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Abstract
In standard quantum teleportation, the receiver must wait for a classical message from the sender
before subsequently processing the transmitted quantum information. However, in port-based
teleportation (PBT), this local processing can begin before the classical message is received, thereby
allowing for asynchronous quantum information processing. Motivated by resource-theoretic con-
siderations and practical applications, we propose different communication models that progress-
ively allow for more powerful decoding strategies while still permitting asynchronous distributed
quantum computation, a salient feature of standard PBT. Specifically, we consider PBT protocols
augmented by free classical processing and/or different forms of quantum pre-processing, and we
investigate the maximum achievable teleportation fidelities under such operations. Our analysis
focuses specifically on the PBT power of isotropic states, bipartite graph states, and symmetrized
EPR states, and we compute tight bounds on the optimal teleportation fidelities for such states. We
finally show that, among this hierarchy of communication models consistent with asynchronous
quantum information processing, the strongest resource theory is equally as powerful as any one-
way teleportation protocol for surpassing the classical teleportation threshold. Thus, a bipartite
state can break the one-way classical teleportation threshold if and only if it can be done using the
trivial decoding map of discarding subsystems.

1. Introduction

Quantum teleportation is one of the most important tasks in quantum information theory [1]. Besides
its potential use in future communication technologies, it illustrates the interplay among three different
types of resources for information processing: quantum communication, classical communication, and
shared entanglement [2]. By sharing entanglement and having access to a classical channel, two distant
parties can simulate a quantum channel to exchange quantum information. In resource-theoretic terms,
teleportation transforms a ‘static’ resource, e.g. an EPR state, into a ‘dynamic’ resource, e.g. a noiseless
qubit channel, using local quantum operations and classical communication (LOCC) [3–5].

However, static-to-dynamic quantum transformations can be achieved in a more restricted opera-
tional setting than general (two-way) LOCC. First, if the target is a quantum channel from Alice to Bob,
then it is sufficient to consider one-way LOCC, with classical communication from Alice to Bob. Second,
in the original teleportation protocol of Bennett et al [1], Bob only needs to perform local Pauli gates;
hence, one can narrow the operational model to one-way LOCC with Bob’s local quantum operations
being limited to single-qubit Pauli gates. Remarkably, the model can be restricted even further while still
being able to simulate a noiseless quantum channel with arbitrary precision. The most extreme restric-
tion is the port-based teleportation (PBT) protocol introduced by Ishizaka and Hiroshima [6, 7]. In PBT,
Bob’s local operations only involve discarding quantum systems conditioned on Alice’s classical message.
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Figure 1. Using teleportation in distributed computation. (a) In standard teleportation or general one-way LOCC protocols,
any quantum circuit U that Bob runs must be applied on his system after he receives communication from Alice. (b) In PBT,
Bob can perform the circuit before Alice communicates, or even before Alice receives her input |ψ⟩; this allows for asynchronous
distributed computation. The fidelity between Bob’s actual output and the ideal output U|ψ⟩ will depend on the initial state ρAB.
The operational models of PBT, PBTcl, and PBTq do not allow Bob an arbitrary pre-processing step and assume the initial state
already has a port structure ρABn . On the other hand, PBTmax allows for pre-processing and enables the use of any initial state ρAB
in a PBT protocol.

While more entanglement is needed for PBT compared to the original scheme, high-fidelity quantum
communication is achievable with minimal quantum capabilities on Bob’s part.

These minimal requirements for Bob’s allowed operations in PBT enable the realization of asyn-
chronous distributed quantum information processing (see figure 1(b)), a capability that can be used to
attack quantum position verification (QPV) protocols [8], simplify channel discrimination [9], prepare
states remotely [10], store and retrieve quantum operations [11, 12], and invert the action of quantum
circuits [13]. Indeed, PBT is critical in these various applications (and others referenced in section 2)
precisely due to its simplified decoding step, in contrast to the standard teleportation protocol [1]. For
example, attacks on QPV require adversaries Alice and Bob to perform distributed quantum computa-
tion with pre-shared entanglement and one round of simultaneous communication. This communication
constraint prohibits interactive local processing. However, using PBT, any time-ordered interactive attack
can be replaced by Alice and Bob pre-processing their shared entanglement prior to exchanging classical
communication [8].

Inspired by the operational capabilities of PBT, we develop a hierarchy of one-way quantum
communication models and assess their performance. In the simplest model, denoted by PBT, the
sender (Alice) can perform arbitrary local quantum operations on her half of a shared entangled state
ρAB1B2...Bn , while the receiver (Bob) can only discard subsystems Bi based on a classical message from
Alice. We then generalize this model by considering two different motivations.

First, from a resource-theoretic perspective one might be interested in understanding what type of
distributed quantum information processing is possible if Bob’s quantum capabilities are at the bare
minimum of trivially discarding systems. However in this case, it is reasonable to assume that Bob still
has unconstrained classical control, allowing him to prepare arbitrary classical systems (like random
coins) in a teleportation protocol. This suggests a natural operational theory that augments PBT by also
allowing Bob to perform arbitrary classical operations, a model we denote by PBTcl.

Second, more powerful communication models are physically relevant when considering the use of
PBT in time-sensitive communication tasks, such as those referenced above. This motivates a one-way
communication model that builds on PBT by allowing Bob to perform arbitrary local pre-processing
on his half of an initially shared state prior to receiving any communication from Alice. We refer to this
operational setting as PBTmax since it arguably contains the broadest range of physical operations that
still enable asynchronous processing, the key feature of PBT.

Even though PBTmax is strictly more powerful than PBTcl, they both characterize physically inter-
esting situations. PBTcl reflects a communication scenario in which the receiver essentially has no
machinery available to process the held quantum information, while PBTmax reflects a scenario in which
the receiver does not have enough time to interactively process the held quantum information. This is in
sharp contrast to standard teleportation, in which the receiver must apply a Pauli correction conditioned
on the classical message from the sender before passing the held information along for subsequent use in
some protocol.

The main objective of this paper is to investigate how well a given bipartite entangled state can sim-
ulate a d-dimensional noiseless quantum channel using PBT and the other operational classes just intro-
duced. One fundamental question we address is when it becomes feasible for a bipartite state to gener-
ate a quantum channel whose entanglement fidelity exceeds the so-called classical threshold [14]. This
threshold describes the largest fidelity to a noiseless d-dimensional quantum channel achievable using
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classical communication and no entanglement; numerically, its value is given by 1
d . Having an entangle-

ment fidelity larger that 1
d implies that the channel can transmit states with distillable entanglement [15]

as well as states capable of exhibiting multi-copy Bell nonlocality [16]. In the foundational work of refer-
ence [14], Horodecki et al showed that a bipartite state ρAB can violate the classical threshold using some
one-way LOCC teleportation protocol if and only if it can be done using the following steps:

(i) ρAB is transformed using one-way LOCC into a state σAB whose singlet fraction exceeds 1
d , i.e.

〈Φ+
d |σAB|Φ

+
d 〉>

1
d , where |Φ+

d 〉=
1√
d

∑d
i=1|ii〉;

(ii) Alice and Bob perform a random joint unitary rotation U⊗U that ‘twirls’ σAB into an isotropic
state,

ρd,f := fΦ+
d +

1− f

d2 − 1

(
1⊗1−Φ+

d

)
, (1)

with Φ+
d := |Φ+

d 〉〈Φ
+
d | and f = 〈Φ+

d |σAB|Φ
+
d 〉>

1
d ;

(iii) The standard teleportation protocol from [1] is performed on ρd,f.

This result implies that certain entangled states cannot break the classical teleportation threshold
using one-way LOCC. In particular, since achieving a singlet fraction larger than 1

d in step (i) is also
sufficient for the distillability of ρAB [17], it follows that every non-distillable state cannot violate the
classical teleportation threshold. It remains a long-standing open problem to efficiently characterize the
types of entangled states that admit a non-classical teleportation advantage and construct explicit pro-
tocols that realize this advantage. Partial progress towards resolving this question was recently reported
in [18] which derived a necessary and sufficient criterion for states to admit non-classical teleportation
advantage”.

One of the main results presented here sheds new light on this problem by showing that PBTmax is
sufficient for surpassing the classical threshold. More precisely, we show that a bipartite state ρAB can
violate the classical threshold using some one-way LOCC teleportation protocol if and only if it can be
done using the following steps:

(i.’) Bob performs some pre-processing map on his half of ρAB that prepares B as a collection of
subsystems B1 . . .Bn;

(ii.’) Alice makes a local measurement on her system A and the teleported state;
(iii.’) Bob discards all but one of his subsystems.

Steps (ii’) and (iii’) are just the PBT protocol, while (i’) involves an optimization of Bob’s state prior
to measurement (see figure 1(b)). While the PBT protocol of Ishizaka and Hiroshima shows that per-
fect teleportation can be achieved with arbitrarily small infidelity by minimal post-processing on Bob’s
side (i.e. just discarding subsystems), our work establishes the complementary result: By including a pre-
processing step, all feasible instances of non-classical teleportation are also possible by minimal post-
processing on Bob’s side.

Overall, the core contributions of this work are summarized as follows.

• We fully characterize the communication channels generated by PBT and the variants PBTcl and
PBTmax described above. We also introduce another type of PBT model, denoted as PBTq, which sits
in between PBTcl and PBTmax. While PBTcl allows Bob to prepare arbitrary classical states, PBTq

expands this capability to allow for the preparation of general quantum states in the pre-processing
step. We show that the classes form a strict hierarchy

PBT⊊ PBTcl ⊊ PBTq ⊊ PBTmax (2)

in terms of the channels they can generate.
• For a fixed state ρABn , we derive bounds on the quantities

FΩ (ρABn) := max
Λ∈Ω(ρABn ,C0→B)

F(Λ) , (3)

where Ω(ρABn ,C0 → B) denotes the set of quantum channels Λ: C0 → B that are generated from ρABn

using the operational class Ω ∈ {PBT,PBTcl,PBTq}, and F(Λ) is the entanglement fidelity of the
channel Λ (defined in equation (13)). We characterize both FPBT(ρABn) and FPBTcl

(ρABn) as semi-
definite programs (SDPs).
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• We explicitly compute FPBT, FPBTcl
, and FPBTq for the family of d-dimensional isotropic states ρd,f. In

the computation of FPBTq(ρd,f), we derive a closed-form expression for a convex-roof extended entan-
glement measure for ρd,f, which might of independent interest.

• The PBT protocol for ρd,f is generalized to any bipartite state ρAB with suitable pre-processing. We
show that Fmax(ρAB, |C|)> 1

|C| whenever there exists a map E : B→ C on Bob’s side that yields a state
which violates the reduction criterion [15]. The existence of such a map was recently shown to be
necessary and sufficient for the state ρAB to break the |C|-dimensional classical teleportation threshold
[18]. Thus, we establish that PBTmax is just as strong as general one-way LOCC for achieving non-
classical teleportation.

• We perform a detailed analysis of the PBT capabilities of bipartite graph states. The performance of
PBT is determined by the number of isolated EPR pairs contained in the graph. If there is no isolated
pair, then the entanglement fidelity of the resulting teleportation protocol cannot exceed the classical
threshold.

• Specifically, we derive upper and lower bounds on FPBTcl
of n-EPR pair states. We find that already

one EPR pair can surpass the classical threshold in the PBTcl model. Equivalently, the four-qubit state
Φ+

AB1
⊗ |0〉〈0|B2 ⊗ |1〉〈1|B3 can break the classical bound by standard PBT, improving upon the smallest

previously known example of non-classical PBT using a six-qubit state [19].
• Motivated by applications that utilize unitary covariant channels, we consider states built by symmet-
rizing k EPR pairs over n⩾ k ports. We explicitly compute the optimal PBT fidelity for those sym-
metrized states, and we find that one EPR pair symmetrized over three ports can generate a state that
exceeds the classical bound.

While our study is motivated by the problem of asynchronous quantum computation, our technical
interest lies in identifying the minimal conditions for non-classical advantages in this setting. An ana-
logy can be made with entanglement theory. While most entanglement-based protocols utilize the EPR
state |Φ+

2 〉= 1√
2
(|00〉+ |11〉), an important part of entanglement theory investigates the separability

boundary, seeking to understand the fundamental structure of non-separable states and their operational
advantages. This work proceeds in the same spirit by looking at the basic structure of states that provide
some operational resource in the setting of asynchronous quantum computation.

The paper proceeds by first providing a more detailed background and review of prior work on PBT
in section 2. The operational frameworks for PBT, PBTcl, PBTq and PBTmax are presented in section 3,
along with their associated entanglement fidelity measures. Specific case studies of PBT are then carried
out in section 4. We begin in section 4.1 by analyzing d-dimensional isotropic states shared on a single
port. We then consider in section 4.2 bipartite graph states as multi-port resources in PBT protocols. A
simple class of permutation-symmetric states constructed from EPR pairs is proposed and analyzed in
section 4.3. Finally, in section 4.4 we demonstrate how PBT can be used to surpass the classical teleport-
ation threshold for general one-way-feasible states. Concluding remarks are given in section 5, and the
appendices A–M contain the technical details and proofs of the main results.

2. Background and prior work

In the following we give a compressed but, to the best of our knowledge, comprehensive account of
previous works studying PBT and its applications. PBT was introduced and discussed by Ishizaka and
Hiroshima [6, 7] as a modification of a related teleportation protocol implemented using linear optics
[20, 21]. It was shown to give an asymptotic implementation of a universal programmable processor [6],
thereby circumventing a known no-go theorem valid for finite resources [22]. There are two well-studied
variants of PBT: Deterministic PBT implements an approximate teleportation protocol, whose quality is
measured by the entanglement fidelity of the associated teleportation channel. Probabilistic PBT imple-
ments a perfect teleportation protocol, but may fail with a certain error probability. Hybrid protocols
combining both settings have recently been studied in [23]. In our work, we focus on the deterministic
variant of PBT.

Converse bounds for the success probability of probabilistic PBT and the fidelity of deterministic
PBT were derived in [24–27], and exact formulas in special cases were given in [28]. A representation-
theoretic characterization of success probability and fidelity of the standard PBT protocol (operating on
a collection of maximally entangled states) and fully optimized PBT protocols, yielding exact expressions
for these quantities in the general case, were given in [19, 29]. These results were rederived using dif-
ferent methods in [30], where it was also explicitly shown that the pretty good measurement (PGM) is
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optimal for standard and fully optimized PBT (see also [19]). The asymptotic behavior of both prob-
abilistic and deterministic PBT protocols was derived in [19, 31]. Further representation-theoretic char-
acterizations of PBT protocols were studied in [32–34], and the recycling and degradation of ports is
discussed in [35–37].

Different variants of PBT have been introduced in the literature since the inception of the original
protocol in [6, 7]. These include multiport-based teleportation protocols [38–40], continuous-variable
PBT protocols [41, 42], restricted or noisy PBT protocols [10, 43–46], and hybrid protocols combin-
ing probabilistic and deterministic PBT [23]. Recently, a series of works derived efficient quantum
algorithms for performing PBT measurements using their representation-theoretic characterization
[47–51].

Apart from the aforementioned asymptotic implementation of universal programmable quantum
processors [6, 52], PBT was used to demonstrate violations of Bell inequalities using communication
complexity advantage [53], and to implement attacks on position-based cryptography based on instant-
aneous non-local computation [8, 54–56]. PBT also finds applications in quantum channel discrimin-
ation and simulation [9, 57], various tasks to manipulate unitaries [12, 58–60], storage and retrieval of
quantum programs [61] and measurements [62], entanglement distribution [63], and telecloning [64].

All of these applications utilize in some way the possibility for asynchronous quantum information
processing enabled by PBT. Other scenarios of asynchronous distributed processing have been studied in
the context of state discrimination [65, 66], measurement incompatibility [67, 68], and Bell nonlocality
[69]. The work presented here contributes to this broader research program in understanding the role of
interaction and time delays in quantum information processing.

3. Framework

3.1. A resource-theoretic approach to PBT
In this section, we present four different resource theories of quantum communication inspired by asyn-
chronous processing and PBT. The theories of PBT, PBTcl, and PBTq are distinguished from PBTmax

in that they assume a port structure for Bob’s system. A port structure is a decomposition of Bob’s total
system into n subsystems, or ports, for some integer n. We denote a port structure by Bn = B1B2 . . .Bn,
where (by embedding smaller subsystems into large ones) it is assumed without loss of generality that
each subsystem Bi is a copy of the same |B|-dimensional system B. We let D(A⊗Bn) denote the collec-
tion of density matrices ρABn shared between Alice and Bob with a given port structure Bn. Note that
it may be possible for the same physical state to be realized on different port structures. For example,
B2n
I might denote a port structure of 2n qubits while Bn

II denotes a port structure of n ququart (d= 4)
systems; yet, D(A⊗B2n

I ) and D(A⊗Bn
II) represent the same collections of physical states. When writing

ρABn , it is implied that we are considering a density matrix with port structure Bn. For PBTmax, no port
structure for Bob’s system needs to be specified, and we consider arbitrary bipartite states ρAB.

3.1.1. Standard PBT
Every quantum resource theory (QRT) is characterized by a set of free operations that reflect whatever
actions can be performed given the experimental or algorithmic constraints [5]. We first propose a QRT
for bipartite quantum communication with the following free operations:

(i) Arbitrary local quantum operations by Alice;
(ii) Classical communication from Alice to Bob;
(iii) Relabeling and discarding of subsystems by Bob.

When limited to these three types of action, we refer to the QRT as standard PBT. Under this QRT,
every ρABn ∈ D(A⊗Bn) can be transformed into a quantum channel ΛC0→B by the following proced-
ure. Alice first performs a measurement on systems AC0 described by a positive operator-valued meas-

ure (POVM) {Π(i)
AC0

}ni=1. She announces the measurement outcome i to Bob, who then discards all sub-
systems except Bi and relabels the latter to B. This generates the overall channel ΛC0→B whose action is
given by

ΛC0→B (τC0) =
n∑

i=1

TrAC0

[
Π

(i)
AC0

(
ρ
(i)
AB ⊗ τC0

)]
, (4)

where ρ(i)AB := TrBc
i
(ρABn) and Bc

i := Bn \Bi. In equation (4), we implicitly assume that a relabeling map is
performed after the partial trace that relabels Bi to B. In principle, we could also consider protocols in
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which Alice’s message i does not correspond to a single port, but rather to a subset of ports. For such
a protocol, Bob discards all ports except those identified in this subset. However, we do not consider
maps of this form in this paper for the following reason. If there were two non-disjoint subsets with,
say, labels i and j in such a protocol, then it would generally not be possible to send the ports in parallel
through the same quantum circuit prior to Alice’s message, as in figure 1(b), since Alice’s message would
specify would specify which subset of qubits need to be grouped together in the circuit; so protocols of
this form are less physically motivated. On the other hand, if all the subsets of ports were disjoint in
such a protocol, then we could just identify each collection of composite ports as a single port, and we
would have a standard PBT protocol using the same physical state except with a different port structure;
hence the resulting channel would still have the form of equation (4).

For a given state ρABn , we let PBT(ρABn ,C0 → B) denote the collection of all channels ΛC0→B that
can be built from ρABn in this way. Since the output dimension of every channel built in standard PBT
using ρABn will always be |B|, we can unambiguously write PBT(ρABn) to denote the collection of chan-
nels whose input and output dimensions are both |B|, i.e. PBT(ρABn) := PBT(ρABn ,B ′ → B). Here and
throughout the paper we use the convention that labels differing by primes, e.g. B, B′, and B′′, always
refer to systems of the same dimension, |B|= |B ′|= |B ′ ′|.

3.1.2. PBT with classical processing
From a resource-theoretic perspective, it is also natural to regard classical ancilla registers and classical
randomness as being free since they are relatively easy to produce. We thus also consider a QRT with the
following free operation in addition to (i)–(iii):

(iv) Preparation of classical states by Bob.
We denote this resource-theoretic QRT by PBTcl, and Bob’s enhanced capability in PBTcl allows for a
richer family of channels to be built. Alice now has reason to consider measurements on systems AC0

with s⩾ n number of outcomes. Like before, for outcomes i = 1, . . . ,n Bob discards all subsystems
except Bi. But for outcomes i = n+ 1, . . . , s Bob is now free to discard all systems in B, prepare some
|B|-dimensional classical state ω(i) on an ancilla register, and then relabel this register as B. By a classical
state, we mean that each ω(i) is diagonal in the fixed computational basis. Every channel ΛC0→B obtained
from ρABn in PBTcl thus has the form

ΛC0→B (τC0) =
n∑

i=1

TrAC0

[
Π

(i)
AC0

(
ρ
(i)
AB ⊗ τC0

)]
+

s∑
i=n+1

Tr
[
Π

(i)
AC0

(ρA ⊗ τC0)
]
ω
(i)
B . (5)

Observe that we can express each classical state as ω(i)
B =

∑|B|
j=1 p( j|i)|j〉〈j|B for conditional distributions

p( j|i). Substituting this into the last term in equation (5) gives

s∑
i=n+1

Tr
[
Π

(i)
AC0

(ρA ⊗ τC0)
]
ω
(i)
B

=
s∑

i=n+1

d∑
j=1

p( j|i)Tr
[
Π

(i)
AC0

(ρA ⊗ τC0)
]
|j〉〈j|B (6)

=
d∑

j=1

Tr
[
Π̃

( j)
AC0

(ρA ⊗ τC0)
]
|j〉〈j|B, (7)

where Π̃
( j)
AC0

=
∑s

i=n+1 p( j|i)Π
(i)
AC0

. It is straightforward to verify that the set {Π(i)
AC0

}ni=1 ∪{Π̃( j)
AC0

}dj=1

constitutes a valid POVM. We can thus restrict to s= n+ d and ω(n+i)
B = |i〉〈i| in equation (5) without

loss of generality. We let PBTcl(ρABn ,C0 → B) and PBTcl(ρABn) := PBTcl(ρABn ,B ′ → B) be the family of
channels obtained from ρABn using PBTcl.

A careful comparison of equations (4)–(6) shows that

PBTcl (ρABn ,C0 → B) = PBT
(
ρABn ⊗ |1〉〈1|B ′

1
⊗ ·· ·⊗ |d〉〈d|B ′

d
,C0 → B

)
, (8)

where B ′
1 . . .B

′
d are local ancilla registers held by Bob. Equation (8) offers an appealing physical inter-

pretation of channels in PBTcl(ρABn ,C0 → B). The simulation of any Λ ∈ PBTcl(ρABn ,C0 → B) can be
accomplished by Bob first preparing d additional ports independent of ρABn , with the additional port
n+ i being in classical state |i〉〈i|. Alice then performs a POVM on AC0 having n+ d outcomes, and just
as in standard PBT, upon receiving outcome k Bob discards everything except the content of port k. In
this way, the channels of PBTcl can have the temporal structure of figure 1(b).
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3.1.3. Maximal PBT
For a third QRT, we consider another variation to the operational model. Motivated by applications of
PBT in which Bob needs to perform post-processing before receiving Alice’s classical communication,
we can increase Bob’s operational capability while still allowing him to respect this temporal constraint.
Namely, we allow for:

(v) Arbitrary local pre-processing by Bob prior to him receiving Alice’s classical communication.

Note that by the discussion at the end of the previous section, (v) supersedes (iv). The key restriction in
(v) is that Bob’s choice of local pre-processing map cannot depend on Alice’s message. The only action
that Bob can perform conditioned on Alice’s message is a trivial discarding of subsystems. We refer to
this operational setting as maximal PBT, denoted by PBTmax, since it captures the most general physical
processes feasible under the constraint of trivial post-processing for Bob.

Adding (v) as an allowed operation now enables any bipartite state ρAB to be used in a PBT protocol.
In both standard PBT and PBTcl, one requires that Alice and Bob initially share a state ρABn with Bob’s
system already possessing a multi-port structure. But in PBTmax, a mapping of Bob’s system B into an
arbitrary number of ports can be facilitated by a pre-processing map (see figure 1(b)). The collection of
channels from input system C0 to output system C generated from ρAB using PBTmax is given by

PBTmax (ρAB,C0 → C) =
⋃
σACn

PBT(σACn ,C0 → C) , (9)

where the union is taken over all σACn (and all integers n) such that

σACn = idA ⊗EB→Cn (ρAB) (10)

for some completely-positive trace-preserving (CPTP) map EB→Cn .
We also consider a subset of PBTmax(ρAB,C0 → C) that is similar to PBTcl in its operational form.

We refer to this as PBTq, and it involves upgrading (iv) to a more general form:

(i.’) Preparation of arbitrary states by Bob.

In other words, PBTq consists of all PBT protocols for which Bob’s pre-processing is restricted to just
preparing additional ports in arbitrary states that are independent of Alice’s input. The resource theory
of PBTq can address a scenario in which Bob’s n ports in ρABn are stored in some quantum memory
that does not allow for reliable quantum processing, and preparing independent auxiliary states is rel-
atively easier to do. In other words, PBTq captures the setting of asynchronous quantum computation
in which Bob is able to utilize fully quantum ancilla registers in addition to his ports that are entangled
with Alice. As we will see below, PBTq is mathematically much simpler to analyze than PBTmax, and it
is still sufficiently strong to enable non-classical teleportation fidelity using many states. The hierarchy
among the operational classes introduced here is

PBT⊂ PBTcl ⊂ PBTq ⊂ PBTmax. (11)

Letting PBTq(ρABn ,C0 → B) and PBTq(ρABn) := PBTq(ρABn ,B ′ → B) denote the channels generated
by ρABn using PBTq, the channels in PBTq(ρABn ,C0 → B) will have the same form as equation (5) except

with replacing the classical states ω(i)
B by arbitrary quantum states σ(i)

B . It is also possible to place a car-
dinality bound on s.

Proposition 1. Every channel in PBTq(ρAB,C0 → B) can be generated by a POVM of Alice having
s⩽ |C0|2(|A|2 + |B|2) outcomes.

The proof is provided in appendix A. Similar to equation (8), we thus conclude that

PBTq (ρABn ,C0 → B) =
⋃

{σ(i)}κ

i=1

PBT
(
ρABn ⊗σ

(1)
B′
1
⊗ ·· ·⊗σ

(κ)
B′
κ
,C0 → B

)
, (12)

where the union is taken over all sets {σ(i)
B′
i
}(κ)i=1 of quantum states that Bob could prepare in his lab

prior to Alice’s communication. Consequently, we have that PBTq(ρABn ,C0 → B) is a topologically closed
family of quantum channels.

7
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3.2. Entanglement fidelity
The performance of standard PBT is commonly measured by its entanglement fidelity. In general, the
entanglement fidelity of a channel Λ: B ′ → B is defined as

F(Λ) := 〈Φ+|id⊗Λ
(
Φ+

B′ ′B ′

)
|Φ+〉B′ ′B, (13)

where Φ+
B′ ′B ′ = 1√

|B|

∑|B|
i=1|ii〉 is the canonical maximally entangled state and Φ+ = |Φ+〉〈Φ+|. Because

of its linear relationship with the average input-to-output fidelity Favg [14],

Favg =
|B|F+ 1

|B|+ 1
, (14)

the entanglement fidelity of a quantum teleportation channel is often the main figure of merit when
quantifying the performance of a teleportation protocol. Ishizaka and Hiroshima showed that the
entanglement fidelity of the standard PBT protocol with the shared resource state ρABn and POVM

Π = {Π(i)
AB′}ni=1 on Alice’s side is equivalent to the success probability of using Π to discriminate the

ensemble of states {ρ(i)AB = TrBc
i
(ρABn)}ni=1 with uniform prior distribution [6]. More precisely, if Λ is the

teleportation channel generated by ρABn and Π is Alice’s measurement, then

F(Λ) =
1

|B|2
n∑

i=1

Tr
[
ρ
(i)
ABΠ

(i)
AB

]
. (15)

Optimizing over all POVMs Π gives the ultimate performance of ρABn under PBT,

FPBT (ρABn) : =max{F(Λ) | Λ ∈ PBT(ρAB)} (16)

= max{
Π

(i)
AB

}n

i=1

1

|B|2
n∑

i=1

Tr
[
ρ
(i)
ABΠ

(i)
AB

]
. (17)

Following the same reasoning (see also [18]), we can define

FPBTcl
(ρABn) : =max{F(Λ) | Λ ∈ PBTcl (ρABn)} (18)

=
1

|B|2
max{

Π
(i)
AB

}n+|B|

i=1


n∑

i=1

Tr
[
Π

(i)
ABρ

(i)
AB

]
+

|B|∑
i=1

Tr
[
Π

(n+i)
AB (ρA ⊗ |i〉〈i|B)

] (19)

FPBTq (ρABn) : =max
{
F(Λ) | Λ ∈ PBTq (ρABn)

}
(20)

=
1

|B|2
max{

Π
(i)
AB

}n+κ ′

i=1
,
{
σ
(i)
B

}κ ′

i=1


n∑

i=1

Tr
[
Π

(i)
ABρ

(i)
AB

]
+

κ ′∑
i=1

Tr
[
Π

(n+i)
AB

(
ρA ⊗σ

(i)
B

)] , (21)

where the value of κ ′ = |A|2|C|2 follows again by another application of Carathédory’s theorem [70]. We
observe that both FPBT(ρABn) and FPBTcl

(ρABn) are computable as a SDP, and we exploit this structure
when making explicit calculations in section 4.

For PBTmax, the channel dimension is not limited to dimension of Bob’s system in the shared state
ρAB due to his pre-processing capability. Hence, the ultimate entanglement fidelity achievable by ρAB is
dimension dependent, and we define it as

FPBTmax (ρAB, |C|) =max{F(Λ) | Λ ∈ PBTmax (ρAB,C
′ → C)} (22)

We close this section by observing general bounds on the teleportation entanglement fidelities under
PBTcl and PBTq.

Proposition 2. For any state ρABn and entanglement fidelity F= FPBTcl
(ρABn) or FPBTq(ρABn), we have

1

|B|
⩽ F⩽ 1

|B|
+α (23)

where

α= max{
Π

(i)
AB

}n

i=1∑n
i=1Π

(i)
AB≤1AB

1

|B|2
n∑

i=1

Tr
[
Π

(i)
AB

(
ρ
(i)
AB − ρA ⊗1B

)]
. (24)

8
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Proof. Since σ(i)
B ⩽ 1, we have

|B|∑
i=1

Tr
[
Π

(n+i)
AB

(
ρA ⊗σ

(i)
B

)]
⩽

n+|B|∑
i=n+1

Tr
[
Π

(i)
AB (ρA ⊗1B)

]
(25)

= |B| −
n∑

i=1

Tr
[
Π

(i)
AB (ρA ⊗1B)

]
, (26)

where we have used the completion relation of the POVM. Substituting into the definition of FPBTq(ρABn)
proves the upper bound in equation (23).

For the lower bound, observe that PBTcl allows for the optimal classical protocol to be performed. That
is, Alice is able to simply measure her input in the computational basis, announce the outcome to Bob, and
then Bob prepares in system B the corresponding computational basis state; this protocol attains a teleport-
ation fidelity of |B|−1, thereby establishing the lower bound in equation (23). The lower bound of |B|−1 can

also be seen explicitly in the definition of FPBTcl
by setting Π(i)

AB = 0 for i = 1, . . . ,n and Πi
AB = |i− n〉〈i− n|

for i = n+ 1, . . . ,n+ |B|.

Each PBT class Ω ∈ {PBT,PBTcl,PBTq,PBTmax} induces an ordering on the set of density operators
through the teleportation fidelity as

ρ�Ω ρ
′ ⇐⇒ FΩ (ρAB)⩽ FΩ (ρ ′) . (27)

We say ρAB and ρ ′
AB are Ω-equivalent, or ρAB ∼Ω ρ

′
AB, if and only if FΩ(ρAB) = FΩ(ρ ′

AB). From the defini-
tion of FΩ(ρAB), it is immediately clear that

FΩ (ρAB)⩾ FΩ (EA ⊗ idB (ρAB)) (28)

for every CPTP map on Alice’s side. This implies that ρAB ∼Ω ρ
′
AB whenever ρAB and ρ ′

AB are related by
a local isometry on Alice’s side. Since all purifications of Bob’s reduced state ρB are related by some iso-
metry on Alice’s system, we arrive at the following observation.

Proposition 3. For any pure state |ψ〉AB and Ω ∈ {PBT,PBTcl,PBTq}, the PBT teleportation fidelity
FΩ(|ψ〉AB) depends only on Bob’s marginal state ρB = TrA|ψ〉〈ψ|AB. For PBTmax, the fidelity FPBTmax(|ψ〉AB)
depends only on the spectrum of ρB.

The reason why we have the stronger statement for PBTmax is because Bob can also perform arbitrary
local unitaries on |ψ〉AB as part of his pre-processing map. Hence,

|ψ〉AB ∼LU |ψ ′〉AB =⇒ |ψ〉AB ∼PBTmax |ψ ′〉AB, (29)

where ∼LU denotes a local unitary equivalence of states.

3.2.1. The classical threshold
The classical threshold of the entanglement fidelity for teleportation channels Λ: B→ B is |B|−1. As
shown in proposition 2, this is the fidelity that can be attained by Alice simply sending a classical mes-
sage to Bob after measuring her quantum input in a specified basis, and Bob preparing the correspond-
ing basis state. Unlike PBT, the enhanced capability of PBTcl allows it to at least attain this threshold
for every state ρABn . The next natural question is to understand which states ρABn can surpass this
threshold and thereby offer a truly non-classical communication advantage in teleportation. Interestingly,
proposition 2 implies that not all entangled states offer such an advantage.

Corollary 4. If ρABn satisfies ρ(i)AB ⩽ ρA ⊗1 for all i = 1, . . . ,n (where ρ(i)AB = TrBc
i
(ρABn)), then

FPBTcl
(ρABn) = FPBTq (ρABn) =

1

d
. (30)

Proof. This fact follows from the definition of α in (24): if ρ(i)AB ≤ ρA ⊗1 ∀i, then α will be non-positive.

We can state the conditions of this corollary in a more familiar way. Recall that a bipartite density
matrix ρAB is said to satisfy the reduction criterion [15] if

ρA ⊗1− ρAB ⩾ 0. (31)

9
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It is known that all separable states respect this inequality, but the converse is not true. Furthermore, a
violation of the reduction criterion ensures that ρAB is distillable [15]. Corollary 4 says that ρABn cannot

break the classical threshold by PBTq if each of its marginal states ρ(i)AB satisfies the reduction criterion.
It is already known that the classical bound holds for general one-way LOCC teleportation protocols
whenever the full state ρABn satisfies the reduction criterion [14]. Corollary 4 presents an analogous res-
ult that is specialized to the setting of PBTq.

4. Examples of the PBT teleportation fidelities

In the remainder of this paper we compute the PBT teleportation entanglement fidelities for different
quantum states. In most cases we exploit symmetries in the given states to make the calculation feasible.
An underlying goal is to identify which states are capable of breaking the classical threshold in the differ-
ent PBT resource theories.

Note that for any bipartite state ρAB shared on a single port of dimension |B|, the definition of FPBT

immediately implies that

FPBT (ρAB) =
1

|B|2
. (32)

Hence, it might be tempting to that ρAB has no PBT resourcefulness when using just a single port.
However, as we will see in the first example of isotropic states, it is possible to ‘activate’ the PBT
resourcefulness of some states on a single port using PBTcl and PBTq. In section 4.4 we will see that
it is, in fact, possible to activate all one-way teleportation resource states shared on a single port using
PBTmax.

4.1. Isotropic states
The d-dimensional isotropic states [15] constitute a one-parameter family of states defined as

ρd,f = fΦ+
d +

1− f

d2 − 1

(
1AB −Φ+

d

)
, (33)

where Φ+
d = |Φ+

d 〉〈Φ
+
d | with |Φ+

d 〉=
1√
d

∑d
i=1|ii〉, and f = Tr[ρd,fΦ

+
d ] ∈ [0,1] is the singlet fraction. The

isotropic state ρd,f is entangled if and only if f > 1/d [15]. All members of this family share the same
symmetries as |Φ+

d 〉. To make this explicit, let U(d) denote the group of unitaries on Cd and define the
twirling map TU⊗U(X) =

´
U∈U(d) dU(U⊗U)X(U⊗U)†, where dU denotes the Haar measure on U(d).

The action of TU⊗U on an arbitrary operator X transforms it into isotropic form

TU⊗U (X) = Tr
[
Φ+

d X
]
Φ+

d +
1−Tr

[
Φ+

d X
]

d2 − 1

(
1AB −Φ+

d

)
. (34)

We note that by the theory of unitary t-designs, the group U(d) can be replaced by a finite group such
that the map TU⊗U can be equivalently implemented by sampling over a finite set of unitaries.

In the following, we assume that a single copy of ρd,f is shared between Alice and Bob, and expli-
citly compute both PBTcl(ρd,f) and PBTq(ρd,f) in this setting. While the fidelities go to zero as d grows
large, we are interested in deciding whether it goes to zero strictly slower than the classical threshold
of 1/d. We find that for both PBTcl(ρd,f) and PBTq(ρd,f) this is indeed the case, thereby demonstrat-
ing the positive utility of isotropic states in finite-dimensional PBT protocols with a single port. As
for PBTmax(ρd,f), since |Φ+

d 〉 is locally equivalent to n≈ logd EPR pairs, Alice and Bob can rotate
into |Φ+

2 〉⊗n and apply the original PBT protocol of Ishizaka and Hiroshima [6]. This implies that
PBTmax(ρd,f)→ f as d→∞.

4.1.1. PBTcl fidelity
We start by considering the optimal teleportation fidelity of an isotropic state ρd,f in the PBTcl frame-
work.

Theorem 5. The classical-processing PBT fidelity of the isotropic state ρd,f is given by

FPBTcl

(
ρd,f
)
=


1

d
+

(1− df)2

d2 (d2f− 1)
if f > 1

d ,

1

d
otherwise.

(35)

For f > 1
d , this fidelity exceeds the classical fidelity, FPBTcl

> 1
d .

10
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Since the isotropic state ρd,f is separable for f⩽ 1/d, corollary 4 immediately gives FPBTcl
(ρd,f) =

1
d when

f⩽ 1/d. The argument for the case f > 1/d is presented in appendix B. The basic idea is to characterize
the teleportation fidelity FPBTcl

in dual formulation as

min
{
Tr(K) : K⩾ 1

d2σ
(i)for i = 1, . . . ,d+ 1

}
, (36)

where σ(i) = 1
d1⊗ |i〉〈i| for i = 1, . . . ,d, and σd+1 = ρd,f. We then identify a dual optimal solution to this

problem in the appendix.

4.1.2. PBTq fidelity
Turning to PBTq, we establish the following expression for the entanglement fidelity.

Theorem 6. The optimal PBT fidelity with quantum state preparation of the isotropic state ρd,f is equal to

FPBTq

(
ρd,f
)
=


1

d
+

f

d2
− 1

d3
if f⩾ 1/d

1

d
otherwise.

(37)

Remark . It follows from theorems 5 and 6 that there is a strict separation between FPBTcl
(ρd,f) and

FPBTq(ρd,f) for all f > 1/d.

The full proof of theorem 6 is given in appendix C. Here, we note that a key step in the argument is
computing a convex-roof extended entanglement monotone evaluated on isotropic states. The underlying
measure defined on a bipartite pure state |ϕ〉 is the (d− 1)-Ky-Fan entanglement measure, defined as

Ed−1 (ϕ) =
d∑

k=2

λ↓k (ϕ) , (38)

where |ϕ〉=
∑d

k=1

√
λ↓k (ϕ)|αk〉|βk〉 is the Schmidt decomposition of |ϕ〉 with its Schmidt coefficients

λ↓1 (ϕ)⩾ · · ·⩾ λ↓d(ϕ) enumerated in non-increasing order [71]. The convex-roof extension of this entan-
glement measure for mixed states is defined as

Êd−1 (ρ) = min∑
i piψi=ρ

∑
i
piEd−1 (ψi) , (39)

where the minimization is taken over all pure state ensembles {|ψi〉,pi} that generate ρ [72]. The entan-
glement of formation of ρd,f (which is also a convex-roof extended entanglement measure) has been

computed in reference [73], so there is hope that we can also compute Êd−1(ρd,f). In fact, we perform
such a computation in appendix D and obtain the following result.

Lemma 7. The entanglement measure Êd−1 defined in (39) assumes the following values on isotropic states ρd,f:

Êd−1

(
ρd,f
)
=

1 for f⩽ 1
d

1− f+
−1+2

(
f+
√

(d−1)(1−f)f
)

d for f > 1
d .

(40)

4.2. Bipartite graph states
Multi-qubit graph states are an appealing family of quantum states to consider in PBT protocols given
their general utility for quantum information processing [74–76] and their natural port structure. Here
we specifically focus on bipartite graphs with m+ n nodes, m of which belong to Alice and n belong to
Bob. Thus, we consider bipartite systems AmBn with each of Alice and Bob’s subsystems being a qubit. A
brief overview of graph states is provided in appendix E.

Let Gm,n denote the set of bipartite simple graphs with partition (m, n). This means that for any
Γ ∈ Gm,n, its edges will only be connecting an Alice node to a Bob node. For example, the graph of n
independent EPR pairs shared between Alice and Bob belongs to Gn,n, but the fully connected GHZ
graph state does not. For every Γ ∈ Gm,n, we let |Γ〉 denote the corresponding quantum graph state.
Using the fact that ΓBn := TrAm |Γ〉〈Γ|AmBn is a normalized projection, we can write

|Γ〉AmBn =
√
2m+n1⊗ΓBn |Φ+

n 〉AnBn . (41)

11
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From proposition 3, the PBT fidelities of |Γ〉AnBn depend only on ΓBn . Furthermore, two graph states
|Γ〉 and |Γ ′〉 will have the same reduced density for Bob iff there exists an isometry UAm for Alice such
that |Γ ′〉= UAm ⊗1|Γ〉. Additionally, the PBT fidelities are invariant under permutations on Bob’s sub-
systems. In the following we propose a canonical form for any graph state based on these two unitary
degrees of freedom. The canonical form will then be used to compute the PBT fidelities.

4.2.1. PBT canonical form (PCF) of graphs
Our goal is to introduce a unique canonical graph Γ̂ ∈ Gr,n for any graph Γ ∈ Gm,n with r := rk(ΓBn)

such that |Γ〉 ∼Ω |Γ̂〉 for Ω ∈ {PBT,PBTcl,PBTq}. While the form we propose is specific to bipartite
graphs shared between Alice and Bob, its generalization to arbitrary graphs is straightforward.

Let Γ ∈ Gm+n be a graph with vertex set {A1, . . . ,Am,B1, . . . ,Bn} and adjacency matrix NΓ ∈
Mat(Zm+n

2 ) of the form

NΓ =

(
NAmAm NAmBn

NT
AmBn NBnBn

)
. (42)

It is not difficult to show that r= rk(ΓBn) = rk(NAmBn) [76].

Definition 8. We say that a graph Γ with vertices {A1, . . . ,Ar,B1, . . . ,Bn} is in PCF if

(i) There are no edges among the Ar;
(ii) There are no isolated vertices among the Ar;
(iii) Bi is only connected to Ai for i ⩽ r

In terms of the adjacency matrix, conditions (i) — (iii) of a PCF graph Γ can be equivalently expressed
as

(i) ⇐⇒ NArAr = 0;
(ii) + (iii) ⇐⇒ Up to a permutation of columns,

NArBn =
(
Ir S

)
r×n

, (43)

where S is an r×(n− r) matrix with elements in Z2 and Ir is the r× r identity matrix. Note that it fol-
lows from the definition of the PCF graph that ΓBn has rank 2r for any PCF graph Γ ∈ Gr,n, and hence
necessarily r⩽ n.

We now show that every graph state defined in terms of a simple graph G is unitarily equivalent to
a graph state defined in terms of a PCF which is uniquely determined by G. We give the proof of this
result in the main text, since it illustrates the construction of the PCF for a given graph.

Proposition 9. Let Γ be a simple graph with vertices AmBn. Then there exists a unique PCF graph Γ̂ with
vertices ArBn and r= rk(ΓBn), a unitary UAm on Alice’s side, and a permutation of subsystems Uπ on Bob’s side
such that

|Γ̂〉ArBn ⊗ |+̂〉Am−r = UAm ⊗Uπ|Γ〉, (44)

where |+̂〉Am−r := |+〉⊗(m−r)
Am−r . Hence, |Γ〉 ∼Ω |Γ̂〉 for Ω ∈ {PBT,PBTcl,PBTq}.

Proof. Starting from the state |Γ〉AmBn , Alice first disconnects any edges connecting under subsystems Am by
a local unitary. The resulting graph Γ ′ will have an adjacency matrix of the form

NΓ ′ =

(
0 NAmBn

NT
AmBn NBnBn

)
. (45)

For every b= b1b2 . . .bn ∈ Zn
2 , we identify a subset of Bob’s nodes f(b)⊂ Bn such that Bi ∈ f(b) iff bi = 1.

Using this representation, define a Z2-linear subspaceN of Zn
2 as

N (Γ) := SpanZ2

{
b | f(b) = N

(
Aj

)
∩Bn, j = 1, . . . ,m

}
, (46)

where N(Aj) denotes the set of neighbors of the node Aj. In other words,N (Γ) is the row space of NAmBn .
Then lemma 19 allows us to express Bob’s reduced density matrix ΓBn as

ΓBn = Γ ′
Bn =

1

2m

∑
b∈N (Γ)

Zf(b)

(
E|+̂〉〈+̂|BnE

)
Zf(b), (47)

12
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where E :=
∏

e∈EBn
CZe with EBn defined as the set of edges among the Bn in Γ. The key observation is that

the summation depends only on the subspaceN (Γ). We can therefore replace the N(Ai) with any other basis
forN (Γ). In particular, the row space of the reduced row echelon form R of NAmBn isN (Γ), up to a per-
mutation of columns. The form of R is given by

R=

(
Ir S
0 0

)
m×n

, (48)

and a column permutation is equivalent to a relabeling of Bob’s nodes Bi 7→ Bπ(i), which is an allowed oper-

ation in our PBT framework. Hence, with R̂=
(
Ir S

)
r×n

there exists a graph Γ̂ whose adjacency matrix is

NΓ̂ =

(
0 R̂
R̂T πNBnBnπT

)
, (49)

which is in PCF. Since Γ̂Bn = UπΓBnU†
π , where Uπ applies the permutation π to Bob’s subsystems, there

must exist some unitary UAm on Alice’s side such that |Γ̂〉ArBn ⊗ |+̂〉Am−r = UAm ⊗Uπ|Γ〉. By proposition 3,
this completes the proof.

Example 10. Consider a bipartite graph Γ ∈ G3,3 and its adjacency graph NA3B3

Its associated PCF graph Γ̂ is then

Remark . In general, every PCF graph Γ ∈ Gr,n consists of k-EPR pairs (k isolated edges) for some k⩽
rk(ΓBn) along with some connected component having more than a single edge. Denoting Γk-EPR as the
graph consisting of k EPR pairs and Γ0 as the remaining subgraph with multiple connected edges, the graph
state Γ is expressed as

Γ≡ Γk-EPR ⊗Γ0. (52)

Without loss of generality, we assume that Γk-EPR is held on nodes {Ai,Bi}ki=1 while Γ0 belongs to nodes
{Ak+1, . . . ,Am,Bk+1, . . . ,Bn}.

Example 11.

Its associated PCF graph Γ̂ decomposes as

= (Γ2-EPR)A1A2B1B2
⊗
(
Γ̂0

)
A3B3B4

. (55)

Proposition 9 implies that it is sufficient to consider the PCF of a graph when computing its PBT
fidelities, which is what we do in the next section. But before doing so, we characterize the marginal
states of PCF graphs.

13
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Lemma 12. Let Γ ∈ Gr,n be in PCF with k-EPR pairs. Then the reduced states Γ(i)
ArB := TrBc

i
|Γ〉〈Γ| are

Γ
(i)
ArB =


Ψ+

AiB
⊗ 1̂Ar\Ai

i ⩽ k

E(i)
(
1̂Ar ⊗ |+〉〈+|B

)
E(i) i > k

(56)

where 1̂ denotes the maximally mixed state (i.e. the normalized identity), |Ψ+〉 := 1√
2
(|0+〉+ |1−〉), and E(i)

is the unitary operator

E(i) =
∏

Aj∈N(Bi)

CZAjB. (57)

The proof is given in appendix F. Note that Γ(i)
ArB is separable with respect to partition (Ar,B) whenever

i> k.

4.2.2. PBT ordering among bipartite graphs
We now analyze the PBT teleportation fidelities for bipartite graph states. As noted above, it suffices to
consider PCF graphs in Gr,n. Throughout this section, we assume that Bob has a port structure Bn with
each system Bi being a qubit. Hence, the classical threshold for all teleportation channels considered is
1
2 . Our main finding shows that the teleportation fidelity of any bipartite PCF graph expressed in the
form of equation (52) as Γ = Γk-EPR ⊗ Γ0 depends essentially on the number k of isolated EPR pairs.
proposition 13 first addresses the extreme case in which Γ does not have any isolated EPR pairs, i.e. Γ =
Γ0; its proof is given in appendix G.

Proposition 13. Suppose that Γ ∈ Gr,n is a PCF bipartite graph with r= rk(ΓBn) and no independent EPR
pairs. Then FPBTq(Γ) =

1
2 and

FPBT (Γ) =

{
1
2 −

1
2r+2 if ∃Bj w.|N

(
Bj

)
| being even

1
2 −

1
2r+1 otherwise

(58)

We now consider the general case of a general bipartite PCF graph with k-EPR pairs, i.e. Γ =
Γk-EPR ⊗Γ0. As shown in proposition 13, Γ0 is useless in itself for teleportation. However, when com-
bined with Γk-EPR one might speculate whether it can add to the overall teleportation power of Γ. The
following theorem shows that it cannot add more than what is feasible by just giving Bob two local
ancillary states. Its proof can be found in appendix H.

Theorem 14. Suppose Γ ∈ Gr,n has PCF with k total isolated EPR pairs; i.e. Γ = Γk-EPR ⊗Γ0. Then

Γk-EPR �Ω Γ�Ω Γk-EPR ⊗ |+〉〈+|Bk+1 ⊗ |−〉〈−|Bk+2 (59)

for Ω ∈ {PBT,PBTcl}. Furthermore, Γ∼PBTq Γk-EPR.

4.2.3. Comparing FPBT(Γk-EPR) and FPBTcl
(Γk-EPR)

Theorem 14 expresses the performance of PBT, PBTcl, and PBTq for any PCF bipartite graph state in
relation to Γk-EPR =Ψ+⊗k, where k denotes the number of isolated EPR pairs contained as a sub-graph.
Therefore, it is of interest to compute the teleportation fidelities of Γk-EPR. The precise computation of
FPBTcl

(Γk-EPR) is significantly more challenging than that of FPBT(Γk-EPR): we cannot effectively utilize
Schur-Weyl duality since the full U(2) symmetry is broken by the classical states in Bk+1 and Bk+2. For
arbitrary k, we can numerically compute FPBTcl

via SDP although the numerical computation is not feas-
ible for bigger k. We refer to appendix K for further details regarding this SDP formulation.

However, for k= 1 we obtain FPBTcl
(Γ1-EPR) =

7
12 from a straightforward calculation (see

appendix M), which surpasses the classical threshold of 0.5. This value corresponds to the PBT fidelity
of (Γ1-EPR)AB1 ⊗ |01〉〈01|B2B2 . Notably, the minimum number of qubit systems required for the PBT pro-
tocol to surpass the classical threshold is four, with one system on Alice’s side and three on Bob’s side.
Indeed, the optimal PBT fidelity of arbitrary states in the qubit systems A2B2 is numerically determined
to be 0.5 [19], and hence the optimal fidelity across three systems cannot exceed 0.5.

We now turn our attention to deriving bounds on FPBTcl
(Γk-EPR). Let ρ= Γk-EPR ⊗ |0〉〈0|Bk+1 ⊗

|1〉〈1|Bk+2 , and recall from equation (8) that FPBT(ρ) = FPBTcl
(Γk-EPR). In other words, finding

FPBTcl
(Γk-EPR) is equivalent to finding an optimal POVM for the state discrimination problem
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associated with the state ensemble {ρ(i) := TrBc
i
(ρ)}k+2

i=1 . Let {E( j)}kj=1 be the PGM associated with

{ρ( j)}kj=1, i.e.

E( j) := ρ̄−
1
2 ρ( j)ρ̄−

1
2 , ρ̄=

k∑
i=1

ρ(i), (60)

where ρ̄−
1
2 denotes the pseudo-inverse of ρ̄

1
2 . Since E( j) has no support on |0k〉Ak ⊗ |1〉B or |1k〉Ak ⊗ |0〉B

for any j, we can establish a trivial lower bound for FPBT(ρ) by considering the following POVM Π =
{Π(i)}k+2

i=1 :

Π( j) :=


E( j) j ⩽ n

|1k〉〈1k|Ak ⊗ |0〉〈0|B j = k+ 1

|0k〉〈0k|Ak ⊗ |1〉〈1|B j = k+ 2.

(61)

Since {M(i)}ki=1 is the optimal measurement for standard PBT, we achieve a separation between
FPBT(Γk-EPR) and FPBTcl

(Γk-EPR):

FPBT (Γk-EPR)+
1

2k+1
⩽ FPBTcl

(Γk-EPR) . (62)

The term 1
2k+1 on the left-hand side of the inequality arises from the classical part 1

2Tr[ρ
k+1M(k+1)] =

1
2Tr[(|1〉〈1|

⊗n
Ak ⊗ |0〉〈0|B)ρk+1].

The above discussion gives a lower bound on the fidelity FPBTcl
(Γk-EPR). In appendix J we prove an

(asymptotically matching) upper bound

FPBTcl
(Γk-EPR)⩽ FPBT (Γk-EPR)+

2+ k

2k+2
. (63)

We summarize these findings in the following proposition:
Proposition 15.

FPBT (Γk-EPR)+
1

2k+1
⩽ FPBTcl

(Γk-EPR) (64)

⩽ FPBT (Γk-EPR)+
2+ k

2k+2
. (65)

We further present a tighter lower bound given by the POVM M= {E(i)}ki=1 ∪
{M(k+1),X⊗k+1M(k+1)X⊗k+1}, where M(k+1) is defined as

M(k+1) :=



⌊k/2⌋∑
i=0

Pi
(
1− M̃

)
Pi +

1

2
P⌈k/2⌉

(
1− M̃

)
P⌈k/2⌉

+|1〉〈1|⊗k
Ak ⊗ |0〉〈0|B (k is odd)

k/2∑
i=0

Pi
(
1− M̃

)
Pi + |1〉〈1|⊗k

Ak ⊗ |0〉〈0|B

(k is even) .

(66)

Here, M̃=
∑k

i=1E
(i) and Pi = |ξi〉〈ξi| is a projection where

|ξi〉 :=
1√

|Si|+ |Si−1|

∑
s∈Si

|s0〉AkB −
∑

t∈Si−1

|t1〉AkB

 (67)

Si :=
{
s ∈ {0,1}k : |s|= i

}
, (68)

with |s| denoting the Hamming distance of the string s. We can verify that M is a valid POVM, and the
numerical value of this lower bound is illustrated in figure 2.
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Figure 2. The teleportation fidelity of PBT protocols as a function of the number of EPR pairs used as a resource. FPBT =
FPBT(Γn-EPR) and FPBTcl

= FPBTcl
(Γn-EPR) are the entanglement fidelities defined in (16) and (18), respectively. Flower denotes

the lower bound FPBT(ρ,M) on FPBTcl
using the POVMM in equation (66), and Fupper is the upper bound FPBT(Γn-EPR)+

n+2
2n+2

on FPBTcl
from proposition 15. Fcl = 1/2 shows the classical threshold.

4.3. Symmetrized EPR states
In certain applications, it may be desirable to have permutation symmetry among the different port

states. A permutation invariant PBT state ρABn is one such that ρ(i)AB = TrBc
i
ρABn is the same reduced

state for all i. Utilizing these states ensures that the output of an asynchronous multi-port computation
remains consistent, irrespective of the selected port. Another useful symmetry is simultaneous unitary cov-
ariance [31], which is crucial in applications such as universal programmable quantum processor [6],
unitary gate estimation [60], and port-based state preparation [10].

Given an arbitrary state ρBn for Bob’s system, we can construct a PBT channel that possesses both
of these symmetries. The resource state |ρ̃〉AnBn we construct involves Alice’s system also having a port
structure An with |Ai|= |Bi|, like it does when she and Bob share n EPR pairs. The method for building
|ρ〉AnBn begins by symmetrizing ρBn over system permutations and local copies of unitary operations

ρBn 7→ ρ̃Bn =
1

|Sn|
∑
π∈Sn

ˆ
U(|B|)

U⊗nπρBnπ†U†⊗n dU. (69)

We then define |ρ̃〉AnBn to be the canonical purification of ρ̃Bn ,

|ρ̃〉AnBn =
√
|B|n

(
IAn ⊗ ρ̃

1
2
Bn

)
|Φ+

|B|〉
⊗n. (70)

We emphasize that this is just a mathematical recipe for generating symmetric PBT states, and in general
it does not correspond to a physical protocol that Alice and Bob can perform to build |ρ̃〉AnBn from some
initial ρA′Bn . By construction, the state |ρ̃〉AnBn and its reduced state ensembles {ρ(i) ≡ TrBc

i
|ρ̃〉〈ρ̃|AnBn}ni=1

will satisfy the following properties:

i) πAnρ
(i)
AnBπ

†
An = ρ

(π(i))
AnB ∀π ∈ Sn

ii) (U⊗n
An ⊗UB)ρ

(i)
AnB(U

†⊗n
An ⊗UT

B)k= ρ
(i)
AnB ∀U ∈ U(|B|).

Any state ρAnBn satisfying these conditions are called symmetric PBT states.
Symmetric PBT states enable the use of representation-theoretic tools to compute exact fidelity val-

ues. For example, consider any density matrix ωAnBn that is invariant under the action of U⊗n
An ⊗U

⊗n
Bn .

States of this form constitute the class of so-called Werner states. Assume further that ωAnBn is invariant
under arbitrary bilateral permutations AiBi 7→ Aπ(i)Bπ(i). Then the reduced state ωBn will be invariant
under the twirling map of equation (69), and let |ω〉AnBn denote the canonical purification of ωBn . It is
known that the PGM associated with the ensemble {Φ+

AiB
⊗ 1̂Ac

i
}ni=1 yields the optimal FPBT(|ω〉〈ω|).

Moreover, a formula for the fidelity is given by

FPBT (|ω〉〈ω|) =
1

4

∑
α⊢2n−1

 ∑
µ=α+□

√
cµmµdµ

2

, (71)
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where cµ’s are the non-negative coefficients in the Schur-Weyl decomposition (see appendix I) of ωBn

[30]:

ωBn =
⊕
µ⊢dn

cµ1Vd,µ ⊗1Wµ
. (72)

Our goal now is to perform a similar analysis and compute FPBT of the pure state |Σ̃k,n〉AnBn

obtained by symmetrizing the state

Σk,n
Bn = 1̂Bk ⊗ |+̂〉〈+̂|Bk+1...Bn . (73)

We can interpret Σk,n
Bn as arising from k EPR pairs shared between Alice and Bob plus (n− k) additional

ports on Bob’s side each being in the pure state |+〉. The PBT state |Σ̃k,n〉AnBn that we consider is the
canonical purification of Σ̃k,n

Bn , with the latter being obtained from Σk,n
Bn by applying the twirling map of

equation (69).
We first consider the simple case k= 1 to illustrate the proof idea, and then state a more general res-

ult in proposition 16 below. Schur–Weyl duality (see appendix I) states that the symmetrization of the
state in (73) yields a twirled state Σ̃1,n

Bn with the following block-diagonal form:

Σ̃1,n
Bn =

⊕
λ⊢2n

cλ1V2,λ ⊗1Wλ
. (74)

The coefficients cλ can be computed via

cλ =
Tr
[
Σ̃1,n

Bn Pλ
]

mλdλ
, (75)

where Pλ is the isotypical projection (defined in equation (I8)) for the Sn-representation Wλ, and mλ
and dλ are the dimensions of V2,λ and Wλ respectively. Then xλ := cλmλdλ becomes

xλ = Tr
[
Σ̃1,n

Bn Pλ
]

(76)

= Tr

[
1

2
1B1 ⊗ |+〉〈+|⊗n−1

Bn−1 Pλ

]
(77)

=
1

2
〈+|⊗n−1TrB1 (Pλ) |+〉⊗n−1 (78)

=
1

2

∑
α∈λ−□

mλ
mα

〈+|⊗n−1Pα|+〉⊗n−1. (79)

For the last equality, we used the following formula for calculating the partial trace TrB1Pλ [30]

TrB1Pλ =mλ
∑

α∈λ−□

1

mα
· Pα, (80)

where α ∈ λ−□ denotes that the summation is over all Young diagrams α obtained by removing a box
from λ. Since Pα for any α= (α1,α2) with α2 > 0 involves an antisymmetrization over at least two sys-
tems, we have

〈+|⊗n−1Pα|+〉⊗n−1 =

{
1 if α= (n− 1,0) ;

0 otherwise,
. (81)

The only possible λ= (λ1,λ2) `2 n with α= λ−□ and xλ 6= 0 are (n,0) and (n− 1,1). In these cases,
by the dimension formula (I6)
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xλ =
mλ

2 ·m(n−1,0)
=
λ1 −λ2 + 1

2n
. (82)

When n= 2, α= (1,0) is the only possible Young diagram and we have

FPBT

(
Σ̃1,2

A2B2

)
=

1

4

∑
α⊢21

 ∑
λ∈α+□

√
xλ

2

(83)

=
1

4

(√
x(2,0) +

√
x(1,1)

)2
(84)

=
1

8

(
2+

√
3
)
, (85)

whose value is smaller than the classical threshold of 1
2 . For n> 2,

FPBT

(
Σ̃1,n

AnBn

)
=

1

4

∑
α⊢2n−1

 ∑
λ∈α+□

√
xλ

2

(86)

=
1

4

 ∑
λ∈(n−1,0)+□

√
xλ

2

+
1

4

 ∑
λ∈(n−2,1)+□

√
xλ

2

(87)

=
1

4

((√
x(n,0) +

√
x(n−1,1)

)2
+ x(n−1,1)

)
(88)

=
1

4

(√n+ 1

2n
+

√
n− 1

2n

)2

+
n− 1

2n

 (89)

=
3n+ 2

√
n2 − 1− 1

8n
(90)

We can generalize this result to arbitrary k⩽ n, as stated in the following proposition and proved in
appendix L.

Proposition 16. Let k,n be positive integers with k⩽ n. Then

FPBT
(
Σ̃k,n

)
=
(
2k+2 (n− k+ 1)

)−1

[
(n− 2k+ 1)δn−1⩾2k

+
k∑

i=1

δn+1⩾2i

(√
(n− 2i+ 3)

(
k

i− 1

)

+

√
(n− 2i+ 1) ·

(
k

i

))2]
(91)

where δ is the indicator function. Moreover, for fixed a k we have

lim
n→∞

FPBT
(
Σk,n

)
= 2−k−2

1+
k∑

i=1

(√(
k

i− 1

)
+

√(
k

i

))2
 . (92)

Specifically when k= 1 and n= 3, we observe FPBT(|Σ̃1,3〉)≈ 0.5690, which exceeds the classical
bound. From the fact that the optimal PBT fidelity with any resource state on A2B2 is numerically
determined to be 0.5 [19], we need at least three ports on Bob’s side to witness quantum advantage.
However, as n grows the asymptotic limit reaches

lim
n→∞

FPBT

(
Σ̃1,n

)
=

1+(1+ 1)2

8
=

5

8
= FPBT

(
Φ+⊗3

)
, (93)

which means that distributing one EPR pair of entanglement over however many ports cannot perform
better than having three EPR pairs of entanglement.
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4.4. General states
A close examination of the optimal measurement for Alice found in section 4.1.2 for FPBTq(ρd,f) shows

that it involves a projection onto the maximally entangled state for Π(1), and then a choice of Π(i) and

σ(i) (for i> 1) such that
∑

iΠ
(i)
AB = 1⊗1−Φ+

d and
∑d

i=1Tr[Π
(1+i)
AB (1⊗σ(i))] = d2 − 1. The reason why

the latter equality can be achieved is because 1⊗1−Φ+
d is separable. In fact, it is known that 1⊗1−

|φ〉〈φ| is separable for any bipartite state |φ〉 [77]. We should therefore expect that part of Theorem 6
can be generalized. The following proposition shows this is the case.

Proposition 17. Let ρAB be any bipartite state such that ρA = 1
|A| . Then

FPBTq (ρAB)⩾max

{
1

|B|
+

‖ρAB‖∞
|B|2

− 1

|A||B|2
,

1

|B|

}
. (94)

Proof. Let |φ〉 be an eigenvector of ρAB such that 〈φ|ρAB|φ〉= ‖ρAB‖∞. Then as noted above, 1⊗1−
|φ〉〈φ| is separable, and we can write it as 1⊗1− |φ〉〈φ|=

∑s
i=1 |αi〉〈αi| ⊗ |βi〉〈βi| with the |βi〉 being

normalized pure states and |A||B| − 1=
∑s

i〈αi|αi 〉. The PBT protocols then involves Bob preparing the
state |βi〉 in port i+ 1, and Alice performs the POVM with measurement operator Π(1) = |φ〉〈φ| and
Π(1+i) = |αi〉〈αi| ⊗ |βi〉〈βi| for i = 1, . . . , s. Hence,

FPBTq (ρAB)⩾
1

|B|2

(
Tr
[
Π(1)ρAB

]
+

1

|A|

s∑
i=1

Tr
[
Π(1+i) (1⊗ |βi〉〈βi|)

])
(95)

=
1

|B|2

(
‖ρAB‖∞ +

1

|A|

s∑
i=1

〈αi|αi 〉

)
(96)

=
1

|B|
+

‖ρAB‖∞
|B|2

− 1

|A||B|2
. (97)

As an application of proposition 17, we show that any bipartite state that can exceed the classical
teleportation threshold using one-way LOCC can also exceed the threshold under PBTmax. Hence, inter-
active local quantum processing is not necessary to realize the one-way teleportation capability of any
bipartite state.

Corollary 18. A bipartite state ρAB can generate a |C|-dimensional teleportation channel whose fidelity exceeds
1
|C| by one-way LOCC if and only if it can also generate such a channel using PBTmax.

Proof. Denote by d the local dimension |C|. As shown in reference [18], a d-dimensional one-way teleport-
ation channel built using ρAB can attain a fidelity above 1

d iff there exists a local CPTP map E : B→ C on
Bob’s side such that

σA ⊗1C −σAC 6⩾ 0, (98)

where σAC = idA ⊗EB→C(ρAB) so that σA = ρA. Suppose this condition is satisfied so that there exists a map
E : B→ C on Bob’s side and a bipartite state |ψ〉 such that 〈ψ|σAC|ψ〉> 〈ψ|σA ⊗1|ψ〉. Let PA denote the
projector onto the support ofΨA = TrC|ψ〉〈ψ|AC and P ′

A the projector onto the support of PAσAPA. Note,
〈ψ|σAC|ψ〉> 0 implies that PAσAPA is nonzero, and so ‖(PAσAPA)−1‖∞ is finite. Define the states σ̂AC =

1
Tr[P ′

A]
(PAσAPA)−1/2(PAσACPA)(PAσAPA)−1/2 and |φ〉=

√
PAσAPA⊗1|ψ⟩

⟨ψ|PAσAPA⊗1|ψ⟩ so that

1<
〈ψ|σAC|ψ〉

〈ψ|σA ⊗1|ψ〉
=

〈ψ|PAσACPA|ψ〉
〈ψ|PAσAPA ⊗1|ψ〉

(99)

= Tr [P ′
A]〈φ|σ̂AC|φ〉. (100)

Therefore, the state σ̂AC satisfies σ̂A = 1
Tr[P ′

A]
P ′
A and ‖σ̂AC‖∞ > 1

Tr[P ′
A]
. We can hence apply proposition 17 to

the state σ̂AC to obtain

FPBTq (σ̂AC)⩾
1

d
+

‖σ̂AC‖∞
d2

− 1

Tr [P ′
A]d

2
>

1

d
. (101)

A full teleportation protocol in PBTmax consists of Bob applying the pre-processing channel E of
equation (98) to his system of ρAB, and also preparing in auxiliary ports the classical states |1〉〈1| ⊗ · · · ⊗
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|d〉〈d| along with the states |β1〉⊗ · · · ⊗ |βs〉 from proposition 17. Alice’s action then consists first of per-
forming a filtering measurement that either applies (PAσAPA)−1/2 to her system with some nonzero prob-
ability, or it collapses her system to some failure state. Formally, this is done using an instrument with two

outcomes defined by Kraus operatorsM0 = λ(PAσAPA)−1/2 andM1 =

√
1−M†

0M0, respectively, where

λ= ‖(PAσAPA)−1‖−1/2
∞ . In the first case, Alice and Bob follow the PBT protocol of proposition 17 to attain

a conditional fidelity larger than 1
d . In the second case, Alice and Bob just perform the optimal classical pro-

tocol on the channel input to attain a fidelity of 1
d . Since Bob has prepared classical registers, the classical

protocol can be run as a PBT protocol. Averaging over both cases yields a fidelity strictly larger than 1
d .

5. Conclusion

In this paper, we have developed a class of QRTs for one-way communication protocols with pre-shared
entanglement between two parties, Alice and Bob, motivated by port-based teleportation originally pro-
posed by Ishizaka and Hiroshima [6]. These QRTs effectively capture the time-independence of Bob’s
local processing, a feature that is essential for numerous applications of PBT. Our operational models
are defined by free operations that consist of local operations on Alice’s side, one-way classical com-
munication, trivial decoding achieved by discarding Bob’s subsystems, and a subset of quantum pre-
processing operations on the receiver’s side prior to receiving classical information. The QRT of PBT
pertains to the minimal possible decoding on Bob’s side, which is analogous to the original protocol. We
then defined PBTcl as a scenario that combines PBT with arbitrary classical processing. Interestingly,
we found that the optimal way to integrate classical processing into PBT is not simply to probabilistic-
ally choose between performing standard PBT and the optimal classical protocol. Instead, the optimal
strategy involves using the classical states as additional ports on Bob’s side and modifying Alice’s POVM
to select them. The fidelity can be improved even further by using quantum states in the additional
ports, and we explored this in the QRT of PBTq.

For Ω ∈ {PBT,PBTcl,PBTq}, we showed that FΩ(ρ) cannot exceed the classical teleportation bound
if each state ρ(i) ≡ TrBc

i
ρ in the PBT ensemble satisfies the reduction criterion. Conversely, we showed

that if ρAB can violate the reduction criterion after a pre-processing map on Bob’s side, then the classical
teleportation bound can always be broken using PBTmax. This finding not only demonstrates the power
of PBTmax, but it also establishes another connection between teleportation and the reduction criterion.

We also considered specific examples of ρAB. We first examined the family of isotropic states
involving one port on Bob’s side and obtained specific values for FΩ(ρAB). These values enabled us to
demonstrate strict inclusions in the hierarchy PBT⊊ PBTcl ⊊ PBTq ⊊ PBTmax. We then moved on
to the case where ρAB is an arbitrary bipartite graph state with any number of ports. We proposed a
PCF for such states, which is an LU-equivalent graph that yields the same optimal fidelity for the vari-
ous teleportation protocols we consider. Surprisingly, we could show that FΩ(ΓAB) with a PCF graph
state Γ AB is fully characterized by the number of isolated EPR pairs in the graph. As a special case, we
showed that FPBTcl

(Φ+) = FPBT(Φ
+
AB1

⊗ |0〉〈0|B2 ⊗ |1〉〈1|B3) exceeds the classical bound. This provides the
smallest possible example in which any protocol from PBT, PBTcl, or PBTq can exceed the non-classical
threshold, since it is not possible to do so using these operations when Bob has two qubits [19]. On the
other hand, since PBTmax is sufficiently strong to break the classical threshold for two-qubit states, it is
an interesting open problem to identify the minimal type of pre-processing beyond PBTq needed for
non-classical teleportation of two-qubit states.

Data availability statement

No new data were created or analysed in this study.

Appendix A. Cardinality bound forPBTq (Proof of proposition 1)

Here and in the following appendices, we give detailed proofs of some of our main results. These pro-
positions and theorems are restated without numbers at the beginning of each section for the conveni-
ence of the reader.

Proposition (Restatement of proposition 1). Every channel in PBTq(ρAB,C0 → B) can be generated by a
positive operator-valued measure (POVM) of Alice having s⩽ |C0|2(|A|2 + |B|2) outcomes.
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Proof. First observe that we can express the action of ΛC0→B on an arbitrary state τC0 as

ΛC0→B (τC0) = TrC ′
0

[
τC ′

0
idC ′

0
⊗ΛC0→B

(
FC0C ′

0

)]
(A1)

=
n∑

i=1

TrAC0C ′
0

[
τC ′

0
Π

(i)
AC0

(
ρ
(i)
AB ⊗FC0C ′

0

)]
(A2)

+
s∑

i=n+1

TrC ′
0

[
τC ′

0
TrAC0

[
Π

(i)
AC0

(
ρA ⊗FC0C ′

0

)]]
σ
(i)
B (A3)

where FC0C ′
0
=
∑|C0|

i,j=1 |ij〉〈ji|C0C ′
0
. Let us focus on the part

∑s
i=n+1TrAC0 [Π

(i)
AC0

(ρA ⊗FC0C ′
0
)]σ

(i)
B in the last

term of this equation. For any POVM {Π(i)
AC0

}i by Alice and any state preparations {σ(i)
B }si=1 by Bob, let us

denote

ΩAC0 =
s∑

i=n+1

Π
(i)
AC0

=
s∑

i=n+1

piΠ̂
(i)
AC0

(A4)

ΥC ′
0 B

=
s∑

i=n+1

piTrAC0

[
Π̂

(i)
AC0

(
ρA ⊗FC0C ′

0

)]
σ
(i)
B , (A5)

where pi =
Tr[Π(i)

AC0
]∑s

i=n+1 Tr[Π
(i)
AC0

]
and Π̂

(i)
AC0

=
Π

(i)
AC0

Tr[Π(i)
AC0

]
. Thus, (ΩAC0 ,ΥC′

0B
) lies in the convex hull generated by

the points (Π̂(i)
AC0
,TrAC0 [Π̂

(i)
AC0

(ρA ⊗FC0C ′
0
)]σ

(i)
B ). Since this is a convex subset of R|A|2|C0|2−1 ×R|C0|2|B|2 ,

Carathéodory’s theorem ensures that (ΩAC0 ,ΥC ′
0 B
) can be generated by no more than κ := |C0|2(|A|2 + |B|2)

of these points. Consequently, we can always replace Alice’s POVM to have no more than κ outcomes while
still generating the same channel ΛC0→B.

Appendix B. Computing FPBTcl(ρd,f) (Proof of theorem 5)

Theorem (Restatement of theorem 5). The classical-processing port-based teleportation (PBT) fidelity of the
isotropic state ρd,f is given by

FPBTcl

(
ρd,f
)
=


1

d
+

(1− df)2

d2 (d2f− 1)
if f > 1

d ,

1

d
otherwise.

(B1)

For f > 1
d , this fidelity exceeds the classical fidelity, FPBTcl

> 1
d .

Proof. Let f > 1
d . We first consider the dual formulation of the semidefinite program (19) characterizing the

teleportation fidelity FPBTcl
:

min

{
Tr(K) : K⩾ 1

d2
σ(i)for i = 1, . . . ,d+ 1

}
, (B2)

where σ(i) = 1
d1⊗ |i〉〈i| for i = 1, . . . ,d, and σd+1 = ρd,f.

We make the following ansatz for K in (B2):

K=
1

d3
1d2 +

f(1− df)

d2 (1− d2f)
|γ〉〈γ| − 1− df

d3 (1− d2f)

∑
i
|ii〉〈ii|. (B3)

To show that this operator is feasible in (B2), we first consider the constraint K− 1
d2σ

(i) ⩾ 0 for i = 1, . . . ,d.
Assuming i= 1 for simplicity (the other cases follow analogously), we have with σ1 =

1
d1d ⊗ |1〉〈1| that

K− 1

d2
σ1 =

1

d3
1d ⊗

d∑
j=2

|j〉〈j|+ f(1− df)

d2 (1− d2f)
|γ〉〈γ| − 1− df

d3 (1− d2f)

d∑
i=1

|ii〉〈ii|. (B4)

This operator has a block-diagonal structure

K− 1

d2
σ1 ∼=

1

d3
1⊕M, (B5)
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consisting of a (d× d)-matrixM (given in (B6) below) acting on the subspace spanned by {|ii〉}di=1, and a
diagonal part with elements 1/d3 ⩾ 0. Positive semidefiniteness of the operator in (B4) is therefore equival-
ent to positive semidefiniteness of theM matrix given by

M=


b− c b b . . . b
b a+ b− c b . . . b
b b a+ b− c . . . b
...

...
...

. . .
...

b b b . . . a+ b− c

 , (B6)

where

a=
1

d3
, b=

f(1− df)

d2 (1− d2f)
, c=

1− df

d3 (1− d2f)
. (B7)

This matrix has eigenvalues

a− c=
1

d3

(
1− 1− df

1− d2f

)
⩾ 0 (since f⩾ 1/d2), (B8)

and 1
2

(
a+ db− 2c±

√
D
)
= 0, with D= (a+ db)2 − 4ab. A straightforward calculation shows that, since

f⩾ 1/d2,

a+ db− 2c=
√
D=

1

d3 (d2f− 1)

(
d3f − 2df + 1

)
⩾ 0. (B9)

Hence,M has non-negative eigenvalues, and the operator K− 1
d2σ1 in (B4) is indeed positive semidefinite.

The same argument can be used to show that K− 1
d2σ

(i) ⩾ 0 for i = 2, . . . ,d.

It remains to check the feasibility constraint for the isotropic state ρd,f =
1−f
d2−11d2 +

d2f−1
d(d2−1) |γ〉〈γ|:

K− 1

d2
ρd,f =

(
1

d3
− 1− f

d2 (d2 − 1)

)
︸ ︷︷ ︸

=:x

1d2 +

(
f(1− df)

d2 (1− d2f)
− d2f− 1

d3 (d2 − 1)

)
︸ ︷︷ ︸

=:y

|γ〉〈γ| − 1− df

d3 (1− d2f)︸ ︷︷ ︸
=:z

∑
i
|ii〉〈ii|.

(B10)

Similar to before, this matrix has a block-diagonal structure

K− 1

d2
ρd,f ∼= x1⊕N, (B11)

consisting of a diagonal matrix with diagonal elements x defined in the first line of (B10), and a (d× d)-
matrix N (given in (B12) below) acting on the subspace spanned by {|ii〉}di=1. Since d> 1 and 1/d2 ⩽ f⩽
1, we have x⩾ 0, and hence the diagonal part of the matrix (B10) is positive semidefinite. The matrix N is
given by

N=


x+ y− z y . . . y

y x+ y− z . . . y
...

...
. . .

...
y y . . . x+ y− z

 . (B12)

Its distinct eigenvalues are λ1 = 0 (with multiplicity 1) and

λ2 =
d2f 2 +

(
d3 − 2d2 − d

)
f+ 1

d2 (d2 − 1)(d2f− 1)
(B13)

with multiplicity d− 1. The eigenvalue λ2 is non-negative for d⩾ 2, so that the operator in (B10) is positive
semidefinite, and thus K⩾ 1

d2 ρd,f.
The discussion so far shows that the K given in (B3) is feasible in (B2), hence giving the following upper

bound on the fidelity for f⩾ 1/d:

FPBTcl

(
ρd,f
)
⩽ Tr(K) =

1

d
+

(1− df)2

d2 (d2f− 1)
. (B14)
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To show that we actually have equality in (B14) for f⩾ 1/d, we use the primal problem (19). To this end,
we define constants

a=
(d− 1)df

d2f− 1
b= 1− a c=

2+ d3f 2 − d(1+ 2f)

(d2f− 1)2
(B15)

and vectors |ψi〉=−a|ii〉+ b
∑

j ̸=i |jj〉 for i = 1, . . . ,d. Now consider the POVM Π = {Π(i)}d+1
i=1 with ele-

ments

Π(i) = |ψi〉〈ψi|+(1d − |i〉〈i|)⊗ |i〉〈i|for i = 1, . . . ,d (B16)

Πd+1 = c|γ〉〈γ|. (B17)

These are manifestly positive semidefinite, and one can check that
∑

i Π
(i) = 1d2 . Hence, Π constitutes a

valid POVM. We further compute, for i = 1, . . . ,d,

Tr
(
Π(i)σ(i)

)
=

1

d

(
a2 + d− 1

)
Tr(Πd+1σd+1) = cdf. (B18)

This POVM then gives the following lower bound on the fidelity FPBTcl
(ρd,f) for f⩾ 1/d:

FPBTcl

(
ρd,f
)
⩾ 1

d2

d+1∑
i=1

Tr
(
Π(i)σ(i)

)
=

1

d2
(
a2 + d− 1+ cdf

)
=

1+ d3f + d2f 2 − d(1+ 2f)

d2 (d2f − 1)
, (B19)

which can be shown to be equal to the RHS of (B14), and thus proves equality therein.
Hence, we have shown that

FPBTcl

(
ρd,f
)
=


1

d
+

(1− df)2

d2 (d2f− 1)
if f⩾ 1/d

1

d
otherwise,

(B20)

which concludes the proof.

Appendix C. Computing FPBTq(ρd,f) (Proof of theorem 6)

Theorem (Restatement of theorem 6). The optimal PBT fidelity with quantum state preparation of the
isotropic state ρd,f is equal to

FPBTq

(
ρd,f
)
=


1

d
+

f

d2
− 1

d3
if f⩾ 1/d

1

d
otherwise.

(C1)

Proof. Similar to before, we restrict our attention to the regime f⩾ 1/d, as the isotropic state ρd,f is separ-
able for f⩽ 1/d and hence the classical teleportation fidelity 1/d is the maximal achievable fidelity [14].
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We recall that the PBTq fidelity is given by

FPBTq

(
ρd,f
)
=

1

d2
max

{Π(i)}d4+1

i=1

{σ(i)}d4

i=1

Tr[Π(1)
AB ρd,f

]
+

1

d

d4∑
i=1

Tr
[
Π

(1+i)
AB

(
1⊗σ(i)

)] (C2)

=
1

d2
max

{Π(i)}d4+1

i=1

Tr[Π(1)
AB ρd,f

]
+

1

d

d4∑
i=1

‖Π(1+i)
B ‖∞

 , (C3)

where ‖X‖∞ =max|φ⟩〈φ|X|φ〉/〈φ|φ〉 denotes the spectral norm of hermitian operator X. For any unitary
U ∈ U(d), the U⊗U invariance of ρd,f and the unitary invariance of the spectral norm imply that

Tr
[
Π(1)ρd,f

]
+

1

d

d4∑
i=1

‖Π(1+i)
B ‖∞ = Tr

[(
U⊗U

)
Π(1)

(
U⊗U

)†
ρd,f

]
+

1

d

d4∑
i=1

‖Π(1+i)
B ‖∞. (C4)

Hence, by averaging over unitaries drawn from a t-design of U(d), there is some finite s so that

FPBTq

(
ρd,f
)
=

1

d2
max{
Π

(i)
AB

}s+1

i=1

{
Tr
[
Π

(1)
AB ρd,f

]
+

1

d

s∑
i=1

‖Π(1+i)
B ‖∞

}
, (C5)

where Π(1) and Π(0) := 1−Π(1) are both U⊗U-invariant operators, thus having the isotropic form of

equation (33) (up to normalization). By writing Π(1)
AB = sΦ+

d + r(1AB −Φ+
d ) and substituting this into the

previous equation, the optimization problem readily reduces to

FPBTq

(
ρd,f
)
=

1

d2
max

{
sf+ r(1− f)+

1−s+(1−r)(d2−1)
d

s∑
i=1

‖Π(1+i)
B ‖∞ :

subject to
s∑

i=1

Π
(1+i)
AB = ρd,t,

0⩽ r, s⩽ 1,

t=
1− s

1− s+(1− r)(d2 − 1)
,

Π
(1+i)
AB ⩾ 0

}
.

(C6)

For a given t, consider the optimization

max

{
s∑

i=1

‖Π(1+i)
B ‖∞

∣∣∣∣ s∑
i=1

Π
(1+i)
AB = ρd,t, Π

(1+i)
AB ⩾ 0, s ∈ N

}
. (C7)

First, since the value of s can be taken as large as desired, without loss of generality we can assume that

all the Π(1+i)
AB are rank-one positive operators, Π(1+i)

AB := |ϕi〉〈ϕi|AB, which need not be normalized. Then
‖TrA(|ϕi〉〈ϕi|AB)‖∞ is the largest Schmidt coefficient of |ϕi〉AB. We can express this as

‖TrA (|ϕi〉〈ϕi|AB)‖∞ = 〈ϕi|ϕi 〉−Ed−1 (ϕi) , (C8)

where Ed−1(ϕi) =
∑d

k=2λ
↓
k (ϕi) is the so-called (d− 1)-Ky-Fan entanglement measure of bipartite vector

|ϕi〉=
d∑

k=1

√
λ↓k (ϕi)|αk〉|βk〉 (C9)

whose Schmidt coefficients are enumerated in non-increasing order,
√
λ↓1 (ϕi)⩾

√
λ↓2 (ϕi)⩾ · · ·⩾

√
λ↓d(ϕi)

[71]. Then ∑
i

‖TrA (|ϕi〉〈ϕi|AB)‖∞ =
∑
i

〈φi|φi 〉−
∑
i

Ed−1 (φi) = 1−
∑
i

Ed−1 (φi) . (C10)
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When maximizing both sides over all rank one decompositions of ρd,t, we have

max∑
i |φi⟩⟨φi|=ρd,t

‖TrA (|ϕi〉〈ϕi|AB)‖∞ = 1− Êd−1 (ρd,t) , (C11)

where

Êd−1 (ρd,t) = min∑
iψi=ρd,t

∑
i

Ed−1 (ψi) (C12)

is the convex-roof extension of Ed−1 [72]. Here, we again assume that the |ψi〉 are sub-normalized for con-
venience; since piEd−1(ψi/pi) = Ed−1(ψi) for normalization factor pi = 〈ψi|ψi 〉, we can interpret Êd−1 as
the smallest average value of Ed−1 among all ensembles that generate ρd,t. The fidelity FPBTq(ρd,f) can there-
fore be expressed as

FPBTq

(
ρd,f
)
=

1

d2
max

{
sf+ r(1− f)+

1−s+(1−r)(d2−1)
d Êd−1 (ρd,t) ,

subject to t=
1− s

1− s+(1− r)(d2 − 1)
, 0⩽ r, s⩽ 1

}
.

(C13)

As computed in lemma 7, we have

Êd−1 (ρd,t) =

1 for t⩽ 1
d

1− t+
−1+2

(
t+
√

(d−1)(1−t)t
)

d for t> 1
d .

(C14)

Theorem 6 is then readily proven by substituting the expression for Êd−1(ρd,t) into equation (C13) and per-
forming an optimization over r and s for the two cases of t⩽ 1

d and t> 1
d .

We next carry out this somewhat tedious optimization. Our goal is to compute the following quantity:

FPBTq

(
ρd,f
)
=

1
d2

max

sf+ r(1− f)+
1− s+(1− r)

(
d2 − 1

)
d

×

1 for t< 1
d

1− t+
−1+2

(
t+
√

(d−1)(1−t)t
)

d for t⩾ 1
d .

subject to t=
1− s

1− s+(1− r)(d2 − 1)
, 0⩽ r, s⩽ 1.

}
(C15)

Case I: t≥ 1
d . Then for t= 1−s

1−s+(1−r)(d2−1) , we have

1− s+(1− r)
(
d2 − 1

)
d

Êd−1 (ρd,t) =
(1− r)

(
d2 − 1

)
d

−
1− s+(1− r)

(
d2 − 1

)
d2

+ 2

(
1− s+(d− 1)

√
(d+ 1)(1− r)(1− s)

d2

)
(C16)

⩽ (d+ 1)(1− s)

d
−

1− s+(1− r)
(
d2 − 1

)
d2

, (C17)

where we have used the inequality (d− 1)(1− s)≥ (1− r)(d2 − 1). Then by defining the regionR=
{(s, r) | 0⩽ s, r⩽ 1,(1− s)≥ (1− r)(d+ 1)}, we obtain the bound

FPBTq

(
ρd,f
)
⩽ max

(s,r)∈R

sf

d2
+

r(1− f)

d2
+

(d+ 1)(1− s)

d3
−

1− s+(1− r)
(
d2 − 1

)
d4

. (C18)

Since the RHS is linear in s and r, the maximum is attained on the boundary of the region. If r= 1, then the
RHS becomes

sf

d2
+

1− f

d2
+

(d+ 1)(1− s)

d3
− 1− s

d4
⩽ 2− f

d2
+

1

d3
− 1

d4
. (C19)

On the other hand, if (1− s) = (1− r)(d+ 1), then the RHS becomes

sf

d2
+

(d+ s)(1− f)

(d+ 1)d2
+

1− s

d2
⩽ 1

d2
+

1− f

d(d+ 1)
. (C20)
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Case II: t< 1
d . In this case, we consider the regionR ′ = {(s, r) | 0⩽ s, r⩽ 1,(1− s)≤ (1− r)(d+ 1)}, and

the optimization simplifies to

FPBTq

(
ρd,f
)
= max

(s,r)∈R ′

sf

d2
+

r(1− f)

d2
+

1− s+(1− r)
(
d2 − 1

)
d3

. (C21)

Again, it suffices to just consider the boundary. When s= 1, the RHS becomes

f+ r(1− f)

d2
+

(1− r)
(
d2 − 1

)
d3

⩽ 1

d
+

f

d2
− 1

d3
. (C22)

When s= 0, the RHS is

r(1− f)

d2
+

1+(1− r)
(
d2 − 1

)
d3

≤ 1

d
. (C23)

The final condition to consider is when (1− s) = (1− r)(d+ 1). Then the RHS becomes

sf

d2
+

(d+ s)(1− f)

(d+ 1)d2
+

1− s

d2
⩽ 1

d2
+

1− f

d(d+ 1)
. (C24)

Comparing all the cases, we find that the maximum of 1
d +

f
d2 −

1
d3 is attained by the choice of s= 1 and

r= 0. This completes the proof of theorem 6.

Appendix D. Computing Êd−1(ρd,t) (Proof of Lemma 7)

Lemma (Restatement of lemma 7). The entanglement measure Êd−1 defined in (39) assumes the following
values on isotropic states ρd,f:

Êd−1

(
ρd,f
)
=

1 for f⩽ 1
d

1− f+
−1+2

(
f+
√

(d−1)(1−f)f
)

d for f > 1
d .

(D1)

Proof. We follow the setup of reference [73]. Suppose that {|ψi〉}i is an optimal ensemble for ρd,f in the

definition of Ê(ρd,f). Then

ρd,f = TU⊗U

(
ρd,f
)
=
∑
i

TU⊗U (ψi) . (D2)

Let |ψi〉= Ui ⊗Vi
∑

k
√
µk,i|k〉⊗ |k〉 be a Schmidt decomposition with the µk,i labeled in non-increasing

order. Then

λi := |〈Φ+
d |ψi 〉|2 =

1

d

∣∣∣∣∣
d∑

k=1

〈k|VT
i Ui|k〉

√
µk,i

∣∣∣∣∣
2

⩽ 1

d

∣∣∣∣∣
d∑

k=1

√
µk,i

∣∣∣∣∣
2

=: λ ′
i . (D3)

Thus, TU⊗U(ψi) = λiΦ
+
d +(1−λi)/(d2 − 1)(1−Φ+

d ), and so we have

ρd,f =
(∑

i
λi

)
Φ+

d +
1−

(∑
iλi
)

d2 − 1

(
1⊗1−Φ+

d

)
. (D4)

Notice that f =
∑

iλi. If we were instead to use an ensemble {|ψ ′
i 〉}i which is the same as {|ψi〉} except with

Ui = Vi = 1 for every i, then
∑

iTU⊗U(ψ
′
i ) = ρd,f ′ with f ′ =

∑
iλ

′
i ⩾ f, by equation (D3). But we could

always mix ρd,f ′ with, say, the state T (|12〉〈12|) to reduce the singlet fraction from f ′ to f, since 〈Φ+
d |12〉= 0.

Furthermore, Ed−1(|12〉〈12|) = 0, so this mixing will never increase the average value of Ed−1 across the
generating ensemble. We therefore conclude that an optimal ensemble for ρd,f consists of two subsets: the
first has states |ψi〉 with a common Schmidt basis |ψi〉=

∑
k
√
µk,i|kk〉, the second consists of products states

having zero overlap with |Φ+
d 〉. Hence,

Êd−1

(
ρd,f
)
=max

1−
∑
i

d∑
k=1

µk,i +
∑
i

µ1,i : f =
1

d

∑
i

(∑
k

√
µk,i

)2

, 1⩾
∑
i=1

∑
k

µk,i

 . (D5)
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Note that the objective function in this optimization problem is equal to 1−
∑

i

∑d
k=2µk,i. We can write

∑
i

(∑
k

√
µk,i

)2

= p
∑
i

qi
p

(∑
k

√
µk,i

qi

)2

(D6)

where qi =
∑d

k=1µk,i and p=
∑

i qi. Since the function f(x) = (
∑d

k=1

√
xk)2 is concave [78], we have

∑
i

(∑
k

√
µk,i

)2

⩽

 d∑
k=1

√∑
i

µk,i

2

. (D7)

Thus, for any set of vectors |ψi〉=
∑

k
√
µk,i|kk〉 satisfying the constraint of equation (D5), there exists a

single vector, |ψ0〉=
∑d

k=1
√
µk,0|kk〉 with µk,0 =

∑
iµk,i, such that

1−
d∑

k=1

µk,0 +µ1,0 = 1−
∑
i

d∑
k=1

µk,i +
∑
i

µ1,i (D8a)

f⩽ 1

d

(
d∑

k=1

√
µk,0

)2

. (D8b)

We can scale down the vector components µk,0 to make the inequality in equation (D8b) tight, which
only increase the LHS of equation (D8a). Therefore, the maximum in equation (D5) can be attained by a
single vector |ψ0〉. Furthermore, by another application of concavity, we have

1

d

(
d∑

k=1

√
µk,0

)2

⩽ 1

d

√
µ1,0 +(d− 1)

√√√√ d∑
k=2

µk,0/(d− 1)

2

, (D9)

which implies we can restrict attention to vectors of the form |ψ0〉=
√
µ1|11〉+

√
ν
∑d

k=2|kk〉 with µ1 ≥ ν.
Consequently, we have

Êd−1

(
ρd,f
)
=max

{
1− (d− 1)ν : f =

1

d

(√
µ1 +(d− 1)

√
ν
)2
, 1⩾ µ1 +(d− 1)ν

}
. (D10)

For the case when f⩽ 1
d , we have Êd−1(ρd,f) = 1, which is attained by taking ν= 0 and µ1 = fd. On the

other hand, consider when f > 1
d . Then, it is clear that the maximum is obtained when the inequality in

equation (D10) is tight, 1= µ+(d− 1)ν. Indeed, if it is a strict inequality, then we can always decrease ν
and increase µ1 such that the object function increases while still satisfying the second equality for t. We can
therefore solve for µ1 and and the objective function becomes 1− (d− 1)ν = µ1, where

µ1 = 1− f+
−1+ 2

(
f+
√
(d− 1)(1− f) f

)
d

. (D11)

This concludes the proof.

Appendix E. Background on graph states

Given a simple graph Γ = (V,E) with the node set V and the edge set E, the graph state associated with
Γ is defined as

|Γ〉=
∏
uv∈E

CZuv|+〉⊗|V| (E1)

where CZuv is the control-Z unitary that acts on the u,v-th tensor factors as

CZuv|+〉u|+〉v =
1√
2
(|0〉u|+〉v + |1〉u|−〉v) =: |Ψ+〉uv. (E2)

Let |V|= n. Another way to define the graph state |Γ〉 is with stabilizer formalism. Define nth Pauli
group Pn as

Pn := {A1 ⊗ ·· ·⊗An | Ai ∈ P, i ∈ [n]} , (E3)
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where P is the Pauli group {±1,±i}×{X,Y,Z, I}. Given a simple graph Γ(V,E), the (graph) stabilizer
group G associated with Γ is defined as

G := 〈gi : i ∈ V〉, gi := XiZN(i), (E4)

where Ti := I⊗ ·· ·⊗T⊗ ·· ·⊗ I has the Pauli operator T ∈ {X,Y,Z, I} in the ith tensor factor, ZW :=∏
j∈WZj for W⊆ V, and N(i) denotes the set of neighbors of i in G. A stabilizer group is defined as an

abelian subgroup of Pk for some k, and therefore G is indeed a stabilizer group. A graph state |Γ〉 is a
stabilizer state corresponding the graph stabilizer group G associated with graph Γ, i.e.

Γ≡ |Γ〉〈Γ| := 1

|G|
∑
g∈G

g. (E5)

Lemma 19 (Reduced graph state) [76]). For a simple graph Γ = (V,E), let S⊂ V, T= V\S, and Γ−T the
subgraph of Γ obtained by removing nodes S. Let |Γ〉 denote the associated graph state and ΓS := TrT|Γ〉〈Γ| its
reduced state. Then,

(i) ΓS =
1

|GS|
∑
h∈GS

h, where GS is the subgroup of stabilizers for |Γ〉 that act trivially on V \ S.

(ii) We have

ΓS =
1

2|T|

∑
b∈Z|S|

2

∏
j∈T

Z
bj
N( j)|Γ−T〉〈Γ−T|Zbj

N( j), (E6)

=
1

2|T|

∑
b∈N (T)

Zf(b)|Γ−T〉〈Γ−T|Zf(b), (E7)

where we have defined the natural bijection f : ZS
2 ↔ 2S such that node j ∈ S belongs to f(b)⊂ S iff bj = 1,

andN (T) is the Z2-linear subspace of Z|S|
2 defined by

N (T) := SpanZ2
{b ∈ Z|S|

2 | f(b) = N( j)∩ S, j ∈ T}.
(iii) 2|S|

|GS|ΓS is a projection with the rank 2|S|

|GS| .

Proof. See [76] for the proof of (i) and the proof that ΓS is a multiple of a projection. Recall that {ZS|Γ〉 |
S⊂ V} forms an orthonormal basis for any graph state Γ. From this, it follows that the rank of ΓS is
2|S|/|GS|, which proves (iii). Finally, (ii) is obtained by a direct computation of the partial trace using the
form of |Γ〉 given in equation (E1).

Appendix F. The reduced states TrBc
i
|Γ⟩⟨Γ| (Proof of lemma 12)

Lemma 12. (Restated) Let Γ ∈ Gr,n be in PBT canonical form with k-EPR pairs. Then the reduced states

Γ
(i)
ArB := TrBc

i
|Γ 〉〈Γ | are

Γ
(i)
ArB =


Ψ+

AiB
⊗ 1̂Ar\Ai

if i ⩽ k,

E(i)
(
1̂Ar ⊗ |+〉〈+|B

)
E(i) otherwise.

(F1)

where 1̂ denotes the maximally mixed state (i.e. the normalized identity), |Ψ+〉 := 1√
2
(|0+〉+ |1−〉), and E(i)

is the unitary operator

E(i) =
∏

Aj∈N(Bi)

CZAjB. (F2)

Proof. Introduce the local dephasing map acting on system Ai as

∆Ai (ρ) :=
1

2

1∑
x=0

Zx
Ai
ρZx

Ai
. (F3)
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A crucial property of PBT canonical form (PCF) is that each Bi is only connected to node the Ai for i ⩽ r.
Hence, by lemma 19, tracing out any Bj for j = 1, . . . , r causes a complete dephasing of system Aj in the
graph state |Γ−Bj〉. On the other hand, for j> r, the effect of tracing out Bj is the collective map

∆N(Bj) (ρ) :=
1

2

1∑
x=0

Zx
N(Bj)

ρZx
N(Bj)

(F4)

applied to |Γ−Bj〉.
Suppose that i⩽ k. This means that Ai and Bi share an EPR state that is disconnected from the rest of the

graph. Hence, tracing out Bj for all j 6= i will cause complete dephasing on systems Ar \Ai. Since |Γ−Bc
i〉=

|Ψ+〉AiB|+̂〉Ar\Ai
, the reduced state is thus given byΨ+

AiBi
⊗ 1̂Ar\Ai

.
On the other hand, suppose that i> k. Then it must be that Ai is connected to both Bi and some Bl

with l 6= i and l> r. Tracing out Bl then applies the map∆N(Bl) to all systems in N(Bl). But note that all
systems Aj ∈ N(Bl) other than Ai are already independently dephased due to the tracing out of Bn \Bi.
Hence, the effect of∆N(Bl) on system Ai is also an independent dephasing map. The end result is a com-
plete dephasing of systems Am in the graph state |Γ−Bn \Bi〉= E(i)|+̂〉Ar |+〉B. This is precisely the state
E(i)(1̂Ar ⊗ |+〉〈+|Bi)E

(i).

Appendix G. Computing FPBT(Γ)with no isolated EPR pairs (Proof of proposition 13)

Proposition 13. (Restated) Suppose that Γ ∈ Gr,n is a PCF bipartite graph with r= rk(ΓBn) and no independ-
ent EPR pairs. Then

FPBT (Γ) =

{
1
2 −

1
2r+2 if ∃Bj w.|N

(
Bj

)
| being even,

1
2 −

1
2r+1 otherwise,

(G1)

FPBTq (Γ) =
1

2
. (G2)

Proof. The PBT fidelity is given by 1
4

∑n
i=1Tr[Γ

(i)
ArBΠ

(i)
ArB], maximized over all POVMs {Π(i)

ArB}ni=1. From
lemma 12, since Γ contains no isolated EPR pairs its reduced states Γ(i)’s are given by

Γ
(i)
ArB = E(i)

(
1̂Ar ⊗ |+〉〈+|B

)
E(i) ∀i. (G3)

As noted previously, each of the Γ(i)
ArB is separable and hence Γ(i) ⩽ TrBΓ(i) ⊗1. Therefore, by corollary 4, we

have FPBTq(Γ) =
1
2 .

We next proceed to show that the bound is strictly less than 1
2 when restricted to standard PBT protocols.

Observe that (i) Γ(i)
ArB =

1
2r Pi with Pi being a projector, and (ii) {Γ(i)

ArB}ni=1 forms a pairwise commuting set.
Property (i) follows from the fact that (E(i))2 = 1, while (ii) follows from the fact that [E(i),E( j)] = 0 for all

i, j. Hence, the problem of maximizing
∑n

i=1Tr[Γ
(i)
ArBΠ

(i)
ArB] is equivalent to the problem of discriminating

classical random variables, for which maximum likelihood estimation is known to be the optimal method

[78]. Explicitly, let {|k〉}k∈[2n] be an orthonormal basis for Bn that simultaneously diagonalizes all the Γ(i)
ArB.

For each i we can thus write

Γ
(i)
ArB =

1

2r
Pi =

1

2r

∑
k∈[2n]

tk|i|k〉〈k| (G4)

with tk|i = 1 for exactly 2r values of k and tk|i = 0 otherwise. The optimal POVM involves projecting into the
basis {|k〉}k∈[2n], and then for outcome k guessing any state Γ(i) such that

〈k|Γ(i)
ArB|k〉=max

j∈[n]

{
〈k|Γ( j)

ArB|k〉
}
. (G5)

Let {Π(i)
ArB}ni=1 denote the POVM for this guessing strategy. Since 〈k|Γ(i)

ArB|k〉= 1
2r unless |k〉 6∈ supp(Γ(i)

ArB), it
follows that

n∑
i=1

Tr
[
Γ
(i)
ArBΠ

(i)
ArB

]
=

1

2r
rank

(
n∑

i=1

Γ
(i)
ArB

)
. (G6)
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Our goal is then to compute rank

(∑n
i=1Γ

(i)
ArB

)
. Consider first i⩽ r. Since Bi is only connected to Ai, we

have

Γ
(i)
ArB =

1

2
(|0+〉〈0+ |+ |1−〉〈1− |)AiB

⊗ 1̂Ac
i
. (G7)

Close inspection shows that

supp

(
r∑

i=1

Γ
(i)
ArB

)
= SpanC {S1 \ S2} (G8)

where S1 =
{
|s〉Ar |±〉B | s ∈ {0,1}r

}
(G9)

S2 =
{
|0〉⊗r

Ar |−〉B, |1〉⊗r
Ar |+〉B

}
. (G10)

On the other hand, the support of
∑n

i=r+1Γ
(i)
AmB never includes |0〉

⊗r
Ar |−〉B, and it includes |1〉⊗r

Ar |+〉B when
there exists some j such that |N(Bj)| is even. Hence,

rank

(
n∑

i=1

Γ
(i)
ArB

)
=

{
2r+1 − 1 if |N

(
Bj

)
|is even for some j

2r+1 − 2 otherwise.
(G11)

Since FPBT(Γ) =
1
4

∑n
i=1Tr[Γ

(i)
ArBΠ

(i)
ArB], this completes the proof.

Appendix H. Isolated EPR pairs essentially determine teleportation power (Proof of
theorem 14)

Theorem (Restatement of theorem 14). Suppose Γ ∈ Gr,n has PCF with k total isolated EPR pairs; i.e.
Γ = Γk-EPR ⊗Γ0. Then

Γk-EPR �Ω Γ�Ω Γk-EPR ⊗ |+〉〈+|Bk+1 ⊗ |−〉〈−|Bk+2 (H1)

for Ω ∈ {PBT,PBTcl}. Furthermore, Γ∼PBTq Γk-EPR.

Proof. The inequality FΩ(Γk-EPR)⩽ FΩ(Γ) for Ω ∈ {PBT,PBTcl,PBTq} is trivial since Alice and Bob can
always just restrict to their sub-graph Γk-EPR when using Γ.

We next establish that

FΩ (Γ)⩽ FΩ

(
Γk-EPR ⊗ |+〉〈+|Bk+1 ⊗ |−〉〈−|Bk+2

)
(H2)

for Ω ∈ {PBT,PBTcl,PBTq}. By equation (12), this immediately implies that FPBTq(Γ)⩽ FPBTq(Γk-EPR),
and so FPBTq(Γ) = FPBTq(Γk-EPR).

To prove equation (H2), suppose that Γ0 is an (m0,n0) bipartite graph. Since Γ0 contains no isolated
EPR pairs, we have by Lemma 12 that the reduced states take the form

Γ
( j)
Am0B = E( j)

(
1̂Am0 ⊗ |+〉〈+|B

)
E( j) ∀j ∈ [n0] . (H3)

We see that for any i ∈ [m0], system Ai is completely dephased in each of the reduced states Γ( j)
Am0B for j ∈ [n0].

From this it follows that |Γk-EPR〉〈Γk-EPR| ⊗ |Γ0〉〈Γ0| and |Γk-EPR〉〈Γk-EPR| ⊗∆Am0 (|Γ0〉〈Γ0|) will have the same
PBT fidelities since they share the same reduced density matrices, where∆Am0 (|Γ0〉〈Γ0|) denotes the state
obtained by completely dephasing Alice’s systems in state Γ0. Because |Γ0〉 is a bipartite graph, completely
dephasing it on Alice’s side will transform it into a convex combination of product states,

ρ := ∆Am0 (|Γ0〉〈Γ0|) =
∑
λ

p(λ) |αλ〉〈αλ| ⊗ |βλ〉〈βλ|, (H4)

where |αλ〉 ∈ {|0〉, |1〉}⊗m0 and |βλ〉 ∈ {|+〉, |−〉}⊗n0 . Therefore,

FΩ (Γ) = FΩ (Γk-EPR ⊗ ρ) (H5)

⩽
∑
λ

p(λ)FΩ (Γk-EPR ⊗ |αλ,βλ〉〈αλ,βλ|) (H6)

⩽ FΩ

(
Γk-EPR ⊗ |+〉〈+|Bk+1 ⊗ |−〉〈−|Bk+2

)
. (H7)
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The first inequality follows from convexity in the fidelity measure FΩ. The second inequality follows in two
steps. Since FΩ remains invariant under local isometries by Alice, she can remove her state |αλ〉 so that

FΩ (Γk-EPR ⊗ |αλ,βλ〉〈αλ,βλ|) = FΩ (Γk-EPR ⊗ |βλ〉〈βλ|) . (H8)

Then since the single-qubit marginals of |βλ〉 are either |+〉 or |−〉, we have

FΩ (Γk-EPR ⊗ |βλ〉〈βλ|)⩽ FΩ (Γk-EPR ⊗ |+〉〈+| ⊗ |−〉〈−|) , (H9)

which finishes the proof.

Appendix I. Preliminaries on representation theoretic methods for calculating
FPBT(Φ

+⊗n)

Standard PBT problems with EPR pairs exhibit group symmetries and allow for the use of a variant of
‘Schur–Weyl duality’ when calculating its optimal fidelity. The following facts on representation theory
and Schur–Weyl duality can be found in standard texts, such as [79] or [80].

Let V= Cd, and {|i〉}di=1 be the canonical basis of V. Sn denotes symmetric group of n elements and
U(d) denotes the group of d× d unitary matrices. Irreducible representations (irreps) of Sn and U(d),
denoted Vλ and Wd,λ respectively, are labeled by a Young diagram λ with n boxes. λ represents the
highest weight vector associated to the irrep Wd,λ, and Wd,λ is zero if and only if λ has more than d
rows.

Consider the following representations φ : Sn → End(V⊗n) and ψ : U(d)→ End(V⊗n) given by their
actions on the basis elements in V⊗n for π ∈ Sn and U ∈ U(d):

φ(π)(|i1〉⊗ · · · ⊗ |in〉) = |π−1 (i1)〉⊗ · · · ⊗ |π−1 (in)〉 (I1)

ψ (U)(|i1〉⊗ · · · ⊗ |in〉) = U|i1〉⊗ · · · ⊗U|in〉. (I2)

The Schur–Weyl duality says that φ(Sn) and ψ(U(d)) are commutants of each other, and hence admits a
decomposition

(
Cd
)⊗n ∼=

⊕
λ⊢dn

Vλ⊗Wd,λ, (I3)

where λ= (λ1, . . . ,λk) `d n denotes the Young diagram λ corresponding to a partition of n with at most
d rows. We write dλ as the dimension of Vλ and md,λ as the dimension of Wd,λ. The dimension dλ cor-
responds to the number of standard Young tableaux associated to the Young frame λ and given by the
Hook length formula

dλ =
n!∏

i,j h(i, j)
, (I4)

where h(i, j) is the hook length at cell (i, j) in λ. For λ `d n, the dimension md,λ is the number of semi-
standard Young tableaux associated to λ given by the Weyl character formula

md,λ =
∏

1⩽i<j⩽d

λi −λj + j − i

j− i
. (I5)

In particular, when d= 2 with λ= (λ1,λ2), we have

m2,λ = λ1 −λ2 + 1, dλ =
n! (λ1 −λ2 + 1)

λ2! (λ1 + 1)!
=
λ1 −λ2 + 1

n+ 1

(
n+ 1

λ2

)
. (I6)

Consider a marginal state ρ̃Bn that commutes with U⊗n and π for any U ∈ U(d) and any π ∈ Sn. By
Schur–Weyl duality and Schur’s lemma, ρ̃Bn can be expressed as

ρ̃=
∑
λ⊢2n

cλ1Vλ
⊗1Uλ

, cλ =
Tr [ρ̃Pλ]

mλdλ
, (I7)
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where Pλ is the isotypical projection onto the Sn irrep Vλ. Pλ is also called a Young symmetrizer, and
given by the formula

Pλ =
∑

T∈SYTλ

dλ
n!

·φ(eT) , (I8)

where the summation is over all standard Young tableaux of shape λ, and eT is given by the formula

eT := rT · cT, rT =
∑
π∈RT

π, cT =
∑
σ∈CT

sgn(σ)σ, (I9)

where RT,CT ⊂ Sn are subgroups such that elements of RT permute within each row of T and those of
CT permute within each column of T. The canonical purification of ρ̃Bn is

|ρ̃〉AnBn =
√
2n
(
1An ⊗ ρ̃

1
2
Bn

)
|Φ+〉AnBn =

∑
λ⊢2n

√
cλ
√
2n (1An ⊗ Pλ) |Φ+〉AnBn , (I10)

and the optimal fidelity of FPBT(|ρ̃〉〈ρ̃|) is achieved by the pretty good measurement (PGM) {M(i)}ni=1

associated with the ensemble {ρ(i) := Φ+
AiB

⊗ 1̂Ac
i
}i defined as

M(i) := ρ̄−
1
2 ρ(i)ρ̄−

1
2 , ρ̄=

n∑
i=1

ρ(i). (I11)

The dual Pieri formula gives the following decomposition of Sn ×U(d)-representations on V⊗n+1 as(
Cd
)⊗n+1 ∼=

(
Cd
)⊗n ⊗

(
Cd
)∗ ∼= ⊕

α⊢dn−1

⊕
µ=α+□

Vµ⊗Wd,α, (I12)

where U ∈ U(d) acts by U⊗n ⊗ Ū, and π ∈ Sn acts by π ⊗1V∗ . We write µ= α+□ to mean the dir-
ect sum is over all Young diagram that is obtained by adding a box to the Young diagram α. The sum∑

i M
(i)ρ(i) commutes with U⊗n ⊗ Ū and π ⊗1 for all U ∈ U(d) and π ∈ Sn, and the entanglement

fidelity with the PGM M yields

FPBT (|ρ̃〉〈ρ̃|) = FPBT (|ρ̃〉〈ρ̃|,M) =
1

4 · 2n
∑

α⊢2n−1

 ∑
µ=α+□

√
cµmµdµ

2

. (I13)

The optimality of (I13) is proved with the dual feasibility of the associated semi-definite program (SDP)
program in [30].

Appendix J. An upper bound on FPBTcl(Γk-EPR)

In this section, we prove the following upper bound:

FPBTcl
(Γk-EPR)⩽ FPBT

(
Φ+⊗k

)
+

1

2k+2
Tr
[
1− M̃

]
= FPBT

(
Φ+⊗k

)
+

k+ 2

2k+2
, (J1)

where M̃=
∑k

i=1M
(i) is the sum of the PGM M= {M(i)}ki=1 associated with the PBT states of k-

EPR pairs {σ(i) =Φ+
AiC

⊗ 1̂Ac
i
}ki=1. Since FPBTcl

is invariant under unitaries on Alice’s nodes, we con-

sider |Φ+〉⊗k instead of |Γk-EPR〉=H⊗k
Ak |Φ+〉⊗k. Let {ρ(i)}k+2

i=1 be the PBT states for ρAkBk+2 =Φ+⊗k
AkBk ⊗

|0〉〈0|Bk+1 ⊗ |1〉〈1|Bk+2 . Because ρ
(i) commutes with X⊗k+1 for i ⩽ k and

X⊗k+1
(
1̂Ak ⊗ |0〉〈0|C

)
X⊗k+1 = 1̂Ak ⊗ |1〉〈1|C, (J2)

we can assume Π(k+2) = X⊗k+1Π(k+1)X⊗k+1.
We then compute:

FPBTcl

(
Φ+⊗k

)
= FPBT (ρ) (J3)

=
1

4
max

{Π(i)}k+2

i=1
POVM:

Π(k+2)=X⊗k+1Π(k+1)X⊗k+1

{
k∑

i=1

Tr
[
σ(i)Π(i)

]
+Tr

[
1̂Ak ⊗ |0〉〈0|CΠ(k+1) + 1̂Ak ⊗ |1〉〈1|CΠ(k+2)

]}

(J4)
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⩽ 1

4
max

{Π(i)}k+1

i=1
POVM

{
k∑

i=1

Tr
[
σ(i)Π(i)

]
+Tr

[
1̂Ak ⊗1CΠ

(k+1)
]}

(J5)

=
1

4
max∑k

i=1Π
(i)⩽1

{
k∑

i=1

Tr
[
σ(i)Π(i)

]
+

1

2k
Tr

[
1−

k∑
i

Π(i)

]}
(J6)

=
1

2
+

1

4
max∑k

i=1Π
(i)⩽1

{
k∑

i=1

Tr

[(
σ(i) − 1

2k

)
Π(i)

]}
. (J7)

Note that FPBTq(Φ
+
k ) is also bounded from above by equation (J5). We claim that the maximum in

equation (J7) is achieved with the PGM M. Writing

Y=
k∑

i=1

(
σ(i) − 1

2k

)
Π(i), (J8)

the maximum in equation (J7) can be expressed in terms of the dual SDP problem with a slack variable
as follows [81, section 1.2.3]:

minimize Tr Y

subject to Y⩾ 0

Y⩾ ρ(i) i = 1,2, . . . ,k.

(J9)

We show that Y ′ =
∑k

i=1(σ
(i) − 1

2k )M
(i) is dual feasible. It is easy to check that Y ′ ⩾ σ(i) − 1

2k , and to
show Y ′ ⩾ 0, observe that

Y ′ =
k∑

i=1

(
σ(i) − 1

2k

)
σ̄−1/2σ(i)σ̄−1/2 =

(
k∑

i=1

σ(i)σ̄−1/2σ(i)σ̄−1/2

)
− 1

2k
σ̄−1/2σ̄σ̄−1/2. (J10)

The term
∑

i σ
(i)M(i) can be expressed as [30]

k∑
i=1

σ(i)σ̄−1/2σ(i)σ̄−1/2 =
∑

α⊢2k−1

∑
µ∈α+□

cµ,α1Vµ
⊗1W2,α , cµ,α :=

√
mµ

2kmα
√

dµ

∑
µ ′∈α+□

√
dµ ′mµ ′ ,

(J11)

and we have

Y ′ =
∑

α⊢2k−1

∑
µ∈α+□

(
cµ,α−

1

2k

)
1Vµ

⊗1W2,α . (J12)

It remains to show that cµ,α− 1
2k ⩾ 0 for all feasible µ and α. Indeed,

cµ,α ⩾ mµ
2kmα

>
1

2k
. (J13)

This concludes that Y ′ is dual-feasible.
The term Tr M̃= 2k+1 − k− 2 is computed in lemma 20 proven below, giving the desired upper

bound:

FPBTcl
(Γk-EPR)⩽ FPBT

(
Φ+

k

)
+

1

4

(
2− 1

2k
Tr
[
M̃
])

= FPBT (Γk-EPR)+
k+ 2

2k+2
. (J14)

Lemma 20. Let {M(i)}ki=1 be the PGM of the ensemble {Φ+
AiC

⊗ 1̂Ac
i
}ki=1 with the uniform prior distribution.

Then

k∑
i=1

TrM(i) = 2k+1 − k− 2. (J15)
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Proof. As shown in [30, 31], Schur–Weyl decomposition gives the following expression for the sum over all
PGM elements:

k∑
i=1

M(i) =
⊕

α⊢2k−1

⊕
µ=α+□

1Vµ
⊗1W2,α , (J16)

and taking the trace gives

x :=
k∑

i=1

TrM(i) =
∑

α⊢2k−1

∑
µ=α+□

dµ ·mα. (J17)

In the following we parameterize Young diagrams α `2 k− 1 as α= (k− j− 1, j), where j = 1, . . . ,p :=
b k−1

2 c indicates the length of the second row. In this notation,

x=

p∑
j=0

m(k−j−1,j)

(
d(k−j,j) + d(k−j−1,j+1)

)
(J18)

=

p∑
j=0

k− 2j

k+ 1

[
(k− 2j+ 1)

(
k+ 1

j

)
+(k− 2j− 1)

(
k+ 1

j+ 1

)]
, (J19)

where we used (I6) in the second equality. Using the identities
(m
ℓ

)
=
( m
m−ℓ
)
and ℓ

(m
ℓ

)
=m

(m−1
ℓ−1

)
, this

expression can be further simplified to

x=

p∑
j=0

(k− 2j)

((
k

j+ 1

)
−
(

k

j− 1

))
, (J20)

where we use the convention
( k
−1

)
= 0.

To evaluate (J20) we use the following partial sum identities, which can be proved by noting that the
sequence

(k
0

)
, . . . ,

(k
k

)
is symmetric around k/2 and using

∑k
j=0

(k
j

)
= 2k and

∑k
j=0 j

(k
j

)
= k2k−1:

1. If k is odd, then

(k−1)/2∑
j=0

(
k

j

)
= 2k−1 (J21a)

(k−1)/2∑
j=0

j

(
k

j

)
= k

(
2k−2 − 1

2

(
k− 1

(k− 1)/2

))
. (J21b)

2. If k is even, then

(k−2)/2∑
j=0

(
k

j

)
=

1

2

(
2k −

(
k

k/2

))
(J21c)

(k−2)/2∑
j=0

j

(
k

j

)
= k

(
2k−2 −

(
k− 1

(k− 2)/2

))
. (J21d)

First, let k be odd so that k− 1 is even and p= k−1
2 as defined in (J18). We use (J21) to compute the four

sums appearing in the expression (J20) for x (using some simple change of variables steps):

p∑
j=0

(
k

j+ 1

)
= 2k−1 − 1+

(
k

p+ 1

)
(J22)

p∑
j=0

(
k

j− 1

)
= 2k−1 −

(
k

p

)
(J23)

p∑
j=0

j

(
k

j+ 1

)
= k2k−2 − 2k−1 + 1− k

2

(
k− 1

p

)
+

k− 1

2

(
k

p+ 1

)
(J24)
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p∑
j=0

j

(
k

j− 1

)
= k2k−2 + 2k−1 − k

2

(
k− 1

p

)
− k+ 1

2

(
k

p

)
. (J25)

Substituting these in (J20) and canceling most terms, we arrive at

x= 2k+1 − 2− k+

(
k

p+ 1

)
−
(
k

p

)
. (J26)

Noting that
( k
p+1

)
=
( k
(k+1)/2

)
=
( k
(k−1)/2

)
=
(k
p

)
then concludes the proof of the lemma for odd k. The case

of even k is handled analogously and yields the same result, proving the lemma.

Appendix K. Symmetries inPBTcl(Φ+⊗n) and SDP construction

Let ρ := Φ+⊗n
AnBn ⊗ |0〉〈0|Bn+1 ⊗ |1〉〈1|Bn+2 . The PBT states ρ(i) := TrBc

i
ρ satisfy the following symmetric

properties:

(i) (σAn ⊗1C)ρ
(i)(σ−1

An ⊗1C) = ρσ(i) for any σ ∈ Sn and i ⩽ n;
(ii) [πAc

i
⊗1AiC,ρ

(i)] = 0 for any π ∈ Sn−1 and i ⩽ n;

(iii) [σAn ⊗1C,ρ
( j)] = 0 for any σ ∈ Sn and j ∈ {n+ 1,n+ 2};

(iv) [U⊗n
An ⊗UC,ρ

(i)] for any U ∈ U(2) and i ⩽ n;
(v) [(U⊗n

θ )An ⊗ (Uθ)C,ρ( j)] = 0 for any Uθ := diag(1,eiθ) and j ∈ {n+ 1,n+ 2};
(vi) X⊗n+1ρn+1X⊗n+1 = ρn+2 for the Pauli operator X.

By the permutation symmetries (1) and (2),

n+2∑
i=1

Tr
[
ρ(i)Π(i)

]
=

1

n!

∑
σ∈Sn

n+2∑
i=1

Tr
[
σρ(i)σ−1σΠ(i)σ−1

]
(K1)

=
1

n!

∑
σ∈Sn

 n∑
i=1

Tr
[
ρσ(i)σΠ(i)σ−1

]
+

n+2∑
j=n+1

Tr
[
ρ( j)σΠ( j)σ−1

] (K2)

=
1

n!

∑
σ∈Sn

 n∑
i=1

Tr
[
ρ(i)σΠ(σ−1(i))σ−1

]
+

n+2∑
j=n+1

Tr
[
ρ( j)σΠ( j)σ−1

] (K3)

=
n+2∑
i=1

Tr
[
ρ(i)Π̃(i)

]
, (K4)

where Π̃(i)’s are defined as follows.

Π̃(i) :=


1

n!

∑
σ∈Sn

σΠ(σ−1(i))σ−1 (i ⩽ n)

1

n!

∑
σ∈Sn

σΠ(i)σ−1 (i > n) .
(K5)

It is easy to check that for any i and π ∈ Sn we have πΠ̃(i)π−1 = Π̃(i) and Π̃(i) ⩾ 0. It follows that Π̃(i)’s
form a valid POVM since

n+1∑
i=1

Π̃(i) =
1

n!

∑
σ

[
σ

(
n∑

i=1

Π(σ−1(i))

)
σ−1 +σ

(
Π(n+1) +Π(n+2)

)
σ−1

]
(K6)

=
1

n!

∑
σ

[
σ

(
n∑

i=1

Π(i)

)
σ−1 +σ

(
Π(n+1) +Π(n+2)

)
σ−1

]
(K7)

=
1

n!

∑
σ

σ

(
n+2∑
i=1

Π(i)

)
σ−1 = 1. (K8)

This shows that we can assume the optimal POVM to have permutation symmetry, and similarly, sym-
metries on ρ(i)’s induce the following symmetries on the POVM elements Π(i).

35



New J. Phys. 28 (2026) 034512 C Kim et al

(i) σAnΠ(i)σ−1
An =Πσ(i) for any σ ∈ Sn and i ⩽ n;

(ii) [σAn ⊗1C,Π
( j)] = 0 for any σ ∈ Sn and j> n;

(iii) [πAc
i
⊗1AiC,Π

(i)] = 0 for any π ∈ Sn−1 and i ⩽ n;

(iv) [U⊗n
θ ⊗Uθ,Π(i)] = 0 for any Uθ := diag(1,θ), i ∈ [n+ 2];

(v) [X⊗n+1,Π(i)] = 0 for any i ⩽ n;
(vi) X⊗n+1Π(n+1)X⊗n+1 =Π(n+2).

Note that U⊗n
θ ⊗U−θ can be expressed as

U⊗n
θ ⊗U−θ =

n∑
k=0

∑
s∈Sk,n

eikθ|s〉〈s|An ⊗ |0〉〈0|C + ei(k−1)θ|s〉〈s|An ⊗ |1〉〈1|C

 , (K9)

where Sk,n is a subset of {0,1}n defined as

Sk,n :=

{{
s ∈ {0,1}n | |s|= k

}
for k ∈ {0,1, . . . ,n}

∅ otherwise
(K10)

with |s| denoting the Hamming distance of the string s. Define Dk,n :=
∑

s∈Sk,n
|s〉〈s| if Sk,n is not empty

and Dk,n := 0 if Sk,n is empty. Then the symmetry condition (iv) reduces to

Π(i) =
n∑

k,ℓ=−1

ei(k−ℓ)θ (Dk,n ⊗ |0〉〈0|+Dk+1 ⊗ |1〉〈1|) Π(i) (Dℓ⊗ |0〉〈0|+Dℓ+1 ⊗ |1〉〈1|) . (K11)

Since {Dk,n}nk=1’s are orthogonal, i.e. Dk,nDℓ,n = 0 for k 6= ℓ, in order for equation (K11) to hold for any
θ, the term with ei(k−ℓ)θ should be zero for k 6= ℓ. This means that for s, t ∈ {0,1}n,

(1) 〈s0|Π(i)|t0〉= 0 if |s| 6= |t|;
(2) 〈s1|Π(i)|t0〉= 0 if |s| 6= |t|+ 1;
(3) 〈s0|Π(i)|t1〉= 0 if |s|+ 1 6= |t|;
(4) 〈s1|Π(i)|t1〉= 0 if |s| 6= |t|.

Let x ∈ {0,1}k denote x⊕ 1k, e.g. 0100= 1011. Using other symmetry conditions, we impose addi-
tional constraints on Π(n) and Π(n+1) that for any i, j,x,y ∈ {0,1}, p,p ′,q,q ′ ∈ {0,1}n−1 and s, s ′, t, t ′ ∈
{0,1}n,

(5) 〈sx|Π(n)|ty〉= 〈sx|Π(n)|ty〉;
(6) 〈pix|Π(n)|qjy〉= 〈pix|Π(n)|qjy〉;
(7) 〈i|An〈px|Ac

nCΠ
(n)|j〉An |qy〉Ac

nC = 〈i|An〈p ′x|Ac
nCΠ

(n)|j〉An |q ′y〉Ac
nC if |p|= |p ′| and |q|= |q ′|;

(8) 〈sx|Π(n+1)|ty〉= 〈s ′x|Π(n+1)|t ′y〉 if |s|= |s ′| and |t|= |t ′|.

The positivity conditions for Π(i)’s are sufficient with the positivity conditions for Π(n) and Π(n+1). The
POVM condition adds the constraints

(9) Π(n) ⩾ 0, Π(n+1) ⩾ 0

(10)

(
n

|Sn|
∑
π∈Sn

〈π(s)x|Π(n)|π(s)x〉

)
+ 〈sx|Π(n+1)|sx〉+ 〈sx|Π(n+1)|sx〉= 1

(11)

(
n

|Sn|
∑
π∈Sn

〈π(s)x|Π(n)|π(t)y〉

)
+ 〈sx|Π(n+1)|ty〉+ 〈sx|Π(n+1)|ty〉= 0 if s 6= t or x 6= y.

The fidelity to maximize is

1

4

n+2∑
i=1

Tr
[
Π(i)TrBc

i
(ρ)
]
=

1

4

(
n ·Tr

[
Π(n)Φ+

AnC
⊗ 1̂Ac

n

]
+ 2 ·Tr

[
Π(n+1)1̂An ⊗ |0〉〈0|C

])
(K12)

=
1

4 · 2n
(
n ·Tr

[
(〈00|+ 〈11|)AnC

Π(n) (|00〉+ |11〉)AnC

]
+ 2 ·Tr

[
〈0|CΠ(n+1)|0〉C

])
(K13)
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=
1

2n+2

n∑
k=0

2n ·Tr
[
Π(n)D

Ac
n

k,n−1 ⊗Φ+
AnC

]
+ 2 ·Tr

[
Π(n+1)DAn

k,n ⊗ |0〉〈0|C
]

(K14)

which is a linear equation in terms of the variables in Π(n) and Π(n+1).
Consider the case for n= 2. The symmetry conditions combined with Hermiticity result in Π(2) tak-

ing the form

Π(2) =



x1 0 0 0 0 x̄5 x̄6 0
0 x2 x3 0 0 0 0 x6
0 x̄3 x4 0 0 0 0 x5
0 0 0 x7 0 0 0 0
0 0 0 0 x7 0 0 0
x5 0 0 0 0 x4 x3 0
x6 0 0 0 0 x̄3 x2 0
0 x̄6 x̄5 0 0 0 0 x1


, (K15)

where x1,x2,x4,x7 ∈ R and x3,x5,x6 ∈ C, while the condition (7) further simplifies to the real symmetric
matrix with all elements xi ∈ R. Likewise, by applying the condition (8) alongside Hermiticity to Π(3),
we obtain

Π(3) =



a1 0 0 0 0 a4 a4 0
0 a2 a3 0 0 0 0 a5
0 ā3 a2 0 0 0 0 a5
0 0 0 a9 0 0 0 0
0 0 0 0 a10 0 0 0
ā4 0 0 0 0 a6 a7 0
ā4 0 0 0 0 ā7 a6 0
0 ā5 ā5 0 0 0 0 a8


(K16)

where a1,a2,a6,a8,a9,a10 ∈ R and a4,a5 ∈ C. The POVM condition
∑

i Π
(i) = 1 corresponds to

2x1 + a1 + a8 = x2 + x4 + a2 + a6 = 2x7 + a9 + a10 = 1 (K17)

2x3 + a3 + ā7 = x5 + x6 + a4 + ā5 = 0. (K18)

It is clear that a10 = x7 = 0 and a9 = 1. Consequently, the objective function to maximize can be
expressed as

1

4

4∑
i=1

Tr
[
TrBc

i
(ρ)Π(i)

]
=

1

8
(2x1 + 2x2 + 4x6 + a1 + 2a2 + 1) . (K19)

Note that we can also assume Π(3) to be real symmetric since Re(Π(3)) = (Π(3) +Π(3))/2 is positive,
and replacing Π(3) with Re(Π(3)) does not change the value of equation (K19).

Finally, we obtain a simplified SDP program:

maximize
1

8
(2x1 + 2x2 + 4x6 + a1 + 2a2 + 1) (K20)

subject to

x1 x5 x6
x5 x4 x3
x6 x3 x2

 ,
a1 a4 a4
a4 a6 a7
a4 a7 a6

 ,
a2 a3 a5
a3 a2 a5
a5 a5 a8

⩾ 0 (K21)

2x1 + a1 + a8 = x2 + x4 + a2 + a6 = 1 (K22)

2x3 + a3 + a7 = x5 + x6 + a4 + a5 = 0. (K23)

Solving the aforementioned SDP yields the optimal value ≈ 0.6484.
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Appendix L. Computing FPBT(Σ̃
k,n) (Proof of proposition 16)

Proposition (Restatement of proposition 16). Let k,n be positive integers such that k⩽ n. Then

FPBT
(
Σ̃k,n

)
=
(
2k+2 (n− k+ 1)

)−1

[
(n− 2k+ 1)δn−1⩾2k +

k∑
i=1

δn+1⩾2i

(√
(n− 2i+ 3)

(
k

i− 1

)

+

√
(n− 2i+ 1) ·

(
k

i

))2]
(L1)

where δ is the indicator function. Moreover, for a fixed k, we have

lim
n→∞

FPBT
(
Σk,n

)
= 2−k−2

1+
k∑

i=1

(√(
k

i− 1

)
+

√(
k

i

))2
 . (L2)

Proof. Given a partition λ `2 n, define xλ := Tr[Σ̃k,nPλ] if λ is a valid Young diagram and xλ = 0 otherwise,
where Pλ is the isotypical projection onto the Sn-irrepWλ. Using the partial trace formula for the Young
projector in (80) iteratively yields the following result:

xλ =
1

2k
〈+|⊗n−kTrBkPλ|+〉⊗n−k =

1

2k

∑
β∈λ−k·□

mλ
mβ

〈+|⊗n−kPβ |+〉⊗n−k. (L3)

The summation in (L3) is taken over all Young diagrams β that can be obtained by iteratively removing k
boxes, while ensuring that each removal maintains a valid Young diagram. For any β 6= (n− k,0), the inner
product appearing in the sum is 0, and for β = (n− k,0)

xλ =
mλ · t(n−k,0)→λ

2km(n−k,0)
=

mλ · t(n−k,0)→λ

2k · (n− k+ 1)
(L4)

where tµ→λ denotes the number of paths from µ to λ in the Bratteli diagram, whose vertices are Young dia-
grams ν `2 m form= 1,2, . . . ,n, and α→ β is an edge if β ∈ α+□. For i ⩽ k the number t(n−k)→(n−i,i) is
given by the recursive expression

t(n−k)→(n−i,i) = t(n−k)→(n−i−1,i) + t(n−k)→(n−i,i−1), (L5)

and solving this leads to t(n−k)→(n−i,i) =
(k
i

)
, and t(n−k,0)→(n−i,i) = 0 if i> k, Alternatively, we can think of

t(n−k)→(n−i,i) as choosing i number of steps out of k steps to add a box to the second row in the Young dia-
gram.

FPBT

(
Σ̃k,n

)
=

1

4

k∑
i=0

δn−i−1⩾i ·

 ∑
λ∈(n−1−i,i)+□

√
xλ

2

(L6)

=
1

4

(
δn−k−1⩾k · x(n−k,k) +

k−1∑
i=0

δn−i−1⩾i ·
(√

x(n−i,i) +
√

x(n−i−1,i+1)

)2)
(L7)

=
1

2k+2(n− k+ 1)

[
δn−1⩾2k ·

m(n−k,k)t(n−k)→(n−k,k)

2k+2(n− k+ 1)
+

k−1∑
i=0

δn−1⩾2i

(√
m(n−i,i) · t(n−k)→(n−i,i) (L8)

+
√

m(n−i−1,i+1) · t(n−k)→(n−i−1,i+1)

)2]
(L9)

=
1

2k+2 (n− k+ 1)

δn−1⩾2k ·m(n−k,k) +

k−1∑
i=0

δn−1⩾2i

√m(n−i,i) ·
(k
i

)
+

√
m(n−i−1,i+1) ·

( k

i+ 1

)2 . (L10)
Recall thatmλ is the number of semi-standard tableaux of shape λ= (λ1,λ2) with each entry being 1 or 2.
If T is such semi-standard tableau, first λ2 columns must have all 1’s in the first row and all 2’s in the second
row. This means

m(λ1,λ2) =m(λ1−λ2) = λ1 −λ2 + 1, (L11)

and plugging these values yields (91) and (L2).
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AppendixM. Analytical results for FPBTcl(Φ
+
AB)

The PBT ensemble for PBTcl with resource state Φ+
AB is composed of the following states:

ρ(1) =Φ+
AB ρ(2) = 1̂A ⊗ |0〉〈0|B ρ(3) = 1̂A ⊗ |1〉〈1|B. (M1)

After relabeling the basis elements, they have the form

ρ(1) =

(
P 0
0 0

)
ρ(2) =

(
Q 0
0 R

)
ρ(3) =

(
R 0
0 Q

)
, (M2)

where

P=

(
1
2

1
2

1
2

1
2

)
Q=

(
1
2 0

0 0

)
R=

(
0 0

0 1
2

)
. (M3)

Our objective is to find a POVM Π = {Π(1),Π(2),Π(3)} that maximizes
∑

i Tr[ρ
(i)Π(i)]. We first observe

that it is sufficient to consider the POVMs whose elements are of block diagonal matrix form in the
basis used in (M2). If each Π(i) is of the form

Π(i) =

(
Ai Ci

C†
i Bi,

)
(M4)

the objective function yields∑
i

Tr
[
ρ(i)Π(i)

]
= Tr [PA1 +QA2 +RB2 +RA3 +QB3] , (M5)

which has no dependence on Ci’s. If Π achieves the maximum where Ci 6= 0 for some i, then the operat-
ors Π̃(i) given by

Π̃(i) =

(
Ai 0
0 Bi

)
(M6)

forms a POVM since Ai,Bi ⩾ 0 for all i, and {Π̃(i)}i also achieves the maximum. With a similar argu-
ment, we can further assume that the maximizing Π(i)’s are of the form

Π(1) =

(
N1 0
0 0

)
Π(2) =

(
N2 0
0 |1〉〈1|

)
Π(3) =

(
N3 0
0 |0〉〈0|

)
. (M7)

Then the fidelity of PBTcl for Φ+ reduces to

FPBTcl

(
Φ+
)
=

1

4

(
max

N POVM
Tr [PN1 +QN2 +RN3] + 1

)
, (M8)

where the maximization is over all POVMs {Ni}3i=1 on C2. Let

M(i) =

(
ai bi
b̄i ci

)
(M9)

By symmetry, we can assume a1 = c1, a2 = c3 and a3 = c2. Then

Tr [PN1 +QN2 +RN3] = a1 +Re(b1)+ a2 (M10)

with positivity constraints

a1,a2, c2 ⩾ 0 a21 − b1b̄1 ⩾ 0 a2c2 − b2b̄2 ⩾ 0 (M11)

and the constraints for
∑

i Ni = 1 are given by

a1 + a2 + c2 = 1 b1 + b2 + b3 = 0. (M12)

Solving the system of equations yields the optimal POVM

N1 =

(
4
9

4
9

4
9

4
9

)
N2 =

(
4
9 − 2

9
− 2

9
1
9

)
N3 =

(
1
9 − 2

9
− 2

9
4
9

)
(M13)

and we have FPBTcl
(Φ+) = 7

12 ≈ 0.5833.
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