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Heavy Quarkonium from Lattice QCD Brian Colquhoun

1. Introduction

In these proceedings we report on recent heavy quarkonium calculations in lattice QCD by
the HPQCD Collaboration. Each of the calculations proceed by generating two- and three-point
quark-line connected correlation functions — a standard procedure in lattice QCD — by combining
propagators for heavy valence quarks (defining heavy here as being at or above the ¢ quark mass),
which are generated from ensembles of gluon field configurations. We use the Highly Improved
Staggered Quark (HISQ) formalism [1] for our valence quarks. The configurations we use were
provided by the MILC Collaboration [2, 3] and include the effect of 2+ 1 + 1 quarks in the sea using
the HISQ formalism. For each calculation we select from lattice spacings that range from ~ 0.15 fm
down to ~ 0.03 fm. We use two values of the light (u/d) quark masses: either mg/m; = 5 or m;
takes on its physical value such that the pion has its experimental value.

We will discuss a series of radiative decay calculations using lattice QCD with analogous
approaches. First we summarise results from calculations of the two-photon decays . — yy and
np, — yy. We also explore the mass dependence of this process by looking at the intermediate
region myp < my, < mc, using the subscript 4 to denote heavy quarks, including ¢ and b, generally.
Finally, we present recent results from the decay J/¢¥ — ya where a is an axion-like particle.

These calculations build on a body of earlier work that includes accurate calculations of meson
masses and decay constants and accurate determination of quark masses in lattice QCD+QED [4—6].

2. n—yy

We recently studied the processes n, — y7y for h = ¢, b and the two intermediate M}, values
4.0 GeV and 6.62 GeV [7, 8]. The two-photon decay rate is parameterised by the form factor
F(0,0), where the two zeroes indicate that both photons in the process are on-shell. It relates to the
decay rate through:

T(nn — yy) = na’QuM,, (Fy,(0,0) (1)

where M, is the meson mass and Qy, the electric charge of the quark in units of e.

To determine F'(0, 0) we first construct 3-point correlation functions, shown schematically in
Fig. 1. A temporal axial current, coupling to the 7, is separated from vector current j,, located
at the time origin, by 7. We use several values of T > 0.7 fm. A second current is inserted at
t,, with twisted boundary conditions applied to the propagators between the two photons to impart
spatial momentum [9, 10]. We set the momentum to be entirely in the y direction, orthogonal to
the polarisations of both vector currents, which we choose to be in the x and z directions. The
magnitude of the momentum, w, is set to half the meson mass.

Before fitting, the 3-point correlation function is converted to a 2-point correlation function by
summing over all ¢, from —L/2 + 1 to L/2 — 1 with weight exp(-wt,,):

L/2-1

C(T) = Z C(t,T)e . 2)

—L/2+1
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Figure 1: Picture of the set up of our 3-point correlation functions. Operator O, is separated by T
from vector current j,, and a second vector current j, coupling to photon v, is inserted at all ¢,,. The
lines represent the heavy quark propagators. Spatial momentum is imparted by applying twisted boundary
conditions to the propagator between j, and j,.

This sets photon 2 on-shell [11-13]. We fit C(T) alongside a standard 2-point function between
two temporal axial currents, C(¢), both to a sum of exponentials,

Cry= Y akeM; C(T) =) anbye ™7, 3)
n n

which allows us to isolate the ground-state amplitude by. Note that the HISQ formalism results in

additional, oscillating terms in the above expressions that we have not shown here but are included

in our fit. Using by we can determine the form factor in lattice units:

F(0,0 2 L
0.9 _ bo e
a aMy, On

“)

Zy 1is the normalisation factor for the local vector current, which is determined at 2 GeV in the
RI-SMOM intermediate scheme [5, 14], 6 is the twist angle used to set the momentum and Ly is
the number of lattice points in any spatial direction.

21 ne—yy

Our first results are for the charmonium case, where we made a significant improvement to the
theoretical picture for . — 7y by making a direct determination of F(0,0) [7]. As part of this
study we noted that there is a useful dimensionless ratio that has a simple limit in leading-order
nonrelativistic QCD (NRQCD):

S 1 ( 2,2

- Jm ___ 1+O(a/A)+O(v/c)). (5)
M2, F(0,0) 2 ’

Strong mass dependences from the individual quantities are cancelled in this ratio where f and M

are a meson decay constant and mass respectively. For R, we fit our lattice data to the form

imax
Lt 30 (@A 8788 + b o0

i=1

q2

h

Rl,a”tlt __RITJMYS 1- —M 1
pole

+ K(O) 5sea,uds {1 + K(l) (Cl;\)z + K(Z) (aZA)4}

sea,uds sea,uds sea,uds

(6)

where the k.5 terms allow for discretisation effects from our lattice calculation. The scale A is
determined using the Empirical Bayes approach where it takes on the value that maximises the
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Figure 2: Left: Fit to the ratio fy/,/ (M; / wF (0,0)) for the process . — yvy. The black star corresponds
to the result in the continuum limit at the physical value of m;. The dotted line is the result in leading order
NRQCD. Right: Continuum fit of the form factor F(0,0). The red and green points, and their respective
fit bands, correspond to two different sets of operators for O,,_, j, and j, that have different discretisation
errors but that give the same result in the continuum limit. The black star shows the continuum result from a
joint fit of both sets of operators at the physical light quark mass.

Bayes factor [15]. The ¢ terms account for the small mistuning of the heavy valence quark, the ¢
quark in the sea and, separately, the u/d/s quarks in the sea. When we perform the weighted sum
over time to construct C (), this places y, exactly on-shell but y; can still be very slightly off-shell.
We therefore include the factor (1 — q% / Mgole) to correct for this. My is a fit parameter that we
give a prior of M, with a width of 10%. Full details of the fit including how the quark masses are
tuned and the values chosen for the priors are given in [7].

Figure 2 (left) shows our result for R,,_ after fitting to Eq. (6). The square point has a deliberately
mistuned charm mass to provide information on valence quark effects for our fit and is labelled
(3A) in accordance with the original paper [7]. The black star is our result in the continuum limit
at physical quark masses, i.e. where lattice spacing a and ¢ terms are zero. The dotted line shows
the leading order NRQCD result appearing in Eq. (5). The result in the continuum is

RT](,‘ = 04786(57)ﬁt(14)bybt7 (7)

where the first uncertainty comes from our fit and the second uncertainty accounts for quark line
disconnected correlators and QED effects that have been excluded from our calculation of the form
factor F (0, 0); these are also discussed in detail in [7].

It should be noted that we take the J /i decay constant and mass, f;,, and M/, in this ratio
and at this order in NRQCD there is no distinction between M, and M. In [8] we carry out a
re-analysis using f;,. and M,,_for direct comparison with our study of 7, — y7y over a range of m,
values where 77;, quantities were used.

Figure 2 (right) gives our result for the direct fit to F'(0,0). This uses a fit form analogous
to that in Eq. (6), except (1 — ¢2/ Mgole) is in the denominator of the right-hand side in this case.
The red points and bands map directly to those in the R;,_ fit. The points and band labelled ‘1-link
vector current’ use an alternative set of operators for O,,_, j, and j,, giving different discretisation
errors but the same result in the continuum limit. Both sets of points are fitted simultaneously. The
continuum result is depicted by a black star. We find

F(0,0) = 0.08793(29)5:(26)sys:- 8)
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Figure 3: Left: Comparison of our result (red star and band) with results from experiment (see text). The
blue dashed line and fit are the PDG fit from [16]. Inconsistencies in the experimental data result in a /\/2 of
118 for 81 degrees of freedom. Right: Comparison of our result (red star) with NRQCD. The green dashed
line is the leading order NRQCD result with a +30% uncertainty band to account for higher order effects.
The green circles are results from higher-order calculations (see text). The PDG fit is again shown.

Using M, = 2.9839(4) GeV and 1/a = 137.036 [16] in Eq. (1) we determine the decay width as
(e — yy) = 6.788(45)(41)syst keV. ©)

The impact of this calculation in full lattice QCD is demonstrated in Fig. 3 where we show two
comparisons with other determinations of I'(n. — vyvy). On the left plot we compare our result
(red star and band) with results from experiment. The blue circles are from determinations of the
product I'(n. — DI'(ne — yy) /T (7e) wWhere i is the decay channel listed. The blue square
comes from a determination of the product of branching fractions for J/¢ — yn. and n. — yy
from BESIII [17] alongside B(J/y¥ — yn.). The blue band shows the result of the PDG fit to this
and other data experimental data at the time ref. [16] was written. Tension between the various
experimental results becomes clear through the fit quality: ithas y? = 118 for 81 degrees of freedom
and shows over 40 tension with our precise theoretical result.

The right-hand plot in Fig. 3 compares our result with NRQCD. The green dashed line shows
the leading order NRQCD result, and we add a +£30% uncertainty band to account for higher order
corrections. The green points are from various NRQCD calculations that included higher order
effects [18-21]. Additional details, including further comparisons with our results, are discussed
in [7].

2.2 np — yy and heavy mass dependence

We follow an analogous procedure for larger quark masses up to my, providing full details
in [8]. In this study, however, we perform fits only to the values R;,,. The key result is a prediction
of the decay width of the process 17, — 7, which is yet to be seen but which should be accessible
to Belle II [22]. Our result is the first from a fully relativistic calculation; prior results have relied
on nonrelativistic approaches that, since they have missing relativistic and radiative corrections,
are limited by their systematic uncertainties. Our calculation is made possible by the use of the
HISQ formalism where O (a?) tree-level lattice artefacts are removed such that discretisation errors
first appear at O(a*). This allows us to reach, and thus avoid the need for an extrapolation to,
the physical b quark mass. To explore the mass dependence on the ratio R,,, we also work at the
intermediate M,,, values between M;,  and M, of 4.0 GeV and 6.62 GeV.
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Figure 4: Fit to the ratio f;,, /(M 2 F(0,0)) for the process 17, — yy. The black star corresponds to the

m
result in the continuum limit at the physical value of m;. The dotted line is the result in leading order NRQCD.

The fit form given in Eq. (6) is again used to fit R\
tions where the bare quark mass (in lattice units) is amj, < 1.4 to keep discretisation effects under
control. We use decay constants and masses from the pseudoscalar mesons, f;, and M, . The
values of these quantities come from the simultaneous fit to the two sets of correlations functions

using ensembles of gauge field configura-

(see Eq. (3)). The exception is in our reanalysis of . — 7y where we construct R,,. from the value
of F(0,0) from [7] alongside the decay constants and masses extracted from new fits to C,,_ () on
each ensemble.

The result for the physical process 7, — 7y is plotted in Fig. 4. The fit is given by the red
band for physical quark masses, while the black star is again the result in the continuum limit. This
corresponds to values of

R,, = 0.4674(109); F(0,0),, = 0.01754(50) GeV ™", (10)

where we use the lattice QCD 1, decay constant value 724(12) MeV [5] alongside the experimental
15 mass [23] to obtain the form factor from R,,, . Using Eq. (1) with 1/a = 133.1" we find

' (np — yy) = 0.559(32)fi(1)syst keV, (11)

where the systematic uncertainty comes from missing higher-order QED effects that are known to
be small [5]. In contrast with the . — yy process, the missing quark-line disconnected diagrams
are expected to have a negligible impact on the uncertainty in this case [8].

Figure 5 (left) shows the mass dependence of the ratio R using My, = M;,,, 6.62 GeV, 4.0 GeV
and M,, . The two intermediate values were determined in the very same way as R;;, . Results for
all masses are (surprisingly) close to the leading-order NRQCD value, but there is a clear trend
with R, increasing as M, falls.

Our result of the partial decay width given in Eq. (11) can be used to make a determination of the
total width I'(7,) by combining it with branching fractions determined using NRQCD factorisation.
We provide multiple values for the width:

T(g) =12.97 (ig%)ggglg (T4)Locp keV;  T(gp) = 13.47 (gg)ggglg (77)Locp keV; (12)

(1) :13.81(t12g)§§§23 (79)10cp keV:  T(17p) :14.42(11218)§§§23 (83)Locp keV. (13)

IThis uses the Brodsky-Lepage-Mackenzie scale-setting procedure [24], and we’re taking the scale o = 0.26M. -
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Figure 5: Left: Mass dependence of the ratio f/(M?F(0,0)). For comparison with the lattice QCD
results (red squares) we show the leading-order NRQCD result of 0.5 as a dash-dotted line. The dashed
line adds in O(ay) corrections and the blue band adds a relative uncertainty of +1 GeV/M to account for
missing O(v?/c?) corrections. Right: Comparison of inclusive width of 7;, from combining the width for
I'(np — yy) from our lattice QCD calculation with potential NRQCD determinations of I'(3,) /T (7, — vy)
(green circles). The PDG value is shown as a blue square [23].

Figure 6: Left and centre: Diagrams that contribute to V — ya for heavyonium vector meson, V, such as
J /¥ discussed here. We calculate the left-hand diagram where the ALP couples to ¢gg. Right: Schematic of
the set up for the 3-point correlator in this calculation.

The values in Eq. (12) use the branching fraction from [21] where the authors used the naive
non-abelianisation (NNA) approach and the background-field gauge (BFG) method respectively.
The values in Eq. (13) improve on the first two by including color-octet matrix elements that are
calculated in the refined Gribov-Zwanziger (RGZ) theory [25]. The first uncertainty in each case
comes from the NRQCD factorisation approach, and the second is from our result. All values are
consistent with the experimental average, I'(np) = IOJfL MeV [23], but are more accurate. We
compare the values in Fig. 5 (right).

3. J/Y > ya

For the first time in lattice QCD we have provided form factors for the decay J /¥ — ya, where
a is an axion-like particle (ALP), through the ac¢ coupling. ALPs are pseudo Nambu-Goldstone
bosons appearing in extensions to the Standard Model and are associated with global symmetry
breaking [26]. The two possible diagrams that contribute to this decay are shown as the left and
centre pictures in Fig. 6. The leftmost diagram is what we calculate in lattice QCD, again using the
HISQ formalism for all quarks.

In this process the full decay width, including both diagrams, is

2073
_a0My, (1 mg )

F(J/lﬁ_”}’a) 24f2 - Mz/
a Jy
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where we define

. 2m. 2
F= 2 F(0,my) |1 - 52 (15)
My 7w

allowing a comparison with the form factor, F (0, m,,), that we calculate on the lattice with F from
perturbation theory. The scale dependence of the dimensionless effective couplings c. and ¢,
are discussed in [26].

The set up of this calculation is analogous to the 7, — 7y decays but for the currents in the
fixed positions as shown on the right of Fig. 6. This time an operator Oy, is separated from a local
pseudoscalar current j, — coupling to the ALP — by T', while a local vector current j,, is inserted at
all #,,. This time it is the polarisations of the J/y and photon that are set orthogonally in the x and z
directions so that the momentum inserted via twisted boundary conditions can again be arranged in
the y direction between j, and j,. For an on-shell photon and ALP we insert the spatial momentum

M, m2
lq| = 2/‘” (1—M2“ ) (16)
Iy

to give values of m, = 0,1, 2 and 2.5 GeV using the experimental value of the J/i mass to fix
ma/My,y. The tuning of the momentum |q| can be done very accurately because our valence
charm quark masses are tuned to give a J/y mass equal to the experimental value [4].

The 3-point correlation function is converted to a 2-point correlation function by again per-
forming a weighted sum over the lattice time slices as in Eq. (2). Then, fitting this 2-point function
with the standard 2-point correlation function between two Oy, operators (see Eq. (3)) we can
extract ground-state amplitude bg to determine

\IZGM‘]/I/,

Flae = bo aq”

a7
After inserting normalisation factors and simplifying for our momentum configuration, discussed
in [27], we obtain the form factor

val

_ 4am
Faw = vaovzaMJ/wm, (18)
Iy

val

which we can compare with perturbation theory. In this equation, am.

is the valence charm quark
mass, in lattice units, that is an input to our calculation.

Having generated lattice data for four values of m, on multiple ensembles?, and at physical and
heavier-than-physical light quark masses, we want to determine the form factor at physical quark
masses in the continuum limit while interpolating between ALP masses. To achieve this, we fit to
the following form:

Imax

Fuar(a, X,mg) = So(X) + D i, (ame)S{7 (X) + vat e S2(X)SL + Ksea, e 53(X) 05
i=1

19 S S 00 + k0 (am )28V 00 +482) L (ameytsP 0}, (19)

sea,uds " uds sea,uds sea,uds

20n our ensemble with the finest lattice spacing, we include two additional m,, values close to 1 GeV and 2 GeV.
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Figure 7: The form factor F as a function of the ratio m2 / M3 Iy The points show the lattice data on each of
the ensembles used (the labels in the legend correspond to those in [27]) while the green band is a fit to this
data using cubic splines as discussed in the text, giving the continuum result for physical quark masses. The
blue and red dashed lines with their corresponding bands show the NRQCD perturbation theory prediction
at leading order and including O(a;) corrections, respectively.

where X = mi/M3/¢/ (0 < X < 1), and S, (X) are cubic splines. We use Steffen splines [28] since
they are monotonic between points. The leading spline So(X) gives the result in the continuum
limit with all quarks set to their physical values. To determine X for each point we use the value of
My from our correlation function fits and our input value of the twist, 6:

2r0

X=1-—+-.
aMJ/zﬂLs

(20)
The ¢ terms again account for slight mistunings of the quarks on our lattice ensembles and full
details on how they are determined are given in [27].

Figure 7 shows our result for £ from lattice QCD as a function of m? / M; Ju alongside results
from leading-order and next-to-leading-order nonrelativistic perturbation theory [27]. The points
and green band are the lattice data and result of the cubic spline fit in the continuum limit. The
blue dashed line gives the leading order perturbation theory result with a 25% uncertainty band
to account for missing O(a,) effects, while the red dashed line and band give the result at first-
order with uncertainty 1 X [ay (M, /w)]z. The shape of the first-order perturbation theory result is
qualitatively better at reproducing the curve of the X-dependence from lattice QCD than the flat
leading-order result, but the values of F' are still not in good agreement, suggesting that missing
higher order corrections are sizeable. The lattice QCD result, which includes relativistic effects not
present in the perturbative calculation, should therefore be preferred when setting ALP constraints.

Our calculation of F in lattice QCD can be used to place constraints on the ALP parameter
space. Figure 8 (left) shows the branching fraction for an ALP that couples only to charm quarks
normalised by the coupling c..(u.) and the ALP decay constant f,, determined by setting ¢,,, =0
in Eq. (14) and dividing by the total width of the J/¢ from experiment. The green band uses our
lattice QCD result for F, while the blue and red bands are the leading-order and next-to-leading
order results from perturbation theory respectively. Our lattice QCD result lies below the values
obtained using perturbation theory for most of the mass region indicating that perturbative theory
is overestimating the branching ratio.
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Figure 8: Left: Branching ratio for J/iy where an ALP is coupled only to charm quarks, normalised by
(fa/cee)?. The result using our lattice QCD result is shown in green. The blue and red curves show
leading-order and O (a) results calculated in the perturbative approach respectively. Right: Constraints on
ALP parameters space using a BESIII search for J/¢y — vy + invisible. The green region uses our lattice
QCD results. The blue and red dashed lines give the central values of the boundary of the exclusion region
using the perturbative calculation.

These results can further be combined with the search for J /¢y — 7y +invisible by BESIII [29].
This process is sensitive to ALPs in the mass range m, < 1.2 GeV that are stable relative to the size
of detectors, which is the case for ALPs that couple only to charm quarks. The coupling c. is also
effectively a scale-invariant quantity in this process because its self-renormalisation is proportional
to the square of the small charm Yukawa [27]. This allows for upper limits to be placed as shown in
Fig. 8 (right) where we combine the branching ratio from the left-hand plot and the BESIII result
for the upper limit of the J/y branching fraction at each value of the ALP mass at 90% confidence
level. The green excluded region again uses our lattice QCD result from [27] while the blue and red
dashed lines use the results from leading-order and O(«;) results from the perturbative approach.

In [27] we provide further constraints for different scenarios for the interested reader. For
example, we consider cases where J /iy — ya proceeds through both possible paths shown in Fig. 6
where the model has flavour universal couplings to up-type quarks at scale A, alongside tree level
couplings to photons for a selection of ALP masses.

4. Conclusions

In these proceedings we have presented some recent results from work on radiative heavyonium
decays. These calculations include the first accurate results for an observed process (7. — yy),
make Standard Model predictions (17, — 7y7y) and provide exclusion regions for parameter spaces
in Beyond the Standard Model physics (J/¢¥ — ya). They, of course, represent only a sample of
the recent heavyonium results from lattice QCD that include further improvements to charmonium
decays (such as J/yy — n.y and the Dalitz decay J/¥ — n.e*e™) as well as studies of meson
masses and decay constants that include the effect of (quenched) QED on the lattice [4-6]. The
lattice QCD calculations described here are also readily extended to other processes such as ALP
searches in Y — vya, which covers a larger range of ALP masses than J/i by working at b quark
masses using the same techniques described here, and charged pseudoscalar leptonic decays with
ALP radiation such as B — {va or Dy — {va.

10
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