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1 Introduction

Inclusive weak decays of hadrons with a single heavy quark @) have been intensively studied
over the last decades [1-3]. The most inclusive quantity is the lifetime of the ground state
heavy hadrons which is determined by their weak decay [4—6]. The theoretical method
is the heavy quark expansion (HQE) [7-9], which is a combined expansion in the strong
coupling as(mg) [10] and inverse powers of the heavy quark mass [11]. The leading term
of this expansion is free of any hadronic parameter and is given by the decay rate of the
“free” heavy quark. The corrections to this statement appear only at order 1/ mé and are
given in terms of the residual kinetic energy 2 and the chromomagnetic moment ,uQG which
are both of order A(QQCD.

Consequently these corrections should be at the level of a few percent, since the leading
order result implies that all lifetimes of hadrons with a single heavy quark ) should be
identical up to corrections of order AéCD / mé In the early days of the HQE this was taken
as an embarrassment, since the lifetimes of the bottom hadrons had not been measured
yet, and the lifetimes between charmed hadrons differ by factors of two to five, which is
related to the fact that the c-quark is too light for the HQE to be a good approximation
for these observables [12].



Since then the methods have been refined and the HQE makes quite precise predic-
tions for the lifetime pattern of bottom hadrons and qualitatively describes the pattern of
charmed hadrons. In fact, assuming SU(2)gayour Symmetry for the light quarks the lifetime
differences between the three ground state mesons are driven by the terms of 1 /m% and
higher, in particular by the four-quark operators appearing at tree level, which involve light
quarks of a particular flavour.

The progress in the HQE for lifetimes rests on two pillars. On the one hand, there are
refinements in the HQE by including higher order terms in the 1/mg expansion [13], on the
other hand there are perturbative calculations improving the Wilson coefficients appearing
in the HQE. The higher orders in the HQE contain hadronic matrix elements, for which
precise lattice predictions became available recently. Based on this, we are entering the
precision era for these observables, in particular for the lifetime differences.

However, a few ingredients have not yet been worked out in detail, since they were
believed to be irrelevant. For this reason, the full calculation of all terms appearing at
1/ m% has not yet been done, not even at tree level, since it was assumed that such terms
will be small and mainly independent of the light-quark flavour. In the present paper we
complete the tree/level calculation of the 1/ m% terms for the lifetime of a heavy hadron
with a single heavy quark ). While these contributions are known since some time for
the inclusive semi-leptonic case, the full calculation of the terms at order 1 /m% for the
non-leptonic width was still missing.

In section 2 we describe the current status of bottom-hadron lifetimes. In section 3
we give a short description of the method of the calculation of the non-leptonic width. In
section 4 we present our results, and discuss their implications in section 5.

2 Synopsis on the status of bottom-hadron lifetimes

The measurements of lifetimes and lifetime rations for bottom hadrons have become very
precise of the last decades. The current (2019) experimental averages obtained by the
Heavy Flavor Averaging Group (HFLAV) of the b-hadron lifetime ratios are [14]
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which show that the experimental precision is indeed extremely high. Even higher precision
seems to be achievable from the most recent results from LHCb [15] and ATLAS [16].

The theory precision should of course live up to these experimental advancements. The
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current status of the theoretical predictions is [17-19]:
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(2.2)
which shows that the HQE technique can be successfully applied to bottom hadron decays,
allowing us to make precision predictions. Therefore, B-physics is entering in its precision
era. To arrive at such precise theoretical values, several advancements have been made:



The leading term in the total decay rate, i.e. with the absence of power corrections,
which describes the free b-quark decay and does not contain non-perturbative corrections, is
currently known at NLO-QCD [3, 4, 20-25] and at NNLO-QCD in the massless case [26] for
non-leptonic decays. For semi-leptonic decays the current precision is NNLO-QCD [27-36].

The contribution from the first power correction due to the dimension five kinetic
and chromomagnetic operators is already known at LO-QCD for both semi-leptonic and
non-leptonic decays [37—40]. For semi-leptonic decays NLO-QCD corrections are know as
well [41-43].

The contribution from the second power correction due to the dimension six Dar-
win and spin-orbit operators is known at LO-QCD [44] and NLO-QCD [45] only for the
semi-leptonic case. However, the pp contribution for inclusive non-leptonic decays, is still
missing. That is precisely the task we address in this work. In fact, previous studies focus
on the four-quark operators appearing at this order which induce lifetime differences at
tree level and which are parametrically enhanced by a phase space factor 1672. However,
our explicit calculation shows that the coefficient in front of pp turns out to be enhanced
and thus needs to be taken into account. The contribution from dimension six four-quark
operators is known at NLO-QCD [6, 46, 47].

3 Outline of the calculation

In this section we give a brief outline of the calculation which in fact contains a few
subtleties. A detailed description will be deferred to a more technical publication. We
start from the effective Lagrangian for flavor changing transitions due to charged hadronic

currents [48]

4G
Lot = =5 Ve Viu(C101 + C202) + he, (3:1)

where G is the Fermi constant, O3 are four-quark operators, and Voxwm, Vg are the
corresponding Cabibbo-Kobayashi-Maskawa matrix elements describing weak mixing of
quark generations. We consider only the tree-level four-quark operators of current-current
type since the Wilson coefficients of these operators are the largest. The numerical values
of the Wilson coefficients C2(n) at the scale p = mp, where my, is the value of the b-
quark mass, are known in the SM with high precision mainly thanks to using the high
order renormalization group improved QCD perturbation theory at the scales between
my and Myy.

We are interested in weak decays of beauty hadrons mediated by the CKM leading
transitions with the flavour structure b — cud and b — cés. The latter decay is additionally
slightly suppressed by the phase space available for the decay products due to the mass of
the c-quarks. The canonical choice of the operator basis for the decays b — cq1¢2 reads [48]

O1 = (@) (@ 7" al ), O2 = (Eorub) ) (@ 7"d} 1) (3.2)

where g7, denotes the left-handed quark. It is the basis (3.2) that is used for the computation
of the Wilson coefficients.



However, for the purposes of the present computation we use a different operator basis
(cf. [6]), which is obtained after applying a four-dimensional Fierz transformation to Os.
The operators of the new basis are diagonal in the color space and have the form

O1 = (ETub) @M q]),  O2 = (BIW)(ET ), (3.3)
with '), = v,(1—75)/2. We consider two Cabibbo favoured decay channels, (1, ¢2) = (u,d)
and (q1,q2) = (¢, 5) -

The main technical tool for our computation is dimensional regularization (D =
4 — 2¢) [49]. The Dirac algebra of y-matrices is usually defined in D = 4 and needs
to be properly extended to D-dimensional space time [50-53]. In particular, using Fierz
transformations can lead to a non-trivial € dependence [54-57]. With this in mind, an
arbitrary change of the operator basis valid in four-dimensional space is not allowed if
perturbative corrections of higher order are to be included: the change will require the
corresponding change of the set of evanescent operators associated with a given basis. For
our computation however the required accuracy is such that one can use the new basis
without changing the coefficients Cj 2. A review of the relevant techniques can be found
in, e.g. [58, 59].

The B meson decay rate for the inclusive non-leptonic decays can be computed from
the discontinuity of the forward scattering matrix element which is computed in the HQE.
The property of unitarity of the S-matrix and the optical theorem lead to an expression
for the decay width in the form

1 .
Db~ cqae) = g (Blpm)imi [ ' T{Lan(o). Lar(0)} B(pm)
1
= m(B(PB)HmﬂB(pB»- (3.4)
The HQE of the transition operator up to 1/ mg’ is given by
O, Or O¢
ImT =T9 ., (COOO + C + Crs—+Cor—5
mb 2mb
(9)
Op OLs
+Cp 4m3+CLg +Z 4Fl4 3> (3.5)

Here I') ., = G2mg Ve |* Vg, |2/ (19273, Vg and V4, are the corresponding CKM matrix

elements, ¢ stands for a massless quark and

Oy = hyhy, (3.6)
Oy = hy(v-m)hy, (3.7)
Or = Bvﬂ'ihva (38)
1- 1
Og = Qh olf 57 e ho V¥, YY) Ly v (3.9)
Op = EU[WLH,[Wﬁ,U-ﬂ'HhU, (3.10)
1.
OLS = §hv["}/'u,’)/y]{7u_u, [7TJ_1,,U . W]}hv, (3.11)



Figure 1. One loop diagrams contributing to the matching coefficients of four-quark operators in
the HQE of the forward scattering matrix element of the B meson.

are HQET local operators with 7, = iD,, = i0, + gsAjT* and ©# = vk (vr) + 7. The
four-quark operators (’)5&{ will be defined in section 3.1.
Finally, the QCD spinor b of the bottom quark is replaced by the HQET fermion field

h,. They are related as follows

b — o~ impvT 1+27:nb (v é’l;?gﬁ 7“8ﬂf2¢+( 8”)%7/‘1 #iZLZL_i_O

(1/my) | hy . (3.12)

3.1 Matching of four-fermion operators: computation of Ci‘gi

In this subsection we give some sketch of the matching calculation of four-quark operators
relevant for the renormalization of the coefficient Cp. We chose the version of the HQE
where the bottom and the charm quarks are integrated out at the same scale m, < u <
myp such that only the u,d,s quarks remain as soft (massless) dynamical quarks. As a
consequence, the matching coefficients will depend on the mass ratio 7 = m2/mZ ~ O(1).
We only compute those pieces which are relevant for the renormalization of Cp. Such
contributions are diagramatically represented in figure 1.

3.1.1 The channel b — cud
The relevant operators in the HQE are

O\ = (h,Tud)(d"hy) (3.13)
O\ = (h,Prd)(dPgh,). (3.14)
O = (h L7y T u) (al oy, L phs) | (3.15)
Off), = (RI7¥TPu) (@l yT hs) (3.16)
with the matching coefficients in D = 4 — 2¢ dimensions
qg::4m§+acmu1—@ﬁ'ﬁﬂwwﬂwi%u*”%%@+r*%) (3.17)

r'(5/2 —¢)
= —(3C2% 4+ 2C10C5)2567%(1 — r)%(2+71) fore—0,
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Figure 2. One loop diagrams contributing the renormalization of Cp.
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. €4y —2€.5/24+€(1 _ ,.\3—2€
(W _ 3. 25 ey o (1—7)
Cir, = G102 I'(5/2—e)
= (1C91287%(1 —r)® fore — 0, (3.19)

3. 26+dend/ 2y 261 — p)272¢(—1 4 r(=24€) +¢)
I'(5/2—¢)
= C1C92567%(1 —r)*(1 4+ 2r) fore —0.

¢ — ooy (320)

These expressions coincide with the results of ref. [6].
The one-loop matrix elements of these four-fermion operators also contribute to the
coefficient Cp (see figure 2). We find that

1 d 1 u u
T =+ T (- €+ 5eif, - 16ct —acl)

1

487T26(—k2)*€c9,3 . (3.21)

and we can determine the counterterm of Cp in the MS renormalization scheme. We obtain

_ d 1 d ” ” 1 9 e’YE —€
60}\3/18(M) - <CAEF)1 B §CiF)2 + 1604&}7)1 + 4CZEF)2) 4871'26'UJ ? (471_) ) (322)

where C5 = C%Ts(u) + (501@(/1) and i=% = p=2¢(e?®/4mw)~¢ is the MS renormaliza-
tion scale.

3.1.2 The channel b — ccs
The relevant four-quark operators of the HQE are

O = (hulus)(5T"hy), (3.23)
0%, = (hvPrs)(5Pghy) | (3.24)

with matching coefficients (see figure 1)

3. 2THe 2enb/2r e 1=2¢(1 — e+ r(—1 + 2¢))
T(5/2—¢)

= —(3C% 4+ 2C,Cy)512n%2(1 —r) for e = 0,

O = —(3C% +2C1Ca(1 - €))




3. 27+46mb—26ﬂ_5/2+621726(_1 o+ 6)
T(5/2 —¢)

= (3C% +20,0,)5127%2(1 + 2r) for e = 0.

O = —(3C2 +2C1Ca(1 — ¢)) (3.26)

Again the one-loop matrix elements of the four-fermion operators also contribute to Cp
(see figure 2). We find that

1 1 1
— 0 (s) (s) 2\—€
Im?7 —...+ch4m2< Cir 204F2> 18 26( k*)"“Op, (3.27)

and we can determine the counterterm of Cp in the MS renormalization scheme, for which
WS- (0© Lo 1 e\
6Cp° () = <C4F1 - 2C4F2> 487T26M 6(47? ) (3.28)

where C5 = Cl@(,u) + 501@(#) and i72¢ = p~%¢(e'® /47w)~¢ is the MS renormaliza-
tion scale.

we obtain

3.2 Matching of two-fermion operators: computation of C;

In this section we describe the matching computation of two-quark operators. The dif-
ferent contributions are diagramatically represented in figure 3. In order to optimize the
computation we find expressions for the quark propagator in an external gluon field A.

In the semi-leptonic case the tree level expression for the HQE can be obtained from
expanding the external field propagator for the charm or the up quark in powers of the
covariant derivative

(e 9]

bl e

v=0

which automatically generates the proper ordering of the covariant derivatives. However,
in the non-leptonic case the leptonic lines are replaced by quark lines and hence we pick up
additional diagrams where gluons are emitted from these quark lines and the simple trick
from the semi-leptonic calculation cannot be used here.

Still such contributions can most easily be taken into account by using the expression of
the quark propagator in the external gluon field in the Fock-Schwinger gauge x# A, (z) = 0
(see, e.g. [60]). This is especially convenient because the expansion of the propagator has
then an explicitly gauge invariant form. Another important property of the Fock-Schwinger
gauge is that it breaks explicitly the translation invariance of the quark propagator, namely
Sp(z,0) # Sp(0,z). We obtain

d4p —ipz d4p ip &
Sp(z,0) = (277)46 Sr(p), Sp(0,z)= W@ Sr(p), (3.30)
with explicit expressions in momentum space given by
1 . .
Sr(v) = Sp (0) + 57, w15 (0)in" S ()7 537 (9) (3.31)
1 . 5 .
5 ([ [ 1) + [, [0, M) S 0)in S (0)in” S ()i S} ()



1

Se(p) = S8 ) + 5lmp molSE B)in” S B)in” S (p) (3.32)
1 . o .
5 ([ o mol) + [0 [, ) S (0)in S (0)in” S ()i’ S} ()

where 51(!«9) (p) is the free quark propagator
- 2 —m?’

S5 () (3.33)
The expressions Sg(p) and Sk (p) are used for the propagator of the gi-quark and go-quark
respectively to compute the diagrams that do not appear in the semi-leptonic case.

Let’s us discuss the peculiarities of each contribution. The computation of the O ® O
contribution goes exactly as in the semi-leptonic case. The color structure of the operator
Oy only allows for the radiation of a single gluon from the c-quark in the bScb line. So
we only need to expand the c-quark propagator. The computation is then identical to the
case of semi-taonic decays and the corresponding results can be taken from ref. [61].

The computation of Oz ® Oy proceeds as the semi-leptonic case as well after replacing
¢ — @q2. The color structure only allows radiation of a single gluon from the g¢o-quark
in the bSy,b line (g2 = d,s), so we only need to expand this ga-quark propagator. In
this case one faces the IR divergences due to the gluon emission or the expansion of the
massless quark propagator. Within the HQE (and OPE in general) the appearance of such
infrared divergence signals the mixing between the local operators that constitute the basis
of the expansion. The corresponding local operator develop UV divergences and should
be properly renormalized. The well known advantage of using dimensional regularization
is that both IR and UV divergences are dealt with simultaneously and a uniform manner.
This treatment allows us to retain some vital symmetries of the theory and has technical
superiority of simplicity. In fact, it is just this phenomenon of mixing that is the most
essential and interesting part of the whole calculation.

The computation of 07 ® Os, which is found to be the same that for Oy ® O, differs
from the one in the semi-leptonic case. Here the gluon emission or the expansion of the
quark propagators from all lines have to be taken into account. Overall, the computation
of the coefficient of the prg operator in HQE is infrared safe even for massless quarks, does
not require considering mixing with four quark operators, and can be performed in D = 4.

4 Results for the Wilson coefficients at order 1/ m3Q

Before we give our results for the terms of order 1/mj, we need to discuss the effects
induced by operator mixing. The HQE as any OPE of effective theory gives an example
of the general phenomenon of the separation of physics at greatly different scales. Indeed,
the hadronic width in the representation

(b = cgiga) = 2]\1431111 (B(pp)|i / e T{Lon(x), Lo (0} B(ps))
1

= M<B<PB)|ITH7-’B(?B)>7 (4.1)



Figure 3. Two loop diagrams contributing to the matching coefficients of two-quark operators in
the HQE of the forward scattering matrix element of the B meson.

depends on the heavy quark mass m; and the infrared scale of QCD Aqcp with my >
Aqcp. The HQE in expression (3.5) is organized in such a way that the coefficients are
insensitive to Aqgcp while the matrix elements of the local operators are independent of the
large scale myp. An explicit naive computation, however, produces at some intermediate
stage both IR singularities in the coefficient functions and UV singularities in the matrix
elements. The combinatorics of HQE is such that all singularities cancel. Technically the
most efficient way to perform computations is to use dimensional regularization for both
IR and UV divergences. In such a setup one has to take into account the mixing of local
operators at UV renormalization. Thus, an infrared divergence of coefficient functions sig-
nals the UV mixing between the local operators that constitute the basis of the expansion.
The corresponding local operator develop then UV divergences and should be properly
renormalized.

In our computation a naive way of getting the coefficient of the pp operator leads to
an IR singularity in the contribution of O ® Oy and 07 ® Oy correlators as one gets the
radiation of a soft gluon from the light quark line.

This singularity is canceled by the UV renormalization of the four-quark operator that
has the general form (quite symbolically)

- - 1
(byssyb)'™ = (bI's5I'b)E + ’y(F)ng , (4.2)

where the matrix I' gives the corresponding Dirac structure of the four-quark operator and
the quantity v(I") is the mixing anomalous dimension depending on the Dirac structure I'.
The UV pole in € coming from the operator mixing in eq. (4.2) cancel the IR divergence
in the coefficient function for the operator pp.

The HQE of the imaginary part of the transition operator is given by eq. (3.5). How-
ever, it is convenient to rewrite it in terms of the local operator byb defined in full QCD.
It can be employed to remove Oy in the HQE by using the expansion
Ox ~ Og ~ Op ~ Ors

C C
2m§ + G2m§ + D4mg’

bypb = Oy — Cre + O(Adep/my) - (4.3)

Inserting this expression we get (omitting here and in what it follows the four-quark con-



tributions)

. s O ~ O¢ ~ Op ~ Ors
ImT = I? Db+ Cr ™ — O G G L G g LS
w7 gz [CO < o+ C 2m§ Ca 2m§ Cp 4mg’ CLs 4mg>
O, Ox Oa Op Ors
C,— +Cr C C C
+ mp + ng + Gng + D4mg +OLs

— 4.4)
50,
dm; }
which has the advantage that the forward matrix element of the leading term is normalized
to all orders.

For the operator O, we use the equation of motion

1 1

O = =3y (O + Cinas(1)06) = g5 (ep(1)Op + 5 (#)OLs) (4.5)

to remove it from the expression for Im 7T

_ Cr+ C()C'W —Cy Of S Oc
0
Im7 =Tg.,, [CO (Wb - Co 2m§) * <CG ~ Cole ~ Cvaag(,u)) m
+<CD — CyCp — 2CUCD(/’L)) rmg, + <CLS — CoClLs — QCUCS(M> 47712:’] .

(4.6)

This is the desired expression for the transition operator, from which we compute the total
decay rate

L(b— cqige) = (B(pp)[Im T'|B(ps)) (4.7)

1
2Mp

in terms of the HQE parameters

= 4Mpp}, (4.11
—cs(1)(B(pB)|OLs|B(pr)) = 4Mppig (4.12
We obtain
_ Cr + CoCr — Cy i Ca — CoCq 12,
I'(b— cqigz) = T [C(l = ——~ v )5
( 122) Qg2 |0 Co ZmZ Cmag (1) 2mg
Cp—-CCp 1 o3 Crs —CoCrs 1 Pig
(=D g, ) Lo — ooy ) 28| (4a3)
cp(p) 27 ) 2my cs(p) 27 ) 2my

At leading order we have cg = cp = Ciag = 1. It is convenient to define new coefficients
corresponding to every matrix element

12 11 15, P
T(b— cqiq2) =T, [C'o =Gy + G ¢ _c,, L -C LS} : (4.14)
b

lel 2 PD 3~ “YpLs 3
me 2mb 2mb

~10 -



We find for the coefficients in the case of I'(b — cud)

Co = Oy,
= (3C% +201Cy +3C2)(1 — 8r + 873 — 't — 1212 In(r)), (4.15)
Cy = (3C} 4 2C1Cy + 3C3)(5 — 24r + 24r% — 83 4 3r* — 1212 In(r)), (4.16)
C#G = CPLS

= 3(C? + C2)(—3 + 8r — 24r% + 2473 — 5r* — 12r% In(r))
+2C Co(—19 + 561 — 722 + 4013 — 5¢* — 1272 In(r)), (4.17)
oIS = CF| = 77+ 88r — 245 + 87 + 5t — 48 In(r) — 367 In(r) |

2
+3010s [ — 53 4+ 167 4 14472 — 11273 4 57 + 96(—1 + 7)>In(1 — 7)
2 3 3 I
—12(4 — 9r° + 4r°)In(r) — 48(—1+ )’ In <m§> ]
+C3 [ — 45+ 167 4 72r% — 4873 + 51t + 96(—1 +7)*(1 +7) In(1 — )

+12(1 — 4r)r? In(r) — 48(—1 +7)*(1 +r)In (“Z) } : (4.18)
my,

and for the case I'(b — cés)

Co = CMW

1
= (3C% 4 2C,Cy 4 3C3) [(1 — 14r — 2r2 —12r%) 2 — 2473 (=1 + %) In <1 i— j) } ,

1
C, = (3C% +2C,Cy + 3C%) [(5 — 38 + 612 4+ 3613) 2 + 24r%(1 + 3r%) In (1 J_r Z) ] ,

CMG = CpLs

1
= -3(C?+C?) [(3 — 107 + 107 4 60r)z 4 24r%(—1 + 5r2) In ( + z) ]

1
—2C,Cy [(19 — 27 + 5872 + 60r3) 2 + 247 (=2 — r + 472 + 5r3) In (1 + Z) } ,

NS 1
cMS — ¢ [(—77 —2r 4+ 582 + 60r3)z 4 24(2 — 2r — 2 + 43 + 5rY) In (1 + Z) }

PD

—Z

1
+C2 [24(—4 + 8+ Tr2 + 8% + 5rY) In <1 + Z)

2
+z( — 45 — 58 + 10672 + 60r3 — 96 In(r) + 1921n(z) — 481n (“2> ﬂ

my

2 1
+3C10 [24(—6 + 10 — 5r% + 20 + 574) In <1 * z)
—Z

2
+z (75 — 1787 + 2507 + 60r® — 96In(r) + 1921n(z) — 481n (“2> )] . (419

my

11 -



Here r = m2/m? and z = /1 — 4r. We note that the equalities Cy = C,,, and C,., = C,,
are a consequence of reparametrization invariance [62]. We take this here as a check of
our calculation. We also note that the results for the coefficient of pp depend on the
calculational scheme. This does not only concern the use of the MS scheme, but also the
treatment of the Dirac algebra in D dimensions. This is related to the fact that the Fierz-
rearrangement in D dimensions generates evanescent operators which result in constants
to be taken into account when comparing results [63].

After using the transformation rules (3.20-3.23) in [64], and after proper definition
of evanescent operators for the b — cud channel (see section 4.1), these results are in
agreement with [63], where the coefficients were computed in four dimensions. We will
comment in more detail on this in the next section.

Note that from these results one readily finds the coefficients of HQE in eq. (3.5) whose
computation was described in section 3.2

Cr = Cp, — CoCr + Cy, (4.20)
Co = Cpuy +CoCa + Oy, (4.21)
OMS = O35 1 CyCp + %C’U : (4.22)
Crs = Cpps + CoClrs + %cv : (4.23)

4.1 Comment on the basis of four-quark operators

Our results discussed above are expressed in the operator basis
(’)5;;,)1 = (EUF"V“FPU)(QFUVMthU) = (Evfy"’y“fprLu)(EPR'y(,nyphv), (4.24)
088 = (h,LOYTPu) (al 54T phy) (4.25)
- (EU’YU’YPPLU) (QPR’YJ’thv) + 4(7ZU’YPPLU) (EPRVphv) - 4(77/11PLU) (ﬂPth) )
while one may chose as well the basis

O = (hoTyu) (@l hy) (4.26)
O, = (huPLu)(@Pghy), (4.27)
which has been used in ref. [63]. While the two bases are equivalent in D = 4, the
situation for arbitrary D is more involved. Relating the two bases in D dimensions requires

the addition of new operators called evanescent operators. The choice of the evanescent
operator is not unique, and a particular recipe reduces to a substitution [6, 59]

VoL ® Y9y P = (16 — ae)yaPL ® v P + P (4.28)
Yy Pr @ ¥'+" Pp — (4 — be) P, ® Pr + E;’QCD . (4.29)

A conventional choice is a = 4 and b = —4, with d = 4 — 2¢. We will call the basis fixed
by this choice to be the canonical basis of four-quark operators. The evanescent operators
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are thus defined as

E?CD
E;QCD

= fy'u'yy’yaPL & 'y“’y”'yaPL — (16 — ae)’yaPL & ’YO(PL s (4.30)
= 'Vu'YVPL & ’YM’YVPR — (4 — bE)PL ® Pg. (4.31)

The choice of the evanescent operators E?QC D'is not unique. This choice is motivated by
the requirement of validity of Fierz transformation at one-loop order [6, 51].
Thus the complete operator basis reads

4F1 = (hyLyu)(@l*hy), (4.32)
O, = (hyPru)(aPrhy), (4.33)
(h (4.34)
(h (4.35)

ER2P = (hyyuy 70 Pru) @y PLhy) — (16 — a€) (oL ) (al%hy)
ESP = (hy v,y PLu) (WPry" Y hy) — (4 — be)(hy Pru) (@Prhy) ,

and the rule for the transformation between the two bases is

Ol = (16 — ae)Oy + ERP, (4.36)
Ol = 4081 — beO) + EQP . (4.37)

In the new basis the imaginary part of the transition operator becomes

T cad) = 14+ O3 fﬁﬁ Lo (jﬁ% BT )
with
O = (16 — ae)Clp +4CLY (4.39)
O = —beC | (4.40)
oW =l (4.41)
oW — o (4.42)

The operators E%C P do not contribute to the anomalous dimension of Cyp- However, the
change of basis produces a shift in the pp coefficient which depends on the choice of the
evanescent operators i.e. on a and b. We call the new coefficient C%[JS (a,b). The difference

between the results obtained in the two bases is

N (a.5) — OO = SC105(1 = r)P(all — 7) — b(1 +21)) (4.43)

whereas the difference between our results and the ones obtained in ref. [63], where the
coefficients are computed in D = 4, is

S (a,b) — CNS D=1 = 0102(1 — )42+ 1) +b(1+2r) —a(l—7)). (4.44)

Note that for the canonical choice of the evanescent operators the difference vanishes.
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b — ccs C? C3 C1Cs
Co 084 | 0.84 | 0.56
Ch. 084 | 0.84 | 0.56
Che —4.99 | —4.99 | —14.6
C,, 440 | —56.1 | —49.5
Cppe —4.99 | —4.99 | —14.6
C&) /(128 | 0 | —9.35 | —6.23
C) /(12872 | 0 116 | 7.71

Table 1. Numerical values for the coefficients of b — ¢és. For illustration we take the numerical
values p = my = 4.8 GeV and m, = 1.3 GeV.

As we mentioned there is some freedom when choosing the evanescent operators E?CD.

2
The difference in the results due to the different choice of a and b corresponds to a shift in

the coeflicient

O (ay,b1) — CX(az, by) = _20102(1—7")2(—(611 —a2)(1=r)+ (b1 —b2)(1+2r)). (4.45)

P
When inserting numbers one has to keep in mind, that the coefficient is thus dependent on
the scheme. This scheme dependence is compensated by the four-quark operators, which
are scheme-dependent quantities.

4.2 Numerical analysis

In this section we give numerical values for phenomenological applications. We will chose
the canonical scheme for the evanescent operators such that the results in [63] can be
directly compared to our results. We employ the MS scheme for the definition of pp and
chose for the scale p = my,.

For both channels we have contributions which come from the operators O; and O,
which come with the Wilson coefficients C; and Cy, see ( 3.1). In table 1 we give the
numerical values of the coefficients for the transition b — cés. We also list the values of
the coefficients for the transition b — cud in the four-quark operator basis of section 3.1.1
in table 2, and in the canonical basis in table 3.

In order to get an idea about the size of the total contribution of pp to the non-leptonic
width we insert values for the Wilson coefficients C1(mp) = —1.121 and Ca(my,) = 0.275
(note that C1(Mw) = —1 and Co(Mw) = 0 to leading logs). We denote <Ofﬁp)i) =
<B(pB)](’)i%]B(pB)>/(2MB) and use the abbreviation I'g 4, to refer to I'(b — cqiga).
We obtain

- 2 2 3 3
o 0.94 — 0475 —1.07EG _ 33288 4 g7PLS
I'z, mj mj my my
O(S) 0(5)
43830 4§1> ~ 75 4§2> : (4.46)
my My
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b — cad o 20 Ne- 2 WX e
Co 175 | 175 | 117

Cp. 175 | 175 | 117
Cre ~7.09 | —7.09 | —30.2

Cop 55.2 | —50.3 | 52.4
Cpps —7.09 | —7.09 | —30.2

i /12872 | 0 | —10.7 | ~7.12
cijg /(12872) | 0 11.8 | 7.88
4F1 w1287 |0 0 0.80
ol j(12872) | 0 0 1.97

Table 2. Numerical values for the coefficients of b — cud. For illustration we take the numerical
values p = my = 4.8 GeV and m, = 1.3 GeV.

b — cud C? C3 C.Cy
Co 1.75 1.75 1.17
Ch. 175 | 175 | 117
Cuc —-7.09 | =7.09 | —30.2
C,p 55.2 | —50.3 | 71.4
Cors —7.09 | —=7.09 | —30.2
D /(1287 | 0 | —10.7 | —7.12
ClD /(12872 | 0 118 | 7.88
Cl /(12872 | 0 0 20.6
ci;l /(12872) | 0 0 0
/(1287r2) 0 0 0.80
W/(128a%) | 0 0 1.97
Table 3. Numerical values for the coefficients of b — ctid in the canonical basis (a = 4, b = —4).

For illustration we take the numerical values p = mp = 4.8 GeV and m, = 1.3 GeV.

—id _ .98 —0.995% —0.07“ —24.7°D +007pLS 1 a381%n)
L my m mp mp my
O(d) O(u) O(u)
185 4§2> _ 7758 41;1) ~192%0m) 4F2> : (4.47)
my my mb
T 2 o4
_ud - 1.98—0.99”—7;—0.07“ —21.8°D +007”LS + 438" 43>
Did lcan. basis my, mj mj mj my
O(d) @(u) EQCD EQCD
g5 9in) _y e Qin) 4F1> st . ) 199! - L (a.8)
m my My my
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. CD CD
Assuming that (E? )y/m3 = <EiQ )/m3 = 0 and p?,/m3 ~ <Of&{,>/mg ~ A%CD/mg,
the Darwin coefficient gives a correction to the tree level values of the coefficients of the
four-quark operator of ~ 7% for b — cés and of ~ 1% for b — cud in the canonical basis
(we take the largest coefficient of the four-quark operators to compare).

5 Discussion and conclusions

We have computed the contributions of the Darwin and the spin-orbit term appearing at
order 1 /m%2 in the HQE of the non-leptonic width. Although the coefficient of the spin-
orbit term is fixed by reparametrization invariance, we have explicitly computed it as a
check of our methods.

The most interesting part is the computation of the coefficient of pp, since one has to
take into account the mixing with the four-quark operators. The coefficient of the Darwin
term turns out to be sizable which was also found in the semi-leptonic case.

In fact, this may become relevant for lifetime differences. To be specific, we will
consider the SU(3)pjavor triplet of ground state B hadrons B = (B, By, Bs). It has been
noticed already very early [17] that up to and including 1/ m% the operators appearing in
Im 7 are SU(3)gavour singlets and hence a lifetime difference to this order can only emerge
from the SU(3) breaking coming from the states, meaning that p, and pg differ between the
three B-meson ground states. In turn, assuming the SU(3) flavour symmetry, no lifetime
differences can be induced up to this order. Since the coefficients of the HQE parameters
at order 1/m? are small, the effect on lifetime differences due to the SU(3)gayour breaking
in pr and pg is very small.

The situation changes at the order 1/ mg where four-quark operators appear, involving
light quarks. Since the weak hamiltonian is sensitive to the light-quark flavor, the result-
ing four-quark operators have different matching coefficients. Analyzing the SU(3)gavour
structure of the four-quark operators, we may decompose them into a singlet and an octet
contribution with respect to SU(3)piavor according to

h,I'(G1q)'Th, , h,I(GT%) Th,, (5.1)

where ¢ = (u,d, s) is the light quark triplet and 1 and T® are the generators of U(3)gavour-
If we, in addition, use the equation of motion

Te{A"[(iDy), [(iD"), (D)} = ¢ ) 47" A, (5:2)

(where A* are the Gell-Mann matrices of SU(3)¢olor) We can eliminate pp in favour of four-

quark operators, contributing to the SU(3)pjavor Singlet part only. Obviously the mixing of

pp can only happen with the SU(3)pjavor singlet part of the four-quark operators.
Overall, we thus find that we can re-write (4.14) as (schematically)

2
_ 1 C 9 1 4
(b — =19 1Cp(1—- 5 ) 4+ ZHe - 5.3
( CQIQQ) q192 [ 0 ( 2 %) 2m§ (MG prS> ( )

1 4
E Neasd! § : g
+m3 < CT,S»lTi,singlet + CT,O,JTj,octet ’
b i j

where the sums run over the matrix elements of the four-quark operators.
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Clearly the octet part of the four-quark operators is the main source for lifetime dif-
ferences, which is present also if the states are exactly SU(3) symmetric. However, the
precision of the lifetime measurements has increased and thus also the SU(3) breaking
through the states needs to be taken into account, which means that also the matrix ele-
ments T‘;,quinglet
the complete calculation of these terms shows that the coefficients of these terms are large,

will contribute to lifetime differences. This effect may be important, since

even enhanced by phase space factors. However, a quantitative study of their impact on
lifetime differences needs estimates of the SU(3)gavour breaking in the matrix elements
T

i,singlet

which is beyond the scope of the present paper.
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A Some technical results
Here we collect some technical results used for the computations.

A.1 The decay b — ccs

The most complicated part of the computation technically is the decay into two heavy
quarks — c-quarks.
We define the most general two-loop integral that can appear as

J(n1,n2,n3,n4,15)

_ / dPq dPgo 1

) emP n)P (@) ((p+ a1 — g2)? — m2)"2(g5 — m2)" (@1 + p)?)™ (g2 + p)?)"s

_ / dPq dPqy 1 (A1)
(2m)P (2m)P DY Dy? Dy Dy* Dy .

where +i0 prescriptions are assumed in the propagators and p? = mg. Using the program
LiteRed [65, 66], one finds that the amplitude for the relevant diagrams can be expressed
as a combination of the following three master integrals

J(0,1,1,0,0) —/ P dg !
T 2m)P 2m)P ((p + @1 — ¢2)? — m2)(q5 — m2)
dP 1 dP 1
_/ q i / q2 i 7 (A.2)
2m)P ¢t —m2 ) (2m)P g5 —m?
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dPq1 dPq 1
2m)P 2m)P ¢i((p+ ¢ — q2)2 — m2) (g5 — m2)

N dDQl 1 qug 1
- | eromar— ) e e MY

J(2,1,1,0,0) —/ T !
T ) enP 2n)P al (o4 o — @2)? — m2) (g3 —m2)

J(1,1,1,0,0) :/

:/‘qu1 1 /ﬁquz 1 (Ad)
@mP (p—aq)*—mi ) @2m)P (a1 - ¢2)* (g5 — md)
We are only interested in the imaginary part of the corresponding integrals, related to the

discontinuity across the cut. We denote J = ImJ. On the one hand J(0,1,1,0,0) = 0.
On the other hand, we can use that

d
S5 J(1,1,1,0,0) = J(1,2,1,0,0) + J(1,1,2,0,0) = 2(1,2,1,0,0), (A.5)

and the reduction of J(1,2,1,0,0) to a combination of the three master integrals above

1

J(2,1,1,0,0) = —
31 1.0.0) = = Dy — 4md)

[(—2 + D)2J(0,1,1,0,0)

+(=3+ D)(—=8 + 3D)(m? — 2m?)J(1,1,1,0,0)

+8(—3 + D)ym2(m? mg)J(l,z,l,o,o)], (A.6)

2
in order to express the master integral J(2,1,1,0,0) only in terms of J(1,1,1,0,0) and
J(0,1,1,0,0) whose imaginary part is zero

1
(—4+ D)m%(mg —4m2)

J(271a1a0a0) = - |:(_2+D)2‘](071,1,070)

+(=3+ D)(—=8 + 3D)(m? — 2m?)J(1,1,1,0,0)

1 d
+8(—3 + D)mZ(m? —m%)ﬁd—nﬁj(l,l,l,o,o) : (A7)
Therefore there is only one master integral we need to compute, which is J(1,1,1,0,0).
Note that eq. (A.7) has a pole in D = 4 — 2¢ dimensions. Therefore the O(e) expansion of

J(1,1,1,0,0) will be needed. We find

279+6€,ﬂ.73/2+26 CSC(WE) o e

J(1,1,1,0,0) = NETr m?
r?72(=5 +2e)Hy | 1?7 2(1+4r(1 — 4€))Ho
x T3¢ T3¢
[(1—e) H; (2 — 3¢)H,y
(=14 20)T(3 — 3¢) (F(—l +¢) * T(e) )] . (A8)
where
H1 = 2F1(—1/2,26,3—€,4T), (Ag)

Hy = 9F1(1/2,2¢,3 —€,4r)
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Hs = oF1(—1/2 4+ €,—2+ 3¢, —1 + €,4r),
Hy = oF1(—1/2 4 €,—1 + 3¢,¢,4r) .

A.2 The computation of the decay b — ccs in a scheme with a hard IR
regularization

The case we are considering can be used for pedagogical purposes of OPE (HQE). There
is only an IR divergence in the original amplitude. One can proceed by regulating IR with
a small mass and use four dim to compute the coefficients. The relevant master integral is
then defined as follows

d*qrd*qe
((p+ a1 — q2)* — m2) (g3 — m2)((q2 + p)? — m)?

J(071a1a0a2;m0)|d:4 = / . (A]_O)
Here mq is an IR regulator, p? = mg, and my < myp. The HQE for the non-leptonic
correlator at the order 1/m3 has the general form

Amp = C404 + CpOp . (A.11)

For the sake of demonstration we take the only four-quark operator Oy = Z_WMSEV/J’- The
coefficient Cy is computed in four dimensions and is finite in the limit mg/my — 0. The
expression for the pp coefficient C'p is also obtained in four dimensions but contains an IR
singularity in the limit mg/mp — 0.

Thus the HQE becomes

Amp = C104 + (CB + CyIn(mo/my) ) Op (A.12)

Now one defines the finite matrix element of the by, s5y,b operator as (MS-subtracted)

Ol g0 ~ (£ + G/ +.¢) = ©. (A.13)

Upon substituting this expression in eq. (A.11) one gets the finite coefficient Cfitite. This

is a rough sketch of the procedure used in [63] (for a related discussion, see [6]). In such

an approach one needs an expansion of the master integral at the limit of small mg/my.
We have obtained an analytical expression for the required expansion in the form

J(0,1,1,0,2;m0)|g=4 — zln(mo/mb)}

mg/mp—0

1+ 2

=2(1-p)ln <1_Z> +2(1+2In(p) — 41In(2)),

where 7 = p = m2/m? and z = /T — 4p.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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