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Abstract

Topological Data Analysis (TDA) methods combine tools from statistics and machine

learning with concepts from algebraic topology usually with the purpose of classifying

data based on its shape. These techniques provide advantages such as dimensionality

reduction and resilience to noise. In addition, they can often recover information from

signals or other complex dynamical systems that traditional methods fail to capture. In

recent years, TDA methods have seen applications in many different classification problems

from biology, materials science, robotics, and computer vision, among others. However,

extracting topological features from a data set can be computationally expensive as in general

it involves an NP problem. With the rapid development of quantum computers and their

rise in popularity to deal with similar mathematical problems, it is natural to wonder if

these new devices can provide an advantage for TDA. Indeed there have been several recent

papers introducing quantum algorithms for TDA and discussing their potential to speedup or

complement the current classical counterparts. This manuscript is a compilation of my works

on the subject of quantum methods for TDA. My contributions include a novel quantum

algorithm for persistent homology that is able to obtain topological features from a data

set and track them through changes in resolution. In addition, the algorithm yields more

information than other similar quantum algorithms and still has the potential to provide a

quadratic speedup over classical counterparts. Furthermore, I introduce a subroutine that

allows the aforementioned algorithm and similar ones to work with time series data sets

like signals. Finally, I adapt techniques from quantum variational algorithms to estimate

distances between persistence diagrams, so as to compare data sets through the topological

features extracted by the persistent homology algorithm.
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Chapter 1

Introduction
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Topological Data Analysis (TDA) encompasses methods that use topological and

geometrical properties –such as connected components, holes and voids– to characterize

data based on its shape [1, 2, 3, 4]. TDA approaches can provide dimensionality reduction

and robustness to noise for large and complex data sets, and they are also invariant under

continuous transformations like scaling and rotations. Homology and persistent homology,

the mathematical foundations of TDA, have been around for some time [5, 6, 7]. However,

in recent years these topological techniques have come together with statistical machine

learning tools, and the resulting methods have seen increasing use in tasks like data analysis,

visualization, classification and clustering [8, 9, 10, 11, 12]. TDA has numerous applications

in different fields ranging from biology and healthcare [13, 14, 15, 16, 17, 18, 19, 20, 21],

to chemistry and material science [22, 23, 24, 25, 26, 27], as well as action recognition and

robotics [28, 29], handwriting analysis [30], and even sensor networks [31, 32, 33, 34, 35, 36].

Moreover, topological features can represent multi-stability, periodicity, and chaos in

dynamical systems. So, there are also TDA approaches for time series data sets [37, 38]

tackling problems like signal analysis and identification [39, 40, 41, 42], which are able to

capture features that traditional signal analysis techniques fail to detect.

Persistent homology utilizes algebraic groups to identify topological features in a data

set. Initially, graph-like structures called simplicial complexes are constructed by connecting

data points that are close to each other with respect to a fixed value often referred to

as the scale or resolution. Features like connected components, holes and voids can be

extracted from simplicial complexes and tracked through changes in the scale or resolution.

Recently, persistent spectral approaches were introduced to extract even more information

from the data [43]. Their methodology defines a persistent Laplacian operator such that

its harmonic spectra encodes the persistent homology of the data. In addition, the non-

harmonic spectra captures interesting geometric information that traditional methods for

persistent homology cannot see. Various persistent Dirac operators, which act as the square

root of the persistent Laplacian, have surfaced since then [44, 45, 46, 47]. These different

variants of persistent spectral homology can consider more complex relationships between

data points that conventional persistent homology fails to capture. The results are commonly
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displayed as persistence diagrams, which are summaries consisting of points that represent

the topological features along with the scales when they first appear and disappear [3, 4, 48].

But the process of obtaining persistence diagrams involves an NP-hard problem since given

a data set with n points, there are potentially 2n objects that contribute to the topology. In

consequence, the efficient computation of persistent homology has become an active research

topic. For example, popular software like Dionysus [49] and Ripser [50, 51, 52] take advantage

of special properties of simplicial complexes to build persistence diagrams efficiently [53].

However, these classical algorithms are not easily scalable and tend to deteriorate with

the increase in the number of data size. For this reason, classical implementations often

restrict attention to features of lower dimensions. Persistence diagrams are useful because

they can summarize large and high-dimensional data sets down to simple collections of

2-dimensional points, often used to perform machine learning tasks such as classification

or clustering. Machine learning algorithms commonly use the Wasserstein or bottleneck

distances to compare persistence diagrams [49, 54], but a more recent alternative distance

introduced in [42] has shown better results for certain machine learning problems [12].

Recent advances in quantum computing have lead to the development of quantum

methodologies for machine learning and data science, exploring potential advantages for

computationally complex problems. TDA is of particular interest since obtaining the

homology of a data set involves an NP-hard problem. As such, some works appeared

discussing the quantum computation of Betti numbers [55, 56, 57, 58, 59, 60], which are

the number of holes in a data set at a fixed scale. However, in order to track topological

features across different scales one must compute the persistent Betti numbers instead,

i.e., the number of holes that persist from an initial scale to a later scale. So not long

after, a few papers extended quantum methodologies for TDA to compute persistent Betti

numbers [44, 61, 62, 63]. Complexity analysis suggest the exponential speedup promised

in [55] is unlikely in practice, but that Grover-like or quadratic advantage over classical

algorithms is possible [64, 65, 66]. On the other hand, some of the hardware required by these

algorithms (quantum memories for example) or the techniques they rely on (like Grover’s

search) either will likely not be available in the near future or will not be efficient in current
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noisy quantum computers (NISQ). Hence, a few of these papers have focused on developing

methods that support NISQ devices [60, 58, 59]. In addition, quantum approaches to

compute the distance between persistence diagrams have surfaced as well [67, 68, 69]. These

frameworks formulate a quadratic unconstrained binary optimization problem (QUBO),

then encode the QUBO into a Hamiltonian operator and obtain the distance by finding

its ground state. The ground state of the Hamiltonian can be estimated using quantum

annealing [67] or by means of variational algorithms [68, 69] inspired by the Quantum

Approximate Optimization Algorithm (QAOA) [70].

This manuscript outlines my contributions to the development of a quantum framework

for TDA. These contributions include a novel quantum algorithm for persistent homology

that can estimate persistent Betti numbers and could provide a Grover-like speedup over

classical algorithms [44]. My method also provides an advantage over similar quantum

algorithms [61, 62] as it can not only estimate the persistent Betti numbers but also the

non-zero eigenvalues of the persistent combinatorial (Hodge) Laplacian [43, 71], which can

also be used for data analysis tasks, e.g. see [43, 72, 73]. While some of the specific tools and

implementations, for instance quantum memory and Grover’s search, are not compatible with

NISQ devices, other works [60, 58, 59] have suggested alternatives that can be substituted

into the algorithm to remedy this issue. In addition, quantum TDA algorithms often assume

access to a membership oracle that uses pairwise distances between data points to determine

which simplices are present at a given scale. However, the membership oracles previously

discussed in the literature [55, 61] were limited to point cloud data sets, so I constructed

one based on Takens’ delay embedding that enables quantum algorithms for persistent

homology [61, 62, 44] to work with time series data sets like signals [63]. Finally, my latest

article [69] provides a quantum approach to compute distances between persistence diagrams.

This QAOA inspired method formulates the distance as a constrained binary optimization

problem, it then encodes the cost of the problem as a cost Hamiltonian and uses control

clauses [74] to incorporate the constraints into the mixing Hamiltonian. Furthermore, unlike

previous approaches [67, 68] this work also considers a new distance proposed in [42] that
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has been shown to outperform the more popular Wasserstein distance in certain machine

learning tasks [12].

The layout of this work is as follows. It starts with Chapter 2 which provides relevant

background material regarding TDA as well as basic concepts of quantum computing. Then,

Chapter 3 describes my quantum algorithm for persistent homology and shows a simple

illustrative example. Chapter 4 follows up with the membership oracle for time series data

sets along with some examples of the quantum persistent homology algorithm utilizing it.

Later, Chapter 5 introduces quantum hybrid algorithms that compute two different distances

between persistence diagrams. Finally, Chapter 6 concludes with a discussion of the results

shown here and their overall importance. In addition, Appendix A contains relegated proofs

of Theorems.
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Chapter 2

Background
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This chapter briefly introduces basic concepts from TDA and quantum computing that

are necessary to understand the main results presented later in the text. In particular,

Section 2.1 covers persistent homology which is the main mathematical tool behind TDA

methods, and further details on the topic can be found in [5, 6, 7]. Next, Section 2.3 describes

the classical computation of persistent homology information for point cloud data sets, and

Section 2.4 follows with an embedding approach for time series. Then, Section 2.5 depicts

persistence diagrams as a way to display the information obtained from persistent homology

algorithms. Any reader who wishes for more details on computational topology methods

may consult [1, 3, 4]. Last, Section 2.6 provides some basic concepts and notation from

quantum information theory, as well as general aspects of quantum algorithms with relevant

examples. Readers unfamiliar with the field of quantum computing may find [75, 76] to be

useful references.

2.1 Persistent Homology

Persistent homology studies objects called simplicial complexes. The classical algorithms

that perform topological data analysis use the data to construct simplicial complexes, e.g.,

by connecting all the points in a point cloud within a certain distance from each other

(Vietoris-Rips complex) and then varying the distance to obtain a filtration of simplicial

complexes. After that, the algorithms proceed to compute the eigenvalues and eigenvectors

of linear operators, such as the boundary operator and the persistent combinatorial Laplacian

that act on the complexes.

We start by defining simplicial complexes and homology, an algebraic descriptor for coarse

shape in topological spaces, and in turn persistent homology, which harnesses the power of

homology to the description of subspace filtrations of topological spaces.

Definition 2.1. A k-dimensional manifold X is a topological space such that if every point

x that belongs to X has a homeomorphic neighborhood to an open neighborhood in the k-

dimensional Euclidean space.
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Next, we expand the definition of the k-dimensional manifold to k-simplex which may be

topologically treated as a k-dimensional manifold including its boundary.

Definition 2.2. A k-simplex is defined by k+1 linearly independent vertices as the collection

of all their convex combinations:

σ = [v0, . . . , vk] =

{
k∑
i=0

αivi :
k∑
i=0

αi = 1 and αi ≥ 0 for all i

}
. (2.1)

An oriented simplex is expressed as the ordered list of its vertices, such as [v0, v1, v2]. The

faces of a simplex consist of all the simplices generated by a subset of its vertex set.

Fig. 2.1 shows the simplices of dimensions zero (vertex), one (edge), two (triangle), and

three (tetrahedron).

Definition 2.3. A simplicial complex K is a collection of simplices satisfying the following

(i) if σ ∈ K, then all its faces τ ⊂ σ are also in K, and

(ii) the intersection σ1 ∩ σ2 of any pair of simplices σ1, σ2 ∈ K is another simplex in K.

The collection of k-simplices within K is written here as Kk.

A commonly used simplicial complex is the Vietoris-Rips (VR) complex, which for a

fixed positive number ϵ is defined by all the simplices with a diameter of at most ϵ (see

Definition 2.7). Furthermore, we can use these basis-like collections to define a space of

formal sums of simplices. These spaces are called chain groups and are akin to vector spaces,

an important feature since quantum states are elements of a Hilbert space over C.

Definition 2.4. Let us denote with Ck(K) the chain group of dimension k on a simplicial

complex K, which is defined by

Ck(K) =

{∑
σ∈Kk

nσσ : nσ ∈ C

}
. (2.2)

Relying on Def. 2.4, one understands that chain groups give an algebraic way to describe

subsets of simplices as a formal sum. For example, the boundary of a triangle (Fig. 2.2) is

considered the sum of its three edges, and the boundary of an edge yields the sum of its
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Figure 2.1: Simplices of dimension 0 through 3.

∂
− +

Figure 2.2: Boundary of a triangle
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endpoints. The sign of a simplex in one of these sums specifies its orientation. This notion

of a boundary is fundamental to persistent homology and is formalized as a map between

chain groups.

Definition 2.5. The k-th boundary map is a homomorphism on the chain groups ∂k :

Ck(K) → Ck−1(K) defined by its action on each simplex:

∂k[v0, . . . , vk] =
k∑

n=0

(−1)n[v0, . . . , vn−1, vn+1, . . . , vk], (2.3)

as an alternating sum over the faces of dimension k − 1.

One may obtain a chain complex by taking into account chain groups (and their boundary

maps) of any dimension

. . .
∂k+1−−→ Ck(K)

∂k−→ Ck−1(K)
∂k−1−−→ . . .

∂1−→ C0(K)
0−→ 0. (2.4)

As it can be shown, e.g., see in [3], the composition of subsequent boundary maps

∂k+1∂k = 0, which yields that Im(∂k+1) ⊂ Ker(∂k). The k-Betti number, denoted by βk,

is the dimension of the homology group Hk(K) = Ker(∂k)/ Im(∂k+1). Homology groups are

generated by the topological features of the complex K, i.e., generators for the 0-homology

group correspond to connected components, generators of 1-homology group correspond to

holes in K, etc.

However data analysis often requires to observe how topological features persist as the

resolution of the data changes (see Section 2.3). So, we must extend the notions above to

track features across multiple simplicial complexes. Consider a nested sequence or filtration

of simplicial complexes

∅ ⊆ K1 ⊆ K2 ⊆ . . . ⊆ Kn. (2.5)

Each complex Ki in Eq. (2.5) has associated chain groups Ck(Ki), boundary operators

∂ik and Homology groups H i
k as before. But now for i < j the inclusion maps ι : Ki → Kj

between complexes induce homomorphisms hi,jk = ι∗ : Ck(Ki) → Ck(Kj) between their

corresponding chain groups.
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Definition 2.6. For two nested simplicial complexes Ki ⊆ Kj we define their k-th persistent

Homology group H i,j
k as

H i,j
k = Im(hi,jk ) = Ker(∂ik)/(Im(∂jk+1) ∩Ker(∂ik)) (2.6)

where Ker(∂ik) is viewed as a subgroup of Ker(∂jk). The dimension of H i,j
k is the k-th persistent

Betti number βi,jk .

Let C̃i,j
k+1 =

{
x ∈ Ck+1(Kj) : ∂

j
k+1x ∈ Ck(Ki)

}
, that is, the subgroup of Ck+1(Kj) defined

by the (k + 1)-simplices in Kj with boundary in Ki. Then we can define the k-th persistent

combinatorial Laplacian

Li,jk = ∂̃i,ik
∗
∂̃i,ik + ∂̃i,jk+1∂̃

i,j
k+1

∗
, (2.7)

where ∂̃i,jk+1 is the restriction of the boundary operator ∂jk+1 to C̃i,j
k+1. Using [43], one may

show that the dimension of the kernel of Li,jk is the k-th persistent Betti number βi,jk .

2.2 Spectral Persistet Homology and Dirac Operators

The spectral theory of persistent homology in [43, 71] is based on the k-th persistent

combinatorial Laplacian Li,jk introduced in Eq. (2.7). The harmonic spectra of the Laplacian

correspond to the topological features of conventional persistent homology. However, the

non-harmonic spectra can provide useful geometric information that conventional persistent

homology methods cannot capture. So, spectral approaches for persistence homology have

gained traction in recent years [44, 45, 46, 47].

There is a close relationship between Dirac operators and Laplacian operators, with the

former serving a role similar to the square root of the latter. Therefore, Dirac operators can

have an important place in persistent spectral homology where the spectra of a persistent

Laplacian is used to extract topological and geometrical information from data. For instance,

the structure of the Dirac operator for simplicial homology allows an efficient quantum

implementation that is useful for quantum algorithms that aim to compute the homology

of a simplicial complex [55, 56]. Furthermore, the work in [77] introduces topological Dirac
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equations, which are wave equations defined with respect to Dirac operators on networks,

simplicial complexes and multiplex networks. This methodology was later utilized to create

an algorithm for processing of higher-order topological signals [78].

The quantum approach in [55] was recently extended to the persistent homology of a

filtration of simplicial complexes [44]. The harmonic spectra of the persistent Dirac operator

we introduced holds information about the persistence of topological features through the

filtration. Similarly, this persistent Dirac operator can be efficiently implemented on a

quantum computer and can be used in quantum algorithms that compute the persistent

homology of a filtration of simplicial complexes.

The persistent Dirac operator has also found interesting applications that rely on

mathematical representations of molecular structures [45]. The authors introduce weighted

versions of the persistent Dirac operators that extend spectral theory to weighted simplicial

complexes. A weighted approach can be useful when the simplicial complexes are constructed

from data points that may have different properties, as is the case for atoms in molecular

structures. Moreover, their results suggest that molecular structures can be accurately

characterized using descriptors based on spectral properties of weighted persistent Dirac

operators.

A common limitation of simplicial TDA methods is their inability to consider asymmetric

or directional relationships between data points. Such data sets are better modeled by

structures like directed graphs and hypergraphs. The work in [46] introduces a persistent

Dirac operator for a filtration of path complexes that arise from directed graphs and

hypergraphs. The authors also discuss applications of these new Dirac operators to analyze

molecular structures.

On the other hand, the chain complexes introduced in Section 2.1 are induced by a

boundary map ∂ that satisfies ∂2 = 0. But [47] introduces Mayer Dirac and persistent

Mayer Dirac operators for N -chain complexes induced by a map d such that N > 2 is the

smallest integer for which dN = 0. While persistent Mayer homology is different than the

usual persistent homology, their results suggest that it can also be used to analyze molecular

structures and other data sets using geometric and topological features. Moreover, the
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computation of persistent Mayer homology could be significantly faster than that of the

regular persistent Laplacian [79].

2.3 Topological Data Analysis for Point Clouds

When analyzing a discrete data set x = {vi}Ni=1 that belongs to a metric space (X, d) it is not

enough to consider the set itself as a simplicial complex for its homology would simply yield

the number of data points in the set. Instead, we take advantage of the metric d to obtain

more information. Indeed, we fix a radius r > 0 and consider the collection of neighborhoods

(think of them as balls centered at each datum) U = {Ui} = {B(vi, r)} along with its union

Ur = ∪iB(vi, r). The collection of sets {Ur}r∈R+ provides information about the arrangement

of the dataset x at different scales r. To make homological computations tractable for Ur,

one may consider the Vietoris-Rips (VR) complexes.

Definition 2.7. The Vietoris-Rips complex of the point cloud data x = {vi} at scale ϵ,

denoted by Sϵ(x) (or simply Sϵ), is the simplicial complex where a k-simplex σ = [vi0 , . . . , vik ]

is in Sϵ if and only if diam(σ) ≤ ϵ, where diam(σ) := maxj,j′
{
d(vij , vij′ )

}
denotes the

diameter of the simplicial complex Sϵ defined as the maximal distance between vij , vij′ ∈ Sϵ.

Given a point cloud data set x, one can construct a filtration of VR complexes ∅ ⊆ Sϵ1 ⊆

Sϵ2 ⊆ . . . ⊆ SϵN = S by choosing an increasing sequence of scales 0 < ϵ1 ≤ ϵ2 ≤ . . . ϵN , see

Section 3.5 for an example. Indeed, it follows from Def. 2.7 that if ϵ ≤ ϵ′ then Sϵ ⊆ Sϵ
′
.

Moreover, one can check that there is a maximum of 2n simplices that can be built from a

data set with n points. So, there is a maximal VR complex S of size 2n that contains all VR

complexes Sϵ.

Classical algorithms for persistent homology consider a filtration or nested sequence of

VR complexes Sϵ0 ⊆ · · · ⊆ SϵN and construct a boundary matrix in which the simplices

are ordered according to the sequence [48]. Then this boundary matrix is diagonalized to

extract topological features like the number of connected components, holes, voids, and k

dimensional holes in general. In particular, the position of the non-zero entries of the final
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matrix reflect the persistence information. Persistence diagrams are often used to display

the results of these algorithms (see Section 2.5).

2.4 Topological Data Analysis for Time Series

Consider a time series xt for t = 1, 2, . . . , T . Notice that applying the techniques from

Section 2.3 to a data set like this would often lead to loss of the sequential time structure.

Instead, a common approach is to consider a higher dimensional point cloud in phase space

that encodes the time structure as spatial features. The Takens’s delay embedding of the

time series xt is given by the vector

vi = (xi, xi+τ , . . . , xi+(d−1)τ ) (2.8)

for i = 1, . . . , T − τd, where d is the dimension of the point cloud, and τ is the delay

parameter. The Takens’s delay embedding theorem guarantees that the map from the time

series to point cloud is an embedding and as such all the relevant topological information is

retained [80]. Then, the methodology from Section 2.3 can be performed on the resulting

point cloud to obtain persistence information from the initial time series. The parametric

choices of the dimension, d, and the delay, τ , has been widely discussed in the literature,

e.g. see [41] and references therein. For example, the time series is typically embedded into

a d = 2, 3, space, and the delay parameter may be selected based on the autocorrelation.

2.5 Persistence Diagrams

Persistent homology considers a sequence or filtration of simplicial complexes from data sets

as in Figures 2.3a and 2.3b. The filtration is built by choosing an increasing sequence of

positive numbers representing different scales or resolutions of the data, and connecting the

data points that are close to each other with respect to each of these numbers. One can

then track how the topological features of different dimensions, like connected components,

holes, and voids, appear and disappear as the scale increases. This information is used to
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construct persistence diagrams that consist of points (bη, dη), where bη is the scale at which

feature η first appears in the filtration, and dη is the last scale at which it is present. See

Figures 2.3c and 2.3d for examples.

Persistence diagrams can be useful for classification of their corresponding data sets

since they summarize their shape while being invariant to any continuous transformations

such as rotating, stretching or shrinking of the data. For example, the data in Fig. 2.3a

clusters around five different locations and this information can be recovered from the five

connected components (H0) away from the diagonal in the corresponding persistence diagram

in Fig. 2.3c. On the other hand, Fig. 2.3b shows a data set arranged into two separate circles

while the corresponding persistence diagram in Fig. 2.3d has two connected components

(H0) and two one-dimensional holes (H1) away from the diagonal. Of course, in order to

compare data sets using their diagrams one must define a distance on the space of persistence

diagrams. The most popular such distance is the Wasserstein distance [3, 4] defined below.

Definition 2.8. Let D1,D2 be two persistence diagrams, and ∆1,∆2 be their projections to

the diagonal. Then, their Wasserstein distance is defined as

dWp (D1,D2) = inf
ϕ:D̃∞↔D̃∈

∑
x∈D̃∞

∥x− ϕ(x)∥pq

 1
p

(2.9)

where q is usually chosen as ∞, i.e. the supremum norm, and ϕ are bijections between

D̃∞ = D1 ∪∆2 and D̃∈ = D2 ∪∆1.

Based on Definition 2.8, the Wasserstein distance computes the optimal matching of the

points in two diagrams by penalizing any unmatched points with their distance from the

diagonal. Figure 2.4a shows two persistence diagrams, one consists of two blue dots and the

other of a single orange triangle. In addition, each point has a corresponding disk with a

radius equal to its distance from the diagonal, which represents the penalty for unmatched

points. Since two disjoint disks are equivalent to the distance between the corresponding

points being larger than their combined distances to the diagonal, one can disregard any

bijections ϕ in Def. 2.8 that match points with disjoint disks. Notice that one could have

two different diagrams that consist of completely disjoint disks so that all of their points are
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(a) (b)

(c) (d)

Figure 2.3: Examples of persistence diagrams for point cloud data sets.

(a) (b)

Figure 2.4: Example of the Wasserstein (a) and dcp (b) distances between a persistence
diagram with two points (blue dots) and another with one point (orange triangle). Disks
around the points illustrate the penalization mechanism of each distance. The optimal
matching in each case is given by the dashed lines.
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matched to the diagonal, however if all of these points are also very close to the diagonal

then the Wasserstein distance would be rather small even though the diagrams are different.

This could play an important role in supervised or unsupervised learning [12], so one could

instead consider the following distance in such a case as it was introduced in [42].

Definition 2.9. Consider two persistence diagrams D1,D2 with respective cardinalities n,m

such that n ≤ m. Then, their dcp distance is defined as

dcp(D1,D2) =

(
1

m

(
inf

ϕ:D1↪→D2

∑
x∈D1

min (c, ∥x− ϕ(x)∥q)p + cp|n−m|

)) 1
p

(2.10)

where q is usually chosen as ∞, i.e. the supremum norm, and ϕ are one-to-one functions

from D1 to D2.

The dcp distance still seeks to match points from two persistence diagrams such that the

distance is minimized, but it penalizes unmatched points with a constant value c rather

than their distance to the diagonal. Fig. 2.4b shows the same two persistence diagrams that

appear in Figure 2.4a, but now there are only two disks of radius c around the blue points.

In order to find the optimal matching that yields the dcp distance, it suffices to consider only

the functions ϕ in Def. 2.9 that match points from the largest diagram to points that lie

within their corresponding disk of radius c. In addition, any points that are isolated with

respect to the penalizing constant c can be completely ignored when computing the distance

and simply added later. Notice that choosing a large enough c solves the issue that the

Wasserstein distance has when points in the diagrams are close to the diagonal. Moreover,

the results provided in [42] show that its accuracy for classification tasks is comparable or

better (in the data problems of that manuscript) than that of the Wasserstein distance.

2.6 Quantum Computing

Quantum theory relies on linear algebra of complex vector spaces. In particular, a quantum

system is described by a Hilbert space H over the complex numbers. Vectors of the Hilbert
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space H are called quantum states and are written using a ket |·⟩ as |ψ⟩ ∈ H. We may write

any quantum state |ψ⟩ as a linear combination with respect to the standard basis {|k⟩}k

|ψ⟩ =
∑
i∈k

ψi |i⟩ , (2.11)

where the coefficients ψi ∈ C called amplitudes are normalized so that
∑

i |ψi|2 = 1. Linear

combinations of quantum states like Eq. (2.11) with at least two ψi ̸= 0 are called quantum

superpositions. Elements of the dual space are represented using bra ⟨·| notation, for instance

the dual vector induced by |ψ⟩ from Eq. (2.11) is ⟨ψ| = ψ∗
0 ⟨0|+ψ∗

1 ⟨1|+ . . ., with ψ∗
k denoting

the complex conjugate.

Classical computers have a fundamental unit of information called bit, which can take a

value of 0 or 1. Similarly, quantum computers consider a fundamental unit of information

called quantum bit or qubit. A qubit is the simplest example of a quantum system and

is described by the Hilbert space over the complex numbers with standard basis {|0⟩ , |1⟩}.

While a qubit is generally in a state given by a vector |ψ⟩ = α |0⟩ + β |1⟩, an observer

cannot see this superposition and instead must perform a measurement to extract useful

information. Measuring |ψ⟩ with respect to the standard basis for example will result in an

outcome of 0 with probability |α|2, or an outcome of 1 with probability |β|2. However, the

state of a qubit collapses after a measurement to the state that was observed, so in order to

recover a superposition one must prepare it and measure several times. We can construct

larger quantum systems by considering arrays or registers of qubits, which are characterized

by the tensor product of the Hilbert spaces for each qubit. Indeed, a register of n qubits

is described by the Hilbert space over the complex numbers where the standard basis is

given by vectors of the form |b0⟩ ⊗ |b1⟩ ⊗ · · · ⊗ |bn−1⟩ with bk = 0, 1. To avoid cumbersome

notation these vectors are often written as |b0 . . . bn−1⟩ instead, or even just enumerated as

|0⟩ , . . . , |2n − 1⟩ when the structure of the qubits is not relevant.

The state of a quantum system can be modified via unitary operators. For example,

Pauli operators (X, Y, Z) are some of the most common single qubit gates, and they can be

defined by their actions on the standard basis {|0⟩ , |1⟩}. The bit-flip operator, X, is the
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quantum equivalent of the classical NOT gate, it sends the state |0⟩ to |1⟩ and vice versa.

On the other hand, the phase-flip operator, Z, leaves the state |0⟩ unchanged but flips the

sign of the state |1⟩. For more details see [75].

Quantum algorithms consist of a series of unitary operations U1, . . . , Un applied to an

initial state |ψin⟩. The result is an output quantum state |ψout⟩ = UnUn−1 ·U1 |ψin⟩ which can

be either passed to another quantum algorithm or measured. Since current and near future

quantum hardware is not fault tolerant, hybrid quantum-classical algorithms are often more

attractive than pure quantum ones. The Quantum Approximate Optimization Algorithm

(QAOA) [70] is such an example of a hybrid algorithm. QAOA approximates the ground state

of a Hamiltonian by alternating two unitary operators UC and UM applied to a suitable initial

state. The unitary UC = e−iγHC is defined by the problem Hamiltonian HC and a parameter

γ ∈ [0, 2π), while the other operator UM = e−iβHM consists of a mixing Hamiltonian HM

and a parameter β ∈ [0, 2π).

Here, the problem Hamiltonian HC encodes the cost of the optimization problem to

be solved, while the mixing Hamiltonian HM is used to produce a superposition over

all the quantum states of interest (those encoding possible solutions). After p iterations

of the unitaries applied to the initial state, one obtains the trial state |ψ(β, γ)⟩p. The

goal of the algorithm is to find parameters β and γ that maximize the expected value

of the problem Hamiltonian: p ⟨ψ(β, γ)| |HC |ψ(β, γ)⟩p. QAOA has been used to solve

combinatorial optimization problems over binary variables, such as MaxCut problems which

involve partitioning the vertices of a graph into two sets in a way that maximizes the number

of edges between sets [81, 74]. Chapter 5 displays the process of how computing the distance

between two persistence diagrams can be viewed as a combinatorial optimization problem

over binary variables.
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Chapter 3

Quantum Algorithm for Persistent

Homology
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Now I introduce one of the main results of my work, a quantum algorithm that

estimates the persistent Betti numbers along with the non-harmonic spectra of the persistent

combinatorial Laplacian in Eq. (2.7). The following is an extract from a paper published by

myself and my advisors [44].

The quantum algorithm proceeds by first mapping the simplices and other concepts from

persistent homology onto quantum states and Hermitian operators. We choose a direct

mapping between the n vertices of a point cloud and n qubits. In this manner, all 2n

possible simplices can be mapped onto quantum computational basis states in an n-qubit

Hilbert space, using exponentially fewer memory space than the classical case. This allows

us to use the fermionic representation of the boundary operator [58, 82] which is defined in

terms of Pauli operators, see Eq. (3.2). Moreover, the chain groups are identified by closed

subspaces of the n-qubit Hilbert space, so we can use their respective orthogonal projection

to restrict the boundary operator as in Eq. (2.7) for the persistent combinatorial Laplacian.

To implement these projections we suggest the use of a quantum memory along with Grover’s

search, however NISQ friendly alternatives have been discussed in other works [58, 60, 59].

Finally, our algorithm uses quantum phase estimation to recover the spectra of the persistent

combinatorial Laplacian, including the persistent Betti numbers. Our main contributions

include the implementation of a projection onto the closed subspace that encodes the chain

group Cϵ,ϵ′ . In addition, we introduce the persistent Dirac operator, which allows our

algorithm to recover the full spectrum of the persistent combinatorial Laplacian, in contrast

to other quantum algorithms for persistent homology [61, 62] that can only obtain the kernel.

3.1 Representing simplices and chain complexes with

quantum states

A k-simplex σ = [vi1 , . . . , vik ] can be stored in a n-qubit register as |σ⟩ = |v1⟩ ⊗ · · · ⊗ |vn⟩,

with 1s at the positions of its k + 1 vertices vi1 , . . . , vik and 0s elsewhere. Let S denote the

collection of all possible quantum basis states of n qubits given by a string of n 0s and 1s,

then S effectively encodes the maximal VR complex described in Section 2.3 with all possible
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simplices that can be formed with n vertices or data points. Moreover, H, the Hilbert space

over C with basis S encodes the chain group of that complex.

We denote by Sk the subset of states in S encoding k-simplices, and by Hk the

corresponding closed subspace of H which encodes the k-th chain group defined in Eq. (2.2).

Notice that the dimension of a simplex can be recovered from its quantum state encoding

by counting the number of qubits in state 1.

Similarly, we write Sϵ for the subset of S encoding simplices of diameter at most ϵ, in

other words the VR complex at scale ϵ as in Def. 2.7, and Hϵ for the corresponding closed

subspace of H. We also need to consider the closed subspace of H that encodes the chain

group C̃ϵ,ϵ′ of elements present at scale ϵ′ with boundary in scale ϵ. This subspace is given

by

Hϵ,ϵ′ = {|ψ⟩ ∈ Hϵ′ : ∂ |ψ⟩ ∈ Hϵ}. (3.1)

A boundary operator can be defined on H using Pauli gates X,Y, Z as

∂ :=
n−1∑
i=0

Z⊗(n−1−i) ⊗X+ ⊗ I⊗i , (3.2)

where X± = 1
2
(X ± iY ). Since X+ |1⟩ = |0⟩ and X+ |0⟩ = 0, it maps Hk to Hk−1. This

representation of the boundary map introduced in [58] has various properties. In particular,

notice that ∂ is a bounded continuous linear operator onH such that ∂2 = 0. The reader may

refer to [82] for further details on these properties, and its advantages over the representation

introduced in [55]. Mapping Hk−1 to Hk, its adjoint is given by ∂∗ :=
∑n−1

i=0 Z
⊗(n−1−i) ⊗

X−⊗ I⊗i. In order to obtain a Hermitian version of the boundary operator in Eq. (3.2) that

can act on the subspaces considered by the persistent combinatorial Laplacian in Eq. (2.7),

we attach two ancillary qubits and define the Dirac operator

B = (|0⟩ ⟨1|+ |1⟩ ⟨2|)⊗ ∂ + (|1⟩ ⟨0|+ |2⟩ ⟨1|)⊗ ∂∗ (3.3)

on the Hilbert space spanned by states {|0⟩ , |1⟩ , |2⟩}, where |0⟩ = |0⟩ ⊗ |0⟩, |1⟩ = |0⟩ ⊗ |1⟩,

and |2⟩ = |1⟩ ⊗ |0⟩.
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3.2 Projections

To implement a projection Pk onto the subspace Hk generated by simplices of dimension k

it suffices to count the number of qubits in state 1. Indeed, computational basis states in

Hk are exactly those that have k + 1 qubits in state 1. The reader may refer to [58, 59] for

details on efficient implementations.

On the other hand, for a scale ϵ, we assume the existence of an oracle

Oϵ |σ⟩ |0⟩ = |σ⟩ |aϵσ⟩ , (3.4)

where aϵσ = 1σ∈Sϵ determines the membership in Sϵ, which in turn encodes the simplices in

the ϵ-complex. For completeness we provide a construction of such oracle in Subsection 3.2.1.

The oracle in Eq. (3.4) can be used for the implementation of the projection operators,

P ϵ =
∑
σ∈Sϵ

|σ⟩ ⟨σ| , (3.5)

onto Hϵ, the subspace of H spanned by the simplices in Sϵ, which will be needed to construct

the persistent Dirac operator later in Section 3.3. To implement the projection P ϵ, we

perform amplitude amplification [83] based on Grover’s search algorithm [84] (for details,

see Subsection 3.2.2).

For a NISQ implementation of the projections P ϵ, i.e. an implementation that doesn’t

require a fault tolerant computer like Grover’s search algorithm or a quantum memory,

see the approach by Ubaru et. al. [58]. This approach involves classical computation of the

pairwise distance of the vertices as well as the n×n ϵ-adjacency matrix {Ai,j}. The quantum

circuit is then built by adding gates conditional to the values Ai,j.

To implement the projection P ϵ,ϵ′ onto the subspace Hϵ,ϵ′ defined in Eq. (3.1), we

introduce the operator W = (|0⟩ ⟨1|+ |1⟩ ⟨0|)⊗ I −|0⟩ ⟨2|⊗ ∂−|2⟩ ⟨0|⊗ ∂∗, defined with the

aid of a pair of qubits, along with the projection Qϵ,ϵ′ = |0⟩ ⟨0|⊗I+ |1⟩ ⟨1|⊗P ϵ+ |2⟩ ⟨2|⊗P ϵ′ .

Then, we consider, Wϵ,ϵ′ = Qϵ,ϵ′ (I −W)Qϵ,ϵ′ , acting on a vector of the form |ϕ⟩ =

|0⟩ |ϕ0⟩ + |1⟩ |ϕ1⟩ + |2⟩ |ϕ2⟩. Notice that Wϵ,ϵ′ acts as the identity on states that satisfy
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∂P ϵ′ |ϕ2⟩ = P ϵ |ϕ1⟩ (3.6a)

(I − P ϵ) |ϕ1⟩ = P ϵ |ϕ0⟩ (3.6b)

(I − P ϵ′) |ϕ2⟩ = P ϵ′∂∗ |ϕ0⟩ . (3.6c)

In particular, (3.6b) and (3.6c) only hold if both sides are equal to zero. Thus, we may

conclude that |ϕ1⟩ ∈ Hϵ and |ϕ2⟩ ∈ Hϵ′ . It follows then from Eq. (3.6a) that ∂ |ϕ2⟩ ∈ Hϵ, so

that |ϕ2⟩ ∈ Hϵ,ϵ′ . Therefore, the projection operator P ϵ,ϵ′ can be implemented by projecting

onto the eigenspace of Wϵ,ϵ′ with eigenvalue 1.

3.2.1 Membership Oracle

We can encode the order k of a simplex σ in a state |k⟩ (k = 0, 1, . . . , n − 1) by starting

from |0⟩ and performing permutations 0 → 1 → · · · → n − 1 → 0, conditional upon the

corresponding digit of σ being 1. Thus, we perform k permutations mapping |0⟩ → |k⟩. This

can be implemented efficiently because the permutation is a 1-sparse matrix.

To encode the scale ϵ we need information on the data points that can be stored in

quantum parallel in QRAM, if it is available, and accessed efficiently [85, 86]. For any

i, j = 1, 2, . . . , n, QRAM |i⟩ |j⟩ |0⟩ = |i⟩ |j⟩ |d(i, j)⟩, where d(i, j) is the distance between

points i and j. Notice that the size of the memory is only logarithmic on the number of data

points. We introduce a register of qubits to record the parameter ϵ as |ϵ⟩. We need to know

when d(i, j) ≤ ϵ to form a VR complex. This information will be stored in a qubit initially

in the state |0⟩, and flipped if the membership condition is satisfied. This is implemented

with a unitary test that uses the qubit registers storing d(i, j) and ϵ as controls to flip the

last qubit,

U ϵ
test |d(i, j)⟩ |ϵ⟩ |0⟩ = |d(i, j)⟩ |ϵ⟩ |aϵ(i, j)⟩ , aϵ(i, j) =

 0 , d(i, j) > ϵ

1 , d(i, j) ≤ ϵ
(3.7)
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Next, in order to know if σ ∈ Sϵ, we must check if d(i, j) ≤ ϵ for all (i, j) pairs such that

vi = vj = 1. To this end, we make O(k2) calls to QRAM, where k is the dimension of σ. For

each pair (i, j), we use |σ⟩ as control to call QRAM and apply the test provided vi = vj = 1,

QRAM†U ϵ
testQRAM |σ⟩ |i⟩ |j⟩ |0⟩ |ϵ⟩ |0⟩ = |σ⟩ |i⟩ |j⟩ |0⟩ |ϵ⟩ |aϵ(i, j)⟩ . The membership of σ in

the VR complex, Sϵ, is decided if for all (i, j) we end up with aϵ(i, j) = 1.

3.2.2 Grover’s search algorithm

Here we review the salient features of amplitude amplification [83] and Grover’s search

algorithm [84] which are needed for the implementation of the projection P ϵ (Eq. (3.5)),

for completeness.

Let |Ψk⟩ ∈ Hk be a state in the span of the k-simplex states. We wish to construct the

normalized projected state |Ψϵ
k⟩ =

P ϵ|Ψk⟩
∥P ϵ|Ψk⟩∥

∈ Hϵ
k, assuming that it exists. To this end, we

introduce the unitary operator UG = −UΨk
U ϵ, with UΨk

= I−2 |Ψk⟩ ⟨Ψk| and U ϵ = I−2P ϵ.

Since Hϵ
k is a closed subspace, we may write |Ψk⟩ as |Ψk⟩ = sin θ |Ψϵ

k⟩ + cos θ |Ψ̄ϵ
k⟩, where

|Ψϵ
k⟩ ∈ Hϵ

k and |Ψ̄ϵ
k⟩ ∈ Hϵ⊥

k . Notice that sin θ = ∥P ϵ |Ψk⟩∥. We can think of |Ψk⟩ as

the vector (sin θ, cos θ)T in the two-dimensional space spanned by {|Ψϵ
k⟩ , |Ψ̄ϵ

k⟩}, then UG

acts as a rotation by an angle 2θ. Applying it K times, we obtain the state UK
G |Ψk⟩ =

sin(2K + 1)θ |Ψϵ
k⟩+ cos(2K + 1)θ |Ψ̄ϵ

k⟩. This is close to the desired state for (2K + 1)θ ≈ π
2
.

Therefore, the number of Grover steps needed is K = ⌊ π
4θ
⌋. As discussed in [66], K could

be exponential on the number of data points if ∥P ϵ |Ψk⟩∥ is small, for example when the

number of simplices present in Sϵk is only polynomial on the number data points.

3.3 Persistent Dirac operator

For persistent homology, we need to restrict the space on which the Dirac operator acts.

Precisely, the Dirac operator should act on quantum states of the form |0⟩ |ψ0⟩ + |1⟩ |ψ1⟩ +

|2⟩ |ψ2⟩, where |ψ0⟩ ∈ Hϵ
k−1, |ψ1⟩ ∈ Hϵ

k, and |ψ2⟩ ∈ Hϵ,ϵ′

k+1. Moreover, we want the boundary

operator and its adjoint to act like the restricted boundary and coboundary in Eq. (2.7) of

25



the Laplacian. To that end, we introduce the persistent Dirac operator which plays a central

role in our quantum algorithm.

Definition 3.1. Let P ϵ and P ϵ,ϵ′ be the respective orthogonal projections onto the closed

subspaces Hϵ and Hϵ,ϵ′ of H, defined in Section 3.2. Then, the persistent Dirac operator

Bϵ,ϵ′ is defined as Bϵ,ϵ′ = −PBP , where B is the Dirac operator in Eq. (3.3) and

P = (|0⟩ ⟨0| − |1⟩ ⟨1|)⊗ P ϵ + |2⟩ ⟨2| ⊗ P ϵ,ϵ′ . (3.8)

We can visualize this operator as a block matrix

Bϵ,ϵ′ =


0 P ϵ∂P ϵ 0

P ϵ∂∗P ϵ 0 P ϵ∂P ϵ,ϵ′

0 P ϵ,ϵ′∂∗P ϵ 0

 (3.9)

The importance of the persistent Dirac operator is that we can use it to recover the

eigenvalues of the persistent combinatorial Laplacian from Eq. (2.7). This is summarized

below in Theorem 3.1.

Theorem 3.1. The positive eigenspaces of the persistent combinatorial Laplacian introduced

in Eq. (2.7) have a one-to-one correspondence with the eigenspaces of the persistent Dirac

operator introduced in Def. 3.1 corresponding to positive eigenvalues. That is, λ > 0 is an

eigenvalue of the persistent Dirac operator, defined in Eq. (3.9), with eigenvector |0⟩ |ψ0⟩ +

|1⟩ |ψ1⟩ + |2⟩ |ψ2⟩ if and only if |ψ0⟩ , |ψ1⟩ ∈ Hϵ and |ψ2⟩ ∈ Hϵ,ϵ′, and |ψ1⟩ is an eigenvector

of the persistent combinatorial Laplacian Lϵ,ϵ′ from Eq. (2.7) with eigenvalue λ2. Moreover,

|ψ0⟩ and |ψ2⟩ are uniquely defined by |ψ1⟩.
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Proof. The vector |0⟩ |ψ0⟩+ |1⟩ |ψ1⟩+ |2⟩ |ψ2⟩ is an eigenstate of the persistent Dirac operator

if and only if it satisfies the conditions

P ϵ∂P ϵ |ψ1⟩ = λ |ψ0⟩ (3.10a)

P ϵ∂P ϵ,ϵ′ |ψ2⟩+ P ϵ∂∗P ϵ |ψ0⟩ = λ |ψ1⟩ (3.10b)

P ϵ,ϵ′∂∗P ϵ |ψ1⟩ = λ |ψ2⟩ (3.10c)

Notice that the left hand side of Equations (3.10a) and (3.10b) are contained in Hϵ because

of the projections, implying that |ψ0⟩ , |ψ1⟩ ∈ Hϵ. Similarly, Eq. (3.10c) is satisfied when

|ψ2⟩ ∈ Hϵ,ϵ′ . Moreover, since λ ̸= 0, Eqs. (3.10a) and (3.10c) express |ψ0⟩ and |ψ2⟩ in terms of

|ψ1⟩, and substituting into Eq. (3.10b), we obtain
(
P ϵ∂∗∂P ϵ + ∂P ϵ,ϵ′∂∗P ϵ

)
|ψ1⟩ = λ2 |ψ1⟩.

However, the above theorem does not hold for λ = 0, because the states |ψ0⟩ and |ψ2⟩

are no longer uniquely defined by |ψ1⟩. In particular, the kernel of the persistent Dirac

operator contains elements of Hϵ⊥ and Hϵ,ϵ′⊥. To recover information about the kernel of

the persistent combinatorial Laplacian, i.e., the persistent Betti numbers, we must introduce

a gap in the spectrum by considering a shifted version of the persistent Dirac operator.

Definition 3.2. Let Bϵ,ϵ′ denote the persistent Dirac operator introduced in Def. 3.1, and

take ξ > 0. Then we define the ξ-shift persistent Dirac operator Bϵ,ϵ′ [ξ] as Bϵ,ϵ′ [ξ] := Bϵ,ϵ′ −

ξP , where P is defined in (3.8).

Based on Definition 3.2, one may rewrite Bϵ,ϵ′ [ξ] as a block matrix

Bϵ,ϵ′ [ξ] =


−ξP ϵ P ϵ∂P ϵ 0

P ϵ∂∗P ϵ ξP ϵ P ϵ∂P ϵ,ϵ′

0 P ϵ,ϵ′∂∗P ϵ −ξP ϵ,ϵ′

 . (3.11)

Next, by shifting the persistent Dirac operator, we introduce a gap in its spectrum which

is needed to avoid overcounting of vectors in the kernel of the persistent combinatorial

Laplacian. Theorem 3.2 states that we can use the positive eigenvalues of the shifted

persistent Dirac operator to recover the full spectrum of the persistent combinatorial

Laplacian Lϵ,ϵ′ .
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Theorem 3.2. The eigenspaces of the persistent combinatorial Laplacian introduced in

Eq. (2.7) have a one-to-one correspondence with the eigenspaces of the ξ-shift persistent

Dirac operator introduced in Def. 3.2 corresponding to a positive eigenvalue. In particular,

for any eigenvalue γ of the persistent combinatorial Laplacian Lϵ,ϵ′ with corresponding

eigenvector |ψ1⟩, there is a unique choice of λ > 0, |ψ0⟩ and |ψ2⟩ such that the quantum

state |0⟩ |ψ0⟩ + |1⟩ |ψ1⟩ + |2⟩ |ψ2⟩ is an eigenvector of Bϵ,ϵ′ [ξ] with eigenvalue λ. Moreover,

|ψ0⟩ , |ψ1⟩ ∈ Hϵ and |ψ2⟩ ∈ Hϵ,ϵ′, and the eigenvalues satisfy λ2 − ξ2 = γ.

Proof. The vector |0⟩ |ψ0⟩+ |1⟩ |ψ1⟩+ |2⟩ |ψ2⟩ is an eigenstate of the ξ-shift persistent Dirac

operator if and only if it satisfies the conditions

−ξP ϵ |ψ0⟩+ P ϵ∂P ϵ |ψ1⟩ = λ |ψ0⟩ (3.12a)

P ϵ∂P ϵ,ϵ′ |ψ2⟩+ ξP ϵ |ψ1⟩+ P ϵ∂∗P ϵ |ψ0⟩ = λ |ψ1⟩ (3.12b)

P ϵ,ϵ′∂∗P ϵ |ψ1⟩ − ξP ϵ,ϵ′ |ψ2⟩ = λ |ψ2⟩ (3.12c)

Notice that for λ > 0 the left hand side of Eqs. (3.12a) and (3.12b) are again contained

in Hϵ, similarly the left side of Eq. (3.12c) is in Hϵ,ϵ′ . This implies that the corresponding

eigenvectors must satisfy |ψ0⟩ , |ψ1⟩ ∈ Hϵ and |ψ2⟩ ∈ Hϵ,ϵ′ . Therefore, we may rewrite the

conditions as

P ϵ∂P ϵ |ψ1⟩ = (λ+ ξ) |ψ0⟩ (3.13a)

P ϵ∂P ϵ,ϵ′ |ψ2⟩+ P ϵ∂∗P ϵ |ψ0⟩ = (λ− ξ) |ψ1⟩ (3.13b)

P ϵ,ϵ′∂∗P ϵ |ψ1⟩ = (λ+ ξ) |ψ2⟩ (3.13c)

Furthermore, since λ ̸= −ξ, we can express |ψ0⟩ and |ψ2⟩ in terms of |ψ1⟩ using

Equations (3.13a) and (3.13c), respectively, and then substitute into Eq. (3.13b) to obtain(
P ϵ∂∗∂P ϵ + ∂P ϵ,ϵ′∂∗P ϵ

)
|ψ1⟩ = (λ2 − ξ2) |ψ1⟩. Therefore, |ψ1⟩ is an eigenvector of the

persistent combinatorial Laplacian Lϵ,ϵ′ with eigenvalue γ = λ2 − ξ2. In particular, the

kernel of Lϵ,ϵ′ and hence the persistent Betti numbers are given by λ = ξ.
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3.4 Quantum Phase Estimation

We may recover the persistent Betti number βϵ,ϵ
′

k as the dimension of the eigenspace of the

ξ-shift persistent Dirac operator Bϵ,ϵ′ [ξ] introduced in Def. 3.2 with eigenvalue λ = ξ. To

estimate the dimensions of the eigenspaces of the shifted persistent Dirac operator we use

a quantum phase estimation algorithm described below. This method not only yields the

persistent Betti numbers but also the non-harmonic spectra of the Laplacian in Eq. (2.7).

For explicit calculations, we restrict Bϵ,ϵ′ [ξ] to the desired dimension k, by restricting

attention to the Hilbert space of states |ψ⟩ = |0⟩ |ψ0⟩+ |1⟩ |ψ1⟩+ |2⟩ |ψ2⟩, where |ψ0⟩ ∈ Hk−1,

|ψ1⟩ ∈ Hk, |ψ2⟩ ∈ Hk+1 (see Subsection 3.4.1). Starting with the uniform state in Eq. (3.19),

we copy the basis states to create the maximally entangled state |s̃⟩12 =
1√
N

∑N
a=1 |ea⟩1 |ea⟩2.

Since Bϵ,ϵ′

k [ξ] is self-adjoint, we can find an orthonomral basis Λ of eigenvectors |λ⟩ and rewrite

|s̃⟩12 =
1√
N

∑
|λ⟩∈Λ |λ⟩1 |λ⟩2.

Next, we introduce a register of qubits R in the state |R⟩R = 1√
M

∑M−1
y=0 |y⟩R and entangle

the registers 2 and R by applying UB, a unitary version of Bϵ,ϵ′

k [ξ] given by

UB = e2πilyB
ϵ,ϵ′
k [ξ]/M , (3.14)

whereM and l are positive integers that can be adjusted at will. We obtain the quantum state

UB |s̃⟩12 |R⟩R = 1√
NM

∑
|λ⟩∈Λ

∑M−1
y=0 e2πilyλ/M |λ⟩1 |λ⟩2 |y⟩R. For details of the implementation

of Eq. (3.14), see Subsection 3.4.1.

Finally, we perform the quantum Fourier transform UQFT |y⟩ = 1√
M

∑M−1
p=0 e−2πipy/M |p⟩

on the register R, and the state of the system becomes

UQFTUB |s̃⟩12 |R⟩R =
1

M
√
N

∑
λ∈Λ

M−1∑
y=0

M−1∑
p=0

e2πi(lλ−p)y/M |λ⟩1 |λ⟩2 |p⟩R . (3.15)

Notice that we can sum over y to rewrite the coefficients in Eq. (3.15) as
e2πilλ − 1

e2πi(lλ−p)/M − 1
.

Moreover, these coefficients are strongly peaked at p ≈ lλ, and at the peaks, the coefficients

are approximately equal to M . Therefore, UQFTUB |s̃⟩12 |R⟩R ≈ 1√
N

∑
|λ⟩∈Λ |λ⟩1 |λ⟩2 |lλ⟩R.
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Ameasurement of the registerR yields p with probability P(p) = ∥R ⟨p|UQFTUB |s̃⟩12 |R⟩R∥
2

which can be written as

P(p) =
1

N

∑
λ

gλ(p) , with gλ(p) =
1

M2

sin2 πlλ

sin2 π(lλ−p)
M

. (3.16)

Approximately, the probability P(p) vanishes for all p, except at p ≈ lλ. At the peaks,

each eigenvalue contributes 1/N . Therefore, each peak is approximately proportional to the

multiplicity of the corresponding eigenvalue. In particular, for p = lξ, which corresponds to

the eigenvalue of interest λ = ξ, the probability in Eq. (3.16) becomes

P(l) =
βϵ,ϵ

′

k

N
+

1

M2N

∑
λ̸=ξ

sin2 πlλ

sin2 πl(λ−1)
M

. (3.17)

In the limit of Eq. (3.17) as M → ∞, the sum over eigenvalues λ ̸= ξ vanishes, and we

obtain βϵ,ϵ
′

k = NP(lξ).

If one is interested in the whole spectrum of the persistent combinatorial Laplacian, M

and l must be chosen in a way that the positive spectrum of the shifted Dirac operator

is covered with the different values of p. Notice that each eigenvalue is approximated as

λ ≈ p
l
. If we are only interested in the harmonic spectra of the persistent combinatorial

Laplacian, we only need to capture the peak at p ≈ lξ and make sure it is resolved from

other neighboring peaks.

3.4.1 Implementation of an exponential operator

Relying on [87], we review the construction of the exponential operator eitB
ϵ,ϵ′
k [ξ], where the

shifted Dirac matrix Bϵ,ϵ′

k [ξ] is defined in Eq. (3.11). This construction is needed for the phase

estimation algorithm described in Section 3.4 (See Eq. (3.14)). We start by constructing the

SWAPB operator from the shifted Dirac operator Bϵ,ϵ′

k [ξ],

S ≡ SWAPB =
∑
ψ,ϕ

Bϵ,ϵ′

k [ξ](ψ, ϕ) |ϕ⟩ ⟨ψ| ⊗ |ψ⟩ ⟨ϕ| , Bϵ,ϵ′

k [ξ](ψ, ϕ) = ⟨ψ|Bϵ,ϵ′

k [ξ] |ϕ⟩ , (3.18)
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where |ψ⟩ = |0⟩ |ψ0⟩ + |1⟩ |ψ1⟩ + |2⟩ |ψ2⟩, with |ψ0⟩ ∈ Hk−1, |ψ1⟩ ∈ Hk, |ψ2⟩ ∈ Hk+1, and

similarly for |ϕ⟩. Let N be the dimensionality of the Hilbert space in which |ψ⟩ and |ϕ⟩ live

and {|ea⟩ , a = 1, . . . ,N} an orthonormal basis for the Hilbert space under consideration.

With the choice ξ = 1, all matrix elements of the N ×N matrix Bϵ,ϵ′

k [ξ](ea, eb) ∈ {0,±1}

and the matrix S can be efficiently constructed. Then we construct the exponential SWAPB

operator ei∆tS , which can be done efficiently because S is a one-sparse matrix. Next, we act

on the state |s⟩ ⊗ |Ψ⟩, where |s⟩ is the uniform state

|s⟩ = 1√
N

N∑
a=1

|ea⟩ , (3.19)

and |Ψ⟩ is an arbitrary state in the subspace on which Bϵ,ϵ′

k [ξ] acts. After trac-

ing over the space in which |s⟩ lives, we obtain tr1
[
e−i∆tS |s⟩ ⟨s| ⊗ |Ψ⟩ ⟨Ψ| ei∆tS

]
=

e−iB
ϵ,ϵ′
k [ξ]∆t/N |Ψ⟩ ⟨Ψ| eiB

ϵ,ϵ′
k [ξ]∆t/N + O(∆t2), which projects onto the state e−iB

ϵ,ϵ′
k [ξ]∆t/N |Ψ⟩

up to second order in ∆t. The desired state e−itB
ϵ,ϵ′
k [ξ] |Ψ⟩ for finite t can be obtained by

repeating the above construction as many times as needed.

3.5 An application

This Section demonstrates how our algorithm computes persistence Betti numbers, which

track topological features across different scales. This extends previous work in [55] and [56]

where the proposed quantum algorithms calculated Betti numbers only without addressing

persistence features. To do this, we apply our method to the data set suggested in [88] and

described below for the sake of completeness.

Consider a point cloud of 8 points consisting of two well-separated squares, as in

Figure 3.1a. The smaller square has sides of length 1, while the larger square has sides

of length
√
2. The distance between the two squares exceeds 2. It is easy to see that the

smaller square produces a loop in the VR complex at scale 1 (Figure 3.1b) which disappears

at scale
√
2, while at the same time the larger square produces a new loop (Figure 3.1c).

It follows that for 1 < ϵ1 <
√
2 < ϵ2 < 2, the one-dimensional persistent Betti numbers
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corresponding to the point cloud of Figure 3.1 are

βϵ1,ϵ11 = 1 , βϵ2,ϵ21 = 1 , βϵ1,ϵ21 = 0 . (3.20)

It should be pointed out that the algorithms proposed in [55, 56] can detect the number

of loops in the VR complex at scales ϵ1 and ϵ2 by computing βϵ1,ϵ11 and βϵ2,ϵ21 , respectively.

However these Betti numbers do not hold any persistence information. The algorithms

in [55, 56] cannot calculate the persistence Betti number βϵ1,ϵ21 which holds the persistence

information (number of loops present at scale ϵ1 that persist to scale ϵ2). Thus, these

algorithms cannot track topological features across different scales. Moreover, even though

βϵ1,ϵ11 = βϵ2,ϵ21 , the persistence Betti number cannot be deduced from βϵ1,ϵ11 and βϵ2,ϵ21 . This

is because it indicates that the loops at scales across
√
2 are different, which is additional

information to the existence of a loop encoded in the other two Betti numbers.

Figure 3.3 shows the quantum circuit for the calculation of Betti number βϵ1,ϵ21 . The Dirac

operator Bϵ1,ϵ2
1 [ξ] acts on an 12-dimensional Hilbert space. For ξ = 1, the eigenvalues are

λ = −1,±
√
5, each of degeneracy 4. Notice that 1 is not an eigenvalue, therefore βϵ1,ϵ21 = 0.

This is confirmed by the probabilities from the quantum algorithm depicted in Figure 3.2 as

explained below.

A register of 4 qubits initially in the state |0000⟩1 is brought into the state 1
4

∑15
x=0 |x⟩1,

by acting with the Hadamard matrix on each qubit. Then we use them as control to apply

CNOT on each of 4 qubits in an additional register in the state |0000⟩2, thus entangling them

to the state 1
4

∑15
x=0 |x⟩1 |x⟩2. We introduce a third register of 4 qubits (choosing M = 16)

in the state |0000⟩R and act on each with the Hadamard gate to bring them into the state

1
4

∑15
y=0 |y⟩R. We then use them as control to act on register 2 with the exponential of the

shifted Dirac operator (see Section 3.4 for details). Finally, we measure all 4 qubits in the

register R. The result is the probability distribution P(p), where p = 0, 1, . . . , 15 (Eq. (3.16))

depicted in Figure 3.2c. With the choice l = 3, M = 16, a measurement of the register of 4

qubits yields no peak at p = 3, showing that βϵ1,ϵ21 = 0.

The persistent Betti number βϵ1,ϵ11 is calculated using an eight-dimensional Hilbert space.

The eigenvalues of the persistent Dirac operator for ξ = 1 are ±1,±
√
3,±

√
5. Two of the

32



(a) (b) (c)

Figure 3.1: (a) A two square point cloud data set with the same characteristics as featured
in [88]; Construction of the VR at two different scales. Precisely, (b) at ϵ1; and (c) at ϵ2 > ϵ1.

(a) (b) (c)

Figure 3.2: Probability density corresponding to the persistent Dirac operator (a) Bϵ1,ϵ1
1 [ξ],

(b) Bϵ2,ϵ2
1 [ξ], and (c) Bϵ1,ϵ2

1 [ξ], with ξ = 1, l = 3, M = 16. The heights at p = 3, multiplied
by the dimension of the Hilbert space (8, 22, and 12, respectively), yield the Betti numbers
βϵ1,ϵ11 = βϵ2,ϵ21 = 1, and the persistent Betti number βϵ1,ϵ21 = 0.

|0⟩ H •

|0⟩ H •

|0⟩ H •

|0⟩ H •
|0⟩

UB
|0⟩
|0⟩
|0⟩
|0⟩ H •

UQFT
|0⟩ H •

|0⟩ H •

|0⟩ H •

Figure 3.3: Quantum circuit for the calculation of Betti number βϵ1,ϵ21 .
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eigenvalues (±
√
3) are degenerate with multiplicity 2. We are interested in the multiplicity

of the eigenvalue λ = ξ = 1, which is shown to be 1 by the peak at p = 3 of height 1/8

(see Fig.3.2a). The closest eigenvalue to λ = 1 is λ =
√
3 which is near p = 5. Thus, the

peak at the nearest eigenvalue is well separated from the one of interest (in Figure 3.2a), one

can see a dip at p = 4, and the height P(5) ≈ 2
8
, confirming the double degeneracy of the

eigenvalue λ =
√
3. The quantum circuit flows as the one in Figure 3.3 but with registers 1

and 2 having 3 qubits each.

The calculation of Betti number βϵ2,ϵ21 proceeds similarly. The Hilbert space is 22-

dimensional and for ξ = 1, the eigenvalues are the same as for βϵ1,ϵ11 , but with degeneracies

1, 3, 2, 7 for λ = 1,−1,±
√
3,±

√
5, respectively. The distance from the eigenvalue of interest

(λ = 1) to its closest one (λ =
√
3) is same as before, therefore we can choose l = 3,M = 16,

again. The quantum circuit is similar to the one in Figure 3.3 except that registers 1 and 2

need 5 qubits each. The resulting probability distribution is depicted in Figure 3.2b showing

that βϵ2,ϵ21 = 1.
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Chapter 4

Quantum Persistent Homology for

Time Series
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My next contribution extends the quantum algorithm described in Chapter 3 as well as

similar ones [61, 62] to consider time series data set by defining a membership oracle based

on Takens’ delay embedding (see Section 2.4). This work was published in [63].

4.1 Encoding Data and Simplices

Consider a discrete time series xt, t = 1, 2 . . . , T , such that T > 0 is an integer. The data are

stored in a QRAM, allowing for their quantum parallel access. The QRAM maps a quantum

state |t⟩ |0⟩ to the state |t⟩ |xt⟩ where |xt⟩ is a state normalized to reflect the value xt. Such

states can be encoded using O(log2 T ) qubits.

Recall that the point cloud relates to the time series via the vectors vi given in Eq. (2.8).

We use T−τd qubits to encode these points so that any simplex σ formed with these points is

represented by a quantum state |σ⟩, with the qubits corresponding to points in the simplex in

state |1⟩, and all other qubits in state |0⟩. A balanced superposition of the states represents

the maximal simplicial complex S. Define Z3 = {−1, 0, 1}. Using these quantum states as

a basis of the generated Hilbert space over Z3 encodes the chain complex needed to extract

the desired topological features.

4.2 Quantum Delay Embedding

Considering the time series data xt, along with the embedding parameters, the dimension,

d, of the space to which the times series is embedded, and the delay parameter, τ , one

may check for membership in a simplicial complex by first computing the distances between

points vi in the embedded point cloud, defined in Eq. (2.8). The distance between two points

vi and vj of the delay embedded time series is given by

D(vi, vj) = max
0≤t<d

|xi+tτ − xj+tτ |. (4.1)

With the ability to create quantum states encoding the values xt, we can construct a

quantum circuit that takes input states of the form |t1⟩ |t2⟩ |0⟩ and returns the output state
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|t1⟩ |t2⟩ ||xt1 − xt2|2⟩, where the last register contains an estimate of the difference between

xt1 and xt2 . To obtain an estimate with accuracy δ it is necessary to make O(δ−1) calls to

the QRAM and O
(
δ−1(log2 T )

2) quantum operations [89, 55]. Moreover, this circuit can

also operate in quantum parallel.

Notice that a simplex σ is in the VR complex Sϵ if and only if for each pair of vertices

vi and vj in the simplex, D(vi, vj) ≤ ϵ, where the distance, D, is defined in Eq. (4.1). Being

able to compute the difference |xt1 − xt2 | allows us to create an oracle Oϵ that verifies if the

difference |xt1 − xt2| ≤ ϵ. Such an oracle takes as input the state |t1⟩ |t2⟩ |1⟩ and returns the

state |t1⟩ |t2⟩ |aϵ⟩, where

aϵ =

 1 , |xt1 − xt2 | ≤ ϵ

0 , |xt1 − xt2| > ϵ
. (4.2)

Given a simplex σ encoded as the quantum state |σ⟩, where the qubits in state |1⟩

correspond to the vertices of σ, we can make repeated calls to the oracle Oϵ to check if the

simplex belongs to the VR complex at scale ϵ. In particular, we need to verify the inequality

for all t1 = i + tτ and t2 = j + tτ with 0 ≤ t < d and i < j such that vi and vj are vertices

of σ, where d and τ as in Eq. (2.8) must be chosen according to the data. The vertices vi, vj

are obtained from the quantum state |σ⟩, and they correspond to the qubits in state |1⟩.

One concludes that σ is in Sϵ if all the calls to the oracle Oϵ yield an output with the last

qubit in state |1⟩. However, if at least one of the calls returns an output with the last qubit

in state |0⟩, it means the simplex is not yet present at that scale.

To that end, for fixed d and τ , a membership oracle Oϵ
d,τ is constructed such that it acts

on a quantum state |σ⟩ |1⟩ according to

Oϵ
d,τ |σ⟩ |1⟩ =

 |σ⟩ |1⟩ , σ ∈ Sϵ

|σ⟩ |0⟩ , σ /∈ Sϵ
. (4.3)

The membership oracle, Oϵ
d,τ , makes at most dk(k + 1)/2 calls to the oracle Oϵ in order

to determine whether a simplex σ of dimension k is present in the VR complex at scale ϵ.
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4.3 Quantum Algorithm for Time Series

Having established a membership oracle Oϵ
d,τ , defined in Eq. (4.3), allows to consider a

quantum persistent homology algorithm for time series. First, one uses T − τd qubits to

represent the point cloud points, vi, defined in Eq. (2.8), which result from the embedding.

Then, a simplex σ is represented by the quantum state |σ⟩, where the qubits corresponding

to the vertices of σ are in state |1⟩, and all others are in state |0⟩. The boundary map ∂ is

essential to extract the topological features and it can be encoded using Pauli X operators,

which are switches that change state |0⟩ into state |1⟩ and vice versa. The boundary operator

given in Eq. (3.2) maps a simplex |σk⟩ of dimension k into a superposition of the (k − 1)-

simplices that conform its boundary, which are none other than the simplices obtained by

removing each of the vertices in σk.

Given two fixed scales ϵ ≤ ϵ′, the membership oracle in Eq. (4.3) is used to implement

the projection operators, P ϵ and P ϵ′ , onto the subspaces that encode the VR complexes

Sϵ and Sϵ
′
. The projections are in turn used to build a persistent Dirac operator as in

Section 3.3. In order to obtain all persistent Betti numbers at various scales and represent

them onto persistence diagrams, one needs to consider an increasing sequence of scales

ϵ0 < · · · < ϵn, chosen according to the data. Then one implements the aforementioned

quantum methodology to obtain the persistent Betti numbers β
ϵi,ϵj
k for each pair ϵi, ϵj with

0 ≤ i ≤ j ≤ n. Since the estimations are independent, this can be done in parallel.

Finally, once we have all possible Betti numbers, and the scales, which appear and disappear,

one may depict them onto persistence diagrams. Indeed, if µϵ,ϵ
′

k denotes the number of

k−dimensional holes that appear in scale ϵ and disappear at scale ϵ′, we have µ
ϵi,ϵj
k =

β
ϵi,ϵj−1

k − β
ϵi,ϵj
k −

(
β
ϵi−1,ϵj−1

k − β
ϵi−1,ϵj
k

)
.
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4.4 Results

We consider two time series and use the methodology described above to discover their shape

properties. The first data is a simulated periodic discrete time series, and the second is a

segment from an electroencephalography (EEG) measurement of a brain taken while the

subject listened to music [90]. In both cases the task is to employ the quantum framework

of Section 4.3 by first embedding the time series into a point cloud using the quantum delay

embedding, and then examining the topological features of the corresponding embedded

point clouds using the quantum persistent homology algorithm. Precisely, we simulate the

quantum states and membership oracle Eq. (4.3) to construct a matrix representation of the

persistent Dirac operator introduced in Section 3.3. Then we obtain the eigenvalues of this

matrix as in Section 3.4 to estimate the persistent Betti numbers.

4.4.1 Periodic time series example

Consider the discrete time series based on the periodic function sin(2πt). Using a delay d =

2, τ = 1, the time series is embedded into the 2-dimensional point cloud as shown in Fig. 4.1.

Notice that this function has one maximum (or minimum) per period, which translates to

one hole in the corresponding embedded point cloud, constructed by the quantum Taken’s

delay embedding.

To construct the persistence diagram, an increasing sequence of twenty-five different

scales starting at ϵ0 = 0.0 < ϵ1 = 0.1 < · · · < ϵ24 = 2.4 with step size 0.1 is taken into

account. Using the quantum persistent homology algorithm, the persistent Betti numbers of

dimensions 0 and 1 for each possible pair of scales are computed, and depicted in Fig. 4.3.

As expected (see Fig. 4.2), a single one dimensional hole exists due to periodicity, and this is

born at scale 1 and died at scale 2. On the other hand, the number of connected components,

which is initially four, is reduced to one when the one dimensional hole is formed at scale 1.
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Figure 4.1: (a) The graph of sin(2πt) (blue line) along with a discrete time series (orange dots)
given by t = 0, 1/4, 1/2, 3/4, 1. (b) The point cloud obtained by Takens’s delay embedding
using τ = 1 and d = 2.

Figure 4.2: Vietoris Rips complexes of the embedded point cloud associated with the
sinusodial signal of Fig. 4.1 at scales (a) ϵ1 = 1.2, the points are pairwise connected, which
results in a hole in the middle; and (b) ϵ2 = 2.2, the points become totally connected and
the hole disappears. The blue squares are the balls of diameter ϵi around each point.
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Figure 4.3: Persistence diagram for the time series in Fig 4.1. The horizontal axis marks the
scales at which the topological features are born, while the vertical axis marks the scales at
which they disappear. The size of the dots represents the number of features that appear and
disappear at the same scales. Finally, the orange dots along the vertical axis represent the
connected components, while the blue dots closer to the diagonal line are the one dimensional
holes.

41



4.4.2 An electroencephalogram example

A segment of fifty measurements from an electroencephalogram (EEG) signal while the

subject listened to music is considered in Fig. 4.4.

The point cloud obtained using the quantum delay embedding algorithm for a delay

τ = 8 and d = 2 is shown in Fig. 4.4. Next, the persistence diagrams are constructed using

the quantum persistent homology algorithm for an increasing sequence of scales ϵk = k,

for k = 0, . . . , 15. The persistence diagram of dimensions 0 (connected components) and 1

(holes) are depicted in Fig. 4.5. In this case one may see a number of small one dimensional

holes that appear and disappear very quickly indicating that the segment of the signal is not

periodic. The number of connected components is reduced quickly as shown by the large

circles near the origin. Nevertheless, a few survive past scale 6 which indicates the presence

of clusters in Fig. 4.4 (b).
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Figure 4.4: (a) A segment of an EEG signal measured while the subject listened to music [90].
(b) The point cloud obtained by the Takens’s delay embedding using τ = 8 and d = 2.

Figure 4.5: Persistence diagram for the time series in Fig 4.4. The horizontal axis states the
scales at which the topological features are born, while the vertical axis marks the scales at
which they disappear. The size of the dots represents the number of features that appear and
disappear at the same scales. Finally, the orange dots along the vertical axis represent the
connected components, while the blue dots closer to the diagonal line are the one dimensional
holes.
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Chapter 5

Quantum Distance Approximation for

Persistence Diagrams
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Finally, I formulate combinatorial optimization problems over binary variables to

compute the distances between persistence diagrams defined in Section 2.5, and then

construct quantum algorithms to estimate the solution to the optimization problems, which

provides a quantum approach to compare persistence diagrams. This result is published

in [69].

5.1 Quantum Algorithm for Wasserstein Distance

We begin by creating an optimization problem that encodes the Wasserstein distance between

persistence diagrams introduced in Def. 2.8. Let D1,D2 be persistence diagrams and consider

a weighted graph G = (V,E). The vertex set V consists of the points in xi ∈ D1 and yj ∈ D2

along with an auxiliary vertex x̃i or ỹj for each point. These auxiliary vertices represent the

projection of a point to the diagonal of the diagram and are meant to penalize unmatched

points when the diagrams have different cardinality. The edge set E on the other hand is

formed by all the possible edges (xi, yj) between points xi ∈ D1 and yj ∈ D2, as well as

the edges between each point and their auxiliary vertex (xi, x̃i) or (ỹj, yj). A main edge

is defined to be an edge connecting some xi ∈ D1 and yj ∈ D2. The main edges produce

a complete bipartite graph between the points in the persistence diagrams with leaves to

vertices that represent the closest point on the diagonal to each point. See Fig. 5.1 for a

visual representation of this graph.

Consider the optimization problem over binary variables

minimize C =
∑
e∈E

weδe (5.1)

subject to
∑
e∼v

δe = 1 , ∀v ∈ D1,D2 (5.2)

where δe ∈ {0, 1} is 1 if edge e is present in the matching and 0 if it is not. The weight of

edge e is represented by we, and e ∼ v denotes the edges incident to vertex v.
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x1 y1

· · · · · ·

xn ym

x̃1 ỹ1

· · · · · ·

x̃n ỹm

∥Px1 − x1∥pq ∥x1 − y1∥pq ∥y1 − Py1∥pq

Figure 5.1: Graph connecting the points of two persistence diagrams.
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Lemma 5.0.1. The solution to the optimization problem as defined in Eqs. (5.1) and (5.2)

using the weights

we =


∥xi − yj∥pq e = (xi, yj)

∥xi − Pxi∥pq e = (xi, x̃i)

∥Pyj − yj∥pq e = (ỹj, yj)

(5.3)

is the distance dWp (D1,D2) introduced in Def. 2.8. Here, Px = 1
2
(a+ b, a+ b)T denotes the

projection to the diagonal of x = (a, b)T .

Proof. The cost function in Eq. (5.1) represents the sum in Def. 2.8, while the constraints in

Eq. (5.2) ensure that each vertex is matched exactly once in order to encode the bijections

between D̃∞ and D̃∈. Notice that the auxiliary vertices represent the projection of each

point to the diagonal, and the weight that is assigned to the corresponding edges is simply

the distance to the diagonal. For a choice of δe’s that satisfies the constraints and with ϕ the

bijection that corresponds to it, the cost in Eq. (5.1) is simply Cost[ϕ] =
∑

x∈D̃1
∥x−ϕ(x)∥pq .

Since taking the minimum over the different solutions to the constraints, Eq. (5.2) is the

same as taking the minimum over the bijections, and thus the result of the optimization

problem must be dWp .

Now we describe the quantum algorithm to compute the optimization problem within a

quantum framework given in Eq. (5.1) with the constraints as in Eq. (5.2). We use qubits

|e⟩ to encode the edges e ∈ E such that the state of |e⟩ corresponds to the binary variable

δe = 1 + δe mod 2. Thus a qubit |e⟩ in state |0⟩ means that edge e is present. In general

we can use n ×m qubits to identify the edges between points in the diagrams, along with

n+m more qubits for the edges to auxiliary vertices. The quantum states
⊗

e∈E |e⟩ encode

all the different sub-graphs of G. Throughout this paper, the quantum states are arranged

as in Eq. (5.4), where each row will correspond to a point in D1 and each column to a point

in D2. In particular this makes it easier to recover the respective matching.
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∣∣∣∣∣∣∣∣∣∣∣∣

(x1, y1) · · · (x1, ym) (x1, x̃1)
...

. . .
...

...

(xn, y1) · · · (xn, ym) (xn, x̃n)

(ỹ1, y1) · · · (ỹm, ym)

〉
(5.4)

In order to construct a Hamiltonian that encodes the cost function in Eq. (5.1) we need

to modify it to use the variables δe that correspond to the states of the qubits. Notice that

C =
∑

e∈E we−
∑

e∈E weδe, where we are the weights introduced in Eq. (5.3). Since the first

term is constant, minimizing Cost[ϕ] is equivalent to maximizing g =
∑

e∈E weδe. So we may

use the cost Hamiltonian Hg = 1
2

∑
e∈E we(I − Ze) whose ground state maximizes g. The

introduction of weights into the cost Hamiltonian Hg inspired by [81] is essential to capture

the distances between points of the persistence diagrams. This introduction of weights can

be recast as other QAOA variants, such as multi-angle QAOA [91]. This yields our unitary

cost operator

Ug = ei
γ
2

∑
e∈E weZe =

∏
e∈E

ei
γ
2
weZe =

∏
e∈E

RZe(−γwe) , (5.5)

where Ze and RZe(−γwe) are the Pauli-Z operator and the single qubit rotation over the

z-axis, respectively, acting on qubit |e⟩. We omit the constant term 1
2

∑
e∈E weI in the

Hamiltonian since it only adds a global phase e−i
1
2

∑
e∈E we to the unitary operator.

To encode the constraints in Eq. (5.2), we use control clauses f as in [74], to build an

individual mixing HamiltonianMe = f(e)Xe for each edge, where Xe is the Pauli-X operator

acting on qubit |e⟩.

Definition 5.1. We define the control clause f as the binary function on the set of edges E

such that

f(e) =


δe
∏

l ̸=i δxl,yj
∏

k ̸=j δxi,yk e = (xi, yj)

δe
∏|D2|

k=1 δxi,yk e = (xi, x̃i)

δe
∏|D1|

l=1 δxl,yj e = (ỹj, yj)

. (5.6)
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Notice that for an edge e = (xi, yj), the control clause f(e) will be 1 whenever both

points xi and yj are unmatched. On the other hand, for an edge to an auxiliary vertex

e = (xi, x̃i) the control clause f(e) will be 0 either when the point xi is unmatched, or when

its corresponding auxiliary vertex x̃i is unmatched. Similarly, for an edge e = (ỹj, yj), f(e)

is 0 if either yj or ỹj are unmatched. So this control clause captures the idea behind our

constraints of matching each point exactly once.

We use the individual mixing Hamiltonians Me to build an individual mixing unitary

operator for each edge

UM,e(β) = e−iβMe =
∧
f(e)

e−iβXe =
∧
f(e)

RXe(β), (5.7)

and these individual unitaries are applied in succession to build the complete mixing unitary

operator

UM(β) =
∏
e∈E

UM,e(β) =
∏
e∈E

e−iβMe =
∏
e∈E

∧
f(e)

RXe(β). (5.8)

Note however that the order in which one applies the individual operators matters, we

apply the operators corresponding to the main vertices first and those corresponding to

auxiliary vertices last. Our goal is to create a mixing operator that produces only quantum

states that satisfy the constraints of the problem. But the mixing unitary operator in

Eq. (5.8) creates some quantum states that do not satisfy the constraints in Eq. (5.2),

i.e. matchings that do not represent bijections. So, we must show that all of these problematic

quantum states have no effect on the optimization process. Indeed, as stated in Thm. 5.1,

we may relax the constraints of the problem so that any extra quantum states produced

by our mixing unitary satisfy these new constraints. Moreover, matchings corresponding to

extra quantum states are the result of adding edges from auxiliary vertices to the matchings

that do represent bijections. In particular, their cost will be greater and thus the minimum

will remain the same.

49



Theorem 5.1. The mixing operator UM(β) preserves the feasibility of quantum states. That

is, if the quantum state |s⟩ represents a matching that satisfies the constraints

∑
(i,j)∼v

δ(i,j) ≤ 1 , for all v ∈ D1,D2

∑
e∼v

δe ≥ 1 , for all v ∈ D1,D2

(5.9)

then UM(β) |s⟩ also satisfies these constraints. Moreover, the minimum of the cost function

in Eq. (5.1) over these constraints is the same as the minimum over the constraints in

Eq. (5.2).

Proof. We first give some intuition about these new constraints and show that the minimum

remains the same. Notice that the first constraint asks that a point v in one of the persistence

diagrams is matched at most once to points in the other diagram. The second constraint

requires that every point in the persistence diagrams is matched at least once. This means

that points in a persistence diagram Di, i ∈ {1, 2} could be incident to more than one edge,

but only one of the edges will connect it to a point in the other diagram and all other edges

connect to auxiliary vertices. So the solutions to these constraints will be matchings that

represent a bijection or matchings that result of adding connections to auxiliary vertices

from a bijection. In particular, any solution to the constraints in Eq. (5.2) is also a solution

to Eq. (5.9), and any solution to the latter that is not also a solution to the former must

have a larger cost.

Now, given a quantum state |s⟩ which satisfies the constraints in Eq. (5.9), we show that

UM,e(β) |s⟩ also satisfies the constraints for arbitrary e ∈ E. This in turn proves that UM(β)

preserves the feasibility of quantum states as it is defined as a product of the individual

unitaries.

From Eq. (5.7) note that there are only two possible cases for UM,e(β) |s⟩ depending on

the value of f(e). First, if f(e) = 0 the output state is simply |s⟩. On the other hand, when

f(e) = 1 the resulting state is cos βI |s⟩ − i sin βXe |s⟩. The first term is just |s⟩ scaled by a

constant, so we only need to verify that the second term is feasible.
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Notice that the second term Xe flips the qubit |e⟩ but it is only applied when f(e) = 1. If

e = (xi, yj) is an edge between points in the diagrams, f(e) = 1 if and only if δe, δi,k, δl,j = 0

for all l ̸= i and k ̸= j, that is, the edge e = (xi, yj) is added to the matching if there are

no other main edges containing vertices xi or yj. Since this operation adds an edge, the

second constraint in Eq. (5.9) is trivially satisfied, moreover the first constraint is satisfied

because the edge is only added if that sum is equal to zero. On the other hand, if e = (xi, x̃i)

(or (ỹj, yj)) is an edge to an auxiliary vertex, f(e) = 1 whenever δe = 1 and at least one

of δi,k for 1 ≤ k ≤ |D2| (or δl,j for 1 ≤ l ≤ |D1|) is non-zero, in other words, we remove

the edge e = (xi, x̃i) (or (ỹj, yj)) from the matching if there is a main edge connecting the

corresponding vertex xi (or yj) to a vertex in the other diagram. So, the first constraint in

Eq. (5.9) is unaffected and the second one is still satisfied as we only remove an edge if the

corresponding sum is at least 2. All in all, UM,e(β) |s⟩ is a superposition of quantum states

whose corresponding matchings satisfy the constraints in Eq. (5.9).

Another important property of our mixing operator is that it produces every solution to

the relaxed constraits in Eq. (5.9) in a single iteration. Using the mixing operator again will

change the amplitudes of the quantum states but it will not create any new states. For this

reason we also use the mixing operator to initialize the algorithm with a superposition of

only the necessary quantum states to solve the optimization problem.

Theorem 5.2. Applying each of the n×m+ n+m unitaries UM,e(β) in sequence starting

with the initial state ∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 0
...

. . .
...

...

1 · · · 1 0

0 · · · 0

〉
(5.10)

yields a superposition of all possible matchings that satisfy Eq. (5.9) with non-zero amplitudes.

Proof. Notice that one may obtain all solutions to Eq. (5.9) by finding every possible choice

for the main n×m edges that satisfy the first constraint, and then for each of these obtaining

the different combinations of the n+m auxiliary edges that satisfy the second constraint. So,
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we first apply the unitaries corresponding to the main edges to produce the solutions to the

first constraint while keeping all the auxiliary edges on. After which we use the remaining

unitaries to get the combinations of auxiliary edges. Since every unitary keeps the quantum

state it acts on, either whole or scaled by cos β, this process yields all matchings that satisfy

Eq. (5.9).

Let e1, . . . , eN be any ordering of the n×m main edges, we want to prove that applying

their corresponding unitaries in sequence will produce a superposition of all solutions to the

first constraint in Eq. (5.9). We proceed by induction, where we will prove that applying

UM,ek to the superposition of all feasible matches using only edges e1, . . . , ek−1, yields a

superposition of all feasible matchings using only edges e1, . . . , ek. Since the case for k = 1

starts with the quantum state in Eq. (5.10), f(e1) will always equal 1 and the result of

applying UM,e1 is a superposition of this trivial matching and the matching which includes

only edge e1. For k > 1, assume we have a superposition of all feasible matchings with

edges e1, . . . , ek−1 and notice that applying UM,ek to any one of these matchings can have

two possible outcomes. Indeed if f(ek) = 0 the matching remains unchanged. On the other

hand, if f(ek) = 1 the output will be a combination of the input matching and the matching

that results from adding edge ek. Therefore, UM,ek will retain all the matchings with only

edges e1, . . . , ek−1 and produce all feasible matchings that result from adding edge ek, which

yields a superposition over all feasible matchings that use only edges e1, . . . , ek.

Now let e′1, . . . , e
′
N ′ be any ordering of the n +m auxiliary edges. We prove in a similar

way that given the superposition that results of the previous step, applying the auxiliary

unitaries in sequence yields a superposition of all possible solutions to Eq. (5.9). Indeed,

applying UM,e′1
to each of the matchings in the superposition from the previous step gives

either the same matching when f(e′1) = 0 or a combination of the input matching and

the one that results of removing edge e′1 when f(e′1) = 1, producing all feasible choices

for e′1. In the same manner, applying UM,e′k
to the superposition with all feasible choices

for edges e′1, . . . , e
′
k−1 will produce a superposition with all feasible combinations for edges

e′1, . . . , e
′
k.
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Remark 5.1. This quantum algorithm uses n × m + n + m logical qubits to encode the

edges and a few extra ancillary qubits for the controls. One must apply the individual mixing

operator for each edge in sequence, which requires n×m+n+m multi-qubit controled rotation

gates RX , as well as n×m + n +m single qubit rotations RZ for the cost operator. So the

overall cost of the algorithm is O(nm) operations, which is better than O(n2m) operations

needed by the Hungarian algorithm used to compute this distance classically.

5.2 A More Efficient Distance

We proceed in a similar manner by describing the optimization problem and then building

a quantum algorithm to solve it. Let D1,D2 be persistence diagrams such that their

cardinalities satisfy the relationship, |D1| ≤ |D2|. Consider a weighted graph G = (V,E).

This time the vertex set V consists of the points in xi ∈ D1 and yj ∈ D2 along with

an auxiliary vertex ỹj for each point in D2. The auxiliary vertices still serve the purpose

of penalizing any unmatched points due to a difference in cardinality, but now they also

compute min(c, ∥xi − yj∥q). The edge set E on the other hand is formed by all the possible

edges (xi, yj) between points xi ∈ D1 and yj ∈ D2, as well as the edges between each point

in D2 and their auxiliary vertex (ỹj, yj). This results in a smaller graph, which in turn will

reduce the number of qubits and controls needed for the quantum algorithm. See Fig. 5.2

for a visual representation of this graph.

Now consider the following optimization problem over binary variables.

minimize C =
∑
e∈E

weδe (5.11)

subject to
∑
e∼v

δe = 1 , ∀v ∈ D2

and
∑
e∼v

δe ≤ 1 , ∀v ∈ D1

(5.12)

The first constraint ensures that every point in D2 is matched exactly once, either to a

point in D1 or to its auxiliary vertex. On the other hand, the second constraint allows points
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x1 y1

· · · · · ·

xn ym

ỹ1

· · ·

ỹm

∥x1 − y1∥pq cp

Figure 5.2: Graph connecting the points of two persistence diagrams.
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in D1 to be matched once or to remain unmatched. These choices represent the different

possible outcomes, c or ∥xi − yj∥, of the corresponding minimum that appears in the sum

at Def. 2.9. As before, we show that for a particular choice of weights, the solution to this

optimization problem yields the distance dcp(D1,D2).

Lemma 5.2.1. The solution to the optimization problem described in Eqs. (5.11) and (5.12)

using the weights

we =

∥xi − yj∥pq e = (xi, yj)

cp e = (ỹj, yj)

(5.13)

is the distance dcp(D1,D2) introduced in Def. 2.9.

Proof. Notice that in order to compute the sum in Def. 2.9 one must choose for each point

in D2 wether to match it to an unmatched point in D1 or penalize it with the parameter c.

The auxiliary vertices serve the purpose of penalizing any unmatched points in D2. On the

other hand, the constraints ensure that each point in D2 is matched exactly once, either to

a point in D1 or to an auxiliary vertex, and that each point in D1 is matched at most once.

Given a solution to the constraints, an edge of the form e = (xi, yj) with δe = 1 represents

matching vertices xi and yj with weight ∥xi − yj∥pq . On the other hand, an edge of the form

e′ = (ỹj, yj) represent the vertex yj penalized with the weight cp instead.

Then the cost in Eq. (5.11) will be the sum that appears in Def. 2.9 with either c or

∥x− γ(x)∥q for each point x instead of the minimum. However, since this is a minimization

problem, the algorithm will prefer the matching with the weight that corresponds to

min(c, ∥x−γ(x)∥q). Thus, minimizing over all solutions to the constraints yields the distance

dcp.

We use again qubits |e⟩ to encode the edges e ∈ E of the graph. We still require n×m

qubits to identify the main edges between points in the diagrams, but now we only need

m more qubits for the edges to auxiliary vertices. The resulting quantum states
⊗

e∈E |e⟩

encode all the different sub-graphs of G and are often arranged throughout this text as in

Eq. (5.14) below,
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∣∣∣∣∣∣∣∣∣∣∣∣

(x1, y1) · · · (x1, ym)
...

. . .
...

(xn, y1) · · · (xn, ym)

(ỹ1, y1) · · · (ỹm, ym)

〉
. (5.14)

To construct a Hamiltonian for the cost function in Eq. (5.11), we must once more

transform it into g =
∑

e∈E weδe to avoid unnecessary gates. Note that the weights we

are now the ones introduced in Eq. (5.13). This results in a unitary cost operator of the

same form as in Eq. (5.5) for the Wasserstein distance, but with the edges and weights

corresponding to the dcp distance. To encode the constraints in Eq. (5.12) we use similar

control clauses to build individual mixing Hamiltonians Me = f(e)Xe for each edge.

Definition 5.2. We define the control clause f as the binary function on the set of edges E

such that

f(e) =

δe
∏

l ̸=i δxl,yj
∏

k ̸=j δxi,yk e = (xi, yj)

δe
∏|D1|

l=1 δxl,yj e = (ỹj, yj)

. (5.15)

This control clause is similar to the one described in Def. 5.1, except we no longer have

auxiliary vertices for the points inD1. The resulting individual mixing unitary operators UM,e

are the same as for the Wasserstein case in Eq. (5.7). Furthermore, the whole mixing unitary

operator UM is constructed by applying them in sequence as in Eq. (5.8). Note however that

since there are fewer edges in this case, there are also fewer individual unitaries. We apply

the operators corresponding to the main vertices first and those corresponding to auxiliary

vertices last. Since this mixing operator also produces some quantum states that do not

satisfy the constraints in Eq. (5.12), we follow the same steps as for the Wasserstein distance

and we relax the constraints to ensure that the mixing operator preserves the feasibility of

the quantum states.
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Theorem 5.3. The mixing operator UM(β) preserves the feasibility of quantum states. That

is, if |s⟩ represents a matching that satisfies the constraints

∑
(i,j)∼v

δ(i,j) ≤ 1 , ∀v ∈ D1,D2

∑
e∼v

δe ≥ 1 , ∀v ∈ D2

(5.16)

then UM(β) |s⟩ will also satisfy these constraints. Moreover, the minimum of the cost function

in Eq. (5.11) over these constraints is the same as the minimum over the constraints in

Eq. (5.12).

The mixing operator of Theorem 5.3 produces every solution to the relaxed constraints

in Eq. (5.16) in a single iteration. Using the mixing operator again changes the amplitudes

of the quantum states but it does not create any new states.

Theorem 5.4. Applying each of the n×m+m unitaries UM,e(β) in sequence starting with

the initial state ∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1
...

. . .
...

1 · · · 1

0 · · · 0

〉
(5.17)

yields a superposition of all possible matchings that satisfy Eq. (5.16) with non-zero

amplitudes.

The proofs of Theorem 5.4 and 5.3 are similar to those of Theorems 5.1 and 5.2,

respectively, so we delegate them to Appendix A.

5.3 Implementations

In this section we provide a few implementations of our algorithm to some simple persistence

diagrams. The first are persistence diagrams of samples from circles which we mostly use to

illustrate the quantum algorithm for each distance and show the differences between them.
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Next, we add some noise to the samples from these circles, which creates similar but slightly

more complicated persistence diagrams, and compare the performance of the two methods.

5.3.1 An Illustrative Example

We first use a simple example shown in Fig. 5.3 to showcase the corresponding circuits for

the Wasserstein and dcp distances. One of the data sets consists of points sampled from a

circle, the corresponding persistence diagram of dimension 1 has only one point. The other

data set has in addition samples from a second larger circle, and thus the corresponding

diagram contains a second point. So both distances are obtained by matching the shared

points x1 and y1 representing the small circle, and penalizing the extra point y2 created

by the large circle. For this example one iteration of the unitaries is more than enough to

find the matching that minimizes the cost functions and represents the distance between the

diagrams.

We can illustrate how the mixing unitary operator acts on the initial state using a tree

in which each level represents the application of an individual mixing unitary to the current

state of the system, see Fig. 5.4 for one such tree corresponding to the Wasserstein distance.

Fig. 5.5 shows the quantum circuit for the mixing unitary operator corresponding to the

Wasserstein distance. Barriers separate the different individual mixing operators, and the

qubits are arranged in a main register for the main edges between points in the diagrams,

auxiliary registers for the edges to auxiliary vertices, and the ancillas needed to compute

control clauses.

The quantum states for the Waserstein case are arranged as∣∣∣∣∣∣ (x1, y1) (x1, y2) (x1, x̃1)

(ỹ1, y1) (ỹ2, y2)

〉
, (5.18)

and the ones encoding possible solutions to the optimizations problem are shown in

Eq. (5.19). In particular, the quantum states |0⟩ , |7⟩ , |8⟩ correspond to matchings that

satisfy the original constraints in Eq. (5.2), while the remaining states |1⟩ , . . . , |6⟩ only

satisfy the relaxed constraints in Eq. (5.9).
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(a) (b)

(c) (d)

Figure 5.3: Two point clouds (top), the first (left) sampled from one circle and the second
(right) sampled from two circles, along with their respective persistence diagrams (bottom)
for dimension 1.
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I

I
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Ĩ

|2⟩

|2⟩

|2⟩
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Ĩ

|6⟩

X̃1,0

Ĩ

|4⟩

|4⟩
Ĩ

|8⟩

X̃1,0

X̃0,2

I

X̃1,2

Ĩ

|1⟩

|1⟩

|1⟩

|1⟩

|1⟩
Ĩ

|5⟩

X̃1,0

I

Ĩ

|3⟩

|3⟩

|3⟩
Ĩ

|7⟩

X̃1,0

I

X̃0,1

I

X̃1,1

UM,1,1(β)

UM,1,2(β)

UM,0,1(β)

UM,0,2(β)

UM,1,0(β)

Figure 5.4: Construction tree for Wasserstein distance of the example in Fig. 5.3, where the
quantum states are shown in Eq. (5.19).

Figure 5.5: Quantum circuit for the mixing unitary operator of the Wasserstein distance
between the persistence diagrams shown in Fig. 5.3.
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|0⟩ ≡

∣∣∣∣∣∣ 1 1 0

0 0

〉
|1⟩ ≡

∣∣∣∣∣∣ 0 1 0

0 0

〉
|2⟩ ≡

∣∣∣∣∣∣ 1 0 0

0 0

〉

|3⟩ ≡

∣∣∣∣∣∣ 0 1 0

1 0

〉
|4⟩ ≡

∣∣∣∣∣∣ 1 0 0

0 1

〉
|5⟩ ≡

∣∣∣∣∣∣ 0 1 1

0 0

〉

|6⟩ ≡

∣∣∣∣∣∣ 1 0 1

0 0

〉
|7⟩ ≡

∣∣∣∣∣∣ 0 1 1

1 0

〉
|8⟩ ≡

∣∣∣∣∣∣ 1 0 1

0 1

〉
(5.19)

The mixing operator consists of a series of individual unitary operators corresponding

to each edge. First, we apply those corresponding to the main edges, in this case (x1, y1)

and (x1, y2). As shown on the first level of the tree in Fig. 5.4, applying the individual

mixing unitary UM,1,1(β) defined in Eq. (5.7) to the initial state |0⟩ creates the superposition

cos(β/2) |0⟩− i sin(β/2) |1⟩, with |0⟩ , |1⟩ given in Eq. (5.19). Indeed, one may verify that for

the initial state |0⟩ the control clause f introduced in Def. 5.1 has a value f(x1, y1) = 1. Next,

the individual mixing unitary UM,1,2 acts on the superposition generated by the previous

step. Notice that the term involving |1⟩ remains unchanged since the control clause on this

state is f(x1, y2) = 0. However, the control clause is f(x1, y2) = 1 on the state |0⟩, so

the corresponding term is split into cos2(β/2) |0⟩ − i cos(β/2) sin(β/2) |2⟩. Thus, after the

second individual unitary the state of the system is given by a superposition of |0⟩ , |1⟩ , |2⟩

as can be seen on the second level in Fig. 5.4. Note that the initial state corresponds to the

solution of the constraints in Eq. (5.2) that matches every point to the diagonal. Moreover,

the individual unitaries for the main edges generate solutions to the relaxed constraints in

Eq. (5.9) by adding the corresponding main edge to the matching.

The second part of the mixing operator consists of the individual mixing unitaries that

correspond to auxiliary edges, that is (ỹ1, y1), (ỹ2, y2), and (x1, x̃1). The third and fourth

levels in Fig. 5.4 show that the individual unitaries UM,0,1 and UM,0,2 generate quantum states

|3⟩ and |4⟩ respectively. Finally, the individual unitary UM,1,0 generates all the remaining

solutions |5⟩ , |6⟩ , |7⟩ , |8⟩. Notice that the unitaries for the auxiliary edges act by removing

the corresponding edge from the matching.
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Figure 5.6 displays a tree for the dcp distance and Figure 5.7 the quantum circuit for the

corresponding mixing unitary operator. Notice that the last individual mixing unitary is not

present in this case, which illustrates the possible advantage of using this distance since the

individual mixing unitaries are by far the most complex part of the algorithm. Control clauses

used to construct the mixing operator are the only sections of our algorithm that involve

interactions between several qubits, thus removing some of these sections could provide an

advantage when the connectivity between qubits is limited. Of course, as mentioned earlier

the number of qubits and gates needed to compute the dcp distance is less than for the

Wasserstein distance.

On the other hand, the quantum states for the dcp distance are given by

∣∣∣∣∣∣ (x1, y1) (x1, y2)

(ỹ1, y1) (ỹ2, y2)

〉
, (5.20)

and the possible solutions to the optimization problem are depicted in Eq. (5.21). The

quantum states encoding solutions to the original constraints in Eq. (5.12) are |0⟩ , |3⟩ , |4⟩,

and those that represent solutions of the relaxed constraints in Eq. (5.16) are |1⟩ , |2⟩.

|0⟩ ≡

∣∣∣∣∣∣ 1 1

0 0

〉
|1⟩ ≡

∣∣∣∣∣∣ 0 1

0 0

〉
|2⟩ ≡

∣∣∣∣∣∣ 1 0

0 0

〉

|3⟩ ≡

∣∣∣∣∣∣ 0 1

1 0

〉
|4⟩ ≡

∣∣∣∣∣∣ 1 0

0 1

〉 (5.21)

Similar to the Wasserstein case, the initial state |0⟩ represents penalizing all points with

the constant c. The first and second level of the tree in Fig. 5.6 show that the individual

mixing unitaries corresponding to main edges UM,1,1 and UM,1,2 generate the quantum states

|1⟩ and |2⟩ respectively by adding main edges to the matching. Then, the last two levels in

Fig. 5.6 show how individual operators corresponding to auxiliary edges UM,0,1 and UM,0,2

remove auxiliary edges to generate the states |3⟩ and |4⟩ respectively. Note that in this case

the edge x1, x̃1 is not present, which results in one less individual unitary and significantly

fewer possible solutions.

62



|0⟩

|0⟩

|0⟩

|0⟩

|0⟩
I

I

Ĩ
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|2⟩

|2⟩
Ĩ
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X̃0,2

I

X̃1,2

Ĩ

|1⟩

|1⟩

|1⟩

|1⟩
I

Ĩ

|3⟩

|3⟩
I

X̃0,1

I

X̃1,1

UM,1,1(β)

UM,1,2(β)

UM,0,1(β)

UM,0,2(β)

Figure 5.6: Construction tree for the example in Fig. 5.3.

Figure 5.7: Quantum circuit for the mixing unitary operator of the dcp distance between the
persistence diagrams shown in Fig. 5.3.
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5.3.2 Circles vs Noisy Circles

Next, we added noise to the samples from the circles in Fig. 5.3a and 5.3b to create slightly

more complex data sets (shown in Fig. 5.8a and 5.8b). Their corresponding persistence

diagrams of dimension one have an extra point each generated by the noise, see Fig. 5.8c

and 5.8d.

We used the Qiskit library for Python to simulate our quantum algorithms on the noisy

and noiseless data sets. Only one iteration of the mixing and problem operators was used

in the simulations. The rotation angles were obtained by minimizing the cost functions in

Eq. (5.1) and (5.11). The results of the simulations using the optimal angles can be found

in Fig. 5.9. Note that the parameters from Definitions 2.8 and 2.9 chosen for all simulations

are q = ∞, p = 2, and c = 0.2.

Figure 5.9a shows the observed quantum states for the Wasserstein distance on the

noiseless data sets from Fig. 5.3. The first observed state |0⟩ corresponds to

∣∣∣∣∣∣ 1 0 1

0 1

〉
which matches the circle in Fig. 5.3a to the large circle in Fig. 5.3b. On the other hand, the

state observed with the most frequency (|1⟩) corresponds to

∣∣∣∣∣∣ 0 1 1

1 0

〉
, the matching that

yields the Wasserstein distance.

Similarly, the results for the dcp distance on the noiseless data sets are depicted in Fig. 5.9c.

As in the case of the Wasserstein distance, the observed quantum states are |0⟩ corresponding

to

∣∣∣∣∣∣ 1 0

0 1

〉
, and the one with the highest frequency, |1⟩, equivalent to the matching that

yields the dcp distance,

∣∣∣∣∣∣ 0 1

1 0

〉
.

For the noisy data sets from Fig. 5.8 one iteration of the quantum algorithm was not

good enough for the Wasserstein distance as shown in Fig. 5.9b. This time the most observed

state |5⟩ corresponds to the initial state

∣∣∣∣∣∣∣∣∣
1 1 1 0

1 1 1 0

0 0 0

〉
which is definitely not the matching

that yields the Wasserstein distance. The other observed states are solutions to the relaxed

constraints in Eq. (5.9) but not the original constraints in Eq. (5.2), and therefore also do
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(a) (b)

(c) (d)

Figure 5.8: Two point clouds (top) resulting from adding noise to the data sets shown in
Fig. 5.3a and 5.3b, along with their respective persistence diagrams (bottom) for dimension
1.
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(a) (b)

(c) (d)

Figure 5.9: Frequency of measurements after one iteration of our QAOA algorithm for the
Wasserstein (top) and dcp (bottom) distances on the data sets from Fig. 5.3 (left) and Fig. 5.8
(right).
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not yield the Wasserstein distance. In contrast, the algorithm for the dcp distance did find the

solution for the noisy data sets, as illustrated in Fig. 5.9d. The least observed quantum state

|0⟩ corresponds to the solution that matches the holes created by noise as well the circle in

Fig. 5.8a to the large circle in Fig. 5.8b,

∣∣∣∣∣∣∣∣∣
0 1 1

1 1 0

1 0 1

〉
. The state with the highest frequency,

|1⟩, is equivalent to the matching that yields the dcp distance,

∣∣∣∣∣∣∣∣∣
0 1 1

1 0 1

1 1 0

〉
. This suggests

that computing the dcp distance can be more efficient since the circuit for the Wasserstein

distance already requires more iterations for such a simple example.

5.3.3 Complexity and Comparison with Existing Methods

Given that n is the number of points in the smaller diagram and m the number of points in

the larger diagram, the unitary operator for the cost Hamiltonian of the Wasserstein distance

requires the application of n×m+ n+m single qubit rotation operators RZ which can be

performed in quantum parallel for a cost of O(1) operations. On the other hand, the mixing

operator needs to perform single qubit rotations RX with a control clause f for each edge

in succession. This step requires O(nm) operations since there are n × m + n + m edges

in the Wasserstein graph. As for the size of the quantum computer, the algorithm for the

Wasserstein distance requires n×m + n +m qubits (one for each edge) and possibly some

ancillary qubits to implement the control clause. Overall, the size and depth of the quantum

circuit for the Wasserstein distance should scale as O(nm).

On the other hand, the cost Hamiltonian for the dcp distance requires n×m+m rotations

RZ that can still be done in quantum parallel for a cost of O(1) operations. But the mixing

operator needs to perform fewer rotations RX since there are only n ×m +m edges in the

dcp graph. In addition, the algorithm for the dcp distance only requires n×m+m qubits and

likely fewer ancillary qubits for the control clauses. So, while the scaling remains the same
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as for the Wasserstein case (O(nm)), this alternative approach offers an advantage in both

depth and size over the Wasserstein circuit.

Classical methods to compute the distance between persistence diagrams rely on the

Hungarian algorithm which in general has a complexity of O(n2m). Unfortunately, we

were unable to find any classical implementations of the dcp distance introduced in [42]

or discussions about its complexity. In the case of the Wasserstein distance, geometric

properties of persistence diagrams have been exploited to reduce the number of matchings to

be checked and improve the complexity to an estimated O(n1.6) [54]. However, this approach

only approximates the distance between persistence diagrams rather than obtaining the exact

value. In contrast, our quantum algorithms, as well as other classical implementations of the

Hungarian algorithm with super-quadratic complexity, do find the exact distance between

persistence diagrams. It is also possible that a similar approach could be applied to our

quantum algorithms to reduce the number of qubits and RX rotations required.

On the other hand, there are only a few previous quantum approaches for computing

the distance between persistence diagrams [67, 68]. The quantum methodology from [67]

is designed for a quantum annealing based device, whereas our algorithms and the one

introduced in [68] would run on a quantum gate based computer. Both of these previous

works have been somewhat vague with regards to complexity estimates. Nevertheless, all

three approaches involve expressing the distance as an optimization problem over binary

variables and identifying each edge of the graph with a qubit, so the overall complexity

should be quite similar. The main difference between these previous approaches and ours

is that they formulate an unconstrained optimization problem by encoding the constraints

into the cost function. In contrast, we formulate an optimization problem with constraints

and use control clauses to implement them. Moreover, we are the first to provide a quantum

algorithm for the dcp distance, which is more efficient to implement and can even produce

better results than the Wasserstein distance in some cases [42].
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Chapter 6

Discussion
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One of the main contributions of my work is a quantum algorithm for persistent homology

that was shown to track topological features of a data set throughout changes in the

resolution. This algorithm introduces a persistent Dirac operator that generalizes the

Dirac operator previously used in [55, 56]. It only requires O(n) qubits to encode all

possible simplices from a data set with n points, which is exponentially less memory than

a classical algorithm would need. However, it is unlikely that the number of operations

can be reduced exponentially as well [64, 65, 66]. In particular, while the dimension of

the whole Hilbert space H is 2n, the dimensions of the subspaces Hϵ, Hϵ′ and Hϵ,ϵ′ may

not be exponential in n, so the Grover’s search algorithm used to implement projections

could have an exponential depth as it depends on the ratio of these dimensions [66]. But

even though exponential speedup is unlikely, the algorithm could still provide at least a

Grover-like (quadratic) speedup over classical counterparts. Moreover, my algorithm as well

as other quantum algorithms for homology and persistent homology achieve the greatest

advantage when computing features of higher dimensions [66], something that classical

algorithms often struggle with. In addition, the methodology I developed allows for the

computation of non-harmonic spectra of the persistent combinatorial Laplacian, in contrast

to other approaches [61, 62] that can only estimate the dimension of its kernel. On the

other hand, most quantum algorithms (including my own) assume access to an oracle that

determines if a simplex is present in the complex at a given scale or resolution, but previous

works only proposed constructions of these membership oracles for point cloud data sets.

My design of a membership oracle based on Takens’ delay embedding enables quantum

algorithms for persistent homology to consider time series data sets such as signals.

Finally, my QAOA inspired approach to compute distances between persistence diagrams

provides a quantum methodology to compute the Wasserstein distance as well as the dcp

distance. Moreover, the results in Section 5.3 suggest that this alternative distance has a more

efficient quantum, and perhaps even classical, implementation. Along with previous studies

that show the dcp distance can outperform the Wasserstein distance for certain classification

tasks [12, 42], this leads me to believe that it could be a great alternative for some cases

and that it should be studied further. On the other hand, while the quantum advantage
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of this algorithm alone over classical counterparts is not clear, it is important to remember

that computing the distance between persistence diagrams is merely a subroutine of larger

machine learning algorithms for classification an clustering. A complete framework for TDA

involves creating topological summaries –like persistence diagrams– of data sets via persistent

homology, then feeding these summaries into a machine learning algorithm for classification,

which requires comparing the summaries using an algorithm like the one we provide

here. Quantum algorithms for persistent homology promise an advantage for the process

of obtaining persistence diagrams and other topological representations [44, 61, 62]. In

addition, quantum approaches to K-Means, logistic regression, and Support Vector Machine

algorithms promise similar results for classification and clustering tasks [92, 93, 94, 95, 96].

So, our quantum algorithm could be used as a subroutine of a larger quantum algorithm

for classification to compare the results of quantum algorithms for persistent homology,

creating a fully quantum framework for TDA. Without a subroutine like this one, the

output of the first algorithm would need to be measured into a classical computer, then

the distances between persistence diagrams would need to be computed classically and later

loaded into the quantum algorithm for classification. The extra steps to send information

between classical and quantum devices increase the number of operations and possible errors,

therefore diminishing the potential advantage that quantum approaches can provide.
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A.1 Proof of Feasibility: Theorem 5.3

We first give some intuition about these new constraints and show that the minimum remains

the same. Notice that the first constraint asks that a point v in one of the persistence

diagrams is matched at most once to points in the other diagram. The second constraint

requires that every point in the largest persistence diagram is matched at least once. This

means that points in D2 could be matched more than once, but only one of the edges will

go towards a point in the other diagram and any other edges connect to auxiliary vertices.

So the solutions to these constraints will be matchings that represent a one-to-one function

ϕ : D1 → D2 or matchings that result of adding connections to auxiliary vertices. In

particular, any solution to the constraints in Eq. (5.12) is also a solution to Eq. (5.16), and

any solution to the latter that is not also a solution to the former must have a greater cost.

Now, given a quantum state |s⟩ which satisfies the constraints in Eq. (5.16), we show that

UM,e(β) |s⟩ also satisfies the constraints for arbitrary e ∈ E. This in turn proves that UM(β)

preserves the feasibility of quantum states as it is defined as a product of the individual

unitaries.

From Eq. (5.7) note that there are only two possible cases for UM,e(β) |s⟩ depending on

the value of f(e). First, if f(e) = 0 the output state is simply |s⟩. On the other hand, when

f(e) = 1 the resulting state is cos βI |s⟩ − i sin βXe |s⟩. The first term is just |s⟩ scaled by a

constant, so we only need to verify that the second term is feasible.

Notice that the second term Xe flips the qubit |e⟩ but it is only applied when f(e) = 1. If

e = (xi, yj) is an edge between points in the diagrams, f(e) = 1 if and only if δe, δi,k, δl,j = 0

for all l ̸= i and k ̸= j, that is, the edge e = (xi, yj) is added to the matching if there are no

other main edges containing vertices xi or yj. Since this operation adds an edge, the second

constraint in Eq. (5.16) is trivially satisfied, moreover the first constraint is satisfied because

the edge is only added if that sum is equal to zero. On the other hand, if (ỹj, yj) is an edge

to an auxiliary vertex, f(e) = 1 whenever δe = 1 and at least one of δl,j for 1 ≤ l ≤ |D1| is

non-zero, in other words, we remove the edge (ỹj, yj) from the matching if there is a main

edge connecting the corresponding vertex yj to a vertex in the other diagram. So, the first
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constraint in Eq. (5.16) is unaffected and the second one is still satisfied as we only remove

an edge if the corresponding sum is at least 2.

All in all, UM,e(β) |s⟩ is a superposition of quantum states whose corresponding matchings

satisfy the constraints in Eq. (5.16).

A.2 Proof of Completeness: Theorem 5.4

Notice that one may obtain all solutions to Eq. (5.16) by finding every possible choice for

the main n×m edges that satisfy the first constraint, and then for each of these obtaining

the different combinations of the m auxiliary edges that satisfy the second constraint. So,

we first apply the unitaries corresponding to the main edges to produce the solutions to the

first constraint while keeping all the auxiliary edges on. After which we use the remaining

unitaries to get the combinations of auxiliary edges. Since every unitary keeps the quantum

state it acts on, either whole or scaled by cos β, this process yields all matchings that satisfy

Eq. (5.16).

Let e1, . . . , eN be any ordering of the n×m main edges, we want to prove that applying

their corresponding unitaries in sequence will produce a superposition of all solutions to the

first constraint in Eq. (5.16). We proceed by induction, where we will prove that applying

UM,ek to the superposition of all feasible matchings using only edges e1, . . . , ek−1, yields a

superposition of all feasible matchings using only edges e1, . . . , ek. Since the case for k = 1

starts with the quantum state in Eq. (5.17), f(e1) will always equal 1 and the result of

applying UM,e1 is a superposition of this trivial matching and the matching which includes

only edge e1. For k > 1, assume we have a superposition of all feasible matchings with

edges e1, . . . , ek−1 and notice that applying UM,ek to any one of these matchings can have

two possible outcomes. Indeed if f(ek) = 0 the matching remains unchanged. On the other

hand, if f(ek) = 1 the output will be a combination of the input matching and the matching

that results from adding edge ek. Therefore, UM,ek will retain all the matchings with only

edges e1, . . . , ek−1 and produce all feasible matchings that result from adding edge ek, which

yields a superposition over all feasible matchings that use only edges e1, . . . , ek.
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Now let e′1, . . . , e
′
m be any ordering of the m auxiliary edges. We prove in a similar way

that given the superposition that results of the previous step, applying the auxiliary unitaries

in sequence yields a superposition of all possible solutions to Eq. (5.16). Indeed, applying

UM,e′1
to each of the matchings in the superposition from the previous step gives either the

same matching when f(e′1) = 0 or a combination of the input matching and the one that

results of removing edge e′1 when f(e
′
1) = 1, producing all feasible choices for e′1. In the same

manner, applying UM,e′k
to the superposition with all feasible choices for edges e′1, . . . , e

′
k−1

will produce a superposition with all feasible combinations for edges e′1, . . . , e
′
k.
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