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1. Introduction

Lovelock theorem states that, in four dimensions the tensors that satisfy divergence free, symmetric, and concomitant of the metric
tensor and its derivatives are no more than the metric tensor and the Einstein tensor [1]. That is to say Einstein’s general relativity (GR)
is the unique proper theory of gravity in four dimensions. Recently, in order to bypass Lovelock theorem a proposal has been made by
adding Gauss-Bonnet term to GR [2]. As we know, the Gauss-Bonnet contribution is a topological invariant in four dimensions according to
Gauss-Bonnet theorem, and does not affect the field equations of the theory. The authors of Ref. [2] first make the replacement o — ﬁ
to cancel the factor D — 4 in the Gauss-Bonnet term contribution to field equations, and then take the D — 4 limit. The resulting four-
dimensional (4D) Einstein-Gauss-Bonnet (EGB) gravity exhibits novel properties not found in GR. Exact solutions of the gravity theory are
studied in [3-10].

However, Wald entropy of the black hole in the 4D EGB gravity is divergent manifestly in the D — 4 limit. The standard thermodynamic
relation between free energy and entropy [ = —T~'F =S — T~'M also implies divergence in the on-shell Euclidean action [11], thus the
action cannot account for the Euclidean path-integral for the topologically nontrivial solutions. Meanwhile, the Gauss-Bonnet contribution
to field equations #,, can be decomposed into two parts H,, = —2(Lyy + Z,v), where the Z,,, part is proportional to D — 4, it is
regular after the rescaling o — DL and taking the D — 4 limit. While the tensor £, which can be expressed in terms of Weyl tensor

—4
Ly = CW;;UCVWJ — 18uvCappo C¥PP7 , vanishes identically in D <4, thus gﬁfl is undefined [12-14].

In order to add the Gauss-Bonnet contribution regularly and nontrivially to Einstein gravity in four dimensions, one way is to take
the Kaluza-Klein reduction of the EGB theory in higher dimensions. The authors of Ref. [15] compactify D-dimensional EGB gravity on
(D — 4)-dimensional maximally symmetric space, and then make the replacement of the Gauss-Bonnet coupling « — 5% and take the
D — 4 limit. Through this procedure, an extra scalar degree of freedom is introduced in addition to the spin-2 degree of freedom, the
resulting model is a special scalar-tensor theory that belongs to the family of Horndeski gravity. Other attempts involve the method of
conformally rescaling the metric, then subtracting the original action from the new one associated with the rescaled metric, and taking
the D — 4 limit at last [12,16]. The action obtained via this method is compatible with the one obtained via the Kaluza-Klein method.

We intend to investigate black hole solution of the 4D Horndeski gravity coupled to Born-Infeld (BI) electromagnetic fields. BI elec-
trodynamics was proposed originally with the motivation of obtaining a finite value of the self-energy of electron [17]. In Ref. [18], the
authors showed that BI action arises naturally from string theory. The D3-brane dynamics was also noticed to be governed by BI ac-
tion [19]. In recent years, Bl theory has been vastly used to study dark energy, holographic superconductor, holographic entanglement
entropy, and holographic complexity [20-23], etc. Black hole solutions have been constructed for BI electromagnetic fields coupled to

Einstein gravity [24-26], Gauss-Bonnet gravity [27], higher-order Lovelock gravity [28-30], and massive gravity [31,32]. Thermodynamics
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of the BI black holes have been studied in [26-35]. In this paper, we construct novel dyonic black hole solution of 4D Horndeski gravity
coupled to BI electromagnetic fields, and study thermodynamics of the black hole.

The paper is organized as, in section 2, the action of 4D Horndeski gravity coupled to BI electromagnetic fields is presented, and the
dyonic BI black hole solution is given. In section 3, the first law of thermodynamics is checked, and the thermal phase transitions of the
black holes with different spatially topologies are studied in extended phase space. We summarize our results in the last section.

2. Black hole solution
2.1. Horndeski gravity in four dimensions

In general D dimensions, the action of EGB gravity coupled to BI electromagnetic fields is given by

1
" 167Gp

where L¢p is the Gauss-Bonnet density

Ip /dea/—g(R—ZA +aLlcg + 167w GpL(F)), (1)

L¢E = Ryuvpo R¥P7 — 4R, RMY + R, (2)

and L(F) takes the form

L(F) = g2,/ —det(gu) —ﬁz\/ —det (g,w + %) 3)

Fuy=0,A, —yA, is the field strength tensor. Note that (3) tends to the Maxwell Lagrangian —%FWF’“’ in the limit 8 — oo.
To obtain the 4D theory of gravity, one considers the Kaluza-Klein diagonal reduction of the action (1), with metric ansatz

dsp =ds; +e*%d%y_, ;. (4)

where the breathing scalar ¢ depends only on the external p-dimensional coordinates. The line elements dE%fM describe the internal
maximally symmetric space, and A denotes the sign of the Euclidean space curvature. After the Kaluza-Klein procedure action (1) reduces
to the p-dimensional action [15,16]
- 1
P~ 16nG,

/dpxa/_—ge(Dfp)"ﬁ{R —2A0 + 167 GyL(F) + (D — p)(D — p — 1)((3¢)? + re ™)
+a(Lop—2(D = p)(D = p = 1) [26" 8,90, — hRe ]
—(D=p)D—p =D~ p-2)[206)*06 + (D — p— D(3¢)*)?

+(D=p)ID—p—1)D—p=-2)D—p=3)[2.09)% +12%%] ). (5)

where G, is Einstein tensor. For p <4, it is free to add

o
- dPx/—gL 6
167G, / E~ch (6)
to action (5) without affecting the field equations, since (6) is just a topological invariant. Now rescaling the Gauss-Bonnet coupling as
o — D% and taking the D — p limit, one obtains the p-dimensional theory
P
1 —2¢ 2,-2¢
Iy = dPxJ/—g [R —2A +167GHL(F) + o (—ZARe —120(3¢)2e
167 Gp
63274 + Lop + 4G udiug — 406)°Te + 2((09)2?)|. (7)

This is the Horndeski gravity coupled to BI electromagnetic fields. This theory is well defined, and the entropy obtained by Wald formula
is free from singularity.

2.2. Equations of motion

Variation with respect to the electromagnetic field gives rise to the field equation

/—h _
Ea ="y [ﬁﬂ<h hlwll =0 (8)
where h;,, = g0 + % and h = det(h,,,). The symmetric part and antisymmetric part of hy,, are denoted respectively by h(;y) and hy,y).

(h~H» denotes the inverse of hyy, similarly, (h=1)*" and (h=1)!#V] are the symmetric and antisymmetric parts of (h~1)*¥ respectively.
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The equation of motion of ¢ is given by [16,36]
Ep=—Lcp +8GH 'V, V¢ +8RMV, Vo — 8(T¢)% + 8(Ve) g
+16VH49V 'V, Vi + 8V, V, VAV § — 243%™ — 4)Re 27
42430720 ((v¢)2 - D¢) —o. 9)

The variation with respect to the metric yields

~/—h
((/‘MU :Agl“) + GHV - 87TG,32ng + 87‘[6,32\/?gh(uv)

~ 26,0 [(V6) +200] ~ 4[(Vud) (Vud) + Vi Ve8] 09 + 337 gy,

+ S(V(M¢)(Vv)vp¢)vp¢ — 48y RPC [vag¢ + (Vp¢)(vg¢)] + Zguv(D¢)2

=280 (VpVo$) (VY7 §) = 48 (VP 9) (V7 $)(V Vo §) +4(Vp Vi) (VA V1)

+ 4R upvo [(VPH) (VO $) + VI VP ] — [g,w(vd,)z _ 4(vﬂ¢)(vv¢)] (V)2

—2xe"% (G/,LV +2(Vpd)(Vyo) + 2V, Vyd — 28, 0¢ + gpw(V(P)Z) i| —0 o0

Here and in the following we label the gravitational constant G, as G for simplicity.
Combining the last two equations in the following manner yields

o o 2 2V —h
g EL + 5&75 =4A —R— ELGB —32nGB~ +8nGp \/?gh(uwglw =0, (11)
which is independent of the breathing scalar ¢ and curvature of the internal space.

2.3. Black hole solution

To solve the field equations, we assume ¢ = ¢ (r), and take the metric and field strength ansatz as

3 1 u?
dsj = —e 20 f(ndt? + %dr2 +r? (1 —z T ku2)d<p2> : (12)
F = —d (rdt Adr + pdu Ade. (13)

Substituting (12) and (13) into (8), and making x (r) to be zero, one has

aB
/p2 + q2 + ﬂ2r4
Note that, unlike Maxwell theory, the infinity in the intensity at r = 0 has been removed, thereby the infinity in the potential at r =0 is
absent too. Now combining (11) together with (12), one obtains

a(r)= (14)

2 72 —kf" ’ _
2o (f +§f Or") A8 ey 2k—2|—2f+4A
T r r
—167GBr2 <2ﬂr2 —(P®+ g% +28%r% <p2 +¢+ ﬂ2r4)—1/2> —0, (15)

2
where we denote % as f’, and ddf% as f” for short. This equation is not enough to find the explicit form of f(r), one has to find
other field equations. Substituting the metric ansatz (12) into (7), and discarding the total derivative terms, one obtains the effective
Lagrangian [15]

X
+24akr’g/ (f' = 2 x) — 8ar? f'¢’ (1292 — 3r¢’ + 3
+dar f2¢/ (4x' (29> = 3r9/ +3) +¢' (372 — 814 +6) )

+24aAr?e™2¢ (rzf/qb’ —22f )’ =32 f 2 +rf + f — k)

. [_3 (4r3f/ +4Ar% +4r? f — dkr? + 8akr2f¢/2>

~36032re ™4 + 967G (B2 — pri(p? + B (0 + a7 + B ) . (16)
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Taking variation of (16) with respect to f(r), and making x (r) to be zero, one has

(=12 + e (—k+ ¢/ = 1)) (62 +¢") =0, (17)

which implies

k +r2re2¢
= 18
f o 1) (18)
The solution of ¢ is given by
.
du
# =log(r) + log (cosh(vky) £ /1 + A/ksinh(Vky) ), ¥ = / - (19)
( ) o uy/ f(w
Variation of the effective action with respect to x yields an equation that is rather complicated
267X Qare®® (—k+1f (1 —1¢)) + f(1 —4r¢/ +12(¢'> —26")))
+e* Pk —r(f' +1A) = 2kaf'¢ + f(—1+20f'¢' 3 —3r¢) +12¢'%)
— 2ka(¢'? +2¢")) + o f (P + 4¢"> — 8r¢'d” + ¢'>(—2 + 4r°¢'*)))
—167Ge™ (B2% — B(p + Fr)(p? +¢* + pAr)712) (20)

Fortunately, with (18) the equation (20) can be simplified greatly to be

r (r2 -2 f(r)+ Zka) '+ f@ (—Zak +oaf@)+ rz) + Art

+ak® —kr* + 87G <—ﬂzr4 + B3 /p2 + ¢ + ,82r4> =0 (21)

Combining (15) and (21) one is now able to give the exact black hole solution:

F) =kt r? 1 (4 2rGaM  32nGap? N 4o A N 327w Go B2
T 2o ¥or3 3 3 3
2. 2 2. 2 1z
2142
+ 2 + 115 +
14 a2 q)21 L , (22)
p2rd p2rd 4’24 p2rd
where X is the spatial 2-volume.
In order to study the behavior of f(r), we expand f(r) in the small-r and large-r regions respectively, yielding
fr)=k— \/BJTGM/(a22) —16G/B (p% +q)3/4T(1/4)T'(5/4)/(3a)r!/?
B §7GBY P2 + a2+ B GBy/p2 +q2I(5/4)/T(1/4) T ” o (23)
V3271 GaM/%; — 64aG/Br (p? + q2)3/4T(1/4)T(5/4)/3 2a ’
3-V9+120A , 8T GM 1 9
r=k+ re— T+ 0. 24
r@ 6o Yo/T+4aA/3 ®) (24)

From (23) one learns that, f(r) is finite when r — 0. This property is specific for BI black holes, i.e., for BI black holes the metric may be
free from divergence at the origin while the curvature invariants definitely diverge there. f(r) is finite at the origin originates partly from
the nonlinearity of matter fields, partly from the model of gravity theory, and partly from the dimensions of spacetime. We only consider
the case that the dimensions of the spacetime are not less than 4. For the black holes in Einstein-Born-Infeld gravity, f(r) diverges at the
origin. For the black holes in Gauss-Bonnet-Born-Infeld gravity, f(r) is finite in 5 dimensions while it diverges in higher than 5 dimensions
at the origin. For the black holes in Gauss-Bonnet-Maxwell gravity, f(r) diverges at r = 0. For the black holes in 3rd order Lovelock gravity
coupled to BI electromagnetic fields, f(r) is finite in 7 dimensions while it diverges in higher dimensions at r =0.

One also learns from (23) that, in order to ensure f(r) to be well defined, the black hole mass M is necessary to be larger than some
critical one

Y

Eves
which is independent of k. In order to preserve f(r) > 0 in the large-r region, from (24) we know A has to be negative, i.e.,, we only
consider the AdS black holes.

In Fig. 1 we present the behaviors of f(r). One sees from Fig. 1 that, for M > M, the planar and hyperbolic black holes possess single
horizon. The inner (Cauchy) horizon of the BI black hole turns into the curvature singularity due to perturbatively instability [38]. While in
Einstein gravity, the planar and hyperbolic BI black holes may possess more than one horizon for some parameter selections. As shown in
Fig. 1, the spherical black hole possesses double horizons. For M < M¢, the black holes are not well defined in the whole spacetime [27].

(P*+¢»**T (/4T (5/4 s, (25)
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Fig. 1. The metric function f(r) for the parameters selection G=1,8=0.2,p =0.5,q=0.5, A = —1,¢ = 0.1. From left to right, the three plots correspond to k=—1,0, +1
respectively. The red line on each plot denotes the case M = M,.

The behavior of f(r) implies that, there exists no extremal black hole for our case. We take the k =0 case as an example to illustrate
this analytically. We substitute

1/4

2 2
ro = J/37GB (&) , (26)

A2 — 167w GAB2

which is obtained by setting the temperature (29) to be zero, into the black hole mass (28), and replace the hypergeometric function with

2 2
1 since 0 < 5 Fq [% 1.3, —Pﬂjrﬂ ] <1, then the mass is given by

yp (PP aPATs (647G Bt — 24w GAR? + A2) (27)
e 3V27GBA(—16GB2 + A) ’

which is definitely negative for A < 0. Therefore, extremal AdS black holes do not exist for the case we discussed.

3. Thermodynamics

In this section, we check first law of thermodynamics and study thermodynamic phase transitions of the black holes in extended phase
space. First Let’s give the thermodynamic quantities. Mass of the black hole is given by

X 2 2 2(p2
M:m(Bkr++3k o +87Gprs ( Bri —/p? +q* + p2ri

115 p?+q?
—Art +167G(p? +¢° - = - 28
L +167G(p” +q°) 2F1 |:4,2,4, i ) (28)

where r is the outermost horizon of the black hole. Temperature of the black hole reads

—k*a? + 14 (=1 —aA +87Gap?) +r12 <ri +ka —8wGaB,/p?+q*+ riﬂ2>

T= (29)
Ay (r3 + 2ka)
With the Iyer-Wald formula, entropy of the black hole is given by
S= —Zn%dzxﬁY””"oewem
L 2 — 4apR 8P 81,1937 per” L (99)2P, 57 v 30
=73Cc XV | —2—4a¢R(y) +a M v]190° Per €pe — 505( ) [novi€" €po | (30)

where the first term in the bracket comes from Einstein gravity, the second term comes from the term a¢L¢p in action (7), while the
third and fourth terms come from 40:G*V9,,¢9,¢ in the action. Straightforward calculations show that the last two terms in (30) cancel
out, i.e., the 4¢G""9,¢d,¢ term in the action does not contribute to entropy of the black hole. Only the first two terms contribute to the
entropy, which gives

s o(r} + dka 10g(r+)).

31
4G (1)
The electric and magnetic charges are given by
_1n\Itr]
Qe=%ov=h(h™)"| | =0%2.  Qn=2Fyl-o=p5a (32)

Note the above electric charge as a conserved quantity follows from the equation of motion (8). The electric and magnetic potentials are
given by

q 115 p?+q? p 115 p>4+q?
Do = —2F1 |:4_l’§’2’_ a4 | dn=—2F 23 gA | (33)
Ty Bery Tt Bery
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Fig. 2. G-T plot for the parameters fixed as G=1,¢=0.1,=10,p=0.2,q=0.2.

Table 1

Critical temperatures and pressures for the parameters p and q fixed as

p=q=0.2.
o B Tc Pc
0.1 6 0.03797860 0.00259284
0.1 10 0.03797840 0.00259280
0.1 14 0.03797835 0.00259279
0.08 10 0.03887130 0.00270822
0.12 10 0.03714610 0.00248712

In extended phase space, the thermodynamic pressure of the system is identified as [37,39]

A
P=———. (34)
87 G

The thermodynamic volume conjugate to P is given by

3
iz
V= +%2 (35)
3
With all the thermodynamic quantities given above, it’s straightforward to check the first law of thermodynamics
M =TS+ VOP + $e6Qe + PmdQnm (36)
is satisfied.
Now let’s examine if there exist thermal phase transitions of the black hole. The critical point is determined by the equations
dP 3P
— =— =0. 37)
Ot lpy=reT=1, O lry=re.T=T,
From (29) one can solve out A in terms of T, and substitute A into the definition of pressure (34), yielding
o ko —kr2 + T(4mr3 + 8kmary) — 8w GA%re +8mGAra, /p2 +q2 + p2ri 8
= 7 .
8 Gry
From the equation % =0, T can be solved out. Substituting this T into gi—f one obtains the final expression of gi—f which is a little
+ +
lengthy and will not be presented here. While, for k = 0 the expression is quite simple
PP _2B(p* +¢H)(P* +¢* +3r'6%)
2o - , (39)
a2 r4(p? +q2 +r4p2)%/2
which can’t be zero. Therefore, no phase transition exists for the planar black hole. For k = —1, the critical equations can be solved

formally. However, if the solutions are resubstituted into the related quantities, one finds that either f(r) becomes imaginary or the
entropy becomes negative. Thus, in this case the black hole is thermodynamically stable and no phase transition exists either. For k = +1,
the critical equation can be solved out numerically, in this case there exists thermodynamic phase transition as shown in Fig. 2, from
which one sees that the phase transition is the van der Waals-like one-order phase transition.

For different parameter selections, the results are listed in Table 1. From the table, one learns that either o or 8 increases, both the
critical temperature and the critical pressure decrease.
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4. Conclusions

In this paper, we construct novel dyonic BI black hole solution of a 4D Horndeski gravity which is obtained from higher-dimensional
EGB gravity through the Kaluza-Klein process. The metric function f(r) is devoid of divergence at the origin, while the essential singularity
still exists there. This is different from the 4D Einstein BI black hole, which is divergent at the origin. This property is determined by the
nonlinearity of BI electrodynamics, the scalar-tensor theory and the dimensions of spacetime together. There exist some critical mass
M, the black hole mass must be larger than the critical mass in order to be well defined in the whole spacetime. For the planar and
hyperbolic black holes, there exist only one horizon. For the spherical black hole, there exist double horizons.

The thermodynamic quantities of the black hole are calculated, the first law is checked to be satisfied. The thermal phase transitions
are studied in extended phase space. Through solving the P-V critical equations, it's found that the planar and hyperbolic black holes are
thermodynamically stable, no thermodynamic phase transition occurs. While, for spherical black holes, the van der Waals-like one-order
phase transition occurs.
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