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Abstract: We study Einstein’s gravity in AdS space coupled to nonlinear electrodynamics. Thermo-
dynamics in extended phase space of magnetically charged black holes is investigated. We compute
the metric and mass functions and their asymptotics, showing that black holes may have one or
two horizons. The metric function is regular, f(0) = 1, and corrections to the Reissner—Nordstrom
solution are in the order of O(r—3) when the Schwarzschild mass is zero. We prove that the first law
of black hole thermodynamics and the generalized Smarr relation hold. The magnetic potential and
vacuum polarization conjugated to coupling are computed and depicted. We calculate the Gibbs free
energy and the heat capacity showing that first-order and second-order phase transitions take place.

Keywords: gravity in AdS space; thermodynamics; black holes; phase transitions; Smarr relation

1. Introduction

Black hole thermodynamics has been of great interest in recent decades [1-3]. It was
understood that the black hole area corresponds to the entropy, and the temperature is
connected to surface gravity [4,5]. Later, researchers reached the conclusion that black
hole thermodynamic properties possess rich phase structures with critical phenomena
similar to ordinary thermodynamics. To formulate the first law of black hole thermody-
namics, including the VdP term, it was necessary to introduce a negative cosmological
constant as the positive pressure. As a result, one comes to Anti de Sitter (AdS) space.
Einstein’s gravity in AdS space is of interest because of a gauge duality description (the
holographic principle) [6] that possesses some applications in condensed matter physics.
The correspondence of quantum field theory to AdS gravity allows us to study the behavior
of quark—gluon plasma and other condensed matter phenomena. Hawking and Page [7]
studied phase transitions in the phase space of non-rotating uncharged Schwarzschild-AdS
black holes. Then, their work was extended to study more complicated backgrounds [8,9].
The first-order phase transitions were discovered in Refs. [10,11] for charged and non-
rotating Reissner-Nordstrom black holes in AdS spacetime. Such transitions show the
classical critical behavior which is similar to van der Waals liquid—gas phase transitions.
To formulate the first law of black hole thermodynamics, the cosmological constant has
to be variable [12-18]. But in Einstein—AdS gravity, the cosmological constant is a con-
stant parameter. Therefore, an alteration in the cosmological constant can be treated as
a consideration of black hole ensembles having different asymptotics. The cosmological
constant represents a vacuum energy which can be altered. Therefore, A can enter the
first law of black hole thermodynamics [19,20]. But if the cosmological constant is a real
constant, the Smarr relation does not hold [21], and neither does the first law of black hole
thermodynamics [13]. When A is included in the first law of black hole thermodynamics,
the black hole mass M has to be considered as enthalpy [13]. In this case, A corresponds to
positive pressure, P = —A/(87) (A is negative for AdS space), and its conjugate variable
is the volume V = 47‘(7’1 /3, where 7. is the event horizon radius of a black hole [22-24].
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In this work, we investigate Einstein—AdS theory coupled to nonlinear electrodynamics
(NED) to smooth out singularities which are present in linear Maxwell electrodynamics.
For the weak-field limit, our NED is converted into Maxwell’s theory. Born—Infeld (BI)
electrodynamics [25] was the first form of NED without the singularities of point-like
charges, and it has finite electric self-energy. In weak fields, BI electrodynamics becomes
Maxwell’s electrodynamics. The black hole solutions in Einstein’s gravity coupled to
BI NED was studied in Refs. [26-31]. In quantum electrodynamics, loop corrections to
Maxwell’s electrodynamics, due to the virtual creation of electron—positron pairs, lead to
NED [32]. The one-parameter NED explored in this paper is a particular case of a more
general form of two-parameter NED [33]. Solutions obtained in this work are expressed
through elementary functions compared to solutions in [33] in the form of special functions.
Therefore, formulas for the Hawking temperature, EoS, heat capacity, and Gibbs free
energy are in the form of elementary functions. As a result, the analysis in this work is
more transparent.

The paper is structured as follows: In Section 2, we find the black hole solution in
Einstein—-AdS gravity coupled to nonlinear electrodynamics. The metric and mass functions
and their asymptotics are obtained. We show that the black hole magnetic mass is finite.
Corrections to the Reissner-Nordstréom metric, when the cosmological constant vanishes,
are found. The first law of black hole thermodynamics and Smarr relation are formulated
in Section 3. The magnetic potential and a conjugate to coupling are computed and plotted.
In Section 4, to study the local stability, we calculate the heat capacity and investigate the
phase transitions. We compute the Gibbs free energy, critical temperatures, and pressures.
Phase transitions of the first and second order are investigated. Section 5 is devoted to
a summary.

The units with ¢ = i = 1 are employed.

2. Black Hole Solution in Einstein—AdS Theory
The Einstein’s gravity in AdS space is described by the action

1=/ d4x¢fg<f6;é§ 4 c(r)), M

where A = —3/12 is the negative cosmological constant and [ is the AdS radius. Here, we
employ the source of gravity to be NED with the Lagrangian [34,35]

F
L= C4n(1+2BF)% @

F =F"F,, /4= (B*— E?)/2, and E and B being the electric and magnetic fields, respec-
tively. At the weak-field limit, Lagrangian (2) becomes Maxwell’s Lagrangian. Einstein’s
and field equations follow from action (1),

1
Ry — ngR + Aguy = 8GN Ty, 3)

(/L) =0, @
with £ = 0L(F)/9dF. The energy—-momentum tensor is given by

Ty = FuEf LF + guL(F). (5)

We will study spherical symmetrical solutions of Einstein’s Equation (3) with the line
element squared

b

2 — _f(r)df
a5 = — () + o5

dr? + 12 (d6? + sin® (0)dg?). (6)
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Let us consider black holes as a magnetic monopole possessing the magnetic field
B = /7%, and q is the magnetic charge. The metric function can be found as [36]

flr)=1-———, (7)

where the mass function is given by
m(r) = my+ 47r/p(r)r2dr. (8)

The my is the Schwarzschild mass (an integration constant), and p is the total energy
density. From Equation (5), we find the magnetic energy density p,;,. Then, the total energy
density is given by

_ 3 _ q21,4
P rGnl” O (e 1 2B

Making use of Equations (8) and (9), one obtains the mass function

©)

gg(r) v

64  2GNIZ’

(r)—3\/§ lnrz—\/imrﬂ—q\/ﬁ_ 8r?
§ CYPB RPN PBr+q B TP

— 6v2 (arctan(l — v2r > — arctan (1—|— V2 )) (10)

3
m(r) = my+

VB VP VB
By virtue of Equations (7) and (10), we obtain the metric function
2moGn  q°Gng(r) | 17
=1- — —. 11
) r 32r + 12 an

Then, one finds the asymptotic as r — 0, when the Schwarzschild mass is zero

(mg = 0), ) . 10
r Gnt® | 2Gpnr

f0) =1+ 5 =~ 7 + T,

12 79%B 11g%B

From Equation (12), we obtain f(0) = 1, which is a necessary condition for regular
spacetime. When A = 0 (I — o0) and as r — oo one finds from Equation (11)

+ 0, (12)

2G
+ 1N 0073, (13)

_ 2MGy
T

flr)=1
were ADM mass is M = mg + m,, and the magnetic mass is given by

3v2mg3/? 0417432

32,31/4 ~ ,31/4 (14)

My = 471/ om(r)r?dr =
0

Equation (13) shows that black holes have corrections to the Reissner-Nordstrom
solution in the order of O(r~3). In the limit 8 — 0 Equation (13) becomes the metric
function of Reissner-Nordstrom spacetime. The plot of metric function (11) is depicted in
Figure latmy=0,Gy =1,9g=1,and [ = 10.

According to Figure 1, when parameter 3 increases, the event horizon radius decreases.
In accordance with Figure 1, black holes can have one or two horizons.
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Figure 1. The function f(r) atmy =0, Gy = 1,49 = 1, and I = 10. Figure 1 shows that black holes
could have one or two horizons.

3. First Law of Black Hole Thermodynamics and Smarr Relation

The pressure in extended phase space thermodynamics is given by
P = —A/(8m) [8,13,15,37,38], and B represents the thermodynamic value. The black
hole mass M should be treated as the enthalpy, M = U + PV, where U is the internal
energy. Note that in general relativity, the ADM mass is a notion of total mass contained in
asymptotically flat spacetime, but AdS is not asymptotically flat space. In AdS space and in
extended phase space, the M is the enthalpy and is not ADM mass. For this case, instead of
ADM mass, one can consider the internal energy of a black hole, whichis U = M — PV.
With the help of Euler’s dimensional analysis with Gy = 1[13,21], one finds that

oM oM oM oM
=25— —2P— — + 28— 1
M SE)S aP—l—qaq-i-ﬁa‘B, (15)
and we do not consider rotational black holes. The so-called vacuum polarization is the
thermodynamic conjugate to coupling 8 [23] B = dM/dpB. The black hole entropy S,
volume V, and pressure P are given by

4 A 3
2 3
S=nry, V=_mry, P:—§:87_[712'

3 (16)

From Equations (11) and (14) and equation f(r4) = 0, defining the event horizon
radius 7., we obtain

re o g8(re) | 3v2rg?

= 17
M) = 56y T 2602~ s 32p1/4 17)
The Hawking temperature is defined by the relation
f1 ) lr=r.
T=—— 1
e (18)

where f/'(r) = 9f(r)/or. Making use of Equations (11) and (18), one obtains the
Hawking temperature

11  3ry qzri

T(M):E PN 7(&—1—0]2[3)2 . (19)
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At the limit 8 — 0, Equation (19) becomes the Hawking temperature of a Maxwell-
AdS black hole. With the help of Equations (16), (17), and (19), we obtain the first law of
black hole thermodynamics

dM = TdS + VdP + ®dq + Bdp. (20)

Making use of Equations (17) and (20), one finds the magnetic potential & and the
vacuum polarization B as follows:

oM _ gl 3gg(ry) V24
9 A0t P 128 eap/t
M g 3Veng? () (21)
9B 8p(rt + PP 128p57F 256

The functions ® and B versus r are depicted in Figure 2.

The left panel of Figure 2 shows that as ;. — oo, the ® goes to zero (®(c0) = 0),
and & is finite at v = 0. If the parameter f increases, the magnetic potential decreases.
In accordance with the right panel of Figure 2, the vacuum polarization is finite at ry =0,
and B becomes zero as r — oo (B(o0) = 0). If the coupling B increases, 5(0) also increases.
By virtue of Equations (16), (19), and (21), we obtain the generalized Smarr relation

M = 25T — 2PV + q® + 2BB. (22)
Subplot 1: mo=0, GN=1, g=1 Subplot 2: m0=0, GN=1, g=1
25 u .
—— B=0.01 — B=0.01
- — — p=0.03 - — — B=0.03
— — B=0.05 — = B=0.05 |]
5 5
0 . . .
0 5 10 0 2 4 6

Figure 2. The functions ® and B vs. r4 at ¢ = 1. The solid curve in subplot 1 is for § = 0.01,
the dashed curve is for f = 0.03, and the dashed-dotted curve is for § = 0.05. It follows that the
magnetic potential ® is finite at ¥ = 0 and becomes zero as v — co. The function B in subplot 2
vanishes as 4 — oo and is finite at ¥ = 0.

4. Thermodynamics of Black Hole
The local stability of black holes can be investigated by analyzing the heat capacity

that is given by
c, = T(BS) _ToS/ory  2mr T
q

oT )~ oT/dr,  GnoOT/ory

(23)

Making use of Equation (19), we depict the Hawking temperature in Figure 3.



Universe 2024, 10, 295

60of 11

0.5

——— B=0.01
~ — - B=0.03 1
— — p=0.05

0.4

0.3r

0.2f

0.1

Figure 3. The functions T vs. v at ¢ = 1 and I = 10. The solid curve is for § = 0.01, the dashed
curve is for B = 0.03, and the dashed-dotted curve is for B = 0.05. In some range of r, the Hawking
temperature is negative where black holes do not exist. In the extremum of the Hawking temperature,
phase transitions take place.

In accordance with Equation (23), the heat capacity has a singularity when the Hawk-
ing temperature possesses an extremum. In this case, the black hole phase transition occurs.
From Equation (19), we obtain

2.4 (5240 a4
or 1 —i—i-i— q°ri (59°p —3r) . (24)
oy An[ A P (rh +¢2B)°

The heat capacity (23) is defined by Equations (19) and (24). In Figure 4, we depict the
heat capacity (23) versus 7.

20 ‘

——— B=0.01
~ — ~B=0.03
h — — B=0.08 []

Figure 4. The functions C; vs. r4 at g = 1 and [ = 10. The solid curve is for § = 0.01, the dashed
curve is for B = 0.03, and the dashed—dotted curve is for f = 0.08. In points where second-order
phase transitions take place, the heat capacity diverges.

Figure 4 shows that second-order phase transitions in the canonical ensemble occur
where there are singularities of the heat capacity. Zeros of the heat capacity occur when
the Hawking temperature vanishes (see Equation (19)) and correspond to first-order phase
transitions. It follows from Equation (23) that the heat capacity is zero when the Hawking
temperature is zero. In Tables 1 and 2, we present approximate solutions for the heat
capacity of zero and infinity, respectively.
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Table1.C; =0,9 =1,and [ = 10.

B 0.01 0.03 0.05
Ty 0.2357 0.3611 0.4507

Table 2. C; = o0, g = 1,and I = 10.

B 0.01 0.03 0.05
T4 0.3752 0.5097 0.5921

From Tables 1 and 2, we observe that for intervals 0.3752 > r,. > 0.2357 (B = 0.01),
0.5097 > rL > 0.3611 (B = 0.03), and 0.5921r, > 0.4507 (8 = 0.05), the heat capacity
is positive. When the heat capacity is positive, a black hole is locally stable; otherwise,
it is unstable. It is worth noting that the Hawking temperature is negative in Figure 3,
and, therefore, in such parameters black holes do not exist. As a result, the example
presented in Figure 4 corresponds to a non-physical situation. It is worth noting that in
the canonical ensemble, the charge g, pressure, and B are fixed, and the Hessian matrix

has only one component, Hé/,ls = 9°M/9S2. In addition, the Hessian matrix is a function

of the heat capacity Cg, Hé/fs = T/C,. Therefore, if the heat capacity is positive, T > 0,

and HQ/IIS > 0, one has the local thermal stability in the phase space [39,40]. It should be
stressed that to verify the local thermodynamic stability in extended phase space, one has

to consider the full Hessian matrix of the system. The stability requirement is HI(\QAA 0 = 0

where Q4 = S, g, P, B. To find the region of thermodynamic stability, det [HgA/QB] > 0is
required [39].
Making use of Equation (19) we obtain the black hole equation of state (EoS)

T 1 qzri
P — _|_ .
2ry  8mri 8m(rt + 1642p)?

(25)

As B — 0, Equation (25) becomes EoS of charged Maxwell-AdS black hole [37]. If the
specific volume is defined as v = 2lpry (Ip = /Gy = 1) [37], Equation (25) is similar to the
van der Waals EoS. Replacing v = 2Ipr,. into Equation (25) one finds
T 1 2¢%0*

p=-— .
v 22 T (vt + 164%p)?2

(26)

The plot of P versus v is depicted in Figure 5 for g = 1 and T = 0.05.

—— p=0.01
- — — p=0.03
— — p=0.05

. . . . . . . .
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
v

Figure 5. The functions P vs. vat T = 0.05. The solid curve is for 8 = 0.01, the dashed curve is for
B = 0.03, and the dashed-dotted curve is for § = 0.05.
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For some values of specific volume v, the pressure becomes negative (non-physical).
The inflection points (critical points) can be found by equations 9P/dv = 0, 9*P/9v* = 0.
From Equation (26), we obtain

oP T 1 8¢%03(a — v*)

o 2 P mla+ov*)3
2,222 4 8
oP E_i+8q v*[3a* — 16av* + 5v ], 27)
oz 3 ot m(a+vt)*

where a = 164%8. Then, from equations dP/dv = 3>P/9v? = 0, we find the equation for
critical points

—(a+vH)* + 164708 (a® — %) + 84708 [3a* — 1640} + 508] = 0. (28)
By virtue of Equation (27), one obtains the critical temperature and pressure

1 n 8qzvf(a — U?)

T, = ,
© o m(a+v$)3
4 A, a4
P — 1 L 24*vz(5a 306). (29)

- 2mo? 7t(a+ v¥)3

There are no analytical solutions to Equation (28) for critical points. The approximate
solutions to Equation (28) and critical temperatures and pressures are given in Table 3.
We present only solutions for critical values of the specific volume when T, and P, are
positive values.

Table 3. Critical values of the specific volume, temperatures, and pressures at g = 1.

B 0.04 0.05 0.06 0.07 0.08 0.09 0.1

(B 4.8731 4.8664 4.8597 4.8529 4.8461 4.8391 4.8321
T, 0.0434 0.0434 0.0435 0.0435 0.0435 0.0435 0.0436
P, 0.0033 0.0033 0.0033 0.0033 0.0034 0.0034 0.0034

At the critical values, P — v diagrams for some parameters look like van der Waals
liquid diagrams possessing inflection points. For small coupling B, we obtain from
Equations (28) and (29) that

1 1
= % +0(B), P.= 9617727r + O(B). (30)

From Equation (30), one finds the critical ratio

02 =24¢* + O(B), Te

Pc = UCTI:C = % + O(B). (31)

The value p. = 3/8 corresponds to the van der Waals fluid. When M is treated as the
chemical enthalpy, the Gibbs free energy is given by

G=M-TS. (32)
With the help of Equations (17), (19), and (32) we find

3P 2 3/2 2,7
e 2P gg(rs) | 3Vamg2 L 33)
4 3 64 32B1/4 T 4(rt + 2B)2
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The critical 'swallowtail’ behavior with first-order phase transitions between small
and large black holes is shown in subplots 1 and 2 for P < P.. In this case, one has the multi-
valuedness of the Gibbs free energy, and it is continuous but not differentiable. Subplot 3 is
for the case of the critical point with the second-order phase transition at P, ~ 0.003. This
case is similar to liquid—gas phase transitions. We have here a kink for the second-order
phase transition. Subplot 4 corresponds to non-critical behavior of the Gibbs free energy
for P > P.. For this case, there is a smooth behavior of the Gibbs free energy.

The plot of G versus T is depicted in Figure 6 for = 0.01 and g = 1.

Subplot 1: g=1, p=0.01, P=0.0005 Subplot 1: g=1, =0.01, P=0.001
2 15
1.5
1
(O (O]
0.5
0.5
0 0
0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
T T
Subplot 1: g=1, f=0.01, P=0.003 Subplot 1: g=1, B=0.01, P=0.005
1 1
0.8 0.8
0.6 0.6
(O] (O]
0.4 0.4
0.2 0.2
0 0
0 0.02 0.04 0.06 0 0.02 0.04 0.06 0.08
T T

Figure 6. The functions G vs. T at f = 0.01 for P = 0.0005, P = 0.001, P = 0.003, and P = 0.005.

5. Summary

Magnetic black hole solutions in Einstein—AdS gravity coupled to NED have been
obtained. We found the metric and mass functions and their asymptotics. Corrections to
the Reissner-Nordstrom solution were obtained when the cosmological constant is zero.
If the Schwarzschild mass is zero (my = 0) the asymptotic of the metric function as ¥ — 0
is f(r) = 1+ O(r?) with the de Sitter core. The magnetic mass of a black hole is found to
be finite. By plotting the metric function, we observe that black holes can have one or two
horizons, and when coupling § increases, the event horizon radius decreases. We have
studied black hole thermodynamics in an extended phase space in Einstein—AdS gravity
coupled to NED. The thermodynamic quantity (so-called vacuum polarization) conjugated
to coupling B, and thermodynamic potential, conjugated to magnetic charge, were obtained
and plotted. We have proved that the first law of black hole thermodynamics and the
generalized Smarr relation take place. We have analyzed first-order and second-order
phase transitions by computing the heat capacity and Gibbs free energy. It was shown
that the critical ratio is p. = 3/8 + O(B) with 3/8 being the critical ratio for the van der
Waals liquid. The black hole thermodynamics of our model is similar to the van der Waals
liquid—gas thermodynamics. We leave the study of the global structure of the spacetime
by presenting the Penrose diagram for further reference. It is also interesting to study
thermodynamic behavior of modified gravity f(R) coupled to NED presented in this paper.
Thermodynamics for pure f(R)-gravity was studied in Refs. [41-47]. We leave this for
further investigation.
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