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Abstract: In this paper we explore a solenoid configuration involving a magnetic universe solution
embedded in an empty Anti-de Sitter (AdS) spacetime. This requires a non-trivial surface current at
the interface between the two spacetimes, which can be provided by a charged scalar field. When
the interface is taken to the AdS boundary, we recover the full AdS–Melvin spacetime. The stability
of the AdS–Melvin solution is also studied by computing the gravitational free energy from the
Euclidean action.
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1. Introduction

A magnetic universe is a solution in the Einstein–Maxwell theory, which describes a
configuration of magnetic field lines held together under its own gravity. One of the early
considerations of this problem was by Wheeler [1] in the search of gravitational geons,
and subsequent related solutions were found by Bonnor [2]. The form most relevant to
the discussion of the present paper is by Melvin [3], and are commonly known as Melvin
spacetimes. In this paper, we are interested in the counterpart to the Melvin spacetime that
is asymptotic to Anti de-Sitter (AdS) spacetime, which we will refer to as the AdS–Melvin
spacetime. It is a solution to the Einstein–Maxwell theory in the presence of a negative
cosmological constant Λ < 0.

In the Λ = 0 case, there were various methods to derive Melvin’s original solution.
One is to apply a Harrison transformation [4] to a Minkowski seed. If a Schwarzschild black
hole is taken as the seed, then the result of the Harrison transform is a black hole immersed
in the Melvin universe [5]. This procedure has also been generalised to higher dimensions
by Ortaggio [6], and extended to include dilaton-type scalar fields by [7–10]. Alternatively,
Havrdová and Krtouš have derived the solution by taking the charged C-metric (which
describes a pair of charged accelerating black holes) and pushing the black hole far away
while keeping the electromagnetic fields finite at the neighbourhood of the acceleration
horizon [11].

In the presence of a cosmological constant Λ, Astorino has derived the AdS–Melvin
solution through a solution-generating method [12]. The present author provided [13] an
analogue to Havrdová and Krtouš’s procedure by taking the charged (A)dS C-metric [14]
and pushing the black holes far away while keeping the electromagnetic fields finite near
the acceleration horizon.

In Reference [15], the authors considered a Λ = 0 Melvin universe of finite radius is
embedded in flat spacetime. This embedding requires a non-trivial stress-energy tensor
at the surface separating the two distinct spacetimes. A suitable source was found to be
a charged complex scalar field with an appropriate scalar potential. Physically this may
be interpreted as a cylindrical current source that produces the Melvin fluxtube within it,
and hence was dubbed the cosmic solenoid. In this paper, we shall consider an AdS version
of the solenoid by embedding the AdS–Melvin solution in a pure AdS background. By
taking the solenoid radius to infinity, we recover the full AdS–Melvin solution. Henceforth,
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we shall use this terminology of the full AdS–Melvin solution to distinguish it from the AdS
solenoid of finite radius.

More recently, Kastor and Traschen [16] studied the geometrical and physical prop-
erties of the full AdS–Melvin solution. There are interesting differences between the
AdS–Melvin solution and its Λ = 0 counterpart. The AdS–Melvin solution is asymptotic to
pure AdS spacetime, while the Λ = 0 one is not asymptotically flat. Furthermore, for the
AdS–Melvin solution, there exists a maximum magnetic flux Φmax, under which there are
two branches of AdS–Melvin solutions, which we denote by its magnetic field parameter
B+ and B−. It was conjectured that one of these branches should be unstable. In this paper,
consider the thermodynamic approach by computing the gravitational free energy from
the Euclidean action. We will see below that the free energy is proportional to B2 and
hence the B−-branch has lower free energy and is thermodynamically favoured. We will
also check the thermodynamic stability against the planar AdS black hole with a Ricci-flat
horizon and obtain the parameters for a phase transition between the black hole and the
AdS–Melvin solution.

The rest of this paper is organised as follows. In Section 2, we present the action and
equations of motion that govern our solutions. The AdS solenoid solution is constructed in
Section 3. Subsequently, in Section 4, we consider the thermodynamic stability of the full
AdS–Melvin solution. Conclusions and closing remarks are given in Section 5.

2. Action and Equations of Motion

Consider a D-dimensional spacetime M with a time-like hypersurface Σ, which parti-
tions M into two sides. We shall refer to M− as the ‘inner’ side of Σ and M+ the ‘outer’ side
of Σ. We denote by xµ the coordinates on M− with spacetime metric ds2

− = gµνdxµdxν,
and xµ

+ the coordinates on M+ with spacetime metric ds2
+ = g+µνdxµ

+dxν
+. We define the

surface Σ as the boundary of M− with outward-pointing unit normal nµ, and the induced
metric on Σ is

hµν = gµν − nµnν. (1)

We shall denote by ya the intrinsic coordinates on Σ, such that the induced metric on Σ is
correspondingly

habdyadyb = hµνeµ
a eν

b , (2)

where eµ
a = ∂xµ

∂ya .
We will consider an Einstein–Maxwell gravity with a cosmological constant Λ, where

a gauge potential A gives rise to a 2-form field F = dA. The action is given by

I = IM+ + IM− + IΣ,

IM± =
1

16πG

∫
M±

dDx
√
−g

(
R− 2Λ− F2

)
,

IΣ =
1

8πG

∮
Σ

dD−1y
√
−h
(
K− + K+

)
+ Iψ[h,A, ψ],

for some source field ψ, possibly coupled with the projected gauge potential Aa = Aµeµ
a on

Σ. Here R is the Ricci scalar, F2 = FµνFµν, and K± are the traces of the extrinsic curvatures
K±µν = hµ

λ∇λnν of M±, respectively. Expressed in terms of intrinsic coordinates of Σ, the
extrinsic curvatures are K±ab = K±µνeµ

a eν
b .

The Einstein–Maxwell equations in the bulk M± are

Rµν =
2Λ

D− 2
gµν + 2FµλFν

λ − 1
D− 2

F2gµν, (3)

∇λFλν = 0, (4)
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For any tensorial quantity T in the bulk, we use the notation [Tabc···] = T−abc··· − T+
abc··· to

denote the jump of the quantity across Σ. The equations of motion on the surface Σ are

− 1
8πG

([Kab]− [K]hab) = Tab =
2√
−h

δIψ

δhab , (5)

1
4πG

[Fµν]nµeν
a = Ja = −

1√
−h

δIψ

δAa . (6)

where Tab and Ja are the surface stress tensor and surface current, respectively. (Note that
we defined the surface stress tensor following the conventions of Brown and York [17],
with the positive sign Tab = + 2√

−h
δIψ

δhab ; the stress tensor defined in Reference [15] comes

with a negative sign, Sab = − 2√
−h

δIψ

δhab , so one should use Sab = −Tab when comparing
results in the literature.)

We choose the source to be a complex scalar field [15] minimally coupled to A with
the corresponding action

Iψ = − 1
8πG

∮
Σ

dD−1y
√
−h
(
|Dψ− ieAψ|2 + V(|ψ|)

)
, (7)

where D is the covariant derivative on Σ compatible with hab, e is the charge of the scalar
field associated to its U(1) symmetry, and |Dψ− ieAψ|2 = hab(Daψ̄ + ieAψ̄)(Dbψ− ieAψ).
The scalar potential V(|ψ|) is an appropriately-chosen function of |ψ| =

√
ψ̄ψ. The complex

conjugate of ψ is denoted by ψ̄.
For this action, the surface stress tensor, surface current, and equation of motion for ψ

are, respectively

Tab = − 1
8πG

[
(Daψ̄ + ieAaψ̄)(Dbψ− ieAbψ) + (a↔ b)

−
(
|Dψ− ieAψ|2 + V

)
hab

]
, (8)

Ja =
1

8πG

(
ieψ̄Daψ− ieψDaψ̄ + 2e2Aa|ψ|2

)
, (9)

ψ

2|ψ|
dV

d|ψ| = (Dc − ieAc)(Dc − ieAc)ψ. (10)

3. AdS Solenoid Solution

To describe the AdS solenoid, we take the interior spacetime to be the AdS–Melvin
magnetic universe,

ds2
− = f (r)dϕ2 +

dr
f (r)

+
r2

`2

(
−dt2 + dx2

1 + . . . + dx2
D−3

)
, (11a)

f (r) =
r2

`2 −
µ

rD−3 −
B2

r2(D−3)
, (11b)

where the gauge potential and its corresponding 2-form field is given by

A =

√
D− 2

2(D− 3)

(
B

rD−3
0
− B

rD−3

)
dϕ, F− =

√
1
2
(D− 2)(D− 3)

B
rD−2 dr ∧ dϕ. (12)

Here, B parametrises the strength of the magnetic field, µ is regarded as the ‘soliton param-
eter’, and ` is the AdS curvature scale related to the negative cosmological constant by

`2 = − (D− 1)(D− 2)
2Λ

. (13)
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For the case B = 0, the magnetic field vanishes and the solution reduces to that of the
Horowitz–Myers soliton [18].

The tip of the soliton is located at r = r0 ≥ 0, where f (r0) = 0. We shall call r0 the
soliton radius. Therefore, the potential shown in (12) is chosen in the gauge where A = 0
at the tip. The solution is symmetric under the simultaneous sign flips B → −B and
ϕ→ −ϕ. Therefore, without loss of generality we shall take B ≥ 0. It is then convenient to
parametrise this family of solutions by (r0, B) and µ can be obtained from the parameters
using f (r0) = 0 to write

µ = rD−3
0

(
r2

0
`2 −

B2

r2(D−3)
0

)
. (14)

To ensure that the soliton caps off smoothly at r0, the periodicity of the angular
coordinate ϕ shall be fixed to

∆ϕ =
2π

κ
, where κ =

1
2

f ′(r0) =
1

2r0

[
(D− 1)

r2
0
`2 + (D− 3)

B2

r2(D−3)
0

]
. (15)

The boundary of the spacetime will be Σ, located at r = R, with the outward-pointing
unit normal

n =
√

f (R)∂r. (16)

Therefore, the coordinate range for the spacetime (11b) is taken to be r0 ≤ r ≤ R. Accord-
ingly, the total magnetic flux contained in the region r0 ≤ r ≤ R is

Φ =
∫

γ
A = ∆ϕN, (17)

where the integration path is taken to be a circle of radius r = R, ∆ϕ is as given in (15), and

N =

√
D− 2

2(D− 3)
B

(
1

rD−3
0
− 1

RD−3

)
. (18)

Note that the flux depends quadratically on B. In Reference [16], it was shown that there
exists two B’s that give the same flux. In the present context of arbitrary D ≥ 4, we find it
convenient to introduce the constants

A1 = (D− 1)
r2

0
`2 , A2 = (D− 3)

B2

r2(D−3)
0

, ∆ =

√
D− 2

2(D− 3)

(
1

rD−3
0
− 1

RD−3

)
, (19)

so that κ = 1
2r0

(
A1 + A2B2), N = B∆, and therefore

Φ =
2πr0B∆

A1 + A2B2 . (20)

Solving for B gives the two branches

B± =
2πr0∆
A2Φ

(
1±

√
1− Φ2

Φ2
max

)
, (21)
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where Φmax is the maximum flux for which the two branches join:

Φmax =
2πr0∆√

A1 A2
=

1
D− 3

√
2(D− 2)

D− 1
π`

(
1−

rD−3
0

RD−3

)
, (22)

and the corresponding B where this occurs is

Bmax =

√
A1

A2
=

√
D− 1
D− 3

rD−3
0
`

. (23)

In the limit R→ ∞, we recover the maximum flux of the full AdS–Melvin spacetime. In
particular, for D = 4 and R → ∞, we recover Φmax = 2π`/

√
3, which is Equation (27)

of [16].
Turning to the exterior spacetime M+, we shall take the pure AdS solution with

the metric

ds+ =
r2

`2 Cϕdϕ2 +
`2dr

r2 +
r2

`2

(
−Ctdt2 + C1dx2

1 + . . . + CD−3dx2
D−3

)
, (24)

where we have chosen our coordinates on M+ to be

ϕ+ =
√

Cϕ ϕ, t+ =
√

Ctt, x+i =
√

Cixi, i = 1, . . . , D− 3.

The constants Cϕ, Ct, and C1, . . . , CD−3 will be be chosen shortly such that the metric is
continuous across Σ. The exterior spacetime will be taken to have zero magnetic field.
Therefore, the gauge potential is simply a constant. To ensure continuity of A across Σ, we
choose this constant to be

A = N dϕ, F+ = 0, (25)

where N is as defined in (18).
The surface Σ is the boundary of M+ at r = R, this time with the inward-pointing normal

n =
r
`

∂r, (26)

so that the coordinate range for the exterior spacetime is R ≤ r < ∞. Then, the continuity
of the bulk metric across Σ (at r = R in the coordinates of both interior and exterior
metrics) requires

Cϕ =
`2

R2 f (R), Ct = C1 = . . . = CD−3 = 1, (27)

and the jump of the trace of extrinsic curvature is

[K] =
D− 2

r
f (R)1/2 +

1
2

f (R)−1/2 f (R)′ − D− 1
`

. (28)

The surface stress tensor components are

Tij = −
1

8πG
(
[Kij]− [K]hij

)
=

σ

8πG

(
R2

`2 ηij

)
, (29a)

Tϕϕ = − 1
8πG

(
[Kϕϕ]− [K]hϕϕ

)
=

Ω
8πG

f (R), (29b)
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where ηijdxidxj = −dt2 +dx2
1 + . . .+dx2

D−3 is the (D− 2)-dimensional Minkowski metric
and we have denoted

σ =
D− 3

R
f (R)1/2 +

1
2

f (R)−1/2 f ′(R)− D− 2
`

, (30a)

Ω =
D− 2

R
f (R)1/2 − D− 2

`
. (30b)

The surface current is

1
4πG

[Fµν]nµeν
a =

1
4πG

√
1
2
(D− 2)(D− 3)

B f (R)1/2

RD−2 δ
ϕ
a . (31)

We take for ψ the ansatz

ψ = ηeinκϕ, (32)

where η is a constant and n is an integer so that the complex phase is single-valued and
periodic with angular periodicity ∆ϕ according to Equation (15). For this ansatz, the surface
stress tensor equations are

σ = V +
η2

f (R)
(nκ − eN)2, Ω = V − η2

f (R)
(nκ − eN)2. (33)

The surface current equations become√
1
2
(D− 2)(D− 3)

B
RD−2 f (R)1/2 = η2e(nκ − eN), (34)

and the Klein–Gordon equation for ψ reduces to

dV
d|ψ| = −

2η

f (R)
(nκ − eN)2. (35)

Eliminating η from Equations (33) and (34) leads to the following equation:

2(D− 2)(D− 3)B2(nκ − eN)2 = e2R2(D−2)(σ−Ω)2 f (R). (36)

From (33) and (34) one can also obtain the required value of η,

η2 =
(D− 2)(D− 3)B2

e2(σ−Ω)R2(D−2)
. (37)

This equation tells us that σ−Ω must be positive. This can be checked by direct computa-
tion, as

σ−Ω = f (R)−1/2
(

1
2

f ′(R)− 1
R

f (R)
)

=
1
R

f (R)−1/2
[

D− 2
2

µ

RD−3 + (D− 2)
B2

R2(D−3)

]
, (38)

which is always positive away from the soliton tip.
Equations (36) and (37) determine the scalar charge e and absolute value η required

to source a AdS–Melvin solenoid for a given radius R and magnetic field parameter B.
In particular, Equation (36) is a quadratic equation for e. The solution for general D may
appear cumbersome. However, for the case D = 4, they are

eI =
2nB
r2

0
, or eII =

2(r4
0 + B2`2)nBR

r2
0
(
7B2`2R− 3Rr4

0 − 8B2`2r0
) . (39)
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For the second solution, we observe that for small B,

eII(nκ − eIIN) ' − 3n2

r0`2 B−
2eIInr2

0`
2(r0 − R)

Rr5
0`

2
B2 +O

(
B3
)

. (40)

Therefore, this branch is continuously connected to a solution where eII(nκ − eIIN) is
negative, which is in contradiction with Equation (34). Focussing our attention to the first
solution, together with Equation (17), gives the charge required to produce an AdS solenoid
of a given B, R, and r0. Now, these latter three parameters also determine the total flx Φ.
Therefore we have a relationship between Φ and the required charge e = eI of the scalar
source. As a demonstrative example, Figure 1 shows the values of (Φ, e) for the case ` = 1,
r0 = 3, R = 5, and R = 20. The curve starts at eI = Φ = 0 for B = 0, and reaches a turning
point for Φ = Φmax and B = Bmax, given by Equation (22).

0

10

20

30

40

50

60

0 0.2 0.4 0.6 0.8 1 1.2 1.4

e I

Φ

n = 1
n = 2
n = 3

(a)

0

10

20

30

40

50

60

0 0.5 1 1.5 2 2.5 3
e I

Φ

n = 1
n = 2
n = 3

(b)
Figure 1. Plots of Φ vs eI for r0 = 3, in units where ` = 1. (a) R = 5. (b) R = 20.

Finally, we check what kinds of scalar potential that would be able to support this
solution. Suppose we take V to have a quadratic form

V(|ψ|) = V0 + α|ψ|2. (41)

Then Equations (34) and (35) lead to

V0 = σ, α = − (nκ − eN)2

f
. (42)

Since Equations (33) and (35) only determine the on-shell values of V and its first derivative,
one is unable to claim that (41) is a unique potential that supports the AdS solenoid solution.
However, restricting attention to V being a polynomial in |ψ|, the quadratic form (41) is
perhaps the simplest choice.

To reiterate in the closing of this section, a surface complex scalar field of charge e and
magnitude η is able to source the AdS solenoid of parameters (B, r0) and radius R through
Equations (36) and (37). A possible scalar potential that is able to support such a solution
is (41), where the numerical values of its constants should satisfy (42).

4. The Full AdS–Melvin Spacetime and Euclidean Action

In this section, we now take the surface Σ to R→ ∞, so that Σ = ∂M− now becomes
the AdS boundary containing the full AdS–Melvin solution in the bulk. In this context,
Equation (29) now takes the interpretation of the boundary stress tensor [19] for the AdS–
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Melvin spacetime from which the contribution of pure AdS spacetime (24) is subtracted.
For the leading order in R, the boundary stress tensor reads

T̂ij =
µ`

16πGRD−1
R2

`2 ηij, T̂ϕϕ = − (D− 2)µ`
16πGRD−1 . (43)

In this context, the complex scalar ψ merely serves as a physical model of a source for the
stress tensor (43). When R is taken to infinity at the end of the calculation, the surface
containing ψ is essentially pushed to infinity and no longer directly participates in the
thermodynamic analysis below.

Let ξ be the time-like Killing vector of the spacetime. According to the Brown–York
quasilocal stress tensor prescription, the energy of the spacetime is calculated by

M =
∮

B
dD−2x

√
−h ξµξνT̂µν, (44)

where B is a hypersurface in ∂M− that is orthogonal to ξ. The result is

M =
∆ϕ vol(X)

16πG`D−2

(
B2

rD−3
0
−

rD−1
0
`2

)
, (45)

where ∆ϕ = 2π
κ as defined in Equation (15) and

vol(X) =
∫

dx1 · · ·dxD−3, (46)

which can be rendered finite by taking the coordinates x1, . . . , xD−3 to have some
finite periodicity.

To investigate the thermodynamics of the AdS–Melvin solution, we go to the Eu-
clidean section by taking t→ −iτ, where τ is the Euclidean time with periodicity β. The
Euclideanised AdS–Melvin solution is then

ds2 = f dϕ2 +
dr
f
+

r2

`2

(
dτ2 + dx2

1 + . . . + dx2
D−3

)
, (47)

where f , `, and A are still as given as (11b), (12), and (13). This is a classical solution, which
extremises the Euclidean action

IE = − 1
16πG

∫
ME

dDx
√

g
(

R− 2Λ− F2
)
− 1

8πG

∮
∂ME

dD−1y
√

h K. (48)

As is well known, computing the on-shell Euclidean action directly leads to a divergent
result. Instead, we evaluate the action up to a finite boundary at r = R. Then we subtract
the contribution of the pure AdS background where we can use (24) but with 0 ≤ r ≤ R.
The coordinate ϕ was already scaled appropriately using Cϕ so that the metrics match at
r = R. Taking R→ ∞ towards the end, the result is

ÎE = β
∆ϕvol(X)

16πG`D−2

(
B

rD−3
0
−

rD−1
0
`2

)
= βM. (49)

The gravitational free energy is simply F = ÎE
β = M, or explicitly in terms of parameters

(r0, B),

F =
∆ϕ vol(X)

16πG`D−2

(
B2

rD−3
0
−

rD−1
0
`2

)
. (50)
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As this is the free energy computed with pure AdS as the background, the pure AdS
solution is one with zero free energy, F = 0. In other words, there is a critical value

Bcrit =
rD−2

0
`

, (51)

such that if B < Bcrit, the AdS–Melvin has free energy F < 0 and is thermodynamically
favoured relative to pure AdS. On the other hand, for B > Bcrit, the free energy of AdS–
Melvin is F > 0, and is thermodynamically unstable relative to pure AdS. For case B = 0
we recover the fact that the Horowitz–Meyers soliton is thermodynamically stable against
the pure AdS background.

As discussed in the previous section, and in [16], recall that there are two branches of
solutions of B, which gives rise to the same flux. The lower and upper branches correspond
to B− < Bmax and B+ > Bmax, respectively, where Bmax is given in Equation (22). We
find that

Bmax

Bcrit
=

√
D− 1
D− 3

> 1. (52)

Therefore, Bmax is always larger than Bcrit. In other words, the upper branch B+ > Bmax
is always in the thermodynamically unstable domain, and only the portion of the lower
branch B < Bcrit < Bmax is thermodynamically stable (relative to pure AdS).

Our discussions so far have been based on taking the pure AdS spacetimes as the
background. On the other hand, it is known that the planar AdS black hole is always stable
against this background, and furthermore there exists a phase transition between the black
hole and the Horowitz–Myers soliton [20]. Since the AdS–Melvin solution introduces an
additional parameter B to the Horowitz–Meyers soliton, we should compare the Euclidean
action against that of the AdS black hole.

The Euclideanised planar black hole solution is given by

ds2 =
r2

`2 C̃ϕdϕ2 +
dr2

V(r)
+ V(r)C̃τdτ2 +

r2

`2

(
dx2

1 + . . . + dx2
D−3

)
, (53a)

V(r) =
r2

`2 −
ν

rD−3 , (53b)

where ν is the mass parameter, and the constants C̃ϕ = `2

R2 f (R) and C̃τ = R2

`2
1

V(R) are
chosen to match with Equation (47) at the boundary r = R, which will be taken to infinity
at the end. The black hole horizon is given by r+, where V(r+) = 0. In the Euclidean
section, the periodicity of the Euclidean time τ must be fixed to

β =
2π

κBH
, where κBH =

√
C̃τ

2
V′(r+) (54)

to avoid a conical singularity at r = r+.
As before, we first evaluate the on-shell Euclidean actions of the AdS–Melvin IE and

the planar black hole IBH
E up to R. We then perform the subtraction IE − IBH

E and R→ ∞ is
to be taken towards the end of the calculation. In this limit

√
C̃τ ' 1 and the black hole

temperature is

T = β−1 =
(D− 1)r+

4π`2 . (55)

The result for the background-subtracted action is

ÎE = β
∆ϕ vol(X)

16πG`D−2

(
rD−1
+

`2 +
B2

rD−3
0
−

rD−1
0
`2

)
, (56)



Entropy 2021, 23, 1477 10 of 11

and therefore, the gravitational free energy is F = ÎE
β ,

F =
∆ϕ vol(X)

16πG`D−2

(
rD−1
+

`2 +
B2

rD−3
0
−

rD−1
0
`2

)
. (57)

As we are now comparing against the black-hole background, F < 0 means the AdS–
Melvin is thermodynamically favoured, and F > 0 is where the black hole is favoured.
The critical value occurs at

B2
crit =

r2(D−2)
0 − rD−1

+ rD−3
0

`2 . (58)

The presence of the parameter r+ reduces the value of Bcrit compared to (51). Therefore,
when B exceeds Bcrit, the AdS–Melvin spacetime becomes unstable relative to the planar
black hole.

5. Conclusions

In this paper, we have explored a current source configuration that gives rise to an
AdS–Melvin magnetic spacetime of finite radius embedded in pure AdS spacetime. The
source takes the form of a complex charged scalar field with an appropriately chosen
potential. The equations of motion establish relations between the scalar charge e, and
magnitude η with the solenoid radius R and magnetic field parameter B. It was also shown
that for a range of total flux, there exist two branches of solutions of distinct values of
B, namely B < Bmax and B > Bmax, where Bmax is the point corresponding to maximum
flux Φmax.

When the solenoid radius is taken to infinity, we recover the full AdS–Melvin space-
time that is also asymptotically AdS. In this case, we have determined the gravitational
free energy from its Euclidean action and compared it against the pure AdS and planar
AdS black hole spacetimes. We find that, for a given flux Φ, a portion of the branch with
lower B, in the range 0 ≤ B < Bcrit is thermodynamically favoured, where Bcrit < Bmax.
When the magnetic field parameter exceeds Bcrit, there exists a phase transition to a planar
AdS black hole.
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