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Abstract

We survey the recent developments on quantum invariants of 3-manifolds and links: Ẑ
and FL. They are q-series invariants originated from mathematical physics, inspired by the

categorification of a numerical quantum invariant—the Witten–Reshetikhin–Turaev (WRT)

invariant—of 3-manifolds. They exhibit rich features, for example, quantum modularity,

infinite-dimensional Verma module structures, and knot–quiver correspondence. Further-

more, they have connections to the 3d-3d correspondence and other topological invariants.

We also provide a review of an extension of the above series invariants to Lie superalgebras.

Keywords: topological invariants; quantum groups; topological quantum field theory;

supersymmetry; modular forms; lie superalgebra

1. Introduction

Topological quantum field theories (TQFTs) have been a fruitful source of interaction

between physics and topology. From one to four dimensions, TQFTs have provided

physical realizations of topological invariants or predicted new ones. Examples include

the colored Jones polynomials and HOMFLY-PT polynomials of links [1,2], as well as

the Donaldson and Seiberg–Witten invariants of smooth four-manifolds [3,4]. In three

dimensions, SU(2) Chern–Simons TQFT predicted the Witten–Reshetikhin–Turaev (WRT)

invariant of 3-manifolds [2]. The introduction of this invariant motivated a rigorous

construction via the quantum group Uq(sl(2,C)) and its representations [5,6] (see [7] for a

review). This established a gateway into quantum topology from the mathematics side.

On the mathematics side, TQFT was axiomatized in [8,9] (see [10] for a review), and its

breadth and depth have since been greatly enriched. Axiomatic TQFT synthesizes topology,

quantum algebra, representation theory, and category theory. One direction of advancement

in TQFTs has been the construction of extended TQFTs, which introduced higher categories

into the scene [11–13]. There has also been progress in the classification of such TQFTs [14].

Another line of development involves the construction of non-semisimple TQFTs associated

with various quantum groups. Non-semisimple invariants of manifolds first appeared

through the ADO polynomials of links [15] and their quantum group formulation in [16].

In three dimensions, this type of TQFT utilizes non-semisimple categories [17] and the

modified quantum dimension [18,19]. A non-semisimple TQFT has led to a new quantum

invariant of links and 3-manifolds, called the CGP invariant [20]. One of the advantages of

non-semisimple invariants is that they can distinguish manifolds that semisimple invari-

ants cannot, and they yield nonzero results in cases where semisimple invariants vanish.

Furthermore, the underlying quantum groups of these TQFTs have been generalized to

quantum supergroups [21–23].

Another rich source of interaction between physics and topology is the categorification

program [24] (see [25–28] for reviews). Not only has it deepened the understanding of
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quantum invariants of manifolds, but it has also provided powerful new tools. In the case

of link polynomials, many have been shown to be graded Euler characteristics of homology

theories. For example, the Alexander polynomial, Jones polynomial, and HOMFLY-PT

polynomial are the Euler characteristics of knot (or link) Floer homology [29–31], Khovanov

(co)homology [32,33], and Khovanov–Rozansky homology [34], respectively. Furthermore,

the quantum group itself has been categorified. This, combined with the quantum Weyl

group, has led to a different approach to computing link polynomials [35,36].

From the physics perspective on categorification, string theory has played a vital

role. Beginning with knot polynomials [37], the first physical realization of knot homol-

ogy was achieved in [38]. It provided physical interpretations of Khovanov homology,

Khovanov–Rozansky sl(N) homology [39], and knot Floer homology. Furthermore, it pre-

dicted the existence of a categorification of the HOMFLY-PT polynomial—an unexpected

development from the mathematics side [40]. In the case of colored HOMFLY homology,

a detailed investigation for torus links revealed structural properties and differentials [41].

Additionally, an application of a spectral sequence to a four-dimensional supersymmetric

quantum field theory (QFT) was accomplished. Subsequently, a gauge-theoretic realization

of Khovanov homology using a brane system in string/M-theory was introduced in [42]

(see [43,44] for reviews).

A major challenge of the categorification program has been categorifying the sl(2,C)
WRT invariant of closed 3-manifolds Y. The invariant is defined at roots of unity and

does not exhibit a manifest integrality property that would allow it to be interpreted

as the Euler characteristic of a homology theory. A strategy for its categorification was

proposed in [45,46]. On the physics side, a three-dimensional supersymmetric quantum

field theory (QFT) arising from six dimensions predicted the existence of a power series

with integral coefficients associated with the WRT invariant [47,48]. This q-series, denoted

by Ẑb, is labeled by Spinc structures b on Y, representing a vast generalization of [49].

Notably, the appearance of Spinc structures is novel, as the original definition of the WRT

invariant does not involve such structures. Moreover, Ẑb itself is a topological invariant

of Y, implying that there are multiple invariants associated with Y distinguished by the

choice of b. It was conjectured that the WRT invariant of Y can be expressed as a linear

combination of the Ẑb invariants. This decomposition was proven for a particular class of

3-manifolds in [50].

Importantly, it was also conjectured that Ẑb is the graded Euler characteristic of a

homology theory that would provide the desired categorification of the WRT invariant.

From the physics point of view, Ẑb is the nonperturbative partition function for SL(2,C)
complex Chern–Simons theory on Y.

A generalization to 3-manifolds with torus boundary—particularly plumbed knot com-

plements—was achieved in [51]. This led to the definition of a two-variable series invariant,

FK(x, q), for the complement of a knot K. The series FK(x, q) provided access to Ẑb for closed

manifolds beyond plumbed manifolds via Dehn surgery formulas. Following the introduction

of the q-series Ẑb and FK, there has been extensive development. For example, there are exten-

sions to higher-rank Lie groups [52]; the discovery of a quantum modularity property [53,54];

connections to other (geometric) topological invariants [55,56]; an R-matrix formulation and

generalizations to links, denoted by FL [57–59]; and a quiver formulation [60].

Motivated by Ẑb, a variety of extensions of Ẑb(q) and FK have been introduced. For ex-

ample, a two -variable refinement ˆ̂Zb(q, t) for negative definite plumbed 3-manifolds was

defined in [61]. This invariant originates from lattice cohomology theory and reduces to

Ẑb(q) when t = −1. The quantum modularity aspects of ˆ̂Zb(q, t) were explored in [62].

A generalization of ˆ̂Zb(q, t) to knot complements was presented in [63]. Another extension

was introduced in [64], where a set of formal series denoted by Y(q) is associated with
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higher-rank Lie groups and generalized Spinc structures. It was shown that among Y(q)
series, the one invariant under the Weyl group action coincides with Ẑb(q), thereby demon-

strating the uniqueness of Ẑb.

An algebraic extension, namely, a q-series invariant associated with Lie superalgebras,

was introduced in [65]. In the case of sl(2|1), the series was denoted by Ẑb,c(q) and carries

two labels (b, c) ∈ Spinc(Y)× Spinc(Y). For a class of 3-manifolds called plumbed mani-

folds Y(Γ) , it was shown that Ẑb,c decomposes a quantum invariant of Y(Γ) constructed

in [23]. From the physics viewpoint, string/M-theory predicted the existence of the topo-

logical invariant Ẑb,c(q). Furthermore, the super Ẑb,c(q) was generalized to plumbed knot

complements in [66], leading to a three-variable series FK(y, z, q) that exhibits distinctive

features compared with FK(x, q).
In this review article, we provide an overview of the developments on q-series invari-

ants Ẑb(q) and FK(x, q), and the latter’s link generalization FL in terms of various aspects

of these invariants. Moreover, we also survey their extensions to supergroups.

Organization of this paper.

In Section 2 we describe the series invariant Ẑb for closed 3-manifolds and its underly-

ing physics, properties, effects of line operator insertions, and relations to other invariants.

In Section 3 we describe the series invariant FL for complement of links, its R-matrix

formulation, surgery formulas, and its connections to the ADO polynomials and quiver theory.

In Section 4 we review the series invariant super Ẑb,c associated with a Lie superalgebra

for closed 3-manifolds and its underlying physics.

Finally, in Section 5 we summarize a three-variable series FK(y, z, q) for complements of

plumbed knots and its relation to the super Ẑb,c. We list open problems for future directions.

2. Series Invariant for Closed 3-Manifolds

As mentioned in the Introduction, a major challenge in the categorification program

has been categorifying the WRT invariant of 3-manifolds. The goal is to define homology

groups for closed, oriented 3-manifolds whose graded Euler characteristic equals the WRT

invariant or an invariant closely related to it. This homology theory can be regarded as

a 3-manifold analogue of Khovanov homology. A physics approach to the problem was

introduced in [47,48]. Specifically, generalizing the result of [49], the existence of a q-series

invariant for closed oriented 3-manifolds Y denoted by Ẑb(Y; q) exhibiting integrality

properties was conjectured in [47,48]. For Y with b1(Y) = 0 (i.e., Y = QHS3) and every

Spinc(Y) structure b,

∆b ∈ Q, c ∈ Z+, Ẑb(Y; q) ∈ 1

2c q∆bZ[[q]], |q| < 1.

It is a convergent q-series in the interior of the complex unit disc. It is conjectured that

the WRT invariant of Y decomposes in terms of Ẑb(q).

Conjecture 1 ([48]). Let Y be a closed 3-manifold with b1(Y) = 0. Let Spinc(Y) be the set of
Spinc structures on Y, with the action of Z/2 by conjugation. Set

T := Spinc(Y)/Z2.

The radial limit limq→ei2π/k Ẑb(q) exists, and in this limit, the WRT invariant of Y decomposes

as a linear combination of Ẑb(q):

WRT[Y; k] =
1

i
√

2k
∑

a,b∈T
ei2πk lk(a,a) 1

|Wb|
Sab Ẑb(q)

∣

∣

∣

q→e
i2π

k
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Sab =
ei2πk lk(a,b) + e−i2πk lk(a,b)

|Wb|
√

|H1(Y;Z)|
, lk : Tor H1(Y;Z)× Tor H1(Y;Z)→ Q/Z,

where Wx = StabZ2
(x) is Z2 if x = −x and is 1 otherwise; lk is the linking pairing.

Furthermore, Ẑ(Y; q) is supposed to admit a categorification

χ[Hi,j
BPS(Y; b)] = Ẑb[Y; q] = ∑

i,j
(−1)i qj dimHi,j

BPS(Y; b)

These homology groupsHi,j
BPS(Y; b) are claimed to be the desired homology groups

categorifying the WRT invariant.

2.1. Plumbed Manifolds

We first review a class of 3-manifolds called plumbed manifolds. A closed oriented

plumbed three-manifold YΓ is described by a weighted graph Γ. It consists of vertices {vi}
and edges. The former carry integer weights {ki}, whereas the latter carry weight 1. These

plumbing graph data are summarized by an adjacency matrix B, which is symmetric and,

its size is set by the number of vertices s of Γ:

Bi,j =















ki, vi = vj

1, vi, vj connected

0, otherwise

We assume that plumbing graphs are trees. An interpretation of Γ is that each vertex vi

represents an S1-bundle over S2 whose Euler number is ki. The edge between two vertices

represents gluing two S1-bundles by cutting out a D2 from each base space and attaching

two T2. Another useful interpretation is a surgery link L(Γ) obtained by replacing a vertex

by a ki-framed unknot and an edge by a Hopf link between two unknots. Hence, L(Γ) is

always a tree link. Applying Dehn surgery (see Section 3.5 for a review) on L(Γ) results in

the same Y. The first homology of YΓ is

H1(YΓ) ∼= Zs/BZs. (1)

In case B is nondegenerate, YΓ is a rational homology sphere. When B is negative

definite, we call YΓ a negative definite plumbed 3-manifold.

A plumbed 3-manifold can be presented by different plumbing graphs that are related

by a set of Kirby–Neumann moves in Figure 1. In [67–69], it was shown that two plumbing

graphs Γ and Γ′ represent the same 3-manifolds YΓ ≃ YΓ′ if and only if they are related by

a sequence of these moves.

A well-known class of plumbed 3-manifold is Seifert fibered manifolds. Their graphs

are star-shaped; they consist of one central vertex of degree ≥ 2 (the degree of a vertex is

the number of legs emanating from it; the degree two case is a Lens space (a special Seifert

fibered manifold)) and a finite number of legs attached to the central vertex. The degree

of the vertices on the legs is one or two. These legs are singular fibers of the manifold.

The graph data can be summarized in the following way.
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k1 ± 1 ±1

≃

k1

0k1 k2

≃

k1 k2

±1
k1 ± 1 k2 ± 1

≃

k1 + k2

Figure 1. Kirby–Neumann moves on plumbing trees. Move 1: blow up/down (top); move

2: absorption/desorption (middle); move 3: fusion/fission (bottom).

M
(

b
∣

∣

∣

∣

a1

b1
, ...,

an

bn

)

, gcd(ai, bi) = 1

e = b +
n

∑
i=1

ai

bi
∈ Q, (b ∈ Z)

where e is the Euler number, b is the weight of the central vertex, n is the number of singular

fibers, and (ai, bi) are called Seifert invariants. Their continued fraction expansions yield

the weights of the vertices on the legs.

bi

ai
= ki

1 −
1

ki
2 −

1

. . . − 1
ki

s

.

where s depends on the singular fibers. A vertex attached to the central vertex has weight

−ki
1, and the last vertex on the same leg has weight −ki

s.

For negative definite plumbed 3-manifolds, b < 0, and 0 < ai < bi. It was shown

in [70] that the sign of e determines the positive or negative definiteness of the manifolds
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(the converse also holds). In the case where (1) is trivial, i.e., H1 = 0, YΓ is an integral

homology three-sphere ZHS3. In terms of Seifert data, the ZHS3 condition is

e
n

∏
i=1

bi = ±1.

This subclass of manifolds is denoted by Σ(b1, · · · , bn).

Spinc structures

We next describe Spinc structures on plumbed manifolds YΓ [51]. A Spinc structure

on an oriented 3-dimensional manifold Y is a lift of the structure group SO(3) of its tangent

bundle TY to

Spinc(3) = Spin(3)×Z/2 S1 ∼= U(2).

They always exist for low-dimensional manifolds (dimension ≤ 4). And they form

an affine space over H2(Y,Z) ∼= H1(Y); in other words, difference between two Spinc

structures corresponds to a 2-cocycle. To characterize Spinc structures of YΓ in terms of Γ,

we first look at a closed 4-manifold X bounded by YΓ (∂X = YΓ).

Spinc structures on X can be canonically identified with characteristic vectors

K ∈ H2(X):

K(v) := ⟨v, v⟩, for all v ∈ H2(X).

And H2(X) = H2(X) = Zs, where the Poincare duality was used, s is the number of

vertices of Γ, and Vert is a set of its vertices. We have

K ≡ m⃗ mod 2Zs.

where m⃗ is a vector whose components are weights mv for v ∈ Vert. From above, we have a

natural identification

Spinc(X) ∼= m⃗ + 2Zs (2)

In order to pass to YΓ, we analyze the long exact sequence of cohomology groups for

YΓ and X,

H2(X, ∂X)→ H2(X)→ H2(YΓ)→ 0

This entails that H2(YΓ) ∼= H1(YΓ) = Zs/BZs = Coker(B). Moreover,

Spinc(X) ↠ Spinc(YΓ).

From (2), we get a canonical identification (a proof that the identification is natural

can be found in Section 4.2 in [51]):

Spinc(YΓ) ∼= (2Zs + m⃗)/2BZs.

This is in turn identified with

Spinc(YΓ) ∼=
(

2Zs + δ⃗
)

/2BZs, δ⃗ = (⃗δv)v∈Vert,

where δ⃗v = deg(v) is the degree of v ∈ Vert.

2.2. The Series Invariant

Let YΓ be a (weakly) negative definite plumbed manifold with b1(YΓ) = 0 (i.e., QHS3)

and B be its adjacency matrix, equivalently a linking matrix of L(Γ) (the definition of

weakly in the parenthesis is in Section 4.3 of [51]; we primarily deal with negative definite
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plumbed manifolds in this review). The SU(2) colored Jones polynomial of L(Γ) is given

by [48]

J[L(Γ); q]n1,··· ,nL =
2i

q1/2 − q−1/2

L

∏
v=1

q
av(n2

v−1)
4

(

2i
qnv/2 − q−nv/2

)deg−1

× ∏
(v1,v2)∈E

qn1n2/2 − q−n1n2/2

2i
,

where E denotes a set of edges of Γ and q = ei2π/k, k ∈ Z+. The SU(2) WRT invariant of

YΓ is

τ(YΓ) =
F[L(Γ)]

F[L(+1)]b+ F[L(−1)]b−
, (3)

F[L(Γ)] = ∑
n∈{1,··· ,k−1}L

J[L(Γ); q]n1,··· ,nL

L

∏
v=1

qnv/2 − q−nv/2

q1/2 − q−1/2

where L(±1) are one-vertex plumbing graphs whose framings are±1 and b± is the number

of positive/negative eigenvalues of B.

Remark 1. The invariant in (3) is its Dehn surgery formulation.

From (3), the q-series Ẑb of YΓ can be obtained as follows [48] (see Appendix A of [48]

for the derivation).

Ẑb[YΓ; q] = (−1)πq
3σ−TrB

4 ∏
v∈Vert

PV
∮

|zv |=1

dzv

i2πzv

(

zv −
1

zv

)2−deg(v)

Θ−YΓ
b (⃗z, q), (4)

where

Θ−YΓ
b = ∑

l⃗∈2BZL+⃗b

q−
(⃗l,B−1⃗ l)

4 ∏
v∈Vert

zlv
v , b ∈ Spinc(YΓ) ∼= H1(YΓ;Z)

π = ♯ (positive eigenvalues) of B.

σ = signature(YΓ) = ♯ (positive eigenvalues ) of B− ♯ (negative eigenvalues ) of B.

PV = lim
ϵ→0

1

2

(

∮

|zv |=1+ϵ
+
∮

|zv |=1−ϵ

)

where L = s is the number of components of L(Γ) and PV is the principal value prescription

for the complex contour integral. From the perspective of the surgery link L(Γ), (4) can be

viewed as a surgery formula on a tree link (a tree link is a link consisting of unknots, and

their linkings are all Hopf links).

Remark 2. Negative definite refers to B being negative definite (i.e., all its eigenvalues are negative).

Proposition 1 ([51]). Ẑb in (4) is invariant under the Kirby–Neumann moves in Figure 1.

Theorem 1 ([50]). Conjecture 1.1 holds for negative definite plumbed 3-manifolds.

Remark 3. For plumbed manifolds having b1(Y) > 0 (i.e., a graph containing a loop), (4) needs a
modification [71].
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Remark 4. A closely related graphs to plumbing graphs are splice diagrams. They can be converted
into each other. The splice diagrams are useful for revealing the connection of Ẑb to algebraic
geometry. The series Ẑb for splice diagrams was analyzed in [72].

We next describe the physics underlying (4).

Physics Story

The physical prediction for Hi,j
BPS(Y; b) originates from a brane system in M-theory

given by the following setup [48]:

11D Spacetime R × T∗Y × Taub-NUT

N M5 R × Y × D2

Symmetries “U(1)N” × U(1)R ×U(1)q

where Y is a compact Riemannian manifold and “U(1)′′N exists if Y is a Seifert fibered

manifold. The appearance of T∗Y = Calabi–Yau 3-fold is required by supersymmetry

preservation for any choice of metric on Y due to McLean’s theorem. Furthermore, Taub-

NUT space is necessary to preserve supersymmetry along D2 world-volume directions and

the rotational symmetries U(1)R ×U(1)q. D2 is in the shape of a cigar whose circle part is

the M-theory circle. The world-volume theory on the stack of M5 branes is 6d N = (2, 0)

theory. Dimensional reduction on Y gives rise to 3d N = 2 U(N) SCFT on R×D2, denoted

by T[Y; G = U(N)]. The symmetries U(1)R × U(1)q give rise to the homological and

quantum gradings on the BPS Hilbert space of T[Y; G = U(N)]. The boundary conditions

b on ∂D2 = S1 provide the torsion grading. Therefore, we arrive at the existence of the

triply graded Z×Z× Tor H1(Y)/Z2 homology group theory:

HBPS(Y) ∼=
⊕

b∈ Tor H1(Y)/Z2
i∈Z+∆b

j∈Z

Hi,j
BPS(Y; b)

The homological grading is denoted by j, and the shift factor ∆b(Y) ∈ Q in the

quantum grading i is related to the d-invariant (the correction term) of the Heegaard–

Floer homology HF±(Y) [56]. In the case where Y is a Seifert manifold, there is an

additional grading.

Gluing two copies of the solid torus S1×D2 along their common boundary S1, we can

create S1 × S2. An important quantity that represents 3d N = 2 U(N) theory on S1 × S2

is the superconformal index Isc of T[Y; U(N)]; equivalently, its supersymmetric partition

function [48] is

Isc(q) = TrHBPS
S2

(−1)FqR/2+J3 = ZT[Y](S
1 ×q S2), (5)

HBPS
S2 is the BPS sector of the Hilbert space, equivalently the Q-cohomology of all physical

operators, i.e., F: the fermion number; R: the generator of U(1)R symmetry; J3: the Cartan

generator of the SO(3) isometry of S2.

Furthermore, we let

Ẑb(q) := ZT[Y](S
1 ×q D2; b),

where b is theN = (0, 2) supersymmetric boundary condition on T2; the subscript q means

that as one traverses S1, D2 rotates around its symmetry axis by Arg(q).
By the 3d− 3d correspondence [73,74],

3d N = 2 theory T[Y; G]←→ GC Chern–Simons theory on Y,
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Ẑb(Y; q) is the nonperturbative partition function of the SL(2,C) complex Chern–

Simons theory on Y.

It was conjectured that Ẑb(Y; q) and its orientation-reversed version Ẑb(−Y; 1/q) can

be combined to form Isc[Y; q].

Conjecture 2 ([48]). The superconformal index Isc of T[Y] admits the following factorization:

Isc[Y; q] = ∑
b∈ Tor H1(Y;Z)/Z2

|Wb| Ẑb(Y; q) Ẑb(−Y; 1/q) ∈ Z[[q]],

where Ẑb(1/q) is an analytic continuation of Ẑb(q) outside of a complex unit disc |q| > 1.

This conjecture has a generalization by introducing an additional parameter t; hence,

Isc[Y; q, t] ∈ Z[t][[q]], which is called the topologically twisted index (the above conjecture

can be recovered by setting t = qβ, β ∈ Z). This generalized conjecture was verified for

Y = S3, L(p, 1), O(−p)→ Σg in [48].

Examples (see [53] for additional examples)

Y = Σ(2, 3, 7). Using the method described in Section 2.1, its plumbing graph (Figure 2)

is given by

−1

−7−2

−3

Figure 2. A plumbing graph of Y.

Its adjacency matrix B from Figure 2 is

B =











−1 1 1 1

1 −2 0 0

1 0 −3 0

1 0 0 −7











H1(Y) = Coker(B) = 0.

(2Coker(B) + δ⃗)/Z2 = ⟨(1,−1,−1,−1)⟩,

where δ⃗v = deg(v)− 2. Applying (4), we have

Ẑ0[YΓ; q] = q
3(−4)−TrB

4

4

∏
v=1

PV
∮

|zv |=1

dzv

i2πzv

(

z1 −
1

z1

)−1(

z2 −
1

z2

)(

z3 −
1

z3

)(

z4 −
1

z4

)

×Θ−YΓ
b (⃗z, q),

where

Θ−Y
b = ∑

l⃗∈2BZ4+⃗b

q−
(⃗l,B−1⃗ l)

4 zl1
1 zl2

2 zl3
3 zl4

4 .

Ẑ(1,−1,−1,−1) = q1/2
(

1− q− q5 + q10 − q11 + q18 + q30 − q41 + q43 − q56 − q76 + q93 + · · ·
)

Y = M
(

−1| 12 , 1
3 , 1

9

)

. Using the method described in Section 2.1, its plumbing graph

(Figure 3) is given by
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−1

−9−2

−3

Figure 3. A plumbing graph of Y.

Its adjacency matrix B from Figure 3 is

B =











−1 1 1 1

1 −2 0 0

1 0 −3 0

1 0 0 −9











TorH1(Y) = Coker(B) = Z4/BZ4 = ⟨(0, 0, 0, 0), (1, 0,−1,−6), (1, 0,−2,−3)⟩ ∼= Z/3Z.

(2Coker(B) + δ⃗)/Z2 = ⟨(1,−1,−1,−1), (3,−1,−3,−13)⟩,

where δ⃗v = deg(v)− 2. Applying (4), we have

Ẑb[YΓ; q] = q
3(−4)−TrB

4

4

∏
v=1

PV
∮

|zv |=1

dzv

i2πzv

(

z1 −
1

z1

)−1(

z2 −
1

z2

)(

z3 −
1

z3

)(

z4 −
1

z4

)

×Θ−YΓ
b (⃗z, q),

where

Θ−Y
b = ∑

l⃗∈2BZ4+⃗b

q−
(⃗l,B−1⃗ l)

4 zl1
1 zl2

2 zl3
3 zl4

4 .

Ẑ(1,−1,−1,−1) = q + q5 − q6 − q18 + q20 + q40 − q43 − q71 + q75 + q111 + · · ·
Ẑ(3,−1,−3,−13) = −q4/3

(

1 + q2 − q7 − q13 + q23 + q33 − q48 − q62 + · · ·
)

Remark 5. The number of Spinc structures of YΓ is |Spinc(YΓ)| = |H1(YΓ;Z)| = |DetB|.

2.3. Quantum Modularity

An important feature of Ẑb(q) is the quantum modularity property. It strengthens

the connections between seemingly disparate fields—topology and number theory. Fur-

thermore, the quantum modularity property reveals how false theta functions and mock

theta functions are related from a topological perspective. Another significant aspect is

the appearance of higher-depth quantum modular forms [75]. It has been shown that

these forms appear in Ẑb invariants of plumbed manifolds whose graphs contain multiple

high-valence (degree > 2) vertices. This result highlights the role that multiple high-valence

vertices play in modularity.

The quantum modularity feature of Ẑb(q) is not manifest from (4). In [53], it was

shown that Ẑb(q) can be expressed in terms of quantum modular forms for Seifert fibered

manifolds. This connection is realized by a certain representation of a covering group of

the modular group SL(2,Z), which is called the metaplectic group ˜SL(2,Z). (It is an

universal double-covering group of SL(2,Z). It consists of elements of a pair (γ, v),
where γ ∈ SL(2,Z), v : H → C is a holomorphic function satisfying a condition.

The group multiplication is (γ, v) ∗ (γ′, v′) := (γγ′, (v ◦ γ′)v′).) We begin with a review of

a (sub)representation of ˜SL(2,Z).
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Relevant subrepresentations for Ẑb are the Weil representations. They are subrepre-

sentations of the 2m-dimensional representation Θm spanned by the vector θm, m ∈ Z+,

whose components are θm,r, r ∈ Z/2mZ.

θm,r(τ, z) := ∑
l∈r mod 2m

q
l2
4m ei2πzl , q = ei2πτ (6)

From (6), weight 3/2 unary theta functions in the upper half-plane H can be defined by

θ1
m,r(τ) :=

1

i2π

∂

∂z
θm,r(τ, z)

∣

∣

∣

∣

z=0

(7)

We next consider the group of exact divisors of m denoted by Exm. (A divisor n of

m is exact if (n, m/n) = 1). Its group operation is n ∗ n′ = nn′/(n, n′)2. For a subgroup

K ⊂ Exm, a subrepresentation Θm+K of Θm can be defined as follows. Consider a matrix

Ωm(n)r,r′ = δr+r′ (mod 2n)δr−r′ (mod 2m/n). (8)

Using (8), projection operators can be defined as

P±m (n) := (1m ±Ωm(n))/2, n ∈ Exm

For subgroups K not containing m (non-Fricke case) (for the Fricke case, see Section 8

in [53]) and m being a non-divisible square number, we can define additional projection

operators as

Pm+K :=

(

∏
n∈K

P+
m (n)

)

P−m (m), (9)

where m + K denotes the pair (m, K) for K = {1, n, n′, · · ·}. Using (9), we define

θm+K
r = 2|K| ∑

l∈Z/2mZ
Pm+K

r,l θm,l

From above, we define a set σm+K consisting of unequal (up to a sign) vectors θm+K
r .

This set provides a basis
{

θm+K
r |r ∈ σm+K

}

for Θm+K. We have a few remarks in order.

Remark 6. In case m is square-free and Exm = K ∪ (m ∗ K), then Θm+K is irreducible.

Remark 7. In case m is not square-free (m = p2r for some prime p and square-free r), (9) is
modified (see Section 3.3 for details [53]).

Remark 8. For Seifert fibered manifolds with three singular fibers, the Fricke case is relevant.

We next introduce the false theta functions and describe their relevance to Ẑ.

Let g(q) = ∑n>0 ag(n)qn be a cusp form of integral or half-integral weight w . Its

Eichler integral is defined by

g̃(q) := ∑
n>0

n1−wag(n)qn

:=
(i2π)w−1

Γ(w− 1)

∫ i∞

τ
g(τ′)(τ′ − τ)w−2dτ′, q = ei2πτ

(10)
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Applying (10) to (7) leads to the false theta function, which is the Eichler integral (10)

of the w = 3/2 vector modular form:

Ψm,r(τ) := θ̃1
m,r(τ) = 2 ∑

n>0

(P−m (m))r,nqn2/4m ∈ q
r2

4m Z[[q]]

= ∑
l∈Z

l=r mod 2m

sgn(l)ql2/4m (11)

A crucial observation in [53] was that Ẑb for Seifert fibered manifolds with three

singular fibers YΓ = M(b|{ai/bi}3
i=1) can be expressed as a linear combination of (11).

The appropriate linear combination is given by

Ẑb(YΓ; q) = c
(

qδΨm+K
r + d

)

, c ∈ C, δ ∈ Q, d ∈ Z[q], (12)

where

Ψm+K
r := θ̃m+K,1

r = 2|K| ∑
n≥0

Pm+K
r,n qn2/4m.

And b ∈ Spinc(Y)/Z2. Furthermore, other data of Y are

4m = l.c.m
(

4{bi}n
i=1 ∪ {Denominators of CS(b)}0 ̸=b∈Spinc(Y)/Z2

)

CS(b) = −(b, B−1b).

When YΓ is the Brieskorn sphere Σ(b1, b2, b3), where positive integers b1 < b2 < b3

are pairwise relatively prime, there is one Ẑb. (Brieskorn spheres are ZHS3; hence,

H1(Σ(b1, b2, b3)) = 0.) The modular data and the Weil representation m + K (we use

Θm+K and m + K notations interchangeably) are fixed by the above parameters:

m = b1b2b3, r = m− b1b2 − b2b3 − b3b1, K = {1, b1b2, b2b3, b3b1}.

d = |σm+K| = 1

4
(p1 − 1)(p2 − 1)(p3 − 1), (13)

where d is the dimension of the Weil representation. From the viewpoint of the SU(2)

Chern–Simons theory on Σ(b1, b2, b3), it is the number of flat connections.

Remark 9. A proof of (13) can be found in [51] (cf. Proposition 4.8).

The above false theta function (11) is an example of quantum modular form defined

in [76]. Specifically, (11) is a quantum modular form of weight 1/2 (There is a weight

change for quantum modular forms w → 2− w (see Section 7.3 in [53] for details)). The

quantum modular form is defined through a particular a difference between the quantum

modular form and its SL(2,Z) transform.

Definition 1 ([76]). A quantum modular form of weight k and multiplier χ on SL(2,Z) is a
function Q on Q such that for every γ ∈ SL(2,Z), the function pγ : Q\

{

γ−1∞
}

→ C, defined by

pγ(x) := Q(x)−Q|k,χγ(x)

Q|k,χγ = Q
(

aτ + b
cτ + d

)

χ(γ)(cτ + d)−k, γ =

(

a b
c d

)

has some property of continuity or analyticity for every γ ∈ SL(2,Z).
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Another example of quantum modular form is the Mock theta function. It plays

an important role for Ẑ of orientation-reversed 3-manifolds −Y. We will discuss it in

Section 2.7. Next, we move onto examples.

Examples (see [53] for additional examples)

Y = M
(

−1| 12 , 1
3 , 1

9

)

. Its plumbing graph is depicted in Section 2.2. We compute the

Chern–Simons values.

CS(b) = −(b, B−1b) =







0 mod Z, b = (0, 0, 0, 0)
1
3 mod Z, b = (1, 0,−1,−6)

We find that m = 3. Then σ18+9 = {1, 3, 5, 7}, where K = {1, 9}. Using the q-series in

Section 2.2 and (12), we find that

Ẑ(1,−1,−1,−1) = q71/72Ψ18+9
1 (q)

Ẑ(3,−1,−3,−13) = −q71/72Ψ18+9
5 (q).

Y = M
(

−2| 12 , 1
3 , 1

2

)

. Using the method described in Section 2.1, its plumbing graph

(Figure 4) is

−2

−2−2

−3

Figure 4. A plumbing graph of Y.

Its adjacency matrix B from Figure 4 is

B =











−2 1 1 1

1 −2 0 0

1 0 −3 0

1 0 0 −2











TorH1(Y) = Z/8Z

CS(b) = −(b, B−1b) =















0 mod Z, b = (0, 0, 0, 0), (1,−1, 0,−1)
7
8 mod Z, b = (0,−1, 0, 0), (0, 0, 0,−1)
1
2 mod Z, b = (0, 0,−1, 0)

We find that m = 6. Then σ18+2 = {1, 2, 4}, where K = {1, 2}.

Ẑ(3,−1,−5,−3) = Ẑ(3,−3,−5,−1) = −
1

2
q−5/12Ψ6+2

2 (q)

Ẑ(3,−1,−3,−13) = q−5/12
(

2q1/24 −Ψ6+2
1 (q)

)

Ẑ(3,−1,−3,−13) = −q−5/12Ψ6+2
1 (q)

Ẑ(3,−1,−3,−13) = q−5/12Ψ6+2
4 (q).

Remark 10. The calculations of Ẑb of Seifert fibered manifolds from the physics approach were
conducted in [77].

2.4. Line Operators

Line operators in QFTs play an important role. They carry the phase structure of the

theories. Well-known examples of line operators are Wilson and ’t Hooft lines. The former
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informs whether a QFT is in, for example, confining or deconfining phase. In TQFTs,

expectation values of line operators yield topological invariants by wrapping knot or links

with the operators. In the context of Ẑ, an insertion of line operators into Ẑb was first

analyzed in [48]. This is natural from the perspective of quantum field theories. Specifically,

3d N = 2 gauge theory T[M3; G] contains 1/2-BPS line operators. A knot K in M3 colored

by a finite dimensional (irreducible) representation R of G gives rise to a line operator WK,R.

(K, R) 7→WK,R ∈ C,

where C is a category of BPS line operators. From the M-theory viewpoint, the line operators

originate from M2-branes wrapping cotangent bundles of K and located at the origin O of

the cigar, R× T∗K×O. We denote the Hilbert space of T[M3; G] with WK,R by

HT[M3;G]

(

D2, WK,R; b
)

, b ∈ Spinc(M3)/Z2. (14)

It is bigraded carrying homological (R-charge) grading j and q-grading i. Thus (14)

can be decomposed via the gradings.

HT[M3;G]

(

D2, WK,R; b
)

=
⊕

i∈∆b+Z
j∈Z

Hi,j[M3; WK,R].

And the graded Euler characteristics yields the partition function on S1 × D2:

χ
(

HT[M3;G]

(

D2, WK,R; b
))

= Ẑb(M3, WK,R; q) = Z(S1 × D2, WK,R; q) = ∑
i,j
(−1)jqi Hi,j[M3; WK,R].

From the viewpoint of Ẑb(M3, WK,R; q), adding WK,R corresponds to inserting the sl(2)
character χ of R into the integrand of (4),

χλ(R)(z) =
zλ+1 − z−λ−1

z− z−1
. (15)

In case M3 is a Len space L(p, 1), calculations have been carried out in Section 4.3.1

of [48].

Remark 11. The calculations of Ẑb of Seifert fibered manifolds containing a knot from the physics
approach were conducted in [78].

The above situation was generalized to a weakly negative definite plumbed manifold

YΓ with multiple Wilson line operators inserted in [54,79]. Specifically, for the SU(2) gauge

group, let ω⃗ be the fundamental weight of sl(2), and insert the line operators Wv at vertices

v ∈ VW of Γ. Then Ẑ(YΓ, Wv; q) is given as follows.

Definition 2 ([54]). Consider a weakly negative plumbed manifold YΓ and defects associated to a
collection of nodes VW in Γ, with the highest-weight representation with the highest-weight λvω⃗.
Define the defect Ẑ by Ẑ(YΓ, Wv; q) =

(−1)πq
3σ−∑v∈V α(v)

4 PV
∮

∏
v∈V

dzv

i2πzv

(

zv −
1

zv

)2−deg(v)
(

∏
v∈VW

χλv
(zv)

)

ΘY
b+{λv}v∈VW

(q, z), (16)

where χλv is the sl(2) character (15).
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We observe that an effect of inserting the line operators is shifting the Spinc structures

in ΘY.

Proposition 2 ([54]). The defect Ẑ (19) is invariant under the Kirby–Neumann moves in Figure 1
preserving the nodes with λv ̸= 0. Hence it is a topological invariant of YΓ.

From the viewpoint of quantum modularity, the insertions of line operators (16) was

predicted to realize all components of (11) for a class of plumbed manifolds. This is stated

in the following conjecture.

Conjecture 3 ([54] The modularity conjecture). Two infinite q-series are equivalent, f1 ∼ f2,
if f1 = q∆ f2 + q∆′ p(q), where ∆, ∆′ ∈ Q and p(q) ∈ C[q±1]. Consider a Seifert manifold with
three singular fibers M3. Define

Span(Ẑ(M3)) := SpanC

{

Ẑb(M3, Wν; q)| b ∈ Spinc(M3), ν ∈ N3
}

And extend the equivalence between infinite q-series to their spans. There exists a Weil representation

Θ(M3) = Θm+K or Θ(M3) = Θm+K,irr

for some positive integer m and a subgroup K ⊂ Exm such that the following is true:

1. When M3 is negative definite, Span(Ẑ(M3)) is equivalent to SpinC

{

θ̃
(M3)
r |r ∈ Z/2m

}

.

2. When M3 is positive definite, there is an SL(2,Z) vector-valued (mixed) mock modular form

f (M3) = ( f (M3)
r ) transforming in the dual representation of Θ(M3) such that Span(Ẑ(M3))

is equivalent to SpinC

{

f (M3)
r |r ∈ Z/2m

}

.

This conjecture was proved for the Brieskorn spheres.

Theorem 2 ([54]). Conjecture 2.18 is true for Brieskorn spheres M3 = Σ(p1, p2, p3). More
precisely, we have

Ẑ(Σ(p1, p2, p3), Wν; q) = cq∆θ̃m+K
rν

+ p(q), rν = m−∑
i
(1 + νi) p̄i,

where p̄i = m/pi, p(q) is a (possibly vanishing) polynomial and c ∈ C.

Remark 12. The modularity data of Σ(p1, p2, p3) are stated in (13).

We illustrate the above conjecture via examples [54].

Example M3 = Σ(2, 3, 7): The modular data m and K are

m = 42, K = {1, 6, 14, 21},

And σm+K = {1, 5, 11}.
Ẑ(M3; q) ∼ θ̃m+K

1 .

In the absence of a line operator, we only have one element in σm+K. The other two

can be realized via a line operator insertion.

Ẑ(M3, W0,0,1; q) ∼ θ̃m+K
5

Ẑ(M3, W0,0,2; q) ∼ θ̃m+K
11 .
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M3 = M
(

−2| 12 , 2
3 , 2

3

)

. Its H1(M3) = Z/3Z.

m = 6, K = {1, 3},

And σm+K = {1, 3}.

Ẑ0(M3; q) ∼ θ̃m+K
1

Ẑ(1,1,−2,1,0,−1)(M3; q) ∼ θ̃m+K
3

They span all the components. In this case, the line defect insertions result in

Ẑ(M3, W(0,0,1); q) ∼ θ̃m+K
3

Ẑ(M3, W(0,0,2); q) ∼ θ̃m+K
1 .

2.5. Effective Central Charge

The integrality of coefficients of Ẑb is a core feature of its topological invariance and its

clue to existence of the deeper algebraic structure. From the physics perspective, coefficients

of a (supersymmetric) partition function or (superconformal) index of a (supersymmetric)

QFT reflect the dimensions of sectors of BPS Hilbert spaces of the theory. This is in turn tied

to the central charge of the theory via the counting of dynamical degrees of freedom. In [80],

the coefficients an ∈ Z of (5) were analyzed in the context of strongly coupled 3d N = 2

superconformal field theories (SCFTs). Specifically, it was shown that an has a particular

growth behavior as a function of n and the specifics of the behavior were encoded via an

analogue of central charge of the theories, which was called effective central charge ce f f .

We begin with the following prediction about the BPS states of 3d N = 2 SCFTs.

Conjecture 4 ([80]). In every 3d N = 2 SCFT, the spectrum of supersymmetric (BPS) states obeys

an ∼ e2π

√

ce f f n

6 . (17)

In other words, coefficients an of the superconformal index or, equivalently, S2 ×q S1 partition
function,

I(q) = TrHS2

[

(−1)FqR/2+J3

]

= Z(S2 ×q S1) = ∑ anqn (18)

has the property in (17).

Definition 3 ([80]). Assuming Conjecture 2.21, to any 3d N = 2 SCFT we associate a quantity
ce f f defined via the asymptotic behavior of superconformal index (18):

ce f f :=
3

2π2
lim

n→∞

(log(|an|))2

n
. (19)

It is expected that (19) measures the number of degrees of freedom of 3d N = 2 SCFTs.

Evidence for the above conjectures was provided for non-negative definite Brieskorn

spheres −Y = −Σ(s, t, rst± 1) (gcd(s, t) = 1), r ∈ Z+ in [80]. The coefficients an in (18)

grow as

an(r, s, t) ∼ exp

[
√

16π2

(

m2

4st(rst± 1)
− l
)

n

]

.

From numerical analysis, it was concluded that l = 0 for −Y. And values of m are

estimated, which are listed in Table 1.
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Table 1. Values of m for various Brieskorn spheres [80].

t ↓ s→ 2 3 4

4 3.90

5 2.72 5.01 6.69

7 4.35 7.10 9.54

8 8.16

9 5.88 12.38

10 10.27

11 7.36 11.33 15.21

13 8.22 13.45 18.02

Hence, the formula of ce f f for −Y is given by

ce f f = 2 +
24m2

4st(rst± 1)
.

Remark 13. We will describe Ẑb for orientation-reversed manifolds −Y in Section 2.7.

Remark 14. Further investigations on ce f f were carried out recently in [81,82].

2.6. Relations to Other Invariants

A connection between the quantum invariant Ẑb(q) and topological invariants was

first found in [56]. The authors investigated the spin-refined version of the WRT invariant at

the fourth root of unity and elucidated that the corresponding Ẑ are related to the Rokhlin

invariant µ(Y, s) and the d-invariant (or the correction term) of a certain version of the

Heegaard–Floer homology for several classes of 3-manifolds (see Figure 5).

Figure 5. Topological invariants at the fourth and sixth roots of unity from the limits of Ẑb.

Among a variety of topological invariants, an interesting one is the cobordism in-

variant. It establishes a relation between n-dimensional manifolds Mn
1 , Mn

2 via cobordism:

(n + 1)-dimensional manifold Nn+1(∂Nn+1 = Mn
1 ∪−Mn

2 ). This includes whether Mn can

bound Nn+1. This feature is informed by the cobordism groups Ω(n). If Ω(n) = 0, then

this implies that Mn can bound Mn+1. If Mn is equipped with a spin structure, then the

relevant cobordism groups are spin cobordism groups ΩSpin(n). When n = 3, it vanishes.

Hence, spin M3 bounds a (topological or smooth) spin four-manifold M4. The spin struc-

ture of the latter originates from the former by an extension. Rokhlin proved that an M3

invariant depending on its spin structure s is related to the signature of M4 up to mod

16 [83]:

µ(M3, s) = σ(M4) mod 16.
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An implication is that if M4 is smooth, then µ(M3, s) = 0.

A precise relation between Ẑ and µ(Y, s) was shown in [56]:

e−i2π
3µ(Y,s)

16 = ∑
b

cRokhlin
s,b Ẑb[Y; q]

∣

∣

∣

∣

q→i
s ∈ Spin(Y), b ∈ Spinc(Y).

Furthermore, the overall exponent ∆b in Ẑ is related to the d-invariant as

∆b(Y, b) =
1

2
− d(Y, b) mod 1.

In case of Y = ZHS3,

cRokhlin =
1

i
√

8
.

In case of Y = QHS3 (i.e., H1(Y) = Z/pZ),

p = odd, cRokhlin
b =

1

8

7

∑
n=0

e−iπ (np−2b)2+2p
8p

p = even, cRokhlin
s,b =

1

4
e−iπ 2(b+sp/2)2+p

4p
(

1 + (−1)be(s−1)
iπp

2

)

.

In general, for Y whose first Betti number b1(Y) = 0, cRokhlin is given by

cRokhlin
s,σ(s,b) =

1

i
√

8|H1(Y)|
∑

a∈H1(Y)

e−i2πlk(a,a)−i2πlk(a,b),

σ : Spin(Y)× H1(Y,Z)→ Spinc(Y)

lk : TorH1(Y,Z)× TorH1(Y,Z)→ Q/Z,

where lk is the linking form.

The invariant ∆(Y, b) was further analyzed for negative definite plumbed manifolds

YΓ in [84]. It was found that ∆b(Y, b) is related to a topological invariant γ(Y) := k2 + s,

where s is the number of vertices of the plumbing graph and k is the characteristic

vector. The latter is an element in H2(W), where W is a four-manifold bounded by Y.

In case of negative definite plumbed manifolds, γ(Y) can be expressed in terms of data of

plumbing graphs.

Proposition 3 ([85]). Let YΓ be a negative definite plumbed manifold which is a rational homology
sphere. Then

γ(Y) = 3s + Tr(B) + 2 + (2u− δ)2,

where u = (1, · · · , 1) and δ = (δv)v∈V is the degree vector (V is the set of vertices of YΓ).

We state the relation between ∆(Y, b) and γ(Y).

Theorem 3 ([84]). Let Y = M(b0|(a1, w1), · · · , (an, wn) be a Seifert fibered manifold with n
singular fibers associated to a negative definite plumbing graph. Let can be the canonical Spinc

structure of Y. Then ∆can satisfies

∆can = −γ(Y)
4

+
1

2
.

If Y is not a lens space, then ∆can is minimal among all ∆b, b ∈ Spinc(Y).
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In the Introduction, the CGP invariants were mentioned as an example of non-

semisimple invariants from a non-semisimple TQFT. An interesting connection between the

CGP invariants Nr(Y, ω) and the quantum invariant Ẑb was conjectured in [86]. The struc-

ture of this relation is similar to that of µ(Y, s) and Ẑb. It is given by

Conjecture 5 ([86]). Let Y be a rational homology sphere equipped with a Kirby color ω ∈
H1(Y;C/2Z) \ H1(Y;Z/2Z). Then the CGP invariants Nr(Y, ω) at roots of unity r and Ẑb are
related by

Nr(Y, ω) = ∑
b∈Spinc(Y)

cCGP
ω,b Ẑb(Y; q)

∣

∣

∣

∣

q→e
i2π

r

cCGP
ω,b =

T(Y, [ω])

|H1(Y)| ×

×















−e−
iπ
2 µ(Y,s)

∑a, f ei2π(− r−1
4 lk(a,a)+lk(a, f−b)+lk( f , f )− 1

2 ω(a)), i f r = 1 mod 4
√

|H1(Y)|∑a e−
iπr
2 σ(s,a)−i2πlk(a,b)−iπω(a), i f r = 2 mod 4

−e
iπ
2 µ(Y,s)

∑a, f ei2π(− r+1
4 lk(a,a)−lk(a, f+b)−lk( f , f )− 1

2 ω(a)), i f r = 3 mod 4

where the following applies:

• T(Y, [ω]) is an appropriate version of the Reidemeister torsion;
• lk is the linking form on H1(Y;Z) and the summations over a, f ∈ H1(Y;Z);
• σ is the canonical map σ : Spin(Y)× H1(Y;Z)→ Spinc(Y);
• µ(Y, s) is the Rokhlin invariant of Y equipped with a spin structure s ∈ Spin(Y).

Remark 15. It was shown in [86] that the above conjecture holds if certain assumptions are imposed
(cf. Theorem 4.18).

Remark 16. A generalization of the above conjecture to three manifolds with b1(Y) > 0 was stated
in [86] (cf. Conjecture 3).

Another connection between Ẑb and topological invariants were found in [55]. Specif-

ically, a new relation between the Witt invariant w(Y), Witt defect def3(Θ), and Ẑb of Y
from a certain refinement of the WRT invariant at the sixth root of unity was established.

In [87], the SU(2) WRT invariant at the sixth root of unity for a closed oriented 3-manifold

was investigated. It was shown that the WRT invariant is a sum of the invariants of the

manifold equipped with a one-dimensional mod 2 cohomology class Θ:

τ6[Y] = ∑
Θ∈H1(Y;Z/2Z)

τ6[Y, Θ].

Furthermore, τ6[Y, Θ] can be expressed in terms of w(Y) and def3(Θ):

τ6[Y, Θ] = i−w(Y)+2Θ3+def3(Θ)
√

3
ϵ(Θ)+d(YΘ)−d(Y)

d(Y) = rkH1(Y;Z/3Z), d(YΘ) = rkH1(YΘ;Z/3Z), 2Θ3 ∈ Z/4Z

w(Y) : mod 3 Witt invariant of Y

def3(Θ) : mod 3 Witt defect of the double-cover manifold YΘ → Y

ϵ(Θ) =







0, Θ = 0

1, Θ ̸= 0
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Let us first review the Witt invariant and defect of 3-manifolds defined in [87]. Their

formulation takes place in four dimensions. Let Y be a closed oriented 3-manifold. By the

vanishing of its oriented cobordism group Ω(Y) = 0, Y bounds a compact oriented 4-

manifold X whose intersection form is denoted by Q̃X. Its signature is denoted by σ(X).

We next diagonalize Q̃X in a Z3-coefficient ring, obtaining 0,±1 as its diagonal entries. We

denote it by QX. Then we let w(X) be its trace Tr QX. The mod 3 Witt invariant of Y is

defined as

w(Y) := σ(X)− w(X) mod 4.

w(Y) is independent of X. Since we deal with a compact 4-manifold with a boundary,

we would like to detect an effect of the boundary. This leads to the notion of the Witt defect.

Specifically, we consider a cyclic n-fold cover manifold Ỹ → Y. By the result of [88], this

covering manifold extends to a cyclic branched cover X̃ → X branched along a closed

surface F in X. We let QX̃ be an intersection form of X̃ in the Z3 coefficient. The mod 3 Witt

defect of Ỹ → Y is defined as

def3(Ỹ → Y) := nw(X)− w(X̃)− n2 − 1

3n
F · F mod 4,

where n divides F · F. The specific Witt defect that is relevant in our context is a double-cover

3-manifold equipped with a cohomological class Θ ∈ H1(Y;Z/2Z):

def3(YΘ → Y) = 2w(X)− w(X̃)− 1

2
F · F mod 4. (20)

We abbreviate the above defect as def3(Θ). Due to the presence of the boundary,

the difference between the first two terms in (20) is not necessarily zero. Note that w(Y)
and def3(YΘ → Y) taking value in Z/4Z follows from the fact that the Witt ring W(R) of

R = Z/3Z is Z/4Z [89].

The Witt invariant w(Y) and Witt defect def3(Θ) are geometrically defined on the

level of 4-manifolds; thus they also possess the cobordism characteristic [55].

i−w(Y)+2Θ3+def3(Θ)
√

3
ϵ(Θ)+d(YΘ)−d(Y)

= ∑
b∈Spinc(Y)/Z2

cWitt
Θb Ẑb(q)

∣

∣

∣

∣

q→e
i2π

6

Θ ∈ H1(Y;Z/2Z).

For rational homology spheres Y (H1(Y;Z) = Z/pZ), there are two different cases.

The first case is when p = odd,

cWitt
t =

e−iπ/4

4
√

3

5

∑
r=0

e−
iπ

12p (2pr−2t+p)2

,

where t = 0, · · · , p− 1. When p =even,

cWitt
wt =

e−iπ/4

2
√

3
e−

iπ
3p (t+

p
2 (w+1))2(

1 + e
iπ
3 (pw+2t) + e

i2π
3 (pw+2t−p)

)

,

where w = 0, 1 and t = 0, · · · , p− 1 (we used the fact that Spinc(Y) is affinely isomorphic

to H1(Y;Z)). This new relation not only enriches the conceptual aspects of the invariants; it

also provides a new method of computing the Witt invariant and Witt defect directly in

three dimensions.

As examples, we list the Witt invariants for L(p, 1) in Tables 2 and 3.
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Table 2. A summary of Witt invariants for Lens spaces [55].

−L(p, 1) w(Y) ∈ Z/4Z d(Y) ∈ Z

−L(3, 1) 3 1

−L(5, 1) 2 0

−L(7, 1) 0 0

Table 3. A summary of Witt invariants for Lens spaces [55].

−L(p, 1)
w(Y) ∈
Z/4Z

d(Y) ∈ Z d(Y1) ∈ Z
def3(1) ∈
Z/4Z

2(13) ∈
Z/4Z

−L(2, 1) 2 0 0 0 2

−L(4, 1) 0 0 0 3 0

−L(6, 1) 3 1 1 3 2

−L(8, 1) 2 0 0 3 0

2.7. Orientation Reversal

Under orientation reversal of a closed oriented 3-manifold Y → −Y, the sl(2) WRT

invariants of −Y at level k is

WRT(−Y;−k) = WRT(Y; k)∗.

Since the WRT invariant is a complex number, the orientation reversal amounts to

applying the complex conjugation, or equivalently, sending k → −k. The latter implies

that q→ 1/q. In the case where a topological invariant is a series, for instance, Ẑb(Y)(q),
orientation reversal of Y translates into a nontrivial operation. Naively sending q→ 1/q
does not lead to a correct series for Ẑb(−Y)(q). As a consequence, a major challenge in the

development of Ẑb(Y)(q) is finding a formula for positive definite plumbed manifolds (for

lens spaces L(m, n), their Ẑb(L(m, n))(q) are monomial. Hence, Ẑb(−L(m, n))(q) can be

obtained by q→ 1/q). In case of Ẑ(−Y)b(q), it is a q-power series defined on the outside of

the unit disk in the complex plane (|q| > 1). From the viewpoint of quantum modularity in

Section 2.3, Ẑb(Y)(q) of certain manifolds can be expressed in terms of a linear combinations

of the false theta functions. In [53], it was shown that Ẑb(−Y)(q) can be expressed in terms

of the mock theta functions. And there exists a false-mock pair for between Ẑb(Y)(q)
and Ẑb(−Y)(q). The pair is defined on the complex plane. Specifically, the false theta

function is defined on the upper half, and the mock theta function is defined on the lower

half, as shown in Figure 6. The definition of the mock theta function was established by

Zwegers [90].

Figure 6. A pair of quantum modular forms, false and mock theta functions [53].

Roughly speaking, it is the holomorphic part of a harmonic Maass forms. The formal

definition is given as follows.
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Definition 4 ([53]). A holomorphic function f on H is a mock modular form of weight k and
multiplier χ, if and only if there exists a weight 2− k cusp form g on Γ such that the non-holomorphic
completion of f defined by

f̂ (τ) = f (τ)− g∗(τ), τ ∈ H

satisfies f̂ |k,χγ = f̂ for every γ ∈ Γ and

g∗(τ) :=
(i2π)w−1

Γ(w− 1)

∫ i∞

−τ̄
(τ′ + τ)−kg(−τ̄′) f dτ′,

f̂ |k,χγ = f (
aτ + b
cτ + d

)χ(γ)(cτ + d)−k, γ =

(

a b
c d

)

Remark 17. In the above Γ = SL(2,Z) or Γ = Γ0(N), the congruence subgroup of SL(2,Z).

In the physics context, let us recall that Ẑb(−Y)(q) appeared in Sections 2.2 and 2.5. It

is a necessary for testing the superconformal index of 3d N = 2 SCFTs and the effective

central charge. It is clear that orientation reversal is necessary for a complete understanding

of Ẑb(q) for all types of plumbed manifolds.

Although there are available approaches to find Ẑb(−Y)(q), they have limited applica-

bility or difficulty to implement in practice. We summarize the approaches:

1. q-Hypergeometric series: It was shown in [53] that Ẑb(Y)(q) of particular Seifert

fibered manifolds with three singular fibers, for example, Σ(2, 3, 5) and Σ(2, 3, 7), can

be expressed in terms of q-hypergeometric series. It is a rational function, which allows

us to apply q→ 1/q to obtain Ẑb(−Y)(q) straightforwardly. A caveat of this method

is the a q-series can be expressed in multiple ways in terms the q-hypergeometric

series; thus, there is non-uniqueness. Each expression leads to a different q-series after

q→ 1/q, and one of them is the desired Ẑb(−Y)(q).
2. Rademacher sums: This method is systematic and sophisticated [53]. Obtaining

Ẑb(−Y)(q) involves finding a certain function in the lower half of the complex plane,

which is an image of mock modular form.

3. Resurgence method: This method utilizes the quantum modular property of

Ẑb(Y; q) [91] (the resurgence method is a technique that enables one to analyze

strongly coupled QFTs. It was applied to the complex Chern–Simons theory in [92]).

The method aims to find a dual Ψm,r(q)∨ of a false theta function Ψm,a(q):

Ψm,a(q)←→ Ψm,a(q)∨

A starting point for obtaining Ψm,a(q)∨ is the Borel–Mordell integral and its unique

decomposition,

J(p,a)(h̄) :=
1

−h̄

∫ ∞

0
duepu2/h̄ sinh((p− a)u)

sinh(pu)
, h̄ < 0. (21)

√

4p(−h̄)
π

J(p,a)(h̄) = q∆a Fa(q) + i

√

π

h̄

Floor[ p
2 ]

∑
b=1

Sab q̃∆̃bWb(q̃), q = eh̄, q̃ = e
π2

h̄ ,

where Fa(q) is a q-series and Wb is a q̃-series. Using (21) and the numerical analysis,

Fa(q) and Wb(q̃) are determined (an analytic continuation of (28) into the h̄ > 0 regime

is given in Section 4.6 of [91]), and they include the desired mock theta functions

Ψm,a(q)∨.
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Remark 18. In the above, p = m, and a = r from Section 2.3.

4. Indefinite theta functions: Instead of using the negative definite lattice for the theta

function in (4), an application of indefinite lattice theta functions was introduced

in [93]. Specifically, it used an indefinite lattice theta function together with a regulator.

In this approach, there is a choice of a one-sided cone when summing over lattice

vectors. This idea was further pursued and refined in [59], which used a double cone.

An example in which q-hypergeometric series method can be applied is Σ(2, 3, 7) [53].

Using (13), we have

Ẑ(Σ(2, 3, 7); q) = q83/168Ψ42+6,14,21
1 (q) |q| < 1

Ψ42+6,14,21
1 (q) = q1/168

∞

∑
n=0

(−1)nq
n(n+1)

2

(qn+1; q)n

We next invert q to jump to the |q| > 1 region and use the identity

(x; q−1)n = (−1)nxnq−
n(n−1)

2 (a−1; q)n.

Then we arrive at

Ψ42+6,14,21
1 (q−1) = q−1/168

∞

∑
n=0

qn2

(qn+1; q)n
= q−1/168F0(q)

Ẑ(−Σ(2, 3, 7); q) = q−1/2
(

1 + q + q3 + q4 + q5 + 2q7 + q8 + 2q9 + q10 + 2q11 + q12 + · · ·
)

Compared with the result in Section 2.2, the coefficients are no longer ±1.

3. Series Invariant for Link Complements

3.1. A Two-Variable Series for Knots

Motivated by (4), a multi-variable series for complements of plumbed knots was

defined in [51]. We begin by reviewing plumbed knots.

Plumbed knot complements, more generally plumbed 3-manifolds with a torus bound-

ary, are represented by a weighted graph ΓK with one distinguished vertex v∗ [51]. This

vertex represent the torus boundary. We are interested in the case when the degree of v∗ is

one. From the viewpoint of the surgery link L(ΓK) described above, an unknot correspond-

ing to v∗ acts as a spectator during the surgery operation. Furthermore, removing v∗ and

the edge connecting it to ΓK represents an ambient plumbed 3-manifold Y(Γ̂).

An additional data describing a knot is a framing that takes values in Z. Roughly

speaking, this value characterizes the twisting of a longitude of the knot around the knot.

This information is captured by weight kv∗ of v∗. This is called graph framing. Therefore,

complement of a plumbed knot in Y(Γ̂) is specified by (ΓK, v∗). A simple example is shown

in Figure 7. The Neumann moves in Figure 1 also apply to plumbing graphs of knots,

except the blow-up/-down move on v∗.
We review the method for obtaining plumbing graphs of torus knots in [51]. We

consider torus knots T(s, t) ⊂ S3, where gcd(s, t) = 1, 2 ≤ s < t. Torus knots are examples

of algebraic knots. Hence, they and more precisely their complements admit plumbing

graph presentations. The graphs consist of one multivalency vertex having degree 3, weight

−1, and three legs attached to the vertex. One of the legs has an open vertex of degree 1
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called distinguished vertex, representing a torus boundary of the knot complement. To find

vertices and weights on the other legs, we solve

t′

t
+

s′

s
= 1− 1

st

for unique integers t′ ∈ (0, t) and s′ ∈ (0, s) satisfying

st′ ≡ −1 (mod t) ts′ ≡ −1 (mod s).

−k1

−k5

−k2

−k3

−k4

−k1−k2

−k3

−k4

−k5

Figure 7. A plumbing graph ΓK of a knot K ⊂ S3 (left) and corresponding surgery link L(ΓK) (right).

The linking between two link components is the Hopf link. This link diagram can be transformed

into a knot diagram through the Kirby moves.

Then we expand −t/t′ and −s/s′ in continued fractions in Section 3.1. Each of them

forms a leg with weights attached to the central vertex. The weight of the distinguished

vertex is given by −st (this value corresponds to 0-framed torus knots). Example of

plumbing graphs are shown in Figure 8.

For complements of plumbed knots that are (weakly) negative definite (ΓK, v∗), a three-

variable series was defined [51]:

Ẑb(ΓK; z, n, q) = (−1)π

(

z− 1

z

)1−deg(v∗)
q

3σ−TrB
4 ∏

v∈Vert
v ̸=v∗

∮

|zv |=1

dzv

i2πzv

(

zv −
1

zv

)2−deg(v)

Θ−YK
b (⃗z, q),

Θ−YK
b = ∑

l⃗

q−
(⃗l,B−1⃗ l)

4 ∏
v∈Vert

zlv
v ,

(22)

where Vert denotes a set of vertices of ΓK and B is the linking matrix of L(ΓK). We note that

there is no integration over v∗ in (22).

Using the properties of the plumbed knot complements, it was shown that (22) reduces

to an independent two-variable series denoted by FK(x, q). It turns out that FK(x, q) has the

following general form for all knots in ZHS3:

FK(x, q) =
∞

∑
m=1
odd

fm(K; q)
(

xm/2 − x−m/2
)

∈ 1

2c q∆Z[q−1, q]][[x1/2, x−1/2]] (23)

where c ∈ Z≥0, ∆ ∈ Q and x = z2.
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−1

−2(2n + 1)

−2

−3

−2

−2

−1

−3(3n + 1)

−2

−2

−4

−2

−2

−1

−3(3n + 2)

−3

−2

−3

−2

−2

Figure 8. Plumbing graphs of T(2, 2n + 1) (left), T(3, 3n + 1) (right), and T(3, 3n + 2) (bottom).

The ellipsis indicates intermediate vertices with weight −2 along the legs. The total number of

−2 vertices in succession on the leg is n− 1 for T(2, 2n + 1), T(3, 3n + 1), and T(3, 3n + 2).

Remark 19. The variable x in (23) counts with the relative Spinc structures of the knot complement.

Remark 20. Generally, the coefficient functions { fm(K; q)} are a Laurent power series Z[q−1, q]];
knots whose Alexander polynomials are non-monic have this property. In case of fibered knots, they
are Laurent polynomials.

3.2. Large Color R-Matrix

Inspired by the quantum R-matrix formulation of the colored Jones polynomials,

R-matrix formulation for FK(x, q) was constructed in [58]. This approach revealed the

infinite-dimensional Verma module structure of quantum group Uq(sl(2)) at generic q
underlying FK(x, q). From a computational viewpoint, the R-matrix formulation vastly

extended the classes of knots for which FK can be computed. For example, positive braid

knots and positive double-twist knots were computed explicitly in [58]; both of them

are infinite families of knots. As in the case of colored Jones polynomials, the R-matrix

approach utilizes a braid presentation β of K in Figure 9, and the R-matrix acts on the

infinite-dimensional Verma modules of Uq(sl(2)) over F := C(x1/2, q1/2). There are two

such modules. One of them is the highest-weight Verma module Vh
∞,λ with the highest-

weight λ:

· · ·⇌ Vh
∞(λ− 2) ⇌ Vh

∞(λ),

where the top and the bottom maps are e and f generators of Uq(sl(2)), respectively. There

is a basis
{

vj
}

j≥0
with vj ∈ Vh

∞(λ− 2j) for which the actions of Uq(sl(2)) are given by
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evj = [j]vj−1

f vj = [λ− j]vj+1

q
h
2 vj = q

λ−2j
2 vj,

where [k] := qk/2−q−k/2

q1/2−q−1/2 . The second one is the lowest-weight Verma module V l
∞,λ with lowest-

weight λ:

V l
∞(λ) ⇌ V l

∞(λ + 2) ⇌ · · · ,

where the top and bottom maps are e and f generators, respectively. There is a basis
{

vj
}

j≥0

with vj ∈ V l
∞(λ + 2j) for which the action of Uq(sl(2)) is given by

evj = [−λ− j]vj+1

f vj = [j]vj−1

q
h
2 vj = q

λ+2j
2 vj.

Figure 9. Braid β, more precisely (1, 1)-tangle setup.

Remark 21. The color n = logqx does not need to be an integer.

Remark 22. The effects of e and f on the bases are interchanged for highest- and lowest-weight
Verma modules.

The quantum R-matrix on the Verma modules for FK(x, q) for positive and negative

crossings (see Figure 10) are given in [58] as

Ř(x)i′ ,j′
i,j = δi+j,i′+j′q

j′+j′+1
2 x−

j′+j′+1
2 qjj′

[

i
j′

]

q
∏

1≤l≤i−j′

(

1− qj+l x−1
)

Ř−1(x)i′ ,j′
i,j = δi+j,i′+j′q

− i+i′+1
2 x

i+i′+1
2 q−ii′

[

j
i′

]

q−1

∏
1≤l≤j−i′

(

1− q−i−l x
)

(24)

respectively. These large color R-matrices satisfy the quantum Yang–Baxter equation

Ř23Ř12Ř23 = Ř12Ř23Ř12.

Compactly, the definition of FK in terms of a braid closure and hence the R-matrices is

given by

F±K (x, q) = (x1/2 − x−1/2) Tr′q β
Vh,l

∞
, (25)
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where the superscript ± denotes positive or negative x-expansions of (27) and Tr′q is the

reduced quantum trace (Reduced refers to opening up a braid as in Figure 9. It is related to

the usual quantum trace (see Section 4 of [58] for details)).

Figure 10. Ř and Ř−1 matrices for positive and negative crossings, respectively, are shown.

Remark 23. An important aspect of the state sum formulation (FK = Tr) is (absolute) convergence
of power series in x±1 and q. This restricts to classes of knots in which (25) is applicable. For example,
positive braid knots, fibered strongly quasi-positive braid knots, and positive double-twist knots have
been computed.

For the above classes of knots βK, we have

F−K (x, q) = (x1/2 − x−1/2) Tr′q βVh
∞

.

In case of mirror knot of βK, Vh is replaced by V l and F− becomes F+. The other half

can be obtained using Weyl symmetry.

Remark 24. If two crossing strands are colored by different representations, (24) become functions
of x and y variables (see Section 3.2 in [58] for details).

The above large color R-matrix was generalized to representations of Uq(sl(N)) in [57].

In the higher-rank case, infinite Verma modules form high-dimensional lattice, whose

dimension depends on the value of N. For example, when N = 3, the dimension of

the lattice is two. This is because Uq(sl(3))-Verma modules are labeled by Vi,j, i, j ≥ 0.

Examples of positive braid knots and homogeneous braid knots have been computed

in [57].

We move onto the link generalization FL of FK(x, q).

3.3. Inverted State Sums

A generalization of (23) to links was achieved in [59]. The main features of the

generalizations are domain extensions of (24) and (25) and the introduction of four building

blocks of braids, as shown in Figure 11. Specifically, the domains of i, j, i′, andj′ are extended

to the set of all integers. In the case where two strands of a braid are the same, the R-matrices

are given by

Ř(x)i′ ,j′
i,j =























































δi+j,i′+j′q
j′+j′+1

2 x−
j′+j′+1

2 qjj′





i

i− j′





q

∏1≤l≤i−j′
(

1− qj+l x−1
)

, i ≥ j′ ≥ 0 or

0 > i ≥ j′

δi+j,i′+j′q
j′+j′+1

2 x−
j′+j′+1

2 qjj′





i

j′





q

1

∏0≤l≤j′−i−1(1−qj−l x−1)
, j′ ≥ 0 > i

0 otherwise

(26)
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Ř−1(x)i′ ,j′
i,j =























































δi+j,i′+j′q
− i+i′+1

2 x
i+i′+1

2 q−ii′





j

j− i′





q−1

∏1≤l≤j−i′
(

1− q−i−l x
)

, j ≥ i′ ≥ 0 or

0 > j ≥ i′

δi+j,i′+j′q
− i+i′+1

2 x
i+i′+1

2 q−ii′





j

i′





q−1

1

∏1≤l≤i′−j−1(1−q−i+l x)
, i′ ≥ 0 > j

0 otherwise

(27)

In the case where two strands of a braid are different, we need multicolored R-matrices.

The strand associated with i→ j′ is assigned an x variable, whereas the strand associated

with j→ i′ is assigned a y variable. The extended multicolored R-matrices are given by

Ř(x, y)i′ ,j′
i,j =























































δi+j,i′+j′q
j′+j′+ 1

2
2 x−

i′+j′+1
4 y−

3j′−i′+1
4 qjj′





i

i− j′





q

∏1≤l≤i−j′
(

1− qj+ly−1
)

, i ≥ j′ ≥ 0 or

0 > i ≥ j′

δi+j,i′+j′q
j′+j′+ 1

2
2 x−

i′+j′+1
4 y−

3j′−i+1
4 qjj′





i

j′





q

1

∏0≤l≤j′−i−1(1−qj−ly−1)
, j′ ≥ 0 > i

0 otherwise

(28)

Ř−1(x, y)i′ ,j′
i,j =























































δi+j,i′+j′q
− i+i′+ 1

2
2 x

3i′−j+1
4 y

j′+i+1
4 q−ii′





j

j− i′





q−1

∏1≤l≤j−i′
(

1− q−i−l x
)

, j ≥ i′ ≥ 0 or

0 > j ≥ i′

δi+j,i′+j′q
− i+i′+ 1

2
2 x

3i′−j+1
2 y

j′+i+1
4 q−ii′





j

i′





q−1

1

∏1≤l≤i′−j−1(1−q−i+l x)
, i′ ≥ 0 > j

0 otherwise

(29)

Over- and under-crossings carry signs, which result in four kinds of crossings, as

shown in Figure 11. The signs are tied to the highest- and lowest-weight Verma modules.

There are rules for assigning signs to crossings in a braid diagram, more precisely (1,1)-

tangle (see Section 1.3 of [59] for details).

Figure 11. Crossing for the inverted state sum.

Remark 25. The two-variable extended R-matrices in (28) and (29) can be obtained from the
two-variable R-matrices in Section 3.2 of [58].

Using these building blocks, FL for any homogenous links (the definition of homoge-

nous links is that each generator σk of their braid group appears with either positive or

negative powers in a braid word) can be computed. We state the definition of the inverted

state sum.
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Definition 5 ([59]). Given a homogeneous braid diagram β, the inverted state sum is

Zinv(β) := (−1)s ∑(R · · · R),

where
s = ♯(columns with negative crossings) + ♯(Ř−1).

Theorem 4 ([59]). For any homogeneous braid link L with a homogeneous braid diagram βL, let

FL := (x1/2 − x−1/2)Zinv(βL),

where x is the parameter associated to the open strand. Then FL is an invariant of L. That is, it is
independent of the choice of the homogeneous braid representative.

The above series FL is a function of x1, · · · , xl , q, where l is the number of components

of L.

Remark 26. There are more statements in the above theorem. They are written in Section 3.7.

3.4. Inverted Cyclotomic Series

Among several representations of the colored Jones polynomials Jn(K; q) of a knot

K, there is a particular expression that separates topological and algebraic information

of the polynomials and takes values in a completion of the Laurent polynomial ring

over the integers [94]. This is often called cyclotomic expansion of the colored Jones

polynomials (the cyclotomic expansion is also valid for links). Specifically, for a knot

colored by n-dimensional irreducible representation Vn of sl(2), its cyclotomic expansion

of Jn(K; q) is given by (this formula is for 0-framed K)

Jn(K; q) =
∞

∑
m=0

am(K; q)σm(qn, q)

σm(qn, q) =
m

∏
j=1

(

qn + q−n − qj − q−j
)

∈ Z(Uh̄),

(30)

where am(K) ∈ Z[q±1] ⊂ Q[[h̄]] and q = eh̄. The knot information is completely captured

by am(K; q), and σm are basis elements of Z(Uh̄). The cyclotomic expansion manifests the

integrality property of Jn(K; q). Some examples of am(K; q) are

am(3
l
1) = (−1)mq

m(m+3)
2 , am(3

r
1) = (−1)mq−

m(m+3)
2 , am(41) = 1. (31)

Motivated by (30), an inverted cyclotomic expansion for FK(x, q) was introduced

in [59]. Two modifications are as follows: the domain of m of am(K; q) was extended

to the set of all integers, and σm was inverted. Specifically, we have the following

conjectural formula.

Conjecture 6 ([59]). For any knot K with ∆K(x) ̸= 1, it has an inverted Habiro series, and it
agrees with the FK in the sense that

FK(x, q) = −(x1/2 − x−1/2)
∞

∑
m=1

a−m(K; q)

∏
m−1
j=0

(

x + x−1 − qj − q−j
) (32)

where the right-hand side is expanded into a power series in x.
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The extensions of (31) are

a−m(3
l
1) = (−1)mq

m(m−3)
2 , a−m(3

r
1) = (−1)mq−

m(m−3)
2 , a−m(41) = 1.

Remark 27. In case of links, inverted σm(xi, q) for each i-th link component Li appears in the
denominator of (32).

The two expressions of FK(x, q), namely, (23) and (32) are related as follows.

Proposition 4 ([59]). If we write

−(x1/2 − x−1/2)
∞

∑
m=1

a−m(K; q)

∏
m−1
j=0

(

x + x−1 − qj − q−j
) = x1/2

∞

∑
j=0

f j(K; q)xj,

then

f j(K; q) =
j

∑
i=0

[

j + i
2i

]

a−i−1(K; q),

a−i−1(K; q) =
j

∑
i=0

(−1)i+j

[

2i
i− j

]

[2j + 1]

[i + j + 1]
f j(K; q).

We will see in the next section that (39) is useful for predicting a surgery formula for

positive integer slopes.

Remark 28. An analysis of residues of FK(x, q) was investigated in [95].

3.5. Dehn Surgery Formulas

Surgery is an indispensable tool in topology. It consists of cutting and gluing manifolds.

It provides different perspectives on manifolds and relates them appropriately, thereby

revealing multiple presentations of a manifold. This in turn allows for the analysis of

manifolds having sophisticated topology. In three dimensions, Dehn surgery plays an

important role. We first review Dehn surgery.

Let Y = S3 be a closed oriented manifold and K be a knot in Y. We carve out a tubular

neighborhood of K, which is diffeomorphic to S1 × D2. This yields a compact oriented

manifold YK with a torus boundary. Then we glue a solid torus S1 × D2 into YK along a

slope p/r ∈ Q∪ {∞} via a diffeomorphism. When gluing, a meridian of the solid torus is

mapped to pµ + rλ on ∂YK = T2, where µ is a meridian and λ is a longitude of T2. This

results in a closed oriented manifold Yp/r.

Yp/r = YK ∪T2 S1 × D2.

Remark 29. In the case of links in Y, the above operation is be applied to each component Li of
links with its surgery slope pi/ri.

There is a classical result regarding closed oriented 3-manifolds and Dehn surgery.

Theorem 5 ([96,97]). Any closed connected oriented 3-manifold can be obtained from Dehn surgery
on (framed) links in S3.

In our setting, Dehn surgery establishes a relation between FK and Ẑ. There are

multiple (conjectured) surgery formulas covering different regimes of surgery slopes for a
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knot. The surgery formulas allow one to access Ẑ of closed oriented 3-manifolds that are

beyond plumbed manifolds.

Theorem 6 ([51] Plumbed knot surgery). Let Y be the complement of a knot K in Ŷ = ZHS3,
and let Yp/r be the result of Dehn surgery along K with coefficient p/r ∈ Q∗. Suppose that both Ŷ
and Yp/r are negative definite plumbed 3-manifolds. Then the surgery on K yields

Ẑb(Yp/r; q) = ϵqdL(b)p/r

[(

x
1
2r − x−

1
2r

)

FK(x, q)
]

(33)

where

L(b)p/r : xuqv 7→







q−u2r/pqv, if ru− b ∈ pZ

0, otherwise.

for some ϵ ∈ {±1} and d ∈ Q.

The above result was conjectured for all knots.

Conjecture 7 ([51]). Let K ∈ S3 be a knot, and let S3
p/r(K) be the result of Dehn surgery along K

with coefficient p/r ∈ Q∗. Then there exist ϵ ∈ {±1} and d ∈ Q such that

Ẑb(S
3
p/r(K); q) = ϵqdL(b)p/r

[(

x
1
2r − x−

1
2r

)

FK(x, q)
]

(34)

Provided that the right-hand side of this equation is well defined.

The well-defined condition is tied to the sign of the surgery slope p/r and the behavior

of fm(K; q) in (23). In the case when the right-hand side of (34) yields an ill-defined result

due to the positivity of the slope p/r > 0, an idea of regularization was proposed to obtain

a convergent q-series in the complex unit disc [59]. Specifically, the regularized surgery

formulas for positive surgery slopes +1/r and +p are the following.

Conjecture 8 ([59] Regularized + 1
r surgery). When + 1

r surgery formula (41) converges, we
need to use (41). When it does not converge, we can regularize it in the following way, as long as the
regularization converges:

Ẑb(S
3
+ 1

r
(K); q) = q

r+r−1

4

∞

∑
j=0

f j(K; q)
(

q−r(j+ 1
2− 1

2r )
2 − q−r(j+ 1

2 +
1
2r )

2
)



1− ∑|k|≤j(−1)kq
k((2r+1)k+1)

2

f (−qr,−qr+1)





where
f (a, b) := ∑

n∈Z
a

n(n+1)
2 b

n(n−1)
2 = (−a; ab)∞(−b; ab)∞(ab; ab)∞

is the Ramanujan theta function.

The term in the second parenthesis is the regulator.

Conjecture 9 ([59] Regularized +p surgery). When +p surgery formula (41) converges, we
need to use (41). When it does not converge, we can regularize it in the following way:

Ẑb(S
3
+p(K); q) = q

1
2

∞

∑
n=0

a−n−1(K)
(−1)nq

n(n+1)
2

(qn+1; q)n
q

b(p−b)
p Pp,b

n (q−1)

provided that the regularization converges. The polynomials Pp,b
n (q) ∈ Z≥0[q−1].
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The above polynomials Pp,b
n (q) ∈ Z≥0[q−1] arise from the following rational function:

1

∏
n
j=1

(

x + x−1 − qj − q−j
)

∣

∣

∣

∣

xu 7→δb,u(modp)q
− u2

p
=

(−1)nq
n(n+1)

2

(qn+1; q)n
q

b(p−b)
p Pp,b

n (q−1).

A list of Pp,b
n is available in [54].

Up to this point, we have been focusing on knot surgeries. In the case of links,

a formula for Dehn surgery on links along integer surgery slopes has been conjectured.

Conjecture 10 ([58] Integral link surgery). Let S3
p1,··· ,pl

(L) be the 3-manifold obtained by
(p1, · · · , pl) surgery on L ⊂ S3, and let B be the l × l linking matrix defined by

B =







pi, if i = j,

lk(i, j), otherwise

Let

Lb
B : xu 7→







q−(u,B−1u), if u ∈ b + BZl

0, otherwise

Then

Ẑb(S
3
p1,··· ,pl

(L)) = ϵqdLb
B

[(

x
1
2
1 − x

− 1
2

1

)

· · ·
(

x
1
2
l − x

− 1
2

l

)

FL(x1, · · · , xl , q)
]

for some sign ϵ ∈ {±1} and d ∈ Q , whenever the right-hand side makes sense.

Remark 30. A surgery formula for the infinite surgery slope was found in [98].

The above Dehn surgery formulas were generalized in the case of the presence of the

line operators in Section 2.4.

Definition 6 ([54]). Consider the series FK(x, q) associated to the plumbed knot K with a defect
operator along K in the highest-weight representation of sl(2) with the highest-weight νω⃗. We
define the corresponding defect invariant for the closed manifold Sp/r(K) as

Ẑb(Sp/r(K); Wν; q) = ϵqdLb+ν
p/r

[

(x1/2 − x−1/2)FK(x, q)χν(x
1
2r )
]

where the sl(2) character χν is the same as in (15) and ϵ, d are the same as in (34).

3.6. Perturbative Expansion

A perturbation series in physics reflects the contributions of quantum effects in the

spirit of quantum mechanics—that is, how quantum perturbations affect an original system.

In the case of quantum invariants of knots, the same idea can be applied. For instance,

a connection between colored Jones polynomials Jn(K; q) and Alexander polynomials

∆(K; x) of a knot K (the knot is 0-framed) was discovered in [99–101] and proven in [102].

This relation appears in the perturbative expansion of the former.

Jn(K; eh̄) =
1

∆(x)
+

∞

∑
r=1

Pr(x)
∆(x)2r+1

h̄r

=
∞

∑
m=0

m

∑
j=0

cm,jn
j h̄m
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where Pr(x) are Laurent polynomials. This expansion is natural from viewpoint of the

Chern–Simons (CS) gauge theory. It is a weak coupling (i.e., large-CS-level k ∈ Z) regime

of the theory. Motivated by the above perturbative expansion, a similar property was

conjectured for FK.

Conjecture 11 ([51]). For a knot K ⊂ S3, the asymptotic expansion of the knot invariant
FK
(

x, q = eh̄
)

about h̄ = 0 coincides with the Melvin–Morton–Rozansky (MMR) expansion
of the colored Jones polynomial in the large color limit:

FK
(

x, q = eh̄
)

x1/2 − x−1/2
=

∞

∑
r=0

Pr(x)
∆K(x)2r+1

h̄r, (35)

where x = enh̄ is fixed, n is the color of K, Pr(x) ∈ Q
[

x±1
]

, P0(x) = 1, and ∆K(x) is the
(symmetrized) Alexander polynomial of K.

A generalization of the above conjecture to links was stated and proved.

Conjecture 12 ([58]). There are a link invariant FL(x1, · · · , xl , q), a series in x1, · · · , xl , and q
with integer coefficients, where l is the number of components of link L, such that

FL(x1, · · · , xl , eh̄) =
∞

∑
j=0

Pj(L; x1, · · · , xl)

∇L(x1, · · · , xl)
2j+1

h̄j

j!

where the right-hand side is the large color expansion of the colored Jones polynomials
JL(n1, · · · , nl ; q = eh̄) expanded around h̄ = 0 while keeping xi = qni = eni h̄ fixed for each
1 ≤ i ≤ l and ∇L is the Alexander–Conway function of L.

Theorem 7 ([59] Theorem 1 (2)). Let L and FL be as described in Theorem 4. By setting q = eh̄,
the h̄-expansion of FL agrees with the MMR expansion of the colored Jones polynomials.

The perturbative analysis has been extended to FK associated with a Lie algebra

sl(3) for positive braid knots colored by any irreducible representations of Uq(sl(3)) (only

symmetric representations were considered in [57]) at generic q in [103]. The perturbation

series takes the following form.

Theorem 8 ([103] FK for sl(3)). Let βK be a positive braid knot. Then the reduced quantum trace
T̃rq

V1
x⊗V1

y
(βK) converges in Z[q±1][[x−1, y−1]], and

Fsl(3)
K (x, y, q) = ∑

i,j≥0

fi,j(q)xi+ 1
2 yi+ 1

2

is a well-defined knot invariant that satisfies

Fsl(3)
K (x, y, e

h
2 ) =

∞

∑
j=0

Pj(K; x, y)

(∆K(x)∆K(y)∆K((xy)−1))
2j+1

hj

j!

where Pj(K; x, y) ∈ Q[x±1, y±1] and P0 = 1.
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3.7. Recursion Method

Another well-known property of the colored Jones polynomials of a knot K in S3 is

that they are q-holonomic [104,105] (this property is also valid for links as well). Specifically,

they satisfy the recursion relation

ÂK(x̂, ŷ, q)Jn(K; q) = 0,

where n ∈ N is the color of K and ÂK is called quantum (noncommutative) A-polynomial

of K and is a q-difference operator of the form

ÂK(x̂, ŷ, q) =
d

∑
k=0

gk(x̂, q)ŷk.

The operators x̂ and ŷ act as

x̂ Jn(K; q) = qn Jn(K; q)

ŷJn(K; q) = Jn+1(K; q)

The above recursion relation enables to find Jn for any color. It was conjectured that

FK also satisfies a recursion relation given by the same ÂK [51].

Conjecture 13 ([51]). For any knot K ⊂ S3, the normalized series fK(x, q) satisfies a linear
recursion relation generated by the quantum A-polynomial of K ÂK(q, x̂, ŷ):

ÂK(q, x̂, ŷ) fK(x, q) = 0, (36)

where fK := FK(x, q)/
(

x1/2 − x−1/2
)

.

The actions of x̂ and ŷ are

x̂ fK(x, q) = x fK(x, q) ŷ fK(x, q) = fK(xq, q).

Conjecture 14 ([58]). The link series FL(x1, · · · , xl , q) defined in Theorem 4 is annihilated by the
quantum A-ideal annihilating of the colored Jones polynomials of L.

Theorem 9 ([59] Theorem 1 (3)). Conjecture 13 holds.

3.8. ADO Polynomials

We saw that Ẑb(q) at roots of unity are related to other topological invariants of

3-manifolds, as described in Section 2.6. Similarly, evidence for a connection between

FK(x, q) at roots of unity and ADO polynomials of K was discovered in [106]. The latter are

non-semisimple quantum invariants [15]. The precise form of the relation is given by the

following conjecture.

Conjecture 15 ([106]). For any knot K in S3,

FK(x, q)|q=ζp =
(

x1/2 − x−1/2
)ADOp(K; x, ζp)

∆K(xp)
ζp = ei2π/p, p ∈ Z+.

This conjecture was verified for some values of p for the right-handed trefoil and

the figure eight knots [106]. Further evidence for the conjectures, including formulas for

ADO3 and an algorithm for ADO4 of a family of torus knots, was given in [107]. We record
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explicit formulas of ADO3 for T(2, 2s + 1). They are divided into three types depending on

their coefficient pattern:

1. For K = T(2, 2s + 1) = T(2, 3), T(2, 9), T(2, 15), T(2, 21), · · ·

ADO3(x) = ζ3x2s + ζ3x2s−1 + (ζ3 − ζ−1
3 )x2s−2 − ζ−1

3 x2s−3 − ζ−1
3 x2s−4

+ ζ3x2s−6 + ζ3x2s−7 + (ζ3 − ζ−1
3 )x2s−8 − ζ−1

3 x2s−9 − ζ−1
3 x2s−10

+ · · ·+ (ζ3 − ζ−1
3 ) + (x → 1/x).

2. For K = T(2, 2s + 1) = T(2, 5), T(2, 11), T(2, 17), T(2, 23), · · ·

ADO3(x) = ζ−1
3 x2s + ζ−1

3 x2s−1 + (ζ−1
3 − 1)x2s−2 − x2s−3 − x2s−4

+ ζ−1
3 x2s−6 + ζ−1

3 x2s−7 + (ζ−1
3 − 1)x2s−8 − x2s−9 − x2s−10

+ · · · − 1 + (x → 1/x).

3. For K = T(2, 2s + 1) = T(2, 7), T(2, 13), T(2, 19), T(2, 25), · · ·

ADO3(x) = x2s + x2s−1 + (1− ζ3)x2s−2 − ζ3x2s−3 − ζ3x2s−4

+ x2s−6 + x2s−7 + (1− ζ3)x2s−8 − ζ3x2s−9 − ζ3x2s−10

+ · · ·+ 1 + (x → 1/x).

All the explicit x terms are polynomials, and the power of x decreases by two after

one cycle of a coefficient combination. Another advancement was the introduction of a

refinement of FK(x, q) [108]. It was shown that FK(x, q) admits two parameter deformations

through the superpolynomial [109,110]. This led to a generalization of the above conjecture.

Conjecture 16 ([108]). For any knot K in S3, there exists a t-deformation of the symmetric
ADOp-polynomial of K for SU(N),

ADOSU(N)
p [K; x, t] := (∆K(xp,−(−t)p))N−1 lim

q→ei2π/p
FK(x, q, a = −qN/t, t), p ∈ Z+

And the t = −1 specialization reduces to the original ADOp[K; x] (up to the rescaling of x).

From Conjecture 16, a refined ADO3 polynomial for T(2, 2s + 1), s ∈ Z+ is

ADO3[T(2, 2s + 1); x, t] = (tx)2s +
ζ−1

3

t
(tx)2s−1 +

(

ζ3

t2
− ζ−1

3

)

(tx)2s−2 − ζ3

t
(tx)2s−3 − 1

t2
(tx)2s−4

+(tx)2s−6 +
ζ−1

3

t
(tx)2s−7 +

(

ζ3

t2
− ζ−1

3

)

(tx)2s−8 − ζ3

t
(tx)2s−9 − 1

t2
(tx)2s−10 + · · ·+ O

(

1

tx

)

,

where the O(1/tx) terms are determined by the t-deformed Weyl symmetry of the

ADOp invariant,

ADO
SU(2)
p (1/x, t) = ADO

SU(2)
p (ζ−2

p t−2x, t).

The suppressed polynomial terms follow the same power and coefficient patterns of

the previous terms. The three formulas for the original ADO3[T(2, 2s + 1); x] coalesce into

one formula by the t-deformation.

3.9. Knot–Quiver Correspondence

The connection between knots and quivers was discovered through the identification

of a certain knot invariant (the LMOV invariant) with a (motivic) Donaldson–Thomas
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invariant [111,112]. The significance of this relationship is that it established the integrality

of the knot invariant. Additionally, it provided a quiver-theoretic perspective on the struc-

ture of colored HOMFLY-PT polynomials and superpolynomials. Furthermore, another

consequence of this connection was the generalization of knot invariants from symmetric

representations to arbitrary representations.

Another interesting connection between the deformed series FK(x, a, q) (this series is a

series analogue of the colored HOMFLYPT polynomial) and quiver theory [111,112] was

discovered in [60]. It was described that FK can be obtained from the so-called motivic

generating seriesthat characterizes a quiver. We begin by reviewing the quiver side.

A quiver Q is an oriented graph consisting of a finite set of vertices Q0 and a finite set

of arrows between them Q1 (i.e., (Q0, Q1)). An adjacency matrix C of Q is the m×m matrix

with entries Cij equal to the number of arrows from i and j, where m = |Q0|. If Ct = C,

then Q is called a symmetric quiver. A quiver representation is an assignment of a finite

dimensional di ∈ d = (d1, · · · , dm), which is complex vector space, to the vertex i ∈ Q0 and

a linear map γij : Cdi → Cdj to each arrow from vertex i to j. A goal in quiver representation

theory is to investigate modulus spaces of quiver representations. In the case of symmetric

quivers, information about the modulus space of representation is encoded in motivic

generating series defined as

PQ(x, q) := ∑
d1,··· ,dm≥0

(−q1/2)d.C.d
m

∏
i=1

xdi
i

(q; q)di

, (37)

where

(z; q)n =
n−1

∏
k=0

(1− zqk).

In [113], it was shown that the knot–quiver correspondence can be generalized to knot

complements of torus knots T(2, 2n + 1). Specifically, this involves data of a symmetric Q,

integers ni, and half-integers ai, li, i ∈ Q0 to a knot complement MK = S3\ν(K). Then the

deformed FK can be obtain from (37) as

FK(x, a, q) = PQ(x, q)
∣

∣

∣

∣

xi=xni aai qli

= ∑
d≥0

(−q1/2)d.C.d xn.daa.dql.d

(q)d
. (38)

where (q)s = (q; q)s.

Remark 31. We note that the deformed FK(x, a, q) is associated with an abelian branch of A-
polynomial of K. For FK associated with other branches, see Section 3 of [60].

The general quiver form of FT(2,2p+1)(x, a, q) is given by [108]

FT(2,2p+1)(x, a, q) = ∑
d1,··· ,d2p+2≥0

(−q1/2)d.C.d xn.daa.dqq.d− 1
2 ∑i Ciidi

(q)d

C =







12p − D −1 0

−1 1 0

0 0 0







n = (1, 1, 3, 3, · · · , 2p− 1, 2p− 1, 1, 1)

a = (1, 0, · · · , 1, 0, 0, 0)

q = (0, 1, · · · , 0, 1, 1, 1) = 1− a,
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where −1, 0 denote constant vectors of appropriate size, 12p is the identity matrix, and

Dij = min(i, j)− 1 for 1 ≤ i, j ≤ 2p.

The converse direction, namely, extracting a quiver structure from FK(x, a, q), was

shown in [60]. For example, we start from FK(x, a, q), the left-handed trefoil, in the follow-

ing form:

F31
(x, a, q) = ∑

k≥0

xkqk (x; q−1)k(aq−1; q)
(q)k

.

We next apply the following identity to (aq−1; q) (it is Lemma 4.5 in [112]):

(x)d1+···+dk

(q)d1
· · · (q)dk

= ∑
α1+β1=d1

· · · ∑
αk+βk=dk

1

(q)α1
· · · (q)αk (q)β1

· · · (q)βk

×

× (−x)α1+···+αk q
1
2 (α2

1+···+α2
k)q−

1
2 (α1+···+αk)q∑

k−1
i=1 αi+1(d1+···+dk)

Then we get

F31
(x, a, q) = ∑

d′1,d′2≥0

(−1)d′1 xd′1+d′2 ad′1 qd′2 q(d
′ 2
1 −d′1)/2

(x; q−1)d′1+d′2
(q)d′1

(q)d′2

(39)

After using the identity

(x; q−1)d = (xq1−d; q)d =
(xq1−d; q)∞

(xq; q)∞
= ∑

i,j
(−1)ixi+jq(i

2−i)/2qi+jq−di 1

(q)i(q)j
. (40)

we arrive at a quiver form

F31
(x, a, q) = ∑

d1,··· ,d4≥0

(−q1/2)∑
4
i,j=1 Cijdidj

4

∏
i=1

xdi
i

(q)di

,

C =











0 0 0 −1

0 1 0 −1

0 0 0 0

−1 −1 0 1











,











x1

x2

x3

x4











=











xq
xaq−1/2

xq
xq1/2











. (41)

An alternative identity that can be applied to (39) is

(x; q−1)d1+···+dn

∏
1
i=n(q; q)di

= ∑
α1+β1=d1

· · · ∑
αn+βn=dn

(−q1/2)β2
1+···+β2

n+2 ∑
n−1
i=1 βi+1(d1+···dn)

×

(

xq1/2−∑i αi−∑i βi

)β1+···+βn

(q)α1
(q)β1

· · · (q)αn(q)βn

.

(42)

An application of this identity yields

C =











0 0 −1 −1

0 1 0 0

−1 0 −1 −1

−1 0 −1 0











,











x1

x2

x3

x4











=











xq
xaq−1/2

x2q3/2

x2a











. (43)

Remark 32. The final forms (41) and (43) are connected by operations on the vertex of quivers
(see [114] for details).
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A closely related result in [60] is that colored HOMFLYPT polynomials Pr(K; a, q) of

knots K colored by symmetric representation Sr in a quiver form (where the subscript r
in Pr refers to Sr; there is a conjecture regarding expressing the generating function of the

colored HOMFLYPT polynomials in a quiver form in [112]) can be used to obtain FK(x, a, q).
This requires a framing K in a particular way. Let Q be a quiver corresponding to K and a

and l be the vectors. Suppose that

−Cmin ≤ Cij ≤ Cmax, i, j = 1, · · · , m,

where Cmin, Cmax ≥ 0. Next, permute rows and columns of C such that C11 = Cmin and

Cmm = Cmax. We express Pr(K; a, q) in a quiver form as

Pr(K; a, q) = ∑
d1+···+dk=r

(−1)∑ Ciidi aa.dql.dq
1
2 d.C.d (q)r

∏
k
i=1(q)di

. (44)

To convert (44) into FK(x, a, q), we framed K by Cmin, which amounts to multiplying

Pr by qCmin(r2−r)/2 and setting qr = x.

FK f=Cmin (x, a, q) = (−1)rCmin ara1 qrl1 ∑
d1,··· ,dm

(−1)∑i≥2(Cii+Cmin)di a∑i≥2(ai−a1)di

× q∑i≥2(li−l1)di x∑i≥2(C1i+Cmin)di q
1
2 ∑i,j≥2(Cij−Ci1−C1j+C11)didj

× (x; q−1)d2+···+dk

∏
k
i=2(q)di

.

(45)

The last step is applying (40) or (42) to (45).

Remark 33. It was shown that FK in terms of R-matrices and inverted cyclotomic series in the
previous sections can also be transformed into the quiver form [60].

3.10. TQFT Property

By the axioms of n-dimensional TQFTs [8,9], to an (n − 1)-dimensional manifold,

a vector space over a ground field F is assigned (it is finite dimensional by consequences of

the ingredients of TQFTs):

Mn−1 7→ VF.

To a n-dimensional manifold (bordism), a linear map between tensor products of

vector spaces is assigned:

Mn 7→ f :
⊗

i

Vi →
⊗

r
Vr,

where i and r run over incoming and outgoing boundaries of Mn, respectively (in the case

of i = r = 0, Mn is a closed n-manifold, which is a bordism from an empty (n− 1) manifold

ϕn−1 to ϕn−1, and an element of F is assigned).

In our 3-dimensional setting, a vector space HT2 is attached to the torus boundary T2

of the knot complement YK equipped with relative Spinc structures, and F is the Novikov

field. Its elements are

∑
w∈Q

bwqw ∈ F, bw ∈ Q

such that set Ω = {w|bw ̸= 0} ⊂ Q is bounded below and its projection to Q/Z is finite.

The relative invariants Ẑb(YK) are vectors:

Ẑb(YK; z, m, q) ∈ HT2 .
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Specifically,

Ẑb(YK; z, n, q) = ∑
m∈Z+ 1

2

b(m, n; q)xm,

b(m, n; q) = ∑
w∈Q

b(m, n, w)qw ∈ F, b(m, n, w) ∈ Q.

where m is associated with the meridian of T2 and n corresponds to the longitude.

For a closed (oriented) 3-manifold Y equipped with Spinc structures, we have

Ẑb(Y; q) ∈ F.

Furthermore, there is a bilinear pairing (inner product) on HT2 :

⟨b1|b2⟩ := ∑
m∈Z+ 1

2

∑
n∈Z

b1(m, n; q)b2(m, n; q) ∈ F.

This reflects the gluing in the TQFT framework,

Ẑb(Y; q) = (−1)τqχ
〈

Ẑb1
(Y1)|RẐb2

(Y2)
〉

.

where R is the orientation reversal map for the meridian

R : HT2 → HT2 , (Rb)(m, n; q) = b(−m, n; q).

So far, we have cobordisms with one boundary component of genus one. In order to

arrive at the complete structure of a Spinc decorated TQFT, we have to consider cobordisms

with multiple number of boundary components of genus one and higher genus as well.

3.11. Examples

A variety of examples of FK have been computed. We summarize a subset of them.

Theorem 10 ([51]). Let s, t > 1 with gcd(s; t) = 1. For the positive torus knot K = T(s, t),
the series FK(x, q) is given by

FK(x, q) = q
(s−1)(t−1)

2
1

2

∞

∑
m=1
odd

ϵmq
m2−(st−s−t)2

4st

(

xm/2 − x−m/2
)

where

ϵm =















+1, if m ≡ st + s + t or st− s− t mod 2st

−1, if m ≡ st + s− t or st− s + t mod 2st

0, otherwise.

In the above example, FT(s,t)(x, q) is monomial in q. It is the only knot of that feature

to the best of the author’s knowledge.

In the case of mirror torus knots T(s,−t),

FT(s,−t)(x, q) = FT(s,t)(x, q−1).

Figure eight 41
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This was the first hyperbolic knot computed via the recursion method in

Section 3.7 [51]. A closed-form formula was obtained using the R-matrix in Section 3.2

in [59]. Some of fm(41; q) are

f1 = 1

f3 = 2

f5 = q + 3 + 1/q

f7 = 2q2 + 2q + 5 + 2/q + 2/q2

f9 = q4 + 3q3 + 4q2 + 5q + 8 + 5/q + 4/q2 + 3/q3 + 1/q4

We observe that fm(1/q) = fm(q), reflecting the amphichirality property of the knot.

Positive double-twist knots [58]

K = Km,p, m, p > 0 full twists,

F+
Km,p

=
(

x1/2 − x−1/2
)

q−1x ∑
0≤n1≤···≤n2mp−1

(xq−1; q)n2mp−1
(−1)n2mp−1 q(

n2mp−1+1

2
)

× ∏
1≤i<j≤2mp−1

m∤i

q−ϵi,j,mninj

2p−1

∏
i
(−1)nmi x(−1)i+1nmi q−(

nmi+1
2

)
2mp−2

∏
i=1

qnini+1−γi,mni

[

ni+1

ni

]

where ϵi,j,m and γi,m are sign functions.

Remark 34. The above family of knots includes left-handed trefoil (K1,1) and 52(K2,1). The series
FK of the latter has { fm(52; q)} as Laurent power series Z[q−1, q]].

Remark 35. There is also a formula for Km+ 1
2 ,p family (see Section 4.4.1 in [58] for details).

Cable knots [115,116]

Combining the torus knots and the figure eight knot from the above examples, infinite

families of cable knots (a class of satellite knots) were analyzed using the recursion method

in Section 3.7. Specifically, the FK of

K = C(2,2w+1)(41), C(3,3w+1)(41), |w| > 3,

were computed. Their coefficient functions fm(K; q) are linear combinations of coefficient

functions hm(41; q) of F41
(a cabling formula for C(ns,nt)(T(b, c)) was found in [98]).

4. An Extension to Lie Superalgebras

4.1. The Super Series

We review the q-power series invariant of closed oriented 3-manifolds associated with

a Lie superalgebra sl(2|1) introduced in [65].

A non-semisimple quantum invariant of closed oriented 3-manifolds Y associated

with U(H)
q (sl(2|1)) at a root of unity of odd order was constructed in [23]. Core ingredients

of the construction are a non-semisimple ribbon category of simple finite dimensional

representations of U(H)
q (sl(2|1)) from [20] and the modified quantum dimension. The data

for the quantum invariant of Y are the root of unity of odd order q = ei4π/l , odd l ≥ 3, and

a 1-cocycle:

ω ∈ H1(Y;C/Z×C/Z)\
3
⋃

i=1

H1(Y; Ci),
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C1 = {(X, Y) ∈ C/Z×C/Z|2X = 0 mod 1}
C2 = {(X, Y) ∈ C/Z×C/Z|2Y = 0 mod 1}
C3 = {(X, Y) ∈ C/Z×C/Z|2(X + Y) = 0 mod 1}.

Then the non-semisimple quantum invariant is denoted by

Nl(Y, ω) ∈ C. (46)

In case of a particular class of 3-manifolds called plumbed manifolds YΓ, it was shown

in [65] that (46) decomposes into q-power series:

Ẑsl(2|1)
b,c [YΓ; q] ∈ Q+ q∆b,cZ[[q]], |q| < 1, (47)

(b, c) ∈ H1(Y;Z)× H1(Y;Z) ∼= Spinc(Y)× Spinc(Y),

where ∆b,c ∈ Q and Spinc(Y) denotes Spinc structures on Y (its definition is a lift of the

structure group SO(3) of the tangent bundle TY of Y to the Spinc(Y) group). This q-series

is an analytic continuation of (46) into the complex unit disk. The decomposition of (46) is

given by

Nl(YΓ, ω) =

∏
i∈V

(

ei2πµi
1 − e−i2πµi

1

)deg(i)-2

l|DetB| ×

× ∑
β,γ∈ZL/BZL

b,c∈B−1ZL/ZL

ei2πlγtB−1β+i4π(b−µ2)
tγ+i2π(c−(µ1+µ2))

t β(−1)Π Ẑsl(2|1)
b,c [YΓ; q]

∣

∣

∣

∣

q→ζ2

, (48)

where ζ = q1/2, and (µi
1, µi

2) ∈ Q/Z×Q/Z. Furthermore,

Ẑsl(2|1)
b,c [YΓ; q] = (−1)π ∏

v∈V

∫

Ω

dyv

i2πyv

dzv

i2πzv

(

yv − zv

(1− yv)(1− zv)

)2−deg(vs)
∣

∣

∣

∣

αi

Θb,c (⃗y, z⃗, q),

(49)

Θb,c = ∑
l⃗1∈BZs+⃗b
l⃗2∈BZs+c⃗

q(l⃗1,B−1 l⃗2) ∏
v∈V

y
l1,v
v zl2,v

v ,

where V is the vertex set of Γ, π is the number of positive eigenvalues of B, and αi

indicates a choice of chamber. And Ω is an integration contour. Moreover, the variables are

yI := e(e1− f1)(hI) and zI := e(e1− f2)(hI) and are coordinates on the maximal torus, where ei

and f1 are roots. In contrast to Ẑb associated with the classical Lie algebras [48,52], super

Ẑb,c (49) carries two labels (b, c).

Remark 36. The above integrations are equivalent to picking constant terms in the variables.

Generic plumbing graphs

A notion of genericity of plumbing graphs was introduced in [65]. The definition

states that for a plumbing graph containing at least one vertex whose degree is larger than

two, the graph does not admit splitting V|deg ̸=2 = U ⊔W such that if i ∈ U and j ∈ W,

then B−1
ij = 0, where V|deg ̸=2 is the set of vertices whose degrees are not two.

Good Chambers
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The integration contour Ω in (49) is equivalent to a choice of an expansion chamber αi.

In order for (49) to yield a well-defined power series, a (generic) plumbing graph containing

at least one vertex of degree larger than two must admit good chambers. The existence

condition of good chambers is given in [65]: If there exists a vector

αi = ±1, i ∈ V|deg ̸=2

such that

Xij := −B−1
ij αiαj, i, j ∈ V|deg>2 (50)

is copositive and

B−1
ij αiαj ≤ 0, ∀i ∈ V|deg=1, j ∈ V|deg ̸=2 (51)

B−1
ij αiαj < 0, ∀i, j ∈ V|deg=1, i ̸= j (52)

matrix X is copositive if for any vector v such that vi ≥ 0, ∀i, with at least one vi ̸= 0, and

we have ∑i,j Xijvivj > 0.

If a good chamber α exists for a generic plumbing graph, then there are two of them,

and the domains of yi and zi corresponding to a vertex vi are given by

deg(i) = 1 :







|yi|αi < 1

|zi|αi > 1
deg(i) > 2 :

∣

∣

∣

∣

yi

zi

∣

∣

∣

∣

αi

< 1.

This translates into the following allowed expansions: For vertices i ∈ V of degree

deg(i) = 2 + K > 2, the expansions are

(

(1− yi)(1− zi)

yi − zi

)K

=















(zi − 1)K(1− y−1
K )K

∞

∑
r=0

(r+1)(r+2)···(r+K−1)
(K−1)!

(

zi
yi

)r
, |yi| > |zi|

(1− z−1
K )K(1− yK)

K
∞

∑
r=0

(r+1)(r+2)···(r+K−1)
(K−1)!

(

yi
zi

)r
, |zi| > |yi|.

(53)

For vertices i ∈ V of degree deg(i) = 1, the expansions are

yi − zi

(1− yi)(1− zi)
=















1 +
∞

∑
r=1

yr
i +

∞

∑
r=1

z−r
i , |yi| < 1, |zi| > 1

−1−
∞

∑
r=1

y−r
i −

∞

∑
r=1

zr
i , |yi| > 1, |zi| < 1.

(54)

Several remarks are in order.

Remark 37. Other domains of expansions are |yi|, |zi| > 1 and |yi|, |zi| < 1. However, they are
ruled out by the generic property of plumbing graphs.

Remark 38. In (47), Q constant comes from regularizing a diverging constant. We will see this in
the origin of the diverging constant in Section 5.

For general closed oriented 3-manifolds Y, we have the following conjecture.

Conjecture 17. The quantum invariant Nl(Y, ω) (46) of closed oriented 3-manifolds that are
rational homology spheres (b1(Y) = 0) admits a decomposition in terms of the super Ẑb,c.

Nl(Y, ω) =
±T(2[ω])

l|H1(Y;Z)| ∑
β,γ∈H1(Y;Z)

b,c∈H1(Y;Q/Z)

ei2πllk(β,γ)+i4π(b−ω2)(γ)+i2π(c−(ω1+ω2))(β)Ẑb,c(Y; q)
∣

∣

∣

∣

q→ζ2
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where T is the Reidemeister torsion of the U(1) flat connection [2ω1] := (2ω1 mod H1(Y;Z)) ∈
H1(Y;Q/Z).

Remark 39. The above ± reflects the sign ambiguity in the definition of the torsion.

Proposition 5 ([66]). The super Ẑb,c(q) (49) is invariant under the Kirby–Neumann moves in
Figure 1.

Examples

We list a few examples [65].

Ẑ(S3; q) = −1

6
+ 2

∞

∑
m=1

d(m)qm

= −1

6
+ 2
(

q + 2q2 + 2q3 + 3q4 + 2q5 + 4q6 + · · ·
)

where d(m) is the number of divisors of m.

Ẑb,c(L(p, 1); q) = cb,c + 2q
(p−b)(p−c)

p −(p−b)
∞

∑
k=1

qck

1− qpk−(p−b)

cb,c =



























1 + 2pζ(−1) + 2ζ(0), b = c = 0 mod p

pζ(−1, b/p) + ζ(0, b/p), b ̸= 0, c = 0 mod p

pζ(−1, c/p) + ζ(0, c/p), b = 0, c ̸= 0, mod p

0, b, c ̸= 0 mod p

where 1 ≤ b, c ≤ p, and ζ(s, x) := ∑n≥0 1/(n + x)s is the Hurwitz zeta function.

Y = Σ(2, 3, 7): Its plumbing graph and adjacency matrix B are given in Section 2.2. Its

inverse B−1 is

B−1 =











−42 −21 −14 −6

−21 −11 −7 −3

−14 −7 −5 −2

−6 −3 −2 −1











Using (50) to (52), good chambers can be found:

α+ = (1, 1, 1, 1), α− = −α+.

They in turn determine the domains of (yI , zI), I = 1, 2, 3, 4. Then the super Ẑ of Y
from (49) is

Ẑsl(2|1)(q) =
∫

Ω

dy1

i2πy1

dz1

i2πz1

dy2

i2πy2

dz2

i2πz2

dy3

i2πy3

dz3

i2πz3

dy4

i2πy4

dz4

i2πz4

(

(1− y1)(1− z1)

y1 − z1

)

×
(

y2 − z2

(1− y2)(1− z2)

)(

y3 − z3

(1− y3)(1− z3)

)(

y4 − z4

(1− y4)(1− z4)

)∣

∣

∣

∣

α±
Θ(⃗y, z⃗, q),

Θ = ∑
l⃗1∈BZs+⃗b
l⃗2∈BZs+c⃗

q(l⃗1,B−1 l⃗2) ∏
v∈V

y
l1,v
v zl2,v

v .

Either choice of α± via (53) and (54) yields

Ẑsl(2|1)(q) ∼= −1 + 2q2 + 2q3 + 4q4 + 2q5 + 6q6 + 4q7 + 6q8 + 6q9 + 8q10 + 4q11 + 10q12 + · · ·
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where ∼= denotes up to the regularized constant ∈ Q and the constant terms in (yI , zI) are

picked from the integrations.

For general gl(N|M), we write the formula that manifests the algebraic structure of the

superalgebra. Specifically, its super Ẑa for a plumbed manifold with its adjacency/linking

matrix B is [65]

Ẑa = (−1)|∆+ |πq
3σ−TrB

2 (ρ,ρ)
∫

Ω
∏
I∈V

dhI Dg(α, hI)
2−deg(I) ∑

n⃗∈BZL⊗Λ+ a
2

q−
1
2 n⃗t(B−1⊗K)⃗nen⃗(⊕I hI)

Dg(α, hI) = ∏
α∈∆+

(

eα(hI)/2 − e−α(hI)/2
)ϵ(α)

,

where ϵ(α) = ±1 for even/odd roots α (Dg appears in the Weyl super character formula), dhI is

the normalized measure on a maximal torus of gl(N|M), Λ is the root lattice, K : Λ⊗Λ→ Z
is the Killing form, ∆+ is the set of positive roots, ρ is the Weyl vector, and π is the number of

positive eigenvalues of B.

4.2. Supergroup Chern–Simons Theory

We realize Chern–Simons theory on Y associated with a Lie supergroup U(N|M) as a

world-volume theory in string/M-theory [65,117] (see also [118]). This allows us to predict

an explicit formula of the super ẐU(N|M)
b,c of Y.

We begin with a brane system in a 11-dimensional spacetime (ST) in M-theory. We

take the 10D spatial geometry to be a cotangent bundle of a 3-manifold M3 = Y and the

6-dimensional Taub-NUT (TN) space. The former is assumed to be a rational homology

sphere. The latter looks like two cigars whose tips are joined at an origin. Away from the

tip, the geometry looks like S1
M ×R3, where the circle is taken to be the M-theory circle.

Near the tip, the geometry looks like C2 ∼= R4.

11D ST S1
t × T∗M3 × Taub − NUT

M M5 branes S1
t × M3 × C × {0}

N M5 branes S1
t × M3 × {0} × C

where S1
t is a time circle. The two stacks of M5 branes wrap the indicated parts of the

spacetime, as shown in Figure 12. The copies of C are part of the TN space. This spacetime

geometry has symmetries from the TN space, U(1)q × U(1)R (If M3 has a circle fiber,

for example, a Seifert fibered manifold, then an extra symmetry group U(1) exists). We

next shrink S1
M to reduce to 10-dimensional spacetime. This process lands us in type IIA

string theory, and the brane system becomes

Figure 12. The cigars of the Taub-NUT space of 11-dimensional spacetime that are wrapped by the

branes (left). The brane system of the Type IIB theory (right). The labels b and c are the asymptotic

boundary conditions taking values in H1(M3;Z)N × H1(M3;Z)M for U(N|M).

Type IIA 10D ST S1
t × T∗M3 × R3

1 D6 brane S1
t × T∗M3 × {0}

M D4 branes S1
t × M3 × R+

N D4 branes S1
t × M3 × R−
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The M5 branes are transformed into D4 branes. The D6 brane appears as a consequence

of the Taub-NUT space. We apply T-duality along S1
t to pass to type IIB. And then we apply

S-duality. We arrive at the following final brane system shown in Figure 12:

Type IIB 10D ST S1 × T∗M3 × R3

1 NS5 brane pt × T∗M3 × {0}
M D3 branes pt × M3 × R+

N D3 branes pt × M3 × R−

The S-duality maps the D5 brane to NS5 brane. The former was obtained from the

above D6 brane. On the stack of the D3 branes, its world-volume theory is 4d N = 4 super

Yang–Mills with gauge groups U(M), whereas the theory on the other brane stack has

gauge group U(N).

We next apply the (GL) topological twist along M3 of T∗M3 to the above super

Yang–Mills theories [119]. This results in a cohomological quantum field theory that is

a coupled 4d-3d system across the NS5 brane. The cohomological sector of the theory is

the Chern–Simons theory based on U(N|M) (up to Q-exact terms). Its action functional is

the supergroup Chern–Simons theory (up to certain exact terms). Furthermore, analogous

to the Chern–Simons level parameter in case of a Lie group SU(N), U(N|M) Chern–

Simons theory carries a parameter K, which comes from the complexified gauge coupling

constant τ of the super Yang–Mills theory, which in turn comes from the complexified string

coupling constant.

τ = Kcos(θ)eiθ ∈ H+,

where θ is the vacuum angle and H+ the upper half of the complex plane (Im τ > 0).

U(N|M) Chern–Simons theory is supported on M3 in the NS5 brane. Its action functional

at level K is

CS(A) = iK
4π

∫

M3
Str
(

AdA+
2

3
A3

)

+ {Q, · · ·},

where A = Ab +A f ,A f is a fermion field, and Ab is the complexified gauge connection

of A :

Ab = (A + isin(θ)ϕ)|y=0± ,

The + sign provides the Gr-part of Ab whereas the − sign provides the Gl-part of

Ab (Recall that the bosonic (Grassman even) part of U(N|M) is U(N)⊕U(M)).

The existence of super Ẑb,c can be predicted from 11 dimensions. Specifically, the pres-

ence of the cigars in Figure 12, in particular their geometry away from the tips, requires

imposing (asymptotic) boundary conditions (b, c) ∈ H1(M3;Z)N × H1(M3;Z)M. The par-

tition function over the BPS sector of the Hilbert space of the brane system is

Ẑgl(N|M)
b,c [M3; q] := TrHb,c

(−1)FqL0 .

where F is the fermion number operator and L0 is the generator of U(1)q.

5. Super Series for Knot Complements

Motivated by the idea of partial surgery (29), a generalization of (56) to complements

of plumbed knots was analyzed in [66]. We found that a series invariant of plumbed knot

complement associated with sl(2|1) is a three-variable series. Specifically, it is sum of

contributions from good chambers α±.

FK(y, z, q) := FK(y, z, q; α+) + FK(y, z, q; α−),

The general form of super FK is
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FK(y, z, q) = c + ∑
m,n∈Z2

≥0

(m,n) ̸=(0,0)

fm,n(K; q)
(

ym

zn −
zn

ym

)

∈ Z+ q∆Z[q−1, q]][[y/z, (y/z)−1]]. (55)

It carries the Weyl symmetry y ↔ y−1 and z ↔ z−1. In comparison with (23),

the summation of (23) is over odd integers, whereas (55) is over a pair of nonzero integers.

5.1. Torus Knots

We use the plumbing graph descriptions of torus knots in Section 3.1 to find good

chambers for infinite families of torus knots.

Proposition 6 ([66]). Let v be the number of vertices of plumbing graphs of T(2, 2n + 1) and
T(3, 3n + w), w = 1, 2, and α+ = (α1, α2, αv−1) and α− be the good chambers for torus knots,
where α1 corresponds to degree-three vertex and the other two are associated with degree-one vertices
of their plumbing graphs. Their good chambers, given by

α+ = (1, 1, 1), α− = −α+,

yield a well-defined (Laurent) power series fm,n(q).

The general structure of the super FK of torus knots K = T(2, 2l + 1), l ≥ 2 splits

into q-independent and -dependent parts. The former is a new feature in super FK, which

is absent in (23). And it can be expressed in terms of the unknot. The latter has the

following form:

∑
(m,n)∈Z2

+

ϵm,nq
m(m+g(m,n))

2(2l+1)

(

ym

zm+g(m,n)
+

ym+g(m,n)

zm − zm

ym+g(m,n)
− zm+g(m,n)

ym

)

,

where g(m, n; K) = g(m, n) ∈ {1, 3, 5, · · · , 2l − 1} and ϵm,n(K) = ϵm,n is a sign function

(see [66] for its algorithm).

We list a few examples of torus knots (additional examples are recorded in [66]).

FT(2,3)(y, z, q) = 1 +
∞

∑
i=2

(

yi +
1

zi

)

−
∞

∑
i=2

(

1

yi + zi
)

+ q
(

y2

z3
+

y3

z2
− z2

y3
− z3

y2

)

+q2

(

y3

z4
+

y4

z3
− z3

y4
− z4

y3

)

+ q5

(

−y5

z6
− y6

z5
+

z5

y6
+

z6

y5

)

+ q7

(

−y6

z7
− y7

z6
+

z6

y7
+

z7

y6

)

+q12

(

y8

z9
+

y9

z8
− z8

y9
− z9

y8

)

+ q15

(

y9

z10
+

y10

z9
− z9

y10
− z10

y9

)

+ · · ·

FT(2,5)(y, z, q) = 1 +
∞

∑
i=2
i ̸=3

(

yi +
1

zi

)

−
∞

∑
i=2
i ̸=3

(

1

yi + zi
)

+ q
(

y2

z5
+

y5

z2
− z2

y5
− z5

y2

)

+q2

(

y4

z5
+

y5

z4
− z4

y5
− z5

y4

)

+ q3

(

y5

z6
+

y6

z5
− z5

y6
− z6

y5

)

+ q4

(

y5

z8
+

y8

z5
− z5

y8
− z8

y5

)

+q7

(

− y7

z10
− y10

z7
+

z7

y10
+

z10

y7

)

+ q9

(

− y9

z10
− y10

z9
+

z9

y10
+

z10

y9

)

+ · · ·

FT(3,4)(y, z, q) = 1 +
∞

∑
i=3
i ̸=5

(

yi +
1

zi

)

−
∞

∑
i=3
i ̸=5

(

1

yi + zi
)

+ q
(

y3

z4
+

y4

z3
− z3

y4
− z4

y3

)
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+q2

(

y3

z8
+

y4

z6
+

y6

z4
+

y8

z3
− z3

y8
− z4

y6
− z6

y4
− z8

y3

)

+ q3

(

y4

z9
+

y9

z4
− z4

y9
− z9

y4

)

+ q4

(

y6

z8
+

y8

z6
− z6

y8
− z8

y6

)

+q6

(

y8

z9
+

y9

z8
− z8

y9
− z9

y8

)

+ q7

(

− y7

z12
− y12

z7
+

z7

y12
+

z12

y7

)

+ q10

(

−y10

z12
− y12

z10
+

z10

y12
+

z12

y10

)

+q11

(

−y11

z12
− y12

z11
+

z11

y12
+

z12

y11

)

+ q13

(

−y12

z13
− y13

z12
+

z12

y13
+

z13

y12

)

+ q14

(

−y12

z14
− y14

z12
+

z12

y14
+

z14

y12

)

+q17

(

−y12

z17
− y17

z12
+

z12

y17
+

z17

y12

)

+ · · ·

5.2. The Dehn Surgery Formula

We provide the Dehn surgery formula relating super FK to super Ẑb,c.

Theorem 11 ([66]). Let YK be the complement of a knot K in the 3-sphere S3, and let Yp/r be a
result of Dehn surgery along K with slope p/r ∈ Q∗. Assume that YK and Yp/r are represented by
negative definite plumbings. Then the invariants of Yp/r are given by

Ẑb,c[Yp/r; q] = (−1)τL(αi ; p/r)
b,c

[

F(αi)
K (y, z, q)

]

,

where the Laplace transform for the α+ chamber is

L(α+ ; p/r)
b,c : yαzβqγ 7→ qγ



























∞

∑
rs=rs,min

q
β(rα+ϵrs)

p , if rα + ϵrs + b ∈ pZ, rβ + c ∈ pZ

∞

∑
ws=ws,min

q
α(rβ−ϵws)

p , if rβ− ϵws + c ∈ pZ, rα + b ∈ pZ

0, otherwise

And the Laplace transform for the α− chamber is

L(α− ; p/r)
b,c : yαzβqγ 7→ −qγ































∞

∑
w′s=w′s,min

q
β(rα−ϵw′s)

p , if rα− ϵw′s + b ∈ pZ, rβ + c ∈ pZ

∞

∑
r′s=r′s,min

q
α(rβ+ϵr′s)

p , if rβ + ϵr′s + c ∈ pZ, rα + b ∈ pZ

0, otherwise

where rs,min, r′s,min ≥ 1, ws,min, w′s,min ≥ 0, and ϵ = sign(p)(−1)π+1.

We observe a qualitative difference between the above surgery formula and sl(2)
surgery formula (33) in Section 3.5. For applications of Theorem 11, S3

−1/r(T(s, t)) and

S3
−p(T(s, t)) for some values of s, t, r, p, and S3

−p(unknot) were considered in [66].

6. Future Directions

We list open problems:

• Obtaining an analytic formula of Ẑb(q) defined on |q| > 1 for positive definite

plumbed manifolds −YΓ has been a major challenge. Several approaches for com-

puting Ẑb(−YΓ, q) are listed in Section 2.7. However, they are applicable to specific

examples of −YΓ.

• There are multiple Dehn surgery formulas (cf. Section 3.5). Each has restricted appli-

cability. We believe that a unifying surgery formula exists and would be important.
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• Extending the definition of FL beyond homogeneous links would be valuable concep-

tually and computationally.

• A construction of HBPS in Section 2.2 for categorification of the WRT invariant is

highly desirable.
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Commun. Math. Phys. 2022, 396, 143–186. [CrossRef]

109. Dunfield, N.; Gukov, S.; Rasmussen, J. The Superpolynomial for Knot Homologies. Exp. Math. 2006, 15, 129–160. [CrossRef]

110. Fuji, H.; Gukov, S.; Stosic, M.; Sulkowski, P. 3d analogs of Argyres-Douglas theories and knot homologies. J. High Energ. Phys.
2013, 2013, 175. [CrossRef]

111. Kucharski, P.; Reineke, M.; Stosic, M.; Sulkowski, P. BPS states, knots and quivers. Phys. Rev. D 2017, 96, 121902. [CrossRef]

112. Kucharski, P.; Reineke, M.; Stosic, M.; Sulkowski, P. Knots-quivers correspondence. Adv. Theor. Math. Phys. 2019, 23, 1849–1902.

[CrossRef]

113. Kucharski, P. Quivers for 3-manifolds: The correspondence, BPS states, and 3d N = 2 theories. J. High Energy Phys. 2020, 9, 75.

[CrossRef]

114. Ekholm, T.; Kucharski, P.; Longhi, P. Multi-cover skeins, quivers, and 3d N = 2 dualities. J. High Energy Phys. 2020, 2, 18.

[CrossRef]

115. Chae, J. A Cable Knot and BPS-Series. SIGMA 2023, 19, 12. [CrossRef]

http://dx.doi.org/10.1007/s11005-020-01310-z
http://dx.doi.org/10.1007/JHEP03(2020)113
http://dx.doi.org/10.1007/JHEP12(2022)122
http://dx.doi.org/10.1007/s00220-023-04889-1
http://dx.doi.org/10.1142/S0217751X24460126
http://dx.doi.org/10.3842/SIGMA.2025.091
http://dx.doi.org/10.2140/gt.2002.6.269
http://dx.doi.org/10.3842/SIGMA.2023.010
http://dx.doi.org/10.1007/BF02097030
http://dx.doi.org/10.48550/arXiv.2310.12317
http://dx.doi.org/10.48550/arXiv.1605.07615
http://dx.doi.org/10.1098/rsta.2018.0439
http://dx.doi.org/10.48550/arXiv.2509.22610
http://dx.doi.org/10.2307/1970373
http://dx.doi.org/10.4153/CJM-1960-045-7
http://dx.doi.org/10.1007/BF02099310
http://dx.doi.org/10.1007/BF02506408
http://dx.doi.org/10.1006/aima.1997.1661
http://dx.doi.org/10.1007/s002220050070
http://dx.doi.org/10.2140/gt.2005.9.1253
http://dx.doi.org/10.1007/s00220-005-1312-y
http://dx.doi.org/10.1016/j.geomphys.2021.104311
http://dx.doi.org/10.3842/SIGMA.2020.134
http://dx.doi.org/10.1007/s00220-022-04469-9
http://dx.doi.org/10.1080/10586458.2006.10128956
http://dx.doi.org/10.1007/JHEP01(2013)175
http://dx.doi.org/10.1103/PhysRevD.96.121902
http://dx.doi.org/10.4310/ATMP.2019.v23.n7.a4
http://dx.doi.org/10.1007/JHEP09(2020)075
http://dx.doi.org/10.1007/JHEP02(2020)018
http://dx.doi.org/10.3842/SIGMA.2023.002


Mod. Math. Phys. 2025, 1, 11 51 of 51

116. Chae, J. A Cable Knot and BPS-Series II. Exp. Math. 2025, 34, 1–12. [CrossRef]

117. Mikhaylov, V.; Witten, E. Branes and Supergroups. Commun. Math. Phys. 2015, 340, 699–832. [CrossRef]

118. Vafa, C. Brane/anti-Brane Systems and U(N|M) Supergroup. arXiv 2001, arXiv:hep-th/0101218.

119. Kapustin, A.; Witten, E. Electric-magnetic duality and the geometric Langlands program. Commun. Number Theory Phys. 2007, 1,

1–236. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.1080/10586458.2023.2300432
http://dx.doi.org/10.1007/s00220-015-2449-y
http://dx.doi.org/10.4310/CNTP.2007.v1.n1.a1

	Introduction
	Series Invariant for Closed 3-Manifolds
	Plumbed Manifolds
	The Series Invariant
	Quantum Modularity
	Line Operators
	Effective Central Charge
	Relations to Other Invariants
	Orientation Reversal

	Series Invariant for Link Complements
	A Two-Variable Series for Knots
	Large Color R-Matrix
	Inverted State Sums
	Inverted Cyclotomic Series
	Dehn Surgery Formulas
	Perturbative Expansion
	Recursion Method
	ADO Polynomials
	Knot–Quiver Correspondence
	TQFT Property
	Examples

	An Extension to Lie Superalgebras
	The Super Series
	Supergroup Chern–Simons Theory

	Super Series for Knot Complements
	Torus Knots
	The Dehn Surgery Formula

	Future Directions
	References

