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At energies from about 10 MeV to 100’s of MeV the light incident projectiles incident on medium heavy targets 
produce nuclear reactions which normally come under the category of direct reactions. At such energies one can study the 
microscopic structure of nuclei because the wave length is comparable to the inter nucleon separations in nuclei. Besides the 
normal independent particle behavior one can study the influences of the short range and long range residual interactions in 
the form of pairing and clustering in nuclei. The resonances existing as the molecular nuclear structures comprising of  
12C-12C and 16O-8Be structure in 24Mg* has given rise to interesting phenomenon of perturbing resonances in heavy cluster 
knockout reactions. 
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1 Introduction 
It has been known for several decades that the single 

particle behavior of nuclei is governed by the mean 
field experienced by the nucleons from the adjoining 
nucleons as a result of the short range nature of the 
nucleon-nucleon (n-n) interaction. The microscopic 
behavior of nuclei in terms of independent particle 
shell model has been verified by the direct reactions of 
the type of (p, d), (d, 3He) and (p, 2p) etc. at few tens to 
few hundreds of MeV. Besides the dominant single 
particle behavior of nucleons in nuclei the nucleons 
also experience the short and long range residual 
interactions which remove the single particle 
degeneracy of the various low lying single particle 
nuclear levels. The two body residual n-n interactions 
lead to two body correlations which give rise to 
clustering in the surface regions of nuclei and pairing 
of nucleons in the interior of nuclei. 

To study the clustering aspect, the cluster knockout 
reactions had been the best bet, but due to the demand 
of huge computational power, for a proper distorted 
wave calculation, simplifications of the type of zero-
range, eikonal and plane wave approximations were 
taken resort to. These resulted in uncertainties which 
prevented any predictive power to the knockout 
reactions. In the last decade we have been able to 
circumvent some of these uncertainties with the 
inclusion of finite range aspects associated with the 
transition matrix element of the knockout vertex. This 
has resulted in an unexpected gain, in that one could 

recover the predictive power of the knockout 
reactions. It has also shattered some of the myths 
associated with the effective interactions used in the 
form of M3Y interactions1,2 and various other types of 
Love-Franey effective n-n interactions3,4. One of the 
common drawbacks of these interactions is that they 
were based on the perturbation theory, where the 
solution of the Schrodinger equation incorporating the 
realistic n-n interaction does not appear at all. One of 
the outcomes of the effective interactions derived 
from the solution of the Schrodinger equation is that 
the derived effective interaction5 vanishes at small 
separations as opposed to the M3Y and the Love-
Franey interactions which peak at small separations. 
Besides this, the operators such as spin-orbit or tensor 
operators appearing in the Love-Franey effective 
interactions disappear in our formalism due to their 
operations on the distorted wave functions. This 
procedure, with partial wave expansion of the wave 
function, leads to effective interactions as expansion 
in legendre polynomials which can be used in the 
evaluation of the optical potentials using the double 
folding procedure as well as for the transition 
operators in the knockout reactions. 
 

2 Theoretical Formulation 
The transition amplitude, Tfi for the knockout reaction 

A (a,ax)B in the FR-DWIA formalism from the initial 
state6–8, i to the final state, f can be written as: 
 

,|),(|
2

121

,3





 if

xL
fi

LJ
xkin

JL

kkTSF
dEdd

d 

 
… (1) ————— 

*Corresponding author (E-mail: arunjain@barc.gov.in) 



JAIN & JOSHI: CLUSTERING, PAIRING AND RESONANCES IN DIRECT NUCLEAR REACTIONS 
 
 

685

Where, J and L (∧) are the total and orbital (its 
azimuthal component) angular momenta of the bound x-
particle in the target nucleus, Fkin is a kinematic factor and 
Sx

LJ is the cluster spectroscopic factor. The conventional 
transition matrix element for the knockout reaction, 

),( if
xL
fi kkT


 using the finite range α-x t-matrix effective 

interaction6–8 t12 (r12) is given by: 
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Here, the )( 1212 rt


, evaluated at the final state 
relative energy5 Ef, is given by: 
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As discussed in literature5 the Lth multiple of the 
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The distorted waves χ0, χ1 and χ2 of Eq. (2) are 
evaluated for the α1-A, α1-B and x-B optical 
potentials. Finally all the relative coordinates are 

expressed in terms of )(12 rr


  and )(2 RR B


 . While 

using the PWIA the transition matrix element, Tfi of Eq. 

(2) was factorized into integrals over r


 and R


, 

separately. The same is not possible when one uses the 
full finite range t12 ( 12r


) due to the presence of optical 

distortions. This is because in the FR-DWIA formalism 

the chosen relative coordinates r


 and R


 get coupled 

through the distorted waves ),( 11
)(

0 AA rk
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 and 

),( 11
)(

0 BB rk


 . 

For the evaluation of xL
ftT  of Eq. (2) the distorted 

waves, ),( rk
 were expanded in terms of partial waves 

and then on the mesh of the spherical polar coordinates, 

r, θ, φ and R, Θ, Φ the values of χ0, χ1, χ2, φL( R


) and 
t12( r


) were evaluated. The final result of Tfi is obtained 

by doing a 6-dimensional integration over the mesh of 

r


 and R


coordinates. The computer code was checked 

by performing FR-plane wave impulse approximation 
(PWIA) calculations using the present 6-dimensional 
integration approach as well as through the 3-
dimensional integrations approach (because in the plane 
wave case the 6-dimensional integral of Eq. (2) 
factorizes into two separate 3-dimensional integrals, 

over r


 and R


, respectively. 
 

3 Results and Discussion 
Using the zero-range (ZR) distorted wave impulse 

approximation (DWIA) for cluster knockout reactions 
the predicted cross sections were orders of magnitude 
too small resulting in huge and absurd spectroscopic 
factors6,9–12. On the other hand when finite range-
(FR)-DWIA calculations were performed, using the 
finite range effective inter actions derived from the 
realistic interactions which reproduce the 
corresponding elastic scattering data, then one could 
get very good predictions (see Figs. 1 and 2) for the 

 
 

Fig. 1 – Comparison of 12C (α, 2α) energy sharing data with the
FR-DWIA calculations using α-α interaction which is, purely 
attractive (A) and having a repulsive core (R+A), (a) for 200 MeV
and (b) for 140 MeV. 
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absolute cross sections13 (see Table 1). In Table 1 it is 
seen that the absolute cross sections and Sα values for 
the ~197 – 200 MeV (α, 2α) reactions on 9Be and 12C 
using the purely attractive tαα(A)( r


) are in better 

agreement with data in comparison to that using tαα(R+A)( 
r


) where the absolute cross sections are about an order 

of magnitude too large. For energies at and below ~140 
MeV, both the tαα(A)( r


) and tαα(R+A)( r


) yield somewhat 

distorted shapes. Yet the peaks close to the zero recoil 
momentum position (normalized to the data peak values) 
yield Sα-values, seen in Table 1, much closer to the 
theoretical values when tαα(R+A)( r


)’s are employed. On 

the other hand, the Sα-values obtained from the tαα(A) 

( r


)’s are more than an order of magnitude too large as 

compared to theory. 

Differences of orders of magnitude are seen between 
the FR-DWIA predictions of the (α, 2α) reaction cross 
sections using the repulsive core, (R+A) and purely 
attractive, (A) α-α potentials. An obvious conclusion is 
that use of the conventional ZR-DWIA formalism and 
hence the factorization approximation for the analysis 
of (α, 2α) reactions below ~197 MeV was improper. 
From these FR-DWIA results it is obvious that the α-α 
potential character changes drastically at α-energies, Eα 
somewhere between 140 and 200 MeV, corresponding 
to the centre of mass energy Eα-α of 70-100 MeV. 
Again this can be qualitatively understood in the 
resonating group method, (RGM)-shell model picture 
(which takes care of the Pauli’s exclusion principle). 
Here the four neutrons (n) and four protons (p) of the 
two α-particles can exist in an overlapping position if 
the two n’s and two p’s of one α-particle are in the 
lowest 1s1/2 shell model state and the other two n’s and 
two p’s of the other α-particle in the next shell model 
state (1p3/2, which is situated around 21 MeV above the 
ground state of the α-particle). The total energy of this 
overlapping system, Eα-α will thus be ~4×21 MeV= 84 
MeV (corresponding to Eα ~2×84=168 MeV). Thus 
below this energy, Eα ~168 MeV, the two α’s would 
find it energetically more favorable to avoid their 
overlap with a repulsive core in their interaction. 
Above this energy, however the two α’s have no such 
restriction and are free to have the usual attractive force 
between them. This understanding of the change in the 
nature of the α-α interaction is clearly validated by the 
present FR-DWIA analyses of the (α, 2α) energy 
sharing data. 
 

The α-knockout and 12C-knockout should give rise 
to similar spectroscopic factor for the α-12C structure 
of 16O-nucleus. Comparative results for the FR-DWIA 
analysis of 140 MeV 16O (α, 2α)12C and the 120 MeV 
16O(12C, 212C)4He reaction (seen in Fig. 3)13,14 prove 
the validity of heavy cluster knockout mechanism 
also. The FR-DWIA analysis of this reaction 
indicated that even the 12C-12C interaction has a 
repulsive core around ~ 60 MeV cm energy. 

Table 1 – Comparison of (α, 2α) cross sections from FR-DWIA calculations and experimental data on 9Be and 12C at various energies and 
spectroscopic factors (Sα) derived from the FR-DWIA calculations and theory. Comparison of bold face entries is emphasized for their 

reasonableness. 

Reaction Eα σα, 2α (Peak) µb/sr2 MeV  Sα 

 (MeV) (R+A) (A) Expt  (R+A) (A) Theory 
9Be(α, 2α)5He 197 575 26.4 6.3  0.011 0.24 0.57 
 140 609 19.1 100  0.164 5.23  
12C(α, 2α)8Be 200 19.9 0.552 0.380  0.02 0.7 0.55, 0.29 
 140 92 2.5 18.5  0.2 7.4  

 
 

Fig. 2 – Comparison of 9Be (α, 2α) energy sharing data with the
FR-DWIA calculations using α-α interaction which is purely
attractive (A) and having a repulsive core (R+A), (a) for 197 MeV
and (b) for 140 MeV. 
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In the excited state of 24Mg there are large number 
of resonances16 which exist upto an excitation energy 
of ~56MeV and angular momentum of upto 22ℏ. In 
an experiment at 104 MeV 24Mg(12C, 212C)12C 
reaction17 the kinematics was chosen such that in the 
3-body final state, there are two 2-body resonances in 
the relative motions of the two 12C’s in the two arms 
of the three 12C forming a triangle. In this kinematics 
the energies and angles were chosen such that the two 
38.5 MeV 18+ 24Mg*-resonances overlap at an energy 
of E1=45 MeV and E2=45 MeV of the two outgoing 
detected 12C’s, see Fig.4. It was found that at this 
position the coincidence cross section almost 
vanishes. This is an interesting observation because 
from this one can infer that the direct knockout of 12C 
from the 12C-12C component in the ground state of 
24Mg is negligible. Moreover the vanishing resonance 
contribution also indicates that in any reaction where 
the resonance is merged with the background one can 
find a dip in the cross section when the same 
resonance is produced in a three-body reaction with 
the two resonances overlapping at some kinematic 
point. This is because at the dip position only the non-

resonant cross section will survive. Besides this the 
whole concept of the two 2-body resonances in a  
3-body system perturbing each other destructively can 
be utilized in many areas such as in the production of 
σ-meson as a resonance perturbation in a π-N-π 
system where the two π-N systems form ∆ resonance 
each, giving rise to a characteristic mass and width of 
the σ-meson. This phenomenon is similar to the one 
producing the dark rings of the planet Saturn by the 
perturbation caused by its moon, the Titan, on the 
particle (which existed in its orbit in the dark band if 
the Titan was not existing) to move it to an adjacent 
orbit. 

For the existence of clusters one looks beyond the 
independent particle shell model where one finds that 
nucleons correlate in the low density surface region of 
the nucleus due to the long range residual interaction. 
For example in 6Li the two neutrons and two protons 
in the 1s1/2-shell form an α-cluster while the one 
neutron and one proton in the 1p3/2-shell correlate to 
form a deuteron cluster due to this all of them are 
effectively forming the low density surface of the 
independent particle shell model nucleus. It has been 
seen in the 6Li (d, tp) 4He reaction15 that this reaction 
behaves more like a d(d, t)p reaction where the α-
particle is behaving as a spectator. It has been 
demonstrated in this experiment that on an average 
when the α-cluster is far away from the deuteron 
cluster in 6Li-nucleus then it is more or less similar to 
the free deuteron but when it moves closer to the  
α-cluster then it shrinks to a smaller size. This 
shrinkage is the result of the individual nucleons in 

 
 

Fig. 3 – Energy sharing spectrum for 119 MeV 16O(12C, 212C)4He
fitted with (a) ZR-DWIA and (b) FR-DWIA results using 12C-12C
potential, purely attractive (A)-dashed line, and having a repulsive
core (R + A). The spectroscopic factors are indicated in the legend. 
 

 
 

Fig. 4 – Results for 104 MeV 24 Mg (12C, 212C)12C reaction at 
θ1=θ2=40.50. The two detected 12C’s have relative motions with 
respect to the residual 12C corresponding to 18+36.5 MeV excited 
state of 24Mg each when E1=E2=45 MeV. 
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the 1p3/2-shell forming the deuteron cluster interact 
with the α-cluster as also due to the long range 
residual interaction (a remnant of the n-n interaction 
after removing the single particle shell model 
potential). 
 

Although the influence of the long range residual 
interaction is witnessed in this study of 6Li(d, tp)4He 
reaction a similar study for the short range residual 
interaction has not been forthcoming. However, in the 
analysis of (p, d) reactions at around 700 to 800 
MeV18,19,21,22 some helplessness is felt while analyzing 
these (p, d) reaction data. The situation is worst with 
the analysis of 770 MeV 4He (p, d) 3He reaction20. 
The plane wave (PW) as well as the distorted wave 
born approximation (DWBA) analysis19–22 of this data 
shows a much sharper angular distributions than what 
the data indicated. Varying distorting potentials as 
well as incorporating correlations of the Jastrow type 
did not result in any significant improvement20. In 
order to understand this data the problem was 
addressed from the point of view of incorporating the 
short range n-n-residual pairing interaction in the 
wave function of the bound neutron which is picked 
up by the incoming proton. We started with the 
microscopic 4-nucleon shell model harmonic 
oscillator wave function for 4He and then using 
Brody-Moshinsky transformation23 expressed this 
wave function as a function of the relative coordinates 
of the two protons and the two neutrons along with 
their centre of mass motion wave functions. Now the 
relative n-n wave function should in fact be the 
solution of the Schrodinger equation incorporating the 
n-n short range residual (pairing) interaction beside 
some longer range single particle model interaction. 
Therefore for the n-n radial wave function we solved 
a bound state Schrodinger equation incorporating a 
Woods Saxon potential along with the v14 Argonne  
n-n interaction24 for the neutron-neutron (n-n) as well 
as proton-proton (p-p) T =1, S=0 and L=0 states. 
Solutions of these paired n-n and p-p relative motions 
are then replaced by these solutions of the 
Schrodinger equations in place of the shell model 
relative wave functions. Next we used the Fourier 
Transform techniques to correct for the fictitious c.m. 
motion. 
 

Now the plane wave born approximation transition 
matrix element for the 4He(p, d)3He reaction can be 
immediately written as a product of the Fourier 
transform of the deuteron wave function and another 
Fourier transform of the n-3He wave function. Here 

we have used the same first integral DL(∆) as in 
literautre19 which uses the Reid soft core interaction25 
and where the L=2, d-state contribution is dominant. 
For the Φnτ (rnτ) we used the above mentioned 
procedure which produces the s-state wave function 
using the Argonne V14 -interaction24 for the short 
range part along with a longer range Woods Saxon 
potential. This wave function is presented in Fig. 5. 
The Fourier transform of this wave function is used 
for the calculation of the angular distribution (seen in 
Fig. 6) using these ingredients. Now one can see that 

 
 

Fig. 5 – n-3He wave function component of 4He-nucleus 
incorporating the n-n correlations obtained from the solution of
the Schrodinger equation incorporating the v14 Argonne n-n 
interaction24 along with a Saxon-Woods potential. The c.m. 
motion correction is included in this evaluation. 
 

 
 

Fig. 6 – 770 MeV 4He(p, d)3He reaction, P.W. calculations (black
line) using short range n-n correlating interaction compared with
the results of Rost et al. blue line (PWBA) and red line (DWBA). 
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while there are huge differences between the PW and 
DWBA calculations of Rost et al.20 with the data 
because there are too few large momentum 
components in their wave functions, Φnτ (rnτ) as 
compared to enhanced large momentum components 
present in our n-τ -wave function. It is seen that our 
PW calculations fit the data much better except for 
some differences at small angles and similar small 
difference at large angles. These differences probably 
can be understood in terms of a proper evaluation of 
the DL(∆) term which in the present work we used 
only a simplified perturbative evaluation by Rost and 
Shepard19 using Reid Soft core potential25 for the 
deuteron. One can easily witness in Fig. 6 that these 
short range residual interactions produce a large dent 
in Φnτ (rnτ ) around r < 1fm it is to be noted that these 
calculations can be improved using proper distorted 
wave functions incorporating the n-n interactions in 
the wave functions of the deuteron itself. Thus, 
avoiding the Born approximation altogether, which 
will correspond to the incorporation of the triplet  
S = 1-state interaction containing the D-state through 
the large contribution from the Tensor interaction 
directly. Here it can be stated that the large 
momentum components in the nuclear single particle 
wave functions are naturally introduced by the short 
range n-n interaction which effectively represents the 
n-n-pairing interaction and produces a dent at the 
central density of the 4He nucleus. 
 

4 Conclusions 
In conclusion it can be said that the single particle 

picture is a very simplified model. For the understanding 
of the high precision and novel experiments one requires 
the incorporation of the clustering, pairing and 
resonance perturbation phenomena in the theoretical 
frameworks as also more computational power for better 
predictability in nuclear physics. 
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