EPJ Web of Conferences 296, 14006 (2024) https://doi.org/10.1051/epjconf/202429614006
Quark Matter 2023

High order fluctuations of conserved charges in the contin-
uum limit

Szabolcs Borsanyi'*, Zoltdn Fodor'>3*3, Jana N. Guenther', Scndor D. Katz?, Paolo
Parotto®®, Attila Pésztor®, Ddvid Pesznyék3, Kdlmdn K. Szabé'*, and Chik Him Wong1

'Department of Physics, Wuppertal University, Gaussstr. 20, D-42119, Wuppertal, Germany

ZPennsylvania State University, Department of Physics, State College, PA 16801, USA

3Institute for Theoretical Physics, ELTE Eo6tvos Lorand University, Pazmany P. sétdny 1/A, H-1117
Budapest, Hungary

“Jiilich Supercomputing Centre, Forschungszentrum Jiilich, D-52425 Jiilich, Germany

SPhysics Department, UCSD, San Diego, CA 92093, USA

6Dipartimento di Fisica, Universita di Torino and INFN Torino, Via P. Giuria 1, I-10125 Torino, Italy

Abstract. We calculate the grand canonical fluctuations of the net baryon num-
ber and net strangeness in the region of chiral crossover from lattice QCD. We
continuum extrapolate the results in a finite volume using the new 4HEX dis-
cretization scheme up to Xg and also for XsB at a single temperature. Our results
contradict recent estimates at a finite lattice spacing. See Ref. [1] for the full
version of this work.

1 Introduction

Fluctuations of conserved charges are popular observables to study the phase structure of
QCD both in experiment, such as the RHIC Beam Energy Scan program, and in QCD and
its various effective models [2-5]. The appeal of higher order fluctuations as experimental
observables was boosted by their sensitivity to near-criticality [6]. Lower orders, in turn, were
used to extract freeze-out parameters in the cross-over region of the QCD chiral transition
[7]. Under ideal circumstances, such as the instantaneous hadronization of a non-fluctuating,
sufficiently large volume of equilibrated plasma, the fluctuation data could be predicted by
non-perturbative equilibrium methods, such as lattice QCD.

In a grand canonical ensemble fluctuations are also the expansion coefficients in chemical
potential. Their use is ubiquitous in finite density lattice QCD studies, where direct simula-
tions at finite up are extremely costly, and a workaround with Taylor expansion or other
analytical techniques is sought for. For example, the baryon fluctuations, including variance
and kurtosis, allow for a next-to-leading order extension of the QCD equation of state to finite
chemical potential.

To study the analytic structure of equilibrium QCD lattice simulations offer valuable in-
sight. The radius of convergence and other analytic estimators in QCD [8, 9] and effective
models [10] can hint for the phase structure in a parameter range, not accessible with direct
methods. Recent work [11] finds hints for a critical end-point based on existing lattice data
on fluctuations. In this work, we compute and extrapolate these same fluctuations, and find
disagreement with some results available to the community [12].
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Figure 1. Examples for the continuum extrapolation for high order fluctuations based on lattices 16°x8,
203 x 10 and 24> x 12. The magenta error bars are the direct extrapolation of the results shown, the blue
error bar is the result of the full analysis that takes into account the variations in the scale setting as well
as the effect of spline interpolation.

2 Methods

We simulate QCD on the lattice with the new 4HEX staggered action. Detailed information
on the definition, tuning and scale setting is found in Ref. [1].

In this work we generated ensembles at vanishing chemical potential in a temperature
range between 130 and 200 MeV on three lattice spacings N; = 8, 10 and 12. The continuum
extrapolations based on these resolutions show linear behaviour with 1/N?, as shown in Fig. 1.
The simulation volume was selected to be L? = (2/T)3. This is smaller than the volumes used
in other works e.g. Refs. [12, 13] and we will discuss finite size effects in the next section.

Fluctuations are derivatives of the grand canonical thermodynamic potential with respect
to the chemical potential, which can conveniently be expressed as derivatives of the pressure:

_ 6np/T4 s a"p/T4 o an+kp/T4
= Gup/Ty X" T @us/Ty T @up /Ty (B T

Here ug stands for the chemical potential associated with strangeness, and g is coupled to
the net baryon number. We will refer to the total baryon derivatives under the constraint
)(f (up,us) = 0 as p,. These are the Taylor coefficients of the QCD pressure under the
strangeness neutrality condition.

The chemical potential is defined on a discretized space-time using the exponential defini-
tion [14] that guarantees the absence of renormalization on the fluctuation observables. This
is different from the approach in other works, e.g. [12]. The exponential definition is also
suitable to connect fluctuation observables to those at imaginary chemical potential, though
we do not exploit that possibility in this work.
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Figure 2. The sixth and eight order fluctuation coefficients and their continuum extrapolation (top row).
The bottom row shows the strangeness-neutral expansion coefficients of the QCD pressure. The plots
also show two earlier result form the literature: the label 4stout-48° x 12 refers to our earlier large
volume study at a finite lattice spacing using imaginary chemical potentials [13]. The blue bands are
the spline interpolations of the HISQ result on a 32% x 8 lattice [12].

To obtain the fluctuations on the finest lattice we followed the standard procedure. For
the two coarser lattices we made a shortcut: We computed all eigenvalues of the fermion
matrix in the reduced matrix formalism [8, 15]. These eigenvalues give direct access to all
u-derivatives of both the light and strange quark flavors. We have checked that this short-
cut gives identical result to the standard approach, provided the standard approach uses a
sufficient number of stochastic sources. For the considered volume the eigenvalue method is
also more efficient in terms of computer time.

3 Results

We simulated three ensembles (16 x 8, 20° x 10 and 243 x 12) for a set of temperatures. The
temperatures are aligned according to the f; scale setting. The continuum extrapolation is
performed with a different, gradient-flow base scale as well. For this the result is interpolated
using cubic splines. These splines combine the statistics from nearby data points at each
temperature and result in a lesser error bar at the cost of correlations between temperatures.
We show the continuum extrapolations based on these interpolators as a yellow band in Fig. 2.

There is a striking incompatibility between the results in Fig. 2. Our earlier large volume
result [13] shows agreement with this work, hinting for a good control of volume effects for
T < 145 MeV. There are visible differences due to smaller volume at higher temperatures.
The finite lattice spacing HISQ result is in disagreement beyond the observed finite volume
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effects, both for )(g and )(g . This is especially relevant if we consider the slopes in temperature
and the qualitative agreement vs. disagreement with the Hadron Resonance Gas prediction.
While we cannot comment on the HISQ result, we stress that there is a difference in the
definition of the chemical potential: while we use exactly conserved charges, the HISQ result
is less understood both in terms of renormalization and lattice spacing effects.

In summary, we have shown the first continuum extrapolated results on fluctuations be-
yond the fourth order. This was possible through the introduction of a new staggered action
that reproduces the QCD meson spectrum better than any other staggered schemes. Further
details and observables can be found in Ref. [1].
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