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1 Introduction

The inclusive production of energetic jets is one of the most fundamental processes in
collider physics, providing myriad applications — from searching for new physics to precision
measurements of Standard Model parameters to probing nuclear structure. Furthermore, a
precise description of the inclusive jet production is crucial for the jet substructure program [1–
3], where additional measurements are performed on the produced jet. Among different jet
production mechanisms, single inclusive production of jets in various collider environments,
such as pp → jetX, e+e− → jetX, and ep → jetX, offer the highest statistics of jet cross
section by measuring all jets within specific transverse momentum pT and rapidity intervals
without further restrictions. As a result, single inclusive jet process has been computed and
measured across various collider environments, including pp, ep, and e+e− colliders [4–12].
For a review, see [13].

Jets are identified using a jet algorithm, primarily the anti-kT algorithm [14–17], which
is defined by a jet radius, R. For the single inclusive jet process, this introduces a hierarchy
between two scales, pT and pT R (or Q and Q R/2 for measuring jet energy in e+e− with√

s = Q) for small jet radius. Factorizing the dynamics at these scales offers several
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advantages [18, 19]. First, it enables the resummation of logarithms of ∑m≤n αn
s lnm R

between the jet scale and the hard scale, improving the perturbative stability of the result.
Second, it simplifies the calculation, as the hard function for jet production matches the
inclusive hard function of hadron fragmentation. The jet function, which encapsulates all
aspects of the clustering measurement at the perturbative scale pT R, is then completely
factorized from the universal inclusive hard function. This factorization is particularly useful
when additional measurements of jet substructure observables are performed on the produced
jet, as the factorization between the hard and jet scales is retained. Therefore, one only needs
to modify the jet functions for different jet substructure observables, which can be refactorized
to separate the production of the jets at the scale pT R and some jet substructure scale at
µv for a jet substructure v. This powerful factorization structure has facilitated numerous
studies on jet substructure observables with single inclusive production of jets [20–38].

Among different jet substructure observables, energy correlator observables stand out
as one of the most precisely studied observable with considerable recent interest and wide
applications [22, 24, 25, 39–69]. The jet function describing the measurement of the projected
energy correlators at two [70], and three-points is now known at two loops [45]. These
observables have been measured inside high energy jets [71–73], and are used by CMS to
extract the value of αs at 4% accuracy [72]. The dominant theoretical uncertainty in this
result is the perturbative accuracy, highlighting the importance of improving the accuracy
of the different perturbative components involved.

While substantial progress has been made in computing many of the necessary perturba-
tive components for the jet substructure program at higher perturbative orders — such as
hard functions [11, 12, 74–78] and jet functions describing the measurement of observables
like energy correlators — the inclusion of clustering contributions for jet production has
lagged behind and is fully understood only at one loop [18], with an important exception
of the exclusive quark jet contribution at two loops from [79]. As such, they are one of
the leading perturbative uncertainties for processes involving identified jet production, as
illustrated in a recent study of H + 1 jet production [80], for example. From a broader
perspective, these functions provide the crucial matching between hard scales and infrared jet
measurements in jet substructure studies. They are the only remaining barrier to interfacing
two-loop calculations of inclusive jet substructure observables with state-of-the-art hard scat-
tering amplitude calculations.1 Therefore, improving our understanding of these functions,
along with performing their explicit perturbative calculations, is essential for advancing the
perturbative accuracy of the jet substructure program.

Here we initiate a series of papers to improve upon the situation. In this paper, we
begin by re-examining the factorization theorem for the single inclusive production of jets.
Building on recent progress in factorization theorems for energy correlators, we present an
all-orders factorization theorem for single inclusive jet production that differs from previously
established formulations. Our factorization theorem incorporates the universal hard function
from hadron fragmentation and features renormalization group evolution determined entirely
by the universal timelike DGLAP splitting kernels. However, due to a non-trivial modification
in the convolution structure, which results from the identification of a jet state rather than a

1For exclusive observables, other physical effects like non-global logarithms are also required at two-loop.
For example, see discussion in section 6.5.
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single hadron state, the resulting RG evolution is not equivalent to timelike DGLAP. Despite
this difference, the connection to timelike anomalous dimensions allow us to extend the
accuracy of this process to next-to-next-to-leading logarithms (NNLL) immediately. We
perform an explicit two-loop calculation of the jet function, finding perfect agreement with
the prediction from an RG analysis. We believe that our factorization theorem will be central
to improving the perturbative description of jets at collider experiments.

Due to the fundamental nature of this process, a number of different approaches have been
presented to describe it, so we briefly comment on the relation to our approach. In [81, 82], a
generating functional approach was used. This approach has been extended to next-to-leading
logarithms (NLL) in [83, 84], and implemented in a collinear parton shower algorithm to
achieve NLL resummation for fragmentation observables. In SCET [85–89], a factorization
formula was presented in [18], which introduced a “semi-inclusive jet function”. This was
later extended to involve an identified momentum fraction inside the jet, and is termed
“fragmenting jet function” [29, 35, 90, 91]. Assuming the structure of their factorization
formulas, they were able to show using renormalization group consistency arguments, that
the evolution between jet scale pT R and the hard scale pT are governed by the usual timelike
DGLAP evolution for hadron fragmentation process. We will show by explicit calculation that
this is incorrect, thus rendering the factorization formula presented in [18, 35] inconsistent.
This conclusion was also found in [83]. While we agree with the results of the calculation
of [83], we are able to interpret this not as a modification of the anomalous dimension, but
rather as a modification of the factorization theorem. This observation will allow us to present
a new all-order factorization for the single inclusive jet process.

Our factorization theorem has a number of advantages. Most importantly, it maintains
the universality of the hard function, and its RG evolution is entirely determined by the
timelike DGLAP anomalous dimensions and their derivatives. Using known results for the
timelike anomalous dimensions [92–95], this means that we can immediately extend our
formalism to NNLL.

An outline of this paper is as follows. In section 2 we define our observable and present
an all-orders factorization theorem for single inclusive jet production with a small jet radius.
We explore its relation to reciprocity and its connection to factorization theorems for energy
correlators, while also commenting on relations to previous factorization formulas in the
literature. In section 3, we present numerous generalizations of our factorization theorem
relevant to jet substructure studies. In section 4, we leverage the intimate connection between
the factorization structure of energy correlators and single inclusive jet production to develop
a new jet algorithm directly associated with the energy correlator observables. In section 5
we carry out the renormalization group analysis of the jet function to derive the logarithmic
structure and associated poles at two loops. In section 6 we describe the two-loop calculation
of the jet function, and present the numerical results of the anomalous dimensions for N = 4
super Yang-Mills and for all color channels in QCD, finding perfect agreement with the
predictions from our renormalization group analysis. We conclude in section 7.

Note. For the remainder of the paper, we will often simply refer to single inclusive hadron
production as hadron fragmentation and to single inclusive jet production as inclusive jet
production for convenience.
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2 Factorization theorem for small radius inclusive jet production

In this section we present an all-order factorization theorem for single inclusive small radius
jet production, which separates the dynamics at the hard scale Q from those at the jet
scale Q R/2. To situate this factorization theorem, we begin by reviewing the factorization
theorems for single inclusive hadron fragmentation and energy correlators, while also exploring
their relationship to reciprocity. These discussions highlight notions of timelike factorization
that are crucial for the factorization theorem for single inclusive jet production. We then
present the factorization theorem for the single inclusive jet production, discuss its structure
in detail, and compare it with other approaches in the literature.

2.1 Review of hadron fragmentation, energy correlators, and reciprocity

We begin by reviewing factorization theorems for hadron fragmentation and the energy
correlators. These highlight, in a controlled and calculable setting, how the modification of
the IR measurement modifies the anomalous dimension.

The factorization theorem for inclusive hadron fragmentation has been proven rigor-
ously [96–102], and applied in e+e−, ep and pp collisions. For high-pT hadron production
process, this is given as

dσh

dpT dη
=
∫ ∞

0
dp′T

∫ 1

zmin
dz H⃗

(
p′T , η, µ

)
· D⃗h (z, µ) δ

(
pT − zp′T

)
=
∫ 1

zmin

dz

z
H⃗ (pT /z, η, µ) · D⃗h (z, µ) , (2.1)

where p′T = pT /z is the transverse momentum of the parton initiating the high-pT hadron.
As observed pT of the hadron does not give access to the partonic transverse momentum,
this naturally gives rise to the convolution structure. Allowed range of p′T is determined
by the observed hadron pT , η, as well as

√
s, giving the lower bound zmin = 2pT cosh η/

√
s.

Such high transverse momentum factorization is natural for pp, where we need access to
boost invariant quantity. On the other hand, if we are able to tag on the initial scale Q,
as in the case of e+e− with

√
s = Q, the factorization for observing energy fraction of the

hadron zh = 2Eh/Q can be formulated as

dσh

dzh
=
∫

dx dz H⃗

(
x, ln Q2

µ2 , µ

)
· D⃗h (z, µ) δ(zh − xz)

=
∫ 1

zh

dx

x
H⃗

(
x, ln Q2

µ2 , µ

)
· D⃗h

(
zh

x
, µ

)
. (2.2)

The functions D⃗h are universal hadron fragmentation functions [100, 103, 104]. Here, we
use vector notation to indicate that both are vectors in the flavor space. For concreteness,
we will discuss factorization theorems with hadron energy fraction, but generalization to
high-pT production case follows immediately.

Independent of the nature of the collision, the hard function satisfies a universal renor-
malization group equation, which is the timelike DGLAP equation [105–107]. Explicitly,
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this equation reads

dH⃗(x, ln Q2

µ2 , µ)
d lnµ2 = −

∫ 1

x

dy

y
P̂T (y) · H⃗

(
x

y
, ln Q2

µ2 , µ

)
, (2.3)

where P̂T is the singlet timelike splitting kernel matrix, which is known to three-loops [92,
93, 95, 108]. They are given as

P̂T =
(

Pqq Pqg

Pgq Pgg

)
. (2.4)

On the other hand, the RG consistency and the convolution structure in eq. (2.2) imply
that D⃗h evolves as

dD⃗h(z, µ)
d lnµ2 =

∫ 1

z

dy

y
D⃗h

(
z

y
, µ

)
· P̂T (y) , (2.5)

which is also referred to as the (timelike) DGLAP evolution equation for hadron fragmentation
functions.

If we now take N -th moments in zh for dσh/dzh of eq. (2.2), the Mellin convolution
structure simplifies into a product form as∫ 1

0
dzh zN

h

dσh

dzh
= H⃗

(
N, ln Q2

µ2 , µ

)
· D⃗h(N, µ) , (2.6)

where

H⃗

(
N, ln Q2

µ2 , µ

)
≡
∫ 1

0
dx xN H⃗

(
x, ln Q2

µ2 , µ

)
,

D⃗h(N, µ) ≡
∫ 1

0
dz zN D⃗h(z, µ) . (2.7)

Now the RG evolution is governed by the timelike DGLAP anomalous dimensions γT (N) as

dH⃗
(
N, ln Q2

µ2 , µ
)

d lnµ2 = γT (N + 1) · H⃗

(
N, ln Q2

µ2 , µ

)
,

dD⃗h(N, µ)
d lnµ2 = −D⃗h(N, µ) · γT (N + 1) . (2.8)

We will later contrast how these RG structures are modified for the case involving jet
production. The timelike DGLAP anomalous dimensions are defined as

γT (k) ≡ −
∫ 1

0
dy yk−1 P̂T (y) , (2.9)

where the k for the spacelike anomalous dimensions counterpart represent the spin of the
twist-2 local operator.

Before turning to the case of identified jet production, we first consider a case of
intermediate complexity, where the infrared measurement is modified to give rise to an IR safe
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observable. This is the case of the energy correlators [109–113] in the small angle limit. The
small angle limit factorization is understood from a number of different perspectives, [70, 114–
116]. An important aspect of the factorization theorems is that they can be tested against
explicit analytic calculations of the observable, which are available at next-to-leading order
(NLO) in QCD [117] and NNLO in N = 4 super Yang-Mills theory [118, 119]. These
calculations provide valuable insight into the structure of collinear limits in QCD, which can
then be generalized using factorization theorems, to apply to much more general settings
in collider physics, and have a large phenomenological impact.

General N -point energy correlators of the form ⟨Ψ |E (n⃗1) E (n⃗2) · · · E (n⃗N )|Ψ⟩ measure
the distribution of energy in some state |Ψ⟩ created by high energy collisions. The energy
flow pattern is captured by the energy flow operator

E(n⃗) =
∫ ∞

0
dt lim

r→∞
r2niT0i(t, rn⃗) , (2.10)

which relates the energy-momentum tensor Tµν in QCD to the energy captured by a detector
in the direction n⃗. In particular, the relevant projection of the general N -point energy
correlators is the projected N -point energy correlators [46], which measure only the largest
angle xL ≡ (1− cos θL) /2 = (1− min(n⃗i · n⃗j)) /2. In the small angle limit of the projected
N -point energy correlators, the cumulant is defined as

Σ[N ] (xL) ≡
1
σ

∫ xL

0
dx′

L

dσ[N ]

dx′
L

, (2.11)

exhibits factorization structure derived from SCET as

Σ[N ](xL) =
∫ 1

0
dx xN J⃗ [N ]

(
ln xLx2Q2

µ2 , µ

)
· H⃗

(
x, ln Q2

µ2 , µ

)
. (2.12)

Here H is the inclusive hard function, identical to that for the case of fragmentation in
eq. (2.2), and thus obeys the identical RG equations of the timelike DGLAP in eq. (2.3). As
compared to the case of moments of hadron fragmentation presented in eq. (2.6), since this
is only a modification of the IR measurement, it merely modifies the convolution structure,
and the structure of the jet function J [N ].

By RG consistency, the RG evolution of the jet function is fully determined by the
timelike splitting kernels as the hard function. Specifically, it is given by

dJ⃗ [N ]
(
ln xLQ2

µ2 , µ
)

d lnµ2 =
∫ 1

0
dy yN J⃗ [N ]

(
ln xLy2Q2

µ2 , µ

)
· P̂T (y, µ) . (2.13)

This differs from the standard DGLAP equation for hadron fragmentation functions in
eq. (2.8). For instance, only by ignoring the convolution between the jet function and the
timelike splitting kernel matrix (setting y2 → 1 in the jet function argument) would we
recover the standard DGLAP equation, governed by the timelike anomalous dimension, as
the N -th moment of the hadron fragmentation function in eq. (2.8). The new convolution
structure introduces a renormalization group evolution governed not only by the timelike
anomalous dimensions but also by their derivatives. This subtle change in the convolution
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structure of the factorization theorem leads to a significant modification of the power-law
scaling of energy correlators. Indeed, we will find that in a CFT, it is not the timelike, but
rather the spacelike anomalous dimension that controls its behavior! To highlight this fact,
we repeat the analysis of [70], which will be identical to the case of the moments of inclusive
jet production as we will see later. However, in the case of the energy correlators, all the
fixed-order calculations can be performed analytically to verify the results.

Since the coupling does not run in a CFT, we can take a power law ansatz for the
resulting jet function as

J [N ](xL Q2, µ) = C
[N ]
J (αs)

(
xL Q2

µ2

)γN=4
J,[N ](αs)

, (2.14)

where we consider N = 4 super-Yang-Mills theory case for concreteness. Substituting this
to eq. (2.12) gives rise to the scaling behavior of the energy correlator observable as

Σ[N ](xL) =
1
2 C(αs)x

γN=4
J,[N ](αs)

L . (2.15)

On the other hand, substituting our jet function ansatz into the RG evolution equation
for the jet function given in eq. (2.13) and the definition of timelike anomalous dimension
given in eq. (2.9), we find2

γN=4
J,[N ](αs) =−

∫ 1

0
dy yN+2γN=4

J (αs)PT,uni.(y, αs)

=γN=4
T (N − 1 + 2γN=4

J , αs) . (2.16)

Comparing this with the reciprocity relation [121–126], which relates the spacelike and
timelike anomalous dimensions (In the case that there are multiple anomalous dimensions,
it applies to their eigenvalues),

2γN=4
S (N, αs) = 2γN=4

T (N + 2γN=4
S , αs), (2.17)

we find

γN=4
J,[N ](αs) = γN=4

S (N − 1, αs). (2.18)

In other words, the nontrivial convolution structure in the factorization of energy correlators
causes the power-law scaling in eq. (2.15) to be governed by the spacelike anomalous dimension,
rather than the timelike anomalous dimension that the factorization theorem is expressed
in terms of.

From a modern perspective [126], the reason for this is clear: the timelike and spacelike
anomalous dimensions are simply different choices for specifying a single operator in the
theory, and in SCET factorization theorems in eq. (2.12), we have chosen to work in terms
of the timelike anomalous dimension. To understand this, we recall that the dimensions of
twist-two operators are analytic in spin [127], and lie on Regge trajectories shown in figure 1
defined by ∆ = ∆(J), or inverting this relation J = J(∆) [128], where ∆ and J denote the

2Note that we use the shifted argument for N = 4 due the supermultiplet sum [120].
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J

∆− d
2

γT

γ

Figure 1. The Regge trajectories illustrate the light-ray operators in both free and interacting
theories. A given operator on the interacting trajectory can be viewed as horizontally or vertically
displaced from one on the free trajectory, with these displacements corresponding to spacelike and
timelike anomalous dimensions, respectively. Since the free trajectory forms a 45-degree angle, the
two displacements are related by what is known as the reciprocity relation.

dimension and spin, respectively. The operators that live on these trajectories are light-ray
operators [128], where at integer values of J , they are formed by light-transform of local
operators. The linear trajectory in the dashed line corresponds to the twist-2 operators in
the free theory and its shadow, while the curved trajectory corresponds to operators in the
interacting theory. Given a particular operator on the interacting trajectory, there are two
ways of specifying its location: we can either give a fixed value of J , and then compute
the spacelike anomalous dimension γ(J), which is the horizontal shift between the free and
interacting trajectories. This is most common for operators that have a fixed J , as for the
case involving local operators. Alternatively, we can fix the value of ∆, and then specify the
vertical displacement γT (∆− d

2), which corresponds to the timelike anomalous dimension.
This is what is done in the case of fragmentation. Generically in this case one obtains
an operator with a non-integer spin, which corresponds to a light-ray operator, which is
not defined in terms of a local operator for non-integer spin. This is why it is commonly
stated that the timelike anomalous dimension controlling fragmentation is not the anomalous
dimension of a local operator.

From the fact that the twist-two trajectory in the free theory is a 45 degree line, we can
immediately read off the geometric relation between the two anomalous dimensions

γT (N) = γ(N − γT (N)) , (2.19)

providing a simple geometric interpretation of reciprocity. Namely, it is just whether one
considers the anomalous shift in ∆ or J to specify the same operator. These two ways of
specifying the operators on the trajectory correspond to traditional conformal frame and
detector frame in a CFT [126].

The formulation of the factorization in SCET for timelike jet observables is in terms of the
timelike anomalous dimension. However, this is merely a choice of organization. Indeed, using
the light-ray OPE to describe the small angle limit of the energy correlators, one naturally
works entirely in terms of the spacelike anomalous dimensions [113, 115]. However, using
the timelike anomalous dimension to formulate the factorization does not imply that SCET
factorization theorems cannot describe observables that scale with the spacelike anomalous
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dimension. In SCET this is incorporated through the specific structure of the convolution,
which modifies the scaling to be governed by spacelike anomalous dimension as discussed
around eq. (2.18).

We choose to emphasize this point, since we will see that exactly the same phenomenon
occurs in the case of inclusive jet production. It was recently found that [83] that the
timelike scaling predicted by the factorization formula of [18] is incorrect. While we agree
with the observation of [83], we stress that this discrepancy arises from the convolution
structure in the factorization formula of [18], not from the anomalous dimension itself. That
is, the dependence on the derivatives of the timelike anomalous dimension results from
changes in the convolution structure due to modifications in the IR measurement, rather
than changes in the anomalous dimensions, which are inherently UV in nature. The example
of the energy correlator highlights how, if the convolution structure is correct, factorization
formulas involving objects, such as the inclusive hard function, that obey timelike DGLAP,
can easily give rise to final results that obey spacelike DGLAP. Of course, the object of
physical interest, is the physical behavior of the final observable, not how one chooses to
specify the operators used to describe this behavior.

We can also extend this analysis beyond the conformal case. This analysis was performed
for the pure Yang-Mills case in [70] for two-point energy correlators. By making the ansatz

J [N ]
g

(
µ2

zQ2 , αs(µ)
)

= CJ(αs(
√

zQ)) exp
[
−

αs(µ)∫
αs(

√
zQ)

dᾱs

γYM
J,[N ](ᾱs, z)

β(ᾱs)

]
, (2.20)

and repeating the exercise in [70], the effective anomalous dimension is given to NLL for
projected N -point energy correlators as

γYM
J,[N ] = γYM

S (N + 1)− γYM
S (N + 1)∂M γYM

S (M)
∣∣∣
M=N+1

αs(Q)
4π

2β0 ln z + · · · . (2.21)

Therefore, in non-CFT, the effective anomalous dimension is not only given by the spin-N +1
spacelike anomalous dimensions, but its derivative ∂M γYM

S (M) with coefficients proportional
to the beta function, which can be seen as “tuning” the anomalous dimension in the final
physical result.

This procedure can be iterated to any logarithmic order. We wish to emphasize that
this is not a real anomalous dimension, but rather an effective anomalous dimension. This
is similar in spirit to what was used by [83] in the case of inclusive jet production, as will
be discussed in more detail later. The advantage of formulating the factorization in terms
of field theory operators, is that they can be extracted to high perturbative orders from
independent calculations, and the effective anomalous dimensions of the final observables
are then fully determined in terms of these few universal anomalous dimensions. We will
demonstrate how the derivatives of timelike anomalous dimension naturally make appearance
for full QCD case in section 5 through modified convolution structure.

2.2 Factorization theorem for inclusive jet prodution

We would now like to extend this factorization theorem from an inclusive identified hadron, to
an inclusive small R jet, defined with a jet algorithm, which we will take to be recombination
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jet algorithm of kT -type [14–17], which includes anti-kT algorithm as an instance. Compared
to hadron fragmentation, the use of the IR-safe jet algorithm makes the inclusive jet production
IR safe. From the discussion of the previous section, since using a jet algorithm instead
of an identified hadron is only a modification of the IR measurement, we anticipate the
following properties of the factorization theorem:

1. The factorization should not modify the hard function as compared to hadron fragmen-
tation.

2. The factorization does not modify that the renormalization group properties will be
entirely determined by the timelike splitting kernels.

This is advantageous, since it will enable us to perform high-order resummation in the
identified jet case, since the timelike splitting kernels are already known. However, crucially,
the modification of the infrared measurement, much like when switching between fragmentation
and the energy correlator, can modify the convolution structure between the hard function
and the jet function in the factorization theorem, leading to a different behavior of the cross
section for fragmentation, as compared to the case of an identified jet.

The factorization formula for the inclusive production of an identified jet can be written as

dσ

dzJ
=
∫

dx dz H⃗

(
x, ln Q2

µ2 , µ

)
· J⃗

(
z, ln x2Q2R2

4µ2 , µ

)
δ(zJ − xz) (2.22)

=
∫ 1

zJ

dx

x
H⃗

(
x, ln Q2

µ2 , µ

)
· J⃗

(
zJ

x
, ln x2Q2R2

4µ2 , µ

)
,

where zJ = 2EJ/Q is the energy fraction of the observed jet. Here H⃗ is again the standard
inclusive hard function for hadron fragmentation in eq. (2.2), which obeys the timelike
DGLAP equation, and the (“semi-”)inclusive jet function J⃗ is defined for quark and gluon
jets in terms of gauge-invariant quark and gluon fields in SCET as

Jq

(
z = p−J /ω, ωJ , µ

)
= z

2Nc
Tr
[

/̄n

2 ⟨0 |δ(ω − n̄ · P)χn(0)| JX⟩ ⟨JX |χ̄n(0)| 0⟩
]

, (2.23)

Jg

(
z = p−J /ω, ωJ , µ

)
= − zω

2 (N2
c − 1) ⟨0 |δ(ω − n̄ · P)Bn⊥µ(0)| JX⟩

〈
JX

∣∣Bµ
n⊥(0)

∣∣ 0〉 .

Here J and X denote the identified jet, and the unidentified state, respectively. The operators
χ and B are the standard gauge-invariant collinear quark and gluon fields in SCET [86–88, 129],
and the label operator n̄ · P measures the large component of the momentum.

We see that the case of identified jet production has a new convolution structure relative
to the hadron fragmentation case that is reminiscent of that of energy correlators, where extra
convolution variables x dependence show up in the logs. Indeed, this should be intuitively clear,
since we are defining jets with an angular scale R2, similar to the energy correlators with xL.

The new convolution structure modifies the RG evolution equation for the inclusive jet
function relative to that of the hadron fragmentation function in eq. (2.5) as

dJ⃗
(
z, ln Q2R2

4µ2 , µ
)

d lnµ2 =
∫ 1

z

dy

y
J⃗

(
z

y
, ln y2Q2R2

4µ2 , µ

)
· P̂T (y) , (2.24)
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which is not the standard DGLAP form. Taking the N -th moments of eq. (2.22), we
find that the convolution structure is exactly like that of the projected N -point projected
energy correlator,3∫ 1

0
dzJ zN

J

dσ

dzJ
=
∫ 1

0
dx xN H⃗

(
x, ln Q2

µ2 , µ

)
· J⃗

(
N, ln x2Q2R2

4µ2 , µ

)
, (2.25)

where the N -th moment of the inclusive jet function is defined as

J⃗

(
N, ln Q2R2

4µ2 , µ

)
≡
∫ 1

0
dz zN J⃗

(
z, ln Q2R2

4µ2 , µ

)
. (2.26)

The RG consistency of the factorization formula and the modified convolution structure
relative to the hadron fragmentation process then implies that N -th moment of the inclusive
jet function also follows the RG structure of the N -point projected energy correlators as

dJ⃗
(
N, ln Q2R2

4µ2 , µ
)

d lnµ2 =
∫ 1

0
dy yN J⃗

(
N, ln y2Q2R2

4µ2 , µ

)
· P̂T (y) . (2.27)

As emphasized for the energy correlators, this is not DGLAP, but is completely determined
by the standard timelike splitting functions. The identical factorization structure between
the moments of inclusive jets and the N -point projected correlators [46, 70] suggests that
inclusive jets can be viewed as a generalization of the factorization theorems for energy
correlators, encompassing all moments.

It is important to emphasize that this factorization theorem is at the same level of rigor
as the Collins-Soper-Sterman factorization theorem for inclusive hadron production [96–102],
since it is only a modification of the IR dynamics of the jet function. This is important,
particularly to its application to precision calculations in proton-proton collisions.

To understand how this factorization theorem works, we can now perform the same
exercise as we did above for the energy correlator, to see that when we identify a jet, their
moments also exhibit power-law scaling of R2 by the spacelike anomalous dimension by the
reciprocity and modified convolution structure.

Therefore, quite interestingly, we find that identifying a jet using the anti-kT ,4 algorithm,
flips the anomalous dimension from timelike to spacelike, as compared to identified hadron
production. We find it elegant, that this story, which was understood in the context of
the energy correlators, using advances from conformal field theory, has applications in the
much more phenomenological context of jet production. We believe that this is an important
advance in the understanding of timelike factorization.

The general convolution structure of our factorization theorem trivially generalizes to
a number of other cases of interest for collider physics, and we will discuss these in more
detail in section 3.

3Here, N does not have to be an integer. The analytic continuation of N -point projected energy correlator
was considered in [46] and will also be discussed in section 5.

4Because the 1-loop jet functions are identical for all kT -type jets, we expect the same two-loop pole
structure across all cases. We have explicitly verified this for Cambridge/Aachen jets in addition to anti-kT ,
although our discussion in this paper will primarily focus on the anti-kT algorithm.
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2.3 Comparison with other approaches

In this section, we briefly comment on the relation between our new factorization theorem,
and other approaches in the literature.

We first compare with the formulations from [18]. Since this approach is also formulated
as a factorization formula in terms of definite matrix elements in SCET, this comparison
is most straightforward. In [18], the following factorization formula was proposed for jet
energy distribution in e+e− as

dσ

dzJ

∣∣∣∣
[18]

=
∫

dx dz H⃗

(
x, ln Q2

µ2 , µ

)
· J⃗

(
z, ln Q2R2

4µ2 , µ

)
δ(zJ − xz) (2.28)

=
∫ 1

zJ

dx

x
H⃗

(
x, ln Q2

µ2 , µ

)
· J⃗

(
zJ

x
, ln Q2R2

4µ2 , µ

)
,

and the corresponding formulation for high-pT jet as discussed around eq. (2.1). Renormal-
ization group consistency implies that the fragmenting jet function obeys exactly the timelike
DGLAP equation. Our explicit two-loop calculation shows that this is incorrect, and that
the above factorization formula is therefore invalid. The fact that this factorization formula
is not correct was also found in [83] by explicit calculation.

At LL accuracy, this factorization is equivalent to that presented in this paper. This is no
longer the case already at NLL. This is similar to the case of the factorization theorem for the
energy correlator presented in [70], where older approaches in terms of the jet calculus [130]
did not incorporate correct convolutions with hard functions.

The reason the simplified convolution structure of [18, 35] is insufficient to describe a
measurement defined by a jet algorithm can be understood as follows. In all the factorization
theorems above, at leading power we factorize onto massless single particle states, with
well-defined quantum numbers under the Lorentz group, in particular boosts. In the case
of single identified hadron production, these quantum numbers match those of convolution
variable in the fragmentation function, allowing them to be directly tied together by a
convolution. However, the energy fraction carried by an identified jet with a jet algorithm,
and jet radius, has different properties. This variable therefore cannot be directly tied together
as a convolution with that of the intermediate single particle state, as in eq. (2.28), since it
has inconsistent transformation properties under boosts. In this case an additional variable is
required, leading to convolution structure of the factorization theorem presented in this paper.

Similar conclusions were also presented in [83], and further explored in [84], and we
agree with the calculations presented there, as well as their conclusion that the logarithmic
structure of the inclusive jet function is modified. However, we would like to highlight several
differences in our interpretation of this modified logarithmic structure, as well as highlight
several features of the all-orders organization achieved by the factorization theorem presented
here, which we find to be advantageous. First, we wish to emphasize that the modification of
the jet algorithm, being a modification of the IR measurement, does not modify the anomalous
dimension, which is a UV quantity. Although one can define an effective anomalous dimension
order by order in perturbation theory, as in [83], this does not represent the true anomalous
dimension of any object in quantum field theory. We clearly illustrated this using the example
of the energy correlator in the discussion surrounding eq. (2.21), where we showed how to
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get the same result from an effective anomalous dimension, and a modified RG equation.
While this may seem like a minor technicality in interpretation, the key advantage of our
formulation is that it demonstrates, to all orders in perturbation theory, that the hard
function for inclusive jets is the same universal hard function as for hadron fragmentation,
and that the RG evolution of the jet function is entirely determined by DGLAP, although in a
non-trivial manner. In other words, the effective anomalous dimension is not an independent
parameter of the field theory, but rather is fixed by DGLAP. This is important, as it allows
us to extend our results to higher orders using known DGLAP anomalous dimensions.

It is also important to clarify that our observations about a modified RG structure
only apply to the case of inclusive jets, and we are not claiming such a modification for
exclusive factorization theorems. The case of exclusive jets exhibits a structurally different
Sudakov-style factorization [131–133]. However, as a byproduct of our calculation, we will
present new results for the gluon exclusive jet function in section 6.5.

3 Generalizations to jet substructure factorization

The inclusive jet function incorporates all aspects of the clustering measurement at the jet
scale Q R/2, fully factorizing it from the dynamics at the hard scale Q. Since this factorization
between the hard and jet scales remains intact even when jet substructures are measured, we
only need to modify the jet functions for different jet substructure observables. Specifically,
for arbitrary differential jet substructure measurements {v1, v2, · · · , vn}, the inclusive jet
function can be replaced by the substructure-sensitive jet function as follows

Ji(z, R, µ) → Gi(z, R, v1, v2, · · · , vn, µ) . (3.1)

This simple structure has facilitated numerous extensions of the inclusive jet framework to
a wide range of jet substructure observables [20–38].

In this section, we extend the discussion of the modified convolution structure in the
factorization formula for inclusive jet production to its implications for jet substructure
observables. We can broadly categorize different jet substructures into two types: collinear
observables, which involve only hard-collinear factorization, and soft-sensitive observables,
which involve soft-collinear factorization. We will discuss the impact of our factorization
approach in both categories and examine specific cases within each to show how the structure
of Gi in eq. (3.1) is modified. For simplicity and convenience in comparison with the discussion
above, we will continue to discuss factorization theorems using the case of e+e− with jet energy
fraction. Generalization to high-pT jet production case follows immediately as discussed
around eq. (2.1).

3.1 Collinear jet substructure observables

We begin by discussing collinear jet substructure observables, which are sensitive only to
collinear dynamics. The prototypical example is the measurement of the energy fraction of
an identified hadron within a jet, which was the first jet substructure extension of inclusive
jet production factorization. In [35], a hard-collinear factorization formula building on the
semi-inclusive jet function approach [18] was developed to account for the energy fraction of
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the hadron relative to the jet energy in jets produced through single inclusive production.
Since our factorization theorem modifies the convolution structure in the semi-inclusive jet
function, it also modifies the convolution structure in this broader class of factorization
theorems. Here we will show how our newly introduced factorization theorem extends to this
case. There are many extensions and generalizations that use the factorization theorem for
identified hadron production within a jet as a key building block. These include

• Identified (multi-)hadron production (fragmenting jet functions) [21, 35]

• Polarized fragmenting jet functions [29, 134]

• Energy correlators in jets [24]

• Track energy fraction in jets [21]

This shows the breadth of applications of our newly developed factorization theorem. Here
we only highlight the structure of the factorization theorem, but it would be interesting
to investigate the phenomenological implications of our modified factorization in each of
these cases.

The factorization formula for the inclusive production with identified hadron energy
fraction can be written as

dσh

dzJdzh
=
∫ 1

zJ

dx

x
Hi

(
x, ln Q2

µ2 ,µ

)
Gi→h

(
zJ

x
,zh, ln x2Q2R2

4µ2 ,µ

)
,

=
∫ 1

zJ

dx

x
Hi

(
x, ln Q2

µ2 ,µ

)[∫ 1

zh

dy

y
Jij

(
zJ

x
,y, ln x2Q2R2

4µ2 ,µ

)
Dj→h

(
zh

y
,µ

)]
,

(3.2)

where zh = Eh/EJ is the energy fraction with respect to the jet energy. The first equation
illustrates that the jet substructure sensitive, in this case hadron energy fraction in jet, case
begins simply by replacing the inclusive jet function with the corresponding substructure
sensitive jet function as alluded to in eq. (3.1). This new hadron momentum fraction sensitive
jet function Gi→h can then be matched to the universal collinear fragmentation function Dj→h

as illustrated by the factor in the bracket [· · · ] in the second line. Here, Jij is the collinear
matching coefficient sensitive to both energy fraction of the jet with respect to initiating
parton i and energy fraction of the parton j with respect to the jet, given by the first and
second arguments, respectively. Relative to the factorization given in [35], we see modified
convolution structure in Jij in the x convolution. This is contrary to the finding in [35] that
x has the usual timelike DGLAP convolution structure. This is therefore a fun example of a
factorization, where due to reciprocity, it exhibits both spacelike scaling in z convolution for
jet production and usual timelike DGLAP in x convolution for hadron production. Extension
to the case involving polarized hadron in jet [29] is straightforward.

The identified single hadron-in-jet factorization can be generalized to the case involving
multiple energy fractions for the intermediate states that initiating parton i splits to. An
example of such observable sensitive to all of the energy fractions of individual intermediate
state is track energy fraction inside jets. As tracks can come from all the intermediate
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branches of splitting, maintaining a convolution structure from all the splitting is important.
The relevant factorization framework was worked out recently in [21]. This factorization
is now modified as

dσtrk

dzJdztrk
=
∫ 1

zJ

dx

x
Hi

(
x,lnQ2

µ2 ,µ

)
Gi→trk

(
zJ

x
,ztrk,ln x2Q2R2

4µ2 ,µ

)
,

=
∫ 1

zJ

dx

x
Hi

(
x,lnQ2

µ2 ,µ

)[∑
m=1

∫ m∏
k=1

[dykdxkTik
(xk)]δ

(
ztrk−

m∑
k=1

xkyk

)

×δ

(
m∑

k=1
yk−1

)
Ji→[i1,...,im]

(
zJ

x
,y1,...,ym−1,ln x2Q2R2

4µ2 ,µ

)]
, (3.3)

where ztrk = Etrk/EJ is the energy fraction of the track with respect to the jet energy and
Ji→[i1,··· ,im] is the collinear matching coefficients sensitive to the energy fraction of all m

intermediate partons with respect to the jet, as well as the energy fraction of the jet with
respect to the initiating parton i. These m partons then turn into tracks, which is described
by the product of m track functions. The non-perturbative track function Tj(x) gives the
probability density of parton j fragmenting into tracks with energy fraction x [47, 49, 50, 135–
138]. Relative to the factorization presented in [21], we again see the matching coefficients
have modified convolution structure in the x convolution. This factorization then gives
non-linear track function evolution [47, 49, 138] from where the track function is extracted to
the jet scale Q R/2, which then gives inclusive jet RG between the jet scale and the hard
scale. As described in section 2.4 of [21], the track function case can straightforwardly be
generalized to the factorization involving multi-hadron fragmentations in jet. The convolution
variable describing the jet production is similarly modified as here for such multi-hadron case.

Another very interesting case involving collinear dynamics is observing energy correlator
within a jet. This follows a similar hard-collinear factorization described around eq. (2.12)
derived in [70], except now we are using jet energy as the reference scale to calculate energy
correlators. Having a reference jet scale is necessary in the case of hadron colliders, where
we cannot tag the initial scale of the collision. This factorization with respect to the jet
scale was stated for the first time in [24], which should be corrected due to the modified
convolution structure for jet production variable. Factorization is simple to state for the
cumulant, which we define as

Σ[N ] (xL, zJ) ≡
1
σ

∫ xL

0
dx′

L

dσ[N ]

dx′
LdzJ

(3.4)

for projected N -point energy correlators. Then in the small angle limit, the cumulant exhibits
factorization as

Σ[N ](xL, zJ) =
∫ 1

zJ

dx

x
Hi

(
x, ln Q2

µ2 , µ

)
Gi

(
zJ

x
, xL, ln x2Q2R2

4µ2 , µ

)
, (3.5)

=
∫ 1

zJ

dx

x
Hi

(
x, ln Q2

µ2 , µ

)[∫ 1

0
dy yN Jij

(
zJ

x
, y, ln x2Q2R2

4µ2 , µ

)
J

[N ]
j

(
ln xLy2Q2

µ2 , µ

)]
.

This case is very interesting as both the inclusive jet production and energy correlator as jet
substructure exhibit spacelike scaling due to modified convolution structure with respect to
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the usual DGLAP convolution. To make this more transparent, we can take the moments
in zJ and derive∫

dzJ zM
J Σ[N ](xL, zJ) =

∫ 1

0
dx xM Hi

(
x, ln Q2

µ2 , µ

)
(3.6)

×
[∫ 1

0
dy yN Jij

(
M, y, ln x2Q2R2

4µ2 , µ

)
J

[N ]
j

(
ln xLy2Q2

µ2 , µ

)]
,

where

Jij

(
M, y, ln x2Q2R2

4µ2 , µ

)
≡
∫ 1

0
dzzMJij

(
z, y, ln x2Q2R2

4µ2 , µ

)
. (3.7)

This makes the mirror structure between the inclusive jet function moments and projected
N -point energy correlator more apparent. In particular, we can repeat the exercise by using
reciprocity to demonstrate that the jet function evolves by spacelike anomalous dimension
with spin-N from the energy correlator scale µEEC ∼ Q

√
xL to the jet scale µJ ∼ QR/2,

which then evolve by spacelike anomalous dimension of spin-M to the hard scale µH ∼ Q.
It is fun to phrase this again as a modification of the IR measurement, as compared to

the hadron energy fraction in jet case discussed in eq. (3.2). In the hadron-in-jet case, we
had spacelike evolution in the jet fraction zJ and timelike evolution in the hadron fraction
zh. Now, we modify the IR measurement, but at a scale much below Q R/2. Therefore
the spacelike evolution in zJ is not modified, but we get the exact same reciprocity for IR
measurement, which now flips it to a spacelike scaling in the angle of the energy correlator!

This can also be extended to the case of energy correlators measured on a massive quark,
which is important phenomenologically for both the bottom and top quarks [22, 42, 44]. In
this case, the quark mass, being an IR effect, does not appear in the hard function, and
therefore does not modify the convolution structure presented in this paper.

From the perspective of phenomenological applications, there are a number of nice
features of this equation, that were highlighted in [24]. First, the impact of the jet clustering
occurs only at the perturbative scale Q R/2 and therefore does not interfere with either the
perturbative, or non-perturbative structure [51, 52] of the energy correlator measurement at
lower scale. The factorization theorem presented here will be key to extending the precision
jet substructure program at the LHC.

Finally, another interesting case involving only collinear dynamics is the case of leading and
subleading jets considered in [139, 140]. The factorization there involves multiple momentum
fractions from the hard function as it involves multiple jet production. This can be thought
of as extending our formalism to the case of double, triple, · · · , -inclusive jet production case
and imposing phase space cuts to study the leading or subleading jet spectrum. We will not
explicitly consider the factorization of this kind as the factorization was only considered to
leading logarithms in lnR in the literature, but the convolution structure for production of
jets will similarly modify the convolution structure with respect to the hadron case.

3.2 Soft-sensitive jet substructure observables

Within the single inclusive jet production framework, there have been many soft-sensitive jet
substructure studies [20, 23, 26–28, 30–34, 36]. In general, the first step of the factorization still
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follows the hard-collinear factorization where we can simply replace the inclusive jet function
by the substructure-sensitive jet function as in eq. (3.1). Then for general substructure
observable, we have a convolution structure

dσ

dzJdv
=
∫ 1

zJ

dx

x
Hi

(
x, ln Q2

µ2 , µ

)
Gi

(
zJ

x
, v, ln x2Q2R2

4µ2 , µ

)
, (3.8)

where v is some soft-scale sensitive substructure we measure. This hard-collinear factorization
is valid for fixed-order region of the Gi. In general, such jet substructure measurements
exhibit a dependence on a scale that is sensitive to v measurement, denoted as µv. In the
region where µv ≪ Q R/2, we can further carry out a factorization

Gi

(
zJ

x
,v, ln x2Q2R2

4µ2 ,µ

)
=Hi→j

(
zJ

x
, ln x2Q2R2

4µ2 ,µ

)
Vj(v,µ)(1+O(2µv/QR)) . (3.9)

Here, V denotes the jet function that describes the jet substructure v. Typically, there is
sensitivity to both soft and collinear scales due to such jet substructure measurements, and
thus V can be factorized in terms of soft and collinear functions describing their respective
dynamics. On the other hand, Hi→j is the hard matching function at the jet scale Q R/2.
As discussed in [32], note that jet substructure observables can in general introduce NGL
contributions between this hard matching function and Vj . Relative to all the matching
procedures described in the literature, the convolution structure of the hard matching
coefficients must be modified as eq. (3.9).

4 A jet algorithm definition of the ν-point generating function

In section 2, we studied the intimate connection between the factorization structure and the
RG structure of the moments of inclusive jet functions and projected energy correlator jet
functions. In particular, we found that the N -th moment of the inclusive jet function has
exactly the same factorization and RG structure as the N point projected energy correlator jet
functions. Therefore, up to constants unconstrained by RG, we expect the two jet functions
to be exactly identical. Remarkably, this then implies that the inclusive jet productions
of any jet algorithm that exhibit the factorization structure we described act almost as a
generating functional for projected energy correlators, where the distribution in z encodes
the complete information of the projected energy correlators for any N . The N -th moment
of the inclusive jet function then projects to the desired N -point projected energy correlator,
again up to constants.

In fact, at NLO, even the constants associated with kT -type jet algorithms match
precisely with the one-loop jet functions for the projected energy correlators. This indicates
that inclusive jets for kT -type jet algorithms serve exactly as the generating functional for
projected energy correlators at NLL accuracy. However, this correspondence between kT -
type jet algorithms and projected energy correlators breaks down at two-loop orders due to
differences in the two-loop constants. This motivates us to propose a completely new jet
algorithm whose jet function serves as the exact generating functional for projected energy
correlators to arbitrary perturbative order, which is the goal of this section.
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We begin by reviewing the measurements of the energy correlator jet function. In [46],
the analytic continuation of the N -point projected energy correlator, referred to as the
ν-correlators for short, was introduced, where ν can take non-integer values. It was also
demonstrated that these ν-correlators are IRC safe. At fixed order, the cumulants for the
ν-correlators are given as

2νΣ[ν](xL) =
∑

n

∫
dσXn ·

[ ∑
1≤i1≤n

W [ν]
1 (i1)Θ(xL) +

∑
1≤i1<i2≤n

W [ν]
2 (i1, i2)Θ(xL − zi1i2)

+
∑

1≤i1<i2<i3≤n

W [ν]
3 (i1, i2, i3)Θ(xL −max{zi1i2 , zi1i3 , zi2i3}) + . . .

+
∑

1=i1<i2<...<in=n

W [ν]
n (i1, i2, . . . , in)Θ(xL −max{zi1i2 , zi1i3 , . . . , zin−1in})

]
,

(4.1)

where zij = (1− cos θij)/2 is defined to be the angular distance between particle i and j in
the final state. Although the definition is provided for the cumulants of ν-correlators, the
ν-correlator jet function for small angles xL is defined using similar measurement functions
W. For a fixed number of final states n, each term W [ν]

m considers correlations among a
subset of particles, where m ≤ n. Theta functions are applied to ensure that the largest
angle remains smaller than xL for the cumulants. Finally, the weights W [ν]

m corresponding
to different particle correlations are given as

W [ν]
1 (i1)= xν

i1

W [ν]
2 (i1,i2)= (xi1+xi2)

ν−
∑

1≤a≤2
W [ν]

1 (ia),

W [ν]
3 (i1,i2,i3)=

( 3∑
a=1

xia

)ν

−
∑

1≤a<b≤3
W [ν]

2 (ia,ib)−
∑

1≤a≤3
W [ν]

1 (ia), (4.2)

... ,

W [ν]
n (i1,...,in)=

(
n∑

a=1
xia

)ν

−
∑

1≤a1<a2<...<an−1≤n

W [ν]
n−1(ia1 ,ia2 ,...,ian−1)−...−

n∑
1≤a≤n

W [ν]
1 (ia).

Now, we want to define a jet algorithm that maps exactly to such measurements when moments
are taken. This energy correlator inspired jet algorithm at fixed order can simply be defined as

dσ

dzJ
=
∑

n

∫
dσXn ·

[ ∑
1≤i1≤n

V1(i1)Θ(xL) +
∑

1≤i1<i2≤n

V2(i1, i2)Θ(xL − zi1i2)

+
∑

1≤i1<i2<i3≤n

V3(i1, i2, i3)Θ(xL −max{zi1i2 , zi1i3 , zi2i3}) + . . .

+
∑

1=i1<i2<...<in=n

Vn(i1, i2, . . . , in)Θ(xL −max{zi1i2 , zi1i3 , . . . , zin−1in})
]

, (4.3)
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where

V1(i1)= δ(zJ−xi1)

V2(i1,i2)= δ(zJ−(xi1+xi2))−
∑

1≤a≤2
V1(ia),

V3(i1,i2,i3)= δ(zJ−
3∑

a=1
xia)−

∑
1≤a<b≤3

V2(ia,ib)−
∑

1≤a≤3
V1(ia), (4.4)

... ,

Vn(i1,...,in)= δ(zJ−
n∑

a=1
xia)−

∑
1≤a1<a2<...<an−1≤n

Vn−1(ia1 ,ia2 ,...,ian−1)−...−
n∑

1≤a≤n

V1(ia).

It is straightforward to see that taking the ν moment of this inclusive jet cross section with
new algorithm directly maps to the ν-correlators, and thus encapsulates information about all
ν correlators for any arbitrary ν simultaneously. While experimental procedure to measure
this jet cross section is obvious from definition, a few points are worth noting for the physical
interpretation of this jet algorithm. First, the fixed value of xL functions as a jet radius-like
parameter. This is obvious as the theta functions restrict the maximum angle to be no larger
than xL, effectively considering a set of particles clustered within a region of approximate
size xL (or more precisely, within the angular size θ ∼ 2√xL as xL is being compared to
zij = (1− cos θij)/2 ≈ θ2

ij/4). We then examine all possible combinations of these particles
into different subsets to measure energy fractions. These can be thought of as considering
jets formed by smaller subsets of final state particles. As we will see below for kT -type
algorithm, this is a common feature for inclusive jet measurements. Due to its connection to
ν-correlators, our new jet algorithm is also immediately IRC safe.

It is also interesting for us to compare our new jet algorithm to kT type jet algorithm for
one-loop jet functions. In section 6, we will present the complete measurement function for
kT -type jet algorithms at two-loop. For the one-loop jet function, there can be up to two
particles in the final state, leading to only two possible topologies: either both particles are
clustered into a single jet, or they are separately clustered into different jets. The relevant
jet measurements can then be represented as [18]

δ(zJ − (x1 + x2))θ
(

R2

4 − z12

)
+ [δ(zJ − x1) + δ(zJ − x2)] θ

(
z12 −

R2

4

)

=
[
δ(zJ − (x1 + x2))− δ(zJ − x1)− δ(zJ − x2)

]
θ

(
R2

4 − z12

)
+ δ(zJ − x1) + δ(zJ − x2)

= V2(1, 2)θ
(

R2

4 − z12

)
+ (V1(1) + V1(2)) θ

(
R2

4

)
, (4.5)

which exactly matches our new inclusive jet algorithm for two-particle final state n = 2
case. That is, our new jet algorithm and kT -type jet algorithms are identical to one-loop
accuracy at fixed order, as well as to the NLL resummation accuracy. To this accuracy,
therefore, kT -type jet function is exactly the generating functional for the ν-correlators,
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simultaneously encapsulating all ν-correlators information with R2/4 identified with xL. The
NLO jet function was explicitly computed as [18, 140]

Jq(z, ER, µ) = δ(1− z) + αs

4π

(
ln
(

µ2

E2R2

)
− 2 ln z

)[
P (0)

qq (z) + P (0)
gq (z)

]

− αs

4π

[
2CF

[
2(1 + z2)

( ln(1− z)
1− z

)
+
+ (1− z)

]

− δ(1− z)2CF

(
13
2 − 2π2

3

)
+ 2P (0)

gq (z) ln(1− z) + 2CF z

]
(4.6)

Jg(z, ER, µ) = δ(1− z) + αs

4π

(
ln
(

µ2

E2R2

)
− 2 ln z

)[
P (0)

gg (z) + 2Nf P (0)
qg (z)

]

− αs

4π

[
8CA

(
1− z + z2)2

z

( ln(1− z)
1− z

)
+
− 2δ(1− z)

(
CA

(
67
9 − 2π2

3

)

− TF Nf

(23
9

))
+ 4Nf

(
P (0)

qg (z) ln(1− z) + 2TF z(1− z)
) ]

, (4.7)

where E denotes the energy or the transverse momentum of the jet initiating parton. Note
that E will also be denoted as Q/2 below at the jet function level. The ν moment matches
exactly the ν correlator expression presented in [46]. As we will see, this correspondence is
broken explicitly at two-loop. It would be very interesting to study the inclusive jet function
of the new jet algorithm defined in eq. (4.3) to higher precision, which would simultaneously
contain information for arbitrary ν-point energy correlators at any perturbative accuracy.

5 Renormalization group structure

We now use the renormalization group analysis to predict the structure of the bare semi-
inclusive jet function to two loops. We will then compare this prediction with the numerical
calculations in the next section. For convenience, we define the shorthand notations for
the convolutions involved as

[A⊗B](z)≡
∫ 1

z

dy

y
A(y)B(z/y)=

∫ 1

z

dy

y
A(z/y)B(y) ,

[A⊠B]
(

z, ln Q2R2

4µ2

)
≡
∫ 1

z

dy

y
A(y)B(z/y, ln y2Q2R2

4µ2 )=
∫ 1

z

dy

y
A(z/y)B(y, ln (z/y)2Q2R2

4µ2 ) ,

(5.1)

where ⊗ is the usual Mellin / DGLAP convolution for processes like hadron fragmentation,
whereas ⊠ is the modified convolution for the angular observables as inclusive jets. It is
worth noting that ⊗ = ⊠ when the B does not involve an angular variable. As there is never
a situation in which both A and B involve angular variables, chain of ⊠ convolutions will
reduce to all ⊗ convolution or all but one ⊠ convolution.

With this new notation, we are now able to represent the eq. (2.24) as

dJi

d lnµ2 = Pji ⊠ Jj =
∞∑

n=0
an+1

s P
(n)
ji ⊠ Jj , (5.2)
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where we made the flavor indices explicit and repeated indices imply implicit summation.
We also define as = αs/(4π) for QCD and a = (g2N2

c )/(16π2) for N = 4 SYM, and P
(n)
ji is

the corresponding timelike splitting kernel at O(αn+1
s ) order. As the inclusive jet functions

are single logarithmic in nature, the renormalized jet function takes the following form

Ji

(
z, ln Q2R2

4µ2 , µ

)
= δ(1− z) + as

[
J

(1,0)
i + J

(1,1)
i L

]
+ a2

s

[
J

(2,0)
i + J

(2,1)
i L + J

(2,2)
i

L2

2

]

+ asϵ

[
J

(1,0)
iϵ + J

(1,1)
iϵ L + J

(1,2)
iϵ

L2

2

]
+O(a3

s, a2
sϵ) , (5.3)

where L = ln[4µ2/(Q2R2)]. The notations J
(m,n)
i denote z-dependent functions with coef-

ficients am
s

Ln

n! . Note that the terms explicitly proportional to as ϵ are also kept, as they
are important when considering the relation to the bare jet function as we will see. Note
that we work in d = 4 − 2ϵ. Then the RG evolution given in eq. (5.2) completely fixes
the logarithmically enhanced blue terms. By comparing the l.h.s. and r.h.s. of eq. (5.2),
they are derived as

J
(1,1)
i =

∑
j

P
(0)
ji ,

J
(2,2)
i =

∑
j

[
P

(0)
ki ⊗ P

(0)
jk + β0P

(0)
ji

]
,

J
(2,1)
i =

∑
j

[
P

(1)
ji − 2P

(0)
ki ⊗ (P (0)

jk ln y)
]
+ P

(0)
ki ⊗ J

(1,0)
k + β0J

(1,0)
i ,

J
(1,1)
iϵ =J

(1,0)
i ,

J
(1,2)
iϵ =J

(1,1)
i . (5.4)

Note that we choose to express all our terms using the usual DGLAP convolution ⊗. This
results in an additional term involving ln y due to ⊠ convolution, where y is the convolution
variable integrated over. That is, the term involving ln y in J

(2,1)
i is due to the modified

convolution relative to the hadron fragmentation case and dropping this additional term
would correspond to the standard DGLAP RG predictions.

The eq. (5.2) also implies the relation between the bare and renormalized inclusive
jet function as

Ji

(
z, ln Q2R2

4µ2 , µ

)
= Zij ⊠ Jbare

j = Zij ⊗ Jbare
j , (5.5)

where absence of µ2 dependence, and thus Q2R2/4 dependence, in the bare function reduces
the ⊠ convolution into the usual DGLAP convolution. We also define the inverse of Zij

such that

Zij ⊠ Z−1
jk = δikδ(1− z) (5.6)

to all orders. Then from eqs. (5.2) and (5.5), we derive

d

d lnµ2 Zik ⊠ Z−1
kj = Pji =

∞∑
n=0

an+1
s P

(n)
ji . (5.7)
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As clearly expressed in eq. (5.2), inclusive jets are still described by the timelike splitting
kernels Pji, albeit with the convolution structure modified. From our knowledge of the
timelike splitting kernels, we are then able to extract the renormalization counterterms Z

order-by-order from eq. (5.7). The relevant ones to two-loop order are

Z
(0)
ij =δijδ(1− x) , (Z−1

ij )(0) =δijδ(1− x) ,

Z
(1)
ij =− 1

ϵ
P

(0)
ji , (Z−1

ij )(0) =1
ϵ

P
(0)
ji ,

Z
(2)
ij =− 1

2ϵ
P

(1)
ji + 1

2ϵ2 P
(0)
ki ⊗ P

(0)
jk + β0

1
2ϵ2 P

(0)
ji . (5.8)

From the explicit expressions of the renormalized jet function given in eq. (5.3), we can
then derive the form of the bare jet function from the relation eq. (5.5). To two-loop order,
they are given as

Jbare
i (z) = Ji

(
z, ln Q2R2

4µ2 , µ

)
+ a2

sP
(0)
ki ⊗

[
J

(1,0)
kϵ + J

(1,1)
kϵ (L − 2ln y) + J

(1,2)
kϵ

(L − 2ln y)2

2

]

+ a2
s

ϵ
P

(0)
ki ⊗

[
J

(1,0)
k + J

(1,1)
k (L − 2ln y)

]
+ a2

s

2ϵ2 P
(0)
ki ⊗ P

(0)
jk

+
∑

j

[
as

ϵ
P

(0)
ji + a2

s

2ϵ
P

(1)
ji − β0

a2
s

2ϵ2 P
(0)
ji

]
, (5.9)

where we again choose to express all our terms with the usual DGLAP convolution ⊗ and
express the ln y arising from the ⊠ convolution explicitly. Dropping these terms would
correspond to the standard DGLAP predictions. Explicit expressions of the logarithmic
enhanced terms in blue were given in eq. (5.4).

On the other hand, the bare jet function can also be expressed as

Jbare
i (z)= δ(1−z)+Zαas

(
4µ2

Q2R2

)ϵ
J

(1)
i,−1
ϵ

+J
(1)
i,0

+Z2
αa2

s

(
4µ2

Q2R2

)2ϵ
J

(2)
i,−2
ϵ2 +

J
(2)
i,−1
ϵ

+J
(2)
i,0


= δ(1−z)+as

J
(1)
i,−1
ϵ

+J
(1)
i,0 +J

(1)
i,−1L


+a2

s

J
(2)
i,−2−β0J

(1)
i,−1

ϵ2 +
(J (2)

i,−1−β0J
(1)
i,0 )+(2J

(2)
i,−2−β0J

(1)
i,−1)L

ϵ

+J
(2)
i,0 +(2J

(2)
i,−1−β0J

(1)
i,0 )L+(4J

(2)
i,−2−β0J

(1)
i,−1)

L2

2

]
, (5.10)

where Zα = 1− asβ0/ϵ +O(a2
s) is the renormalization counterterms for the coupling renor-

malization. Here, terms are organized directly by coefficients of different ϵ−n expansion,
which is a natural way to organize the numerical calculations. In particular, terms associated
with the divergent parts are directly associated with the inclusive jet RG given in eq. (5.2).
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That is, comparing eq. (5.9) and eq. (5.10), we find

J
(1)
i,−1(z) =

∑
j

P
(0)
ji ,

J
(2)
i,−2(z) =

1
2
∑

j

[
P

(0)
ki ⊗ P

(0)
jk + β0P

(0)
ji

]
,

J
(2)
i,−1(z) =

∑
j

[1
2P

(1)
ji − 2P

(0)
ki ⊗ (P (0)

jk ln y)
]
+ P

(0)
ki ⊗ J

(1,0)
k + β0J

(1,0)
i . (5.11)

This represents the explicit predictions of our modified convolution structure at two-loop.
This is in agreement with what was noted in [83], and we derived it here from the RG analysis
of our all-order factorization for inclusive jets presented in section 2.

It is also interesting to consider the behavior for moments. As discussed extensively in
section 2, N -th moments of inclusive jet functions have identical RG structure as that of N

point projected energy correlators. Taking N -th moment of eq. (5.11), we find

J
(1)
i,−1(N) ≡

∫ 1

0
dz zN J

(1)
i,−1(z) =−

∑
j

γ
(0)
ji,T (N + 1) ,

J
(2)
i,−2(N) ≡

∫ 1

0
dz zN J

(2)
i,−2(z) =

1
2
∑

j

[
γ

(0)
ki,T (N + 1)γ(0)

jk,T (N + 1)− β0γ
(0)
ji,T (N + 1)

]
,

J
(2)
i,−1(N) ≡

∫ 1

0
dz zN J

(2)
i,−1(z) =

∑
j

[
−1
2γ

(1)
ji,T (N + 1)− 2γ̇

(0)
ki,T (N + 1)γ(0)

jk,T (N + 1)
]

− γ
(0)
ki,T (N + 1)J (1,0)

k (N) + β0J
(1,0)
i (N) , (5.12)

where

γ
(m)
ji,T (k) ≡−

∫ 1

0
dx xk−1P

(m)
ji (x) ,

γ̇
(m)
ji,T (k) ≡−

∫ 1

0
dx xk−1 ln x P

(m)
ji (x) = −∂k

∫ 1

0
dx xk−1 P

(m)
ji (x) = ∂kγ

(m)
ji,T (k) ,

J
(1,0)
i (k) ≡

∫ 1

0
dx xkJ

(1,0)
i (x) . (5.13)

Relative to the standard DGLAP expectation, γ̇ji,T represents the additional term arising
from the modified convolution structure. They are also exactly the results one expect for
N + 1 point projected energy correlators. We’ve also confirmed that our logarithmic terms
match that of two-point and three-point energy correlators computed at the two-loop [45, 70].

Finally, the analogous expressions for N = 4 can be easily extracted from their universal
splitting function and dropping terms proportional to β0 in eq. (5.12) as (also the expansion
is now in a ≡ g2Nc

16π2 )

J
(1)
−1,N=4(N) ≡

∫ 1

0
dz zN J

(1)
−1,N=4(z) =− γ

(0)
T,N=4(N − 1) ,

J
(2)
−2,N=4(N) ≡

∫ 1

0
dz zN J

(2)
−2,N=4(z) =

1
2γ

(0)
T,N=4(N − 1)γ(0)(N − 1) ,

J
(2)
−1,N=4(N) ≡

∫ 1

0
dz zN J

(2)
−1,N=4(z) =− 1

2γ
(1)
T,N=4(N − 1)− 2γ̇

(0)
T,N=4(N − 1)γ(0)

T,N=4(N − 1)

− γ
(0)
T,N=4(N − 1)J (1,0)

N=4(N) , (5.14)
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where

γ
(L)
T,N=4(k−2)≡−

∫ 1

0
dxxk−1 P

(m)
T,uni(x) ,

γ̇
(L)
T,N=4(k−2)≡−

∫ 1

0
dxxk−1 lnxP

(m)
T,uni(x)=−∂k

∫ 1

0
dxxk−1 P

(m)
T,uni(x)= ∂kγ

(m)
T,N=4(k−2) ,

J
(1,0)
i,N=4(k)≡

∫ 1

0
dxxkJ

(1,0)
i,N=4(x) . (5.15)

Note that the arguments are shifted by two for the timelike anomalous dimension for N = 4
relative to the convention in eq. (5.13). This standard convention comes from the Mellin
moments being shifted by two units when sum is performed ∑

j γjϕ(N) = ∑
j γjλ(N) =∑

j γjg(N) = γT,N=4(N − 2). As discussed in section 2, this RG expectation implies that
the jet radius dependence R2 for N + 1 moment of the inclusive jets then has a power-law
scaling governed by the spacelike anomalous dimension of spin N .

6 Two-loop calculation of the inclusive jet function

To verify the factorization theorem derived in the section 2, we now perform an explicit
two-loop calculation for the moments of the inclusive jet function

Jbare
l (N) =

∫ 1

0
dz zN Jbare

l (z) , (6.1)

where l = q, g corresponds to the quark and gluon jets in QCD. Additionally, we will compute
the corresponding result for N = 4 SYM, denoted as Jbare

N=4(N).
At two loops, the calculation decomposes into virtual corrections from NLO 1 → 2

splittings and real corrections from tree-level 1 → 3 splittings, expressed for both full z

dependence and moments as

J
bare,(2)
l (z) =J

virtual,(2)
l (z) + J

real,(2)
l (z) ,

J
bare,(2)
l (N) =J

virtual,(2)
l (N) + J

real,(2)
l (N) . (6.2)

We will begin by explaining how these virtual and real corrections are computed. We will then
compare our computation with the predicted poles of the moments of the bare jet functions,
given in eq. (5.12), based on the inclusive jet RG equation with modified convolution. Our
results show perfect agreement and clearly reveal a deviation from the predictions of the
standard timelike DGLAP equation. Finally, we will also present the two-loop jet functions
relevant for exclusive jet production and compare them with the recent computation of the
two-loop exclusive quark jet function presented in [79].

6.1 Virtual corrections

The virtual corrections for our two-loop computation can be expressed as

J
virtual,(2)
l (z) ≡ 1

2
∑
ij

∫
dΦc

2(s, x)σ
(1)
2,l→ij(s, x)M2(z, x) , (6.3)
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where the overall 1/2 is the symmetry factor for identical particles when i = j and gets
canceled by permuting the indices when i ̸= j. The notations dΦc

2, σ
(1)
2,l→ij , and M2 represent

the two-particle collinear phase space, the two-particle one-loop collinear matrix element,
and the two-particle measurement function, respectively. We will now explain each of these
components in detail.

First, the two-particle collinear phase space dΦc
2 is given by [141, 142]

dΦc
2(s, x) = dsdx

[x(1− x)s]−ϵ

(4π)2−ϵΓ(1− ϵ) , (6.4)

where s ≥ 0 represents the timelike virtuality of the initial parton, and x, 1 − x are the
momentum fractions of the two final-state partons.

Next, the two-particle one-loop collinear matrix elements σ
(1)
2,l→ij are related to the 1 → 2

NLO splitting functions via

σ
(1)
2,l→ij(s, x) =

(
µ2eγE

4π

)ϵ 2g2

s
P

(1)
l→ij(x) . (6.5)

For N = 4, the 1 → 2 NLO splitting function is known to all orders in dimensional
regularization ϵ [143, 144]:

P
(1)
N=4(x) = 2ℜ

[
r

(1)
S (x, s, ϵ)P (0)

N=4(x)
]

, (6.6)

written in terms of the tree-level 1 → 2 splitting function

P
(0)
N=4(x) = 2Nc

(1
x
+ 1

1− x

)
(6.7)

and the ratio between NLO and tree-level expressed as

r
(1)
S (x, s, ϵ) = g2Nc

(4π)2
eϵγE

ϵ2

(
µ2

−s

)ϵ Γ2(1− ϵ)Γ(1 + ϵ)
Γ(1− 2ϵ)

×
[
− πϵ

sin(πϵ)

(1− x

x

)ϵ

+ 2
∞∑

k=0
ϵ2k+1Li2k+1

( −x

1− x

)]
. (6.8)

For QCD, we need NLO virtual correction to the q → qg splitting function for quark
jets and the g → qq and g → gg splitting functions for gluon jets. These results were
calculated in [145, 146] and are nicely summarized in [138]. For convenience, we present
them in appendix A.

Finally, the two-particle inclusive jet measurement functions have two possible configura-
tions, corresponding to either one or two jets in the final state, as depicted in figure 2. For
all kT -type jet algorithms, the measurement function is given by [18]

M2(z, x) = θ(s̃ < 1)δ(1− z)︸ ︷︷ ︸
one-jet

+ θ(s̃ > 1) [δ(x − z) + δ(1− x − z)]︸ ︷︷ ︸
two-jet

, (6.9)

where s̃ = s/(x(1− x)(ER)2) with E representing either the transverse momentum or energy
of the initial parton, depending on whether we are considering the pT distribution or energy
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one-jet two-jet

q → qg g → qq̄ g → gg

one-jet two-jet

q → qg g → qq̄ g → gg
Figure 2. Upper panel: examples of 1 → 2 NLO splitting functions. Lower panel: two possible jet
configurations with two-particle final states.

fraction (E is denoted Q/2 in this section) of the jet. In the two-jet configuration, where
two particles are clustered into separate jets, we still measure the transverse momentum or
energy fraction z once at a time as appropriate for single-inclusive jet measurements. The
measurement function expression is identical to the one presented above in eq. (4.5), though
with slightly different variables and notations.

Using the δ function in the measurement function, we are able to represent the moments
of the virtual corrections as

J
virtual,(2)
i (N) =

∫ 1

0
dz zN

∫
dΦc

2(s, x)σ
(1)
2 (s, x)M2(z, x)

=
∫

dΦc
2(s, x)σ

(1)
2 (s, x) θ(s̃ < 1) +

∫
dΦc

2(s, x)σ
(1)
2 (s, x) θ(s̃ > 1)

[
xN + (1− x)N

]
.

(6.10)

The remaining s, x integrals are also straightforward to evaluate analytically in Mathematica.
For N = 1 moment, we find zero virtual corrections in both N = 4 SYM and all channels
in QCD. As the quantity of real interest is the sum of virtual and real corrections, i.e.
the full bare jet function, we only present the N = 2, 3, 10 moments in N = 4 SYM for
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illustration. They are given as

J
virtual,(2)
N=4 (2) = a2

(
4µ2

Q2R2

)2ϵ [ 4
ϵ3 + 32

ϵ2 + 240− 68ζ2
ϵ

+ · · ·
]

J
virtual,(2)
N=4 (3) = a2

(
4µ2

Q2R2

)2ϵ [ 6
ϵ3 + 48

ϵ2 + 360− 102ζ2
ϵ

+ · · ·
]

J
virtual,(2)
N=4 (10) = a2

(
4µ2

Q2R2

)2ϵ [ 7129
630ϵ3 + 10019633

99225ϵ2 +
6617339483

8334900 − 121193
630 ζ2

ϵ
+ · · ·

]
(6.11)

where we define a = g2Nc

16π2 as in the previous section.

6.2 Real corrections

The most complicated part of our calculation is the real emissions due to complicated integrals
involving three-particle phase space. They are expressed as

J
real,(2)
l (z) ≡ 1

6
∑
ijk

∫
dΦc

3({s}, {x})σ
(0)
3,l→ijk({s}, {x})M3(z, {s}, {x};α) , (6.12)

where dΦc
3, σ

(0)
3,l→ijk, and M3 represent the three-particle collinear phase space, the three-

particle tree-level collinear matrix element, and the three-particle measurement function,
respectively. Similar to the virtual calculation, 1/6 is the symmetry factor.

The three-particle collinear phase space is given as [142]

dΦc
3({s},{x})=dsij dsik dsjk dxidxj dxk δ(1−xi−xj−xk)

4Θ(−∆coll
3 )(−∆coll

3 )− 1
2−ϵ

(4π)5−2ϵΓ(1−2ϵ) ,

(6.13)
with sjk ≥ 0 the invariant mass of j, k parton, xj ∈ [0, 1] the energy fraction of j parton,
and the Gram determinant

∆coll
3 = (xksij − xisjk − xjsik)2 − 4xixjsiksjk . (6.14)

We use the shorthand notation {s} = {sij , sik, sjk} and {x} = {xi, xj , xk} to denote depen-
dence in multiple invariant masses and energy fractions.

The three-particle tree-level collinear matrix elements are related to the 1 → 3 tree-level
splitting functions as

σ
(0)
3,l→ijk =

(
µ2eγe

4π

)2ϵ 4g4

s2
jkl

P
(0)
l→ijk , (6.15)

where sijk = sij + sik + sjk. For N = 4, the 1 → 3 tree-level splitting function is given as

P
(0)
N=4({s}, {x}) = N2

c

[
s2

ijk

2siksjk

(
1

xixj
+ 1

(1− xi)(1− xj)

)
+ sijk

sijxk

( 1
xi

+ 1
1− xi

)
+ perms

]
(6.16)

with 5 additional permutations of the final-state gluons. For QCD, we have many more
partonic channels compared to the virtual corrections discussed. For quark jets, we have
the non-identical quark channel q → q̄′q′q, the identical quark channel q → q̄qq and the
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case (A): one-jet case (B): two-jet case (C): three-jet

Figure 3. The three possibilities for clustering in the two-loop perturbative calculation of the jet
function. In Case (A) all three partons are clustered into the same jet, in Case (B) two partons
are clustered into one jet and one into another, in Case (C) all three partons are clustered into
separate jets.

gluon channel q → ggq. For gluon jets, we have both the nf channel g → gqq̄ and the
three-gluon channel g → ggg. These results were calculated in [147, 148] and we present
them for completeness in appendix A.

The most non-trivial part of the calculation is the three-particle measurement function
denoted as M3(z, {s}, {x};α). Here we specialize to the kT -type jet algorithms, where
α = 0,−1, 1 correspond to Cambridge-Aachen, kT , and anti-kT algorithms, respectively.
Since we only present the poles in this paper, the results should be identical for all α if the
proposed factorization were to hold for all the kT -type jet algorithms. We confirm this to
be the case within some numerical accuracy, but only present explicit results for the α = 1
case as the anti-kT is most phenomenologically relevant.

The measurement functions can be categorized into three different topologies, which
we denote as (A), (B), and (C). In case (A), all three partons are clustered into the same
jet. In case (B), two partons are clustered into one jet and one into another. Finally, in
case (C), all three partons are clustered separately into a jet. These three configurations
are shown in figure 3.

The phase space constraints for case (A), (B), (C) are derived from the definition of the
kT -type jet algorithm. It is convenient to discuss them with a definite energy ordering between
the final-state partons. Without loss of generality, we assume an energy ordering of the partons,
θijk ≡ θ(xi ≤ xj ≤ xk) to derive measurement functions with definite energy ordering. Similar
to the virtual corrections above, we introduce the angular variable s̃jk = s/(xjxk(ER)2) with
E representing either the transverse momentum or energy of the initial parton, depending on
whether we are considering the pT distribution or energy fraction of the jet.

For case (A), we find

MAI
3,ijk = θ

(
s̃ij <

(
xj

xk

)2α

s̃jk

)
θ

(
s̃ij <

(
xj

xk

)2α

s̃ik

)

×θ

(
xi

xj
s̃ik+s̃jk < 1+ xi

xj
+ xi

xi+xj
s̃ij

)
θijk
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MAII
3,ijk =

[
1−θ

(
s̃ij ≤

(
xj

xk

)2α

s̃ik

)]
θ (s̃ik < 1)θ (s̃ik ≤ s̃jk)

×θ

(
xi

xk
s̃ij+s̃jk < 1+ xi

xk
+ xi

xi+xk
s̃ik

)
θijk

MAIII
3,ijk =

[
1−θ

(
s̃ij ≤

(
xj

xk

)2α

s̃jk

)]
θ (s̃jk < 1)θ (s̃jk ≤ s̃ik)

×θ

(
xj

xk
s̃ij+s̃ik < 1+ xj

xk
+ xj

xj+xk
s̃jk

)
θijk (6.17)

where the different terms AI,AII,AIII respectively correspond to the cases where the pair
[i, j], [i, k], and [j, k] cluster first. After the first clustering of the pair of partons, the third
parton then also is clustered together to form a single jet. The subscript ijk denotes the
energy ordering θijk. For case (B), we find

MBIa
3,ijk = θ

(
s̃ij <

(
xj

xk

)2α

s̃jk

)
θ

(
s̃ij <

(
xj

xk

)2α
)

θ

(
s̃ij <

(
xj

xk

)2α

s̃ik

)

×θ

(
xi

xj
s̃ik+s̃jk ≥ 1+ xi

xj
+ xi

xi+xj
s̃ij

)
θijk

MBIb
3,ijk = θ

(
s̃ij >

(
xj

xk

)2α
)

θ (s̃jk > 1)θ (s̃ik > 1)θ (s̃ij < 1)

MBII
3,ijk =

[
1−θ

(
s̃ij ≤

(
xj

xk

)2α

s̃ik

)]
θ (s̃ik < 1)θ (s̃ik < s̃jk)

×θ

(
xi

xk
s̃ij+s̃jk ≥ 1+ xi

xk
+ xi

xi+xk
s̃ik

)
θijk

MBIII
3,ijk =

[
1−θ

(
s̃ij ≤

(
xj

xk

)2α

s̃jk

)]
θ (s̃jk < 1)θ (s̃jk < s̃ik)

×θ

(
xj

xk
s̃ij+s̃ik ≥ 1+ xj

xk
+ xj

xj+xk
s̃jk

)
θijk (6.18)

where BII and BIII respectively correspond to the cases where the pair [i, k] and [j, k] cluster
first. Unlike case (A), however, after the first clustering of the pair of partons, the third
parton becomes a separate jet. The cases BIa and BIb correspond to the case where the
pair [i, j] and single parton [k] are separately identified as a jet. For the case BIa, the pair
[i, j] clusters into a jet first, whereas for the case BIb, a single parton [k] becomes a jet first.
Finally, the measurement function of the case (C) can be written as

MC
3,ijk =θijkθ(s̃ij ≥ 1)θ(s̃ik > 1)θ(s̃jk > 1) , (6.19)

which describes the scenario where three particles are each clustered into a separate jet.
Combining all these configurations, the full three-particle kT -type jet measurement with

all energy ordering can be written as

M3(z,{s},{x};α) =

δ(1−z)
[
MA

3,ijk +MA
3,ikj +MA

3,jik +MA
3,jki+MA

3,kij +MA
3,kji

]
+[δ(z−xi−xj)+δ(z−xl)]

[
MBI

3,ijk +MBII
3,ikj +MBI

3,jik +MBII
3,jki+MBIII

3,kij +MBIII
3,kji

]
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+[δ(z−xi−xk)+δ(z−xk)]
[
MBII

3,ijk +MBI
3,ikj +MBIII

3,jik +MBIII
3,jki+MBI

3,kij +MBII
3,kji

]
+[δ(z−xj −xk)+δ(z−xj)]

[
MBIII

3,ijk +MBIII
3,ikj +MBII

3,jik +MBI
3,jki+MBII

3,kij +MBI
3,kji

]
+[δ(z−xi)+δ(z−xj)+δ(z−xk)]

[
MC

3,ijk +MC
3,ikj +MC

3,jik +MC
3,jki+MC

3,kij +MC
3,kji

]
,

(6.20)

where the delta functions denote the measurement of the jet momentum or energy fraction
with respect to the initial fragmenting parton. Again, if we take the moments to compute
J

real,(2)
i (N), similar to the virtual case in eq. (6.10), the integration with respect to z will

turn the δ functions into some powers, e.g. δ(z − xj − xk) → (xj + xk)N .
To perform the numerical calculation, we parameterize to disentangle all possible soft

and collinear divergences from each other with ϵ-expansion and proper plus distributions.
This gives rise to a five-fold integral which is then implemented in the Fortran version of
the Cuba library [149]. We sampled 90 million points for each moment. In this paper, we
also only compute the pole coefficients as they already allow us to verify the renormalization
group structure. The exact parameterization, constant values of O(ϵ0) for different kT -type
algorithms, and how we implement these numerics will be presented in a forthcoming paper.

For illustration, we also present the N = 1, 2, 3, 10 moments for of the real corrections
for N = 4 SYM. They are given as

J
real,(2)
N=4 (1) = a2

(
4µ2

Q2R2

)2ϵ [
−3.60739×10−8

ϵ4 + 0.00210548
ϵ3 + 0.046837

ϵ2 + 0.296656
ϵ

+ · · ·
]

J
real,(2)
N=4 (2) = a2

(
4µ2

Q2R2

)2ϵ [5.89426×10−8

ϵ4 − 3.99816
ϵ3 − 23.9439

ϵ2 − 66.2994
ϵ

+ · · ·
]

J
real,(2)
N=4 (3) = a2

(
4µ2

Q2R2

)2ϵ [1.06562×10−7

ϵ4 − 5.99813
ϵ3 − 29.9355

ϵ2 − 45.0032
ϵ

+ · · ·
]

J
real,(2)
N=4 (10) = a2

(
4µ2

Q2R2

)2ϵ [4.38956×10−7

ϵ4 − 11.3137
ϵ3 − 36.8837

ϵ2 + 113.569
ϵ

+ · · ·
]

(6.21)

6.3 Results for N = 4 super Yang-Mills

In this subsection, we summarize the two-loop results for N = 4 SYM and compare them
with the RG predictions given in section 5. To obtain the two-loop bare jet function, we
need to combine the virtual correction in eq. (6.11) and the real emissions in eq. (6.21). We
presented the separate contributions for the virtual and real corrections separately for the
N = 1, 2, 3, 10 moments above. The explicit expressions for the first 10 moments read

J
bare,(2)
N=4 (1) = a2

(
4µ2

Q2R2

)2ϵ [
−3.60739×10−8

ϵ4 + 0.00210548
ϵ3 + 0.046837

ϵ2 + 0.296656
ϵ

+ · · ·
]

J
bare,(2)
N=4 (2) = a2

(
4µ2

Q2R2

)2ϵ [5.89426×10−8

ϵ4 + 0.00184038
ϵ3 + 8.05613

ϵ2 + 61.845
ϵ

+ · · ·
]

J
bare,(2)
N=4 (3) = a2

(
4µ2

Q2R2

)2ϵ [1.06562×10−7

ϵ4 + 0.00187143
ϵ3 + 18.0645

ϵ2 + 147.214
ϵ

+ · · ·
]
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J
bare,(2)
N=4 (4) = a2

(
4µ2

Q2R2

)2ϵ [1.54135×10−7

ϵ4 + 0.00194754
ϵ3 + 26.9545

ϵ2 + 225.766
ϵ

+ · · ·
]

J
bare,(2)
N=4 (5) = a2

(
4µ2

Q2R2

)2ϵ [2.01459×10−7

ϵ4 + 0.00175942
ϵ3 + 34.7894

ϵ2 + 297.621
ϵ

+ · · ·
]

J
bare,(2)
N=4 (6) = a2

(
4µ2

Q2R2

)2ϵ [2.49041×10−7

ϵ4 + 0.0017578
ϵ3 + 41.7759

ϵ2 + 363.986
ϵ

+ · · ·
]

J
bare,(2)
N=4 (7) = a2

(
4µ2

Q2R2

)2ϵ [2.96476×10−7

ϵ4 + 0.0018432
ϵ3 + 48.0908

ϵ2 + 425.893
ϵ

+ · · ·
]

J
bare,(2)
N=4 (8) = a2

(
4µ2

Q2R2

)2ϵ [3.44086×10−7

ϵ4 + 0.00188192
ϵ3 + 53.8541

ϵ2 + 483.987
ϵ

+ · · ·
]

J
bare,(2)
N=4 (9) = a2

(
4µ2

Q2R2

)2ϵ [3.91669×10−7

ϵ4 + 0.00185897
ϵ3 + 59.1646

ϵ2 + 538.901
ϵ

+ · · ·
]

J
bare,(2)
N=4 (10) = a2

(
4µ2

Q2R2

)2ϵ [4.38956×10−7

ϵ4 + 0.00214815
ϵ3 + 64.0952

ϵ2 + 591.064
ϵ

+ · · ·
]
(6.22)

As discussed in section 5, the 1/ϵ4 and 1/ϵ3 poles are expected to cancel when the virtual
and real contributions are combined, following the inclusive jet RG structure. The fact that
the small, nonzero numerical size of these quartic and cubic pole values are of a similar order
across different moments suggests that these deviations from zero are due to numerical effects.
On the other hand, according to the inclusive jet RG structure, the size of the quadratic and
linear poles across different moments are given by J

(2)
−2,N=4(N) and J

(2)
−1,N=4(N), respectively,

from eq. (5.14).
The first moment N = 1 evaluates to zero, and thus our numerical values away from

zero for N = 1 establish the baseline for the expected numerical precision at higher moments.
Indeed, we find that our 1/ϵ2 poles exhibit a similar order of deviation from what is expected
based on the inclusive jet RG result given in eq. (5.14). However, since the quadratic poles
are identical between the inclusive jet RG and the usual DGLAP, they are not sufficient to
distinguish the two factorization structures. The size of the 1/ϵ pole is of particular interest,
as the inclusive jet RG and DGLAP predict different values. As discussed in section 5,
the DGLAP prediction corresponds to dropping the derivative terms of the form γ̇T from
the inclusive jet RG. While our numerics are not yet fully optimized — which we plan to
improve, particularly to enhance the accuracy of the constant terms — we can nonetheless
confirm that our results are consistent with the inclusive jet RG and deviate from the naive
expectations based on DGLAP evolution.

In figure 4, we compare the size of the linear pole for moments N = 2 to N = 10 and
show that the Monte Carlo predictions align much more closely with the inclusive jet RG than
with the DGLAP. Specifically, from the ratio defined as Numerical value/RG prediction,
we find less than 1% deviation with respect to the inclusive jet RG values and deviations
ranging from 1.5% ∼ 25% with respect to the DGLAP values, depending on the moment
under consideration. This provides a highly nontrivial confirmation that our inclusive jet
RG is correct for small-R factorization.
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Figure 4. Comparison of Monte Carlo results for the 1/ϵ linear pole in the two-loop bare N = 4
SYM jet function with the expected value derived from inclusive jet RG and DGLAP. In the left
panel, we present the absolute values of the linear pole for inclusive jet RG, DGLAP, and our Monte
Carlo results. In the right panel, we calculate the relative difference between the MC and what is
expected from the RG by taking the ratio and find good agreement between the MC and the inclusive
jet RG.

6.4 Results for QCD jets

We also compute the two-loop bare jet function results for both quark jet and gluon jets.
For convenience, we only present the total bare jet function, rather than present individaul
contributions for virtual and real corrections as we have done for some of the moments
for N = 4.

For quark jet, we find

Jbare,(2)
q (1)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(4.29528×10−8

ϵ3 +0.000228517
ϵ2 − 0.000536371

ϵ

)

+C2
F

(
−1.48541×10−8

ϵ4 − 0.000114897
ϵ3 +0.0100901

ϵ2 +0.131474
ϵ

)
+CF CA

(
−4.13074×10−9

ϵ4 +0.000111077
ϵ3 − 0.0189275

ϵ2 +0.0206227
ϵ

)]

Jbare,(2)
q (2)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(
−1.57726×10−8

ϵ3 +1.76682
ϵ2 +17.6214

ϵ

)

+C2
F

(
−4.49525×10−8

ϵ4 − 0.000174055
ϵ3 +6.25658

ϵ2 +47.3899
ϵ

)
+CF CA

(1.58691×10−8

ϵ4 +0.0000339994
ϵ3 − 7.14685

ϵ2 − 65.4817
ϵ

)]

Jbare,(2)
q (3)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(
−4.9401×10−8

ϵ3 +2.78015
ϵ2 +27.5799

ϵ

)

+C2
F

(
−6.00801×10−8

ϵ4 +0.0000188765
ϵ3 +11.7786

ϵ2 +93.1792
ϵ

)
+CF CA

(2.58559×10−8

ϵ4 − 0.0000356006
ϵ3 − 9.80104

ϵ2 − 90.0879
ϵ

)]
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Figure 5. We compare the 1/ϵ linear pole in the two-loop bare jet functions for QCD with the
expected value derived from the inclusive jet RG and DGLAP, following a similar analysis to the
N = 4 case shown in figure 4. For this comparison, we use nf = 5, and find that our numerical results
align much more closely with the predictions from the inclusive jet RG than with those from DGLAP.
The linear poles for the N = 6 quark jet and N = 2 gluon jet are the smallest (closest to zero) among
the moments considered, leading to larger relative errors in the ratio for these cases.

Jbare,(2)
q (4)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(
−5.50888×10−8

ϵ3 +3.496
ϵ2 +35.0271

ϵ

)

+C2
F

(
−7.49318×10−8

ϵ4 +0.0000514093
ϵ3 +16.7863

ϵ2 +137.448
ϵ

)
+CF CA

(3.5848×10−8

ϵ4 − 0.000119016
ϵ3 − 11.5337

ϵ2 − 108.05
ϵ

)]

Jbare,(2)
q (5)= a2

s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(4.42018×10−8

ϵ3 +4.05272
ϵ2 +41.1655

ϵ

)

+C2
F

(
−8.99519×10−8

ϵ4 +0.000104789
ϵ3 +21.3864

ϵ2 +180.227
ϵ

)
+CF CA

(4.59458×10−8

ϵ4 − 0.000162372
ϵ3 − 12.8643

ϵ2 − 123.028
ϵ

)]
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Figure 6. Ratio comparison of the 1/ϵ linear pole across different color channels in the two-loop bare
jet functions for QCD. In all channels, our numerical results show significantly closer alignment with
the predictions from the inclusive jet RG compared to those from DGLAP.

Jbare,(2)
q (6)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(2.80696×10−7

ϵ3 +4.50966
ϵ2 +46.4661

ϵ

)

+C2
F

(
−1.05026×10−7

ϵ4 − 0.0000348
ϵ3 +25.6407

ϵ2 +221.403
ϵ

)
+CF CA

(5.59327×10−8

ϵ4 − 0.000171823
ϵ3 − 13.9581

ϵ2 − 136.093
ϵ

)]

Jbare,(2)
q (7)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.97426×10−7

ϵ3 +4.89802
ϵ2 +51.1715

ϵ

)

+C2
F

(
−1.2007×10−7

ϵ4 − 0.00001216
ϵ3 +29.6134

ϵ2 +261.123
ϵ

)
+CF CA

(6.59248×10−8

ϵ4 − 0.000199306
ϵ3 − 14.8926

ϵ2 − 147.759
ϵ

)]

Jbare,(2)
q (8)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(2.51072×10−7

ϵ3 +5.23592
ϵ2 +55.4219

ϵ

)

+C2
F

(
−1.34922×10−7

ϵ4 − 0.0000186693
ϵ3 +33.3317

ϵ2 +299.394
ϵ

)
+CF CA

(7.59119×10−8

ϵ4 − 0.000174782
ϵ3 − 15.71

ϵ2 − 158.354
ϵ

)]

Jbare,(2)
q (9)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.23823×10−7

ϵ3 +5.53525
ϵ2 +59.3125

ϵ

)

+C2
F

(
−1.49947×10−7

ϵ4 − 0.0000271812
ϵ3 +36.8418

ϵ2 +336.492
ϵ

)
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+CF CA

(8.59247×10−8

ϵ4 − 0.000184862
ϵ3 − 16.4411

ϵ2 − 168.135
ϵ

)]

Jbare,(2)
q (10)=Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(3.39662×10−7

ϵ3 +5.80395
ϵ2 +62.9088

ϵ

)

+C2
F

(
−1.65019×10−7

ϵ4 +0.000239529
ϵ3 +40.1611

ϵ2 +372.38
ϵ

)
+CF CA

(9.59114×10−8

ϵ4 − 0.000156933
ϵ3 − 17.1019

ϵ2 − 177.226
ϵ

)]
(6.23)

For the gluon jet, we have

Jbare,(2)
g (1) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(3.78492×10−6

ϵ3 + 0.00148535
ϵ2 + 0.0149253

ϵ

)

+CATF nf

(7.27394×10−7

ϵ3 + 0.0134235
ϵ2 − 0.314216

ϵ

)
+C2

A

(8.86927×10−9

ϵ4 + 0.00146432
ϵ3 + 0.0401887

ϵ2 + 0.34237
ϵ

)]

Jbare,(2)
g (2) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(9.11259×10−7

ϵ3 − 1.39865
ϵ2 − 11.6021

ϵ

)

+CATF nf

(
−3.43247×10−6

ϵ3 + 3.56453
ϵ2 + 32.2951

ϵ

)
+C2

A

(8.83427×10−8

ϵ4 + 0.00142669
ϵ3 − 1.18233

ϵ2 − 19.5442
ϵ

)

+T 2
F n2

f

(0.533333
ϵ2 + 3.30667

ϵ

)]

Jbare,(2)
g (3) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(8.64777×10−7

ϵ3 − 1.64901
ϵ2 − 13.9548

ϵ

)

+CATF nf

(
−2.80201×10−6

ϵ3 + 5.7614
ϵ2 + 52.2171

ϵ

)
+C2

A

(1.28312×10−7

ϵ4 + 0.00126039
ϵ3 + 1.16451

ϵ2 − 1.78162
ϵ

)
+T 2

F n2
f

(0.8
ϵ2 + 4.96

ϵ

)]

Jbare,(2)
g (4) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.32878×10−6

ϵ3 − 1.68545
ϵ2 − 14.7496

ϵ

)

+CATF nf

(
−3.44182×10−6

ϵ3 + 7.44022
ϵ2 + 68.0244

ϵ

)
+C2

A

(1.68284×10−7

ϵ4 + 0.00132871
ϵ3 + 3.93629

ϵ2 + 21.2511
ϵ

)
+T 2

F n2
f

(0.965079
ϵ2 + 6.03187

ϵ

)]
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Jbare,(2)
g (5) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.71009×10−6

ϵ3 − 1.6579
ϵ2 − 15.0148

ϵ

)

+CATF nf

(
−2.45099×10−6

ϵ3 + 8.81988
ϵ2 + 81.5181

ϵ

)
+C2

A

(2.08255×10−7

ϵ4 + 0.00135695
ϵ3 + 6.74966

ϵ2 + 45.7953
ϵ

)
+T 2

F n2
f

(1.07937
ϵ2 + 6.813

ϵ

)]

Jbare,(2)
g (6) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.59111×10−6

ϵ3 − 1.60804
ϵ2 − 15.0373

ϵ

)

+CATF nf

(
−2.34375×10−6

ϵ3 + 9.99838
ϵ2 + 93.4421

ϵ

)
+C2

A

(2.48235×10−7

ϵ4 + 0.001516
ϵ3 + 9.5077

ϵ2 + 70.9369
ϵ

)
+T 2

F n2
f

(1.16402
ϵ2 + 7.4196

ϵ

)]

Jbare,(2)
g (7) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.47067×10−6

ϵ3 − 1.55105
ϵ2 − 14.9377

ϵ

)

+CATF nf

(
−1.76463×10−6

ϵ3 + 11.0294
ϵ2 + 104.191

ϵ

)
+C2

A

(2.88241×10−7

ϵ4 + 0.00137888
ϵ3 + 12.1741

ϵ2 + 96.1811
ϵ

)
+T 2

F n2
f

(1.22963
ϵ2 + 7.90977

ϵ

)]

Jbare,(2)
g (8) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.41716×10−6

ϵ3 − 1.4931
ϵ2 − 14.7728

ϵ

)

+CATF nf

(
−2.67332×10−6

ϵ3 + 11.9471
ϵ2 + 114.014

ϵ

)
+C2

A

(3.28212×10−7

ϵ4 + 0.00134625
ϵ3 + 14.7488

ϵ2 + 121.355
ϵ

)
+T 2

F n2
f

(1.28215
ϵ2 + 8.31689

ϵ

)]

Jbare,(2)
g (9) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.46684×10−6

ϵ3 − 1.43658
ϵ2 − 14.5707

ϵ

)

+CATF nf

(
−2.73677×10−6

ϵ3 + 12.7731
ϵ2 + 123.06

ϵ

)
+C2

A

(3.6819×10−7

ϵ4 + 0.00145695
ϵ3 + 17.2252

ϵ2 + 146.202
ϵ

)
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+T 2
F n2

f

(1.32525
ϵ2 + 8.66199

ϵ

)]
,

Jbare,(2)
g (10) = Z2

αa2
s

( 4µ2

Q2R2

)2ϵ
[
CF TF nf

(1.51709×10−6

ϵ3 − 1.38296
ϵ2 − 14.3534

ϵ

)

+CATF nf

(
−3.00455×10−6

ϵ3 + 13.5255
ϵ2 + 131.479

ϵ

)
+C2

A

(4.08161×10−7

ϵ4 + 0.00156466
ϵ3 + 19.6091

ϵ2 + 170.725
ϵ

)
+T 2

F n2
f

(1.36131
ϵ2 + 8.95918

ϵ

)]
. (6.24)

Similar to the N = 4 case, we find that all quartic and cubic poles cancel within small
and similarly sized numerical effects across all moments when the virtual and real corrections
are combined. The N = 1 moment vanishes identically in the QCD case according to the RG
prediction, and the Monte Carlo results also confirm this up to small numerical effects. For
N ≥ 2 moments, the quadratic pole agrees with our RG prediction from eq. (5.11), with a
similarly small numerical deviation. As noted earlier for the N = 4 case, both the inclusive
jet RG and DGLAP yield the same predictions for the quadratic pole. Thus, to differentiate
between the two, we must analyze the linear pole.

In figure 5 and 6, we compare the numerically computed 1/ϵ linear pole with what is
expected from the inclusive jet RG and DGLAP evolutions, for both quark and gluon jets.
We find that across all moments and all color channels, our numerical results are consistent
with what is expected from the inclusive jet RG with modified convolution structure. In
the forthcoming paper, we will also explore the numerical impact of the differences between
the inclusive jet RG and DGLAP evolutions, which already become important at NLL
resummation accuracy.

6.5 Exclusive jet production

For our single-inclusive jet production, it is important to allow the production of multiple jets
in the final state, though the transverse momentum or energy fraction of the jet is measured
only once at a time. This necessitates the computation of mult-jet final states as shown in
figures 2 and 3. In contrast, exclusive jet production strictly prohibits multi-jet final states.
Exclusive jet production process is phenomenologically important, including for separating
different S-matrix elements of the Higgs processes by H + n jets [80, 150]. This exclusive jet
restriction can be imposed through jet veto condition, which is associated with soft-collinear
modes in the exclusive jet factorization [80, 132]. Additionally, the exclusive jet factorization
contains an associated jet function, which we refer to as the “exclusive jet function” here,
describing the situation where all final state particles are clustered into a single jet. Such an
exclusive jet function was computed for the quark case at two loops for the first time in [79].
Our calculation naturally includes the exclusive jet function as a subset, and we compare our
results to the quark case discussed in [79] and further report the result for the gluon.
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The exclusive jet function follows the renormalization group evolution equation [131]
dJex

i

d lnµ2 = 1
2 (Γcusp

i L + γi) Jex
i , (6.25)

where L = ln[4µ2/(Q2R2)] . The Γcusp
i and γi denote cusp and non-cusp anomalous dimensions,

respectively, which can be expanded in as = αs/(4π) as

Γcusp
i =

∞∑
n=1

an
sΓn−1

i , γi =
∞∑

n=1
an

s γn−1
i . (6.26)

The cusp anomalous dimensions are known to four loops [151–154]. To two loops, they
are given as

Γ0
i = 4Ci , Γ1

i = 4Ci

[
CA

(
67
9 − π2

3

)
− 20

9 TF nF

]
. (6.27)

Currently, only one loop non-cusp anomalous dimension is fully known for the exclusive
jet function is given as [131]

γ0
q = 6CF , γ0

g = 2β0 . (6.28)

The RG predicts the renormalized exclusive jet function to take the form

Jex
i = 1+as

[
1
4Γ

0
i L2+ 1

2γ0
i +J

ex(1)
i,0 L

]
+a2

s

[
(Γ0

i )2

32 L4+ Γ0
i

24
(
2β0+3γ0

i

)
L3

+ 1
8
(
2β0γ0

i +(γ0
i )2+2J

ex(1)
i,0 Γ0

i +2Γ1
i

)
L2+ 1

2
(
2J

ex(1)
i,0 β0+J

ex(1)
i,0 γ0

i +γ1
i

)
L+J

ex(2)
i,0

]
+O(a3

s) (6.29)

The two-loop non-cusp anomalous dimension was computed for the first time in [79] for
exclusive quark jet, which we will comment on below.

On the other hand, the bare exclusive jet function can be expressed as

Jex
i,bare = 1 + Zαas

(
4µ2

Q2R2

)ϵ
J

ex(1)
i,−2
ϵ2 +

J
ex(1)
i,−1
ϵ

+ J
ex(1)
i,0 + J

ex(1)
i,1 ϵ


+ Z2

αa2
s

(
4µ2

Q2R2

)2ϵ
J

ex(2)
i,−4
ϵ4 +

J
ex(2)
i,−3
ϵ3 +

J
ex(2)
i,−2
ϵ2 +

J
ex(2)
i,−1
ϵ

 . (6.30)

Renormalizing this bare jet function then gives the renormalized expression as

Jex
i = 1 + as

[
1
2J

ex(1)
i,−2 L2 + J

ex(1)
i,−1 L + J

ex(1)
i,0

]

+ a2
s

[(2
3J

ex(2)
i,−4 − 5

24(J
ex(1)
i,−2 )2

)
L4 +

(4
3J

ex(2)
i,−3 − β0

6 J
ex(1)
i,−2 − 5

6J
ex(1)
i,−2 J

ex(1)
i,−1

)
L3

+
(
2J

ex(2)
i,−2 − β0

2 J
ex(1)
i,−1 − 1

2(J
ex(1)
i,−1 )2 − 3

2J
ex(1)
i,−2 J

ex(1)
i,0

)
L2

+
(
2J

ex(2)
i,−1 − β0J

ex(1)
i,0 − J

ex(1)
i,−1 J

ex(1)
i,0 − 2J

ex(1)
i,−2 J

ex(1)
i,1

)
L + J

ex(2)
i,0

]
. (6.31)
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Comparing eq. (6.29) with eq. (6.31), we are able to determine the associated divergences as

J
ex(1)
i,−2 = 1

2Γ
0
i , J

ex(1)
i,−1 = 1

2γ0
i , (6.32)

J
ex(2)
i,−4 = 1

8(Γ
0
i )2 , J

ex(2)
i,−3 = 1

8Γ
0
i β0+

1
4γ0

i ,

J
ex(2)
i,−2 = 1

8Γ
1
i +

1
2Γ

0
i J

ex(1)
i,0 +1

8(γ
0
i )2+1

4γ0
i β0 , J

ex(2)
i,−1 =β0J

ex(1)
i,0 +1

4γ1
i +

1
2γ0

i J
ex(1)
i,0 +1

2Γ
0
i J

ex(1)
i,1

Now we are ready to compare with our calculation. For both one loop exclusive jet
function and for its virtual corrections, we have two final state particles. For exclusive jet
function measurement, we only need the case where both particles are clustered together,
which corresponds to the first term in eq. (6.9) and eq. (6.10). For real corrections, we only
need the configuration where all three particles are inside the same jet. This corresponds to
the case (A) measurement discussed in eq. (6.17). Combining these calculations gives the
bare exclusive jet function for anti-kT jet algorithm to two loops for quark jet

Jex
q,bare =Zαas

(
4µ2

Q2R2

)ϵ

CF

[
2
ϵ2 +

3
ϵ
+13−9ζ2+

(
52− 27

2 ζ2−
98
3 ζ3

)
ϵ

]

+Z2
αa2

s

(
4µ2

Q2R2

)2ϵ[
CF TF nf

(
−0.666666

ϵ3 − 3.11085
ϵ2 +0.426687

ϵ

)

+C2
F

( 2
ϵ4 +

5.99928
ϵ3 +0.889727

ϵ2 − 16.9332
ϵ

)

+CF CA

(
−3.49603×10−8

ϵ4 +1.83289
ϵ3 +4.2792

ϵ2 − 52.3257
ϵ

)]
+O(α3

s) , (6.33)

and also for gluon jet

Jex
g,bare = Zαas

(
4µ2

Q2R2

)ϵ [
TF nf

(
− 4
3ϵ

− 46
9 + ϵ

(
−562

27 + 6ζ2

))

+ CA

( 4
ϵ2 + 22

3ϵ
+ 268

9 − 18ζ2 + ϵ

(3232
27 − 33ζ2 −

196
3 ζ3

))]

+ Z2
αa2

s

(
4µ2

Q2R2

)2ϵ [
CF TF nf

(
3.53707× 10−6

ϵ3 + 0.00125938
ϵ2 + 1.12679

ϵ

)

+ T 2
F n2

f

( 16
9ϵ2 + 368

27ϵ

)
+ CATF nf

(
−3.33333

ϵ3 − 21.1105
ϵ2 − 59.312

ϵ

)

+ C2
A

( 2
ϵ4 + 9.16555

ϵ3 + 12.3903
ϵ2 − 51.1444

ϵ

)]
+O(α3

s) . (6.34)

The two-loop constant part of the exclusive jet function will be presented in a forthcoming
paper. These terms are often a source of leading perturbative uncertainty, as seen in the
recent H +1 jet calculations in [80]. The two-loop exclusive quark jet function was computed
in [79] as noted above. Our results are in close agreement with the result of [79], except for the
single pole in C2

F indicated in red in eq. (6.33). Our result is given as −16.9332, compared to
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the value given in [79], which is −21.5692. Due to many consistency checks with our inclusive
jet RG, which takes our exclusive jet function as a subset, we are confident in our value. On
the other hand, our two-loop exclusive gluon jet function is a completely new calculation.

Compared to what is expected from the exclusive jet function RG given in eq. (6.32), our
computation of the coefficients J

(2)
i,−4 and J

(2)
i,−3 are in very close agreement. For 1/ϵ2, we find

good agreement except for CF CA channel in the quark jet and C2
A in the gluon jet. These

terms receive additional non-global contributions for exclusive jet production [79, 155, 156]
which modifies

J
(2)
i,−2|CiCA

→ J
(2)
i,−2|CiCA

− CiCA
π2

3 . (6.35)

Accounting for NGL contributions, our results for the double pole is also in agreement.
Finally, the value of the single pole is related to the two-loop non-cusp anomalous

dimension γ1
i as shown in eq. (6.32). This relation will hold up to contribution from

subleading NGL, which we ignore for now. This allows us to derive the two-loop non-cusp
anomalous dimension γ1

i for both quark and gluon exclusive jet function as

γ(1)
q =29.7105C2

F − 182.838CF CA − 7.91675CF TF nf ,

γ(1)
g =− 104.626C2

A + 4.50716CF TF nf + 2.0419CATF nf . (6.36)

The two-loop non-cusp anomalous dimension for the gluon jet is a novel result, while for
the quark jet, it is different for the C2

F color channel compared to the value 11.17(5)C2
F

from [79].5 Together with the two-loop constant terms of the jet function, which will be
detailed in our forthcoming paper, these results establish a foundation for precision in both
inclusive and exclusive jet processes.

7 Conclusions

The inclusive production of jets is one of the most fundamental processes in all collider
experiments and is used at the LHC in both proton-proton and heavy ion collisions, in DIS
experiments for precision studies of nuclear structure, and in e+e− colliders for precision
jet measurements. Essential to accurate predictions of inclusive jet production is their
factorization theorems, which also become important for the analysis of jet substructure
observables. While factorization theorems for spacelike processes like DIS are well-established,
their timelike counterparts — beyond the simplest case of inclusive hadron fragmentation

— remain less explored at higher perturbative orders.
In this paper, we build on recent advances in the factorization of single-logarithmic

observables, particularly that of projected energy correlators, to present a novel factorization
5Note that for exclusive jet functions, it is essential to account for anomalous dimension contributions

arising from non-global logarithms. Interestingly, our computations show that exclusive jet production using
the Cambridge/Aachen algorithm (numerical values not presented explicitly here) modifies the two-loop
non-cusp anomalous dimensions compared to the anti-kT case. We attribute this difference to the influence
of the clustering algorithm itself. In contrast, the inclusive jet functions for both Cambridge/Aachen and
anti-kT yield identical two-loop pole structures, clearly demonstrating the absence of non-global logarithm
and clustering logarithm effects in inclusive jet production.
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theorem for timelike process of inclusive jet production. Our factorization theorem intro-
duces a non-trivial convolution structure compared to standard timelike inclusive hadron
fragmentation but remains entirely determined by the timelike DGLAP anomalous dimen-
sions and their derivatives. Notably, the moments of the inclusive jet process are shown
to satisfy the exact same factorization theorem as the projected energy correlators. Our
new factorization theorems highlight how explicit perturbative calculations and a deeper
understanding of formal properties of anomalous dimensions in field theory can significantly
impact the collider program.

To test our factorization, we have performed an explicit two-loop calculation of the
anomalous dimension of the inclusive jet functions in both N = 4 super Yang-Mills theory
and for all color channels in QCD. We find excellent agreement with the results of our RG
analysis, validating our factorization theorem. This calculation also reveals the inconsistency
of the previously proposed factorization formula stated in [18, 35]. While our results for
the two-loop calculation agree with those in [83], for the channels they considered, our
interpretation differs. Crucially, the IR measurement can modify the convolution structure in
the factorization theorem but should not alter the anomalous dimensions, which are UV in
origin. Our explicit calculations confirm this principle. A key advantage of our factorization
theorem is that it preserves the universality of the hard function and its DGLAP evolution,
allowing us to leverage known results on DGLAP anomalous dimensions to achieve higher
logarithmic accuracy.

We further extend our factorization to various jet substructure measurements in the
single-inclusive jet production process and utilize the close connection between moments of
the inclusive jet process and projected energy correlators to develop a new jet algorithm
that serves as a generating function for the projected energy correlators. Our results also
provide the first two-loop calculation of the anomalous dimensions for the gluon exclusive jet
function and independently confirm and slightly modify the result for the two-loop quark
exclusive jet function from [79].

Our results lay the groundwork for achieving greater precision in various jet production
and substructure analyses, with the most immediate application in inclusive jet production
itself. NLL predictions using the formalism of [18, 35] have been used, for example, in [157],
but these must be corrected in light of our findings, and it will be interesting to assess the
numerical size of the effects. Beyond this, the most pressing direction is the extension to
NNLL. This requires the calculation of the two-loop constants for the inclusive jet functions.
For this purpose, it will also be interesting to explore the formal properties of the inclusive
jet functions, for example, in the threshold or small-x regions. This will allow us to combine
two-loop results for the energy correlator jet functions to provide NNLL single-logarithmic
precision in jet substructure at hadron colliders for the first time and significantly improve
the perturbative accuracy of the jet substructure program.

Note Added. After this paper was submitted, the authors of ref. [79] were able to fix the
bug in their exclusive jet calculation and obtain the same single pole in eq. (6.33). We thank
them for useful discussions and careful crosschecks.
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A Perturbative ingredients

In this appendix we summarize the perturbative ingredients required for the two-loop
calculation of the inclusive jet functions.

The one-loop corrections to the 1 → 2 splittings functions, computed in conventional
dimensional regularization, are [145, 146]6

P (1)
q→qg(x; s) = 2as

(µ2eγE

s

)ϵ π Γ(1− ϵ)
ϵ tan (πϵ)Γ(1− 2ϵ)

{
P (0)

q→qg(x)
[
CF + (CF − CA)

(
1− ϵ2

1− 2ϵ

)
+ (CA − 2CF ) 2F1

(
1,−ϵ; 1− ϵ; x − 1

x

)
− CA 2F1

(
1,−ϵ; 1− ϵ; x

x − 1
)]

+ CF (CF − CA)
x(1 + x)
1− x

ϵ2

1− 2ϵ

}
(A.1)

P
(1)
g→qq̄(x; s) = 2as

(µ2eγE

s

)ϵ π Γ(1− ϵ)
ϵ tan (πϵ)Γ(1− 2ϵ) P

(0)
g→qq̄(x)

{
CA

[ [2(ϵ − 2)ϵ + 2ϵ − 3]ϵ2 + 3
(3− 2ϵ)(ϵ − 1)(2ϵ − 1)

+ 2− 2F1
(
1,−ϵ; 1− ϵ; x − 1

x

)
− 2F1

(
1,−ϵ; 1− ϵ; x

x − 1
)]

(A.2)

+ CF
ϵ
(
2ϵ2 − 3ϵ + 3

)
− 2

(ϵ − 1)(2ϵ − 1) + nf TF
4(ϵ − 1)ϵ

4(ϵ − 2)ϵ + 3

}
,

P (1)
g→gg(x; s) = 2as

(µ2eγE

s

)ϵ π Γ(1− ϵ)
ϵ tan (πϵ)Γ(1− 2ϵ) CA

{
ϵ2[1− 2x(1− x)ϵ][CA(ϵ − 1) + 2nf TF ]

(1− ϵ)(ϵ − 1)(2ϵ − 3)(2ϵ − 1)

+ P (0)
g→gg(x)

[
1− 2F1

(
1,−ϵ; 1− ϵ; x − 1

x

)
− 2F1

(
1,−ϵ; 1− ϵ; x

x − 1
)]}

.

(A.3)

We also present the complete set of 1 → 3 splitting functions [147, 148]

P
(0)
q→qQQ̄

(xi,xj ,xk;sijk,sij ,sik,sjk) (A.4)

=CF TF
sijk

2sjk

{
− 1

sijk sjk

[
sjk(xj−xk)

xj+xk
+2(sikxj−sijxk)

xj+xk

]2
+(1−2ϵ)

(
−sjk

s
+xj+xk

)
+(xj−xk)2+4xi

xj+xk

}
,

6Note that as compared to [146], we have corrected a typo identified in [138]. In the g → qq̄ splitting, the
denominator is 4(ϵ − 2)ϵ + 3, instead of 4(ϵ − 2)ϵ − 3.
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P
(0)
q→qqq̄(xi,xj ,xk;sijk,sij ,sik,sjk) (A.5)

=CF

(
CF − 1

2CA

){
−

s2
ijk

2sjksik
xk

[ 1+x2
k

(1−xj)(1−xi)
−ϵ

(2(1−xj)
1−xi

+1
)
−ϵ2

]
+ sijk

sjk

[1+x2
k

1−xj
−ϵ

(
1+xk+

(1−xi)2

1−xj
− 2xj

1−xi

)
− 2xj

1−xi
−ϵ2(1−xi)

]
+(1−ϵ)

(2sij

sjk
−ϵ
)}

+P
(0)
q→qQQ̄

(xi,xj ,xk;sijk,sij ,sik,sjk)+(1↔2),

P (0)
q→qgg(xi,xj ,xk;sijk,sij ,sik,sjk) (A.6)

=C2
F

{
s2

ijk

2siksij
xi

[1+x2
i

xjxk
−ϵ

x2
j+x2

k

xjxk
−ϵ(1+ϵ)

]
+(1−ϵ)

(
ϵ−(1−ϵ) sij

sik

)
+ sijk

sik

[ (1−xk)xi+(1−xj)3

xjxk
−ϵ

(1−xj)(x2
j+xjxk+x2

k)
xjxk

+(1+xi)ϵ2
]}

+CACF

{
s2

ijk

2sjksik

[
x2

j (1−ϵ)+2(1−xj)
1−xi

+2xi+(1−ϵ)(1−xi)2

xj

]
−

s2
ijk

4sijsik
xi

[ (1−xi)2(1−ϵ)+2xi

xjxk
+ϵ(1−ϵ)

]
+ sijk

2sjk

[
(1−ϵ)

xk(x2
k−2xk+2)−xj(x2

j−6xj+6)
xj(1−xi)

+2ϵ
xi(xk−2xj)−xj

xj(1−xi)

]
+ sijk

2sik

[
ϵ(1−xj)

(x2
j+x2

k

xjxk
−ϵ
)
−ϵ
(

xj−xk+
2(1−xj)(xj−xi)

xj(1−xi)
)

− (1−xk)xi+(1−xj)3

xjxk
+(1−ϵ) (1−xj)3−xj+x2

i

xj(1−xi)

]
+(1−ϵ)

[ 1
4s2

jk

(
sjk(xk−xj)

xj+xk
+2(sijxk−sikxj)

xj+xk

)2
− ϵ

2+
1
4

]}
+(2↔3)

P
(0)
g→gqq̄(xi,xj ,xk;sijk,sij ,sik,sjk) (A.7)

=CF TF

{
s2

ijk

sijsik

(
x2

i −
xi+2xjxk

1−ϵ
+1
)
− sijk

sij

(
2xi−

2(xi+xj)
1−ϵ

+1+ϵ
)
−(1−ϵ)sjk

sij
−1
}

+CATF

{
−

s2
ijk

2sijsik

[
1+x2

i −
xi+2xjxk

1−ϵ

]
+

s2
ijk

2siksjk
xk

[ (1−xi)3−x3
i

(1−xi)xi
−2xk(1−2xixj−xk)

(1−xi)xi(1−ϵ)

]
+ sijk

2sik
(1−xj)

[1+xi−x2
i

(1−xi)xi
− 2(1−xj)xj

(1−xi)xi(1−ϵ)

]
− 1
4s2

jk

[2(sikxj−sijxk)
xj+xk

+ sjk(xj−xk)
xj+xk

]2

+ sijk

2sjk

[
x3

i +1
(1−xi)xi

+xi(xk−xj)2−2(xi+1)xjxk

(1−xi)xi(1−ϵ)

]
+ ϵ

2−
1
4

}
+(2↔3),

P (0)
g→ggg(xi,xj ,xk;sijk,sij ,sik,sjk) (A.8)

=C2
A

{
s2

ijk

sijsik

[ 2xi(1+xi)+1
2(1−xj)(1−xk)

+1−2(1−xi)xi

2xjxk
+xixj(1−xj)(1−2xk)

(1−xk)xk
+xi

2 (1+2xi)+xjxk−2
]

+ sijk

sij

[4(xixj−1)
1−xk

+xixj−2
xk

+[1−xk(1−xk)]2
(1−xi)xixk

+5xk

2 +3
2

]
+ 1
4s2

ij

(1−ϵ)
[

sij(xi−xj)
xi+xj

+2(sjkxi−sikxj)
xi+xj

]2
+3(1−ϵ)

4

}
+(all permutations).
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