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We report on a new experimental study of the space-charge effect in a radio-frequency (rf) pho-
toinjector. A 5 MeV electron bunch, consisting of a number of beamlets separated transversely, was
generated in an rf photocathode gun and propagated in the succeeding drift space. The collective
interaction of these beamlets was studied for different experimental conditions. The experiment al-
lowed the exploration of space-charge effects and its comparison with 3D particle-in-cell simulations.
Our observations also suggest the possible use of a multi-beam configuration to tailor the transverse
distribution of an electron beam
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I. INTRODUCTION

Many accelerator applications call for the production
of high charge (few nC), low transverse emittance (few
µm), high peak current (several kA) electron bunches.
Such applications range from accelerator-based light
sources [1] and high energy physics accelerators [2] to
novel acceleration techniques, e.g., based on dielectric
wakefield accelerators [3]. The dynamics of such very
bright, space-charge dominated, electron beams is
intricate: it can develop transverse instabilities and is
subject to phase space diluting effects [4, 5]. Typically,
high-brightness electron bunches are produced in a
photoinjector: a high quantum efficiency photocathode,
illuminated by a laser, is located on the back plate
of a radio-frequency (rf) resonant cavity. High-charge
bunches are photoemitted and rapidly accelerated to
relativistic energies [6] and the electron bunch properties
are strongly affected by the photocathode drive laser
parameters.

Several theoretical and experimental studies have pre-
viously addressed detrimental effects due to an inhomo-
geneous initial distribution in a rf photoinjector, e.g.,
photocathode drive laser transverse distribution non-
uniformities. In most investigations, the beam is statisti-
cally characterized using its rms properties. For instance
Reference [7] experimentally explores the impact of trans-
verse modulation on the root-mean-square (rms) trans-
verse emittance. Although this is a universal characteri-
zation relying on the concept of “equivalent beam” [8, 9]
important details of the beam evolution might be missed.
The pioneering work of Reiser and co-workers under-
lined the importance of studying the evolution of the
beams transverse distribution and not only its rms prop-
erties [10, 11]. Our experiment used a quincunx pattern
to generate five beamlets separated transversely. In this
paper, we present a similar experiment performed in an rf
photoinjector using a ∼ 5 MeV bunched electron beam.

L1 L2 L3

UV laser
 system

2.79 3.56

z (m)

0

rf gun

YAG1 YAG2

VC
M

e- bunch

imaging system

transmission
      mask

accelerator vault

laser room

photocathode

ICT

FIG. 1: (Color) Overview of the AWA beam line. Here, only
the elements pertaining to our experiment are shown. The
legend represents solenoidal magnetic lenses (L), optical mir-
ror (M), virtual cathode (VC), integrated current monitor
(ICT), and transverse profile monitor (YAG1 and 2). The
distance along the beamline is also shown.

Masking the transverse distribution of the photocathode
drive-laser allowed the generation of a beam that con-
sisted of several beamlets separated transversely. The
evolution of the beamlets transverse density provides in-
formation on transverse space charge effects which are
validated against particle-in-cell (PIC) simulations. Fur-
thermore, our experimental observations hint to a pos-
sible use of multi-beamlet configuration to transversely
control a beam. This could open new ways of manipulat-
ing an electron beam using space charge interaction be-
tween several beams in a photoinjector. Several schemes
based on space charge interaction have been proposed as
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ways to control or shape charged-particle beams. For in-
stance Reference [12] discusses the design of a very fast
kicker based on such a scheme. Similarly, a technique
using an electron lens to compensate tune shift induced
by beam-beam effects in circular colliders was recently
demonstrated in the Tevatron collider at Fermilab [13].

II. EXPERIMENTAL SETUP

The experiment was performed at the Argonne
Wakefield Accelerator (AWA) [14]; see Fig. 1. The ac-
celerator incorporates a photoemission source consisting
of a 1+1/2 cell rf cavity operating at f = 1.3 GHz,
henceforth referred to as rf gun. An ultraviolet (uv)
laser beam impinges a magnesium photocathode located
on the back plate of the rf gun half cell. The thereby
photoemitted electron bunch exits from the rf gun with
a maximum kinetic energy of approximately 5 MeV
and is allowed to drift for few meters with no external
field save for the solenoid magnets. Two 100 micron
thick Ce:YAG screens [15] are used to measure the
beams transverse distribution. An integrated current
monitor [16] provides the charge per bunch. The uv
laser system consists of a Titanium Sapphire laser
amplified with a regenerative amplifier and two linear
amplifiers [17]. The infrared laser is frequency-tripled
to λ = 248 nm and can be further amplified in a
single-stage Krypton Fluoride excimer amplifier. The
laser system is located ∼20 m from the photocathode
and the laser beam is transported via an optical imaging
system.

The rf gun is surrounded by three solenoidal magnetic
lenses independently powered referred to as L1, L2 and
L3; see Fig. 1. During the experiment reported here only
L3 was used. The transverse distribution of the uv laser
on the photocathode can be measured from a duplicate
image of the laser beam on a “virtual photocathode.”
The virtual photocathode consists of a uv sensitive CCD
camera, located outside of the vacuum chamber, and is
a one-to-one optical image of the laser on the photocath-
ode.

The transverse distribution on the photocathode was
controlled with a mask, located in the object plane of
the imaging system, with a series of identical holes that
could be selectively blocked (see Fig. 2). This object
plane is located in the laser room thereby allowing laser
shaping without interrupting the accelerator operation.
The mask’s center-to-center hole separation is 2 mm and
the hole diameter is 1 mm. The uv laser beam temporal
profile was measured with a streak camera and can be
approximated by a Gaussian distribution with rms dura-
tion of σt ≃ 2 ps.

III. EXPERIMENTAL RESULTS & COMPUTER

SIMULATIONS

A. Low charge regime

The operating conditions of the main subsystems of
the photoinjector, used during the experiment reported
herein, are gathered in Table I. The first experiment
consisted in generating a low charge electron beam com-
prising six beamlets (Fig. 3) arranged in an assymetric
pattern. This enabled us to identify the orientation of
the pattern on both the virtual cathode and YAG1. Due
to low space charge effects, the beamlets do not interact
strongly and effectively behave as independent macropar-
ticles. The observed pattern rotation between the pho-
tocathode and YAG1 , visible in Fig. 3 results from
the Larmor precession induced as the beam propagates
through the L3 magnetic lens. The rotation angle is given
by [18]:

θ(z) =

∫ z

0

[eB(r = 0, z)]/[2mγ(z)β(z)c]dz (1)

where B(r = 0, z) is the axial component of magnetic
field experienced by the beam, γ(z) the beam’s Lorentz
factor and β(z) ≡ [1 − γ(z)−2]1/2. The rotation angle
downstream of the solenoid field, θ(∞), was calculated
by numerically integrating Eq. 1 using the axial mag-
netic field obtained from Poisson [19] while β(z) was
computed with Impact-T [20]. The calculated rotation
angle downstream of the solenoidal field was found to be
θ(∞) = −32±2 deg (the quoted uncertainty comes from
the uncertainty on the peak E-field in the rf gun). The
computed value compares well with the measured rora-
tion angle of θ(∞) = −34.7 ± 2.6 deg for a peak axial

magnetic field B̂ = 0.339 T.

FIG. 2: Picture (a) of the aluminum mask used to shape
the laser beam into a series of transversely-separated beam-
lets and corresponding closeup of the mask geometry (b). In
the experiments reported in this paper only five or six holes
were not obstructed [show as thicker line circles in (b)] and
the mask was oriented to yield the pattern shown in (b) on
the virtual photocathode [see also Fig. 3 (left image) for the
corresponding uv laser transverse density].
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TABLE I: Nominal accelerator settings during the experi-
ment. The “Experiment” and “Model” columns respectively
correspond to values inferred from the AWA control system
and values obtained when matching the impact-T model to
the single particle measurements.

Parameter (unit) Experiment Model
Laser rms pulse duration (ps) 1.9 ± 0.2 1.9
laser injection phase (deg) 50 ± 5 53
E-field on cathode (MV/m) 54 ± 3 51
L3 peak axial B-field (T) [0.30, 0.40] ± 0.01 [0.30,0.40]
Charge - high charge (nC) 0.9 ± 0.1 0.9
Charge - low charge (nC) 0.015 ± 0.005 0.015
Kinetic Energy (MeV) 5.20 ± 0.10 5.28
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FIG. 3: (Color) False color image of the measured uv laser
transverse distribution on the virtual cathode (VC) location
(left) and corresponding measured electron beam distribution
at YAG1 location (right). The charge is Q = 20 ± 2 pC.

To aid in understanding the experiment, we performed
3D PIC simulations of the beam dynamics using the
program Impact-T. The code uses the electrostatic
space charge routine where the force is found by solv-
ing Poissons equation in the bunch’s rest frame [20].
Impact-T was run with a simplex optimizer [21] to fine
tune the operating parameters of the accelerator used
in the model to match the low charge measurements.
During the optimization process the E-field on the cath-
ode, laser injection phase and L3 peak axial B-field were
varied to insure the simulation of a low charge quincunx
pattern reproduces the low charge measurement on
YAG1 (shown in Fig. 3). The minimization criterion
for the optimization was to match the measured and
simulated positions of the beamlets’ centroid. The set
of parameters obtained are compiled in Table I and are
in good agreement with the settings inferred from the
accelerator control system.

B. High charge regime

At high charge fully 3D codes are necessary to ac-
curately simulate the propagation the non-cylindrically-
symmetric distributions considered in this paper. The
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FIG. 4: (Color) False color images of the measured (left col-
umn) and simulated (right column) electron beam transverse
density distribution at YAG1 location. The five row respec-
tively correspond to different values of the magnetic field
(from top row) B̂ =0.333, 0.339, 0.350, 0.359, 0.376 T.

initial 3D spatial distribution of macroparticles used in
our numerical simulations were generated with a quasi-



4

random generator using the digitized pictures of the laser
transverse density captured on the virtual cathode. The
algorithm, presented in the appendix A, can also be used
to generate a temporal distribution based on a measured
profile (from a streak camera for example). However, in
this experiment the laser was assumed to have a Gaus-
sian temporal distribution with a measured rms dura-
tion of 2 ps. The corresponding initial momentum dis-
tribution of the macroparticles was generated to follow
an isotropic distribution in the forward half-sphere. The
momentum modulus of each macroparticle is computed
from the excess kinetic energy taken to be 1 eV in the
present case. As the total charge associated with the
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FIG. 5: (Color) measured two-dimensional transverse beam
density at YAG1 location and corresponding horizontal (blue
dashed line) and vertical (red solid line) projections for the
cases with [Q = 0.93 ± 0.05 nC] (a,c) and without (b,d)
[Q = 0.17 ± 0.03 nC] surrounding beamlets. The dashed box
in (a) represents the region of interest used to compute the
projection displayed in (d).

multibeamlet distribution is increased to ∼ 1 nC, space
charge becomes significant resulting in a change in: (1)
intra-dynamics within the beamlets and (2) interactions
between the beamlets. Such interactions resulted in the
development of unexpected features that depend on the
initial pattern [22]. In Fig. 4, we present the measured
and simulated transverse distributions at YAG1 for dif-
ferent values of the L3 magnetic fields B̂. The simulations
reproduce the main features observed experimentally, es-
pecially the formation of radial tails on the periphery of
the beamlets. For large values of the magnetic field the
central beamlet appears confined. This focusing effect
resulting from the presence of the peripheral beamlets
is confirmed by masking the surrounding beamlets: the
central beamlet rms transverse beam size increases from
1.1 ± 0.3 mm to 3.9 ± 0.3 mm; see Fig. 5.

IV. ANALYSIS

Given the reasonable agreement between simulations
and measurements shown in the preceding sections, it
remains to be understood the origin of the observed fea-
tures. The primary low charge effect, pattern rotation,
has already been shown to be due to the Larmor rotation
of the beam upon passing through the solenoidal field.
At high charge, there are two notable features that we
wish to understand: change in the focusing of the central
beamlet and the formation of radial tails on the periphery
of the outer beamlets. In this section, we use numerical
simulations to provide additional insight into the phys-
ical mechanism responsible for these observed features.
The initial conditions considered in the present section
are similar to the experimental conditions. The only dif-
ference is the laser distribution which is now ”idealized”
by considering the individual beamlets to have a uniform
transverse density (instead of using the measured laser
distribution). We begin by introducing a rotating coor-
dinate system.

A. Larmor Coordinate System

To simplify the analysis of the simulation results we
introduce a rotating coordinate system Ξ ≡ (ξ, pξ, ζ, pζ)
defined as Ξ(z) = R[θ0+θ(z)]X where X ≡ (x, px, y, py),
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FIG. 6: (Color) Simulations of transverse rms beam size
(top) and emittance (bottom) of the central beamlet along
the z-axis for different values of L3 peak axial magnetic field
B̂ ∈ [0.339, 0.376] T (dashed red lines). The cases shown in
Fig. 5 correspond to the blue (with surrounding beamlets)
and green (without surrounding beamlets) solid lines. The
corresponding data measured at YAG1 and YAG2 are also
shown as dots with the same color coding convention as the
simulations.
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FIG. 7: (Color) Definition of the Larmor (ξ, ζ) and laboratory
(x, y) transverse coordinate systems (top schematics). Evolu-
tion of the rotation angle ϑ(z) ≡ θ0 + θ(z) between the (x, y)
and Larmor (ξ, ζ) frames (magenta trace) and of the beam’s
kinetic energy (blue trace) along the accelerator beamline for

B̂ = 0.376 T (bottom plot). In this example θ0 = −45◦ and
θ(∞) ≃ −38◦.

θ0 and θ(z) are respectively the initial rotation angle of
the quincunx pattern on the photocathode and the Lar-
mor rotation angle, and R is a four-dimensional rotation
matrix,

R[ϑ(z)] =

[

I cosϑ(z) I sin ϑ(z)

−I sin ϑ(z) I cosϑ(z)

]

, (2)

wherein I is 2 × 2 identity matrix and ϑ(z) ≡ θ(z) + θ0.
The angle θ0 is chosen such that ξ and ζ axes cor-
respond to the two symmetry axes of the quincunx
pattern and θ(z) is numerically computed using Eq. 1;
see Fig. 7. The initial pattern rotation angle on the
photocathode is θ0 = −45◦. The use of such a Larmor
coordinate system avoided dealing with coupling effects
between the two transverse degree-of-freedoms. The
trajectories and rms transverse envelopes of the five
beamlets in the Larmor frame are presented in Fig. 8
for B̂ = 0.376 T. The beamlets’ trajectories intersect at
z ≃ 1.3 m and the envelopes strongly overlap for z ≤ 1 m.

B. Space charge focusing of the central beamlet

As discussed in the previous Section, the presence of
the peripheral beamlets results in a focusing of the cen-
tral beamlet at YAG1 location. Once again, this fea-
ture is investigated and reproduced via numerical sim-
ulations. Impact-T calculations performed for various
solenoid settings indicate that the surrounding beamlets
affect the central beamlet size and transverse emittance

ε⊥ ≡ [〈(β⊥γ)2〉〈x2
⊥
〉 − 〈x⊥(β⊥γ)〉

2
]1/2, (3)

where x⊥ and β⊥ are respectively the considered trans-
verse coordinate and the corresponding velocity. This is
illustrated in Fig. 6: the case of the central beamlet with
surrounding beamlets is the only one that simultaneously
maintain a small beam while preserving its transverse
emittance almost constant downstream of the rf gun and
solenoid (i.e. for z > 0.5 m). The resulting focusing at
the location of YAG1 is predominantly due to the beam-
let interaction upstream of the solenoid. In this region
( z < 0.2 m in Fig. 5) the presence of the outer beam-
let results in a net focusing of the central beamlet which
in turn change the net effect of the focusing kick pro-
vided by the solenoid. In the case of B̂ = 0.376 T the
central beamlet alone is nominally over focused by the
solenoid (green trace in Fig. 5) while the focusing is less
(blue trace in Fig. 5) when the peripheral beamlets are
present (essentially due to the change of input properties
upstream of the solenoid).

FIG. 8: (Color) Beamlets’ transverse rms envelopes and tra-

jectories in the (z, ξ) (top) and (z, ζ) (bottom) for B̂ =
0.376 T. The Bi labels correspond to the beamlets shown in
Fig. 7 (top).
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FIG. 9: (Color) Macroparticle distributions in the transverse configuration space at different locations from the photocathode
surface (z = 0.1, 5, and 35, 50, 100, and 150 cm from left to right columns), for the central beamlet without (top row) and
with (middle row) the peripheral beamlets and for the case of one of the peripheral beamlet (bottom row). The peak B-field

of L3 is B̂ = 0.376 T. The coordinate system is the Larmor frame (ξ, ζ). The color coding corresponds to different radial slices
at the emission time (the beam at emission was divided into seven radial slices of same thickness δr ≃ 70 µm).

C. Non-Laminar Flow & Radial Mixing

We now show that transverse space charge is the pre-
dominant cause of our observed effects and further insight
into the underlying beam dynamics can be inferred from
color coding macroparticles according to their initial ra-
dial coordinates when photoemitted. Such an analysis is
presented in Fig. 9 for the case of the central beamlet
{alone (top row) and surrounded by the four peripheral
beamlets (middle row)} and for one of the peripheral
beamlets (bottom row). The evolution of the transverse
configuration space in the Larmor frame (ξ, ζ) shown in
the top row of Fig. 9 conforms to the typical evolution of
a space-charge-dominated beam in a solenoid and drift
space: the radial hierarchy is preserved {a closer exami-
nation shows a slight mixing due to (i) the non-uniform
(Gaussian) longitudinal distribution of the bunch and (ii)
chromatic effects originating from the quadratic depen-
dency of the axial space charge electric field on the radial
coordinate [23, 24]} In contrast, the middle row of Fig. 9
presents atypical dynamics: the radial hierarchy is lost
and the macroparticles redistribute in the phase space;
a large fraction of the beams population crosses over the
beamlets central axis. Eventually, the macroparticles re-
tain some degree of organization but the initial radial hi-
erarchy is washed out. The beam transverse distribution
is not cylindrically-symmetric. Finally the configuration
space associated with one of the peripheral beamlets is
shown in the bottom row of Fig. 9. In general, similar
remarks as those just mentioned still hold, the main dif-
ference being the highly asymmetric distribution. Close
inspection of the figure reveals that particles that begin
in the outer radial layer of the non-central beamlet near
the photocathode, are pushed into the radial tail (blue

macroparticles) by space charge as will be shown in the
next section.

D. Transverse beam dynamics in the rf gun

Further insight into the mechanism that causes the tail
formation can be given by computing the transverse force
associated with the density distributions as it propagates
along the beamline. We perform such a calculation by
numerically solving Poisson’s equation in the bunch av-
erage rest frame. The thereby obtained scalar potential
Φ, tabulated on a three dimensional grid, can directly be
used to derive the transverse force a macroparticle would
experience as it moves in the laboratory frame [25, 26].
For our purposes, it is more convenient to compute the
charge-normalized transverse component of the Lorentz
force (in the laboratory frame) a macroparticle with co-
ordinates (ξ, ζ, z) experiences:

F⊥(ξ, ζ, z) ≃
1

γ2
[∇⊥Φ](ξ, ζ, z). (4)

where ∇⊥ ≡ ξ̂∂ξ+ζ̂∂ζ is the transverse gradient. The cal-
culation of F⊥ was performed numerically in the Larmor
frame (ξ, ζ, z). An example of the computed force inte-
grated over the longitudinal bunch distribution, F⊥(ξ, ζ)
is shown in Fig. 10 (bottom row) along with the cor-
responding z-integrated transverse density distributions
(top row) for different locations along the accelerator
beamline. As can be seen from the force plots, the beam-
lets begin interacting from their birth, even before over-
lapping (see z = 0.1 cm, Fig. 10). As a result, the
transverse force develops a two-fold transverse symme-
try. Using the techniques developed in this section we are
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FIG. 10: (Color) z-integrated transverse distribution (top row) and corresponding charge-normalized transverse Lorentz force
F⊥ (given by Equation 3) tabulated on a 32 × 32 transverse grid (bottom rows). The color intensity represents the number of
macroparticle (top row) and the force modulus (bottom row). The arrows in the bottom row gives the Lorentz force directions
(the arrows length is proportional to the force modulus). Each column corresponds to different position for the bunch center
from the photocathode surface (as indicated on the top row) of z = 0.1, 5, 35, 50, 100, and 150 cm. The peak B-field of L3

is B̂ = 0.376 T. The color coding convention for the density (resp. transverse force) is such that blue and red respectively
correspond to lowest and largest electron population (resp. force modulus). Note that the plots are in units of the space charge
grid cells.

now in a position to understand what causes the forma-
tion of the radial tails. Before applying this technique,
it was assumed that the tail formation was due to the
space charge interaction at the beamlet crossover; ap-
proximately z = 130 cm. However, we now show that
the effect was caused by the space charge interaction at
the early stage of the bunch generation and transport.
In Fig. 10, it is seen that the space charge force pro-
duces a stronger defocusing effect for the population in
the outer region of the peripheral beamlets than for the
ones in the inner region. While in the rf gun, the beamlets
overlap (see Fig. 8 for z < 0.3 m) and the thereby pro-
duced potential has local minima which results in weaker
defocussing forces along four directions (coincident with
the two axes of symmetry); see Fig. 10 (z = 0.5, 35,
and 50 cm). Eventually the beamlets crossover (e.g.
z = 130 cm) and separate (z = 150 cm). Note that
the space charge force is nearly axially symmetric at the
crossover and therefore incapable of imparting the four-
fold symmetry seen in the overall pattern at z = 150 cm.
The central beamlet becomes square shaped due to the
two-fold symmetry of the transverse force while the pe-
ripheral beamlets have a one-fold symmetry. The main
cause for the largely defocused radial tail containing the
inner population of the peripheral beamlets is the trans-
verse force observed earlier (e.g. seen on the z = 0.1 cm
plot): because of the cross over the electron in the inner
region of the peripheral beamlet correspond to electrons
initially (before the crossing point) in the outer region.

V. SUMMARY

In summary, we have observed and explained several
space-charge induced features associated with a relativis-
tic, multi-beamlet electron bunch. We showed via nu-
merical simulations, that in the quincunx configuration
the peripheral beamlets can provide a means to control
the transverse size and shape of the central beamlet. Al-
though in the experiment discussed herein we used an
external focusing element, a magnetic lens, to force the
beamlets trajectories to cross each other and effectively
result in the focusing of the central beamlet, one could, in
principle, specially design a photoinjector system with-
out an external focusing element. Similarly, using other
configurations of surrounding beamlets, one could possi-
bly provide a means for tailoring the bunch transverse
distribution. The technique discussed here might be ap-
plicable to electron sources based on superconducting rf
guns, where the use of an external magnetic field to focus
(or shape) the beam can be difficult. Finally, the pos-
sibilily to focus a beam using a photoemitted electron
beam with a temporal profile different from the main
beam might also open new ways of controlling the evolu-
tion of transverse emittance associated to space-charge-
dominated electron beams [27, 28].
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APPENDIX A: MEASUREMENT-BASED

GENERATIONS OF 3D MACROPARTICLE

DISTRIBUTIONS

A Monte-Carlo generator was developed to generate
an initial 3D macroparticle distribution of N macropar-
ticles, {xk, yk, tk} where k ∈ [1, N ], at the photocathode
based on the measured laser distribution. The laser
distribution was assumed to be factorizable into separate
transverse I(x, y) and temporal S(t) distributions.
The laser transverse distribution can be measured by
digitizing the laser spot image on the virtual cathode;
see Fig. 1. Given a typical 8-bit CCD camera, with
a 640×480 pixel array, the measurement results in
a matrix of pixel values Ii,j where i = [1, 2, ..., 640],
j = [1, 2, ..., 480] and 0 ≤ Ii,j ≤ 255. The measured
temporal distribution (measured with a streak camera
in our case) results in a vector Sq with q running over
the number of pixels used in the measurement.

FIG. 11: (Color) Example of measured transverse laser inten-
sity distribution (a) and corresponding generated macropar-
ticle distribution (b). Note that only 20000 macroparticle are
displayed for clarity.

The generation of the transverse macroparticle distri-

bution, {xk, yk} with k = 1..N , proceeds as follows. The
measured raw image Ii,j is processed median filter is ap-
plied to remove salt and pepper noise, a background im-
age (i.e. an image without laser beam present) can be
subtracted and a threshold applied (i.e. the image el-
ements below a user-defined value are zeroed). Finally
a region-of-interest can be selected. The thereby ob-
tained matrix, Ii,j , with its values normalized such that
max[Ii,j ] = 1, is then used as the discretized density
function (the maximum size of the array is 640×480 cor-
responding to the CCDs pixel array). in the following
Monte-Carlo algorithm:

1. A triplet of real random numbers (x, y, J) uni-
formly distributed in the respective intervals x ∈
[0, 639], y ∈ [0, 479], and J ∈ [0, 1] is generated.
We used the Sobol sequence [29] to generate the
quasi-random sequence of numbers to achieve more
uniformly spaced samples of triplets.

2. If the condition I[round(x), round(y)] > J , then
the triplet is considered valid and a macroparticle
with transverse coordinates (x, y) is added to the
initial distribution.

3. If the aforementioned condition is not fulfilled, then
the (x, y, J) triplet is rejected and step 1 is repeated

4. Steps 1, 2, and 3 are repeated until N macroparti-
cles are generated.

Finally the coordinates of the macroparticles are scaled
per the calibration of the CCD camera measurement.
An example of the measured image along with the asso-
ciated macroparticle transverse distributions generated
with the above algorithm is presented in Fig. 11.

Similarly, the measured and processed 1D temporal
distribution, Sq, can be used to generated the longitudi-
nal coordinates of the macroparticles. However because
of the Gaussian temporal shape of the laser pulse we used
the measured rms duration σt to directly generate time
coordinates that have a Normal distribution using the
Box-Muller [30] transformation: two independent real
variables u and v randomly distributed in [0, 1] are com-
bined to generate the coordinate ti via

ti = σt

√

−2 logui cos(2πvi). (5)
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