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Abstract
Resonant formation of the muonic molecular ion (αµt)2+01 in the collision of the muonic tritium
atom with the helium hydride ion, (tµ)1s+ 4HeH+ → [(αµt)2+01 , p,ee]

+, is proposed. The
(αµt)2+01 ion is formed in the rotational-vibrational state (0,1) as one of the two nuclei of the
final complex. Back-decay process [(αµt)2+01 , p,ee]

+
Kn → (tµ)1s + 4HeH+

K ′n ′ , where K and n
(K ′and n ′) is the rotational and vibrational quantum number, respectively, is considered in detail
and the corresponding decay widths for all possible rotational-vibrational (K,n)→ (K ′,n ′)
transitions are calculated. Numerous inelastic decay channels of (αµt)2+01 are also presented and
discussed. The possible fast resonant formation of the (αµt)2+01 ion may provide an interesting
tool for experimental studies of t(α,γ)7Li nuclear fusion, which is one of the most important
reactions in Big-Bang nucleosynthesis models. Studying this reaction may prove important for
solving the lithium problem.

Keywords: nuclear fusion, muonic molecules, hydrohelium, back-decay,
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1. Introduction

Negative muon µ− entering a gaseous mixture of light ele-
ments initiates several different atomic and molecular pro-
cesses during its short lifetime τµ = 2.197× 10−6 s [1].
The most basic processes include the formation of muonic
atoms and muon transfer from lighter to heavier elements,
formation of muonic molecular ions (usually called muonic
molecules) and fusion of the muonic molecule nuclei [2–4].

Original content from this workmay be used under the terms
of the Creative Commons Attribution 4.0 licence. Any fur-

ther distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

These processes form an unavoidable background in experi-
mental investigations of weak muon capture, which provides
information on important issues such as the structure of light
nuclei, exchange-current effects, T-violation [5–9], proton
pseudoscalar coupling constant gP [10], solar p-p fusion [11,
12], neutrino–hydrogen and neutrino–deuterium scattering
[13]. Extensive experimental research has been carried out to
solve the puzzle of the proton charge radius [14–16] by pre-
cisely measuring the Lamb-shift in the pµ atom [17] (hence-
forth, the negative muon is called a muon and denoted by
µ). However, among the processes involving muons, the most
spectacular seems to be the fusion of the nuclei of muonic
molecules. The molecules composed of hydrogen or hydro-
gen and helium isotopes [18–23]: (pµd)+, (dµd)+, (dµt)+,
(3Heµd)2+, (4Heµt)2+, etc, are so small (the internuclear sep-
aration is about 0.03–0.07 in atomic units, au) that their nuclei
can tunnel through the Coulomb barrier and fuse. Therefore,
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muonic molecules provide the opportunity to study nuclear
reactions at low energies, especially because the quantum
states of these molecules can be controlled using superintense
laser fields [24, 25]. At the same time, the main difficulty in
laboratory studies of nuclear reactions of light elements in low-
energy scattering experiments is related to the Coulomb repul-
sion, which causes high uncertainty in the measured reaction
rates. These studies typically aim to calculate the correspond-
ing reaction rates and astrophysical S-factors [26], which are
used in Big Bang nucleosynthesis (BBN) models [27–35] to
understand the abundance of light elements in the universe.
In particular direct radiative capture t(α,γ)7Li at energies of
interest in the range of 0–500 keV belongs to the set of themost
important reactions [33–39]. It is known that the bulk of 7Li
is unrelated to galactic nucleosynthesis and is thus primordial
[37]. According to the standard BBN model 7Li is produced
mainly in two-step process [31]: first 7Be is produced in radi-
ative capture 3He(α,γ)7Be then, long after BBN ceases, due
to electron capture 7Be→ 7Li. The second source of 7Li is
the radiative capture t(α,γ)7Li. Consequently, the 7Li abund-
ance sums both mass-7 isotopes. Experimental and theoret-
ical investigations of the t(α,γ)7Li reaction are important in
the context of the lithium problem [30, 36, 37, 40]. Namely,
the relative abundance 7Li

/
H predicted by the standard BBN

models, (4.283 + 0.335− 0.292)× 10−10, is approximately
three times greater than that obtained from observations of
metal-poor halo stars (1.58 + 0.35− 0.28)× 10−10 [36, 37]
and references therein (predictions of the abundance of 6Li are
also controversial). To eliminate this discrepancy, a number of
attempts have been made in astrophysical, nuclear, and bey-
ond standard model measurements resorting to new particle
and cosmological physics [30, 36, 37, 41–45]. Existing exper-
imental results for the S-factor corresponding to the t(α,γ)7Li
reaction are divergent at collision energies 50 keV< E<
500 keV and do not cover energies below 50 keV (see [46–
49] and references therein). Similarly, theoretical results show
qualitative and quantitative discrepancies [47–56]. Therefore,
experimental studies of the t(α,γ)7Li reaction are important
for verifying theoretical models of low-energy 4He - t nuc-
lear interactions, as well as for determining whether a solution
to the lithium problem should be sought outside the standard
model.

Muonic molecules composed of isotopes of hydrogen and
helium, (Heµh)2+, where He= 3He, 4He and h = p, d, t,
are Feshbach resonances in (Heµ)+1s + h collisions at ener-
gies of several keV [57–67]. The resonances are formed
due to excitation of the three-body He2+ −µ− h system
from the ground 1sσ state, which corresponds asymptot-
ically to the (Heµ)+1s + h system, to some excited states.
Resonances below the (hµ)1s thresholds correspond to excita-
tion from the ground to the excited 2pσ state, which asymptot-
ically corresponds to the He2+ +(hµ)1s system. These reson-
ances are characterized by the rotational j = 0,1,2 and vibra-
tional ν = 0,1 quantum numbers, with the only resonance
in the excited vibrational ν = 1 state being the (αµt)2+j=0,ν=1

resonance [62, 68], denoted by (αµt)2+01 in the following. The
resonances in the vibrational ground state, (Heµh)2+j,0 (j = 2 is
excluded for h= p), are well below the corresponding (hµ)1s
thresholds and can be formed in helium ionization process
(hµ)1s +He→ [(Heµh)2+j,0 ,e]

+ + e at any low collision energy

[18, 68]. In contrast, the (αµt)2+01 resonance is only 0.13 eV
below the (tµ)1s threshold1 [62]. In principle, this molecule
could be formed also in helium ionization process, but a high
collision energy required, comparable to the helium ionization
potential, 24.6 eV, makes this process very unlikely. Another
formation of the (αµt)2+01 is three-body collision [69] (tµ)1s+
4He+ 4He→ [(αµt)2+01 ,2e] +

4He. However, the correspond-
ing effective formation rate is relatively low (∼ 107 s−1) even
for high helium concentrations, which are comparable to the
liquid hydrogen concentration, LHD= 4.25× 1022 cm−3. It
is easy to see that the weakly bound (αµt)2+01 reminds the
weakly bound muonic molecules (dµd)+11 and (dµt)

+
11 in rota-

tional and vibrational (rovibrational in the following) states
( j,ν) = (1,1). These states were discovered in [22] using the
adiabatic representation for the three-body Coulomb prob-
lem. Binding energies: 1.946 eV for (dµd)+11 and 0.634 eV
for (dµt)+11, were calculated in [23]. These molecules can
be formed in fast resonant processes in collisions of (dµ)1s
and (tµ)1s atoms with electronic hydrogen molecules, e.g.
(tµ)1s +D2 → [(dµt)+11,d,ee]Kn. The excess energy is trans-
ferred to rotational (K) and vibrational (n) degrees of free-
dom of the final complex, which resembles the ordinary D2

molecule but with the (dµt)+11 as one of its two nuclei. The
(dµt)+11 formation rate as a function of kinetic energy of (tµ)1s
atom reaches (after normalization to LHD) a very high value,
which is of the order of 1010 s−1 [70]. Similarly, the (αµt)2+01
molecule is expected to be formed in fast resonant process in
collision of the (tµ)1s atomwith some 4He-containingmolecu-
lar system. A good candidate for such a system is helium
hydride ion, 4HeH+, which rovibrational excitation energies
are comparable to the (αµt)2+01 binding energy, 0.13 eV. The
proposed resonant process

(tµ)1s +
4HeH+

Kn →
[
(αµt)2+01 ,p,ee

]+
K ′n ′

(1)

leads to the formation of an excited final molecular com-
plex [(αµt)2+01 ,p,ee]

+
K ′n ′ with (αµt)2+01 as one of its two nuc-

lei; (K,n) and (K ′,n ′) are rovibrational quantum numbers of
4HeH+ and the final complex, respectively. The following, the
final complex is denoted as M01H

+, where M2+
01 is (αµt)2+01 .

It is interesting to note that the 4HeH+ ion, one of the most
elementary molecular systems [71], was first observed in 1925
in the mass spectrum of discharges in a mixture of helium and
hydrogen [72]. The ion was identified by its charge-to-mass
ratio q/m= (1/5)(e/mp), where mp is the proton mass. The
ion can be relatively easily synthesized and handled in He–H

1 This value includes relativistic correction (+4 meV) resulting from the
vacuum polarization [62].
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mixtures using various experimental techniques, such as dis-
charge through the mixture [73], electron-impact ionization
[74] with an electrostatic ion trap [75, 76], hollow-cathode ion
source [77, 78], electrostatic low-energy storage ring [79], and
duoplasmotron ion source [80, 81].

The HeH+ ion appears in models of the early universe as
the first molecular system primarily formed due to radiative
association He+H+ → HeH+ + γ [82–86]. The ion is also
expected to be formed in planetary nebulae by the radiative
association of He+ with H in the transition region of space
between the fully ionized and neutral zones [87, 88]. Because
hydrogen and helium are two of the most abundant elements
in the Universe, the ion was considered potentially detectable
[89–91]. However, because of the insufficient resolution of
spectrometers, HeH+ radiation lines have not been observed
in astronomical spectra over the last few decades [92–94].
The ion was recently detected in the planetary nebula NGC
7027 by observing the fundamental rotational J = 1–0 line
in the Stratospheric Observatory for Infrared Astronomy [95],
as well as by observing the rovibrational ν = 1− 0 P(1) and
P(2) lines with the iSHELL spectrograph at NASA’s Infrared
telescope facility on Maunakea [96].

To calculate the cross-section for resonant formation (1),
the widths of the (αµt)2+01 decay channels must first be calcu-
lated (see [97–100], where calculations of cross-sections for
resonant (dµd)+11 and (dµt)+11 formation are presented). The
crucial decay channel is back-decay

M01H
+
Kn → (tµ)1s+

4HeH+
K ′n ′ , (2)

that which restores the muonic tritium atom in the ground state
and the 4HeH+ ion in an excited rovibrational (K ′,n ′) state.

This paper is arranged as follows: the method of calculat-
ing the back-decay width is presented in section 2; the results
obtained are presented and discussed in section 3, where other
(αµt)2+01 decay channels are also discussed. Unless otherwise
noted, au are used in the text.

2. Method of calculation

2.1. The (αµt)2+01 muonic molecule

The energy levels of the (Heµh)2+j,0 muonic molecules lie relat-
ively deep below the corresponding (hµ)1s thresholds and can
be described using adiabatic approximation as bound states in
the 2pσ potential [18,19, 101]. The corresponding wave func-
tions, which are eigenfunctions of the square of the total angu-
lar momentum ĵ and its z-axis projection ĵz, have the form

ϕmol
jmjν (R,r) = φµ

2pσ (R;r)χ jν (R)R
−1Yjmj

(
R̂
)
, (3)

where j and mj are the respective quantum numbers; ν is
vibrational quantum number; vectors R and r are defined in
figure 1(a); φµ

2pσ(R;r) is the two center wave function of the
muon in the Coulomb fields of the two fixed nuclei He2+ and
h, separated by R; χ jν(R) is the radial function describing the

Figure 1. Coordinates used in description of the initial (a) and the
final (b) state of the back decay (2). (a) Vector r connects the middle
of R with the muon. Triangle denotes the center of charge of the
(αµt)2+01 . Open circle denotes the center of mass of the muonic
molecule (a) and the 4HeH+ ion (b).

relative He2+ − hmotion; Yjmj(R̂) is spherical harmonic [102];
R̂= R/R.

The muonic wave function φµ
2pσ(R;r) tends in the R→ 0

limit (the united-atom limit) to the wave function of the
(Liµ)2+ ion in the excited (n,l,m) = (2,1,0) state, whereas in
the R→∞ limit (the separated-atoms limit) φµ

2pσ(R;r) tends

to the (hµ)1s atomic wave function [103]. Since the (αµt)2+01
molecule is weakly bound, the corresponding radial func-
tion χ 01(R) extends over long distances and is therefore very
sensitive to the details of the potential. Adiabatic approxim-
ation is insufficient in this case [69], and more sophisticated
calculations are required. This calculation was performed in
[62] using the coupled rearrangement channel method [104],
which exploits the variational function spanned over wave
functions corresponding to (αµ)+ t, (αt)+µ, and α+(tµ)
channels. The results show that muon in the (αµt)2+01 molecule
is strongly clustered on triton with less than 0.4% of its
energy being due to the admixture of αµ orbital. Thus, the
muonic molecule strongly resembles the α+(tµ)1s system.
Since the φµ

2pσ(R;r) for large R is the (tµ)1s wave function,

the (αµt)2+01 wave function can be approximated by (3) for
( j,ν) = (0,1) and χ 01(R) taken from [62]. The average α− t
separation, R̄=

´∞
0 (χ 01(R))

2dR, is equal to 0.07 au, mak-
ing this molecule approximately four to five times larger than
(Heµh)2+j0 molecules.

3



J. Phys. B: At. Mol. Opt. Phys. 57 (2024) 235203 W Czapliński

Figure 2. Born–Oppenheimer potential E(X) for the ground
electronic 1Σ+ state of the 4HeH + ion [106] and the corresponding
electric field Ex(X)=− Z−1

moldE(X)/dX.

2.2. The 4HeH+ and M01H
+ ions

The ions were described by the Born–Oppenheimer (B–O)
approximation. The wave function of the 4HeH+ in the ground
electronic 1Σ+ state was chosen as an eigenfunction of the
square of the total angular momentum operator K̂ and its z-
axis projection K̂z [105]

Ψ ion
KMKn (X,r1,r2) = φ e (X,r1,r2) Φ rel

KMKn (X) , (4)

where K andMK are the corresponding quantum numbers, n is
vibrational quantum number, vector X connects the α particle
with the proton, r1 and r2 are the position vectors of two elec-
trons, and φ e(X,r1,r2) is the electronic 1Σ+ state wave func-
tion. Function Φ rel

KMKn(X) describes relative α− p motion,

Φ rel
KMKn (X) = X−1ξ Kn (X)YKMK

(
X̂
)
, (5)

where ξ Kn(X) is a bound state solution of the radial
Schrödinger equation with the potential [106] corresponding
to the 1Σ+ molecular term. The potential is denoted here as
E(X) and is presented in figure 2. The average α− p separ-
ation in the ground rovibrational state, X̄=

´∞
0 dXXξ 2

00(X),
equals 1.52 au.

The coordinates used to describe the M01H
+ ion are shown

in figure 1(a). Because the ratio of the average internuclear
separations in (αµt)2+01 and 4HeH+ is R̄/ X̄≈ 0.05<< 1, the
muonic molecule is considered a heavy nucleus of the M01H

+

ion. The electric charge distribution in the muonic molecule
(αµt)2+01 is not spherically symmetric; however, the potential
generated by the molecule at distances Xc ∼ X̄ from its cen-
ter of charge is close to the Coulomb potential 2/Xc. This

is because the dipole term of the multipole expansion of the
potential vanishes identically, whereas the higher order terms
(quadrupole, octupole, etc) are small and can be neglected
because of the small value of the R̄/ X̄ ratio. Consequently,
the two electrons of the M01H

+ ion move in the electric field
of two point-like charges, that is the charge of the muonic
molecule Zmol = 2 and the charge of the proton, separated by
Xc. The energy of the electrons E(Xc) (molecular term) is a
function of Xc. On the other hand, the rovibrational degrees of
freedom of M01H

+ are related to vector X= rc +Xc, which
connects the center of mass of the muonic molecule with the
proton, rc connects the center of mass of (αµt)2+01 with its cen-
ter of charge. Expanding E(Xc) in the power series of rc/X to
the dipole term, we obtain E(Xc) = E(X)+Vbd, where

Vbd =− d ·E(X) (6)

and

E(X) =− X̂Z−1
moldE(X)/dX (7)

is the electric field of the two electrons and the proton in the
(αµt)2+01 center of mass [107]; d= Zmolrc is the dipole moment
of the muonic molecule relative to it center of mass. It is
convenient to express the dipole moment by vectors r and
R, d =− (a1R+ a2r), where a1 = 1/2− (mα −mt)/mmol,
a2 = 1+ 2mµ/mmol, mmol = mα +mt+mµ, and mα, mt, mµ

are masses of the muonic molecule components. The x-
coordinate of the electric field, Ex(X) = X̂ ·E(X), is shown in
figure 2. For further calculations, it is convenient to assume
that the muonic molecule is in a rovibrational ( j,ν) state,
(αµt)2+jν . The ion, that includes the muonic molecule is

denoted byMjνH
+
Kn, where M

2+
jν stands for (αµt)2+jν . If the size

of the muonic molecule is neglected then X= Xc and, con-
sequently, the total angular momentum operator of MjνH

+
Kn

can be expressed as

ĵ= ĵ+ K̂, (8)

where ĵ and K̂ are the total angular momentum operator of
the muonic molecule and the MjνH

+
Kn ion (with (αµt)2+jν as a

point-like nucleus), respectively. Moreover, in this approxima-
tion, the electronic wave-functions and molecular terms of the
4HeH+ and MjνH

+ ions are identical. The wave function of

MjνH
+
Kn, which is an eigenfunction of ĵ

2
and Ĵz, has the form

Ψ ion
jνKnJMJ

=
{
ϕmol
jν (R,r) ⊗Ψ ion

Kn (X,r1,r2)
}
JMJ

= φ e (X,r1,r2)
∑
mjMK

CJMJ
jmjKMK

ϕmol
jmjν (R,r) Φ

rel
KMKn (X),

(9)

where ϕmol
jmjν

(R,r), Ψ ion
KMKn(X,r1,r2), and Φ rel

KMKn(X) are
defined in (3), (4), and (5), respectively; quantum num-

bers (J,MJ) and (K,MK) correspond to (̂j
2
, Ĵz) and (K̂

2
, K̂z),

respectively; and CJMJ
jmjKMK

are Clebsch–Gordan coefficients
[108].
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2.3. Back-decay

The transition matrix element calculated in the first order of
perturbation theory with potential (6), which is responsible
for the back-decay process, Tfi = ⟨Ψ f|Vbd |Ψ i⟩, involves wave
functions of the entire system in the initial (i) and final (f)
states, calculated in the zero-order approximation. This means
thatΨ i is expressed by (9), andΨ f must be calculated by neg-
lecting the dimension of the (tµ)1s atom, rtµ, because it fulfills
the condition rtµ << rc << X.Ψ i andΨ f are chosen as eigen-
functions of the square of the total angular momentum oper-
ator of the entire system ĵ and its z-axis projection Ĵz. In the
initial state of process (2), the total angular momentum oper-
ator ĵ is defined as in (8). In the final state of (2), ĵ is the sum
Ĵ=K̂+L̂, where K̂ is the angular momentum of the nuclei of
the 4HeH+ ion and L̂ is the angular momentum of the relative
4HeH+ − (tµ)1s motion. The quantum numbers correspond-

ing to (̂j
2
, Ĵz), (K̂

2
, K̂z), and (L̂

2
, L̂z) are (J,MJ), (K ′,M ′

K) and
(L ′,M ′

L), respectively. The final state wave function has the
form

Ψ f = utµ1s (rµ)
{
ΩpL ′ (Y) ⊗Φ rel

K ′n ′ (X)
}
JMJ

= utµ1s (rµ)
∑

M ′
LM ′

K

CJMJ
L ′M ′

LK ′M ′
K
ΩpL ′M ′

L (Y) Φ
rel
K ′M ′

Kn ′ (X),

(10)

where Φ rel
K ′M ′

Kn ′(X) is defined in (5); utµ1s(rµ) is the ground
state orbital of the (tµ)1s atom; ΩpL ′M ′

L(Y) is the spher-
ical wave describing the relative 4HeH+ − (tµ)1s motion with
momentum p in the rotational (L ′,M ′

L) state; Y is defined
in figure 1(b) as the vector connecting the center of mass of
4HeH+ with (tµ)1s. FunctionΩpL ′M ′

L(Y) is calculated by neg-
lecting the interaction between the two systems because (tµ)1s
is small and neutral

ΩpL ′M ′
L (Y) = 2pjL ′ (pY)YL ′M ′

L

(
Ŷ
)
, (11)

where jL ′(x) is a spherical Bessel function [109].
The following normalization condition is fulfilled
⟨Ωp1L ′

1M ′
L1
|Ωp2L ′

2M ′
L2
⟩= 2πδ(p1 − p2)δL ′

1L ′
2δM ′

L1M
′
L2
. In

can be inferred from figure 1(b) that Y = R− bX, where
b= mp/(mp+mα), and mp is the proton mass. It is useful
to expand function (11) into the series of bipolar spherical
harmonics [110]

ΩpL ′M ′
L (Y)

= 2
√
4π p

∑
l1,l2

(−1)l1
√

(2l1 + 1)(2l2 + 1)

(
l1
0

l2
0

L ′

0

)
× jl1 (pR) jl2 (bpX)

{
Yl1

(
R̂
)
⊗Yl2

(
X̂
)}

L ′M ′
L

.

(12)

This allows the calculation of the transition matrix element
without the approximations used in [70]. The transition mat-
rix element Tfi, calculated using wave functions (9) and (10)
receives the form

Tfi =−⟨pK ′n ′L ′;JMJ|dav ·E|νjKn;JMJ⟩, (13)

where dav = ⟨utµ1s |d|φ
µ
2pσ⟩µ, the subscript µ denoted integration

over the muon coordinates only. Because φµ
2pσ(R;r) tends for

a large R to the wave function of the (tµ)1s atom, dav is taken
in the form

dav =
〈
φµ

2pσ

∣∣∣d∣∣∣φµ
2pσ

〉
µ
=−D(R)R̂, (14)

where D(R) = aRR+ ar⟨φµ
2pσ|r · R̂|φµ

2pσ⟩µ. After substitut-
ing (12) and (14) into (13), and taking into account that
( j,ν) = (0,1), Tfi takes its final form

Tfi = 2 iK
′+K−L ′√

(2L ′ + 1)(2K ′ + 1)

×
(

L ′

0
K ′

0
K
0

)
pImol (p) I

ion
L ′K ′n ′Kn (bp) , (15)

where

Imol (p) =

∞̂

0

dRj1 (pR)RD(R)χ01 (R) ; (16)

IionL ′K ′n ′Kn (bp) =

∞̂

0

dXξ K ′n ′ (X)(djL ′ (z)/dz) Ex (X) ξ Kn (X) ;

(17)

and z= bpX.
The formula for the back-decay [111] is

Γ = 2π
∑
L ′

ˆ
dp
2π

|Tfi|2δ (Ef −Ei) , (18)

where Ei = EKn+∈01 and Ef = EK ′n ′ + p2
/
(2mr) are the ener-

gies of the entire system in the initial and final states, respect-
ively; EKn and EK ′n ′ are the rovibrational energies of M01H

+
Kn

and 4HeH+
K ′n ′ , respectively; ∈01 =− 0.13eV is the energy of

the (αµt)2+01 molecule relative to the (tµ)1s threshold; and mr

is the reduced mass of the 4HeH+ +(tµ)1s system. After sub-
stituting (15) into (18), the back-decay width takes the final
form

Γbd
K ′n ′Kn = 4mredprI

2
mol (pr)

K+K ′∑
L ′=|K−K ′|

GL ′K ′K

(
IionL ′K ′n ′Kn

)2
,

(19)

where

GL ′K ′K =
(
2L ′ + 1

)(
2K ′ + 1

)( L ′

0
K ′

0
K
0

)2

(20)

is geometrical factor; IionL ′K ′n ′Kn ≡ IionL ′K ′n ′Kn(bpr), and pr =√
2mr (∈01 +EKn−EK ′n ′) is the resonant momentum.
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Table 1. The ten fastest back-decay transitions, the corresponding
resonant energies εr, and widths. Γbd

K ′n ′Kn was calculated according
to (19), whereas approximated width γbd

K ′n ′Kn was calculated
according to (21) (see this Section below).

(K,n)→ (K ′,n ′) εr(eV) Γbd
K ′n ′Kn(meV) γbd

K ′n ′Kn(meV)

(1,3) (1,2) 0.111 2.95 2.42
(1,2) (1,1) 0.157 2.81 2.36
(2,3) (2,2) 0.109 2,75 2.36
(2,2) (2,1) 0.155 2.66 2.32
(3,3) (3,2) 0.105 2.63 2.28
(3,2) (3,1) 0.151 2.57 2.27
(4,3) (4,2) 0.101 2.50 2.17
(4,2) (4,1) 0.146 2.49 2.20
(0,3) (0,2) 0.112 2.45 2.45
(5,2) (5,1) 0.140 2.39 2.11

3. Results and discussion

The energies and radial functions of the bound states of
the 4HeH+ and M01H

+ ions were calculated by solving the
Schrödinger equation with the B-O potential, E(X), that is
presented in [106] (rovibrational resonant states [112, 113]
were ignored in the present calculation). A common set of
160 pairs of rovibrational quantum states (K,n) was found for
both the ions. The energies obtained for 4HeH+ are very close
to those presented in [114]2. The energy levels of M01H

+ lie
slightly below those of 4HeH+ because the ratio of the reduced
mass of the nuclei of the first to the second ion is approxim-
ately 1.1. Because the centrifugal potentials of both ions are of
the order ofm−1

p relative to theE(X) potential, the energies and
radial functions depend very weakly on the rotational quantum
numbers K and K ′.

The resonance condition εr = ∈01 +EKn−EK ′n ′ > 0 is ful-
filled by 9631 rovibrational (K,n)→ (K ′,n ′) transitions.
Table 1 lists the ten largest widths in descending order.
As can be seen, the widths correspond to (K,n)→ (K,n− 1)
transitions, where K and n take small values. A maximum
width 2.95 meV (reaction rate λ= Γ/ h̄= 4.48 · 1012 s−1) cor-
responds to the (1,3)→ (1,2) transition.

The back-decay width (19) depends on the rovibrational
quantum numbers in a complicated manner. To analyze the
corresponding results, it is convenient to use the quantum
numbers K, n, and the differences ∆K= K−K ′ and ∆n=
n− n ′. The results are presented in figure 3 in (∆K,∆n)
coordinates.

The widths are grouped into columns, the widths within
a given column correspond to different pairs (K,n). The
tallest columns, and therefore the largest widths, are loc-
ated inside a rectangle, which can be conventionally defined
by |∆K|⩽ 3 and 1⩽∆n⩽ 4. All the widths outside this
rectangle will be considered relatively small and will not
be analyzed further. It is convenient to use the height of
the (∆K,∆n) column, that is the maximum width in the

2 E20,0 and E20,1 are missing in [114].

column, Γbd
max(∆K,∆n) =max

K,n
Γbd
K−∆K,n−∆n,Kn. The function

Γbd
max(∆K,∆n) has a maximum at (∆K,∆n) = (0,1) and tends

to decrease as ∆n or |∆K| increases. For a fixed ∆n⩾ 1,
Γbd
max(∆K,∆n) reaches its maximum at ∆K= 0. It should be

noted that transitions with ∆K⩽ 2 are allowed by resonance
condition for∆n⩾ 1, as seen in figure 3. Closer analysis of the
results shows that the width within a given (∆K,∆n) column,
Γbd
K−∆K,n−∆n,Kn, considered as a function of K and n, has a

maximum for some small K0 and n0, and is close to zero for
large K or n. An example is given in figure 4, where the widths
Γbd
K,n−1,Kn corresponding to (∆K,∆n) = (0,1) (see figure 3) are

presented in (K,n) coordinates.
The main features of the results presented in figures 3

and 4 can be qualitatively explained by analyzing the integral
IionL ′K ′n ′Kn defined in (17). It can be assumed that the upper limit
of the integral is finite because the electric field Ex(X), and
therefore the entire subintegral function, takes negligibly small
values for a sufficiently large X (see figure 2). The integra-
tion interval can be chosen as [0,X1], where X1 = 4. Moreover,
the integral contains the function djL ′(z)/dz oscillating around
zero [109], values of which decrease in the integration inter-
val [0,X1] as L ′ increases. As a result, the square of the integ-
ral, (IionL ′K ′n ′Kn)

2, tends to decrease as L ′ increases and, in most
cases, the decrease is so fast that the sum in (19) is domin-
ated by its first term for L ′ = |∆K| (geometrical factor GL ′K ′K

weakly depends on L ′). Therefore, equation (19) can be sim-
plified by leaving only the leading term

γbdK ′n ′Kn = 4mredQK ′n ′Kn

(
Iion|∆K|K ′n ′Kn

)2
, (21)

where QK ′n ′Kn = prI2mol(pr)G|∆K|K ′K. The corresponding res-
ults are presented in figure 5.

The comparison of figures 3 and 5 shows that the function
Γbd
max(∆K,∆n) is practically determined, as was to be expec-

ted, by the function γbdmax(∆K,∆n), defined in analogous way.
Formula (21) produces widths of which 86% have an accuracy
greater than 80%, therefore, further analysis concerns γbdK ′n ′Kn.
Sample results are presented in the last column of table 1. It can
be observed that the order of widths within the same columns
in figures 3 and 5 (and also in table 1) are not identical.

The coefficients (Iion∆KK ′n ′Kn)
2 and QK ′n ′Kn in (21) are

presented in figure 6 in the (∆K,∆n) coordinates.
The heights of the corresponding columns are denoted

as I2max(∆K,∆n) and Qmax(∆K,∆n). From the comparison
of figures 5 and 6, it can be concluded that the shape of
the γbdmax(∆K,∆n) function is very similar to that of the
I2max(∆K,∆n) function, despite the presence of the QK ′n ′Kn

coefficients in (21). This can be qualitatively explained by
the observation that I2max(∆K,∆n) takes significant values
and changes quickly in the area where Qmax(∆K,∆n) changes
relatively slowly (∆K⩾ 0), that is, in this area, the QK ′n ′Kn

coefficients belonging to different columns fall within sim-
ilar ranges. Simultaneously, in the area where Qmax(∆K,∆n)
takes significant values and changes quickly (∆K⩽−1),
I2max(∆K,∆n) is close to zero. This results in small values of
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Figure 3. Back-decay widths on the (∆K,∆n)-plane (vertical lines help to read the coordinates). Red points represent the widths collected
in table 1. Widths outside the range of both axes are close to zero.

γbdmax(∆K,∆n) and, consequently, small values of γbdK ′n ′Kn and
Γbd
K ′n ′Kn.
The integral IionL ′K ′n ′Kn depends on L

′ much more strongly
than on other quantum numbers. The very weak dependence
of IionL ′K ′n ′Kn on K and K ′ is due to the very weak depend-
ence of the radial functions ξ Kn(X) and ξ K ′n ′(X) on K and K ′,
respectively. Simultaneously, the relatively weak dependence
of IionL ′K ′n ′Kn on n and n ′ can be explained by the observation
that a significant contribution to the integral comes from the
subinterval [0,X0], where X0 = 1.4, in which the electric field
Ex(X) takes significant values (see figure 2). For example, if
n increases and n ′ is fixed, there are two inherent and com-
peting effects that change (IionL ′K ′n ′Kn)

2 in opposite directions:
(a) radial function ξ Kn(X) occupies an increasingly larger area
inside the potential well and penetrates deeper into the subin-
terval [0,X0]. However, this effect saturates at a relatively small
n. (b) The amplitude of ξ Kn(X) decreases in the entire integra-
tion interval [0,X1] because of the normalization of the radial
function to unity. As a result of (a) and (b), (IionL ′K ′n ′Kn)

2 reaches
its maximum value for some n0 and tends to decrease as n
increases. This is also true when n ′ increases and n is fixed,
or when n and n ′ increase simultaneously in a given (∆K,∆n)
column.

Considering the above, it is understandable that the
decrease in I2max(∆K,∆n) as |∆K| increases for a fixed ∆n⩾

1 is caused by the rapid decrease in (Iion|∆K|K ′n ′Kn)
2 as |∆K|

increases and the relatively weak dependence of (Iion|∆K|K ′n ′Kn)
2

on the remaining quantum numbers (in particular K and K ′).
As a result, I2max(∆K,∆n) has a maximum at ∆K= 0. Note
that transitions for ∆n⩽ 0 are allowed for ∆K⩾ 3 therefore,
I2max(∆K,∆n) is small in this region.

At the same time, the ∆n-dependence of I2max(∆K,∆n) for
a fixed ∆K can be qualitatively explained by the observation
that ntop, which corresponds to I2max(∆K,∆n) in figure 6, tends
to increase with increasing ∆n and fixed ∆K, while n ′top =
ntop −∆n either tends to increase or remains constant. This is
shown in table 2. Consequently, the I2max(∆K,∆n) for a fixed
∆K tends to decrease as ∆n increases.

In addition to the back-decay (2) and decay of the muon,
the (αµt)2+01 molecule resonantly formed in process (1) can
decay because of the t(α,γ)7Li fusion producing the exotic
molecular system [(7Liµ)2+pee]+. Another decay of (αµt)2+01
is its deexcitation to the lower rovibrational (1,0) state or
dissociation (αµt)2+01 → (αµ)+1s + t corresponding to the 2pσ →
1sσ transition. These two processes can be accompanied by
photon emission or ionization of theM01H

+ ion however, non-
radiative dissociation (predissociation) is also possible. This
is summarized in figure 7. The energy released in the deex-
citation and decay is 63.82 eV [62] and 5–8 keV [115, 116],
respectively.
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Figure 4. Back-decay widths corresponding to the (∆K,∆n) = (0,1) column (see figure 3) presented on (K,n)-plane. Red points represent
the widths collected in table 1.

The photon-induced deexcitation, decay, and fusion, as
well as predissociation can be described with a good approx-
imation as occurring independently of the other components of
theM01H

+ ion, that is the proton and two electrons are spectat-
ors only. This is due to the small size of the muonic molecule
compared to that of the electronic M01H

+ ion. The width of
the photon-induced deexcitation can be easily calculated using
the standard approach for the E1 transition [117]. The result
obtained, 8.34× 10−10 eV (λ= 1.27× 106 s−1), is on the order
of the muon decay width, h̄τ−1

µ ≈ 3.0× 10−10 eV. The widths
for photon-induced decay and predissociation can be calcu-
lated using the methods presented in [116, 118].

The (αµt)2+01 deexcitation and decay induced by theM01H
+

ionization also lead to the decay of the electronic ion.
Deexcitation is energetically allowed because the ionization
threshold of theM01H

+ is expected to be very close to the ion-
ization threshold of the 4HeH+ ion, 40 eV [119, 120]. This
process is analogous to the dissociative photoionization of the
4HeH+ ion, which leads to 4He+ + p, 4He2+ +H, or the disso-
ciative state of 4HeH2+. Based on this analogy and consider-
ing the energy conservation, (αµt)2+01 deexcitation will produce
M01H

+ →M+
10 + p+ e.

The decay of the (αµt)2+01 molecule due to M01H
+ ion-

ization would lead to the decay of the electronic ion. The
possible decay channels are (escaping electron is omitted)
(αµ)+1se+ t+ p, (αµ)+1s+ t+H, (αµ)+1s+T+ p, (αµ)+1s+HT+,

and [(αµ)+1s,pe]
+ + t, in which exotic molecular ion is pro-

duced. The calculation of the corresponding decay widths is a
difficult task because three or four particles appear in the final
channels. However, the widths can be calculated or estimated
using appropriate approximations.

E1-transitions from continuum spectrum of the t+α sys-
tem to the ground I= (1/2)− and the first excited I= (3/2)−

state of the resulting lithium nucleus dominate in the total
cross section for (tµ)1s+α fusion [49, 55]. Their relative con-
tribution is about 3 : 2. The corresponding photon energies
are (2483.7 ± 4.5) keV and (2006.1 ± 4.1) keV. As it was
mentioned in Introduction, the main difficulty in laboratory
studies of nuclear reactions in scattering experiments at low-
energies is due to Coulomb repulsion, which causes the fusion
cross section σf(E) to drop drastically below 100 keV [121].
Strong energy dependence corresponding to the low-energy
penetrability through the Coulomb barrier can be factored out
using the astrophysical S-factor, σf(E) = S(E)E−1 exp(−2πη),
whereE is the collision energy; η = e2

/
(h̄υ) is the Sommerfeld

parameter; υ is the collision velocity. If no resonances occur,
S(E) is smooth function of energy and can be successfully
extrapolated to zero energy. However, in the absencereac-
tion occurring inside the of a credible theory, only experi-
ment can decide whether such a procedure makes sense. The
possibility of verifying the extrapolation may be given by
experimental study of nuclear fusion occurring inside muonic

8
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Figure 5. Approximated back-decay widths (21) presented on the (∆K,∆n)-plane. Red points correspond to the transitions in table 1.

molecule. Namely, the rate of nuclear fusion from the ( j,ν)
state of a muonic molecule corresponding to the relative
orbital angular momentum L of nuclei has the form [121,
122] λjνL = KLG

jν
L , where KL = π−1SL(0)/ (α̃µred)

2L+1 is reac-
tion constant expressed by the partial S-factor at zero colli-
sion energy SL(0); α̃ is the fine structure constant; µred is the
reduced mass of the nuclei; Gjν

L are certain molecular factors
calculated at zero distance between the nuclei. Because Gjν

L
are very sensitive to the form of the muonic molecule wave
function ϕmol

jmjν(R,r), the latter must be calculated with high

precision. In the case of α and t bound in the (αµt)2+01 muonic
molecule, where j = 0 and ν = 1, the fusion rate takes the form
λ01L = KLG

01
L . Since two molecular states: 1sσ (with l= 0) and

2pσ (with l= 1) contribute dominantly to the corresponding
wave function at R→ 0 [101], the only values of L, where
L= |j − l| , . . . , j + l, which should be taken into account are
0 and 1. But, on the other hand, K1 << K0 [63], therefore

only G01
0 , which is defined as G01

0 =
´
d3r |ϕmol

001(R= 0,r)|2

and corresponds to the 1sσ non-adiabatic component of the
(αµt)2+01 wave function, deserves attention. Once G01

0 has
been calculated and λ010 has been measured, K0 can be
determined.

The study of the (tµ)1s+α reaction occurring inside the
(αµt)2+01 muonic molecule, which is resonantly formed in pro-
cess (1) can be carried out using various experimental arrange-
ments. For example, one can consider a thermalized tritium
target that is irradiated with two beams, one composed of neg-
ative muons and the other of 4HeH+ ions. Muonic tritium
atoms formed due to the capture of muons into highly excited
atomic orbits (n = 14) deexcite very quickly to the ground
state (after approximately 10−10 s). In another example, a tar-
get consisting of 4HeH+ ions is irradiated with a beam of tµ
atoms in the ground state, obtained by the atomic beammethod
[123–126].
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Figure 6. Coefficients (Iion∆KK ′n ′Kn)
2 and QK ′n ′Kn presented in the (∆K,∆n)-plane. The points representing (Iion|∆K|K ′n ′Kn)

2 are slightly
shifted along the ∆n-axis to make the drawing more readable.

Table 2. (Ktop,ntop) corresponding to I2max(∆K,∆n).

∆n→∆K ↓ 1 2 3 4

−3 (0,1) (0,4) (0,5) (0,7)
−2 (1,2) (2,5) (2,7) (2,8)
−1 (6,4) (9,7) (0,4) (0,6)
0 (0,2) (0,5) (0,6) (0,7)
1 (1,5) (5,3) (4,4) (3,6)
2 (2,3) (2,5) (2,7) (2,8)
3 (3,2) (3,4) (3,5) (3,7)
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Figure 7. Energy levels diagram (not to scale) and transitions in the muonic molecule (αµt)2+01 resonantly formed in M01H+ ion (fusion
t(α,γ)7Li is not shown). Subscripts of reaction rates, i = γ,e,pr. and j = γ,e indicate the transitions induced by photon emission (γ),
ionization of the M01H+ ion (e), and predissociation (pr.). Energies are calculated relative to the (tµ)1s threshold, E(tµ)1s

=−2711.17eV.
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[20] Czapliński W, Kravtsov A, Mikhailov A and Popov N 1998

Phys. Lett. A 219 86
[21] Czapliński W, Kravtsov A, Mikhailov A and Popov N 1998

Eur. Phys. J. D 3 223
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