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Abstract We investigate the generation of primordial black
holes (PBHs) with the aid of gravitationally increased friction
mechanism originated from the nonminimal field derivative
coupling (NMDC) to gravity framework, with the quartic
potential. Applying the coupling parameter as a two-parted
function of inflaton field and fine-tuning of five parameter
assortments we can acquire ultra slow-roll phase to slow
down the inflaton field due to high friction. This enables
us to achieve enough enhancement in the amplitude of cur-
vature perturbations power spectra to generate PBHs with
different masses. The reheating stage is considered to obtain
criteria for PBHs generation during radiation dominated era.
We demonstrate that three cases of asteroid mass PBHs
(10712Mg, 10713 M, and 10~15 M) can be very interesting
candidates for comprising 100% , 98.3% and 99.1% of the
total dark matter (DM) content of the universe. Moreover,
we analyse the production of induced Gravitational Waves
(GWs), and illustrate that their spectra of current density
parameter (S2gw, ) for all parameter Cases foretold by our
model have climaxes which cut the sensitivity curves of GWs
detectors, ergo the veracity of our outcomes can be tested in
light of these detectors. At last, our numerical results exhibit
that the spectra of Qgw, behave as a power-law function with
respect to frequency, Qgw, (f) ~ (f/fc)", in the vicinity of
climaxes. Also, in the infrared regime f < f., the power
index satisfies the relationn = 3 — 2/1In(f./f).

1 Introduction

The concept of primordial black holes (PBHs) generation
from the over-dense regions of the early universe should
be addressed in the first instance to the recommendation by
Zel’dovich and Novikov in 1967 [1], and subsequent progres-
sive researches by Hawking and Carr in 1970s [2—4]. Lat-
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terly, the prosperous discovery of gravitational waves (GWs)
arises from two coalescing black holes with masses around
30Mg (Mg denotes the solar mass) by LIGO-Virgo Col-
laboration [5-9], has attracted wide attention to PBHs as a
possible source of the universe dark matter (DM) content
and GWs [10-15]. Inasmuch as the PBHs generate from the
gravitationally collapse of the primordial density perturba-
tions, hence they are not bounded by Chandrasekhar mass
limitation owing to their non-stellar origin, and have wide
range of masses. In mass scale around O(10~°) M, PBHs
locate in the permitted region by OGLE data [16]. Hence
they can be considered as the origin of ultrashort-timescale
microlensing events in the OGLE data with the fractional
abundance about ©(10~2) of the total DM content. By rea-
son of the invalidity of gravitational femtolensing of gamma-
ray bursts [17] through the declined lensing effects by the
wave effects [18,19], the Subaru Hyper Supreme-Cam (Sub-
aru HSC) microlensing observations impose no restriction
on PBHs with masses less than 10~!! M. Thereupon, con-
sidering ineffectiveness of the restriction imposed by white
dwarfs [20] on mass range (10~ 14 —10713) M, due to numer-
ical simulations in [21,22], the existence of PBHs in the mass
window of asteroid masses (10710—10~11) M, as interesting
candidates comprising all DM content of universe is possible
[23].

Generally, producing a large enough amplitude of primor-
dial curvature perturbations (R) during inflationary epoch is
necessary to generate PBHs during radiation dominated (RD)
era. Overdense regions can be formed when superhorizon
scales associated with the large amplitude of R become sub-
horizon during RD era, and gravitationally collapse of these
overdensities generate PBHs. Notwithstanding the restric-
tion of the power spectrum of R at large scales by CMB
anisotropies normalization to 2.1 x 10~2 [24], PBHs genera-
tion requires an enhancement in the power spectrum of R to
order O(10~2) at scales smaller than CMB scales. N ewly, dif-
ferent techniques for multiplying the amplitude of the power
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spectrum of R at small scale by seven orders of magnitude in
comparison with CMB scales have been inspected in many
investigation [25-53]. One of the proper ways to achieve a
rise in the scalar power spectrum is a brief period of ultra
slow-roll (USR) inflation due to declining the speed of infla-
ton field via gravitationally enhanced friction. The frame-
work of nonminimal derivative coupling to gravity (NMDC)
beside the fine-tuning of the parameters of the model can give
rise to increase friction gravitationally [S0-59].

The nonminimal derivative coupling model is a subclass
of a generic scalar-tensor theory with second-order equa-
tions of motion namely Horndeski theory [56-60], which
prevents the model from negative energy and pertinent insta-
bilities [61]. A characteristic of the nonminimal field deriva-
tive coupling to gravity is that the gravitationally increased
friction mechanism can be applied for generic steep poten-
tials such as quartic potential [57]. In view of the Planck
2018 TT,TE,EE+lowE+lensing+BK14+BAO data the quar-
tic potential in the standard inflationary model is incompati-
ble with the latest CMB data and completely ruled out [24].
As regards a lot of effort have been put into making the Higgs
field consistent with inflation, One way is employing the non-
minimal field derivative coupling to gravity [55] (see [62] for
original study). With this in mind, we contemplate the quartic
potential in the nonminimal derivative coupling setup and try
to rectify its observational results at CMB scales and exam-
ine the feasibility of PBHs generation of the mentioned mass
scales simultaneously.

It is worth noting that an analogous investigation has been
done by Fu et al. [51] and Dalianis et al. [53]. In [51] for
the chosen parameter the influence of the temporary non-
minimal derivative coupling framework far from the peak
position (¢ = ¢.) is faded away and the standard slow-roll
inflation is recovered. In the other word the NMDC frame-
work just governs during USR phase. But in our work the
authentication of the nonminimal derivative coupling frame-
work throughout the inflationary epoch is respected because
of the form of our suggested coupling function between field
derivative and Einstein tensor.

Akin to [53] we choose quartic potential in NMDC frame-
work with the same coupling function, but in our model infla-
ton is not Higgs and formation of multifarious PBHs in aster-
oid, earth, and stellar mass ranges thereto their concurrent
scalar gravitational waves are predicted. Moreover reheating
consideration for our model terminate in obtaining criteria
for PBHs generation during RD era.

Generating of induced gravitational waves can be another
effect of re-entry the large enough densities of primordial
perturbations to the horizon during the RD epoch, concur-
rent with the PBHs formation [63—74]. Heretofore miscella-
neous mechanisms of PBHs and detectable GWs generation
owing to intensifying the small scale primordial perturba-
tions have been suggested in many inflationary models. The
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popular one of them is the single-field model with a potential
having the flat region pertinent to USR phase in the envi-
rons of an inflection-point which leads to a rise in the cur-
vature perturbations and generate PBHs and GWs [75-77].
Another models with Gaussian form of scalar power spec-
trum [71,78,79], or multifield inflationary models such as
double [80,81], and hybrid [82,83] inflation have been able
to explicate the formation of PBHs and induced GWs via
enhancement of scalar power spectrum during the inflation-
ary era. In the following of this work, we evaluate the current
fractional density parameter of induced GWs in our NMDC
setup and check the rectitude of our numerical conclusion
with the latest sensitivity curves of GWs detectors.

The reminder of this paper is organized as follows. In Sect.
2, we study the basis formulae of the nonminimal derivative
coupling framework briefly. In Sect. 3, we explain the suitable
mechanism of gravitationally increased friction to enhance
the amplitude of the scalar power spectrum to around order
O(1072) in our model. To specify when the superhorizon
climax scales of perturbations re-enter the horizon, we take
into account reheating consideration in Sect. 4. In the suc-
ceeding sections we calculate different masses and fractional
abundances for PBHs in Sect. 5 and current energy spectra
for induced GWs in Sect. 6. Ultimately, we epitomize our
outcomes in Sect. 7.

2 Foundation of nonminimal derivative coupling
framework

We initiate this section with the general action of the non-
minimal derivative coupling (NMDC) model, in which the
inflaton field is nonminimally coupled to the Einstein tensor
via its derivative as follows [55-59]

1 1
S — / d4x¢_—g[§R — 5 (8" —§G")3,90,9 - vw»]
(1)

wherein g is the determinant of the metric g,., R is the Ricci
scalar, GV is the Einstein tensor, £ is the coupling param-
eter with dimension of (mass)~2, and V (¢) is the potential
of a scalar field ¢. As we explained in the previous sec-
tion the action (1) appertains to the Horndeski theory, which
produces second order equations. The Lagrangian of this
class of theories consists of the term G5 (¢, X)GH*"(V, V. 9),
where G5 is a general function of ¢ and kinetic term X =
—%g’“’ 0u¢dy¢. By taking Gs = —©(¢)/2, then integrating
by parts, and defining §¢ = d® /d¢, the mentioned Horn-
deski’s Lagrangian leads to the NMDC action (1). In [55-
59] the Case of constant £ has been investigated. Moreover,
in [84] another investigation has been done by consider-
ing & = B/¢", where B is a parameter with dimension of
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(mass)" 2 and n is an integer, in order to adapt the observa-
tional results of steep potentials like Higgs with the present
CMB data.

In this work, we consider a more general and appropri-
ate function of ¢ such as £ = 6(¢), so that not only the
observational results of the quartic potential on large scales is
reanimated, but also a tenable outline for PBHs and induced
GWs production on small scales can be achieved. For this
purpose, we start to study the background evolution of the
homogeneous and isotropic universe with the flat Friedmann-
Robertson-Walker (FRW) metric and mostly positive signa-
twre g, = diag( — 1,a2(1), a*(1), a(1) ), wherein a(t) i
the scale factor and ¢ is the cosmic time. We also adhere
to convention of reduced Planck mass is identical to unity
(Mp = 1/+/87G = 1), over all this paper. In addition, we
review the fundamental relations for produced perturbations
during inflation epoch in our model described by action (1).

The Friedmann equations and the equation of motion for ¢
can be obtained via taking variation of action (1) with respect
to g,,» and ¢ as follows

31— 2 (14 9H206)) 8~ Vig) =0, )
20 + (~0@VH +30@H> +1) 7 — HO 44

—2HO(¢p)dpd = 0, (3)
(1 + 39(¢)H2) b+ (1 +0(¢)2H + 3H2))3H<i>

3 )
+ E9,¢H2¢2 +Vy=0, 4)

where H = a/a is the Hubble parameter, the dot indicates
derivative with respect to the cosmic time 7, and moreover
the notation (, ¢) indicates d/d¢. In the NMDC setup, the
slow-roll parameters are specified as [56,57]

_ 0(9)¢?

= ,0p = .
2H2 P 4

L,
= Hq'ﬁ’ Sx

E=———, 5¢
(%)

It is known that, the validity of the slow-roll inflation is
described by {e, [5s],8x,5p} <« 1. Under the slow-roll
approximation, the energy density of the inflaton is domi-
nated by the potential energy and the Egs. (2), (3) and (4)
abbreviate to

3H? ~ V(¢), (6)

2H + A¢* — HO 4¢° ~ 0, (7
. 3 .

3HPA+ z9,¢,H2q>2 + Vg >0, (®)

wherein

A=1+30(p)H>. 9)

Also because of the ease of calculation, we take the below
assumption throughout the slow-roll domain

0, Hp| < A. (10)

By utilizing the assumption (10), the Egs. (6), (7) and (8)
take the following simpler form as

3H? ~ V(¢), (11)
2H + Ad* ~ 0, (12)
3HPA+ Vy 0. (13)

Applying Egs. (11) and (13), we obtain
&y

828X+6(SDZX, (14)
where

ey === .

Y=2\v

Note that ¢ >~ ¢y is concluded for A ~ 1, and one can
attain the restoration of the standard slow-roll inflationary
formalism. As we can see from (14), A > 1 (high friction
domain) results in ¢ < ey, therefore inflaton embogs owing
to gravitationally increased friction, and rolls more slowly in
comparison to that in the standard slow-roll story line. On
the other hand, we expect that the severe decline of ¢ in the
mentioned high friction domain can give rise to an increase
in the amplitude of curvature perturbations (R). With this
aspect in mind, we should inspect the power spectrum of
the curvature perturbations, which is calculated by [58] at
the moment of the Hubble radius crossing by the comoving
wavenumber (c;k = a H) as follows

HZ

= —— N 16
Ps 87T2Qsc§’ csk=aH (16)
wherein

wi(dwiws + Qw?)
Qs = —2, (17)
3w;
5 3(2w]2w2H — w§w4 + dwiwiwy — 2w12u32)
o5 = 5 . (18
w1 (dwiws + 9w3)

and

w;=1-28p, (19)
wy =2H(1 —68p), (20)
w3 = —3H%*(3 — 8x — 368p), (21)
ws =14 26p. (22)

Itis obvious, for defined & as a general function of ¢, one can
easily find the coincidence of the relations (17)-(22) and their
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counterparts in [57]. Applying the approximated background
equations in the slow-roll domain (11)-(13), the power spec-
trum (16) can be written as

V3 V3

Py =~ A~
: 2y/2 2y/2
1272V, 1272V,

(1+6@V). (23)

The restricted amplitude of the scalar perturbations power
spectrum evaluated by the Planck team from cosmic
microwave background (CMB) anisotropy at the CMB pivot
scale (ky = 0.05 Mpc™!) [24] is

Pyky) ~ 2.1 x 107°. (24)

Since the scalar spectral index (n,) can be calculated from
the scaler power spectrum through the definition ny — 1 =
dInPs/dInk, therefore one can easily find the following
relation between n; and slow-roll parameters in the NMDC
framework [54]

1 1
n321—2[68v—2nv+28v(1—z)

04 V(g
14+ —-——— , 25
X<+9w>V¢>} )
in which
\%
v ==—{?3. (26)

It is evident that for 6(¢) = O the coupling term disappears
and the relations of standard slow-roll inflation are recovered.
The slow-roll approximation of tensor power spectrum at
¢tk = a H and then the tensor-to-scalar ratio in NMDC setup
have been evaluated in [58] as follows

2H?
P=—, 27
T
ey
~ 166 >~ 16—. 28
r & A (28)

The observational restriction according to the Planck 2018
TT, TE,EE+lowE+lensing+BK 14 +BAO data at the 68% CL
on the scalar spectral index (n;), and the upper bound on the
tensor-to-scalar ratio (r) at 95% CL [24] are as follows

ng = 0.9670 £ 0.0037, (29)
r < 0.065. (30)

3 Intensification of curvature perturbations power
spectrum

It is well known that an increase in the amplitude of cur-
vature perturbations () on scales smaller than the CMB
scales can lead to detectable generation of PBHs and GWs.
It is understood that, such a rise in scalar power spectrum
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can be achieved with the aid of a span of USR inflation. Suit-
able choices of parameters and coupling function between
the gravity and derivatives of the scalar field in the NMDC
setup can establish such an USR phase due to gravitation-
ally enhanced friction [50-54]. With this regard, in this sec-
tion we define two-parted form of coupling function 6 (¢), to
have a correspondence with the available data on large scales
(CMB) and a peak in the curvature perturbations on smaller
scales, as follows

06) = 0:6)(1+61/)), (D)
in which

mw=ﬁ%T (32)
611(§) = ——— (33)

The first part of our coupling function (32) is a general form
of the ones taken in [56,84]. Another part (33) is taken by Fu
etal. [51]in order to investigate PBHs and GW's formation in
NMDC setup for the potential V (¢) o< /3, but we consider
a combination of these two functions pursuant to [53]. By
changing o to (@ — 1) in (32), regardless of « coefficient,
the coupling function of [53] is retrieved. Concerning (33),
one can easily find that 677 (¢) has a climax at ¢ = ¢, of the
height and width that are defined by w and o respectively. It
is obvious that for the far-off field values of ¢, the function
011(¢) evanesces. In our model 9 (¢) is necessary to make
the quantum fluctuations on the CMB scales compatible with
the latest data. On the other hand, the quantity 0;(¢)60;;(¢)
depending on the suitable choices for the parameters makes
the scalar power spectrum of the curvature perturbations on
small scales enlarge to get the enough amplitude to generate
the detectable PBHs and GWs. Note that o and w are the
dimensionless parameters, while ¢, o', and M are parameters
with the dimensions of mass.

Note that the quartic potential is entirely ruled out by
Planck 2018 TT,TE,EE+lowE+len- sing+BK14+BAO in the
standard inflationary groundwork [24]. Therefore, this per-
suades us to study the quartic potential in the nonmini-
mal derivative coupling framework with the aim of getting
compatible observational result with Planck 2018. Hence,
we keep on our investigation to see if the quartic inflation-
ary model can derive the observable inflation and generate
detectable PBHs and GWs in NMDC framework simultane-
ously. The quartic potential is given as follows

A
wm=zw, (34)

where A is the dimensionless constant, and fixed by the scalar
power spectrum restriction (24) in our investigation. From
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our numerical results listed in Tables 1 and 2, one can see for
reduced A up to order 0107%) in comparison with A ~ 0.1
appertain to Higgs field in [53], the quartic potential can drive
the viable inflation and detectable enhanced PBHs and GWs
in the nonminimal derivative coupling groundwork.

Now we want to estimate the order of needed parameters
to increase the amplitude of the scalar power spectrum (Py)
to order O(1072), which is enough value to produce PBHs.
Hence, we derive an approximated relation between P; at
¢ = ¢ and Ps at ¢ = ¢, noting that ¢, is the field value
at the time of horizon crossing by k.. So applying Eqs. (23)
and (31)—(34) we have

A ¢ 1

1)
Py~ oo 14+-q¢* [ 14—

768 4 /1+ (¢;¢<r)2

(35)
where
A
q= Wt (36)
furthermore we suppose that
o> 1, | ¢ — P | > 0w, (37)
eventually we conclude
be 10+«
Al ~w (_> S (38)
p=0c o d=x

Clearly, regarding (24) and (38), the climax of the power
spectrum at ¢ = ¢, will be of order O(10~2) provided by
w ~ O(107). We know that in the vicinity of peak position
the term of 67 (¢)0;1(¢) is dominated in (31), ergo the power
spectrum (23) around the peak position abbreviates as the
following form

A 6 4+a
Pilgmg. = 768¢n2 T+ qct; /7&)
1+ (¢;¢r )2
~ B0+ —"; — | (39)
Y1+ (5552
where
rgq
B= ————.
3072 72

It is obvious from (39) that, the width of P; around the peak
position is determined by parameter . In view of these esti-
mations and expressed conditions in (37), we set ¢ = 20
and contemplate five different Cases of parameters which
are represented in Table 1. It is worth noting that an assort-
ment consists of seven free parameters {«, M, A, g, w, ¢, 0}

identifies our model, in which the parameters «, M, g, and
A are correlated together via Eq. (36). The calculated values
of inflationary observables ng, r, and quantities related to
generated PBHs are represented in Table 2.

It is known that the observable inflation takes place
in about 50-60 e-folds number from the horizon crossing
moment by k. to the end of inflation. So regarding the reheat-
ing process duration, we set the horizon crossing e-fold num-
ber (N,) as 53.62 for Case A, 55 for Case B, 54.8 for Case C,
55.26 for Case D, and 53.35 for Case F. From Fig. 2, one can
see that the end of inflation epoch is specified by resolving
& = 1 at the e-fold number N g = 0 for each Case. We solve
the background Eqgs. (2)-(4), using the quartic potential (34)
and the NMDC coupling function (31)—(33), numerically.
Then we represent the exact behavior of the scalar field ¢
with respect to the e-fold number N, when dN = —Hd}t,
from the horizon crossing (V) to the end of inflation (Nepq)
in Fig. 1, for Case A (purple line), Case B (green line), Case
C (red line), Case D (blue line), and Case F (brown line).
In this figure, one can see a plane zone lasting about 20 e-
folds around ¢ = ¢, in all field excursion. In this zone the
scalar field revolves very slowly owing to the high friction,
and the slow-roll condition is broken, thus one has an Ultra
Slow-Roll (USR) stage. Figure 3 shows that, the curvature
perturbations power spectrum will be intensified during this
USR stage.

Figure 2 shows the evolution of the first slow-roll param-
eter (¢) (left plot), the second slow-roll parameter (84), and
0oH $/ A (right plot) with respect to e-fold number (N) dur-
ing the observable inflation (AN = N, — Neng) for Cases
listed in Table 1. In this figure a severe reduction in the
value of ¢ in the USR stage for each Case up to the order
O(1071%) can be seen, which gives rise to a large ampli-
fication in the amplitude of the curvature power spectrum.
Also one can see dy violates the slow-roll condition due to
exceed unity in this stage temporarily. As regards the evolu-
tion of the slow-roll parameters at horizon crossing e-fold
number (N,), one can see that the previously mentioned
slow-roll conditions are respected for all Cases, therefore
we can use Egs. (25) and (28) to evaluate the scalar spec-
tral index (ny) and tensor-to-scalar ratio (r) in our model.
Regarding the numerical outcomes listed in Table 2, we can
realize that, the values of r for all Cases and n; for Cases
B and F are consonant with the 68% CL of the Planck 2018
TT,TE,EE+lowE+lensing+BK14+BAO data, and the values
of ng for Cases A, C, and D are consistent with 95% CL [24].

Consequently, we have been able to revive the ruled
out quartic potential in the standard inflationary scenario
by means of selecting the nonminimal derivative cou-
pling framework. It is worth mentioning that, the recent
BICEP/Keck collaboration’s constraints suggest that the
tensor-scalar ratio r < 0.036 [85], which thereunder as we
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Table 1 The elected parameter

assortments for Cases A, B, C, # « c e » o M
bDy’ fﬁ‘:;g;es‘;‘g;‘iu"nff isfixed 000 5.530 x 107 2.82 x 10~ 11 13163 1.62 x 1079 16 0.27
restriction (24) at horizon Case B 5.594 % 107 3.79 x 10~ 1.2970 1.63 x 107° 16 0.27
crossing e-fold number N, Case C 6.980 x 107 6.36 x 10711 1.2550 1.89 x 10~° 16 0.27
Case D 9.762 x 107 7.30 x 10~ 1.2320 1.81 x 107° 16 0.27
Case F 6.960 x 107 4.56 x 1071 1.1900 1.81 x 107° 24 0.41
for the Casen of Tabie 1 The . # r S L
;1;32;‘ S;f;i;t fhescalit  CaeA 09730 00436 0050 289 x 10° 00010 2823
abundance of PBHs are given by ~ Case B 0.9668 0.0440 0.042 6.91 x 108 0.0434 4.97 x 1070
PP and fBee, respectively. Case C 0.9633 0.0468 0.034 2.86 x 1012 0.9831 2.88 x 10713
MB5ih is the PBH mass Case D 0.9615 0.0489 0.030 3.94 x 1013 0.9911 152 x 10715
according to f{ly . The values Case F 0.9636 0.0356 0.035 1.03 x 102 1 2.21 x 10712

of ny and r are evaluated at

horizon crossing CMB e-fold
number (Ny)

can see for Case F of Tables 1 and 2 the parameter o > 24
should have been chosen for our model.

Whereas Eq. (35) is acquired under the slow-roll condi-
tions with the proviso (10), applying that to calculate the
scalar power spectrum in the USR stage is impermissible
owing to infraction of the slow-roll limitation in this stage.
Inevitably, to calculate the exact scalar power spectrum,
numerical analysis of the following Mukhanov-Sasaki (MS)
equation is needed, for all Fourier modes

"

ol + <c§k2 - %) v = 0. (40)
The MS Eq. (40) represents the evolution of curvature pertur-
bations (R) in the Fourier space (vy) during inflation epoch,
from sub-horizon scale (csk > aH) until exiting the hori-
zon and getting the constant value at super-horizon scales
(csk < aH). In (40) the prime indicates a derivative with
respect to the conformal time n = f a~ldt, and

v=2zR, z=ay20;.

We consider the following Fourier transform of the Bunch-
Davies vacuum state as the initial condition for the sub-
horizon scale (csk > aH) [59]

(41)

e*icxkn

V2¢sk

After finding the numerical solutions of the Mukhanov—
Sasaki Eq. (40), the exact scalar power-spectrum for each
mode vy is obtained as

U — 42)

k3 2
E 3)

R V) 72

cSk<<aH.
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The numerical results for the exact value of the climax of
the scalar power spectrum (PF eak), and the related comoving
wavenumber (kpeax ) for each Case of Table 1 are represented
in Table 2. Also, in Fig. 3 the exact power spectra for all
Cases of Table 1 as a function of comoving wavenumber (k),
and the current observational restrictions are illustrated. The
purple, green, red, blue, and brown lines are related to the
actual P for Cases A, B, C, D, and F, respectively. This
figure exhibits that, during the slow-roll inflationary domain
on large scales around the CMB scale (k ~ 0.05 Mpc™!),
the power spectra for all Cases are of order O(10~?) which
are consonant with the observational data (24). Furthermore,
in the USR phase on smaller scales, one can see the mul-
tiplication of the power spectra to order O(1072), which is
sufficient amount to generate PBHs. Into the bargain, we
have inferred that the scaling behaviour of P in the vicinity
of peak position can be appraised as power-law function ver-
sus wavenumber P; ~ k. Thereby for Case D, P ~ k%38
for k < kpeak = 3.94 x 1013 Mpc~!, and Py ~ k=131 for
k > kpeak = 3.94 x 1013 Mpc_1 have been delineated in
Fig. 3.

4 The reheating stage

To keep on our study on the produced PBHs and GWs from
the intensified scalar power spectrum, we should know when
the super-horizon perturbation modes come back to the hori-
zon after the inflation epoch to collapse. It is known that to
shift from a supercooled universe after the inflation epoch to
the hot RD epoch a thermalizing phase, so-called reheating
stage, is required (see [89] for areview). In spit of uncertainty
of the physics of reheating, one can use the simple canoni-
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13 ) 1.3} - 1
1.2 1.2
¢ 1.1 $1.1
1.0
1.0
AN =53.62 0.9 AN =55
0.9
0 10 20 30 40 50 0 10 20 30 40 50
N N
1.3 1.3
1.2 1.2
?11 $11
1.0 1.0
AN =548 AN =55.26
0.9 0.9
0 10 20 30 40 50 0 10 20 30 40 50
N N
1.25F
1.20
1.15
@ 1.10
1.05
1.00
0.95 AN =53.35
0 10 20 30 40 50
N

Fig. 1 Evolution of the scalar field ¢ as a function of e-fold number N for Case A (purple line), Case B (green line), Case C (red line), Case D
(blue line), and Case F (brown line). The dashed lines show ¢ = ¢, for each Case and the initial conditions are found by using Eqs. (11) and (13)

cal outline [90-92], whereby generated cold gases from the
oscillations of the inflaton filed around the minimum of the
potential transform to a plasma of relativistic particles, after
that the standard RD area of the Hot Big Bang theory takes
over. The effective equation-of-state parameter of the canon-
ical reheating stage is wren, = 0, and duration of this epoch is
proportional to the inflaton decay-rate and reheating tempera-
ture (7ten). One should attach the importance of the reheating
consideration insomuch that prolonged reheating stage with
the low temperature can result in return the climax scales of
the curvature power spectrum to the horizon in the reheating
stage and form the PBHs in this stage instead of RD epoch.
Accordingly, in the following we try to find a criterion to
show that in our investigation the mentioned scales come

back to the horizon in RD epoch. In this regard, we pursue
the used technique in [29,30].

Suppose that a scale like k! exits the horizon A N e-folds
before the end of inflation, right at the moment it returns to
the horizon we have

1
5 (1+3w
<ak,re>2( ) _eANk
Aend

(44)

wherein ay re, dend, and w denote the scale factor at the hori-
zon re-entry, the scale factor at the end of inflation, and the
equation-of-state parameter, respectively. Then we define the
post-inflationary e-folds number related to the scale k! from
the time of re-entry to the end of inflation as N,
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Fig. 3 The obtained exact scalar power spectrum via resolving the
Mukhanov—Sasaki equation in terms of comowing wavenumber k. The
purple, green, red, blue, and brown lines are according to the Cases A, B,
C, D, and F respectively. The light-green shadowy zone represents the
CMB observations [24]. The yellow, cyan, and orange shadowy zones
represent the restrictions from the PTA observations [86], the effect on
the ratio between neutron and proton during the big bang nucleosyn-
thesis (BBN) [87], and the p-distortion of CMB [88] respectively. The
power-law form of Py with respect to k is illustrated by black dashed
line for Case D

Ny =1n (“"’m) . (45)
Aend

Thus, from Eqs. (44) and (45) we drive the following relation

Ny = AN. 46

T + 3w k (46)

Duration of the reheating stage is defined by the e-folds
number from the end of reheating to the end of inflation as
]Vreh = In (@ren/dend), Wherein arep, denotes the scale factor
at the end of reheating. Applying the continuity equation, we
can specify the e-folds number Ny, in terms of the energy
density at the end of reheating stage (porep) as follows

- 1 Pend
Neeh = ——— ln< ) , (47)
re 3(1 + wreh) Preh

in which the energy density at the end of inflation is evaluated
via Pend = 3He:2nd' By making a comparison between Ny and
Nien one can specify when the horizon re-entry takes place
for the scale k! associated with the PBH formation. In the
way that, For ]\7k > ]Vreh, the horizon re-entry takes place
during the RD era, and for Nk < 1\7reh the mentioned scale
comes back to the horizon during the reheating stage.
Respecting the canonical reheating (wrep = 0), duration
of the observable inflation is related to the post-inflationary

expanse [93,94] through

1 &4 Vi 1~
AN ~ 57.4882 + —In — — Nreh. (48)
4 Pend 4

As we mentioned heretofore, AN = N, — Nepg, which Nepg
represents the e-fold number at the end of inflation, moreover

Ny, &4, and V. denote e-fold number, the value of the first
slow-roll parameter, and the potential value when the pivot
scale k, = 0.05Mpc~! leaves the horizon, respectively.

Furthermore, regarding the relation between pren and Trep
(reheating temperature) in the form of pe, = (77 2/30) g+ Trih,
and applying Eq. (47) we can evaluate Tep, as

30 e 3Nien/4
Tieh = (%ﬁend) e~ 3Nuwen/4 (49)
*

where g, designates the effective number of relativistic
species upon thermalization, which is determined as g, =
106.75 in the Standard Model of particle physics at high
temperature. It is worth noting that, reheating stage has lied
between the end of inflation and BBN, which means the con-
straint 10~2GeV S Treh S 10'°GeV can be accepted.

Now we are able to characterize a criterion for specifying
that the PBHs formation occurs during reheating or RD era.
To this aim, in Fig. 4 the duration of the observable inflation

(AN) is schemed for all Cases of Table 1 as AN = ,Seak +

AN, ,f *k Note that, AN consists of the CMB anisotropies on

large scales and scalar perturbation modes on small scales
related to the PBHs generation simultaneously.
Applying Eq. (46) for the scale kL « and taking @ = 0,

peal
we can write AN, ,I: “k_ N ,f cak /2, wherein N lf *k denotes the
post-inflationary elapsed e-folds number between the end of
inflation and the horizon re-entry of the scale k;ezk. Suppose
that the mentioned scale associated with the peak of the power
spectrum re-enters the horizon upon the end of reheating
stage, thus we will have ANIES;&( = Nien/2. Herein duration

of the observable inflationary epoch can be written as AN =
N}: cak + Nreh /2, then by substituting that into Eq. (48) the
critical value for AN, ,f eak is evaluated as follows

2 1 &V, Kk
AN = 3 [57.4882 + 71 ( p*en;‘> — N ] . (50

Our conclusions for the values of AN, N,feak, AN,feak,

Nreh, kreh, Tren, and AN;E;)k are illustrated in Table 3 for

defined Cases in Table 1. Here, k) specified as krep =

reh
e Neen/ 2kend [29], and ke_nil are the scales correspond to the
horizon re-entry at the end of reheating and end of inflation,
respectively. Using of these results we can establish the fol-
lowing critical conditions for PBHs formation during RD era

AN > AN = NI 4+ AN

ANP > AN

peak’
Tien > Tr(e(;lr),
Neen < NS = 24N (51)

In other words, the climax scales of the scalar power spec-
trum re-enter the horizon and collapse to form PBHs during
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Fig. 4 Evolution of the scalar power spectrum as a function of k for Case A (purple line), Case B (green line), Case C (red line), Case D (blue
line), and Case F (brown line). The shadowy zones represent the re-entered scales to the horizon during the reheating stage

Table 3 The values of N} cak. ANY K N ens Krehs Treh, and AN;S;}( for all Cases of Table 1

# AN NP ANPE Nieh kreh/Mpc ™! Tien/GeV AN
Case A 53.62 38 15.62 10.9 2.20 x 10" 1 x 10'2 122
Case B 55 31.6 23.4 5.1 1.82 x 102! 1x 10 16.4
Case C 54.8 23 31.8 5.9 1.04 x 10 6 x 1013 22.1
Case D 55.26 20.8 34.46 4 4.09 x 102! 2 x 10 23.6
Case F 53.35 22.6 30.75 11 2.20 x 10" 1 x 10'2 223

RD epoch provided that the above conditions are satisfied,
otherwise their re-entry occurs during reheating stage. Mak-
ing a comparison between epitomized results of Table 3 with
their critical counterparts shows that in our study the condi-
tions (51) are respected, and the scale kp_e;k comes back to

the horizon and collapses to generate PBH during RD epoch.
In Fig. 4 the behavior of the exact scalar power spectra in
terms of k for all Cases of Table 1 is schemed. The shadowy
zones symbolize the re-entered scale to the horizon during
reheating stage, and it is obvious from this figure that, the
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climax scales comes back to the horizon during RD epoch.
Subsequently, applying the corresponding formulations with
RD epoch to evaluate mass fraction of the PBHs and energy
density of the GWs is permitted in the succeeding sections.

5 Primordial black holes generation

As we described heretofore, it is known that an enough
increase in the amplitude of curvature perturbations on scales
smaller than the CMB scales can lead to detectable produc-
tion of PBHs and GWs. In this section, we will inquire PBHs
generation in NMDC model. Pursuant to the discussions in
the previous section, the re-entry of super-horizon perturba-
tion modes generated in the inflation epoch, occurs during RD
era after inflation. If the power spectrum of these modes have
large enough amplitude, the gravity of the related overdense
zones can overpower the radiation pressure and collapse to
generate PBHs. The mass of generated PBH is associated
with the horizon mass at the moment of re-entry through

M k) = 4
PBH —)/H

csk=aH

1
v\ (10756 k -2
~ Mo | — )
© (0.2> < 8+ 1.9 x 10oMpc—!

(52)

wherein y is the efficiency of collapse, and in this paper we
contemplate y = (\L@)3 [4]. As be mentioned in the previ-
ous section g, = 106.75 for PBHs generation in RD epoch.
On the presumption that the distribution function of per-
turbations abide by Gaussian statistics, and applying Press-
Schechter theory, the generation rate for PBHs with mass
M (k) is evaluated [95,96] as follows

ds 52

¢ 22
s \/2ma2(M)

p(M) =

1 8¢
—erfe [ —— ), 53
> erfc ( T*%M)) (53)

in which “erfc” designate the error function complementary,
and §, symbolizes the threshold value of the density pertur-
bations for PBHs generation. We contemplate §, = 0.4 in
the way that is recommended by [97,98]. In addition 02(M )
denotes the coarse-grained density contrast with the smooth-
ing scale k, that is specified as

N2 rd
of = (§> / §W2<q/k)<q/k>47>s<q>, (54)

wherein P; is the power spectrum of curvature perturbations,
and W denotes the window function which is specified as
Gaussian window W (x) = exp (—x?/2) in this paper. In the
light of characterizing the abundance of PBHs, the present

fractional density parameter of PBHs (Q2pgpy) to Dark Matter
(2pm) is evaluated as

feBH(M) ~

Qe pM) (L>3/2
Qpm 1.84 x 1078 \0.2

~1/4 ( 0.12 M \"?
x( &+ ) = . (55)
10.75 Qpmh? Mg

where Qpmh® ~ 0.12 is given by Planck 2018 data [24]
for current density parameter of Dark Matter. At last we
are able to calculate the PBHs abundance for all Cases of
Table 1, using the exact power spectrum attained via resolv-
ing the Mukhanov—Sasaki equation and Eqgs. (52)—(55). The
obtained numerical and schemed results are represented in
Table 2 and Fig. 5. It is revealed from our conclusion that,
for Case A the climax of anticipated PBHs abundance is
located at 28.23 M, with fglgaflf ~ 0.0010, this sort of stellar-
mass PBHs can gratify the restriction from the upper limit
on the LIGO merger rate, and they are suitable candidate
to expound the GWs and the LIGO events. For Case B the
PBHs mass spectrum has a peak at Mppgﬁ =497x10"°My

and fggﬁ = 0.0434 which is placed in the permitted area by
the ultrashort-timescale microlensing events in OGLE data,
thus such a Case of PBHs with earth-mass can be useful to
explain microlensing events. In Cases C, D, and F our model
has foretold three PBHs abundance in asteroid-mass scales,
MBs = 2.88 x 10~ 3 Mg, MBas = 1.52 x 10715 M, and
MER = 221 x 10712M, with f55% s around 0.9832,
0.9911, and 1, respectively. Hence, these Cases can be inter-
esting candidates for composing all DM content of the uni-
verse.

Itis worth noting that, recently Pickerin [111] has demon-
strated that cosmological PBHs foretold by Thakurta metric
solution in asteroid mass range of (1077 — 107 12) M, can
be hotter than common Schwarzschild case and having com-
pletely evaporated by today. On the other hand, it has been
shown in [112,113] that, the cosmological black holes and
their mass growth cannot be described by Thakurta metric in
the early universe. The authors of [112] showed that radia-
tion, PBHs or particle dark matter cannot generate the req-
uisite energy flux for providing the mass growth of Thakurta
black holes. Moreover they verified that this solution is not
applicable for binary black hole. The authors of [113] proved
that the depicted space-time by Thakurta metric has not black
hole event or entrapping horizon, ergo the null energy pro-
viso as a solution of the Einstein equation is violated. Nev-
ertheless, this issue is currently under dispute in literatures,
as shown quite recently by Kobakhidze and Picker in [114]
that, the Thakurta metric can indeed describe a cosmological
black hole with apparent horizon.
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Fig. 5 The PBHs abundance (fpgy) in terms of PBHs mass (M) for
Case A (purple line), Case B (green line), Case C (red line), Case D
(blue line), and Case F (brown line). The purple area depicts the restric-
tion on CMB from signature of spherical accretion of PBHs inside
halos [99]. The border of the red shaded domain depicts the upper
bound on the PBH abundance ensued from the LIGO-VIRGO event
consolidation rate [100-103]. The brown shadowy domain portrays the
authorized region for PBH abundance owing to the ultrashort-timescale

6 Induced gravitational waves in NMDC model

In this section, we want to study the production of induced
GWs in our model. This occurs due to re-entry the large
enough densities of primordial perturbations to the horizon
concurrent with the PBHs formation during the RD epoch.
Considering the second order effects in perturbation theory,
it is proven that the dynamics of tensor perturbations is origi-
nated from first order scalar perturbations. Choosing the con-
formal Newtonian gauge, the perturbed FRW metric takes the
form [115]

ds® = a(n)? {—(1 +2W)dy® + [(1 —29)5;;
ﬂ%] dxidxf} , (56)

where n, W, and h;; indicate the conformal time, the first-
order scalar perturbations, and the perturbation of the second-
order transverse-traceless tensor in turn by turn. As we
explained in Sect. 4, during the reheating stage after the infla-
tionary phase the inflaton field almost completely decay into
light particles to thermalize the universe to initiate the RD
era of HBB. In this regard, the inflaton field has a trivial
influence on the cosmic evolution during RD era, and can
be ignored. Accordingly, one can easily apply the standard

@ Springer

microlensing events in the OGLE data [16]. The green shaded area
allots to constraints of microlensing events from cooperation between
MACHO [104], EROS [105], Kepler [106], Icarus [107], OGLE [16],
and Subaru-HSC [108]. The pink shadowy region delineates the con-
straints related to PBHs evaporation such as extragalactic y-ray back-
ground [109], galactic center 511 keV y-ray line INTEGRAL) [23],
and effects on CMB spectrum [110]

Einstein equation to inquire the generation of the induced
GWs in RD epoch. Subsequently, the second-order tensor
perturbations h;; gratify the following equation of motion
[115,116]

hi; 4+ 2Hh; — VPhij = —4T" Sy, (57)

where H = a’/a indicates the conformal Hubble parameter,
and ’Tli’” is the transverse-traceless projection operator. The
GW source term S;; is considered as

Sij =4W0;0;W +20;Wo; ¥
1
—@ai (HY 4+ ¥")3;(HY + W), (58)
The scalar metric perturbation W in the Fourier space during
the RD is given by [116]

9 (sintkn/v3) _
k> \"kn//3

where k is the comoving wavenumber, and the primordial
perturbation Y is associated with the power spectrum of
the curvature perturbation through the two-point correlation
function as follows

272

4 -
(Yyi) = V=R (57% (k)) d(k+k). (60)

Wi () = Y cos(kn/«@)) . (59
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At last, the energy density of induced GWs during the RD
epoch can be obtained as [63]

Qaw (e, k)
1 [® 14+ 42— (1 2 232\ 2
- dv/ au (v m )
12 0 [1—v] 4uv

2

3 — (u+v)?
3—(u—v)?

X Py (k) Pg (kv) <
:|2

+n2(u2+v2—3)2@(v+u—ﬁ)}, 61)

X{ |:—4uv+(u2+vz—3)ln‘

wherein ©® indicates the Heaviside theta function, and 7,
denotes the time when the increasing of Qgw is halted. The
current energy spectra of the induced GWs is associated with
the energy spectra at i, through the following equation [86]

8x
10.75

—1/3
Qawoh® = 0.83 (L) @k Qew(ne, b, (62)
wherein Qrohz ~ 4.2 x 1072 is the present radiation density
parameter, and g, =~ 106.75 indicates the effective degrees of
freedom in the energy density at n.. The association between
present frequency and wavenumber can be evaluated as

f=1546x 107" ( )Hz. (63)

Mpc~!
Now we are in a position to attain the current energy spec-
tra of the scalar induced GWs related to PBHs, applying
the actual scalar power spectrum owing to solving the MS
equation, and Eqs. (61)—(63) for all Cases of Table 1. The
schemed outcomes are represented in Fig. 6. Furthermore,
to inquire the validity of anticipated outcomes of our model,
the sensitiveness curves of GWs detectors comprising Euro-
pean PTA (EPTA) [117-120], the square kilometer array
(SKA) [121], Advanced Laser Interferometer gravitational
wave observatory (aLIGO) [122,123], laser interferometer
space antenna (LISA) [124,125], TaiJi [126], and TianQin
[127], are designated in the figure. Additionally 95% CL
from the NANOGrav 12.5 yr experiment is delineated by the
black shadowy area [128—130]. As we can see, the current
density parameter spectra of induced GWs (2gwo) foretold
by our model, for Cases A (purple line), B (green line), C
(red line), D (blue line), and F (brown line) have climaxes
at contrasting frequencies with nearly identical heights of
order 1078, For Case A associated with stellar mass PBHs
and Case B corresponding to earth mass PBHs the climaxes
of Qgw, have placed at the frequencies f ~ 10~ 19Hz and
f ~ 1077 Hz respectively, and both Cases can be traced via
the SKA detector. Furthermore the current energy density of
GWs pertinent to Case A depicted by purple line lies within
the 20 region of the NANOGrav 12.5 year data-set. More-

- L% H T
107 : : \\'\ ;.’ aliGo /
' : \ o S
' SKA 3 Il
10_6 ' ..' A \TianQin ’[I‘
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Fig. 6 The present induced GWs energy density parameter (Q2Gw,)
with respect to frequency. The solid purple, green, red, blue, and brown
lines associate with Cases A, B, C, D, and F of Table 1, respectively.
The power-law form of Qgw,, is illustrated by black dashed line for
Case D

over, the spectra of Qgw, for Cases C, F, and D related to
asteroid mass PBHs have climaxes localized at mHz and cHz
bands which are tracked down by LISA, TaiJi, and TianQin.
Inasmuch as our prognostications for all mentioned Cases
could touch the sensitivity curve of GWs detectors, hence
the authenticity of our model can be assessed via the extri-
cated data of these detectors.

Ultimately, after inspecting the scaling of Qgw,, we per-
ceive that in the proximity of climaxes, the current density
parameter spectra of induced GWs behave as a power-law
function with respect to frequency (Qcw,(f) ~ f") [52].
In Fig. 6, this parametrization is plotted fore Case D with
dashed black line. For this Case, we estimate the frequency
of climax as f. = 0.074Hz and evaluate Qgw, ~ f 19 for
f < fe,and Qgw, ~ 723! for f > f.. Besides, for the
infrared domain f < f,., we obtain a log-contingent power
index asn =3 —2/In(f./f) which is in constancy with the
analytical consequences acquired in [131,132].

7 Conclusions

Here, we investigated the feasibility of PBHs generation in
a single-field inflationary model, based on the framework
of nonminimal field derivative coupling to the Einstein ten-
sor pertaining to the Horndenski theory recounted by action
(1). The nonminimal derivative coupling to gravity leads to
a brief period of ultra slow-roll inflation through gravita-
tionally enhanced friction for the scalar field. This attribute
inspired us to revise a steep potential in this framework
to comprehend a viable inflation. Thereupon, we contem-
plated quartic potential (34), which is completely ruled out
by Planck 2018 [24] in the standard inflationary model, and
tried to recover its observational results in the NMDC frame-
work. By assigning the coupling parameter as a two-parted
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function of inflaton field (31)—(33), and fine-tuning of the
five parameter Cases (A, B, C, D, and F) of the model (see
Table 1), we could acquire an epoch of ultra slow-roll infla-
tion on scales smaller than CMB scale making the inflaton
slow down, sufficient to generate PBHs. In addition, com-
patibility of the observational prognostications of the model
with Planck 2018 data on CMB scales is another result of
these selections.

Utilizing the exact solution of the background equations,
we illustrated the behavior of inflaton field (¢) and slow-
roll parameters (¢ and 8y) in Figs. 1 and 2 with respect to
e-fold number. It is obvious from Fig. 2 that, during the
USR phase the slow-roll conditions are respected by the
first parameter (¢ < 1), but infracted by the second one
(|8¢| = 1). Accordingly, we obtained the numerical solu-
tion of the Mukhanov—Sasaki equation to calculate the exact
power spectra of R for all Cases of Table 1. It is clear from
the exhibited results in Table 2 and Fig. 3 that, the obtained
actual power spectra are compatible with the Planck 2018
data on large scales, and have climaxes of sufficient height
to generate PBHs on small scales. Furthermore, according
to the observational prognostications of our model for infla-
tion era, the values of r for all Cases and n; for Cases B
and F are consistent with the 68% CL of the Planck 2018
TT,TE,EE+lowE+lensing+BK14+BAO data, and the values
of ng for Case A, Case C, and Case D gratify the 95% CL
[24]. Consequently, we have been able to revive the ruled
out quartic potential in the standard inflationary scenario by
means of the nonminimal derivative coupling framework in
our investigation.

In addition, we proved that the superhorizon climax
scales of the power spectra related to PBHs formation re-
enter the horizon after the reheating stage during RD era
(see Fig. 4). Therefore, applying the actual Ps and Press—
Schechter formalism we could attain detectable PBHs abun-
dance with masses of order O(10)M for Case A (stellar
mass), O(10~%) M, for Case B (earth mass), O(10~13) M,
for Case C, O(10~13) M, for Case D, and O(10~12) M, for
Case F (asteroid mass). Our conclusions indicate that PBHs
of Case A is suitable to describe GWs and LIGO events, Case
B can be useful to expound microlensing events in OGLE
data, and PBHs of Cases C, D, and F can be interesting can-
didates for composing around 98.32%, 99.11%, and 100%
of DM content of the universe (see Table 2 and Fig. 5).

In the end, we inquired generation of the induced GWs
subsequent to PBHs formation for all Cases of our model.
Our calculation of current density parameter spectra (Q2gw,)
indicates that, all Cases have climaxes at contrasting fre-
quencies with nearly identical heights of order 10~%. The
climaxes of Qgw, for Cases A and B have placed at fre-
quencies 107 1°Hz and 10~7Hz, respectively, and both Cases
can be traced via the SKA detector. Moreover, the spectra
of Qgw, for Cases C, F, and D have climaxes localized at

@ Springer

mHz and cHz bands which are tracked down by LISA, Taili,
and TianQin (see Fig. 6). Hence, validity of our model can
be assessed in view of GWs via the extricated data of these
detectors. Also, we demonstrated that in the vicinity of cli-
maxes, the spectra of QGw, behave as a power-law function
with respect to frequency (Qcw,(f) ~ f"). We evaluated
Qawo ~ f19 for f < f. and Qgw, ~ f~23! for f > f..
For the infrared domain f < f. the power index has been
ascertained as n = 3 — 2/In(f./f), which is in constancy
with the analytical consequences acquired in [131,132].
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