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Abstract

We set the criteria under which superposition of causal order can be incorporated into quantum
walks. In particular, we show that only periodic quantum walks or those with at least one
disorder exhibit Superposition of causal order under the action of ‘quantum switch’. We
exemplify our results with a simple example of two-period discrete-time quantum walks.
In particular, we observe that periodic quantum walks exhibit causal asymmetry pertaining
to the dynamics of the reduced coin state: the dynamics are more non-Markovian for one
temporal order than the other. We also note that the non-Markovianity of the reduced coin
state due to indefiniteness in causal order tends to match the dynamics of a particular temporal
order of the coin state. We substantiate our results with numerical simulations.

In the recent years, quantum walks have gained considerable interest as efficient tools
to model controlled quantum dynamics [1-7]. Much like a classical random walk, quantum
walks also admit discrete-time and continuous-time realizations. The discrete-time quantum
walk (DTQW) is defined on a composite Hilbert space consisting of the two, ‘coin’ and
‘position’” Hilbert space where the evolution is defined using a repeated application of a
quantum coin operation applied on the coin space, followed by the coin dependent position
shift operation on the composite space [1]. The continuous-time quantum walk (CTQW),
however, is defined solely on the position space, with the evolution operator being dependent
on the construction of the position space [8]. Both variants of quantum walks have been
used to develop various quantum algorithms to perform various tasks, schemes for quantum
simulation [9-18], and for realizing universal quantum computation [19-22]. A quadratically
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faster spread in the probability distribution of the walker in position space is also shown by
both variants in comparison to their classical counterpart [23, 24]. The quadratic spread is
readily available for use as a resource for quantum algorithms, and demonstrates the viability
of quantum walks in implementation of quantum strategies that show speedup over their
classical counterparts. In this work, we restrict ourselves to discrete-time quantum walks.

Our comprehension of physical phenomena generally assumes that events happen in fixed
causal order. Interestingly, due to recent advances in quantum foundations, it has been shown
that linear quantum mechanics allows for a superposition of temporal (or, causal) order
of quantum operations and between any two events in general. The investigation of this
phenomenon has been a topic of extensive research in the areas of quantum information
and physics lately, both theoretically [25, 26] and experimentally [27, 28]. One of the major
possibilities brought out by this phenomena is that of investigation and simulation of quantum
phenomena in a spacetime without a definite causal structure, for example in regions where
quantum gravity effects are prominent. Interestingly, the so-called quantum switch is known
to be a superoperator capable of creating superposition of causal order [26], and has recently
been experimentally realized in photonic settings [27-29].

Quantum walks are interesting mathematical models useful for applications ranging from
physics to computer science, and in this work, we illustrate that a controllable quantum
dynamics akin to a quantum walk is also possible in spacetimes which allow for a super-
position of causal orders, and therefore this generalized dynamics (herein called quantum
walk under a superposition of causal orders), also exhibits ballistic propagation, and may
be used for quantum algorithms as such. We stress here that quantum walks under a super-
position of causal orders cannot be described without a spacetime that permits operations
with superposed temporal orders, and thus are the generalization of quantum walks in such
a spacetime.

A walker executing a one-dimensional DTQW is characterized by a coin operation and
a position shift operation in the Hilbert space H,, = H, ® H,, where H. and H are the
coin and the position Hilbert spaces, respectively. The position space basis is chosen to be
columns of the identity matrix, with the basis states given by {|x), x € Z}. The coin space
is a finite-dimensional Hilbert space which, in this case, is chosen to be 2-dimensional. The
basis of the coin space is chosen to be the set {|0), [1) } With the quantum coin operation
defined as C(0) € SU(2), the ¢-step evolution is defined as,

(1) =[S(CO)® ]1]7)][|1p(0))» (D
__| cos(9) isin(0)
where, C(0) = [i sin(6) cos(e)] ’

and § =) [|0><0| Q x —a)(x| + 1)1 ® |x+b)(x|].

xX€Z

Here, a,b € Z represent the amount of traversal in the position space experienced by
the component of walker’s probability amplitude in the eigenspaces corresponding to the
coin space basis vectors |0) and |1), respectively. In this work, for the sake of clarity and
convenience, we choose a = b = 1. The initial state of the walker, |4 (0)) is typically chosen
to be localized onto a single eigenstate of 7, and an equal superposition of eigenstates in
He, 1.e. |

v (0) = 7

(10) + 1)) ® |x = 0). (2)
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Canonically, the coin rotation angle 6 is assumed to lie between [0, 7] unless specified
otherwise.

Let U; and U; be two unitary operators, then the action of the quantum switch, denoted
S, is given by

S(Uy, Ua)lps ® pl = Ulps ® p)U’ A3)
where,
U = 0)(0] ® U Us + |1)(1| ® U» Uy,

which acts on the joint Hilbert space of the ‘target state’ p and the switch state p;. When the
switch state is p; = |4)(+|, the implementation of dynamics described by (3) results in U
and U, being applied to p in Superposition of causal order, whereas when p; is in the state
[0)(0] or |1)(1], the order of the operators U U, or U U is implemented, respectively. It can
be shown that this manifests as a task of identifying if two unitaries commute or not, and
such a situation has lead to understanding the relationship between Superposition of causal
order and quantum computational speed up.

Superposition of causal order has been shown to be a resource for quantum computation
and communication [30, 31], while in some cases it need not be so [32]. On the other hand,
quantum non-Markovianity and causality are other topics that have attracted attention because
of their intimate relationship in physical phenomena [33-35]. In the case of discrete-time
quantum walks, the dynamics of the coin state can be interpreted as if it is passing through
a quantum channel ® induced by the quantum walk, and which can also be given a Kraus
representation [36]. In the present work, we consider the effect of superposition of causal
order in discrete-time quantum walks. We prove that a discrete-time quantum walk can exhibit
nontrivial dynamics if it is either periodic or contains temporal disorder in coin operations.
Here, nontrivial behaviour implies that the resulting dynamics cannot be written as another
quantum walk of the same form as the original quantum walk under consideration. In a
discrete-time quantum walk with two coin operations, the coin state can be interpreted as
passing through channels ®; or ®;, corresponding to its causal ordering, and Superposition
of causal order in which case the effective channel is given by (3). In each case, we see varied
amounts of non-Markovian behavior in the reduced dynamics of the coin state p, € H,, in
the sense that we observe a ‘causal asymmetry’ [37] in the dynamics pertaining to the degree
of non-Markovianity of the coin state.

Now, we move to our main results.

A two-period DTQW is a variant of DTQW where the walker at each step alternates
between two different coins. The N-step walk operation is then characterized by the following
unitary:

U = U ™42 oA
where, “4)

U =8Cy, and U;=SC,.

Here, U;, U; denote a single walk step, S is the shift operator as shown in (1), and Cy, C are
single-parameter coin operators, where the subscript is used to differentiate the parameters,
ie. C; = C(0;) ® 1. Here, | N ] denotes the greatest integer less than or equal to N. As is
apparent from the form of (4), the 2-period DTQW in reverse temporal order is equivalent to
exchanging the two coin operations if N is even. In fact, for two-period walks, there can be
only two sequences (or, permutations) of coin operations which do not commute with each
other, allowing for a superposition of causal order in quantum walk unitaries. This can be
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seen from a more generalized point of view, as a DTQW is a unitary operator that can be
expressed as an ordered sequence of one or more one-step DTQWs, also known as ‘DTQW
steps’.

We have the following theorem.

Theorem 1 A quantum walk exhibits nontrivial dynamics under superposition of its forward
and reverse causal orders iff at least two of the DTQW steps do not commute. (Here, ‘trivial
dynamics’ implies that the effective dynamics may be written as a quantum walk of the same
Sform as the original DTQW under consideration.)

Proof We prove this theorem by contradiction as follows. Let an N-step quantum walk be
denoted by the unitary U := HlN;Ol Ui, where U; = S[C(#;)®1],and §; € R. We assume that

[Uj, Ul =0Vj,k €{0,1,---, N—1},and the walk U exhibits nontrivial dynamics when
executed in superposition of causal order. Since [U;, U] =0V, k € {0,1,--- , N — 1},
it implies that for U’ := vazf)] U/, where U/ = Uy_ij—1,i € {0,1,---, N — 1}, we have

that U = U’. Therefore, the operation i as defined in (3) reduces to the operation U on the
target, resulting in trivial dynamics. This contradicts the initial assumption, and proves the if
condition. The only if statement may be proved in a similar manner. Since [U;, Ux] # 0 for at
least one pair j, k € {0, 1,--- ,N—1 },thisimplies that U # U’. Thus, the operator I/ cannot
be reduced to a separable form, and the quantum walk will exhibit nontrivial dynamics. [J

In order for quantum walks to exhibit Superposition of causal order, non-commutativity
of walk unitaries is essential. Thus, we propose the following lemma:

Lemma 1 Two DTQW steps having identical shift operations of the form shown in (1) and
different single-parameter coins characterized by the parameters 0;, where (i = 1, 2) shall
only commute if 61 and 0, differ by an integral multiple of 7.

Proof An elementary proof may be constructed by considering a matrix representation of
the coin Hilbert space. The representation of the shift operation will then be,

S = 10001 ® [x = 1) {x] + 1) (1] @ [x + 1) {x]]

X€Z

— erle — 1) (x| 0 3)
B 0 D rezlx + x|

-[v 7]

where T4 are the position space propagators of the walker. It is easily verified that 7+ = th
and T_T, = T, T_ = 1 from the fact that S is unitary. For this proof, we consider coin
operator for the coin C(0) as in (1). Now, the commutator of the quantum walks will look
like,

[SCy, SCr]
_ 0 i(1 —T?) sin(0, — 6) (6)
T =i = T%)sin(6, — 6)) 0
Thus, we obtain that,
[SCy,SC2]1=0
= sin(6, —0;) =0 7

— 6 =01 + nm, new,
which completes the proof. (]
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From the above, we may infer that the only DTQWs capable of exhibiting Superposition
of causal order are either DTQWSs with disorders or periodic quantum walks.

From the theorem 1 above, it may be seen that for periodic quantum walks, one can
implement Superposition of causal order in two distinct ways: (i) implementing each period
in superposition of causal order, and (ii) implementing the entire sequence of steps of the
quantum walk in superposition of temporal order of its steps.

It can be seen that the case (i) above corresponds to the repeated concatenation of a
completely positive, trace preserving map on the initial state of the walker. The effective
dynamics induced by this type of map are a form of temporal noise, and will simply cause
the walker to localize [12]. In this work, we consider only the case (ii) as defined above.

Here, we would like to clarify that we essentially consider a sequence of walk unitaries
Uy =U;-Uy--- Uy, whosereverse temporal orderis U, = Uy -Uyn—_ - - - U;. Itis important
to note here that executing the steps of a quantum walk in reversed temporal order is not
equivalent to executing the quantum walk in reverse. The former implies that quantum walk
steps are executed on the initially localized state in reversed causal order, while the latter
implies the application of the inverse operation of each step to the final state of the walk at
time ¢ = 0, to return to the initial state after N steps. In other words, reversing the order of
quantum walk steps results in a different periodic quantum walk. We dub this fact as ‘causal
asymmetry’ in periodic quantum walks. Note that neither the inherent causal asymmetry nor
the execution of the quantum walk under Superposition of causal order has any effect on the
spread of the walker’s probability distribution in its position space. This can be seen in the
Fig. 1. This can further be explained by the fact that for periodic quantum walks, the spread
of the walker varies linearly with time, and is bounded by £ min {/N cos(0;), N cos(6>)},
where 0; are the coin angles, and N is the number of steps [38]. In our case, irrespective
of the causal order (forward or reverse) in which the walk is executed, the two coin angles
remain the same, and hence the spread of the walker is identical for both cases. It is, however,
interesting to see that the ballistic spread of the reduced dynamics of the quantum walker in
its position space is unaffected by superposition of its causal orders.

50 A

401

30 A

20 A

10 A

0 20 40 60 80 100
Number of steps

Fig.1 The plot of the spread of a quantum walker in definite (blue dashed line), reversed (green dashed line),

and superposed (orange solid line) causal order of its steps. The walker executes a 2-period discrete-time

quantum walk with a localized initial state (%) ® |x = 0), for 100 steps, as defined in (4). The two coin

angles (01, 6) are chosen to be % and %, respectively. It is seen that the use of a quantum switch has no effect

on the spreading of the quantum walker in its position space. This is true for multi-period DTQWs in general
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This result is not trivial, and applies to periodic discrete-time quantum walks in general.
Thus, superposition of a sequence of quantum walk steps with its own reverse is another class
of controllable quantum dynamics which shows a ballistic spread in the position space of the
walker. However, creating the superposition on the initial walker state requires an operation
of Kraus rank 2, which cannot be expressed as dynamics resulting from a quantum walk, as
the effective operation is no longer a unitary, but a completely positive, trace preserving map.
For a mathematical analysis of why the Kraus rank increases due to superposition of causal
orders, we refer the reader to Theorem 2 in Appendix A.

The causal asymmetry in dynamics becomes consequential when one considers the com-
plementary case, i.e., the reduced dynamics of the walker in the coin space. It is known that
quantum walks may be viewed as quantum channels for the coin qubit, and that these maps
are non-Markovian [36]. In the following subsection, we consider the effects of causal asym-
metry and superposition of causal order on the non-Markovianity of the reduced dynamics
of the coin.

Quantum non-Markovianity is one of the topics that has attracted much attention of
quantum information community. Various methods have been proposed to characterize and
quantify quantum non-Markovianity [34, 39, 40], yet its exact and complete treatment still
remains an open problem. In this work, it suffices for us make use of the definition of non-
Markovianity based on trace distance and measure the total memory in coin dynamics with
a quantifier proposed by Breuer-Laine-Piilo [41].

Here we give a brief account of how the reduced dynamics of the coin state can be computed
in a simple way. In order to calculate the trace distance based measure of non-Markovianity,
we consider two orthogonal initial coin states which are chosen to be |+). and |—).. The
initial density matrices of the (reduced) coin space are thus given by p4(0) = |+)(+| and
p—(0) = |—)(—|. The density matrices at any point ¢ are easily calculated by executing the
walk for ¢ steps and tracing out the position space from the resulting density matrix of the
walker, i.e.

pe(t) = Try p [V (05 ® pe(0) ® pp(0)) V], ®)

where p,(0) = |x = 0)(x = 0], and V is an operator, as given in (3), that represents the
dynamics of quantum walks caused due to particular definite causal order and Superposition
of causal order of coin operations. In the present work, as noted in the previous sections, there
can exist two cases: one, where each period of the periodic DTQW is put in superposition of
causal order, and where the entire walk sequences are put in superposition of causal order.
In this manuscript, however, we focus on the latter scenario. We see that for a k—period
walk executed for N steps, the sequence of the quantum walk steps for forward and reverse
temporal orders is the same only when N is an integer multiple of k, and dissimilar otherwise.
The trace distance of two states p1, p> can be calculated as

1
D (p1, p2) = Ellm = p2lly, 9

where pi1, pp are a pair states in the same (or isomorphic) Hilbert space(s) and [|Al|; =
Tr {v ATA] is the trace norm of an operator A. In other words, the states p+(0) described

earlier may be interpreted as the initial states that pass through the coin channel (CPTP map)
which is implicit in the (8), and p+(¢) are the states evolved through the quantum walk
channel after ¢ discrete time steps.
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Fig.2 BLP measure for the cases with definite and equally superposed causal orders of two-period quantum

walks. Each walk was executed for N = 100 steps, with the coin parameters (61, 67) set to ( %, %) and

(%. £) in (a) and (b), respectively

Now, the measure due to Breuer-Laine-Piilo (BLP) [41] is simply an integral over the
positive slope of the D(t), which is given by

D
N = max/ d (t)dt, (10)
D0 - dt

where D(t) = D (p1(t), p2(t)), as defined in (9), and p; 2(¢) are the two coin states at time
t [see (8)]. It is known that BLP measure requires optimization over the initial pair of states.
In our simulations, it was seen that this measure was maximized for the |+) and |—) states,
hence the choice of our coin states. At this point, it is important to note that BLP measure can
give false positive values under a trace-decreasing CP map [42]. Thus, we must re-normalize
the dynamical map induced on the coin space at each step.

@ Springer



68 Page8of12 International Journal of Theoretical Physics (2025) 64:68

Fig.3 Figure illustrating the

normalized BLP measure for a = [¢s) =10)

0.9

DTQW with different periods, \ — lts“f.«> =1+
under two definite causal orders, 054 \ == ) = 11)
and an equal temporal

superposition. The walker has o7

0) = %,and§; = T fori > 1,

and the periodic quantum walk is = 064
executed for N = 200 steps. It is
seen that the non-Markovianity of
the reduced dynamics of the coin
state is bounded by the
non-Markovianity of the two
causal orders

0.5 1

0.4

0.3

Number of Periods

A specific temporal order of coin arrangement causes dynamics to be more non-Markovian
than the other, in our case the reverse of the former. However, we see that when the dynamics
are used in a superposition of temporal order, we observe an interesting aspect peculiar to
periodic quantum walks: the Non-Markovianity of the coin dynamics tends to match the trend
for one particular causal order. We also see that the degree of non-Markovianity (computed
via the BLP measure) under Superposition of causal order is limited by the non-Markovianity
of the temporal variant with higher non-Markovian character.

This effect is illustrated in Fig. 2a and b, where curves corresponding to superposition of
causal order are shown in comparison to both forward and reverse causal orders.

This is in fact a general trend for quantum walks with higher periods, as can be seen from
Fig. 3.

In conclusion, the present work establishes a framework for the incorporation of Super-
position of causal order in quantum walks, delineating specific criteria for its realization.
Our findings underscore that only periodic quantum walks or those characterized by at least
one disorder manifest Superposition of causal order when subjected to a quantum switch.
Through the illustration of a two-period discrete-time quantum walk, we have demonstrated
the implications of our criteria, particularly on the reduced dynamics of the coin state.
Notably, the inherent causal asymmetry in periodic quantum walks leads to a heightened
non-Markovianity in the dynamics of the reduced coin state for one temporal order over
the other. Furthermore, we observe a noteworthy alignment between the non-Markovianity
induced by indefiniteness in causal order and the dynamics of a particular temporal order of
the coin state. This distinctive feature accentuates the impact of Superposition of causal order
on the dynamics of quantum walks, shedding light on intriguing facets of quantum systems
operating within such paradigms.

Appendix A
Theorem 2 When two completely positive, trace preserving maps are applied in Superposi-

tion of causal order, the Kraus rank of the resulting quantum map is at most twice the product
of the Kraus ranks of the two maps.
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Proof Let p;, p1 and po be quantum states such that p; can be transformed into the others
via the application of CPTP maps ®; and ®;, respectively. In other words,

®1(pi) = p1, and, (AD)
Da(0i) = p2

Now, Let ps be a pure state, such that p; = |¢)(¢|, where |p) = cos(0)|0) + sin(6)|1). We
apply ®; and ®; on p; in temporal superposition by using p, as a quantum switch.

S@1, @) @ psl =Y Sij(p ® p)S};, (A2)
i.J

where S has Kraus operators given as,

Si=y KKV ®10),00+ KK @ 1), (A3)
i,j

Here ®; has Kraus operators given by the set K/} = {K l.(j ) }, and let N; is the Kraus rank
of ®; where j = {1, 2}.

The switch state p; = |0)(0] or p; = [1)(1] leads to the implementation of ®;®;[p] or
D, P ([p], respectively. When the switch state is in a superposition pg; = [V ) (|, where
[Yg) = \%2(|0) + |1)), the action of the supermap S(P1, ®,) shown in (A2) leads to non-
trivial dynamics of the system p by creating a superposition of the two temporal orders of
operations. Therefore, we can write,

N1 M

=205 [eor @Kk K

m=1n=1

(A4)
+sin2@KDKD p kDT K}f)q

Now, consider the set

V= (,C(n % ,C<2)) U (,C@) % /d‘)),

KO x k@ = {K,<,3>K,§2> | Vel e KOkl e /c<2>} :

where

It can be seen that all possible terms in (A4) may be written in terms of the elements of V,
ie.,

u
Z mVmpiV, (AS)

where ¢;, € CVm = {1, 2, ..., u} and u is the cardinality of V. Let the operator | X| denote
the cardinality of X. Then, we have,

‘IC“)‘ =N, ’/c@)‘ =N,
— 'IC“) x /c@)‘ < NN,
(A6)
— ’IC(Z) x IC(”‘ < NyN,
— |V <2N| N>
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where the inequality in the second and third lines arises due to the consideration that some
elements of K1 and X® may commute. g

A straightforward consequence of Theorem 2 is the fact that two unitary operators when
applied in Superposition of causal order can result in an effectively unitary map if and only
if they commute.
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