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Abstract This study examines the structure and stability of
dark energy stars within the context of R? gravity, with the
gravity model defined by f(R) = R + aR? (the Starobin-
sky model). Specifically, dark energy is a mysterious force
that can prevent the gravitational collapse of compact objects
to singularities. To characterize dark energy, we consider
modified Chaplygin fluid as an equation of state (EoS) of
matter and study its mass-radius relation for different model
parameters. By numerically solving the modified Tolman—
Oppenheimer—Volkoff (TOV) equations, our primary objec-
tive is to examine the influence of variations in the R? gravity
parameter a on the energy density, pressure, mass-radius and
mass-central density relationships of dark energy stars. Our
findings reveal that the variation of a does not significantly
impact on the (M — R) relations but comfortably exceeds the
2M, limit. Additionally, we examine the dynamical stabil-
ity of these stars by evaluating the static stability criterion,
adiabatic index, and sound speed. Finally, we compare our
results with various astrophysical observational data and dis-
cuss future observations that could validate the predictions
of our model.
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1 Introduction

Dark energy stars have been proposed as a hypothetical
alternative to classical black holes. In these models, grav-
itational collapse does not culminate in the formation of a
singularity characterized by infinite density, nor does it cre-
ate an event horizon. Instead, quantum effects-specifically
those associated with vacuum energy density or dark energy
-intervene to arrest the collapse, yielding a stable, compact
object. This concept was first developed by George Chapline
in the early years of the twentieth century [1,2]. He sug-
gested that dark energy stars resolve paradoxes, such as the
black hole information loss problem. Mazur and Mottola [3]
proposed gravastars as a new class of astrophysical objects,
with an internal de Sitter core surrounded by a thin shell. They
observed gravastars as stable and non-singular alternatives to
black holes. Yazadjiev et al. [4] studied non-perturbative and
self-consistent rotating neutron stars within the framework of
R? gravity. A key finding in this context is the impact of stel-
lar rotation on properties such as mass-radius relations and
moment of inertia. Moreover, the effects predicted by this
gravity is significantly different from standard GR. Since the
discovery of the accelerated expansion of the universe, it is of
utmost importance to introduce dark energy as a key compo-
nent of the matter distribution. This growing interest in fluids,
particularly in the contexts of gravitational collapse and star
formation, demands a careful study of the energy conditions
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and the specific roles played by the pressure components, as
investigated by Chan et al. [5].

Any physically realistic astrophysical object must exhibit
stability to persist in the universe. If dark energy stars are
unstable, they would rapidly tend to collapse or evolve into
another configuration, such as a black hole, rendering them
unsustainable as alternatives. Lobo [6] developed exact solu-
tions for compact objects characterized by dark energy inte-
riors, demonstrating that these configurations can maintain
stability when subjected to any radial perturbations. Interest-
ingly, this model also elucidates the potential for smooth tran-
sitions between regions of normal and exotic matter within
stars. In this regard, a dark energy star may be considered
a compact star, if it exists; however, it remains a theoreti-
cal concept now. Numerous studies have explored different
possibilities regarding their internal matter, including nor-
mal nuclear matter, quarks, hyperons, Bose—Einstein con-
densates, dark matter, and dark energy. Recently, compact
objects composed of such elusive dark energy have drawn
much interest [5-19]. The comprehensive review of Berti
et al. [20] demonstrates how gravitational wave and elec-
tromagnetic observations can be used to test GR and rec-
ognize deviations that point toward exotic alternatives, such
as dark energy stars or gravastars. It also outlines the chal-
lenges along with the prospects associated with detecting
such objects. Further studies by Bueno et al. [21] reveal how
perturbations around exotic compact objects, such as Kerr-
like wormholes associated with dark energy interiors, can
produce echo signatures in gravitational wave observations.
The authors propose that such echoes could provide obser-
vational evidence distinguishing these objects from classi-
cal black holes. Dark energy models include quintessence,
K-essence, tachyon, phantom, dilatonic fields, cosmologi-
cal constant, and Chaplygin gas. Detailed reviews are avail-
able in Refs. [22,23]. However, Einstein’s theory of gen-
eral relativity (GR) is not the only possible theory of grav-
ity. Numerous modified gravity theories (MGTs) extend-
ing GR have been proposed to explain the cosmic accel-
eration. In this context, some studies have been done for
finding the compact astrophysical objects in MGTs [24-30].
For example, within f (R, G) gravity, authors have explored
the possibility of existence for a compact star composed of
anisotropic dark energy and isotropic normal matter. This
investigation provides valuable insights into the behavior of
dark energy stars, also addressing the validity of MGTs.
Further, the innovative work of Mak et al. [31], provided
a general solution to the EFEs, where static, spherically
symmetric fluid spheres while considering pressure isotropy.
The authors reformulated the pressure isotropy as a Riccati-
type differential equation and obtained regular, exact solu-
tions. Both isotropic and anisotropic dark energy stars within
the framework of rainbow gravity have been explored in
[32]. The authors derived a modified hydrostatic equilib-
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rium equation, expressed by the extended Chaplygin equa-
tion of state, and subsequently solved this equation for both
scenarios. Pretel et al. [17] studied dark energy stars with
Chaplygin-type EoS, and further analyzed both isotropic and
anisotropic pressure configurations within the framework of
GR. The research demonstrated stability under radial pertur-
bations and assessed key physical properties, including tidal
deformability and moment of inertia. Kumar et al. [33], devel-
oped a novel solution for a spherically symmetric spacetime
by exploring the Chaplygin gas as an EoS. To obtain the solu-
tion, the Tolman metric potential proposed by Tolman [34]
is employed to solve the Einstein field equations. The result-
ing model exhibits well-behaved physical characteristics and
satisfies all the energy conditions.

Borowiec et al. [35] explored Palatini R? gravity with
generalized Chaplygin gas EoS, which explains both the
present accelerated expansion and early endogenous infla-
tion, triggered by a type III freeze singularity. The study in
[36] involves various f(R) gravity models associated with
different EoSs, which include the standard, generalized, and
modified Chaplygin gas, and offers insights into their integra-
tion within the f(R) framework. In addition, the polytropic
and Chaplygin f(R) gravity models in de Sitter spacetime
satisfy the inflation conditions. In Ref. [37], the authors inves-
tigate the formation of compact stars within the framework of
modified f(R) gravity, particularly the Starobinsky model,
f(R) = R + aR?. Although it does not include the Chap-
lygin gas EoS directly, it lays the foundation for exploring
how such an EoS could interact with R? gravity in stellar
structures. Errehymy et al. [38] applied the TOV equations
to a Chaplygin-type fluid to investigate the behavior of astro-
physical configurations. They examined the phantom regime,
where the pressure magnitude exceeds the energy density,
resulting in truncated spheroidal geometries, and the normal
regime, corresponding to 3D spheroidal geometries. More
research shows how the Chaplygin gas EoS can be incor-
porated into R? gravity model, including the Starobinsky
model, to demonstrate the various astrophysical and cosmo-
logical phenomena (see e.g., Refs. [39-43]).

This study is motivated by the desire for singularity-
free alternatives to classical black holes in modified grav-
ity that circumvent gravitational collapse singularities pre-
dicted by GR, which are likely to be avoided if dark energy
and quantum gravity effects are taken into account. In this
context, we consider higher-order curvature corrections to
GR in terms of the Starobinsky model with the Lagrangian
(f(R) = R + aR?) because it is theoretically viable and
plays an important role in early-universe inflationary dynam-
ics. At the same time, since the modified Chaplygin gas EoS
interpolates between dark matter and dark energy behav-
iors and satisfies theoretical viability conditions, we use
this EoS to model the interior matter content of compact
objects. Given that recent astrophysical observations, such
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as gravitational wave events and precise pulsar timing mea-
surements, favor ultra-compact stellar remnants with masses
larger than (2M(,), here we study whether dark energy stars
in the Starobinsky model of f(R) gravity can be realized
as physically viable, stable objects obeying observational
bounds. This framework, which combines modified gravity
with exotic matter content, forms the basis for our detailed
analysis.

In this study, we examine a spherically symmetric configu-
ration under the assumption of isotropic pressure. Although it
is acknowledged that compact stellar objects with extremely
high central densities may inherently exhibit pressure
anisotropies, particularly due to microphysical processes
such as phase transitions, strong magnetic fields, or super-
fluidity, our aim here is to provide a foundational analysis of
dark energy stars within the framework of Starobinsky grav-
ity. The adoption of an isotropic pressure model facilitates a
clearer interpretation of the gravitational modifications intro-
duced by the R? term without additional model-dependent
assumptions related to anisotropy. The rest of this paper is
organized as follows: In Sect. 2, we present a concise review
of Starobinsky gravity and derive the modified TOV equa-
tions for non-rotating stars. In Sect. 3, we present EoS con-
cerning the modified Chaplygin gas as an exotic fluid for dark
energy star structure. Section 4 is dedicated to the numerical
solution of the modified TOV equation, where we present a
complete analysis of dark energy stars. The stability analysis
has been incorporated in 5. In Sect. 6, we summarize our
findings and provide concluding remarks.

Notations and conventions: We assume Newton’s univer-
sal gravitational constant G and the velocity of light in a
vacuum ¢ to be G = ¢ = 1. Additionally, we utilize the met-
ric convention g, = diag(—1, 1, 1, 1). Here, M, represents
the mass of the Sun.

2 Field equations and set up

The f(R) gravity is a notable example for modified grav-
ity theory. In this approach, the Lagrangian is replaced by
the Ricci scalar with a function f(R), resulting in an action
described by

S_ 1
16w

d*x /=8 f (R) + Smatter (Vi g0), €]
where f(R) is a function only of the Ricci scalar R. In the
second segment of the action, Spaer denotes the action of
the matter field depending on the metric tensor and the matter
field v;. To avoid pathological phenomena such as tachyonic
instabilities and ghosts, the viable f(R) theories must com-
ply with the following conditions as stipulated in references

[29,44]
d*f df

€I 50, L 2
awr =% g 7Y 2)

respectively. In this study, we consider the Starobinsky grav-
ity model, and the functional form of f(R) is specified as
f(R) = R + aR?, where the parameter a is assumed to
satisfy a > 0, supporting the inequalities specified in Eq.
(2) [45]. The model’s key parameter a has dimensions of
[mass]~2, and it can be expressed as a = 1/M?, thereby
indicating that the mass scale M now serves as the theory’s
free parameter. Moreover, the choice of a = 0 allows us to
recover the GR solution again.

On the one hand, solving fourth-order differential equa-
tions within 4D spacetime often poses considerable difficul-
ties. By this reason, it is more comfortable to adopt a con-
formal transformation by introducing the new scalar field ¢
and the new metric g, [30,46,47], which yields

Zuv = Pguv = AP g 3)

where A(p = exp(—¢/+/3). Employing this transformation
leads us to rewrite the action (1) in the Einstein frame as

1 =~ -
S=16ec / d*x/=8[R — 2" 8,03, — V(p)]

+Sulvi, ZuvA)], )
where the scalar-field potential V (¢) takes the form [30,46]

_ (=1 (- exp(=2¢/3)’

Vv
@) 4ap? 4a

(&)

By varying with respect to the metric g,,, and the scalar
field ¢, one obtains the modified field equation in the Einstein
frame

Gy =87 G[Tyy + TS, 1. (6)
1 -

VvV, VHp — ZV#; = —4nGua(p)T, @)

where T,‘fu and V, = % where Tlfv is the energy-

momentum tensor corresponding to the scalar fieldand V,, =
%. Furthermore, the coupling constant «(¢) exhibits a
relationship with [7,47]
dlndA(go) _ _L' @)
¢ V3

To that end, the energy-momentum tensor of the Einstein
frame, denoted as T,w, is connected to that of the Jordan
frame, denoted as T},,, by the equation f,w = A(¢)2T,w.
Here, we assume that the matter content of the star is
described by an isotropic fluid, which is characterized by

a(p) =

T = (p+ P)u"u; + Pg;, )

@ Springer
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where p is the energy density, P is the pressure, and u" is
the four-velocity of the fluid, respectively. Using these, the
energy-momentum tensor yields only the nonzero diagonal
components as follows: 7.V = (—p, P, P, P). The energy
density and pressure of the isotropic fluid are connected to the
Einstein frame via [7,47] € = A(¢)*p and P, = A(¢)* P,
where the tilde indicates the Einstein frame.

In our analysis of non-rotating stars, we thus choose a
spherically symmetric metric characterized by two unknowns,
for which the line element is given by
ds* = —?*Vdr* + 220 dr? 4 12402, (10)
where dQ2? = d6? +sin® Od¥? is the line element on the unit
2-sphere, along with the metric functions ®(r) and A (r) that
depend solely on the radial coordinate r.

Based on the above assumptions, we obtain the modified
TOV equations in the nonperturbative method as follows (a
detailed derivation is given in Refs. [7,47]:

1 d
S [r(1 =] =s7a% )0

do 21
—2A

- —V(p),
+e (dr) —|—2 (@)
2 do

r dr

d 2
— 8 A* ()P + 2N (-*")

(11)

1 _
S(—e 2

1

-5V, 12)

dr
d*g d®d dA+2 do
dar? dr dr r ) dr
= dra(p)A*(p) (o — 3P)e*"
1dv
_ﬁgﬂ\’ (13)
4 do

dP

Z=—(p+P)<

Z—f + a(w)Z—f) . (14)

The above set of Eqs. (11)—(14) describes the interior
structure of dark energy stars. The modified TOV equa-
tions can be figured out when supplemented with an EoS
P = P(p), which we discuss later.

Here, we seek to determine the specific boundary condi-
tions for Egs. (11)-(14) to solve the interior and the exterior
spacetime simultaneously. Thus, we require boundary con-
ditions in the natural Einstein frame to ensure regularity at

the origin,

d
p0) =pc, A0) =0, ¢0) =g, d—f(O) =0, (15

where p. and ¢, denote the central value of energy density
and the scalar field, respectively, while at infinity

lim ®(r) = 0,

r—00

grgo o) =0. (16)
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The star’s radius is identified using the condition

P(rs) =0, a7

i.e., the pressure vanishes at the surface of the star. As noted
in [47], the condition gdl—‘f (0) = 0 ensures the regularity of the
scalar field ¢, and consequently secures the regularity of ® at
the center of the star where » = 0. Ensuring the regularity of
the Einstein frame geometry at the center requires A (0) = 0.
Given that the Jordan and Einstein frame metrics are confor-
mally related through a nonsingular conformal factor, this
condition also ensures the regularity of the Jordan frame
geometry at the star’s center. In contrast, the boundary con-
ditions are chosen to satisfy the asymptotic flatness require-
ment at infinity, which requires lim, . V (¢(r)) = 0, and
leads to lim,_, o, ¢ (r) = 0. The conditions specified in (16)
ensure the asymptotic flatness in both the Einstein and Jordan
frames.

Since the coordinate radius of the star is determined
through Eq. (17), the physical radius of the star, as observed
in the physical Jordan frame, is provided by

Rs = Algp(rs)]Irs. (18)

3 Chaplygin model of dark energy

To obtain a complete description of the dark energy star, we
consider the Chaplygin gas EoS, which has the potential to
explain the unification of dark matter and dark energy [48-
53]. It is worth pointing out that the Chaplygin scenario is
phenomenologically consistent with the cosmic acceleration.
This scenario is introduced by a more general Chaplygin-like
EoS [54,55], that takes the following form [56]

2

P=ap-

= Y .
0

19)

where A (no unit) and B (units of energy density) are positive
constants. Note that the pressure gradient approaches zero at
the star’s surface, and at this juncture, the energy density is
ps = B/A. Indeed, the causality condition (vs2 =dP/dp <
1) imposes limitations on the admissible values of the con-
stant (A2 < 0.5), see Refs. [14,16,17].

4 Numerical results and discussions

In this segment, we explore the structural properties of dark
energy stars in hydrostatic equilibrium. Given the description
of the modified Chaplygin equation of state (EoS) as specified
in Eq. (19), we solve the modified TOV equations (11)—(14)
for spherically symmetric, static stars, and subsequently gen-
erate mass—radius and mass—compactness curves. Our find-
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Fig. 1 a Energy density and b pressure as a function of radius for different values of a € [5, 50, 500] in km?. The remaining parameters are fixed
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Fig. 2 (a) Energy density and (b) pressure as a function of radius for different values of B € [0.2, 0.215, 0.23] x km~3 in km~2 The remaining
parameters are fixed ata = 5 km~2 and A2 = 0.4

Table 1 We present the main properties of our numerical findings concerning dark energy stars in variation of the R-squared gravity parameter a

a [km?] M [Mg] Ry [km] pe [MeV/fm?] M/R
5% 10° 244 11.83 973 0.308
5 x 10! 245 11.87 973 0.307
5 x 102 246 11.89 973 0.306

Table 2 We present the main properties of our numerical findings concerning dark energy stars in variation of the EoS parameter B within the
framework of R-squared gravity

B(x1073) [km 2] M [Mg)] Ry [km] pe [MeV/fm?] M/R
0.200 2.64 12.71 973 0.307
0.215 2.54 12.28 872 0.306
0.230 2.46 11.83 973 0.308

@ Springer
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ings are presented based on the variation of two parameter
sets (a, B), which are listed in Tables 1 and 2, respectively.
In all graphical representations, the maximum mass points
are indicated by dots (Figs. 1, 2).

4.1 Profiles for variation of a

We first analyze the effect of the coupling constant a on the
mass-radius (M — R) and mass-compactness (M — M/R)
relations. In the case of R-squared gravity, we vary the param-
eter a € [5.0, 50, 500] in km?, while maintaining the other
parameters at A> = 0.4 and B = 0.23 x 107> km™? as
fixed. Our result for the given EoS of dark matter star is pre-
sented in Fig. la, b, depicting energy density and pressure
as functions of radial distance. We can see that the density
(pressure) attains its maximum value at the center of the star.
As one moves toward the surface of the star, a decreasing
trend is observed and ultimately reaching its minimum value
at the surface. Next, we plot the (M — R) and (M — M/R)
diagrams in Fig. 3a, b using the method described above. As
shown in Fig. 3a, for larger a, the (M — R) curves are almost
indistinguishable from each other. The observed trend in this
study is comparable with the findings reported in our previ-
ous studies [62,63]. For clarity, we present the magnitude of
the maximum masses and their corresponding radii in Table
1. For clarity, it is evident that the maximum mass exceeds
2M ), reaching up to 2.46 Mg at a = 500 km?. Finally, to
verify the consistency of numerical calculations, we exam-
ine some of the constraints derived from astronomical and
experimental observations. The upper horizontal band cor-
responds to the observational constraints from PSR J0952-
0607, which has a mass of M = 2.35 & 0.17M (Magenta)
[57]. Moreover, the highlighted mass and radius regions are
based on the data extracted from NICER observations of the
pulsars PSR J0030+0451 [59] and PSR J0740+6620 [58].
We also include gravitational wave observations constraints
using the GW 170817 event (blue contour regions) [60], while
the estimated mass and radius of HESS J1731-347 [61] are
illustrated within dark and light pink regions. By employ-
ing the above parametrization, we have computed the values
of maximum compactness, as detailed in Table 1 for each
respective case, and plotted the (M — M/R) curves in Fig.
3b . Turning then to the (M — M/R) sequences in Fig. 3b
, we find that the curves are almost indistinguishable from
one another, with the value reaching up to 0.306, as evident
from Table 1. Furthermore, the table demonstrates that the
Buchdahl limit is upheld, i.e., M/R < 4/9 [64].

4.2 Profiles for variation of B
Next, we turn our attention to the variation of the EoS param-

eter B € [0.23,0.215, 0.2] x 103 km~2, while maintaining
the other parameters, a = 5km? and A2 = 0.4, as constants.

@ Springer

In Figs. 2a, b, we display the energy density and pressure
as functions of radial distance. These plots show a decreas-
ing trend towards the star’s surface, with the maximum values
occurring at the center. Further, we have tested the sensitivity
of our results in (M — R) and (M — M/ R) relations. In Fig. 4a
, we discuss the changes of the (M — R) relations obtained
from the EoS (19) together with the predicted masses and
radii of the pulsars PSR J0952-0607 [57], PSR J0030+0451
[59] and PSR J0740+6620 [58]. Additionally, we find that the
(M — R) curve satisfies the constraints from the GW 170817
event [60], as well as the low-mass ultracompact star HESS
J1731-347 [61]. The mass constraint from the GW 190425
event [65] is represented by the green horizontal band. Con-
sidering the choice of parameter B, we see that the maximum
mass (corresponding radii) of dark-energy stars decreases
with increasing values of B. The highest recorded mass is
Mpax = 2.64Mg, occurring at B = 0.2 x 1073 km~2. The
obtained maximum mass is consistent with the GW190814
event. Subsequently, we plot the (M — M/R) relations in
Fig. 4b . We observe that the M /R curves exhibit minimal
variation in the low-mass region, whereas the deviation is
more pronounced in the higher-mass region. The numerical
values representing maximum compactness are presented in
Table 2, which provides clear evidence that the Buchdahl
limit is upheld, i.e., M/R < 4/9.

5 Criterion for static stability, the adiabatic index, and
the speed of sound

Following our discussion on the proposed model’s astrophys-
ical feasibility, we plan to investigate the stability of dark
energy stars using the static stability criterion, the adiabatic
index, and the sound speed. Each of these aspects will be
assessed sequentially and accompanied by visual represen-
tations.

5.1 Static stability criterion

Analyzing radial oscillation modes offers a promising approach
for evaluating the stability of compact stars. This study
emphasizes the static stability criterion [66,67], by plotting
the total mass against central density, i.e., M vs. p., for dark
energy stars. However, this condition is necessary for stabil-
ity. It is not sufficient. We write the following inequalities:

amM

7 < 0 — indicating an unstable configuration, (20)
Pc

amM S .

y > (0  — indicating a stable configuration. 21
Pe

Our results for M — p, curves are shown in Fig. 5. In fact,
for a stable configuration, the criterion d M /dp, > 0 must
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Fig. 4 aMass-radius diagram with constraints derived from astronom-
ical observations and b stellar mass as a function of compactness for a
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be satisfied. The star becomes unstable beyond this critical
value (marked by a black circle).

5.2 Adiabatic indices

We now examine the behavior of the adiabatic index, y, to
assess the stability of astrophysical models. The dynamical
stability of an equilibrium configuration was initially for-

PSR J0740+6620 (orange) [58] and PSR J0030+0451 (pastel pink) [59],
respectively. We have also included the GW 170817 event (blue elliptic
regions) [60], along with the low mass compact star HESS J1731-347
[61] (dark and light pink regions). Table 1 lists the parameters used in
this analysis

2.5

— B=023x 10" km
— B=0.215x 10~ km™
— B=02x 10" km?

0.0
0.00

045  0.20 0.30
MR

(b)

0.10

0.05

0.25

with different colors correspond to different prior choices for NS mass
and radius constraints, as depicted in Fig. 3a. The parameters used in
this analysis are listed in Table 2

mulated by Chandrasekhar [68] in Einstein gravity. Later,
this concept is applied to various modified gravity theories,
including R-squared gravity, see Refs. [63,69] for more. To
address this, we define the adiabatic index, y, as follows:

(22)
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Fig. 5 The profiles of the mass versus central density relationships are examined using the same parameter sets as those presented in Tables 1 and
2
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Fig. 6 The adiabatic index (y) has been plotted against the radial coordinate r using the same parameter sets as those in Tables 1 and 2
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Fig. 7 The squared sound speed of dark matter stars computed using the same parameter sets as shown in Tables 1 and 2
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where vf represents the speed of sound (in units of the speed
of light). Strictly speaking, the value of y, linked to the
dynamical instability of an isotropic fluid sphere, has specific
limitations. These limitations are referred to as the critical
adiabatic index y,,, defined by the inequality < y >> y,,,
where < y > stands for the averaged adiabatic index [70].
Previous studies [70,71] have determined that the value of
Yer is givenby yor = %—i—%c, where C = 2 M /R is the com-
pactness parameter in GR. In Newtonian gravity, this value
is y.r = 4/3; however, when the effects of GR are taken into
account, this value exceeds 4/3 for the dynamical stability of
an isotropic fluid sphere. By utilizing the field equations and
Egs. (19), we plot y as a function of r in Fig. 6 for several
representative values of (a, B) as detailed in Tables 1 and
2. The results show strong consistency with a configuration
that is dynamically stable.

5.3 Sound speed and causality

In the following, we explore the behavior of sound speed,

defined as v? = ili_;}:’ which must be lower than that of light,

as indicated by the condition v> < 1. In Fig. 7, we show
the behavior of the velocity of sound as a function of dis-
tance r. The figures confirm that both causality and stability
conditions are met.

6 Summary and conclusions

In this study, we have conducted a comprehensive analysis of
the structure and stability of dark energy stars under the f(R)
approach to gravity, within the framework of the Starobinsky
model characterized by the Lagrangian f(R) = R + aR>.
The driving motivation behind this investigation has been to
pursue singularity-free, stable alternatives to classical black
holes in high-energy astrophysics and theories of gravity with
quantum corrections. In doing so, we have treated the matter
content using a modified Chaplygin gas EoS, as it provides
a valid description for unifying both dark matter and dark
energy behavior under a single fluid description.

Assuming spherical symmetry and isotropy, we derived
the modified Tolman—Oppenheimer—Volkoff (TOV) equa-
tions, which were then solved numerically with appropriate
boundary conditions. In our analysis, we examined the role
of the R? gravity parameter a and the EoS parameter B on
the structural properties of dark stars, namely energy density
and pressure profiles, mass-radius (M — R) relations, and
compactness (M/R).

Key findings of this work can be summarized as follows:

e Ourresults show that changing the Starobinsky parameter
a leads to modest shifts in the mass-radius relationship.

For values a € [5, 50, 500] km?, the maximum mass
reaches up to 2.46 M, indicating that dark energy stars
in this model comfortably satisfy current astrophysical
constraints from massive pulsars, such as PSR J0952-
0607 and PSR J0740+6620.

e On the other hand, the EoS parameter B has a more
pronounced effect on stellar properties. Smaller values
of B lead to increased maximum mass and radius, with
Mmax = 2.64Mg, attained at B = 0.2 x 1073 km™2.

e The obtained solutions satisfy the Buchdahl bound
M/R < 4/9, indicating physical viability.

e Stability analysis based on the static stability criterion
(dM/dp. > 0), the adiabatic index y, and the sound

speed condition vf < 1, all affirm that the resulting
configurations are stable against small perturbations and
maintain causality throughout the star’s interior.

e Theoretical predictions were benchmarked against obser-
vational data from NICER, LIGO/Virgo events (e.g.,
GW170817, GW190814), and low-mass compact stars
such as HESS J1731-347. Our model is shown to be
in strong agreement with these multi-messenger con-
straints.

These findings support the view that combining R? gravity
with a modified Chaplygin gas equation of state leads to sta-
ble, regular, and physically realistic dark energy star models.
The fact that these models predict higher maximum masses
than those allowed by standard general relativity suggests
they could help bridge the gap between theory and the large
masses observed in some compact stars.

In future work, we plan to expand this framework by incor-
porating effects such as pressure anisotropy, rotation, and
more advanced equations of state (EoS), particularly those
derived from nuclear many-body theory or quantum chromo-
dynamics (QCD). These extensions aim to deepen our under-
standing of the internal dynamics of exotic compact objects
and the observational signals they may produce. Ultimately,
this could provide new ways to distinguish them from tradi-
tional neutron stars and black holes in forthcoming gravita-
tional wave and X-ray observations.
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