 —n)E*, then

the whole product is zero, as in this case

Ct[éix) (1 + H?x)> > (1—n)E*. (4.195)
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Thus, the stated hypothesis is satisfied trivially. If

HE(f) c _CmE* <(1-nkE” (4.196)

for all ¢, then
1 1

H@) ~ (U —n)E

(4.197)

By monotonicity of f

E[ (CtH )<1+H? >> E[ (CtH )<1—(1_j)|E*’>>. (4.198)

For the <« direction, consider taking ¢, — 0,¢ # 0 and ¢; — 1. By continuity we have

5 Pl (22 5 4 (U= 22080) i

We can suppose H(z) < —(1 —n)|E*|, since otherwise the right-hand side is zero, and so

our choice of A in terms of ap clearly works. Thus,

Pl (iﬁ”) > f (H(m) * O”};(f - "”E*') - (4.200)

so by definition of f
S Pl (I ) < gy (77 010+ ar(E =l E7) . (4200
]

Lemma 4.7.5 (Upper bounds on A(n)). Let n € [0,1). If H has P pseudo-Lipschitz

norm ||H||p, then

|H||p > Ap(n). (4.202)

Furthermore, if

Ey~o[H(y)] < He(z) + Ap, (4.203)
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then for n € [0,1)
Ap > Ap(). (4.204)
Proof. Note that if have the stronger condition, for some Ap > 0,

Ey[H(y)) < He(z) + Ap, (4.205)

which may actually be easier to show, then we also have Ap(n) stability with Ap(n) < Ap,

since by concavity of h, = gn(ﬁ) and Jensen’s inequality:

Ey-alhy (IE"| ' H(y))] < (ZP z,y)H > < hy(H(z) + Ap). (4.206)

Also from the above, it is a simple consequence of Jensen’s inequality that we can take
Ap(n) to be the /|| H||p:

Villle = \/mgz Py, ) (H(x) - H(y))? (4.207)
> rgea/%(Z P(y,z)|H(z) — H(y)| (4.208)

> Ap (4.209)

> Ap(n), Vnpelo1). (4.210)

O

4.8 Technical Details for MaxCut Hamming and MaxBi-

section

Lemma 4.8.1. Let G(N, &) be drawn from the Erdds-Rényi ensemble G (n, %) for a
constant p. Consider the objective of (MaxCut-Hamming):

eii(1 — x;x; 4.211
Z J i) (4.211)

Z<j
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Then, with probability at least 1 — & over the graph, it follows:

R H(z) — P’“<”n—’f) < C’log(é—l)i;/_p;((\/:%f))? (4.212)

where C' > 0 is an arbitrary constant, and w is the uniform distribution of Hamming-

weight k strings.

Proof. The shift required to ensure that the mean over in-constraint strings is zero is
given by
—E.H(z) => eyE —xwj) = ey Prla; # x). (4.213)
i<j 1<j
Note that there are (Z) bitstrings of Hamming weight k. If x; # x;, we have the
freedom to place K — 1 “—17s in n — 2 spots. Adding a factor of two since the same can

be done for “+1”s, we get

2(323) _ 2k(n— k)
(Z) Conn-1)"

Prlz; # x;] = (4.214)

Suppose edge creation probability is 2. Since 3, ;e;; a Binomial random variable
B (("), %), applying the Chernoff bound asserts that with probability at least 1 — ¢, we

s (om0

have:
where C' > 0 is an arbitrary constant.

Accordingly, with probability 1 — 4, it follows:

E.H(z) - (Z)Wi < Clog(671) 2k::1 J 1 - ) (4.216)
k(n — k) 1\ 2y/Pk(n — k)

— [E.H(x) - P < Clog (67 ) (4.217)
Z my/20n— 1)

O
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Thus, for k = 7 one has

BeH(@) ~ | < Clog(s) 22— |BeH) Bl gg(51) 2
2y/2(n — 1) n 2/2(n— 1)
(4.218)

from which one can conclude
B Py o) (4219

with high probability. Thus for k& = n/2, |E*| = O(n) so the cost function only gets
shifted by constant to make it mean zero. More generally, for k& = o(n), with high
probability

—E.H(x) = pk(1+0o(1)). (4.220)

Lemma 4.8.2. Let H be the cost function of (MaxCut-Hamming):

1 —zx;
H(z) = —Zeijw, (4.221)
—~ 2
i<j
and P be the transition matrixz for the transposition walk on the space Hamming-weight k
bitstrings. Then, for an arbitrary graph G with |E| edges and Hamming-weight k MaxCut
C;, it follows:

2 2

Ci(n—2) CGiln=2) _ g —c;;)max{k,H}, (4.222)

>E,.|H —H(x) > —“———-
for every x € {u € {—1,1}": |u| = k}.
Proof. Fix a graph G, and consider an arbitrary z € {—1,1}" such that |z| = k

corresponding to number of +1’s. Swaps only occur between x; and z; that are different.

All one step transitions denoted by ~ are implied to be under the transposition walk.

1 -z,

H(z) = - Zeia‘(;x]) =— Y ey (4.223)

<J i<j | wita,
L — vy,

Eyea H(y)] = =3 €iByna | — ]} : (4.224)

1<j
1 — vy,
Eyra { 5 ”] = Ply; # yjlz]. (4.225)

For a given fixed z € {—1,1}" satisfying |z| = k, we know there are k(n — k) pairs of

indices such that z; # z;, (";k) indices where z; = z; = —1, and (S) indices where
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x; = xj = 1. Thus we can decompose the expectation as follows:

EywolH) == Y eyPpulyi #yjlui A xl — Y. ePyealyi # yjloi =5 = 1]

i<j : xFTy 1<j : xi=z;=1

1<j 1 zi=x;=—1

(4.226)
Using the following facts:
E—1(n—k—-1)+1
Pyolyi # yjlo: # 5] = ( >]i(n e ) (4.227)
2
Pyalys # sl =05 = 1] = o (4.228)
2
Pyalys # ysli = 05 = —1] = —. (4.229)
the expression (4.226) simplifies to
(k—1)n—k—-1)+1 2 2
wa[H]:— Z €;i — Z €ii o — Z €ij .
! i<j @ xFTy ’ k(n B k) i<j : xi=x;=1 jk 1<j : xi=xj=-—1 ]77, —k
(4.230)
As a consequence, for all x with Hamming weight £,
Ey~alH] — H(z)
(k—1Dn—-k—-1)+1 ) 2 2
=— €ij —-1) - eijT — €ij—~
i<j zﬂc:#:cj ’ ( k(n — k) i<j :xz;:mjzl 'k i<j g;xj:_1 ’ (n—k)
(4.231)
n—2 2 2
= eji €= — €j——— (4.232)
1<j zz:ﬁéazj ’ k(n B k) 1<j :%:le 'k i<j : g:xj—l ! (TL - k)
Thus for any = € {—1,1}" and any graph G:
—H(x)(n—2)
E,.[H <H , 4.2
We have:
r(n—2
Vo By [H] < H(z) + =2 (4.234)

k(n—k)’
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For the lower bound, for every x € {u € {—1,1}" : |u| = k}, we have:

Ci(n — 2) 2 9
E, . [H(y)| — H(z) > 22" 2 _(1g] — ¢ {} 42
el ) = @) > S — (el - comax (T2
where |€] is the number of edges. O

Lemma 4.8.3. For the MaxCut-Hamming Hamiltonian H, the pseudo Lipschitz constant
|H||p under the transposition walk is O(1) with high probability.

Proof. Recall
1 (2l = Byee (H (y) = H(2))?], (4.236)

SO0 we can consider
EyolH(y)*] = H(2)(2E,~o[H (y)] = H()). (4.237)

The only new term is E,,[H (y)?], which requires us to look at terms like:

I —wiy; 1 — yrys
2 2 ’

(4.238)

eijersEywx
P
y is = after a single random transposition. We can put these terms in groups based on:
1. z; = x; = v, = x5 = £1, the term is always zero

2.z =, =2, # x5 = %1

1—yiyj1—yrys} 2(n—k—1)
—1:E,., = 4.2
Y [ 2 2 k(n — k) (4.239)
1- YiY; 1- yrys:| 2(k B 1)
1:E,., = 4.24
* Y { 2 2 k(n — k) (4.240)

3. x; = x; # x, = x5 = 1 the term is zero unless an element of {7, j} is swapped

with an element of {r, s}, giving

(4.241)

1~y 1 — e 1
il:EW{ Yil); yy}:<

2 2 n—k)k

4. xj#xi:xT%xS:j:l,

E 1—yiyj1—yrys}  (n=k=2)(k-2)+2 k(n—k)—2(n—3)
Y~z =

2 2 k(n — k) B k(n — k)
(4.242)
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Let §;; = 17‘7;"3“ , then expanding:

H(y)=— > el — > €ijlij — > €ijlij (4.243)

i<j 1 xiFx; 1<j : xi=xj=1 1<j : xi=rj=-—1

2
Ey~x[H(3/)2]:Ey~x ( Z eijgij)
1<J

j xl;éx])
+2E, . > €ijlij > el
1<j : xi=x;=1 r<s : TrF#Ts

+ QEW{ > %‘@iy‘) ( > ez’jﬁij)}
1<j : xi=xj=-—1 r<s @ TypFExs

+ 2By { > 61’;‘@1’;’) ( > eijgij) } , (4.244)
1<j : xi=x;=—1 r<s : xr=rs=1

where we have eliminated the square of the z; = z; = £1 terms since they fall into group

1. Expanding further and passing the expectations through:

Eywx[H(y>2] = Z eijEywmgij

i<j : xFT

+ 2 Z eijersEywx [Qijgm]
7:<j»7'<57(i»j)7é(7'7s) : x’ﬁémj7 ‘Z‘T#xs

+2 3 €ij€rsEy~a[Jijfrs]
1<j,r<s : xi=xj=l,xr#xs

+ 2 Z €ij ersEyN:v [ging]
1<j,r<s : ﬂfi:mj:_lumr?éms

+ 2 Z eijemEny [?jl]g'r's] (4245)

1<g,r<s : ri=rj=1,xr=xs=—1
Next we compute the expectations by identifying which group they belong to:

k(n —k)—(n—2)

Ey.[H(y)’] = K — &) y z;# €ij
U R R
k(n — k) i<gr<s,(i,)#(r,s) : Titws, TrFs o
4in—k—1
+ :Efb:llf)) Z €ijCrs

1<j,r<s : ri=x;=—1,2,#Ts
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8
+ — €ijCrs- (4.246)
(Tl - k)k 1<j,r<s : xZ':%::l,xT:xszl !
The only component to clarify is the first sum, which follows from a calculation in the

previous lemma

(k—=1)n—k—-1)4+1  k(n—Fk)—(n—2)
k(n — k) B k(n — k)

Eyalflei # 2] = (4.247)

For the 2E,.,[H| — H(x) part, we use the same computations from the previous

lemma, where we computed E,.,[H| — H(z):

20k —1)(n —k — 1) +2 4

i<j : AT, | xi=x;=1 1<j : wi=rj=—1
(4.248)
—k(n — k) + 2(n —2) 4 4
N i<j zx:ﬁé:cj s k’(n - k) 1<J :g—xj_l i k 1<j : gg_:xj——l i (n - k)’
(4.249)
where recall that
A 2
By olfli =z =1] = T (4.250)
2
il =1, = —1] = . 4.251
Byl = ;= 1] = (4.251)
Then we compute —H (z)[2E,,[H] — H(x)]:
— H(2)[2Ey~.[H] — H(z)]
3 —k(n—k)+2(n—2)
= e’i .
i<j: w;Fwj ! ]{Z(TL o k)
—2k(n — k) +4(n —2)
* 2 Crecis K — k)
1<,r<5,(4,5)#(r,s): T;FTj,TrFTs
Z 4
- ErsCij T
1<j,r<s : zi=x;=1,2r#s k
- T emeij‘lk. (4.252)
1<jr<s: xi=xj=—1,2,7#Ts (TL - )
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We can now put all the expressions together to get:

(n—2)
EydH ()] — H(2) (2B, [H(y) — H@) = 5 Y e
(n ) 1<j : T FT;
4
+ = Z €ij€rs
k<n o k) 1<5,m<5,(1,5)#(r,8)  TiFxj, TrATs
4
AR RN €ij€rs
k(n — k) 1<j,r<s : xiz::mjzl,m,n;érs ’
4
3 N €ij€rs
k(n - k) i<j,r<s : xizcgj—l,xﬁéxs !
8
+ €ij€rs-
k(n — k) 1<j,r<s : xi:%::l,xT:zszl ’
(4.253)
Let X be a Binomial random variable B(M, ¢), then
P[X? > (14 0)E[XY] < e 7. (4.254)
This follows simply from Jensen’s inequality
PIX* > (14 6)’E[X?]] < P[X* > (1 + 6)*(E[X])?] (4.255)
=P[X > (1+9)E[X]] (4.256)
<e T (4.257)

where the last inequality is the multiplicative Chernoff bound. Also for X and Y being

independent Binomials we have that:
_ 5% min(E[X],E[Y])
PXY > (14 0)E[XY]] < 2e e (4.258)
which follows from
PXY > (1+0)EXY]| <PX > (1+4+6/2EX]VY > (1+§/2)E[Y]], (4.259)

which follows from

(X > (1+35/3)EX]) A (Y > (1+3/3)E]Y]) = XY < (1+0)E[X]E[Y] (4.260)
— XY < (14 6)E[XY], (4.261)
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so union bound gives the desired result.
Thus, we can assume with high probability all of the sums of Bernoulli’s in Equation

(4.253) are constant factors from their means. Their means are

L. E[ZK]' sz eij]pk(n_k) = pk

n—1

2. E[Zi<j,r<s,(i,j);é(r,s) D LiFAT, TrFs eijeTS] = [ﬁk(n - k>]2 = p2k2

3
3. E[Zi<j,7“<s D mi=wj=1,2,#Ts eijers] = [ﬁ?(g)l{(n - k) = p2%

4. E[Zi<j,7"<s D mi=wj=—1,2Fxs eijers] = [%]Q(n;k)k(n - k) = kan

5. E[Zi<j,r<s P mi=wj=1xr=zrs=—1 eijers] = [%]2(5) (ngk) = kaQ'
Plugging the above asymptotics in for the Binomials in Equation (4.253) suffices to
obtain ||H|lp = O(1).
O

Lemma 4.8.4. With high probability, the optimal objective value of (MaxCut-Hamming)

satisfies:

cr - o(klog(n)) if k= o(n), (4.262)

O(n) if k = O(n),

where k is the Hamming weight.

Proof. We can use the indicator trick to try to bound the probability of a cut set of a
given size. Let z € {0,1}", |2| = k and I, ,, be a Bernoulli random variable indicating

whether there are m edges cut with assignment z over the random choice of graph. Then

Xpi= Y Ln (4.263)

z€{0,1}" |z|=k

is the number of in-constraint cuts of size m. Note that I,,, are not independent. For

any graph G drawn from G(n,p/n), we have

BlL = 1= (- e (4.264)
The first moment method gives:
PLX,, > 0] < E[X,,] < (Z) (’“(”ﬂz ’“)>n—m. (4.265)
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Suppose that k = o(n) Nw(1) and m = O(n). Then k(n — k) = O(nk), and we can apply

the following asymptotics:

P[X,, > 0] < (”) (k(n - k>)n—m = (”)k <”k>mn—m = k™R (4.266)

k m k m

The goal is to try to identify the phase transition point at which the probability goes to

zero asymptotically. We can look at
klog(n) + mlog(k) — klog(k) — mlog(m). (4.267)
Upon taking m = O(k - r), we obtain

klog(n) + mlog(k) — klog(k) — mlog(m) = klog (;ﬁ) (4.268)

Transition is at log(n/k) = rlog(r). For r = log(n), P[X,, > 0] — 0, thus C} =

o(klog(n)).
Suppose k = ©(n), then log (Z) = H(%)n, where H is the binary entropy function.
Thus

k m m

We can look at
H(n/k)n —mlog(k/m), (4.270)

so transition is at m = 2%k k = ©(n). Thus for k = O(n), C; = O(n). O

4.9 Constrained Short Path via Penalized Objective

Suppose we want to solve the following constrained problem
min  H(x).

zeXC{-1,1}n

Suppose we also have a CSP

C(x) = g:Cg(x), (4.271)
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with m constraints Cy, indicating the in-constraint solutions. Suppose C; has k; literals
and has s, satisfying assignments, then

—Si if x satisfies constraint ¢

Co(x) =49 * (4.272)

_1 i
T otherwise.

Consider the task of minimizing the penalized Hamiltonian

o HW)
) = T,

+C(z). (4.273)

The Markov Chain M = (X, P, ) is the random walk on the hypercube, and hence 7 is
the uniform distribution over {—1,1}". Thus, the short-path Hamiltonian is the same
as [DPCB23| but with the penalized cost Hamiltonian.

The global minimum of Equation (4.273) is in fact the in-constraint minimum and
E.[H(z)] = EW[%] Also note that |E*| = ©(m) for H. The below results will show
that due to the normalization, the properties of the CSP are the only components that

matter for determining the runtime. We denote £ = max k.

Lemma 4.9.1. Let M = (X, P,m) be the random walk on the Hamming hypercube. The

penalized Hamiltonian is Ap stable with

Ap(y) =0 (”;’“) . (4.274)

Proof.
sty < B k(1)
O]

Lemma 4.9.2 (Tail bound condition for Penalized Hamiltonian). Suppose E.[H,] =0,

f(1—nE) <277, 4=Q lW] . (4.276)

Proof. Suppose flipping one variable x; changes at most A; in the value of H while

holding other variables constant. Then

mk

A =0 () . (4.277)

n
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Assuming E.[H(z)] = 0. Let C(E) denote the number of  with energy < E under H.
For £ < 0, C(E)/2" is the probability for a random z, H(x) deviates below E,[H (z)] = 0
by amount at least |E|. The P-pseudo Lipschitz norm of H is bounded by

_ m AQ m2k2
|H|lp =Y =t=0 < ) . (4.278)

T 2
—n n

Also, w = % for the hypercube walk, and thus the Herbst argument implies

7(E) < o(28) (4.279)

Taking F = E*(1 —n), we have

(I =n)E) <27, y=10Q

<!Z‘\>2 2(1;277)2] , (4.280)

However |E*| = ©(m). O

The following result is then evident from Theorem 4.4.3, given that from [DPCB23]

we have that b* is constant for the random walk on the Hamming cube if v is constant.

Theorem 4.9.3. Let M = (X, P, ) be random walk on the n-bit Hamming cube. Let
H:{-1,1}" = R be a diagonal Hamiltonian with ground state energy

E* :=min H(z).

reX

If the number of constraints is m = ©(n), then there ezists a short-path algorithm with

n(;_(l—n)\E*\b)
o+ 2 2 n2ln(2)Ap . (4281)

The penalty method ensures that our algorithm only outputs feasible solutions, but

runtime

the framework only provides a speedup over unconstrained brute force search. Hence,

the generalized short-path algorithm is significantly more effective.
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4.10 Details about Mixer Implementation

4.10.1 Block-encoding the Glauber Mixer

Since the Glauber dynamics mixer is a symmetric sparse matrix, we can implement the
block-encoding in polynomial time by assuming sparse oracle access to the non-zero
entries of P. Let s be the maximum number of non-zero entries in any row of D. Then,

we can implement the following oracle,
Os|z) |0) — Z |z} |y) (4.282)

where y is an index of a non-zero entry in P(z,-). Since Glauber dynamics can only
update one site at most, the transition matrix contains at most n entries. Hence, we can
implement this oracle by computing P at most n times. Define the oracle for access to

the elements of P in the following way,
Oala) ) 10) = 2} ) (VP [0+ V1= Pay)|)). (4289
Implementing this oracle takes at most O(n). Finally, we define SWAP operator,
SWAP |a) |x) [y) [b) = [y) [b) |a) |z) . (4.284)

Then, the circuit OLO", SWAP 0404 implements block-encoding of D/s. To see this,
compute

(0] (0] (0] (y| OLOT, SWAP 0,405 [0} |0) |0} | ) - (4.285)

One has

10) [0) [0) |) &fz ) [y) 10) |) (4.286)

7; Vy) (VP(,) [0) + /1 = Pa,y) 1)) |) (4.287)
W, m )10) + /1= P(o,y) 1)) [} [0) [y) . (4.288)

On the other hand,
(0] (0] (0] {y| OO, = fz (0 (=] (VP(y,2)10) + /1 = Py, 2) [1)) [y) . (4.289)
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Therefore,

(0] (0] (0| (y| OLOY, SWAP 0405 |0) |0) |0} |z} = WD (z,y)P (4.290)

Hence, we can implement the block-encoding in at most polynomial time.

4.10.2 Ground State Preparation for Glauber Mixer

We discuss how to prepare the ground state of discriminant operator for Glauber dynamics
for hard-core model and Ising model at A < A, and . < 3 respectively. This is all we
can afford to prepare since the spectral gap of D falls exponentially fast when A > A,
(6 > B.) due to statistical phase transitions. For simplicity, we consider the hard-core
model to explain the idea. However, the details for both models will be given as separate
propositions below. Let D, be the discriminant matrix of Glauber dynamics at fugacity
A. We use the block-encoding of Dy and amplitude amplification to prepare its ground
state. Although, we can efficiently create block-encoding for D, and apply singular value
transformations to build a projector to its ground state, amplitude amplification might
need exponentially many calls to this projector when we do not have a warm initial state.
Instead, we combine classical annealing with quantum singular value transformation to
prepare the ground state of D, to create sequence of states where each state is warm
with respect to the next one. Suppose that we prepare 7(%), the coherent quantum state

corresponding to the ground state of Dy, where 0 < \; < ¢,

M) = g;(\/ml(x) %) (4.291)

where the sum is over all independent sets x in GG. Next, we increase fugacity to
Ay = A1(1 4+ A) and prepare,

@) = E;(\/%(x) |z) . (4.292)

This quantum state can be prepared by applying ground state projector of Dy, to and
D, to ‘W(O)> through fixed point amplitude amplification. We repeat this process until

™) =3 (@) ) (4.293)

TEX

we prepare ‘ﬂ(k) >,

with A\, = A.. We need to show that this process can be done in poly(n) time.
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Proposition 4.10.1 (Preparation of Gibbs State for Hard-core Model). Consider Glauber
dynamics chain for hard-core model on graph G(N,E) with transition matriz Py with

stationary distribution,

Al
Let 6(X) > 0 be the spectral gap of the discriminant matriz D(Py) associated with Pj.
Then, there exists a quantum algorithm that prepares the ground state of —D up to €

accuracy in L2 norm with run time (5(5;11111/2 log(1/¢)) where duin = infocy <y S(N').

Proof. We start with the following quantum state,

@) = \/1% Zj: |z;) (4.295)

where z; is all 0 bit string except location 7. This quantum state is ground state of D
at A = 0 as each z; is an independent set and they are the only ones with non-zero
probability. This quantum state is essentially superposition over all strings with Hemming
weight 1. This state can be prepared by applying ﬁ >y X, where X is Pauli-X applied
to the all 0 state. Therefore, this state can be prepared in polynomial time. However,
we cannot implement the Glauber dynamics at A = 0 as the transition density is not
meaningful. Instead, we start with ’71'(1)> which is the ground state of D), which can be

prepared from ‘7‘['(0)> since ’7?'(0)> and ’71'(1)> overlaps significantly

1 ” A”Q
V \/n)\ 4T A‘I'

|Z|>1

KRN = Q(1), (4.296)

for \; < ;’—2 Similarly, given ‘ﬂ(k*1)>, we can prepare ’W(k)> efficiently. The number
of calls to the ground state projector by the fixed point amplitude amplification from
‘W(k_1)> to ‘W(k)> is O(|(x*=D|z®)|=1). The overlap can be calculated as

00 Ael/2 et/

— 4.297
S RN exv s (4297

Al2l/2yla1/2
>3 Moot Ak A (4.298)

reX

)\IIIA_m/z

=> kT (4.299)
k



—n

> (1+A)= (4.300)

A
>1- ”7 (4.301)

— Q(1), (4.302)

if we set A < % Hence, starting from ’W(1)> we can prepare a schedule that maintains
constant overlap with the subsequent state. Since we have constant overlap throughout
the schedule, each amplitude amplification step only requires constant number of calls to
ground state projectors. Also note that implementing the ground state projector requires
O(0~") calls to block-encoding of D [GSLW19]. Finally, we only need to do O(poly(n))
rounds of amplitude amplification since A\, = A exp(2k/n) and for & > T log(A./A1),
e > e

O

Proposition 4.10.2 (Preparation of Gibbs State for Ising Model Model). Consider
Glauber dynamics chain for Ising model on graph G(N, E) with transition matriz P with
stationary distribution,

4(z) = W. (4.303)
Let () > 0 be the spectral gap of the discriminant matriz D(Pg) associated with Pg.
Then, there exists a quantum algorithm that prepares the ground state of —D wup to €

accuracy in ly-norm with run time (5(6;1111{2 log(1/€)) where dmin = info<p<gd(F’).

Proof. The proof is similar to the hard-core model, and we start with the following

quantum state,
1
O =— 3 |2) (4.304)
m T .
‘ > 2n ze{0,1}m

This quantum state is ground state of D at § = 0 since for § = 0, Glauber dynamics is

equivalent to hypercube walk. Similar to MIS case, given ‘W(k*1)>, we can prepare ’W(k)>
up to € accuracy efficiently. The number of calls to the ground state projector by the
fixed point amplitude amplification from ’W(k_1)> to "N(k)> is O(|(x*=D|x*))|=1). The

overlap can be calculated as

‘<7T(k71)’ﬁ(k)>‘ _ 2 eXP(—ﬁka(x)/Q) eXP(—?/kZﬁk(x)/Q) (4.305)
exp(—Pe-1H (x)/2) exp(—FrH () /2)
> Z

zeG

(4.306)
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= exp(—BeH (@) expl(B — By1)H () /2)
= x; 7 (4.307)
> exp((Br — Br-1)[IH||/2) (4.308)
=Q(1), (4.309)
if we set (Or — Br_1) = ﬁ Hence, starting from ’71'(0)> we can prepare a schedule that

maintains constant overlap with the subsequent state.

Since we have constant overlap throughout the schedule, each amplitude amplification
step only requires constant number of calls to ground state projectors. Also note that
implementing the ground state projector requires (5(5_1) calls to block-encoding of
D [GSLW19]. Finally, we only need to do poly(n) rounds of amplitude amplification
since ||H|| = poly(n) and length of the schedule is polynomial. O

4.11 Conclusion

In this chapter, we generalized the short-path framework and identified conditions under
which this generalized algorithm achieves a runtime of O((7*)~(*5=9) for some constant
¢ > 0. Our analysis simplifies much of the proof of speedup in [DPCB23], which
corresponds to the special case of a random walk on the vertices of a hypercube. We also
made explicit connections between the short-path framework and the classical theory
of Markov chains, which may be fruitful for further applications and generalizations.
Furthermore, we identified various settings where the conditions for speedup are satisfied.
Our applications include sampling from the uniform distribution over constrained spaces
for solving Max-Bisection and Max-Cut Hamming problems, as well as sampling from
Gibbs distributions for optimizing spin Hamiltonians such as the Ising model, SK model,
and hardcore model. We also showed that the generalized short-path algorithm is
super-quadratically faster than any classical algorithm based on polynomial-time Gibbs
sampling (whether or not that algorithm uses Glauber dynamics) for solving the MIS
problem on random regular graphs. This provides evidence that it is not generally
possible to construct classical algorithms that are at most quadratically slower than
short-path algorithms.

Our work shares the limitation of [DPCB23] in that the quantitative improvement in
the degree of the speedup that can be rigorously proved remains very small. Although
extending the analysis to larger quantitative speedups is an important challenge, we

focused mainly on extending the previous algorithms so they apply, in principle, to a larger
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class of classical algorithms, and on providing theoretical evidence that super-quadratic
speedups persist in this regime. In this sense, we regard the short-path algorithm as a
framework for combinatorial optimization whose speedups are likely larger than what

can currently be rigorously proved.
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