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Abstract Torus knots can be constructed using the Faddeev-
Skyrme model. These knots are called Hopfions, whose
topology is described by the Hopf charge C = W1 W,. A
string is entangled to form the knot, which is characterized
by the linking number Lk, which is the sum of the twist-
ing number 7w and writhing number Wr. In this paper, we
investigate the relationships between the knot shapes and
Hopfions with different values of (W, W»). We find the knots
shapes are not equivalent to the Hopfions shapes even if they
have same topological charge. For Hopfions with the value
of (W1, W), the shapes of the knots change with Euler angle
6. The knots have more writhing structure when 6 is smaller.
If W1 < W, the writhing number cannot totally convert to
the twisting number. If W; > W, the writhing number can
totally convert to the twisting number.

1 Introduction

In high-energy physics, the Faddeev—Skyrme (FS) model
is an O(3)-omodel with four derivative terms, named the
Skyrme terms. Numerical results show the model has a
rich variety of topological solitons, which are called baby
skyrmions. The topological charge of the baby skyrmions is
characterized by the homotopy group 72 (S%) ~ Z. For the
knot-like solitons on the torus, this topological charge is the
lump charge W; of each baby Skyrmion, which means that
the baby Skyrmion twists W turns along the toroidal cycles
on the torus. A baby skyrmion is just a Hopfion in the FS
model without the potential terms. Moreover, the potential
terms can be introduced into the FS model to construct com-
plex Hopfions on the basis of baby Skrmions. The Hopfions
constructed in the FS model [1-4] are all knot-like solitons on
atorus. For example, if the potential is a ferromagnetic poten-
tial, the Hopfions can be constructed by twisting a closed
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baby skyrmion along poloidal circles [5]. In reference [1],
the authors provide a deforming ferromagnetic potential, and
construct Hopfions by twisting a sine-Gorden kink into the
poloidal cycles along the toroidal cycle. For these reasons,
all the torus knots are constructed from Hopfions. Hopfions
exist in many physical systems, such as particle physics sys-
tems [6,7], Bose-Einstein condensates [8—10], superconduc-
tors [11-14], and bio polynomials [15,16]. Based on these,
Hopfions have become the most important topological con-
ceptin many physical fields. As topological objects, Hopfions
are described by the Hopf charge. The Hopf change Q is the
product of Wi and W5, where W; is the number of twists
along the toroidal cycles of the torus and W5 is the number
of twists along the poloidal cycles. Therefore, the type of a
particular Hopfions can be represented by (W7, W»).

We can twist and writhe a string to form a knot. The topol-
ogy of these knots is described by the linking number Lk,
which is same as the Hopf charge. The linking number Lk is
given by the White—Calugareanu formular Lk = Tw + Wr,
where Tw is the twisting number and Wr is the writhing
number [17-19]. However, Tw and Wr are not the topolog-
ical numbers or integers. Tw can be converted to Wr, and
vice versa. However, the sum of 7w and Wr keeps invari-
ance, and is the topological number. Although all knots can
be described in terms of the Hopfions [20,21], the precis con-
nections between the Hopfions and knot remain unclear [1].

To solve the problem, we entangle a string using Euler
rotation to form a knot. By considering SU(2)~ S3, two-
component complex scalar fields are introduced to describe
the knot. The unit tangent vectors of the knot are presented
on the basis of the complex scalar fields, and are assumed
to be the same as the unit vectors given by the Hopf map
under a special condition. This is the bridge to investigating
the connection between the Hopfions and knots.
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Fig. 1 Euler angles and Euler transformation. A Represents a string
with torsion and curvature is created when the Euler rotation 7 operates
on a straight line. B Shows the Euler angles 6, ¢ , and x . The first opera-
tion is rotating the string about the z-axes by angle ¢. Thus, we have new

2 The knot and hopfions

We start from a line string. The length / of the string does not
affect the topology of the knot. Therefore, we can take the
length/ as a scalar factor of the string. The knot is represented
by r(s), where s is the arc parameter of the knot. For the line
string, we haver (s) = (0, 0, 1). By considering SU (2)~~ S3,
the knot is described by the two components scalar fields

1
Y= (0> (1)

Now we entangle the line string to construct a knot in real
space. We introduce the Euler rotation 7' to represent the
twisting and writhing of the string, which is shown in Fig. 1A.

In accordance with SU(2)~ $3, the Euler rotation 7 is
written as [22]

0 —i ¢-§X .0 —i ¢§X
T — COS §e sin Ee (2)

.p X 9 jotx ’
sin §€ 2 COS 56‘ 2

where 6, ¢, and yx are the Euler angles, which are functions
of the arc parameter s and are shown in Fig. 1B. Letting
the Euler rotation 7" act on the initial two-component scalar
field (1), we have the two-component complex scalar field
representing the knot:

1
V= (cos %e"'d)% sin %e"(p%x ) . 3)
The knots produced by the Euler transformation are shown
in Fig. 2.

The topology of the knots is given by the linking number
Lk proposed by Gauss, which is the sum of the indexes of the
cross points. From the two-component complex scalar field,
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coordinate axes (x’ .Y z). The second operation is rotating the string
about the new y’-axis by angle 0; then, we have the axes(x”, v, z/).
The last operation is rotating the string about the new z’-axis by angle
x; thus, we now have the coordinate system (x”’, y”, Z’)

we deduce the unit tangent vectors along the string as
nzw?mﬁz(sinécosq) sin 6 sin ¢ cos@), (@)

where o is the Pauli matrix. In fact, the unit tangent vector
maps the curve to a 2-dimensional sphere, that is:

n: curve — S &)

The unit tangent vector satisfies n-n = 1. To find the mean-
ings of the Euler angles, we consider the deforming O (3) —o
model. It is given as:

= ()’ + L (n-J)? (6)
' 36 '
J is the spin current [23], which is defined as

J=Vyioy —yTovy, (7)

where o is the Pauli matrix. Recalling the arc parameter s,
(7) is given as

I CA AL AN )
J_<dsaw 1paa’s)dx,-’ ®)

And (6) is rewritten as

@ ser]@

Putting (3) and (4) into (9), we find the first term of (9) is

dn\?> [doN\? [d¢ . \?

— ) ={— ) +(—sind) .

ds ds ds
Recalling the theory of surfaces in differential geometry, ‘fi—f

is the normal curvature k,,, and —%’ sin 0 is the geodesic

(10)
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Fig. 2 The knot curves are plotted by referring the equations: x =
sin(0) cos(x)+cos(¢) +sin(@) sin(x), y = sin(0) cos(¢) +cos(x) +
sin(6) sin(x), z = cos6cos x. Schematic A is the knot plot for

curvature kg [24]. Then, we have

dn? 2, .2 2
<%> :kn+kg=k, (11)
where k is the string curvature. Therefore, the first term rep-
resents the bending of the string. The second term of (6) is

e (n3) = (Feoso+ 2 (12)
— (n- = | —cos —

36 ds ds )’
where ‘é—‘f cos 6 is the geodesic torsion 7, of the string. (12)

can be rewritten as

1 \2 dx\*
—(n- = = . 13
36(11 J) (zg+ds) (13)
Equations (10)—(13) show the Euler angle 6 causes the bend-
ing of the string. The Euler angles ¢ and x produce the torsion
of the string. However, 6 also contributes to the torsion and ¢

contributes to the string curvature. We calculate the twisting
number 7w as

1 (L 1 [t dt
Tw=— tds = — tx — ) -nds, (14)
27 Jo 27 Jo ds

where t is the torsion of the string. The unit normal vector t
satisfies

t= (cosqbcosx —cosf@singsiny — singcos x

—cosfcossiny sinf sin ). (15)
By recalling (12), the torsion 7 is

do dx

= —cosf + —. 16
T s cos 15 (16)
Then the twisting number is
1 (t/d d
Tw=— 99 056 + X\ as. (17)
2w Jo \ds ds

C

0 =¢ =yx e (0,27);Bistheknotford € (0,4r), ¢ = x € (0, 2m);
C s the knot for 6 € (0, 47), ¢ € (0, 61), x € (0, 47)

According to the White—Calugareanu formular Lk = Tw +
Wr, the writhing number is

Wr =Lk —Tw. (18)

Moreover, the Eq. (17) shows the angle 6 also affects the
twisting number. To define the torsion of the space curve, we
should provide the unit subnormal vector b. Then the torsion
of the space curve is

db

The torsion is the rate of change in the unit subnormal vectors
with the arc parameter. Therefore, the unit vectors n, t, and
b construct the Frenet vector frame. As an example, we plot
the cylindrical spiral and build the Frenet vector frame on the
spiral in Fig. 3. The 3-dimensional equations of the spiral are
given by x = sin6 cos 3¢, y = sinf sin 3¢, and z = f cos 6.
In the firstrow, & = 0.17, the angle 6 is small, and we find the
change in b (represented by purple arrow) is big. That means
the torsion of the cylindrical spiral is high. In the second row,
0 = 0.4m, the angle 6 is bigger. However, the change in b
is smaller. That means the torsion of the cylindrical spiral is
smaller. Intuitively, the cylindrical spiral has more writhing
structure with large 6 than the cylindrical spiral with small
6.

The interesting question is whether knots with different
twisting numbers correspond to the same Hopfion types. In
order to find the answer, we should construct the Hopfions
on the torus domain wall. The Lagrangian density of the FS
model is [1,4]

€= (;0)° + (3 x 9;)” + V(m), (20)

where V(n) = m?(1 — n3)(1 + n3) — B2n;. The Hopfion is
a twisted and closed baby Skyrmion string that is generated
by connecting two twisted baby Skyrmion strings. One baby
Skyrmion locates at (0, 0, 1) of the sphere, and the other
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Fig. 3 Conversion between torsion and curvature. We plot a cylindri-
cal spiral and establish the 3-dimensional Frenet unit vectors on it. The
first row of the figure is a spiral with & = 0.1x. The second row of the
figure is a spiral with & = 0.4w. The Frenet unit vectors n, t, and b
are built on the curve. The blue arrow is the unit tangent vector n; the

locates at (0, 0, —1). In order to describe the Hopfions on the
torus domain wall, we introduce the complex scalar field

¥ = (cos Ae™W1® sin AetW22) 1)

Based on this anzat and the Hopf map:n = v/ To, the unit
vector is deduced as:

n= (sin 2A cos(W1 D 4+ WrQ) sin2A sin(W; D + W) cos2A ) .
(22)

Hopfions with different A values are shown in Fig. 4.
If the map n is the same as n, we have the following
relations:

0 =2A

¢ =W P+ WQ. (23)
x =W o —-WQ

When 6 = 7 and A = 7, the unit vector is 7 = (0, 0, —1),
which represents the south polar point on the sphere of the
Hopf map. When 6 = 0 and A = 0, the unit vector is 7 =
(0, 0, 1), which represents the north polar point. When the
equations in (23) are put into (17), and we consider 0 is
independent of the arc parameter s, the twisting number is

2
Tw

1 L
— Wi (cos@+1)d<b—|——/ W, (cos — 1)d2
2w 0 2 0

(W1 + Wa) cos 6 + (W) — Wa) (24)
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red arrow is the unit normal vector t; and the purple arrow is the unit
subnormal vector b. When 6 = 0.1, the changes in n is small, and the
changes in b is big. However, when 6 = 0.4, the change in n is big,
and the change in b is small

From this equation, we find the twisting number 7w depends
on the numbers Wy, W, and the Euler angle 6.

3 Shapes of knots with given (W1, W,)

We consider the Hopf charge QO = W1 W, = 6. There are
four cases: two kinds of trivial knots, one corresponding to
Wi = 1 and W, = 6; and the other to W; = 6 and W, = 1.
Two kinds of non-trivial knots, one corresponding to W; = 2
and W, = 3; and the other to W = 3 and W, = 2. We
will plot the shapes of the knots corresponding to the (3, 2)
Hopfion after Table 4 because the shapes of these knots are
not very complex.

If we consider the trivial knot corresponding to W1 = 1
and W) = 6, then Wy + W = 7, and Wi — W, = —5. The
twisting number 7w is

Tw = 7cosf —5. (25)

When 0 = 7, and A = %, the twisting number is Tw =
—12. When 6 = 0, and A = 0, the twisting number is
Tw = 2. When cos0 = %, the twisting number is Tw = 0.
The writhing number Wr is given in Table 1.

If we consider the trivial knot corresponding to Wi = 6
and Wy = 1, then Wi + W, = 7, and Wy — W, = 5. The
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sinA=0.17 sin A =0.34

W,=2,W,=3

W,=3.W, =2

W, =6.W, =1

0000

Fig. 4 Hopfions with Hopf charge C = 6 are plotted. These are char-
acterized by (W, W») in the FS model. The Hopfions in the first row
of the figure are characterized by (1, 6); the Hopfions in the second row
are characterized by (2, 3); the Hopfions in the third row are charac-
terized by (3, 2); and the Hopfions in the fourth row are characterized

Table 1 Hopfions with Wi = 1 and W, = 6. The conversion between
the twisting number and writhing number is presented. The shape of
the knot changes with 6. In this condition, the writhing number does
not disappear

0=m 6=12 0 =cos™! 3 6=0
Tw ~12 -5 0 2
Wr 18 11 6

Table 2 Hopfions with W; = 6 and W, = 1. The shape of the knot
changes with 6. In this condition, the writhing number can totally con-
vert to the twisting number

0=m 0 =cos™!(-3) 0=12 =0
Tw -2 5 12
Wr 8 6 1 —6
twisting number T w is
Tw="7cos0 +5. (26)

When 6 = 7r,and A = %, the twisting number is Tw = 2.
When 6 = 0, and A = 0, the twisting number is 7w = 12.
When cosf = —%, the twisting number is 7w = 0. The

writhing number Wr is given in Table 2.

sinA=0.5

sin A =0.95

by (6, 1). The radius of the torus is definitely related to the Euler angle
6. In this figure, the radius of the torus is sin A = 0.17 in the first
column; sin A = 0.34 in the second column; sin A = 0.5 in the third
column;sin A = 0.95 in the fourth column. The type of Hopfions does
not change when the radius of the torus changes

Table 3 Hopfions with W; = 2 and W> = 3. The shape of the knot
changes with 6. In this condition, the writhing number does not disap-

0=m 0=7% 9=cos_1% =0
Tw -6 -1 0
Wr 12 7 6 2

Table 4 Hopfions with W; = 3 and W> = 2. The shape of the knot
changes with 6. In this condition, the writhing number can totally con-
vert to the twisting number

0=m 6 =cos!(—1) 0=12 6=0
Tw —4 0 1 6
Wr 10 6 5

Comparing Tables 1 and 2, we find the (1, 6) Hopfion is
not equivalent to the (6, 1) Hopfions in view of the conversion
between the twisting number and writhing number.

If we consider the non-trivial knot corresponding to W1 =
2 andW; = 3, then W; + W, = 5,and W; — W, = —1. The
twisting number T w is

Tw=>5cosf — 1. 27

@ Springer
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Fig. 5 The shapes of knots ST
with different values of 6 are <1y
plotted, corresponding to the
(3, 2) Hopfion. On the basis of
the relation (23), we set

® =0 € (0,27). Then, the
equations of the knots are same
as the equations given in Fig. 2.
A Is the knot shape for 6 = 0,
and we have Tw = 6 and y
Wr = 0; B Is the knot shape for
cosf = %, and we have Tw = 0
and Wr =6

When6 = r,and A = %, the twisting numberis Tw = —6.
When 6 = 0, and A = 0, the twisting number is Tw = 4.
When cosf = % the twisting number is Tw = 0. The
writhing number Wr is given in Table 3.

If we consider the knot corresponding to W; = 3 and
W,y = 2,then W1 + W, = 5, and Wy — W, = 1. The twisting
number 7w is

Tw =>5cos6 + 1. (28)
When6 = m,and A = %, the twisting numberis Tw = —4.
When 6 = 0, and A = 0, the twisting number is Tw = 6.
When cosf = —%, the twisting number is 7w = 0. The

writhing number Wr is given in Table 4.

Similarly, for non-trivial Hopfions, we find a (W1, W)
Hopfion is not equivalent to a (W2, W;) Hopfion in view of
the conversion between the twisting number and writhing
number.

Moreover, we find the twisting structure can totally con-
vert to writhing structure if Wi > W,. The twisting structure
cannot totally convert to writhing structure if W; < Wa.
Figure 5 shows the example of knots corresponding to (3, 2)
Hopfions with different 0 values.

4 Conclusions

In this paper, we found the shapes of knots corresponding to
Hopfions characterized by (W, W») are very complex. There
are two reasons: One is the conversion between the twisting
number and writhing number, and the other is the Euler angle
6. The Euler angle 6 does not decide the type of Hopfion.
From Fig. 4, the type of a Hopfion characterized by (W7, W»)
maintains invariance when 6 changes. However, Euler angle
0 affects the knot shape, as shown in the tables. Twisting
structure converts to writhing structure as 6 increases. More-
over, a knot with certain twisting and writhing numbers may
correspond to different types of Hopfions. For example, a
knot with Tw = 0 and Wr = 6 may correspond to a (1, 6),

@ Springer

(2,3), (3,2), or (6, 1) Hopfion. The Euler angle 6 decides
which kind of Hopfion is suitable for the knot. We also found
the writhing number can convert to the twisting number as
0 changes. If W < W, the writhing number does not dis-
appear as 6 changes from 0O to 7. The writhing number can-
not convert to the twisting number totally. If W; > W, the
writhing number can totally convert to the twisting number
as # changes from 0 to .
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