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The topic of this thesis is neutrino cosmology and large scale structure. First, we introduce the

concepts needed for the presentation in the following chapters.

We describe the role that neutrinos play in particle physics and cosmology, and the current status

of the field. We also explain the cosmological observations that are commonly used to measure

properties of neutrino particles.

Next, we present studies of the model-dependence of cosmological neutrino mass constraints. In

particular, we focus on two phenomenological parameterisations of time-varying dark energy (early

dark energy and barotropic dark energy) that can exhibit degeneracies with the cosmic neutrino

background over extended periods of cosmic time. We show how the combination of multiple probes

across cosmic time can help to distinguish between the two components.

Moreover, we discuss how neutrino mass constraints can change when neutrino masses are

generated late in the Universe, and how current tensions between low- and high-redshift cosmological

data might be affected from this.

Then we discuss whether lensing magnification and other relativistic effects that affect the galaxy

distribution contain additional information about dark energy and neutrino parameters, and how

much parameter constraints can be biased when these effects are neglected.

We conclude by describing current fields of active research in cosmology, and how the work

presented in this thesis contributes to them.
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Chapter 1

Introduction

The work presented in this thesis presents novel results and methodology to study the composition

and evolution of our Universe. In this chapter we will describe the Standard Model of Cosmology

(Sec. 1.1), cosmological observations that can probe this model (Sec. 1.2), the role of neutrinos in

particle physics and cosmology (Sec. 1.3) and finally the statistical tools used in this thesis (Sec. 1.4).

1.1 The Standard Model of Cosmology

Over the last few decades major improvements in theory and observations have established a

Standard Model of Cosmology. This model is also called ΛCDM model and is the simplest model

currently favoured by a wide range of cosmological observations. In ΛCDM, Λ stands for the

cosmological constant, which was originally proposed by Albert Einstein back in 1917 to keep the

Universe static [6]. Later, observations of supernovae explosions showed that the expansion of the

Universe is in fact accelerating [7, 8]. This acceleration might be due to an additional energy

component in the Universe (’dark energy’) [9] or a modification of the theory of gravity [10]. The

most simple model for dark energy is the cosmological constant, and describes a component with a

constant energy density through cosmic history.

CDM stands for cold dark matter. Dark matter is not constituted of baryons, not visible and

interacts with baryons via gravitational effects. One can distinguish between ‘cold’ DM, ‘warm’

and ‘hot’ DM, depending on how long the DM particles are in thermal equilibrium [11]. Cold dark

matter is moving slowly compared to the speed of light at all times. Baryons form galaxies and

stars and also fill the intergalactic medium, whereas dark matter forms halos around galaxies. This
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additional matter component is required to explain the velocity profile of stars in galaxies [12], as

well as structure formation in the Universe [13, 14].

Cosmology assumes a homogeneous and isotropic Universe (the cosmological principle) [15]. This

means that the Universe will look the same independent of the direction of our line of sight (isotropy),

and that on large scales it will look the same independent of translations (homogeneity). In addition,

the ΛCDM model also assumes inflation, a period of rapid acceleration at the beginning of the

Universe (see [16] for an overview). Inflation would solve several problems, for example why the

Universe is flat (’flatness problem’), and why the temperature of the cosmic microwave background

is so uniform (’horizon problem’). Further details can be found in Refs. [16, 17]. The most distinctive

prediction of inflation, a background of primordial gravitational waves, is still undetected, but many

future surveys are being designed and optimized for their search (see also Sec. 1.2.6).

In what follows, we will introduce the main theoretical and observational concepts of an expanding

Universe. First, we will give a brief overview of the thermal history of the Universe (Sec. 1.1.1),

then we introduce the Einstein and Friedmann equations (Sec 1.1.2), describe some common distance

measures in the Universe (Sec. 1.1.3), describe the evolution of energy densities of different components

in the Universe 1.1.4 and then quickly introduce the concept of cosmological perturbations (Sec. 1.1.5).

1.1.1 An overview of thermal history

The favoured theory for the beginning of the Universe is the Hot Big Bang Theory [18, 19, 20]. In

the early Universe, small quantum fluctuations form and get inflated in a period of rapid acceleration

to larger cosmological perturbations, which will then grow under gravity to form the objects we see

today.

Initially, the Universe is very hot, and photons, electrons and positrons are in thermal equilibrium

with each other. Around T ∼ 100 GeV, massive particles acquire their mass during the electroweak

phase transition [21, 22, 23]. During the QCD phase transition, at around T ∼ 100 MeV, the first

baryons and mesons are formed [24]. Later on, neutrinos decouple at T ∼ 0.8 MeV [16, 25]. Shortly

afterwards, electrons and positrons annihilate with each other and transfer their energy to photons.

Because neutrinos decoupled beforehand, the neutrino and photon temperature today is different.

Three minutes after the big bang, light elements are formed during big bang nucleosynthesis (BBN,

see also Sec. 1.3.4).
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At a redshift of z ∼ 1100, or after 300000 years, or a temperature of T ∼ 0.3 eV, electrons

and protons recombine to form hydrogen. Since the electron density drops, photons do not interact

effectively with electrons via Thomson scattering anymore, and decouple from them [26, 27]. These

photons form the cosmic microwave background radiation that we can observe today (see Sec. 1.2.1).

1.1.2 Einstein and Friedmann equations

In this section, we will introduce some of the basic equations used in this thesis. In an evolving

Universe, the Friedmann-Robertson-Walker metric can be described in spherical coordinates by [28,

29]

ds2 = dt2 − a(t)2
[ dr2

1− kr2
+ r2(dθ2 + sin2θdϕ2)

]
, (1.1)

where a(t) is the scale factor, k is the curvature constant and the speed of light is c = 1. The value

of k is k = 0 for an Euclidean space, k = 1 for a spherical space and k = −1 for a hyperbolic space.

The scale factor a(t) is normalised so that it is a(t0) = 1 today. Alternatively, the scale factor a can

be replaced by the redshift z, given by 1 + z = 1/a. Photons are redshifted because of the Doppler

effect due to the expansion of the Universe.

The evolution of the Universe can be described with the Einstein equations. In tensor form they

are given by [30, 31]

Gµν = Rµν −
1

2
Rgµν = 8πGTµν , (1.2)

where Gµν is the Einstein tensor, Rµν the Ricci tensor, R the Ricci scalar and Tµν the stress-energy

tensor. The left side of the Einstein field equations describe the evolution of spacetime curvature,

whereas the right side describes the energy or matter content of the Universe. When a cosmological

constant Λ is included, this gives an additional term on the left side, which can also be added to the

stress-energy tensor.

We will quickly describe the different parts of the Einstein equations. The non-vanishing components

of the Ricci tensor can be expressed as (see e.g. Refs. [29, 32])

R00 = −3
ä

a
(1.3)

Rij = −
[ ä
a

+ 2
( ȧ
a

)2

+ 2
k

a2

]
gij (1.4)

and the Ricci scalar is the contraction of the Ricci tensor, written as

R = Rµµ = gµνRµν = −6
[ ä
a

+
( ȧ
a

)2

+
k

a2

]
. (1.5)
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For a perfect fluid, the stress- energy tensor Tµν can be written in matrix form as

Tµν = gµλTλµ =




ρ 0 0 0
0 −P 0 0
0 0 −P 0
0 0 0 −P


 . (1.6)

The conservation of the stress-energy tensor gives the continuity equation

ρ̇+ 3
ȧ

a
(ρ+ P ) = 0, (1.7)

which will be used in Sec. 2 to describe the evolution of time-varying dark energy.

Using Eqs. 1.3, 1.5 and 1.6, we can derive the Friedmann equations which describe the evolution

of the Universe. By evaluating the Einstein tensor and the stress-energy tensor at µ = ν = 0, we

find

G00 = −3
ä

a
+ 3
[ ä
a

+
( ȧ
a

)2

+
k

a2

]
(1.8)

8πGT00 = 8πGρ. (1.9)

Therefore, we obtain the First Friedmann equation [28]

H2 =
( ȧ
a

)2

=
8πG

3
ρ− k

a2
, (1.10)

where H(a) is the Hubble parameter. Similarly, for µ = ν = i, where i is a spatial index, we find

Gii =
[ ä
a

+ 2
( ȧ
a

)2

+ 2
k

a2

]
− 3
[ ä
a

+
( ȧ
a

)2

+
k

a2

]
. (1.11)

8πGTii = 8πGP. (1.12)

By inserting the first Friedmann equation from Eq. 1.10, we obtain the Second Friedmann equation [28]

ä

a
= −4πG

3
(ρ+ 3P ). (1.13)

The Friedmann equations can be perturbed (see Sec. 1.1.5) in order to describe the development of

small fluctuations to larger structures.

1.1.3 Distances

Distances in the Universe can be expressed in different ways. Here we will quickly review some of

the most common distance measures (see e.g. Refs. [29, 32]).
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• The comoving radial distance is given by

χ(z) =

∫ t0

t1

dt

a(t)
=

∫ z

0

dz

H(z)
(1.14)

and is a measure of the radial distance between two points in the Universe, if we were to freeze

time. In a flat Universe, the comoving distance equals the metric distance dM which is equal to

the comoving angular diameter distance. The comoving distances are not directly observable.

• The luminosity distance can be used to measure distances to objects with known luminosity

L. Since the luminosity is known, these objects are standard candles. The energy flux in a

telescope depends on the luminosity of the object, the comoving angular diameter distance

and the redshift z. This is due to the fact that the Universe expands while the light travels

from the object to the telescope, stretching the wavelength of the photon. In addition, the

rate of arrival of photons is changed because of time dilation. In total, the flux is given by

F = L/(4πd2
M (1 + z)2) and the luminosity distance is defined as

dL = dM (1 + z). (1.15)

• The angular diameter distance is used to measure distances to objects of known size D. By

observing their angular size δθ on the sky, we can infer their observable distance dA = D/δθ.

The angular diameter distance is related to dM and dL by

dA =
dM

1 + z
=

dL
(1 + z)2

. (1.16)

The angular diameter distance can be measured with baryonic acoustic oscillations (see Sec. 1.2.3).

1.1.4 Energy densities

The expansion rate of the Universe can be described in terms of the energy fractions of cold dark

matter (CDM), baryons (B), dark energy (DE) and radiation (R) by

H2(a) = H2
0

[ΩR

a4
+

ΩCDM + ΩB

a3
+

ΩDE

a3(w+1)

]
. (1.17)

Here, w is the equation of state factor defined by the pressure divided by the density w = p/ρ. In

addition, Ω is the density parameter of a given component and is the density of that component

divided by the critical density of the Universe. The critical density is the energy density required
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for a flat Universe, which is given by ρcrit = 3H2/(8πG). For example, Ωm would be the fraction of

the matter density of the total energy density, assuming that the Universe is flat.

At the beginning, the Universe is dominated by radiation. As the temperature drops, the Universe

becomes dominated by matter. This matter-radiation equality happens around z = 3400 between

BBN and recombination [16]. In addition, neutrinos contribute to the radiation density when they

are still relativistic, and to the matter density when they are non-relativistic (see Sec. 1.3.3).

In total, the energy densities of the different components are proportional to the scale factor a

in different ways (see e.g. [32]):

• Radiation describes a gas of relativistic particles or photons, and also neutrinos when they are

still relativistic. Their energy density is proportional to ρR ∝ a−4, and their equation of state

factor is wR = 1/3.

• Matter (baryons and cold dark matter) describes an energy component with PM = wM = 0.

Therefore, their energy density is proportional to ρM ∝ a−3.

• Neutrinos contribute to radiation at early times, and to matter at late times. Their energy

density can be described in two regimes with

ρν ∝
{
a−4 z > zNR

a−3 z ≤ zNR.
(1.18)

Here, zNR is the redshift when neutrinos become non-relativistic (see Sec. 1.3.3).

• Dark energy: For a cosmological constant, the density of dark energy is constant, ρDE = const.,

and wDE = −1 at all redshifts. Otherwise, the energy density is described by (see e.g. [33, 34])

ρDE(z) = ρDE,0 · exp
[∫ z

0

dz′
3(1 + w(z′))

1 + z′

]
. (1.19)

1.1.5 Cosmological perturbations

Inital quantum fluctuations expand rapidly during inflation. This creates small perturbations both

in the metric gij , as well as in the stress-energy tensor Tij . Following Ref. [35, 29], the perturbed

FRW metric in the conformal Newtonian gauge is then given by

ds2 = a2(τ)[(1 + 2Ψ)dτ2 − (1− 2Φ)δijdx
idxj ], (1.20)
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where τ is the conformal time, defined by dτ = dt/a, and Ψ and Φ are metric potentials. Together,

they can be combined to obtain the linear perturbed Einstein field equations, perturbing the standard

Einstein equations from Eq. 1.2. If we assume that there is no anisotropic stress, then the metric

potentials are identical, Ψ = Φ. For example, the perturbed First and Second Friedmann equation

in first order become [29]

∇2Φ− 3
a′

a

(
Φ′ +

a′

a
Φ
)

= 4πGa2δρ (1.21)

Φ′′ + 3
a′

a
Φ′ +

[
2
(a′
a

)′
+
(a′
a

)2]
Φ = 4πGa2δP. (1.22)

Here, all derivatives are with respect to conformal time τ . The initial conditions are set by

inflation. Then the perturbed Einstein equations can be numerically integrated with CAMB [36]

or CLASS [37]. This way, we can track the evolution of perturbations to larger structures in the

Universe.

1.2 Cosmological observations

In this section, we will briefly introduce the cosmological observables relevant for the following

chapters.

1.2.1 The cosmic microwave background

At a redshift of z = 1100, electrons and protons recombine and form hydrogen atoms [26, 27].

Because photons can then not easily interact with electrons and protons via Thomson and Compton

scattering any more, photons decouple from the primordial plasma. As the Universe expands, the

photon wavelengths get stretched and they lose energy. Today the photons are very cold and have a

temperature of around 2.7 K. This cosmic microwave background (CMB) radiation can be observed

with both ground-based telescopes, such as the Atacama Cosmology Telescope (ACT) [38] and the

South Pole Telescope (SPT) [39], as well as with satellites, such as the Planck satellite [40].

Prior to recombination, photons, electrons and protons are tightly coupled to each other. This

photon-baryon fluid is oscillating due to the interplay of radiation pressure and gravity. At recombination,

these oscillations stop and gravity becomes the dominant force. The CMB photons then propagate on

geodesics through the Universe. We can observe the perturbations in the energy density of photons
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as angular temperature fluctuations over the sky, Θ(n̂) = ∆T/T . The temperature fluctuations Θ

can be expanded in terms of spherical harmonic coefficients (see e.g. [41])

Θlm =

∫
dn̂Y ∗lm(n̂)Θ(n̂), (1.23)

where the Y ∗lm are spherical harmonics, and n̂ is the unity vector along the line of sight. For Gaussian

random fluctuations, all the information is encapsulated in the variance of these coefficients, which

we call the power spectrum. The power spectrum multipoles C`’s are defined as

〈Θ∗lmΘl′m′〉 = δll′δmm′Cl. (1.24)

The oscillatory behaviour observed in the CMB is the imprint of the acoustic oscillations in the

baryon-photon plasma. For example, the first peak corresponds to the mode when the fluid has

compressed once and the first trough to the mode when the fluid is in between the first compression

and the first rarefaction at the time of recombination. The wavenumber of the first peak is given by

k = 2π/λ = π/rs, where rs is the sound horizon at recombination, e.g. the distance sound waves

can travel until recombination. The higher-order peaks will have wavenumbers that are multiples of

the wavenumber of the first peak, kn = n · k1. The wavenumbers correspond to the multipoles ` in

the CMB power spectrum.

The COsmic Background Explorer (COBE) observed the first temperature anisotropies in the

cosmic microwave background [13]. Later, the Boomerang and Maxima-1 experiments detected the

first peak in the angular CMB temperature anisotropy power spectrum [42, 43], and the Wilkinson

Microwave Anisotropy Probe (WMAP) [44] and the Planck satellite [40] measured the CMB spectrum

with high precision.

Fig. 1.1 shows several examples for how the different parts of the CMB temperature anisotropy

power spectrum can be used to constrain different cosmological parameters (see e.g. [41, 45]).

• Low multipoles: On scales much larger than the sound horizon, the perturbations are directly

frozen in their initial conditions. The precision with which we can measure the anisotropies

on these scales is cosmic variance limited, because we can only observe the anisotropies in one

Universe. The error due to cosmic variance is given by

∆C` =

√
2

2`+ 1
C` (1.25)

and therefore is smaller for higher multipoles.
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Figure 1.1: The CMB temperature anisotropy power spectrum. Arrows show examples how some

cosmological parameters can be constrained with different parts of the power spectrum. The power

spectrum has been obtained with the publicly available Boltzmann code CAMB.

• First peak: The location of the first peak measures the curvature of the Universe. The

localisation of the first peak at l ∼ 200 with the Boomerang and Maxima-1 experiments

suggested that the Universe is (at least almost) flat [42, 43]. In addition, the amplitude of the

first peak also contains information about the dark energy equation of state (see e.g. [45]).

• Second peak: The amplitude of the second peak is related to the baryon density in the

Universe.

• Higher peaks: The amplitude of the third peak can be used to determine the dark matter

density. Apart from that, the higher peaks depend on the time of matter-radiation equality.

• Damping tail: The damping tail of the CMB temperature anisotropy power spectrum

depends on the photon diffusion length at recombination. This length also depends on the

baryon density, since baryons interact with photons and reduce the mean free path of photons,

as well as the dark matter density. Therefore, the damping tail is an additional test of these

two quantities.
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Besides the CMB temperature anisotropies, the CMB polarisation anisotropies also contain much

useful information for constraining cosmological parameters (see e.g. [46] for an overview). Thomson

scattering of the quadrupole of CMB photons generates linearised polarisation. The polarisation

can be decomposed into E-modes and B-modes [47]. Only E-modes are generated from scalar

perturbations [48, 49, 50]. B-modes are generated when CMB radiation is weakly lensed, and can

also come from primordial gravitational waves (see also Sec. 1.2.6). These gravitational waves would

produce both E-modes as well as B-modes. The analysis of CMB polarisation can be used as a

consistency check of the constraints obtained from CMB temperature power spectra, and can also

be used to constrain specific parameters more precisely. This has been demonstrated in the most

recent Planck data release [51]. In particular, CMB polarisation spectra can be used to obtain a

precise constraint of the optical depth to reionization τ , which is particularly relevant for cosmological

neutrino mass measurements [51, 52].

1.2.2 Supernovae

Supernovae observations can be used as standard candles to measure cosmological parameters, for

example the Hubble constant (see e.g. Ref. [53] for a review). The observation of Type Ia supernovae

has established that the expansion of the Universe is accelerating [7, 8]. The Joint-Light-Curve

Analysis (JLA) has obtained a catalogue of 740 Type Ia supernovae with light curves and distance

measurements [54]. The supernovae were observed among other surveys with SDSS [55] and the

Supernova Legacy Survey (SNLS) [56]. The JLA supernovae dataset gives a precise measurement of

the Hubble diagram, in which the magnitudes of the supernovae are shown as a function of redshift

z between z = 0.01 − 1.2. Supernovae can be used as an additional consistency check for ΛCDM,

constraining for example the matter density Ωm and dark energy parameters.

1.2.3 Baryonic acoustic oscillations

Before recombination, baryons and photons are tightly coupled with each other. After photons

decouple from the plasma at z = 1000, the baryons keep moving due to their momentum until the

baryon-drag epoch. The wavelength of these baryonic acoustic oscillations (BAO) is given by the

comoving sound horizon at the baryon-drag epoch zd [57]

rs(zd) =

∫ t(zd)

0

cs(1 + z)dt, (1.26)
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where the sound speed cs is a function of Ωb and h. These oscillations are imprinted both in the

distribution of radiation as well as matter, and thus can be observed both in the CMB as well as in

the galaxy distribution today. Measurements of baryon acoustic oscillations in galaxy distributions

can be used to constrain the Hubble parameter and the angular diameter distance. Since the scales

corresponding to the acoustic peaks can be described with linear perturbation theory, they can be

observed at low redshift in the large scale structure of the Universe [58, 59]. The acoustic scale

has been measured among others with the 2-degree Field Galaxy Redshift Survey (2dFGRS) [60],

the Baryon Oscillation Spectroscopic Survey (BOSS) DR12 dataset of the Sloan Digital Sky Survey

(SDSS) [61] and the WiggleZ Dark Energy Survey [62].

1.2.4 Galaxy surveys

We now turn our attention to galaxy surveys. Galaxy surveys can be divided into spectroscopic

and photometric surveys. For spectroscopic surveys, the redshift of an object is determined by

analysing frequency shifts of characteristic spectroscopic lines. For photometric surveys, the redshift

is inferred from the galaxy’s flux in a small set of broad frequency bands. The determination

of accurate photometric redshifts remains a challenge and many methods have been developed to

obtain better photometric redshifts, including spectral energy distribution fitting [63, 64], Bayesian

photometric redshift estimation [65] and machine learning methods [66, 67, 68].

Galaxy clustering

The power spectrum of density fluctuations is defined as

〈δ(~k)δ(~k′)〉 = (2π)3δ(~k + ~k′)Pδ(k). (1.27)

where δ is the contrast between the observed density and the mean density. In addition to the power

spectrum, higher correlation functions, such as the bispectrum and trispectrum, might also yield

important information about the underlying cosmology [69]. Initial quantum density fluctuations in

the Universe can be evolved with linear perturbation theory through [70, 71, 32]

Pmatter(k, a, θ) = G2(a, θ)T 2(k, θ)Pprimordial(k). (1.28)

Here θ is the background cosmological model, G(a, θ) is the growth factor, T (θ) is the transfer

function and Pprimordial(k) is the primordial power spectrum of density perturbations. We do not
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observe directly the matter power spectrum, but instead galaxies or galaxy clusters at different

positions in the sky at different redshifts. The auto-correlated power spectrum of a galaxy is related

to the matter power spectrum through the galaxy bias b on very large scales (see e.g. [72])

Pgg(k, a) = b2Pmatter(k, a) (1.29)

The perturbation in the number counts of galaxies is related to the number counts of observed

galaxies, which is a function of the true underlying number density of galaxies, and several observational

effects, such as redshift space distortions (RSD), and gravitational lensing (see [73, 74] and Chapter 4).

Redshift space distortions (RSD) arise because of the peculiar velocities of galaxies (see e.g. [75]).

The observed redshift of a galaxy differs from the true redshift due to the Doppler effect. Because of

the peculiar velocity of a galaxy in a specific direction, the power spectrum is not isotropic any more.

Therefore the observed power spectrum differs from the theoretical power spectrum (see e.g. [76]).

For example, a bound galaxy cluster can look elongated in redshift space (’Fingers of God effect’) [77].

By contrary, a collapsing cluster will look squashed in redshift space (’Kaiser effect’) [78]. RSD need

to be accounted for due to this anisotropy, and they can also be used to constrain the logarithmic

growth rate f [79, 80], defined by f = d lnG/d ln(a), as well as to probe modified gravity theories [81].

Cosmic shear

The large scale structure of the Universe can also be probed with weak gravitational lensing [82, 83],

the distortion of light due to foreground structures. Strong lensing creates double images and

rings [84], whereas weak lensing amplifies the brightness, changes the number of observed galaxies

and changes the galaxy shapes (’shear’). Weak gravitational lensing of the large scale structure was

first detected around the year 2000 by several different groups [85, 86, 87, 88].

In general, weak lensing can be described with the lensing equation (see e.g. [83]).

Ψij =

(
κ+ γ1 γ2

γ2 κ− γ1

)
=

∫ χH

0

dχg(χ)∂i∂jΦ. (1.30)

Here Φ is the Newtonian potential and g(χ) is the radial weight function or lensing probability,

defined by

g(χ) = 2

∫ χH

χ

dχ′n(χ′)
r(χ)r(χ′ − χ)

r(χ′)
. (1.31)
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where r = dA/a. The radial distribution of galaxies enters this equation with n(χ). The shear γ

describes the change of the shape of a galaxy, and the convergence κ the change of its size [89].

Both are related to the projected mass of the galaxy. Cosmic shear studies measure the projected

mass and therefore directly probe the matter power spectrum. The cosmic shear power spectrum is

related to the matter power spectrum through the Limber approximation [90, 83]. This gives the

shear power spectrum

C` =
9

16

(H0

c

)4

Ω2
m

∫ χH

0

dχ
[ g(χ)

ar(χ)

]2
P
( l
r
, χ
)
. (1.32)

In order to reach a high precision of parameter constraints, the matter power spectrum needs

to be modelled very precisely. Whereas the linear scales of the matter power spectrum can already

be accurately described, the non-linear scales are much harder to model, but hold most of the

information. On these scales, various systematic effects come into play, for example baryonic effects

which further increase the uncertainty in the modelling of the matter power spectrum [91, 92, 93,

94, 95, 96]. In addition, intrinsic alignments of galaxies complicate galaxy shear measurements [97,

98, 99], but can also yield additional information [100].

Currently, the cosmology community is constructing next decade galaxy surveys, for example

the Large Synoptic Survey Telescope (LSST) [101], the Dark Energy Spectroscopic Instrument

(DESI) [102] and the Euclid satellite [103].

1.2.5 Sunyaev-Zeldovich cluster counts

Galaxy clusters can be detected through the thermal Sunyaev-Zeldovich (SZ) effect [104]. CMB

photons scatter off the hot electrons in galaxy clusters, which results in a shift in their frequencies

(see [105] for an overview). This signal is independent of redshift, and is therefore a powerful

probe of the evolution of matter fluctuations in the Universe. SZ cluster counts are sensitive to

the matter density Ωm, to the amplitude of matter fluctuations on 8h−1 Mpc scales, σ8 and to the

Hubble constant [71, 105]. In particular, they are sensitive to the total neutrino mass sum (see

the discussions in Refs. [106, 107]). These constraints depend crucially on the determination of

the cluster masses. Cluster masses can be approximated with X-ray proxies [108], or with weak

lensing [109].
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1.2.6 Cosmic microwave background lensing

Similarly to galaxies (see Sec. 1.2.4), the CMB photons are lensed by gravitational potentials along

the line of sight (see e.g. [110, 111, 112, 113]). This leads to a deflection of the CMB photons,

as well as to a change of the sizes of cold and hot temperature spots. Lensing smoothes out the

acoustic peaks in the CMB power spectrum [112]. This effect becomes mostly important for small

angular scales (large multipoles), resulting in a damping of the CMB power spectrum on these

scales. In addition, a map of the CMB lensing convergence can be generated, which quantifies the

the integrated large-scale structure fluctuations over a wide range of redshifts [114, 115]. The CMB

angular convergence power spectrum Cκκ` can be related to the weighted matter power spectrum

with the Limber approximation [113].

Cκκ` =

∫ χH

0

dχ
W 2(χ)

d2
M (χ)

P
( `

dM (χ)
, χ
)
, (1.33)

where W is the lensing window function, χH the comoving horizon, dM (χ) the comoving angular

distance in a flat Universe and P the matter power spectrum. For χ < χ∗, that means within the

comoving distance of the last scattering surface, the window function is given by

W (χ) =
3ΩmH

2
0

2c2
dM (χ)dM (χ∗ − χ)

a(χ)dM (χ∗)
. (1.34)

The lensing of the CMB was detected in 2011 by the Atacama Cosmology Telescope [116] and the

South Pole Telescope [117], and in 2013 by the Planck satellite [118]. The combination of CMB

temperature and CMB lensing can be used to break degeneracies between cosmological parameters

(see also Sec. 2), for example between the amplitude of primordial fluctuations As and the optical

depth to reionization τ [118].

In addition, the lensing of CMB polarisation E-modes generates a foreground of B-modes [119,

120], which can make the detection of primordial B-modes much harder. This would correspond to

an indirect detection of primordial gravitational waves, which would be a powerful probe of different

inflation scenarios (see e.g. the discussions in [121, 122]). Many strategies have been developed

for delensing the CMB in order to reconstruct the unlensed CMB temperature and polarization

spectra [123, 124, 125].
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1.3 Neutrinos

Neutrino particles are a key component of the Standard Model of particle physics which includes

three flavours of very light active particles. They were first postulated by Wolfgang Pauli to

explain the continuous electron energy energy spectrum from β decay [126]. He proposed that these

particles should be uncharged, and only weakly interacting with matter. The first antineutrinos

were discovered in the 1950s by measuring photons which were produced in nuclear reactions [127].

Later, an additional neutrino type was detected, the νµ neutrino [128], and, even later, also the

ντ neutrino [129]. The existence of three different neutrino types, or neutrino flavours, was also

postulated before to explain decays of Z0 bosons [130], and to explain the abundance of 4He produced

during BBN in the early Universe [131].

The detection of neutrino oscillations (see Sec. 1.3.1) has shown that at least two of the three

neutrino mass eigenstates must have a non-vanishing mass. However, many questions about neutrinos

remain open until today. For example, the exact neutrino mass ordering (neutrino hierarchy) remains

unknown, as well as the absolute neutrino masses. Apart from that, it is still not clear if there

are only three neutrino species, or any additional “sterile” neutrinos. The interactions of sterile

neutrinos with active neutrinos is strongly suppressed. Besides, the Standard Model of Particle

Physics does not explain yet how the neutrino masses are generated. Cosmology has helped to come

closer to answering some of these questions. In particular, cosmological observations are sensitive

to the imprint of neutrinos on structure formation, because neutrinos suppress structure formation

on small scales and slow down growth of structure at all scales.

This section is structured as follows: First, we will briefly describe the experimental motivation

for neutrino oscillations and the implications of their discovery (Sec. 1.3.1). Then we will introduce

some of the most common neutrino mass models (Sec. 1.3.2) and how neutrinos evolve over the cosmic

history (Sec. 1.3.3). Finally, we will present current constraints of neutrino properties (Sec. 1.3.5)

and open questions about neutrinos (Sec. 1.3.6).

1.3.1 Neutrino oscillations

A source of neutrinos are cosmic ray collisions in the atmosphere. They generate pions which decay

to muons and then further to electrons, νe and νµ neutrinos [132]. Both calorimeter and water

Cherenkov detectors have been used to measure the atmospheric neutrino flux. The earlier water
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Cherenkov neutrino detectors observed a lower ratio of νµ to νe neutrinos than expected [133], which

implied that there are less νµ neutrinos than expected. This phenomenon was called the ’atmospheric

neutrino anomaly’ and was also sometimes referred to as the ’muon neutrino disappearance’ [134].

The disappearance of νµ neutrinos was further confirmed by results by the Super-Kamiokande

experiment in Japan [135].

The Sun also produces a high amount of neutrinos via proton-proton fusion. A long-standing

puzzle had been why neutrino detectors, such as the Homestake mine experiment [136] and the

Kamiokande experiment [137], had measured much less solar neutrinos than predicted from the

Sun’s luminosity and the standard solar model [138]. This ’solar neutrino problem’ [139] could

not be explained with modifications of the standard solar model [140]. The Sudbury Neutrino

Observatory (SNO) independently measured the flux of νe and ντ + νµ neutrinos coming from the

Sun, and confirmed that there are ντ and νµ neutrinos contained in the solar neutrino flux [141].

This result indicated that some of the νe neutrinos produced in the Sun transform to ντ and νµ

neutrinos while propagating to the Earth.

As an explanation for the solar neutrino problem and the atmospheric muon neutrino deficit,

neutrino oscillations had been proposed [142, 143]. Flavour eigenstates of the neutrino can be

described as linear combinations of the neutrino mass eigenstates and are connected to those through

the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix U [144]



νe
νµ
ντ


 =



Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3





ν1

ν2

ν3


 (1.35)

where νi with i = 1, 2, 3 are the neutrino mass eigenstates. The matrix elements Ulj depend on

the mixing angles of the mass eigenstates θij , the Dirac violation phase δ and two Majorana CP

violation phases [145, 146, 147]. The latter become only important if neutrinos were to be Majorana

particles and therefore their own antiparticles. Until now, only the mixing angles have been precisely

measured, whereas the current experimental focus mostly lies on measuring the Dirac violation phase

δ [144].

The probability to observe, for instance, a νe neutrino depends on the length L between the

neutrino source and the detector, the mass differences ∆m2
12 and ∆m2

23, the neutrino energy E, the

mixing angles and the flavour composition at the source. For example, if assuming that neutrinos
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were only oscillating between νe and νµ neutrinos, the probability for a νe neutrino produced in the

Sun to be observed as a νe neutrino in the detector is given by [126]

Pee = 1− sin2 2θ sin2
(∆m2L

4E

)
. (1.36)

In case that ∆m2 6= 0, the probability Peµ does not vanish. Therefore, the experimental detection of

neutrino oscillations at the SNO [148, 141] and Super-Kamiokande experiments [135], and subsequent

data from atmospheric, solar and reactor experiments implied that at least two of the three neutrino

mass eigenstates must have a non-vanishing mass.

1.3.2 Neutrino mass mechanisms

The Standard Model of Particle Physics does not accommodate massive neutrinos. Numerous

neutrino mass mechanisms have been proposed, and most of them can be broadly separated into two

groups, depending whether neutrinos are ’Majorana’ particles and therefore their own antiparticles,

or ’Dirac’ particles. We will also present a more recently developed neutrino mass mechanism in

Chapter 3.

One of the most common explanations for how neutrinos gain their mass is the seesaw mechanism [146,

149, 150, 151, 152, 153]. This mechanism has been proposed to explain why neutrino masses are so

small compared to other fermion masses, and requires the introduction of a Majorana mass term in

the Lagrangian in addition to a Dirac mass term. Following Ref. [154], the neutrino masses of one

flavour are then given by

m± ∼
1

2
M ± 1

2

(
M +

2m2
D

M

)
(1.37)

where M is the Majorana mass, mD is the Dirac mass and m+ and m− is the heavy and light neutrino

mass. If the Dirac mass is of the order of the other charged fermion masses, and the Majorana mass

is assumed to be very large, then the light neutrino masses can be in the meV - eV range and will

be almost entirely left-handed. The heavier neutrinos will be almost entirely right-handed. The

detection of neutrinoless double-β decay will be only possible if neutrinos are Majorana particles,

and would support the hypothesis of the Majorana seesaw mechanism.

For reviews on neutrino mass mechanisms, we refer the reader to Refs. [155, 156].
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Figure 1.2: The equation of state parameter w(a) (top) and density parameter Ω(a) (bottom) for

neutrinos. The x axis in both panels shows the scale factor at the bottom and the corresponding

redshift at the top. To generate these plots we use the standard ΛCDM Planck 2015 best-fit

cosmological parameters [157] in combination with Neff = 3.046 and a single massive neutrino with

Σmν = 0.06 or 0.1 eV. Dashed vertical lines show the matter-radiation and matter-Λ equalities and

the time at which a 0.1 eV and a 0.06 eV neutrino become non relativistic. The plot also highlights

the time at which the CMB decouples and which epoch primary CMB anisotropies are probing, and

the range probed by CMB lensing and large-scale structure (LSS) data.
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1.3.3 The evolution of cosmic neutrinos

During the history of the Universe, neutrinos from the early Universe evolve from a relativistic phase

at very early times to a massive-particle behaviour at later times (see Ref. [25] for a review). Initially,

the neutrinos’ kinetic energy dominates over their rest-mass energy, and as a consequence, neutrinos

can be described as massless particles fully characterized by their temperature. As the Universe

cools down, the kinetic energy decreases and neutrinos transition to a non-relativistic phase with

a non-negligible mass. In terms of the energy budget of the Universe, this means that neutrinos

contribute to radiation at early times and to matter after the transition, with an energy density

given by

ρν(mν � Tν) =
7π2

120

( 4

11

)4/3

NeffT
4
γ

=
7

8

( 4

11

)4/3

Neffργ ,

ρν(mν � Tν) =
ρc

93.14h2eV
Σmν (1.38)

where Tν and Tγ are the neutrino and photon temperatures respectively, ργ is the photon density,

and h is the dimensionless Hubble constant. The two parameters of this model are the effective

number of relativistic species, Neff , and the total neutrino mass, Σmν .

The transition between the two epochs for the individual neutrino particle happens at a redshift [158]

1 + znr ' 120×
( mν

60 meV

)
. (1.39)

In the standard fluid approximation, this can be pictured as a time-evolving equation of state

parameter wν(a) = pν(a)/ρν(a), which starts from wν = 1/3 at early times, as for relativistic

components, and then subsequently drops to wν ∼ 0 when neutrinos become non relativistic, and as

expected for pressure-less matter. The density parameter will reflect this evolution of the individual

neutrino particle and manifest distinctive phases as well. This is shown in Figure 1.2 with blue lines.

The neutrino number

The Standard Model of particle physics predicts Neff = 3.046, accounting for the three standard

neutrino particles (νe, νµ, ντ ) and QED corrections, as well as extra energy transferred between

neutrinos and the thermal bath [159, 160, 161]. This extra energy is generated during a non-

perfectly-instantaneous decoupling of neutrinos from the primordial plasma, with a small part of the

19



entropy released through electron-positrons annihilations transferred to neutrinos instead of photons.

Deviations from the standard predictions will point towards extra radiation in the early Universe or

non-standard neutrino decoupling with the initial plasma.

Until the matter-radiation equality, the expansion of the Universe is completely driven by the

amount of radiation, which receives contributions from both photons and neutrinos

H2(a) ≈ 8πG

3

(
ργ(a) + ρν(a)

)
. (1.40)

The effective number of neutrinos will then leave an imprint on observables probing H(a) at early

times, including the abundances of light elements predicted from BBN, and the CMB primordial

temperature and polarization anisotropies. Indeed, the extra energy stored from free-streaming

neutrinos at early times delays the time of the matter-radiation equality, and changes the abundances

of Helium and Deuterium during BBN. These in turn modify the amplitude, the position and the

damping of the CMB anisotropy power spectrum (see, e.g., Refs. [162, 163, 164, 165, 166, 167, 168,

169, 170, 171] for useful discussions). The effect of varying Neff on the CMB temperature anisotropies

when fixing all the other cosmological parameters is shown in Fig. 1.3. Similar features can be seen

in the CMB polarisation anisotropies.

The neutrino mass

The neutrino mass plays a role only at later times in the history of the Universe. As such, the CMB

primordial anisotropies are only mildly affected, but the interaction of the CMB photons with the

low-redshift Universe and the large-scale structure formation and growth will have strong signatures

of the neutrino mass.

Since they only interact weakly, neutrinos tend to free-steam out of small-scale density perturbations.

As a result, they suppress structure formation on small scales: they do not cluster as a normal matter

component would do and they additionally obstacle the cold dark matter and baryon clustering. This

can be seen by explicitly comparing the expression of the matter power spectrum, P (k), in the case

of massless and massive neutrinos. The power spectrum is suppressed as [172]

P (k,Σmν)− P (k,Σmν = 0)

P (k,Σmν = 0)
≈ −0.08

(∑mν

1eV

) 1

Ωmh2
(1.41)
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Figure 1.3: The impact of changing Neff on the CMB temperature anisotropy power spectrum.

This plot has been obtained with the publicly available Boltzmann code CAMB.
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Figure 1.4: The impact of changing Σmν on the matter power spectrum P (k). This plot has been

obtained with the publicly available Boltzmann code CAMB.

with Ωm being the matter density, for comoving wavelengths larger than knr

knr ≈ 0.026
( mν

1eV

)1/2

Ω1/2
m hMpc−1 . (1.42)

Here, knr is the comoving free-streaming wavenumber when neutrinos become non-relativistic. The

suppression of the matter power spectrum at large k is shown for different values of the total neutrino

mass in Fig. 1.4.

The matter distribution is observationally probed with e.g., measurements of baryon acoustic

oscillations, galaxy lensing, and the clustering of galaxies [173, 174]. The distribution of matter

also affects the path of the CMB photons while they travel from the recombination epoch to today:

gravitational potential wells along the photons’ path will generate small deflections in the CMB

temperature and polarization anisotropies and produce a CMB weak-lensing signal [175]. CMB

lensing will therefore reflect the matter power spectrum dependence on the neutrino mass (with

massive neutrinos suppressing the overall amplitude of the CMB lensing signal) and will be an

indirect probe for it (see e.g., Refs. [176, 177, 157, 52, 178]).
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1.3.4 Neutrinos and BBN

Neutrinos also play an important role for BBN (see e.g. [131] for a review). The Standard Big Bang

Nucleosynthesis (SBBN) Model describes how light elements are formed in the early Universe, and

predicts their abundances today [179, 180, 181]. Big bang nucleosynthesis starts when the weak

interaction rate Γwi for protons, neutrons, electrons, positrons and neutrinos interacting with each

other falls below the Hubble expansion rate

Γwi(Tf ) = H(Tf ) (1.43)

at a freeze-out temperature Tf . At first, neutrons and protons form deuterium and emit photons. As

we have seen in Sec. 1.3.3, the Hubble constant depends on the radiation and neutrino energy density,

and on the effective number of neutrinos Neff . Therefore BBN probes the expansion rate at freeze-

out, and indirectly the effective number of neutrinos. The predicted abundances of light elements,

for example of 4He, can be compared to those obtained from observations of the corresponding

emission lines, for example from ionised gas in low-metallicty dwarf galaxies [182].

1.3.5 Current constraints of neutrino parameters

The discovery of neutrino oscillations [135, 148, 141] implies that at least two of the three neutrino

mass eigenstates must have a non-vanishing mass. The squared mass differences between the neutrino

mass eigenstates have been measured as ∆m2
2,1 = 7.37× 10−5 eV, and ∆m2

3,1 = 2.56× 10−3eV for

the normal hierarchy or ∆m2
3,2 = 2.54×10−3 eV for the inverted hierarchy [144, 183]. This leads to a

lower limit on the total mass of the three active neutrinos,
∑
mν , of 59 meV for the normal hierarchy

and 109 meV for the inverted hierarchy. The absolute value of the neutrino mass eigenstates, as well

as whether ∆m3,1 and ∆m3,2 are positive or negative and therefore if the neutrino mass hierarchy

is normal (positive sign) or inverted (negative sign), are yet to be determined.

For the high-end tail of the mass distribution, the most stringent upper limit is set by cosmological

data. Observations of the CMB from the Planck satellite, combined with baryon acoustic oscillations

(BAO), give
∑
mν < 0.12 eV at 95% confidence [51]. The projected sensitivity of future CMB and

BAO data is ∼ 0.03 eV [184, 185], and future combination of CMB and large-scale structure (LSS)

data predict a 4-5σ detection of the total neutrino mass with σ(
∑
mν) ∼ 0.015 eV in the next
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decade [52, 184, 186, 187, 188]. This is an indirect measurement tracking the effect of the neutrino

masses on the matter distribution in the Universe.

In addition to the total neutrino mass, cosmological observations also constrain the effective

number of neutrino species, Neff , via measurements of the neutrino contribution to radiation density

in the early Universe. The current bound onNeff from Planck CMB combined with BAO is 3.15±0.23

(at 68% confidence) [157], in agreement with the prediction of the Standard Model of particle physics.

An additional constraint on Neff comes from BBN which limits the number of additional relativistic

degrees of freedom at early times to ∆Nrel ≤ 1.0 at 95% confidence level [189]. A 1-2% determination

of Neff is expected from future CMB data [184, 170, 186].

Upper limits on the absolute νe neutrino mass have also been obtained from direct β-decay

searches (see e.g. Refs. [190, 191, 192]), with mνe ≤ 2.2 eV at 95% confidence. The Karlsruhe Tritium

Neutrino Experiment (KATRIN) β-decay experiment will improve these limits by measuring mνe

down to 0.2 eV at 90% confidence [193]; this is about one order of magnitude higher than future

cosmological sensitivity. Recently, the first results from KATRIN were published. They find an

upper limit of mνe ≤ 1.1 eV at 90% confidence [194].

In addition, the proposed Princeton Tritium Observatory for Light, Early-Universe, Massive-

Neutrino Yield (PTOLEMY) would aim to detect the relic neutrino background and improve

KATRIN’s neutrino mass bounds [195].

1.3.6 Open questions about neutrinos

In the following, we will discuss several open questions about neutrinos.

1.3.6.1 How many neutrino types are there?

Experimental results from the Liquid Scintillator Neutrino Detector (LSND) experiment [196] and

the MicroBooNE experiment [197] might hint towards neutrino oscillations with additional neutrinos

in the eV range. The most common explanation are light sterile neutrinos, which are singlet states

and which interact only very rarely with active neutrinos. The most recent analysis from the Planck

satellite has put stringent bounds on the effective number of neutrinos in the early Universe (see [51]

and also Sec. 1.3.5). Since light sterile neutrinos would thermalise in the early Universe, they would,

in general, lead to a larger ∆Neff than allowed by the Planck bounds [198, 199, 200].
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Heavier sterile neutrinos with energies in the range of keV have also been proposed as a candidate

for dark matter [201]. Ref. [202] placed strong limits on the sterile neutrino mass, making them an

unlikely dark matter candidate. Recently, the detection of a signal at 3.5 keV might be created by

the decay of keV sterile neutrinos [203, 204, 205].

1.3.6.2 Are neutrinos Majorana or Dirac particles?

Neutrinoless double β decay experiments (see e.g. [206] for a review) aim to detect whether neutrinos

have a Majorana mass [146]. In the neutrinoless double beta decay, two neutrons decay to two

protons and two electrons. If neutrinos are their own antiparticles, they can annihilate with each

other. In this case, the double beta decay can take place without the emission of antineutrinos. In

this process, the lepton number L would be not conserved.

The detection of Majorana neutrino masses would hint towards how neutrino mass are generated

(see Sec. 1.3.2). Moreover, double beta decay experiments indirectly constrain the effective Majorana

neutrino mass, a specific combination of neutrino masses [207], and are therefore complementary to

direct neutrino mass and cosmological neutrino mass searches. If Majorana neutrinos exist, they

could also provide an explanation for the baryon asymmetry in the Universe [208, 209, 20]. The

decay of Majorana neutrinos would violate lepton number conservation, and through baryon and

lepton number violation this could lead to an excess in baryons. In addition, this explanation would

also require CP (charge parity) violation [208]. Hints of CP violation have been observed with the

Japanese T2K experiment [210].

The GERmanium Detector Array (GERDA) has not found any evidence for neutrinoless double

beta decay of 76Ge, and found that the half life time of the decay is larger than 2.1 · 1025 years

(90% C.L.) [211]. Similarly, the CUORE and KamLAND-Zen experiments have not detected yet

any neutrinoless double beta decay in 130Te [212] and 136Xe [213]. Future experiments, including

the upgraded SNO+ experiment [214], will continue the search for neutrinoless double beta decay.

1.3.7 What are the absolute neutrino masses?

As discussed in Sec. 1.3.5, current and future cosmology and particle physics experiments have only

been able to obtain upper limits for the neutrino mass sum, or the electron neutrino mass respectively.

The absolute neutrino masses are yet to be determined, and might shed new light on the nature of the

underlying neutrino mass mechanism. Closely related to the question what the absolute neutrino
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masses are, is the question whether the neutrino mass is normal, inverted or almost degenerate.

Current cosmological experiments cannot distinguish yet between the different hierarchies [215,

216, 217, 218, 219, 220, 221, 222]. A global analysis of neutrino oscillation experiments indicate a

preference for the normal neutrino hierarchy [223].

1.4 Statistical methods in cosmology

1.4.1 Fisher forecasts

In the following chapters, we will often make predictions for how well a given experiment will be able

to constrain cosmological parameters. For these forecasts, we follow a Fisher information matrix

approach. Given the Fisher information matrix of an experiment, it is possible to compute the

minimal standard deviation for unbiased estimators of the parameters of interest (see e.g. [224]).

The Fisher information matrix is defined as the expectation value of the derivative of the log-

likelihood L(θ) with respect to parameters θi and θj by [225]

Fij ≡ −
〈∂2L(θ)

∂θi∂θj

〉
. (1.44)

Given the Fisher matrix, we can compute lower limits for the standard deviations for an estimator

of a parameter θi by marginalising over the other parameters θj , for j 6= i, with

σ(θα) =
√

(F−1)αα.

The real standard deviations will be at least as large as the calculated standard deviations (Cramer-

Rao lower bound [226, 227]). If we assume a specific value of a parameter θj , we can also fix this

value and compute the standard deviations of the other parameters by removing the corresponding

row and column from the Fisher matrix.

1.4.2 Monte Carlo Markov chains

Often, we wish to estimate cosmological parameters by comparing astronomical data with theoretical

predictions from an underlying cosmological model.

A widely used method to estimate cosmological parameters, and thus to constrain cosmological

models, is to use Bayesian inference. Here, the unknown parameter values are modelled as random

variables by putting a prior distribution on them. Using the observed data and Bayes’ Theorem,

one can obtain a posterior distribution. From the posterior distribution, it is possible to obtain
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estimators, such as the posterior mean, and credible intervals. Usually, the posterior distribution

is not analytically tractable, since it would involve describing a function in a high-dimensional

space [228].

In order to obtain samples from the posterior distribution to perform Bayesian inference, one

often uses Monte Carlo Markov Chains (MCMC) [229, 230, 228], for example obtained through

the Metropolis-Hastings algorithm. Instead of computing the individual probabilities of all points

in the parameter space, one draws samples from the probability distribution. The samples form a

chain, and the chain is representative of the underlying probability distribution if it has converged.

When using the Metropolis-Hastings algorithm, one chooses a trial or proposal distribution, and

then accepts or rejects a new sample based on the relative probability of the new and old sample

points. A new point is then found by drawing from the proposal distribution.

Usually, the sampling is stopped when a chain has converged, e.g. when we assume that

the chain or multiple chains represent sufficiently well the underlying probability distribution. A

converged chain is characterized through a low correlation between successive samples. Different

convergence diagnostics have been proposed for use in cosmology, for example the Gelman and

Rubin statistics [231], where one computes the variance of means, and the power spectrum of a

single finite chain as a measure of convergence [232]. The Gelman and Rubin statistics has also been

implemented in the MCMC package COSMOMC [36].

After having obtained the MCMC chains, it is possible to compute the mean and the standard

deviations of the individual parameters. When including additional parameters in a model, one can

compare the base and the extended model by computing their best fit log likelihoods.

1.5 Overview of this thesis

In the following chapters, we will present results obtained during our studies for the doctorate of

Philosophy degree.

In Chapter 2, we will present that cosmological neutrino mass constraints are model-dependent,

for example when the dark energy equation of state is allowed to vary. We consider two different

phenomenological parameterisations of time-varying dark energy (early dark energy and barotropic

dark energy) that can be degenerate with neutrino masses or with the effective number of neutrinos.

We will show how the combination of multiple cosmological probes can help to distinguish between
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dark energy and neutrinos. This work was published in Physical Reviews D as “Distinguishing

between Neutrinos and time-varying Dark Energy through Cosmic Time” by Lorenz, C. S., Calabrese,

E. and Alonso, D., PR D96 (2017) no. 4, 043510 [1].

Afterwards, in Chapter 3, we investigate how neutrino mass constraints can change when neutrino

masses are generated late in the Universe. In addition, we study how current tensions between

low- and high-redshift cosmological data might be affected by this. This work was published in

Physical Reviews D as “Time-varying neutrino mass from a supercooled phase transition: current

cosmological constraints and impact on the Ωm-σ8 plane” by Lorenz, C. S., Funcke, L., Calabrese,

E. and Hannestad, S., Phys.Rev. D99 (2019) no.2, 023501 [2].

Then in Chapter 4, we will discuss whether lensing magnification and other relativistic effects

that affect the galaxy distribution contain additional information about dark energy and neutrino

parameters. We also investigate how much parameter constraints can be biased when these effects

are neglected. This work was published in Physical Reviews D as “Impact of relativistic effects in

cosmological parameter estimation” by Lorenz, C. S., Alonso, D. and Ferreira, P. G., Phys.Rev. D97

(2018) no.2, 023537 [5].

Finally, in Chapter 5, we will give a brief overview of current developments in neutrino and large

scale structure cosmology that are related to the findings of this thesis.
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Chapter 2

Neutrinos and time-varying dark
energy

2.1 Introduction

Observations from Type Ia Supernovae (SN) [7, 8], followed by indirect evidence from the Cosmic

Microwave Background (CMB) [233, 177], have shown that the expansion of the Universe is accelerating

and hint at the existence of an unknown dark energy (DE) component.

In the standard, concordance cosmological model, dark energy is described in terms of the

simplest possible component: a cosmological constant, Λ, with an equation of state parameter

wde = pde/ρde (pressure over density) constant in time and equal to −1. However, because of the

numerous theoretical issues of the cosmological constant (see e.g., Ref. [9] and references therein),

additional, and more complex, dark energy scenarios have been discussed in the literature, including

models in which the dark energy equation of state is varying in time (see e.g., Ref. [234] for a

review). While waiting for ongoing and future CMB lensing and galaxy redshift surveys to shed

light on the physics of this component, currently available cosmological data are used to constrain

all kinds of exotic dark energy models. At present, none of these is a better fit to the data compared

to a cosmological constant but they also are not completely ruled out (see e.g., Ref. [235] for recent

analyses).

Understanding the nature of dark energy is also particularly relevant for future measurements

of parameters characterizing neutrino physics. In particular, Ref. [52] have performed forecasts for

upcoming measurements of neutrino parameters in more extended dark energy scenarios, and have
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shown that our understanding of neutrinos would be significantly improved if the exact behaviour

of dark energy were known.

At the level of precision of future measurements of the total neutrino mass and the effective

number of neutrinos (see Sec. 1.3.5), theoretical degeneracies between different cosmological scenarios

become important and need to be addressed. In this chapter we investigate in detail the degeneracies

between dark energy and neutrino parameters. We show that the main correlations arise if a time-

varying dark energy fluid and a neutrino fluid behave very similarly during specific cosmic times

and demonstrate that a multi-probe analysis might be able to distinguish between the two. Here,

we consider two specific phenomenological dark energy parametrizations (early dark energy and

barotropic dark energy) chosen because of their similarity to either the effect of
∑
mν or Neff , and

extend previous analyses presented in Refs. [236, 237]. We use these as a proxy for more general

cases and show how to anchor them through cosmic time with a combination of early- and late-time

cosmological probes. A multi-probe approach for the specific case of the neutrino mass (without

discussing dark energy), and a detailed physical derivation of how to isolate the neutrino mass, has

also been presented in Ref. [238].

The chapter is structured as follows. We describe the role of neutrinos in cosmology and the

two time-varying dark energy models analysed in this chapter in Section 2.2. We then present

constraints on these models obtained with current CMB and BAO data in Section 4.2, and forecasts

for upcoming experiments in Section 2.4. We conclude in Section 2.5.

2.2 Theoretical degeneracies

Neutrinos and dark energy both affect the expansion rate of the Universe and the growth of cosmic

structures, leading to degeneracies between the parameters of the two components even in the case

of simple extensions of the cosmological constant (see e.g., Ref. [240, 176, 173, 241, 242, 243, 244,

245, 246]). These can be alleviated by combining data which provide orthogonal information in

parameter space (an example of this is the measurement of the matter and dark energy densities

from galaxy statistics or CMB). Here, we show that a more complicated scenario, with extended

degeneracies, arises when dark energy evolves in time with some tracking behaviour.

To understand phenomenologically why neutrinos and dark energy might look like each other we

consider here a fluid parametrization for both components. For each component we define a density
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Figure 2.1: Same as Fig. 1.2, but with additionally two specific models of time-varying dark

energy [239, 237] (violet) considered in this chapter. To generate these predictions we use the

standard ΛCDM Planck 2015 best-fit cosmological parameters [157] in combination with w0 = −0.99,

ΩEDE
e = 0.003, ΩB

e = 0.038, Neff = 3.046 and a single massive neutrino with Σmν = 0.06 or 0.1 eV.
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parameter, Ω(a) ≡ ρ(a)/ρc(a) with ρc(a) being the critical energy density of the Universe, and an

equation of state, w(a), that we evolve with the scale factor, a, to track the behaviour of the fluid at

different times. We summarize this discussion in Figure 2.1, which we will gradually populate with

models and observational ranges in what follows. For the discussion of the effects of the effective

number of neutrinos Neff and the sum of neutrino masses Σmν , we refer the reader to Sec. 1.3.3.

2.2.1 Time-varying dark energy

To study the evolution of the Universe in the presence of more complicated dark energy models,

we implemented two phenomenological parametrizations described below. The choice of the models

is based on their interesting, and at the same time problematic, similarity to the neutrino fluid

evolution. For both models we included a full set of perturbation equations with constant sound

speed and viscosity parameters equal to 1/3. The viscosity parameter c2vis accounts for anisotropic

stress and parameterises the relationship between velocity and metric shear [236, 237, 247, 248]. The

choice of parameters is made to highlight the degeneracies with the neutrino sector and is discussed

in detail in Ref. [237].

2.2.1.1 Barotropic dark energy

The barotropic class of dark energy models [249] include all sorts of models in which the physics

of the dark energy fluid is fully determined by the pressure as an explicit function of the density.

The key feature of these models is the simple extension of the cosmological constant to a theory

where DE is varying in time through a non-zero DE term present at early times and then quickly

transitioning to Λ today. This alleviates the Λ fine-tuning problem and is still in agreement with

current cosmological data.

One such example is the model presented in Ref. [249] where the DE equation of state is given

by

wbaro(a) = [c2sBa
−3(1+c2s) − 1]/[Ba−3(1+c2s) + 1] , (2.1)

where cs is the dark energy sound speed, B = (1 + w0)/(c2s − w0), and w0 is the present value of

the equation of state. We extend this model by introducing perturbations in the DE fluid as in

Ref. [237] and in fact continuing the late-time DE term with a dark radiation term at early times.
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To discuss the interesting degeneracies with neutrino physics we fix c2s = 1/3. Consequently w goes

to 1/3 for a→ 0, as in the case of radiation and neutrinos, and approaches w = −1 today.

The barotropic dark energy density is now obtained by inserting Eq. 2.1 in the dark energy

continuity equation and integrating this latter to obtain

ρbaro(a) =
ρbaro,0

B + 1
(1 +Ba−4) , (2.2)

where the subscript 0 stands for today and with ρbaro,0 given by

ρbaro,0 =
(3H2

0

8πG

)
× (1− Ωm,0) . (2.3)

In this model the dark energy fluid can be approximated as the sum of a late-time cosmological

constant and an additional radiation term dominating at early times, ρbaro ∼ ρ∞+Aa−4, where ρ∞

is the energy density of the cosmological constant.

The fraction of barotropic dark energy contributing to radiation in the early Universe depends

on the only free parameter of the model, B, and can be computed through

ΩB
e = lim

a→0

ρbaro(a)

ρc(a)

=
Bρbaro,0

Bρbaro,0 + (B + 1)ρr,0

(2.4)

where ρr,0 is the radiation density today (assuming Neff massless neutrinos)1.

The density and equation of state for this model in the case of B = 5 × 10−6 (ΩB
e ∼ 0.038) are

shown in Figure 2.1 in dark violet lines. By construction, this model is now degenerate with the

neutrino fluid during radiation domination and, because of this, we expect correlations between B

(or equivalently ΩB
e ) and Neff .

2.2.1.2 Early dark energy

The second model that we consider is an early dark energy model (EDE) that has been first suggested

by Ref. [239] and extensively explored in the literature [250, 236, 237, 251, 252, 253, 235]. This model

falls into the tracking dark energy class of models [254], where the dark energy density is a sub-

dominant fraction of the dominant component of each cosmic epoch, i.e., radiation first, matter later

and evolving into Λ today.

1We note that we have derived here a different parametrization of ρbaro(a) and therefore a new derivation of ΩB
e ,

which does not directly correspond to the same parameter in Ref. [237].
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The dark energy density and the equation of state parameters are given by

Ωede(a) =
Ωede,0 − ΩEDE

e (1− a−3w0)

Ωede,0 + Ωm,0a3w0
+ ΩEDE

e (1− a−3w0) , (2.5)

wede(a) = − 1

3[1− Ωede(a)]

d ln Ωede(a)

d ln a
+

aeq

3(a+ aeq)
, (2.6)

and shown in Figure 2.1. The two free parameters of the model are the present value of the equation

of state parameter, w0, and ΩEDE
e , which is the asymptotic limit of the DE energy density at a = 0.

aeq is the scale factor at matter-radiation equality. The evolution of w in this case is more complex

and can be divided into three regimes: w ' 1/3 during radiation domination, w ' 0 during matter

radiation and w = w0 today.

In this case, as is clear from Figure 2.1, wede transitions to a matter-like behaviour before

neutrinos become non relativistic and the two fluids are degenerate at early-to-intermediate times.

Hence, the early dark energy model parameters will be mostly correlated with the neutrino mass.

In particular, in the late Universe, both early dark energy and neutrinos now suppress structure

formation: neutrinos through the effect of their mass described before, and dark energy by changing

the expansion rate [176].

2.2.2 Observations at different cosmic times

The above discussion and Figure 2.1 stress the need to test cosmological models at different cosmic

epochs to distinguish between neutrinos and time-varying dark energy, with observations spanning a

wide range of redshifts. This is possible combining measurements of the early Universe via the CMB

primary anisotropies with large-scale structure data measuring the late-time evolution (including

galaxy weak lensing and clustering, baryonic acoustic oscillations and SN distance measurements),

connected at intermediate times via the CMB gravitational lensing. This is schematically shown in

Figure 2.1, where we highlight the time of the CMB decoupling (redshift of z ' 1100), and where

CMB lensing (integrated signal from decoupling to today) and LSS (3 & z > 0) sit relative to the

evolution of massive neutrinos and a time-varying dark energy. The blue dashed lines show the time

when a 0.1 eV and a 0.06 eV neutrino become non-relativistic, at a ' 5 × 10−3 and a ' 8 × 10−3,

respectively. Magenta dashed lines show the times of the matter-radiation and the matter-Λ equality

defining the DE transitions.
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In particular, for the models considered here, the pattern of acoustic peaks in the CMB primary

power spectra will anchor the relativistic behaviour and so provide information on Neff and ΩB
e , while

CMB lensing and LSS will distinguish the fluids in the matter- and Λ-dominated epochs, improving

the limits on Neff and ΩB
e , and constraining

∑
mν , w0 and ΩEDE

e .

This multi-probe combination has already proven to be very powerful in testing cosmological

models [157] and will become a standard approach for future analyses of CMB and LSS data.

Anticipating high-precision and high-sensitivity CMB primary and lensing observations from the

ground-based CMB Stage IV experiment [184], and their combination with BAO from the Dark

Energy Spectroscopic Instrument (DESI) [102], or galaxy lensing and clustering from the Large

Synoptic Survey Telescope (LSST) [101], the Euclid satellite [103] and the Wide-Field InfraRed

Survey Telescope (WFIRST) mission [255], we investigate in the following current limits and future

prospects for these models.

2.3 Constraints from current data

To constrain the dark energy model parameters in conjunction with neutrino physics with current

CMB and LSS data, we modified a publicly available version of the CAMB Boltzmann code [256]

and interfaced it with CosmoMC [257], a public Monte Carlo Markov chain package that explores

cosmological parameters for different theoretical models and data combinations.

We explore an extended ΛCDM model where we vary the standard cosmological parameters (the

baryon density today Ωbh
2, the cold dark matter density today Ωch

2, the scalar spectral index ns,

the Hubble constant H0, the amplitude of primordial scalar perturbations As) and additional DE

and neutrino parameters: Neff , Σmν , ΩEDE
e , w0 (in the range w0 > −1), and B. For this latter

parameter we impose a flat prior in the range [-7,-2] on its logarithmic variation to better explore

very small values, and we report results in terms of its derived parameter ΩB
e . When not varied, we

follow the standard convention of fixing Neff = 3.046, Σmν = 0.06 eV, ΩEDE
e = 0, w0 = −1, and

B = 0. We further impose a Gaussian prior on the reionization optical depth, τ = 0.06 ± 0.01, in

order to incorporate recent CMB large-scale polarization data from the Planck satellite [258].

We extract cosmological parameters using CMB primary and lensing data from the Planck

2015 data release [259, 260] (retaining only high-multipole temperature for primary anisotropies

as recommended by the Planck team), and BAO distance ratio rs/dV from BOSS DR12 (CMASS
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Figure 2.2: 1-dimensional posterior and 2-dimensional contour levels at 68% and 95% confidence for

the effective number of neutrinos, Neff , and the early barotropic dark energy density, ΩB
e , constrained

by Planck CMB temperature anisotropies. Different colours distinguish runs with different freedom

in parameter space: red for varying only the neutrino parameters, blue for varying only dark energy

ones, and orange for parameters of both components varying at the same time.

and LOWZ) [261], SDSS MGS [262], and 6DF [263]. Here, the distance measure dV is defined by

dV (z) = [(1 + z)2d2
Acz/H(z)]1/3 [264]. We further impose the BBN consistency relation between

Neff and the baryon density on the primordial Helium abundance [265].

2.3.0.1 Single-probe degeneracies

We first consider the case in which a single probe is used to constrain time-varying DE and neutrinos.

For this we retain the most constraining probe of the Universe’s content and evolution, the primary

CMB anisotropies. Limits from Planck CMB temperature data are shown in Figures 2.2, 2.3, where

we recover the expected Neff − ΩB
e ,
∑
mν − ΩEDE

e − w0 degeneracies.

To show the impact of one component on the other, we run three different cases for each of the

time-varying DE models: (i) varying only neutrino parameters, (ii) varying only DE parameters,

(iii) varying all DE and neutrino parameters at the same time. We report quantitative results in

terms of the correlation coefficient, defined as

R = C(P1, P2)/
√

(C(P1, P1)× C(P2, P2)) , (2.7)
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Figure 2.3: 1-dimensional posterior and 2-dimensional contour levels at 68% and 95% confidence in

the case of degeneracies between massive neutrinos and the early dark energy model. The parameters

varied are the neutrino mass sum,
∑
mν , the early dark energy density, ΩEDE

e , and the present value

of the DE equation of state, w0. The colour scheme is the same as Figure 2.2.

where C is the covariance matrix of the P parameters.

In the case of (i) we recover the Planck limits on Neff and Σmν [258], yielding Neff = 3.00± 0.28

(68% confidence) and
∑
mν < 0.63 eV (at 95% confidence).

The individual DE parameters in the case of (ii) are instead constrained to be: ΩB
e < 0.045,

ΩEDE
e < 0.014, and w0 < −0.72 (all at 95% confidence), where the latter two are consistent with the

Planck results in Ref. [235].

When letting both components free to vary we see that the limits on the individual parameter

degrade by 77% for Neff and 284% for ΩB
e , and a correlation of −81% is found between the two. To

fit the Planck high-precision CMB acoustic peaks position, the amount of radiation is split between

Neff and ΩB
e along a tightly constrained anti-correlated region.

The impact on individual constraints is instead less strong in the case of ΩEDE
e − w0 −

∑
mν .

This can be understood by noticing that in this case the results are dominated by the sampling and

physical priors (ΩEDE
e > 0, w0 > −1, and

∑
mν > 0) which confines all the parameters into the

lower limit region of the samples and hides the anti-correlation (see Figure 2.3). We will show that
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Parameters CMB CMB CMB
+CMBL +CMBL+BAO

Baro DE
ΩB
e ≤ 0.164 ≤ 0.115 ≤ 0.107

Neff 2.64± 0.49 2.83± 0.35 2.87± 0.33
EDE
ΩEDE
e ≤ 0.013 ≤ 0.011 ≤ 0.007

w0 ≤ −0.71 ≤ −0.73 ≤ −0.89∑
mν [eV] ≤ 0.64 ≤ 0.53 ≤ 0.12

Correlations CMB CMB CMB
+CMBL +CMBL+BAO

Baro DE
Neff − ΩB

e -81% -66% -79%
EDE∑
mν − ΩEDE

e -3.7% -20% -15%∑
mν − w0 2.3% 0.3% -19%

Table 2.1: Top: Marginalized constraints on dark energy and neutrino parameters for different

data combinations: Planck primary CMB and CMB lensing (CMBL), and BAO data probing the

large-scale structure. Errors are 68% confidence levels while upper limits are reported at 95%

confidence. Bottom: Correlation coefficients between the DE and neutrino model parameters for

different data combinations.

this will not be the case with future data, when one of the parameters (the neutrino mass sum in

this case) will be constrained away from the sampling bounds.

2.3.0.2 Multi-probe analysis

To show how a multi-probe analysis can help confine the two components and hence break the

degeneracies, we report the results of gradually adding to the main Planck CMB primary spectra late-

time probes, including Planck CMB lensing, and BOSS/SDSS/6dF BAO. State-of-the-art constraints

on these models are reported in Table 2.1 and Figures 2.4, 2.5.

In the case of the barotropic dark energy model, low-redshift data only marginally improve

individual parameters constraints and do not help in reducing the correlations. This can be understood

considering that both B and Neff are mainly constrained via the expansion rate at very early times.

Primary CMB is then dominating the constraints, with CMB lensing providing some additional

contribution at intermediate redshifts and no extra information coming from BAO.

For the second scenario (early dark energy), low-redshift data have a stronger impact by providing

tight bounds on the matter component. Because of this, the sum of the neutrino masses and the
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Figure 2.4: 1-dimensional posterior and 2-dimensional contour levels at 68% and 95% confidence

for the effective number of neutrinos, Neff , and the early barotropic dark energy density, ΩB
e , from

different data combinations: Planck CMB primary anisotropies (PTT) only in orange, combined

with Planck CMB lensing spectra (PL) in light blue, and with also BAO in dark blue. The inclusion

of low-redshift data helps only marginally to reduce the degeneracies between Neff and ΩB
e .

amount of ΩEDE
e are better constrained. They also provide a much tighter constraint on w0, helping

to better limit the 3-dimensional degeneracy
∑
mν − ΩEDE

e − w0. We have also tested whether the

inclusion of the Type Ia Supernovae compilation of the Joint Light-curve analysis (JLA) team [54]

helps to better constrain the early dark energy model, but found no significant improvement.

Table 2.1 also reports the values of the correlation coefficient for both scenarios and all data

combinations. While the combination of CMB and BAO (as a LSS probe) improves the individual

parameters’ constraints, the current level of sensitivity is not able to isolate and then break the

correlations in two dimensions.

2.4 Future predictions

To estimate the power of future cosmological data in distinguishing between neutrinos and these

time-varying dark energy models, we present here predictions of future limits using the CMB Stage-4

experiment (S4) in combination with BAO measurements from DESI as a tracer of the large-scale
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Figure 2.5: 1-dimensional posterior and 2-dimensional contour levels at 68% and 95% confidence

for the sum of the neutrino masses, Σmν , the early dark energy density, ΩEDE
e , and the present value

of the dark energy equation of state, w0, from different data combinations: Planck CMB primary

anisotropies (PTT) only in orange, combined with Planck CMB lensing spectra (PL) in light blue,

and with also BAO in dark blue. The inclusion of low-redshift data helps to reduce the degeneracies

between
∑
mν and ΩEDE

e − w0.
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structure2. From mid-2020s we anticipate access to arcminute-resolution CMB temperature and

polarization data with a 1µK-arcmin noise level from CMB-S4 [184], and percent-level determination

of the Hubble constant and angular diameter distance from DESI [173], tracing the history of the

Universe with unprecedented sensitivity.

We run Fisher matrix analyses using the code presented in Ref. [266] and following the methodology

described in Ref. [186] for the data combination (see Table I in there). Our reference datasets are:

- PL+S4

CMB-S4 temperature and E-modes of polarization anisotropies over 30 < ` < 3000/5000 on

40% of the sky measured with a 3-arcmin resolution and 1µK-arcmin noise level in temperature;

combined with expected full-mission Planck data (as implemented in Refs. [52, 186]) to

complement the multipole range and extend the sky fraction;

- PL+S4+S4L

same as above but including also CMB-S4 measurements of the CMB lensing power spectrum

over 30 < ` < 3000 on 40% of the sky;

- PL+S4+S4L+BAO

same as above plus BAO distance ratio as measured by DESI in the range 0.15 < z < 1.85.

The results are shown in Figures 2.6, 2.7 for barotropic and early dark energy, respectively.

In the case of barotropic dark energy, future CMB data will significantly improve the constraints

on the individual parameters, reaching the current level of sensitivity for Neff in the case of no varying

dark energy (σ(Neff) ∼ 0.2 from Planck+BAO) and limiting the fraction of barotropic dark energy

at early times with percent-level accuracy. The high correlation between Neff and ΩB
e , however,

persists even with higher-resolution data

R(Neff ,Ω
B
e ) = −97% (PL+S4) ,

= −97% (PL+S4+S4L) ,

= −99% (PL+S4+S4L+BAO) . (2.8)

2We note that a different LSS tracer would lead to the same qualitative conclusions.
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Figure 2.6: Predictions for the constraints on the barotropic dark energy density, ΩB
e , and the

effective number of neutrinos, Neff , from future CMB-S4 primary anisotropies (S4) and lensing (S4L)

data, complemented by Planck (PL), and in combination with BAO distance ratio from DESI. The

2-dimensional contours report the 68% confidence levels. The dashed lines show the fiducial values

of the parameters used in the Fisher calculations.
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Figure 2.7: Same as Figure 2.6 in the case of early dark energy; showing future constraints on

the dark energy density, ΩEDE
e , the present value of the equation of state parameter, w0, and the

neutrino mass sum, Σmν , obtained from different early- and late-time data combinations.

Ref. [170] have shown a ∼ 20% improvement on the determination of Neff when BBN information

are added to CMB-S4 by, e.g., imposing BBN consistency relations. We choose not to include BBN

information here because it would not change our conclusions. In the presence of barotropic dark

energy, the addition of BBN would be less effective in constraining Neff and not useful to break

the degeneracies with DE. Barotropic DE would in fact affect the BBN just as extra relativistic

degrees of freedom (an effective ∆Neff) and therefore will continue to mimic neutrino particles all

the way to the BBN epoch. We note that this is due to our way of defining the two fluids with the

same sound speed c2s = 1/3 and viscosity parameter c2vis = 1/3, which therefore cannot be isolated

with higher-order velocity/viscosity propagation. In the case of non free-streaming extra radiation,

a measurement of the phase shift in the CMB anisotropies will break these correlations (see, e.g.,

Refs. [163, 169, 267]).

The multi-probe approach is instead very successful for the early dark energy scenario. Figure 2.7

shows a decreasing correlation between the parameters (visually appreciated in the rotation of the

2-dimensional contours) with the addition of lower-redshift data. The correlation coefficient is found

to be
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R(Σmν ,Ω
EDE
e ) = −68% (PL+S4) ,

= −33% (PL+S4+S4L) ,

= +6.0% (PL+S4+S4L+BAO) , (2.9)

R(Σmν , w0) = −13% (PL+S4) ,

= −7.0% (PL+S4+S4L) ,

= −7.5% (PL+S4+S4L+BAO) . (2.10)

In the presence of time-varying dark energy, the estimate of the neutrino mass is therefore

significantly aided by combining multi-epoch datasets. We find for PL+S4+S4L+BAO σ(Σmν) ∼

0.04 eV, which is a ∼ 1.5 factor worse than CMB-S4 predictions in a ΛCDM scenario when combined

with DESI. This will improve even more when Supernovae, galaxy shear and clustering, galaxy cluster

counts and redshift space distortions are optimally combined with the probes we considered here.

2.5 Conclusion

In this chapter we have investigated the correlations arising between time-varying dark energy models

and cosmological neutrinos. We have demonstrated how some dark energy models tracking other

cosmic components during specific epochs can look like neutrinos over extended periods of the

Universe history. This will affect our ability to constrain the number and sum of the masses of the

neutrino particles and the physics of dark energy.

We have considered two phenomenological dark energy models: barotropic dark energy and early

dark energy, particularly interesting due to their similarity to the effects on cosmological probes of

either Neff or Σmν . We have presented state-of-the-art limits on these models but found that current

CMB and large-scale structure data are not able to clearly distinguish between the two components.

In addition, we have investigated the reach of future experiments and forecast estimates from the

CMB Stage-4 experiment in combination with BAO from DESI. We have shown that future data

will be able, via a multi-probe combination, to break some of the degeneracies and better limit these

extended scenarios.
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Chapter 3

Time-varying neutrino masses

3.1 Introduction

The absolute value and the origin of the neutrino masses are two of the main open questions in

particle physics and cosmology. Cosmology and laboratory searches are sensitive to different linear

combinations of the neutrino mass eigenstates and therefore confine the neutrino parameter space

in a complementary way.

As an alternative to standard neutrino mass mechanisms (see Sec. 1.3.2), Ref. [3] proposed a low-

energy solution to the neutrino mass problem at a new infrared gravitational scale (ΛG . eV), which

is numerically similar to the scale of dark energy. As reviewed below, this model alters late-Universe

cosmology after photon decoupling.

In the Standard Model of cosmology, and/or in the presence of these relic neutrinos with time-

varying mass, the neutrino mass affects the growth of cosmic structures in several ways (see e.g.

Ref. [268] for a review and Ref. [1] for a summary of the effects relevant here). In particular, non-

zero masses suppress the amplitude of matter fluctuations in the late-time Universe compared to

those present at early times, i.e. at the time of the CMB decoupling. Therefore, the total sum of the

neutrino masses is strongly correlated with the inferred values of the matter density, Ωm, and matter

clustering, for example measured by the amplitude of matter fluctuations on 8 h−1 Mpc scales, σ8.

These quantities can be constrained with the CMB, the CMB lensing signal (that is the deflection

of the CMB photon paths due to gravitational potential wells along their trajectories), and different

probes of the matter distribution in the local Universe, e.g. the galaxy weak lensing signal, galaxy

clustering, and the abundance of galaxy clusters.
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Over the past few years, measurements of Ωm-σ8 from early- and late-time surveys have shown

some mild tensions. In particular, taking the parameter combination S8 ≡ σ8

√
Ωm/0.3, the tension

exists when comparing Planck CMB constraints [51] with galaxy weak lensing data from the Canada

France Hawaii Lensing Survey (CFHTLenS) at the 1.7σ level [269] (see also Ref. [270]), from the Kilo

Degree Survey (KiDS) at the 2.2σ level [271, 272] (2.6σ in combination with 2dFLenS [273]), and

from the first-year release of the Dark Energy Survey (DES) at the 1.7σ level [274]. Similar levels of

inconsistency are found between Ωm-σ8 inferred from the abundance of galaxy clusters detected with

the Sunyaev–Zel’dovich (SZ) effect and Planck CMB values [275, 276]. This has generated a lot of

interest in the cosmological community with efforts split between investigation of residual systematics

in the data or analysis assumptions in KiDS, DES, and Planck (e.g. [277, 278, 279, 280, 281, 282]),

and the possibility of having seen signatures of new physics beyond the standard ΛCDM cosmological

model (e.g. [283, 284, 272, 285, 286, 287, 288, 289, 290, 291]). For example, Refs. [272, 292, 293]

explored whether time-varying dark energy or neutrino masses might solve the tensions. Although

the significance of the discrepancy changes slightly in more extended models, there is, at present,

no clear preference for a beyond-ΛCDM cosmology.

However, a general trend of these results is that low-redshift data prefer less matter fluctuations

compared to early-time estimates which, when allowing neutrino masses to vary, translates into

higher preferred values of the neutrino mass compared to the constraints coming from the CMB

alone. Motivated by this, and taking at face value the analysis assumptions and the likelihood

packages of each experiment (i.e. assuming this is not data/analysis systematics driven), we explore

here a time-varying neutrino mass model, where the neutrino mass increases with time. Time-

varying neutrino mass models were first introduced by Ref. [294] as a way to explain the similar

energy scales of massive neutrinos and dark energy, and suggested that mass-varying neutrinos could

be the cause of cosmic acceleration. However, Ref. [295] showed that these models would not be

stable, and not distinguishable from a cosmological constant. Time-varying neutrino mass models

and their cosmological implications were also studied in Refs. [296, 297, 298, 299, 300, 301].

A new time-varying neutrino mass model was recently proposed in Ref. [3], where neutrino masses

are generated through a gravitational θ-term in a late cosmic phase transition. This transition can

either take place instantaneously at a temperature T ∼ mν or become apparent later at temperatures

T . mν , for example in the case of substantial supercooling. In both cases, the minimal version of the
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gravitational mass model predicts almost complete relic neutrino annihilation after the transition,

so that all cosmological mass constraints are entirely evaded. However, a substantial relic neutrino

density can survive in the non-minimal presence of neutral lepton asymmetries, which was not

considered in Ref. [3]. In this case, impact on neutrino mass constraints from cosmological data

would be expected. For example, cosmological constraints on a simplified version of this non-

minimal case of the model were presented in Ref. [302], finding that in some cases the cosmological

neutrino mass bounds are significantly weakened compared to the standard constant-mass case, with

∑
mν . 0.6− 0.8 eV.

In this chapter, we extend the analysis of Ref. [302] in three ways. 1) We focus on the supercooled

phase transition and include a substantial amount of false vacuum energy, which is required in

particular when generating relatively large neutrino masses at late times corresponding to low

temperatures (see Section 3.2), this was neglected in Ref. [302]. For simplicity, we neglect the

neutrino self-interactions and (partial) annihilation, as predicted by the model in Ref. [3], which

will be treated in future studies. 2) We add Planck polarization data. 3) We examine whether

time-varying neutrino masses can ease the tensions between cosmological parameters inferred from

high- and low-redshift data, looking at the constraints from different probes in the Ωm-σ8 plane.

The analysis assumptions are reported in Section 3.3 and results in Section 3.4.2. We summarize

our findings and discuss the implications of our analysis both for the KATRIN experiment and for

relic neutrino detection experiments, such as PTOLEMY [303], in Section 3.5.

3.2 Time-varying neutrino mass model

3.2.1 Theoretical Foundations

The gravitational neutrino mass model in Ref. [3] predicts the relic neutrinos to be massless until

a late cosmic phase transition after photon decoupling. As described in Refs. [3, 4], a neutrino

vacuum condensate forms in the transition. This generates small effective neutrino masses mν ∼

ΛG ∼ |〈ν̄ν〉| ≡ v, where ΛG is the neutrino flavor symmetry breaking scale and v is the scale of the

vacuum condensate1. According to Refs. [3, 4], the massive relic neutrinos quickly decay into the

1Ref. [304] showed that this scenario could also solve the strong CP problem if the condensate generates the
up-quark mass as well.
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lightest neutrino mass eigenstate, become strongly coupled, and (partially) bind up or annihilate into

almost massless Goldstone bosons through the process ν+ ν̄ → φ+φ. Naively, one might expect this

modification of the relic neutrino sector to be ruled out by cosmological observations; for example,

the similar idea of a neutrinoless Universe [305] was ruled out by neutrino free-streaming in the early

Universe [306, 307], an induced phase shift in the CMB peaks [308], and precision measurements of

the effective number of neutrino species from the CMB (more recently from Ref. [51]). This is not

the case because, crucially, the temperature TΛG of the neutrino phase transition is a free parameter

of the model in Ref. [3], fixed to Ttoday . TΛG . TCMB by the above-mentioned cosmological

constraints2. Thus, Ref. [3] predicts neutrino self-interactions and (partial) annihilation only in the

late Universe after photon decoupling, making the model predictions cosmologically viable.

Additionally, an important point to stress here is that, although an almost complete relic neutrino

annihilation is a key prediction of the minimal case in Ref. [3], this does not necessarily need to

happen if there are neutrino asymmetries. Big Bang Nucleosynthesis (BBN) and CMB data weakly

constrain the muon- and tau-neutrino asymmetries [157], while BBN data strongly constrain the

electron-neutrino asymmetry [189]. If standard neutrino oscillations in the early Universe mix the

neutrino flavors, the strong BBN bounds would apply to all neutrino flavors [310]. However, the

model in Ref. [3] predicts massless relic neutrinos in the early Universe. The flavor-violating couplings

only turn on at the time of the late-time phase transition [4] (similar to, e.g. axion couplings [311]).

Following Ref. [4], we derive that the latest Planck CMB limit of ∆Neff < 0.33 at 95% confidence

provides a weak bound on the νµ,τ asymmetries of

∣∣∣∣
nνµ,τ − nν̄µ,τ

nνµ,τ

∣∣∣∣ . 0.16× 11

3
∼ 0.58 . (3.1)

Therefore up to ∼ 58% of the νµ and ντ flavors could still be present after the annihilation, that

means ∼ 39% of all relic neutrinos. Such an asymmetry could only survive in the Dirac neutrino case

[312], which implies that the Majorana case of Ref. [3] would always yield a neutrinoless Universe.

2We note that the upper bound on TΛG still applies if neutrinos get small masses through other mechanisms
beyond gravity, making this constraint model-independent. A generic lower bound on the scale ΛG stems from
experimental tests of Newtonian gravity down to ∼ meV−1 distances [309], which is similar to the model-dependent
lower bound on v from the observed neutrino mass splitting [3].

48



Consequently, in this work we consider a modified version of the minimal case in Ref. [3],

exclusively studying late neutrino mass generation and neglecting the self-interactions and (partial)

annihilation which we leave for future studies.

Ref. [3] assumed the phase transition to take place instantaneously, i.e. at a temperature TΛG ∼

ΛG ∼ v ∼ mν . As described in Ref. [4], the phase transition can also be delayed because of

supercooling (see e.g. Refs. [313, 314, 315]), which can significantly increase the energy density in an

expanding Universe. As discussed in Refs. [4], this mechanism could generate large neutrino masses.

The relevant factors characterizing the potential delay of the phase transition are the possible

neutrino asymmetries (see analogous discussions in Refs. [316, 317]) and unknown order-one coefficients

in the effective potential V (Φ, T ) of the neutrino-bilinear order parameters Φ ≡ ν̄ν. In the case of

a strongly supercooled transition, the false metastable vacuum can be stabilized at 〈Φ〉 = 0 over

long cosmological times until the false vacuum tunnels into the true one [318]. This vacuum decay

releases positive potential energy density associated with the false vacuum and thus increases the

energy density in the late relic neutrino sector relative to the other diluting energy densities in the

Universe, e.g. of the photons. Consequently, the model in Refs. [3, 4] includes the possibility that

the energy density in the current neutrino component can be larger than expected in ΛCDM.

Since a delayed neutrino phase transition would have a greater impact on cosmological observables

than a non-delayed transition, the numerical analysis in this chapter only focuses on the former case.

In particular, Ref. [302] found that in the case of neutrino mass generation at TΛG ∼ ΛG ∼ v ∼

mν , the cosmological limits are very similar to the constant-mass neutrino case if relic neutrino

annihilation [3] is neglected. The neutrino masses will only slowly rise in this case, while the local

minimum of the free energy will slowly decrease, with less impact on cosmological observations.

In case of a supercooled phase transition, the neutrino masses and transition temperature are two

independent parameters.

We note that generating relatively large masses at a low temperature seems to violate energy

conservation at first sight. Therefore, differently from what was done in Ref. [302], we here take into

account the false vacuum energy from the supercooled phase transition, which converts into neutrino

masses at the low apparent transition temperature. Due to the unknown order-one coefficients in the

effective potential mentioned above, the exact amount of false vacuum energy is an unpredictable free

parameter of the theory. For simplicity, we assume that the false vacuum energy entirely converts
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into neutrino masses, and we neglect the additional conversion into excitations of the Φ field, i.e.

dark radiation.

We choose the same step-function parametrization for the late neutrino mass generation as

Ref. [302]

mν(a) =

{
0 if a ≤ as
mν tanh

(
Bs

[
a
as
− 1
])

if a > as
(3.2)

where mν is today’s individual neutrino rest mass, a is the scale factor, as is the scale factor at

the apparent phase transition time when the neutrino gains its mass, and Bs is a parameter that

determines the speed of the mass generation. We can fix the parameter Bs to 1010, since the timescale

of neutrino mass generation is of order m−1
ν , which corresponds to approximately femto/picoseconds.

We note that here we assume a degenerate neutrino mass spectrum, i.e. mνi ≡ mν . Degenerate

neutrino masses are still allowed in the mass model of Ref. [3] because the standard cosmological

mass limits are evaded, the bounds from β-decay experiments are relatively weak, and constraints

from neutrinoless double-β experiments only apply to Majorana neutrinos. Moreover, current

cosmological data constrains only the sum of neutrino masses and cannot resolve yet whether the

neutrino mass ordering is normal or inverted [215, 216, 217, 218, 219, 220, 221]. Therefore, we

assume degenerate masses that are generated at almost equal times for each mass eigenstate, i.e.

within timescales much smaller than the Hubble timescale. Since the relic neutrinos rapidly decay

into the lightest neutrino mass eigenstate, νl, after the transition, the cosmologically constrained

sum of the relic neutrino masses reduces to
∑
mν = 3×ml.

To model the time evolution of the false vacuum energy density, we can use a similar parametrization

as for the neutrino mass above

ρV0(a) =

{
V0

[
1− tanh

(
Bs

(
1− a

as

))]
if a > as

V0 if a ≤ as
(3.3)

where V0 = (
√
p2
ν +m2

ν−pν)nν is the difference in energy density of massive and massless neutrinos

at a = as, and nν is the neutrino number density at that time. We assume here that the equation

of state parameter of the false vacuum energy is constant, w = −1, and that only the amplitude

of the energy density rapidly changes within timescales of femto/picoseconds, as discussed above.

Therefore, the false vacuum energy effectively behaves as an additional vacuum energy contribution

on top of dark energy, until the vacuum decays into the true minimum. Crucially, this scenario

does not enhance the dark energy perturbations as in other mass-varying neutrino models [296], and
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Figure 3.1: Energy densities for different components present in our analysis: neutrinos with a

time-varying mass generated at zs = 10 (zs = 0.5) and corresponding to
∑
mν = 0.2 eV today with

solid (dashed) curves, false vacuum energy, standard dark energy, matter (baryons and cold dark

matter), and radiation.

hence is not affected by model instabilities. We notice here that we assume a standard cosmological

constant for dark energy in our study and do not attempt to link it to the false vacuum energy. We

will briefly comment on this in Sec. 3.5.

The energy densities of massive neutrinos and the false vacuum energy component are shown in

Fig. 3.1 for
∑
mν = 0.2 eV and a late phase transition at a redshift of zs = 10 (or equivalently

as ∼ 0.091, solid lines). In this case, the false vacuum energy dominates over the dark energy density

until the phase transition and is then transferred into the energy required for the generation of the

neutrino masses. We also show with dashed lines the case of a very late phase transition happening

at zs = 0.5, we note that in this case the false vacuum energy is more subtle and always subdominant

compared to dark energy.

3.2.2 Cosmological Observables

The impact of this model on cosmological observables is shown in Figs. 3.2, 3.3: features in the

CMB temperature (CTT
l ) and polarization (CEE

l ) power spectra, the CMB lensing convergence

(Cφφl ) and matter power spectra (P (k)) are shown for
∑
mν = 0.2 eV and three different values of
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Figure 3.2: Effect on cosmological observables from the time-varying neutrino mass model

considered here, shown for
∑
mν = 0.2 eV and for three different values of the phase transition

redshift (zs = 1000 or as = 0.001, zs = 100 or as = 0.01 and zs = 10 or as=0.09), compared

to the standard massive neutrinos case with
∑
mν = 0.2 eV used as a reference. Different panels

report the matter power spectrum (top left), the CMB lensing convergence power spectrum (top

right), and CMB temperature and polarization anisotropy power spectra (bottom left and right,

respectively). The effects of this model are subtle, with percent level features, but within the reach

of future experiments.
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Figure 3.3: Same as Fig. 3.2 in the case of a late phase transition (zs = 0.1 or as = 0.91) and

a large neutrino mass with
∑
mν = 2 eV, compared to the standard massive neutrinos case with

∑
mν = 0.2 eV.

53



zs (Fig. 3.2), and for a late phase transition and high neutrino masses (Fig. 3.3), with the standard

massive neutrino case as the reference model in both cases.

When the phase transition happens late (small values of zs and large values of as), the model

becomes more similar to massless neutrinos. On the contrary, for large values of zs, the model is

very similar to the standard constant mass neutrino case. Therefore, for zs = 1000 (as = 0.001),

the effect of the time-varying neutrino mass for all four power spectra is only marginal compared to

the reference case.

We start our explanation with the matter power spectrum on the top left corner of Fig. 3.2.

For standard massive neutrinos, the matter power spectrum is suppressed on small scales, in the

case of
∑
mν = 0.2 eV this corresponds to k ≥ knr = 0.0027. This suppression is more or less

pronounced in our case depending on the time of the phase transition. As mentioned above, for a

small value of zs the neutrinos are massless for most of their evolution and as a result the matter

power spectrum is less suppressed and more similar to the power spectrum of massless neutrinos. As

described in Ref. [302], the turn-over-scale of the matter power spectrum is also affected, depending

on the exact time at which the neutrinos gain their mass. As the time of the phase transition

moves towards smaller redshifts, the enhancement of the matter power spectrum for large values

of k translates into an overall enhancement of the lensing convergence power spectrum (top right

panel of Fig. 3.2). The CMB temperature and polarization anisotropy power spectra (bottom left

and right panel, respectively) are affected at all multipoles, encoding the impact of extra vacuum

energy and neutrino free-streaming in the case of a late phase transition.

Anticipating larger values of
∑
mν allowed by a supercooled phase transition, in Fig. 3.3 we

compare cosmological observables in the case of mass-varying neutrinos with
∑
mν = 2 eV with

respect to the standard massive neutrino case with
∑
mν = 0.2 eV. We notice that even in the case

of these very different mass scenarios the impact on the observables is subtle. For this comparison,

we have not renormalized the values of the different matter density components (i.e. we kept the

amount of cold dark matter and baryons fixed) to reproduce the process where neutrinos exchange

some energy only with the false vacuum energy component (i.e. moving along the dark energy

degeneracy line seen in Sec. 3.4.1). A higher impact is now seen on P (k), showing a suppression on

all scales out to the horizon at the phase transition scale, caused by the substantial amount of false
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vacuum energy before the transition. The features in the CMB spectra are also enhanced due to the

different energy budget of the Universe.

We note that the differences between the models are only of the order of a few percent. We

anticipate that this might be hard to uncover with current data but is within the reach of future

CMB and galaxy surveys. The CMB SO [185] and Stage-4 projects [184] will have the sensitivity

to distinguish the small-scale CMB features, while Euclid [103] and LSST [101] will provide better

measurements of P (k).

3.3 Analysis methodology

To constrain the parameters of our model, we use modified versions of the publicly available

Boltzmann solver CAMB [319] and the Monte-Carlo Markov chain package CosmoMC [36]. We

compare this model where neutrino masses are generated through a supercooled phase transition,

named hereafter Supercool-ν, to the standard ΛCDM case with fixed neutrino masses
∑
mν =

0.06 eV, and to the case in which the total mass is varied but constant in time (i.e. the standard

massive neutrino case), ΛCDM+
∑
mν .

When reporting ΛCDM results, we vary the standard six cosmological parameters (the baryon

and cold dark matter densities, Ωb and Ωc, the scalar spectral index ns, the amplitude of primordial

fluctuations, As, the Hubble constant, H0, and the optical depth to reionization, τ) and fix the total

sum of neutrino masses to
∑
mν = 0.06 eV, corresponding approximately to the lower limit obtained

from neutrino oscillation experiments [144]. In the extended analyses for i) ΛCDM+
∑
mν we

additionally vary
∑
mν as a constant parameter; and for ii) the Supercool-ν model we additionally

consider the full time evolution of the neutrino mass and vary the scale factor of the phase transition,

as. The false vacuum energy amplitude is set by the value of
∑
mν and as via Eq. (3.3).

Unless otherwise stated (for example in Section 3.4.2), we assume standard flat priors on the

ΛCDM basic parameters (following Ref. [157]). We vary
∑
mν between 0.06 and 6.6 eV to incorporate

current limits from laboratory searches (i.e. above the minimum threshold set by oscillation experiments

and converting mνe < 2.2 eV into
∑
mν < 6.6 eV). We will extend this range in Sec. 3.4.2 to ease

the comparison with other published results. The logarithm of the time of the phase transition,

log(as), is varied between -5 and 0. This allows the exploration of neutrino mass generation across

a large range of cosmic time. We fix the speed of the transition with Bs = 1010, corresponding to
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Parameters ΛCDM+
∑
mν Supercool-ν∑

mν [eV] ≤ 0.20 ≤ 4.8 (≤ 1.6)
ΩΛ 0.69± 0.01 0.66+0.02

−0.04

log(as) — ≥ −3.6 (≥ −2.8)

Table 3.1: Marginalized constraints on the sum of neutrino masses and dark energy content

today, and on the scale factor of the neutrino mass generation using Planck CMB temperature,

polarization and lensing, BAO and SN data. Errors are given at 68% confidence, and upper/lower

limits are reported at 95% confidence (and also at 68% confidence in parentheses for very non-

Gaussian bounds).

an almost instantaneous phase transition. This parameter was very unconstrained in the analysis of

Ref. [302], so we do not expect its exact value to affect our results.

We separate our analysis in two parts: in Sec. 3.4.1 we report state-of-the-art constraints for

the parameters of the time-varying neutrino mass model considered here; in Sec. 3.4.2 we study the

constraints in the Ωm-σ8 plane from different cosmological probes.

3.4 Results

3.4.1 Cosmological Mass Limits

To obtain constraints from current data, we combine Planck CMB temperature, polarization, and

lensing spectra from the 2015 release [320, 321]3 with BAO distance ratio from BOSS DR12 (CMASS

and LOWZ) [322], SDSS MGS [262] and 6DF [263], and Type Ia supernovae redshift-magnitude

diagram from the Joint Light-curve analysis (JLA) compilation [323]. This is the baseline data

combination of the Planck analyses that we follow here. The results are shown in Fig. 3.4 and

reported in Table 3.1.

We find that much larger values for
∑
mν are allowed in the case of a supercooled phase transition

compared to the case of standard constant-mass neutrinos and that the data prefer a large value of

the phase transition scale factor, i.e. a late relic neutrino mass generation (peaking at today’s scale

3The final 2018 Planck release occurred during the final stages of this work. We, however, note that the 2018
likelihood software needed to analyse the data is not yet public, and we anticipate that our results will not change
with the new data products.
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∑
mν , as and ΩΛ (with contours at 68% and 95% confidence) in
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∑
mν , dark blue) or for relic neutrinos with mass

generated in a supercooled phase transition (Supercool-ν, light blue). The results are obtained

using Planck TTTEEE+lensing, BAO and SN.

factor) ∑
mν ≤ 4.8 eV

log(as) ≥ −3.6



 at 95% confidence . (3.4)

This is a significantly weakened limit for the neutrino mass, to be compared to
∑
mν ≤ 0.2 eV

for standard massive neutrinos with the same data combination – we note though that the 68%

limit,
∑
mν ≤ 1.6 eV, is much tighter due to the non-Gaussian distribution recovered in this fit.

This is expected in this model and the reason for this is illustrated in Fig. 3.1: the inclusion of the

false vacuum energy generates a condition where the amplitude of the dark energy density and the

combination of the neutrino and false vacuum energy components are very similar over most of the

cosmic history. Especially in the case when the transition happens very late (zs ≤ 10) and the sum

of neutrino masses is large, the neutrino energy density will be of the same order of magnitude as

the dark energy density until almost today. Therefore, a strong anti-correlation between
∑
mν and

ΩΛ arises (at the level of 98%). This can also be seen in Fig. 3.4. A similar degeneracy has also been

observed for early dark energy (EDE) models [1, 237], however in these models the degeneracy is

caused by the time-varying evolution of the dark energy component. We also note that the correction

that we added to keep energy conserved in the model, i.e. the inclusion of the false vacuum energy,

is the main reason why our constraints are broader than those reported in Ref. [302]. The preference
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for a late transition captures the trend that has emerged fitting for neutrino masses with early- and

late-time cosmological probes: we confirm that the data require lighter neutrinos at CMB decoupling

and more significant masses can be generated only in the late Universe.

The goodness of the fit obtained with this time-varying neutrino mass model is only marginally

better than that obtained in the standard massive neutrino case, with a difference in best-fit

likelihoods of only 1.57 (∆χ2 = 3.14). Therefore, the Supercool-ν model is slightly but not

significantly favoured, yielding a p-value of 0.08 with one additional degree of freedom for the

Supercool-ν model compared to ΛCDM+
∑
mν .

3.4.2 The Ωm-σ8 plane

We now compare cosmological constraints in the Ωm-σ8 plane. We use Planck CMB temperature and

polarization data, Planck lensing and Planck SZ cluster counts data [276], and galaxy weak lensing

data from KiDS [271]4. We take each dataset singularly, except for the SZ case where, following the

Planck analysis, we further add BBN constraints on Ωbh
2 to break parameter degeneracies. This

choice is made to explore the impact of time-varying neutrino masses on the existing tensions,

and whether the inclusion of massive neutrinos generated late in the Universe might ease the

discrepancies. Planck CMB lensing is also included in our analysis as a dataset on its own, not

because of tension with other data but rather to look at the effect of this model at intermediate-to-

low redshifts.

To easily compare with the KiDS weak lensing, Planck lensing, and Planck SZ cluster results, we

use now the same flat priors for the unconstrained parameters assumed by the individual experiments.

For KiDS we use the priors assumed in Ref. [272]; for Planck CMB lensing we use the priors for

ns and Ωb as stated in Ref. [321]; and for the Planck SZ cluster counts we use the priors for ns

and Ωb reported in Ref. [276]. For these latter data we further assume a Gaussian prior on the bias

parameter picking the CCCP baseline case [324] used as reference cluster mass calibration in the

Planck analyses. For the galaxy weak lensing, Planck lensing and SZ cases τ is not varying. We

4We work with KiDS weak lensing data because this is the most discrepant data and because it was the only
publicly available likelihood at the time this work started.
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note that the neutrino mass parameter is now varied between 0.06 and 10 eV consistently with other

published analyses and therefore allowing for a simpler comparison.

The results for the three models compared here are shown in Fig. 3.5 (transition from top to

bottom) and discussed below.

ΛCDM: The top panel of Fig. 3.5 shows the constraints for Ωm and σ8 in the case of
∑
mν fixed

to 0.06 eV for the four different datasets considered here. These results reproduce the published

KiDS [272], Planck CMB and CMB lensing [157, 321], and Planck SZ+BBN [276]5 results, and are

shown here only for reference6.

ΛCDM+
∑
mν : When varying

∑
mν as a parameter, correlations in the matter components

generate a broadening of the constraints. In particular, the middle panel of Fig. 3.5 shows the

impact of the standard massive-neutrinos-driven suppression of density fluctuations below their free-

streaming length. Larger allowed values for the neutrino mass enlarge the Planck CMB primary

and lensing constraints towards lower values of σ8 and higher values of Ωm. Similar effects are

seen for the KiDS and SZ analysis. This has been extensively demonstrated in the literature (e.g.

[272, 292, 293, 107]).

Supercool-ν: The bottom panel in Fig. 3.5 shows our results for the supercooled phase transition.

The largest impact compared to the other two cases is seen on the Planck CMB contours: they

now extend to much lower values of σ8 and higher values of Ωm. CMB lensing contours are slightly

affected, while the KiDS and SZ cluster results are almost unchanged. This is explained by the data

preferring a late-time mass generation, so that the Supercool-ν case only differs significantly from

the ΛCDM or ΛCDM+
∑
mν cases at CMB and CMB lensing epochs. The contours however broaden

along the degeneracy line, bringing data in slightly better agreement but with no substantial model

5We have cross-checked our Planck SZ+BBN results by additionally including BAO and comparing with the
Planck SZ+BBN+BAO constraints in Ref. [276].

6We note that these contours will shift if using different τ values compared to the Planck 2015 one used here.
However, we do not expect this to change significantly any conclusion drawn in this chapter. We decided to keep the
2015 value to compare more easily with other published results.
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Figure 3.5: Constraints on σ8 and Ωm inferred from Planck CMB, Planck lensing, Planck SZ

cluster counts and KiDS weak lensing. Top: for ΛCDM with fixed neutrino mass
∑
mν = 0.06 eV.

Middle: ΛCDM with neutrino mass
∑
mν as a constant free parameter. Bottom: late neutrino

mass generation with
∑
mν and as as a free parameter.
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preference (when considering the broadening due to the extra parameters present in the model). We

also note that the derived value of the Hubble constant in this model is not significantly different

from the one obtained in the ΛCDM+
∑
mν case.

3.5 Summary and concluding remarks

In this chapter, we have presented state-of-the-art constraints from cosmology on a time-varying

neutrino mass model motivated by Ref. [3]. We assume that relic neutrino masses are generated

from a form of false vacuum energy in a supercooled neutrino phase transition and neglect neutrino

annihilation in the late Universe. This is a modified version of the minimal model in Ref. [3] which

allows for either a supercooled or a non-supercooled transition but, predicting almost complete

neutrino annihilation, implies that all cosmological mass constraints would be entirely evaded. We

find that current data prefer a phase transition very late in time (peaking at today) and that the

constraint on the total mass of neutrinos is significantly weakened compared to the standard massive

neutrinos case, with
∑
mν ≤ 4.8 eV at 95% confidence (≤ 1.6 eV at 68% confidence). This larger

bound is mostly due to large correlations with the dark energy component, affected by the presence

of the false vacuum energy term. To summarize, we find that the standard constant-mass neutrino

case with low masses and the Supercool-ν model studied here with high masses are both successful

with current data.

The proposed PTOLEMY experiment [303] aims to detect relic neutrinos, and would have an

energy resolution of ∼ 0.15 eV per neutrino [325]. As also discussed in Ref. [4], the results found here

would allow for a detection of relic neutrinos if the neutrino background is strongly asymmetric. The

KATRIN β-decay experiment [193] also aims to discover the neutrino mass scale. Since the model

considered here allows for larger neutrino masses, a detection of an unexpectedly large absolute

neutrino mass scale at KATRIN could provide a strong hint towards this model, at least if the

standard cosmological ΛCDM model is valid in other respects. As explained in Ref. [4], the weakened

neutrino mass bounds gain even further importance in the hypothetical presence of sterile neutrinos

motivated by experimental short-baseline anomalies [326], since the model [3, 4] evades the usual

conflicts between light sterile neutrinos and cosmological neutrino mass bounds.

We further looked at the possibility of solving current early- and late-time tensions in the

measurements of matter fluctuations with this model. Larger values allowed for the neutrino mass
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also weaken constraints on the matter density and clustering. These, however, broaden along the

degeneracy direction already present in the standard constant mass case and do not provide a

convincing explanation to the tensions.

We made several simplifications to the original neutrino mass model in Ref. [3].

• The model predicts that the relic neutrinos rapidly decay into the lightest neutrino mass

eigenstate after the late cosmic transition. Therefore, any cosmological neutrino mass bound

derived with this model only applies to the smallest neutrino mass and not to the sum of

all masses. Considering that, at present, we do not have further information on the neutrino

mass eigenstates ordering and relative weight, we argue that making this simplification is

not impacting our conclusion. Moreover, the decay becomes less relevant for larger masses,

since then the neutrino mass eigenstates have similar masses and are cosmologically not

distinguishable.

• The model in Ref. [3] also predicts that the relic neutrinos become strongly coupled after the

phase transition and substantially annihilate into almost massless Goldstone bosons, i.e. dark

radiation. In the case of almost complete annihilation, this would not be tracked by neutrino

masses from cosmological data. We relax this prediction by Ref. [3] for two reasons: i) first, an

evidence of time-varying neutrino masses from cosmology could still inform model building in

general. Our study confirms the general trend that low-redshift data prefer heavier neutrinos

and showed that large masses can be generated only in the late Universe. We note here that

the latter result is expected to also hold true in case of complete neutrino annihilation, due to

the larger amount of false vacuum energy required for an earlier phase transition. ii) An almost

complete annihilation could in fact be evaded in the presence of large neutrino asymmetries.

In case of a neutrino mass detection, the complete neutrino annihilation would be ruled out.

We showed that non-complete annihilation is still a viable possibility considering the current

bounds on these asymmetries.

• Another aspect we neglected in our study is the formation and evolution of topological defects,

as well as out-of-equilibrium effects like bubble nucleation and collision. Related cosmological

studies of the resulting inhomogeneities in supercooled late-time phase transitions have been
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presented in Ref. [327], which finds that kinetic-SZ data constrain bubble nucleation from false

vacuum decay to happen very recently. We defer the studies of such inhomogeneities as well as

the cosmological effects of neutrino self-interactions, (partial) annihilation, and dark radiation

to future investigations.

• Finally, we note that for simplicity we fixed the false vacuum energy density V0 to the energy

density required to generate the relic neutrino masses. However, a substantial amount of

the false vacuum energy could also convert into dark radiation. In general, V0 is a free

parameter of the model [3], which opens up the possibility that V0 could be identified with

the observed dark energy density.7 In such a “decaying dark energy” scenario, our Universe

recently became dark-radiation dominated, will soon enter a matter-dominated era, and will

continue to expand at a decelerating rate (see e.g. Refs. [328, 329, 330, 331, 327, 332, 333, 334]

for similar considerations). The redshift of dark energy decay is constrained by Type IA

supernovae data to zs . 0.1 at the 2σ level [331]. The dark radiation bosons would not

yield directly observable cosmological effects, despite their huge abundance, due to strongly

suppressed interactions with Standard Model particles. However, they might yield observable

signatures in non-cosmological contexts (see Refs. [3, 304]).

7Ref. [3] already noticed a potential connection between the neutrino vacuum condensate and dark energy, due
to the surprising numerical coincidence of the dark energy and neutrino mass scales, and because the neutrino
condensate is inherently connected to a new low-energy gravitational scale, ΛG. However, the model does not solve
the cosmological constant problem since it cannot explain why other Standard Model vacuum contributions, such as
the Higgs condensate, do not contribute to the cosmological constant.
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Chapter 4

The impact of relativistic effects in
Large Scale Structure

In the next decade, we expect to map out the large scale structure of the Universe with exquisite

precision. In doing so it will be possible, for the first time, to access information on the largest

possible scales – the scale of the cosmological horizon. It has been shown that, on those scales, a

number of general relativistic effects come into play [335, 74, 336, 73]. Such effects might, conceivably,

lead to additional and complementary information to that obtained on the usual scales probed by

current surveys (. 100h−1 Mpc).

General-relativistic effects are more significant on large scales; unfortunately there are fewer

modes to sample and cosmic variance severely limits our ability to detect these effects in the standard

way. Indeed, it has been shown that from auto-correlations alone (i.e. from the power spectra of

individual tracers) it is impossible to detect these effects with any statistical significance [337], and

the only way to measure them is via cross-correlations of data sets, through what has been dubbed

the multi-tracer technique [338]. It has been shown that a judicious choice of future surveys can be

combined to obtain a moderate to high significance detection of general relativistic effects [339, 340].

Common sense would dictate that the various, novel, effects that have been identified need to be

taken into account if we are to constrain cosmological parameters from future surveys. Indeed, it has

been shown that some of these effects can play a significant role and bias the outcomes of cosmological

parameter estimation. We highlight two cases: constraints on primordial non-Gaussianity and the

impact of lensing magnification on galaxy number counts.

If primordial fluctuations were non-Gaussian, it has been shown that one should expect corrections

in the small k (large wavelength) part of the galaxy power-spectrum through scale-dependent biasing
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[341, 342]. This effect, in which the bias parameter gets a correction ∆b ∝ 1/k2, can be confused

with some of the general relativistic effects [343]. Thus a correct accounting of both scale dependent

biasing and general relativistic effects must be adopted in any analysis of long wavelength modes.

Alternatively, it has been well established that lensing will affect measurements of the galaxy

distribution through, for example, magnification bias [344]. Lensing may have a significant effect on

all scales and it has been shown that if it is not correctly included, it may lead to significant biases

in estimates of cosmological parameters such as the neutrino mass scale [345] or the dark energy

equation of state [346].

In this chapter we will systematically explore the role that general-relativistic effects (and large

scale modes) play on cosmological parameter constraints. Our focus will be on the importance of

lensing correction (following up on the work of [346, 345]) and on the combined general relativistic

corrections to galaxy number counts. We will use a Fisher matrix analysis to quantify the importance

of these effects on the forecast errors and on the potential measurement bias of cosmological parameters

from a selection of Stage IV experiments. We will be comprehensive in our analysis of cosmological

parameters in that we will include the standard set of ΛCDM parameters but also encompass a

time-varying equation of state for dark energy, the mass of neutrinos, primordial non-Gaussianity

and scalar-tensor extensions to the theory of gravity.

We structure this chapter as follows. In Section 4.1 we briefly recap the effects that we will

be studying and discuss the methodology that we will use. In Section 4.2 we explain the various

parts that go into the Fisher matrix formalism for forecasting and how it can be used to quantify

potential biases in the analysis. We then, in Section 4.3, systematically work through the different

combination of data sets and cosmological parameters to build up a comprehensive analysis of the

role these effects will play in future surveys. In Section 4.4 we discuss the results of our analysis.

4.1 Observables and Large Scale Effects

The goal of modern cosmology is to map out the large-scale structure of the Universe. To do so,

observers try to quantify the statistical properties of the distribution of matter by either studying

the spatial distribution of bright objects (such as galaxies) or diffuse gas, or by measuring the

effect of gravitational potentials on the propagation of light emitted by distant sources. Key to such

observations is to accurately characterize the redshifts and directions of photons that propagate from
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cosmological distances to observing instruments. From these properties, one can infer the density

perturbations, observable volume distortions and perturbed photon paths.

A key quantity is the fluctuation in the number density of galaxies at a particular solid angle

and at a particular redshift. The corresponding observable, ∆N (z, n̂), consists of a number of terms

which can be schematically written as [73, 74]

∆N ≡ ∆D + ∆RSD + ∆L + ∆GR (4.1)

where “D” stands for density perturbations, “RSD” stands for redshift space distortions, “L” stands

for lensing magnification and “GR” stands for general-relativistic corrections. The first three terms

are dominant and play a role on all scales. The general-relativistic corrections include large-scale

velocity terms and terms involving the gravitational potentials and their derivatives (akin to the

integrated Sachs-Wolfe [347] effect and the Shapiro time delay [348], found in other settings). The

exact expressions for all these terms can be found in Appendix A.

Redshift space distortions, or the “Kaiser effect” (see [349] and also Sec. 1.2.4) are currently

the method par excellence for measuring the growth rate of structure, f = d ln δM/d ln a (where

δM is the matter density contrast and a is the scale factor) [350]. These distortions arise from the

peculiar velocity sourced by the local gravitational potential which induce shifts in the relationship

between the distance and redshift of any particular galaxy. The interplay between the RSD term

and the density contrast involves the clustering bias, b, which relates the number density with

fluctuations in the comoving-gauge matter perturbations. As such, measuring the growth rate will

involve assumptions about the tracer being considered and can, potentially, be amenable to multi-

tracer techniques [338].

We will pay particular attention to the magnification term, the most significant effect after RSDs

and already well measured by multiple analyses [351, 352, 353, 354, 355, 356]. This magnification

bias depends on the slope of the physical number density of sources, N̄ (η, L > L∗), as a function of

conformal time η and intrinsic luminosity L∗, as:

s ≡ 5

2

∂ ln N̄
∂ lnL∗

. (4.2)

This correction arises because of the presence of matter overdensities along the photon path, on the

one hand stretching the observed separation between galaxies (and therefore supressing the observed
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number density) and on the other hand boosting the observability of faint galaxies which otherwise

would have fallen below the detection threshold [357]. As we shall see (and as was pointed out in

[346, 345]), this term can play a significant role in biasing the estimates of cosmological parameters.

The GR effects are subdominant and only really emerge on the largest scales (as can be seen in

Appendix A). There are a few main things to note which will become important when discussing

the methodology and results. First of all, some of the GR terms come in with a similar scale

dependence as the scale dependent bias arising from primordial non-Gaussianity. Second, some of

the terms depend on the slope of the background number density of sources as a function of time,

the evolution bias:

fevo ≡
∂ ln(a3N̄ )

∂ ln a
(4.3)

Given this, it has been shown [339, 340] that GR effects are amenable to the use of multitracer

techniques for mitigating cosmic variance and that, with the appropriate choice of future data sets,

it may be possible to detect them at the ∼ 10σ level.

4.2 Methodology

4.2.1 The space of parameters

In this work, we will consider a number of different cosmological models in order to make a broad and

general statement about the impact of the lensing and general-relativistic effects on the estimation

of cosmological parameters.

As a first model we choose the standard extension to ΛCDM including non-zero neutrino masses

∑
mν and a time-varying equation of state for dark energy. The latter is parametrized by w0 and

wa [358] as w(a) = w0 + (1− a)wa. This model also includes the standard cosmological parameters

(fractional density of dark matter Ωcdmh
2 and baryons Ωbh

2, the local normalized expansion rate

h, the amplitude of primordial scalar perturbations As, the scalar spectral index ns and the optical

depth to reionization τ). For these parameters, apart from τ , we will take the best-fit values from

the Planck 2015 analysis [157] as our fiducial cosmology. We will also take a fiducial τ = 0.06

from the latest measurement from Planck [359]. So far, only lower and upper limits for
∑
mν are

known. Whereas the currently best upper limits on
∑
mν come from cosmology [360, 157, 218], the

mass differences between the neutrino mass eigenstates have been measured in neutrino oscillation
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experiments. Here we will conservatively use
∑
mν = 0.06 eV as a fiducial value for the total

neutrino mass, corresponding approximately to the current lower bound on the total neutrino mass

sum from summing the mass differences [361]. Finally, our fiducial dark energy equation of state

will correspond to a cosmological constant with w0 = −1 and wa = 0.

Our second model will extend the previous one with the dimensionless parameter fNL that

describes the amount of non-Gaussianity in the primordial density field produced in many inflation

scenarios. Specifically we will focus on the case of local non-Gaussianity [362], in which fNL is

defined through

Φ(x) = ΦG(x) + fNL(Φ2
G(x)− 〈Φ2

G〉), (4.4)

where Φ is the primordial gravitational potential and ΦG is a Gaussian random field. Thus, the

primordial gravitational potential can be described as the sum of a linear term and a non-linear

one. The current constraint on the local value of fNL from the Planck satellite is 2.5 ± 5.7 [363].

Although measurements of the cosmic microwave background anisotropies will be most helpful in

determining the value of fNL [364], its effects on large-scale structure [341, 342] are one of the

most promising ways to improve current constraints. More specifically, primordial non-Gaussianity

induces a correction in the Gaussian bias bGX of each tracer X [341, 342]

∆bX(z, k) = 3fNL
[bGX(z)− 1]ΩmH

2
0δc

(T (k)D(z)k2)
(4.5)

where Ωm is the fraction of the matter density of the total energy density in the Universe, δc ' 1.686

is the critical density contrast of matter from the spherical collapse model, D(z) is the linear growth

factor, H0 the value of the Hubble constant today and T (k) the matter transfer function. As fiducial

value for fNL we choose fNL = 0.

In these two models General Relativity is still the underlying theory of gravity. For our third

model, and in order to explore the role of relativistic effects in constraining deviations from GR, we

will consider scalar-tensor theories within the Horndeski class of models [365, 366]. As proposed by

[367], these models can be described through a number of general time-dependent functions αM , αK ,

αB , αT and M∗ in addition to the standard ΛCDM parameters (we refer the reader to the reference

above for further details). These functions parametrize the time variation of Newton’s constant (M∗

and αM ), the form of the scalar kinetic term αK , the mixing between the scalar field and the scalar

perturbations αB and the speed of propagation of tensor modes αT . In order to curb the freedom

69



allowed by this parametrization we constrained the time-dependence of the α functions to be of the

form:

αX(z) = cX
ΩDE(z)

ΩDE(z = 0)
, (4.6)

where ΩDE(z) is the fractional energy density of the dark energy component. Furthermore, as in

[368, 369] we will only consider cM , cB and cT as free parameters, since cK and M∗ cannot be

constrained by current [368] or future data1. As fiducial values we chose cB = 0.05, cM = −0.05 and

cT = −0.05, in order to stay close to ΛCDM as a fiducial cosmology while avoiding the singularity

at cX ≡ 0.

4.2.2 Fisher matrix forecasting formalism

We produce our forecasts using a Fisher matrix approach (see also Sec. 1.4). We follow the formalism

of [337], which incorporates the joint constraining power of multiple experiments and tracers of

the matter distribution2. Each tracer contains a set of sky maps corresponding to e.g. different

redshift bins or the different Stokes polarization parameters in a CMB experiment. In total, the

combination of all tracers will observe a number of Nmaps maps that can be described by their

harmonic coefficients aa,i`m, where a and i label the tracer and map number respectively. We group

these harmonic coefficients into a vector a`m and define the power spectrum C` as the covariance of

this vector:

〈a`ma∗`′m′〉 = δ``′δmm′C` (4.7)

We assume that the aa,i`m are Gaussian-distributed and that thus their likelihood is given by

− 2 lnL =
∑

`

fsky
2`+ 1

2

[ ∑̀

m=−`

a†`mC−1
` a`m

2`+ 1
+ ln(det[2πC`])

]
(4.8)

By expanding this likelihood around the maximum we find that the covariance of the maximum-

likelihood estimate of a set of parameters θα can be approximated by the inverse of the Fisher matrix

Fαβ . This matrix can be computed as:

Fαβ =

lmax∑

l=2

fsky
2`+ 1

2
Tr
[
(∂αC`)C

−1
` (∂βC`)C

−1
`

]
(4.9)

1Fortunately these parameters are not significantly degenerate with the rest, and therefore can be safely kept
fixed without affecting the forecast constraints [369].

2The software used to produce these forecasts can be found at https://github.com/damonge/GoFish.
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where fsky is the fraction of the sky observed.

The power spectra were computed with a modified version of CLASS [370, 37, 371], and the

derivatives in Eq. 4.9 were estimated via central finite differences:

∂αf =
f(θα + δθα)− f(θα − δθα)

2δθα
+O(δθ3

α). (4.10)

The final parameter uncertainties are computed from the inverse of F.

Besides the parameter uncertainties for a given setup, we also estimate the bias on those parameters

arising from neglecting to account for a given relativistic effect in the theoretical calculation of the

power spectra. In order to do so, we follow a similar method based on expanding the likelihood

around the maximum. The approach is similar to that of [372, 373, 374]. As in [345], we compute

an “observed” power spectrum Cobs
` , where all relevant effects are included in the calculation, and a

“theoretical” power spectrum Cth
` , where a given effect (e.g. lensing magnification or the contribution

of large-scale GR effects) is not incorporated. Likewise, we define θinf,α as the “inferred” values

of the cosmological parameters from the incorrect likelihood, and θtrue,α as the true underlying

parameters. The maximum-likelihood value for θα is derived by maximising the likelihood in Eq.

4.8, and therefore we obtain:

〈∂αχ2(θtrue)〉 ≈〈∂αχ2(θinf)〉

+ 〈∂α∂βχ2(θinf)〉(θtrue − θinf) = 0

(4.11)

Taking vα = −〈∂αχ2(θinf)〉 and approximating

〈∂α∂βχ2(θinf)〉 ≈ Fαβ , (4.12)

we obtain the bias on each cosmological parameter θα:

∆θα = (F−1 · v)α, (4.13)

where the entries of v are given by

vα =

`max∑

`=2

fsky
2`+ 1

2
Tr
[
(∂αC`)C

−1
` ∆C`C

−1
`

]
, (4.14)
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and ∆C` = Cobs
` − Cth

` . We show here why the approximation 4.12 is valid at the linear level.

Differentiating equation 4.8, we find

∂αχ
2 =

∑

`

fsky
2`+ 1

2

[
Tr(C−1

` ∂αC`)−
∑

m

a†`m C−1
` ∂αC`C

−1
l a`m

2`+ 1

]
(4.15)

∂α∂βχ
2 =

∑

`

fsky
2`+ 1

2

[
Tr(C−1

` ∂α∂βC`)− Tr(∂αC`C
−1
` ∂βC`C

−1
` )−

∑

m

a†`m C−1
` ∂α∂βC`C

−1
l a`m

2`+ 1

+
∑

m

a†`m C−1
` ∂αC`C

−1
l ∂βC`C

−1
l a`m

2`+ 1
+
∑

m

a†`m C−1
` ∂βC`C

−1
l ∂αC`C

−1
l a`m

2`+ 1

]

(4.16)

Since 〈a† a〉 = Cobs
` , we find the expectation value

〈∂αχ2〉 = −
∑

`

fsky
2`+ 1

2
Tr(C−1

` ∂αC`C
−1
` ∆C`), (4.17)

where we have defined Cobs
` ≡ C`+∆C`. This yields the expression for the vector v given in equation

4.14. For the second derivatives we find

〈∂α∂βχ2(θobs)〉 =
∑

`

fsky
2`+ 1

2

[
Tr(C−1

` ∂αC`C
−1
` ∂βC`) + Tr(Kαβ,` ∆C`)

]
(4.18)

where Kαβ,` is given by

Kαβ,` ≡ C−1
` ∂αC`C

−1
` ∂βC`C

−1
` + C−1

` ∂βC`C
−1
` ∂αC`C

−1
` − C−1

` ∂α∂βC`C
−1
` . (4.19)

Therefore, if ∆C` ≈ ∂αCl · (θobs
α − θth

α ), the second term in Eq. 4.18 is of second order and we can

approximate 〈∂α∂βχ2(θobs)〉 as Fαβ .

4.2.3 Upcoming surveys

We will perform our forecasts for two complementary Stage-IV experiments with optimal area

overlap: CMB S4 and LSST. Together, they will offer at least four different cosmological tracers:

CMB primary and lensing, cosmic shear and galaxy clustering, the latter two encompassing several

redshift bins. The assumptions used to model these experiments are described here. In all cases we

correctly account for all correlations between different tracers.

4.2.3.1 CMB Stage 4

In the mid 2020s, the current ground-based CMB facilities such as Advanced ACTPol [375], SPT-

3G [376], BICEP2/Keck [377] or the Simons Array [378] will be superseded by a CMB Stage 4 (S4)

experiment [184], combining the efforts of multiple ground-based instruments. S4 will be able to
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derive cosmological constraints from a number of probes, including the primary CMB anisotropies

in temperature and polarization, the CMB lensing convergence, Sunyaev-Zel’dovich cluster number

counts and other secondary anisotropies. Of these, our forecasts will include the first two, given

their relative robustness to astrophysical systematics. Following [186] we model S4 as an experiment

mapping 40% of the sky with an rms noise sensitivity of 1µK-arcmin in temperature and a 3 arcmin

full width at half maximum beam. Given the important systematic uncertainties on large scales

faced by ground-based experiments (associated for instance to atmospheric noise or ground pickup),

we further assume that S4 will only be able to effectively cover the multipole range 30 < ` < 3000

in temperature and 30 < ` < 5000 in polarization (with the lower small-scale cut in temperature

motivated by the effect of astrophysical foregrounds). On ` < 30 we supplement S4 with large-scale

data from Planck [177] with the corresponding noise level. Although we model the noise contribution

to the CMB power spectrum as white, the atmosphere generates a non-trivial noise structure on

large scales, especially in temperature. The cosmological parameters considered here are however

mostly constrained from the high-` CMB power spectrum, and therefore our forecasts should not be

strongly affected by this.

It is worth noting that the validity of the Fisher matrix approach can be particularly sensitive to

the degeneracies between different parameters (both in terms of predicted uncertainties and biases).

Of particular interest are the existing degeneracies between As, τ , ΩM and
∑
mν , one of the main

obstacles to measuring neutrino masses given the currently large uncertainties on τ from Planck

[359, 186]. In order to verify that our results are not significantly affected by numerical instabilities

associated to these degeneracies, we have recalculated our forecasts supplementing S4 on ` < 30 with

an optimal future satellite mission with a sensitivity of 4µK-arcmin in temperature. This setup is

able to reach a cosmic-variance-limited error on τ , and therefore significantly reduce these parameter

correlations. Doing this we verified that the results shown in Section 4.3 are stable with respect to

parameter degeneracies.

4.2.3.2 Large Synoptic Survey Telescope

The Large Synoptic Survey Telescope [101] will carry out a 10-year deep and wide imaging survey

of the southern sky, reaching a limiting magnitude of r ∼ 27 over ∼ 20, 000 deg2. The use of

photometric redshifts (photo-z) to obtain approximate radial coordinates will allow LSST to obtain
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cosmological constraints from a number of probes. These will include tomographic galaxy clustering

and cosmic shear, galaxy cluster counts, type Ia supernovae and strong lensing. In particular the

complementarity between clustering and lensing make the joint analysis of these two probes the

most promising source of cosmological information for LSST, and therefore our forecasts are based

on these. We base our modelling of both tracers on the treatment of [337], which we describe briefly

below.

Galaxy clustering. In this case the most relevant observable is the shape of the angular power

spectrum or correlation function of the galaxy distribution. The standard way to analyze it will be

in terms of tomographic redshift bins, including all auto- and cross-correlations between them. We

further separate the clustering sample into two disjoint populations of “red” (early-type, ellipticals,

high-bias) and “blue” (late-type, disks, low-bias) galaxies. The specific models used for the signal

and noise power spectra, redshift distributions and nuisance parameters are described in detail in

[337].

The relation between the galaxy and matter power spectra is expected to be well-approximated

by a linear “clustering bias”, scale-independent, factor b(z) on large scales. Our forecasts therefore

marginalize over the value of this quantity defined, for each galaxy sample, at a discrete set of nodes

in redshift (with the full b(z) function reconstructed by interpolating between these nodes, see [337]

for details). This approximation is, however, bound to fail on small scales, where non-linear, scale-

dependent corrections, as well as stochastic contributions, should be taken into account. This makes

the analysis of galaxy clustering on small scales very unreliable and often unusable for cosmology. In

order to avoid these complications we define, for each redshift bin, angular scale cuts within which

the corresponding map is used. At the median redshift of the i-th redshift bin zi we compute a

threshold comoving scale kimax defined as the cutoff scale for which the variance of the linear matter

density contrast on larger scales is below a given threshold σ2
thr, i.e:

σ2
thr =

1

2π2

∫ kimax

0

dk k2 P (k, zi). (4.20)

This comoving scale is then translated into an angular multipole `imax = χ(zi) k
i
max. For our fiducial

forecasts we used a threshold variance of σthr = 0.75.
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Cosmic shear. The effect of weak gravitational lensing observed through the projected shapes of

galaxies is a direct, unbiased probe of the intervening matter distribution. As such, cosmic shear

observations are a potentially strong cosmological probe. The constraining power of this probe is

contained in the power spectrum of the traceless part of the cosmic shear tensor for galaxies lying in

a set of photo-z bins. As described in [379], we model the galaxy sample used for cosmic shear after

the so-called “gold sample” [101], corresponding to galaxies with magnitude i < 25.3. We refer the

reader to [379] for further details on this sample definition as well as the form of the lensing power

spectrum assumed in this analysis. We use a constant minimum scale `max = 2000 for cosmic shear

in our forecasts.

Both galaxy clustering and cosmic shear suffer from a number of sources of systematic uncertainties

beyond those described above, such as photo-z uncertainties, the effect of intrinsic alignments or

baryonic uncertainties in the matter power spectrum. In order to simplify the analysis we have

neglected these systematics3. The final constraints on cosmological parameters depend critically on

these uncertainties, as well as on the range of angular scales included in the analysis. The absolute

forecast constraints on cosmological parameters reported in the next section should therefore not be

taken at face value, but rather interpreted in terms of the relative information gain associated to

the magnification and relativistic effects, as well as the associated relative biases.

4.3 Results

This section explores the relevance of the magnification bias and the other sub-dominant relativistic

corrections to the number counts power spectrum. Here “relevance” will be evaluated in terms of

both the information content (i.e. constraining power on particular cosmological parameters) and

the associated systematic (i.e. possible bias on the same parameters) of these effects. The results

will be presented for three different families of parameter spaces. These results are summarized in

Table 4.1, which we describe below. It is worth noting that, even though we only report the bias

associated with the parameters listed in this table, neglecting lensing magnification and GR effects

3The conservative scale cuts used here have been shown in [369] to be robust against the impact of baryonic
uncertainties.
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Figure 4.1: Forecast 1σ contours for Σmν , w0 and wa from LSST clustering only (orange ellipses)

and LSST clustering + LSST shear + S4 (cyan ellipses) in the fiducial case without lensing

magnification or GR effects. The thin solid and dashed ellipses correspond to the 1σ contours

after including the lensing contribution to the clustering power spectrum in the same two cases

respectively. The black circle and square show the bias associated with ignoring the presence of

lensing magnification (again in the same two cases). In all cases the impact of GR effects is negligible,

and therefore we have not included the corresponding ellipses in this figure.

also leads to biases in other standard ΛCDM parameters. We do not report these here, and rather

concentrate on the parameter spaces that future large-scale structure facilities will target specifically.

4.3.1 Impact on dark energy and neutrino mass

As has been previously shown by [345], neglecting the lensing magnification effect can significantly

bias the estimation of the total sum of neutrino masses
∑
mν . Our analysis here extends this study

to the dark energy equation of state parameters, w0 and wa, since they have been shown to be

degenerate with
∑
mν [52] (see also [346], where w0 and wa were studied independently of

∑
mν).

In addition to this, the combined analysis of galaxy clustering and cosmic shear data is known

to be of great use in breaking degeneracies to constrain these parameters [380]. This is relevant for

two reasons: on the one hand, it is worth exploring to what extent the lensing information contained

within the magnification bias contribution to galaxy clustering can also be used to break these same

degeneracies in lieu of cosmic shear [346]. On the other hand, since cosmic shear is a direct probe
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of gravitational lensing, it is interesting to study whether any biases associated with neglecting the

magnification bias term could be mitigated by including cosmic shear information.

Finally, although the large-scale relativistic effects are known to be barely measurable, our

treatment will allow us to explore their impact on constraints and systematic biases.

The results are shown in Figure 4.1, where the orange ellipses show the 1σ contours using only

clustering information from LSST and the cyan ellipses correspond to the full constraining power

of LSST clustering, LSST shear and S4 (including primary CMB and lensing). The thin solid and

dashed ellipses correspond to the constraints after accounting for the contribution of magnification

to clustering in the same two cases respectively. Although using only clustering information the

magnification term does improve constraints slightly (up to 8% in the marginalized uncertainties),

the improvement is absolutely negligible when including all other cosmological probes.

In the same plots, the filled circles and squares show the forecast bias on the same parameters,

both for clustering alone and including all probes respectively. Although the inclusion of CMB

and shear data reduces the size of the bias, the faster improvement in the constraints makes the

significance of this bias worse. It is worth pointing out that the direction of the bias changes after

including new probes, due to the change in direction of the different degeneracies.

We have also evaluated the information content (i.e. improvement in constraints) of the GR

terms as well as the parameter bias they induce. The information content is completely negligible,

with an improvement in the 1σ uncertainties well below 1% in all cases. The bias associated with

the omission of these terms is equally negligible, with a maximum fractional bias of 6% with respect

to the standard deviation in the case of w0 when only galaxy clustering data are taken into account.

These biases are further suppressed when including other probes.

4.3.2 Impact on scalar-tensor theories

As shown in the previous section, the secondary clustering anisotropies (lensing and GR effects) do

not contain significant extra information in terms of final constraints on cosmological parameters for

standard departures from vanilla ΛCDM. One could however argue that the true constraining power

of these relativistic terms would be realized on actual modifications of GR [381], and therefore it is

relevant to explore this possibility. To that end we have repeated the same Fisher analysis on the

Horndeski parametrization of scalar-tensor gravity theories described in Section 4.2.1.
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Figure 4.2: Same as Figure 4.1 for the Horndeski parameters cB , cM and cT .

The results are shown in Figure 4.2 using the same color coding as Fig. 4.1. Interestingly, when

including only clustering information we observe a large improvement in the constraint on cB , and

no real improvement on cT and cM . An inspection of the correlation coefficients between different

parameters reveals that the inclusion of magnification is able to break strong degeneracies between

cB and the nuisance galaxy bias parameters, as could have been expected given that lensing effects

trace the dark matter perturbations directly, and therefore marginally help constraint b(z). In all

cases, the bias associated with the lensing term is of the same order as the 1σ uncertainty when using

only clustering information, smaller than the case explored in the previous section. These results

change, however, when all probes are included simultaneously: the relative constraining power of

the magnification term becomes negligible in the presence of cosmic shear and CMB, while the

improvement in the final constraints brought about by these probes makes the bias associated to

the lensing term significant at the 5σ level for cB .

Regarding the relevance of the other GR effects, we find the same results obtained in the previous

sections: these terms do not significantly improve the final constraints on the Horndeski parameters

(< 1%), and do not induce a significant bias (∼ 8% of σ at worst).

4.3.3 Impact on primordial non-Gaussianity

Except for the magnification lensing term, all other relativistic corrections to the number counts

power spectrum dominate on horizon-sized scales. Therefore, although these effects seem to be
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Figure 4.3: Forecast distribution for fNL for LSST red galaxies (red), blue galaxies (blue), the

combination of both in a multi-tracer sense (black) and the combination of LSST galaxy clustering,

LSST cosmic shear and CMB S4 (orange). The bias on fNL associated with the GR effects,

corresponding to fGR
NL ' −0.7 is shown as a vertical dashed line

irrelevant on the standard cosmological parameters explored in the previous sections, any parameter

sensitive to the clustering pattern on large scales may be more affected by them. This is the case for

the effects of primordial non-Gaussianity on the clustering pattern of biased tracers, as discussed in

Section 4.2.1. We have therefore carried out the same Fisher analysis done in Section 4.3.1 including

fNL as a free parameter.

The results are shown in Figure 4.3 as 1D posterior distributions for fNL marginalized over all

other parameters (including w0, wa and Σmν). Before discussing the relevance of the lensing and GR

effects it is worth inspecting the improvement on σ(fNL) from the inclusion of different probes. Here

we have considered the cases of the blue and red clustering samples individually, the combination

of both and the addition of external datasets (weak lensing and CMB data). For the blue and red

samples, as well as their combination, we recover the same result obtained in [339]: the red sample

alone does not yield competitive constraints given its small volume coverage (σ(fNL|red) ' 7), while

the higher number density and volume of the blue galaxies allows for a more interesting bound

(σ(fNL|blue) ' 2). The combination of both samples yields a slightly better constraint due to the

multi-tracer effect, and the addition of external datasets improves it further σ(fNL|all tracers) ' 1.5,

mostly due to the improved measurement of the galaxy bias.
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When switching on the lensing and GR effects we observe no significant improvement or degradation

in σ(fNL). On the other hand we observe that GR effects cause a bias of ∼ 50% for the combination

of all tracers4, corresponding to an effective value of fGR
NL ' −0.7. This is in agreement with

[382, 383, 343, 384]. Although this may not be a concern for the experimental setup considered here,

other experiments targetting fNL explicitly, such as SPHEREx [385], may need to account for these

relativistic corrections. Magnification lensing, on the other hand, causes a much smaller effect, given

its scale dependence. In the absence of CMB or cosmic shear measurements, we observe however

a large bias on fNL (of order 1σ) induced by magnification lensing. This is caused by the biased

estimation of the galaxy bias parameters, which affect the amplitude of the correction due to fNL if

magnification is not taken into account (see also [386]).

4.3.4 Impact of magnification uncertainties

In the previous sections we have seen that the magnification term is important and can significantly

bias cosmological parameter estimates if unaccounted for, as has also been previously shown by

Refs. [346, 345]. Since the amplitude of the magnification term depends on the slope of the source

number counts with apparent magnitude (see Eq. 4.2), an outstanding question is how well s(z) needs

to be measured in order to avoid a significant bias (> 1σ) from the magnification-related uncertainties

alone. In order to test this, we have recomputed our forecasts for both the wCDM + Σmν and

Horndeski models, this time using a theoretical power spectrum that includes magnification bias

with our fiducial model for s(z), and an observed power spectrum in which we increase s(z) by 10%.

This then allows us to estimate the parameter bias associated with a 10% systematic uncertainty

on s(z) using the formalism described in Sec. 4.2. We find that the parameters of key relevance for

galaxy clustering (
∑
mν , w0, wa, cB, cM and cT) can be significantly biased by uncertainties of this

order (e.g. 179% of σ for w0).

These results can be used to quantify the level to which s(z) must be known to avoid biasing

individual parameters. Under the assumption that the parameter bias ∆θ scales linearly with the

relative systematic error on s, δs, we can estimate ∆θ for any δs in terms of the bias computed

4Note that this value is found after marginalizing over all other cosmological and nuisance parameters. However,
the result holds also under the assumption that all parameters other than fNL are known.
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in the 10% case ∆θ = ρ δs, where ρ ≡ ∆θ/δs for δs = 0.1. Then, assuming that we can at most

afford a bias ∆θ = ε σ(θ), where σ(θ) is the 68% uncertainty on θ and ε ∼ O(1), the corresponding

maximum relative systematic error of s is given by

δs|max =
ε

ρ
σ(θ). (4.21)

For ε = 1, the allowed relative uncertainties for the different parameters are given in the last column

of Table 4.1. We find that s(z) must be correctly determined to the ∼ 5% level in order to avoid

significant biases on the dark energy parameters and the sum of neutrino masses. For the case of

Horndeski parameters this requirement is relaxed to a ∼ 10% systematic uncertainty, but we note

that, given the degeneracy between the cX and other standard cosmological parameters such as h,

a systematic error on s(z) could propagate into these as well. Consistency studies between different

sets of probes will therefore be vital to detect these and other types of systematics.

4.4 Discussion

Accurate measurements of the large scale structure of the Universe are the next frontier of modern

cosmology. Maps of the galaxy and diffuse gas distributions, of the CMB and of the gravitational

potential via weak lensing will be used to place tight constraints on a plethora of cosmological

parameters. In the past few years we have learnt of the importance of taking into account novel

corrections to the observables of large scale structure, specifically through lensing magnification and

GR effects. In this chapter, we have investigated how important these secondary corrections to the

power spectrum of galaxy number counts are in terms of information content and potential biases to

cosmological parameters. We have explored the relevance of these effects on three different families

of cosmological parameters: extensions to the standard ΛCDM paradigm in the form of massive

neutrinos and time-varying dark energy equation of state, Horndeski-like parametrizations of scalar-

tensor theories, and the large-scale contribution of primordial non-Gaussianity to the galaxy power

spectrum.

It is natural to split the secondary contributions mentioned above into two classes: the contribution

from lensing magnification is relevant on small angular scales and is coherent over large redshift

separations. This contribution is well known and has been used in the past in different scientific
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Figure 4.4: Relative degradation in the final constraints associated with removing all scales larger

than a factor λ times the comoving horizon at the source redshift (the associated angular scales at

z = 1 are shown in the upper twin x-axis). The results are shown for simple extensions to ΛCDM

(upper panel), scalar-tensor theories (middle panel) and primordial non-Gaussianity (lower panel).

Except in the case of fNL, the information content of the largest scales is heavily suppressed due to

cosmic variance.
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analyses. We group all other contributions under the umbrella term of “GR effects”, given their

relevance mostly on large scales, of the order of the horizon at the redshift of the source.

We have established, in agreement with previous studies [346, 345], that even though lensing

magnification can be detected with high significance, it will not in general contribute strongly

to improve the final constraints on any cosmological parameter. Although it may be relevant to

constrain deviations from modified gravity (e.g. cB in Section 4.3.2) using only clustering data,

its information content is negligible when combined with cosmic shear and CMB observations.

Nevertheless, using a Fisher approach we have shown that it will be necessary to model and account

for this contribution to the galaxy power spectrum in order to avoid strong biases on dark-energy

parameters and the sum of neutrino masses. The bias associated with neglecting the effects of

magnification is most relevant when considering clustering alone as a cosmological probe, and gets

reduced considerably after including shear and CMB. The reduced parameter uncertainties in the

latter case imply that the associated biases are still significant, however. Our approach also allows

us to quantify the level to which the number counts slope s(z) must be known in order to avoid

significantly biasing the most relevant late-time cosmological parameters. We find that s(z) must

be known at least the ∼ 5% level, in rough agreement with [346]. An MCMC-based approach will

be able to fully test the extent of these biases in a realistic scenario. On the other hand, and as

expected given the scale dependence of the lensing contribution, this effect should not have a strong

impact on the inferred value of fNL given expected uncertainties.

The GR effects, on the other hand, are known to have a sub-dominant amplitude and, as expected,

we find that they will have a negligible impact on both the uncertainty and bias on most cosmological

parameters. The only exception to this is the level of primordial non-Gaussianity, given the similar

scale dependence of these effects and the ∼ 1/k2 contribution of fNL. We find that the GR effects

could induce a bias on this parameter of the order of fGR
NL ∼ 0.7, in agreement with previous

estimate of the amplitude of these contributions. This is comparable to the uncertainty on fNL

expected from LSST, and will therefore be relevant for future experiments specifically targeting this

science case. We emphasize though that systematic effects that may cause correlated fluctuations in

the homogeneity of the galaxy sample (e.g. depth variations, dust extinction, star contamination)

will need to be carefully treated in order to minimize their impact on the large-scale galaxy power

spectrum, thus preserving this sensitivity of galaxy surveys to fNL. Since the amplitude of the
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GR effects depends on the value of the magnification and evolution biases s(z) and fevo(z), the

uncertainties on these quantities may hamper our ability to reach optimal constraints on fNL or

mitigate the associated bias on this parameter. This underpins the need to quantify the luminosity

and time dependence of the background number density of sources for future Stage-IV surveys,

already noted in the literature (e.g. [346]) in the context of the impact of lensing magnification on

standard cosmological parameters.

It is also worth mentioning that, even though these GR effects are one of the few manifestly

relativistic contributions to the power spectrum, and therefore may potentially contain valuable

information to constrain departures from General Relativity, we find that their constraining power

on modified gravity theories is negligible. This can be easily understood in terms of the scales

involved: even if a given modified gravity theory could generate a significant difference in any of

these GR terms, these effects are only relevant on horizon-size scales, and therefore their information

content is heavily suppressed by cosmic variance. This can be explicitly verified by re-running these

forecasts cutting out the largest scales and comparing the results with our fiducial predictions. To

do so, for each redshift bin i with a median redshift zi, we define a minimum scale `min(zi, λ) as the

Fourier scale corresponding to the angular size of the horizon at that redshift divided by a factor λ:

`min(zi, λ) = λχ(zi)
H(zi)

1 + zi
(4.22)

Figure 4.4 shows the increment in the uncertainty of different cosmological parameters associated

with the loss of these large scales as a function of λ. The results were obtained for the combination

of LSST clustering, shear and CMB S4. We observe that, even removing scales that are 1% the

size of the horizon, the degradation in the final constraints is at most ∼ 20% for all cosmological

parameters, with the exception of fNL.

On a different front, one might hope that the inclusion of the lensing magnification term in

the number counts might mitigate some systematic uncertainties - specifically, it might help to pin

down galaxy bias. And indeed, in the analysis of Horndeski theories, we have shown that including

that term significantly changes the uncertainty in cB by breaking some of its degeneracies with the

galaxy bias parameters. While this is the case, it is not accompanied by a substantial reduction

in the uncertainties in these parameters; the reduction in the uncertainty is of the order of a few

percent.
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One interesting aspect that we have not explored is the importance of the effects studied here in

cross-correlations between the Integrated Sachs-Wolfe (ISW) effect and number counts [387]. This

measurement could be particularly relevant to constrain modified gravity theories [388]. In principle

the non-inclusion of the GR terms could bias estimates of cosmological parameters although this

should strongly depend on the scales which are included in the standard analysis. We leave a

systematic analysis of the ISW effect for future work.

Finally, it is worth stressing the fact that the results presented here are applicable to the

combination of CMB and photometric galaxy samples assumed. Spectroscopic surveys, on the

other hand, might be able to detect some of the GR effects studied here on intermediate scales as

a local dipole in the cross-correlation function of different galaxy samples [389]. Although this is a

challenging measurement [390, 391], it would be important to further understand its constraining

power.

With this chapter we have assessed the importance of relativistic effects on cosmological parameter

estimation with a particular emphasis on extensions of ΛCDM. Our understanding of the impact of

these effects on the analysis of future data will allow us to reap the rewards of the next generation

of cosmological surveys.
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all tracers
Parameters rel. improvement rel. bias rel. improvement rel. bias Max. error

on σ from on σ from on s(z)
from lensing lensing from GR effects GR effects

wCDM∑
mν < 1% 320% < 1% 3% 9.8%

wa < 1% -203% < 1% < 1% 5.6%
w0 < 1% 261% < 1% -3% 4.2%

Horndeski
cM < 1% 175% < 1% -7% 22%
cB < 1% 573% < 1% 1% 11%
cT < 1% -237% < 1% 8% 23%

prim. non-Gaussianity
fNL -2% 17% -3% -45% N.A.

LSST galaxy clustering only
wCDM∑
mν 2% 255% < 1% 3% N.A.

wa 8% 125% < 1% -2% N.A.
w0 2% -269% < 1% 6% N.A.

Horndeski
cM 3% 139% < 1% < 1% N.A.
cB 76% 104% < 1% -5% N.A.
cT 7% -66% < 1% < 1% N.A.

prim. non-Gaussianity
fNL -2% 168% -6% 7% N.A.

Table 4.1: Summary of results: improvement on the 1σ uncertainties, and parameter bias

associated to the contributions of lensing magnification and GR effects to the number counts power

spectrum. The upper set of columns corresponds to the combination of all tracers (LSST clustering,

LSST shear and S4), while the lower columns correspond to LSST clustering only. Note that all

results are shown as a relative improvement or bias, normalized by the fiducial 1σ uncertainties

(which are different in these two cases). The three sets of rows correspond to the three parameter

families studied here: wCDM+mν (top), Horndeski models (middle) and primordial non-Gaussianity

(bottom). Note also that the constraints on fNL and Horndeski models are also marginalized over

Σmν . The last column shows, for all tracers jointly, the maximum systematic error on s(z) that can

be allowed to avoid a bias on each parameter larger than its 1σ uncertainty.
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Chapter 5

Conclusions

In this section, we will describe open questions in cosmology, the challenges that will be faced while

searching for their answers (Sec. 5.1), and how the findings of this thesis fit into the picture. We

will describe the main results of this thesis and also describe how the work presented here could be

extended (Sec. 5.2).

5.1 Open questions in modern cosmology

Here we will briefly describe several fields of active research in cosmology.

1. What are the absolute neutrino masses?

As discussed in the previous chapters, the absolute neutrino masses are yet to be determined.

Their value might shed light on how neutrino masses are generated. Both ground-based as

well as cosmological experiments are ongoing. It is expected that the next generation of

surveys, for example the Simons Observatory (SO), will narrow down the area where the

sum of neutrino masses is expected. The projected sensitivity to the total neutrino mass is

σ(Σmν) = 31 meV, when combining DESI BAO data and SO CMB power spectra and SO

lensing potentials, assuming current measurements of the optical depth to reionization τ [121].

The sensitivity would improve if τ can be measured more precisely [52], for example with

the LiteBIRD satellite [392]. In that case, a 3.5 − 5.9σ detection of the total neutrino mass

is expected from this data combination, depending whether the neutrino mass hierarchy is

normal or inverted [121]. Similar constraints of Σmν are expected from LSST [101], when

combining cosmic shear with CMB data. However, cosmological neutrino mass constraints are

model-dependent (see Chapter 2).
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2. Resolving current tensions

Recently, cosmological parameter constraints inferred from high- and low-redshift probes seem

to be in mild disagreement with each other [51] (see also Chapter 3). For example, there is

a tension above 4σ between values of H0 obtained from CMB data and local measurements

of the expansion rate [51, 393, 394, 395, 396]. In addition, there is a tension between values

of Ωm-σ8 determined by CMB and weak lensing datasets (see also Chapter 3). Numerous

analyses have investigated whether the discrepancies might be explained with systematic errors

in the analyses of these datasets [397, 398, 399, 277, 278, 279, 280, 281, 282], or whether new

physics might be needed [293, 400, 401, 402, 403, 404, 405, 406, 407, 408, 283, 284, 272, 285,

286, 287, 288, 289, 290, 291] or whether our local Universe is different from the rest of the

Universe [409, 410, 411, 412]. So far, the discrepancies persist, and the hope is that next

generation experiments might shed new light on this puzzle, for example with gravitational

wave observations [413, 414, 415, 416]. During the course of this DPhil, the first gravitational

wave signal from the merger of a binary black hole was observed [417]. It is expected that

while more gravitational wave signals are detected, the Hubble constant will be determined

more precisely.

3. What is the nature of dark energy?

The nature of dark energy remains unknown. Models of dark energy include quintessence [418],

k-essence [419, 420], coupled dark energy models [421] and modifications of gravity (see also [34,

422] for reviews). Future surveys, such as LSST, aim to measure the dark energy equation of

state more precisely. Depending on the accuracy of future surveys to w and its time derivative,

we might be able to distinguish between ΛCDM and dynamical dark energy models [423, 424,

425, 34].

4. Testing gravity

Another field of active research is the search for deviations from general relativity (see e.g. [426,

427, 10] for reviews). In particular, gravitational wave surveys offer the opportunity to search

for deviations from general relativity [428], as already demonstrated by the discovery of a

neutron binary star merger which ruled out many modified gravity scenarios [429, 430]. Galaxy

surveys, such as Euclid, will search for deviations from general relativity as well [34].
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5. What is dark matter? Many different candidates for dark matter have been proposed,

for example weakly interacting massive particles (WIMPs) [431, 432], axions [433], fuzzy

dark matter [434], sterile neutrinos [200] and primordial black holes [435, 436]. Currently

planned next-decade surveys, such as LSST, aim to probe dark matter models by searching

for deviations from the behaviour of standard cold, collisionless and non-interacting dark

matter [437]. These probes include among others strong gravitational lensing, measurements

of halo profiles and the abundance of compact objects.

6. Testing inflation Many inflation models predict primordial gravitational waves, which would

generate B-mode polarization of the CMB. Efforts are ongoing to detect these B-modes by

developing strategies for delensing of CMB polarization spectra [123, 124, 125]. Besides B-

modes, many inflation models also predict primordial non-Gaussian fluctuations (see also

Chapter 4). The last release of the Planck mission has found a value of fNL,local = −0.9± 5.1

(68% C.L.) [438]. The determination of fNL has the potential to distinguish between different

inflation models.

Alongside new tests of theories, new data analysis techniques will be required in the future. Cosmological

experiments have made very precise observations of our Universe, and upcoming experiments, such

as CMB-S4 and Euclid, will improve the accuracy and reach of observations still further. New

methods will be necessary in order to deal with very large datasets and to avoid systematic errors

which become relevant because of the increased precision of upcoming experiments. This will

require for example accurately modelling intrinsic alignments of galaxies [97, 98, 99], accurately

describing baryonic effects on the matter power spectrum [91, 92, 93, 94, 95, 96] and obtaining

accurate photometric redshifts for observed galaxies [63, 64, 65, 66, 67, 68]. In order to handle

the large expected datasets from future surveys, machine learning methods are currently being

developed [439, 440].

5.2 Summary of findings of this thesis and further remarks

Here will briefly recap the results of the previous chapters, and how they contribute to areas of

active research discussed above. We will also briefly discuss how the work presented in this thesis
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could be extended.

Time-varying dark energy and neutrinos

A detection of the neutrino mass from cosmology alone is one of the main aims of next-generation

cosmological surveys. However, as shown by Ref. [52], the cosmological neutrino mass constraints

would degrade in case of a time-varying dark energy equation of state. In Chapter 2 we showed

that two specific parameterizations of time-varying dark energy (barotropic dark energy and early

dark energy) exhibit degeneracies with neutrinos. This can affect cosmological constraints of the

total neutrino mass sum Σmν and of the effective number of neutrinos, Neff . We showed how the

combination of multiple probes across cosmic time, in particular CMB temperature, polarization

and lensing and BAO can help to break some of these degeneracies. While current data is not

yet powerful enough to distinguish completely between neutrinos and these dark energy models, we

expect significant progress from future CMB S4 and DESI BAO data.

Ref. [441] further investigated how to break degeneracies between dark energy and neutrinos,

focusing on the w0-wa parameterization of dark energy, and found that future galaxy clustering

and cosmic shear data, for example from LSST, are projected to alleviate these degeneracies. They

stated that the combination of CMB and LSS surveys is needed in order to achieve this aim, and

that neither CMB nor LSS surveys alone will be able to measure the total neutrino mass.

Recently, Ref. [442] also forecasted the sensitivity to different CMB and LSS data combinations.

In particular, they considered galaxy clustering, cosmic shear, intensity mapping and baryonic

acoustic oscillations. The authors accounted for degeneracies of Σmν with Neff , and with a time-

varying dark energy equation of state. Apart from that, they removed the information coming from

non-linear scales in galaxy surveys. In all cases, they found that the neutrino mass will be measured

with high precision. We note here that both Ref. [441] as well as Ref. [442] focused on the w0-wa

parameterization of time-varying dark energy, and not on early dark energy and barotropic dark

energy considered in Chapter 2.

Building on the work presented here, it would be interesting to study how the inclusion of

further low-redshift data, such as cosmic shear and galaxy clustering, affects the constraints of

early dark energy and barotropic dark energy models. In addition, the analysis could be extended

by studying degeneracies between neutrinos and other cosmological scenarios. These include for
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example curvature, modified gravity and inflationary parameters [443, 444].

Time-varying neutrino masses

In Chapter 3 we tested how the standard neutrino mass limit would change if neutrino masses were

to be generated very late in the Universe [3]. Cosmology constrains the total neutrino mass sum

to be lower than 120 meV assuming the Standard Model of cosmology or simple extensions [51].

However, the KATRIN experiment [193], a tritium β decay experiment which aims to detect the

neutrino mass directly, has a lower sensitivity of 200 meV for the electron neutrino mass, making

a direct detection of neutrino masses unlikely. We found that neutrino mass generation at low

redshifts weakens the cosmological neutrino mass bound to Σmν < 4.8 eV (95% C.L.), opening

new discovery regimes for KATRIN. These constraints were obtained from a combination of cosmic

microwave background (CMB) data, CMB lensing, baryonic acoustic oscillations and supernovae

data. The direct detection of neutrino masses with particle detectors would be a strong hint for

such a model. Apart from that, we investigated if late generation of neutrino masses in the Universe

could affect the current discrepancies between Ωm-σ8 measurements obtained from CMB, SZ and

weak gravitational lensing experiments. Neutrinos had been discussed as a possible solution of these

tensions before [292, 293]. We found no significant change in the discrepancies for the time-varying

neutrino mass model compared to standard ΛCDM+Σmν .

The work presented in Chapter 3 could be extended in several ways. For example, it would

be interesting to constrain the late neutrino mass generation model with additional datasets, for

example with redshift space distortions, Lyman-alpha forest measurements and galaxy surveys. In

addition, one could explore whether there is a deeper connection of neutrinos and dark energy.

Neutrinos and dark energy have very similar energy scales today [294]. This raises the question

whether neutrinos and dark energy are coupled with each other.

Relativistic effects in large scale structure

In Chapter 4, we investigated how important lensing magnification and other relativistic effects

are for the estimation of cosmological parameters, for example for neutrino parameters and for

parameters characterising modified gravity theories. The observed number density of galaxies at

a particular redshift and solid angle in the sky differs from the true underlying number density
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of galaxies because of these effects [336, 74, 73]. It has also been discussed in the literature

whether relativistic effects might contain information about deviations from general relativity, and

whether they could therefore be used to test modified gravity theories [445]. We found that lensing

magnification needs to be modelled accurately in order to avoid a bias of the order of several standard

deviations on cosmological parameters. By contrast, the other general relativistic corrections could

be neglected in most cases, except when constraining primordial non-Gaussianity.

After our analysis about the impact of relativistic effects on cosmological parameter estimation in

Chapter 4 was published, Ref. [446] also addressed the question how neglecting lensing magnification

affects neutrino mass constraints and constraints of modified gravity parameters. The authors

considered spectroscopic surveys as well, and looked at a different modified gravity parameterisation

(Σ and µ) as compared to our analysis. Their analysis also found that neglecting lensing magnification

can significantly bias cosmological parameter constraints. Similar results were also obtained by

Ref. [447]. Here, the authors considered DE models with anisotropic stress and constant sound

speed, and found that neglecting lensing can bias constraints of the galaxy bias, the Hubble constant

and the dark energy equation of state.

Based on our results in Chapter 4, Ref. [448] further studied the lensing magnification effect

when combining cosmic shear and galaxy clustering data. The authors found that the removal of

the parts of the data vector that are most sensitive to magnification does not necessarily reduce the

bias due to neglecting magnification. Therefore, future surveys, for which the lensing magnification

effect is the most relevant, should correctly account for this effect in their analyses.

Another related result has been published recently by Ref. [449]. Here, the authors suggested

that in the future kinematic SZ tomography could be used to detect general relativistic corrections

in galaxy number counts. Similar to us, they also found that the GR effects should be taken into

account here, as they can otherwise bias constraints of fNL.

Building on the work in Chapter 4, it would be interesting to study how the inclusion of lensing

magnification might affect the results of current surveys. This effect if often neglected in current

analyses, however it has been shown to be significant for galaxy clustering in our analysis and also

for galaxy-galaxy lensing observations in Ref. [450].
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Appendix A

Complete expressions for the
corrections to the number counts
of galaxies

The linear-order expression for the transfer function of number-count fluctuations in the i-th redshift

bin, characterized by a radial selection function Wi(z), is given as a sum over 10 different terms [370]:

∆D,i
` (k) ≡

∫
dτ b W̃i δM (k, τ) j`(kχ(τ)), ∆RSD,i

` (k) ≡
∫
dτ (aH)−1W̃i(τ) θ(k, τ) j′′` (kχ(τ)),

(A.1)

∆L,i
` (k) ≡ `(`+ 1)

∫
dτ, W̃L

i (τ) (Φ + Ψ)(k, τ) j`(kχ(τ)), ∆V1,i
` (k) ≡

∫
dτ (fevo − 3) aH W̃i(τ)

θ(k, τ)

k2
j`(kχ(τ)),

(A.2)

∆V2,i
` (k) ≡

∫
dτ,

(
1 +

H ′

aH2
+

2− 5s

χ aH
+ 5s− fevo

)
W̃i(τ)

θ(k, τ)

k
j′`(kχ(τ)), (A.3)

∆P1,i
` (k) ≡

∫
dtau

(
2 +

H ′

aH2
+

2− 5s

χ aH
+ 5s− fevo

)
W̃i(τ) Ψ(k, τ) j`(kχ(τ)), (A.4)

∆P2,i
` (k) ≡

∫
dτ (5s− 2)W̃i(τ) Φ(k, τ) j`(kχ(τ)), ∆P3,i

` (k) ≡
∫
dτ (aH)−1W̃i(τ) Φ′(k, τ) j`(kχ(τ)),

(A.5)

∆P4,i
` (k) ≡

∫
dτ W̃P4

i (τ) (Φ + Ψ)(k, τ) j`(kχ(τ)), ∆ISW,i
` (k) ≡

∫
dτ W̃ ISW

i (τ) (Φ + Ψ)′(k, τ) j`(kχ(τ)).

(A.6)

Here, j`(x) is the spherical Bessel function of order `, and we have defined the window functions

W̃i(τ(z)) ≡Wi(z)

(
dτ

dz

)−1

, W̃L
i (τ) ≡

∫ τ

0

dτ ′W̃i(τ
′)

2− 5s(τ ′)

2

χ(τ)− χ(τ ′)

χ(τ)χ(τ)
,

W̃P4
i (τ) ≡

∫ τ

0

dτW̃i(τ
′)

2− 5s

χ
, W̃ ISW

i (τ) ≡
∫ τ

0

dτW̃i(τ
′)

(
1 +

H ′

aH2
+

2− 5s

χ aH
+ 5s− fevo

)

τ ′
.

The quantities δM , θ, Φ and Ψ above are transfer functions for density perturbations in the comoving

synchronous gauge, for the velocity divergence in the conformal Newtonian gauge and for two metric
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potentials in the same gauge1.

Of the 10 terms in Eq. A.1 above, ∆D, ∆RSD are the dominant density and redshift-space

distortions terms respectively, ∆L is the contribution of lensing magnification and we have grouped

the remaining 7 terms under a single “GR effects” contribution ∆GR in Eq. 4.1.

1The conformal Newtonian gauge is defined by the line element ds2 = a2(τ) [(1 + 2Ψ)dτ2 − (1 − 2Φ)δijdx
idxj ].
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[49] Matias Zaldarriaga and Uroš Seljak, “All-sky analysis of polarization in the microwave

background,” Physical Review D 55, 1830 (1997).

[50] David N Spergel and Matias Zaldarriaga, “Cosmic microwave background polarization as a

direct test of inflation,” Physical Review Letters 79, 2180 (1997).

[51] N. Aghanim et al. (Planck), “Planck 2018 results. VI. Cosmological parameters,” (2018),

arXiv:1807.06209 [astro-ph.CO] .

98

http://dx.doi.org/ 10.1086/659879
http://dx.doi.org/ 10.1086/659879
http://arxiv.org/abs/0907.4445
http://dx.doi.org/ 10.1051/0004-6361/201116464
http://dx.doi.org/ 10.1146/annurev.astro.40.060401.093926
http://dx.doi.org/ 10.1146/annurev.astro.40.060401.093926
http://arxiv.org/abs/astro-ph/0110414
http://dx.doi.org/10.1038/35010035
http://arxiv.org/abs/astro-ph/0004404
http://arxiv.org/abs/astro-ph/0004404
http://dx.doi.org/ 10.1086/317322
http://arxiv.org/abs/astro-ph/0005123
http://dx.doi.org/10.1088/0067-0049/208/2/20
http://arxiv.org/abs/1212.5225
http://arxiv.org/abs/0802.3688
http://arxiv.org/abs/astro-ph/0305272
http://arxiv.org/abs/1807.06209


[52] R. Allison, P. Caucal, E. Calabrese, J. Dunkley, and T. Louis, “Towards a cosmological

neutrino mass detection,” Phys. Rev. D92, 123535 (2015), arXiv:1509.07471 [astro-ph.CO] .

[53] Ariel Goobar and Bruno Leibundgut, “Supernova Cosmology: Legacy and Future,” Annual

Review of Nuclear and Particle Science 61, 251–279 (2011), arXiv:1102.1431 [astro-ph.CO] .

[54] M. Betoule, J. Marriner, N. Regnault, J.-C. Cuillandre, P. Astier, J. Guy, C. Balland, P. El

Hage, D. Hardin, R. Kessler, L. Le Guillou, J. Mosher, R. Pain, P.-F. Rocci, M. Sako, and

K. Schahmaneche, “Improved photometric calibration of the SNLS and the SDSS supernova

surveys,” A&A 552, A124 (2013), arXiv:1212.4864 [astro-ph.CO] .

[55] Masao Sako et al. (SDSS), “The Data Release of the Sloan Digital Sky Survey-II Supernova

Survey,” Publ. Astron. Soc. Pac. 130, 064002 (2018), arXiv:1401.3317 [astro-ph.CO] .

[56] P. Astier, J. Guy, N. Regnault, R. Pain, E. Aubourg, D. Balam, S. Basa, R. G. Carlberg,

S. Fabbro, D. Fouchez, I. M. Hook, D. A. Howell, H. Lafoux, J. D. Neill, N. Palanque-

Delabrouille, K. Perrett, C. J. Pritchet, J. Rich, M. Sullivan, R. Taillet, G. Aldering,

P. Antilogus, V. Arsenijevic, C. Balland, S. Baumont, J. Bronder, H. Courtois, R. S.
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